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Optimal control problems in measure spaces lead to controls that have small
support, which is desirable, e.g., in the context of optimal actuator placement. For
problems governed by parabolic partial differential equations, well-posedness is
guaranteed in the space of square-integrable measure-valued functions, which
leads to controls with a spatial sparsity structure. A conforming approximation
framework allows deriving numerically accessible optimality conditions as well
as convergence rates. In particular, although the state is discretized, the control
problem can still be formulated and solved in the measure space. Numerical
examples illustrate the structural features of the optimal controls.

1 INTRODUCTION

This paper is concerned with the analysis and approximation of the optimal control problem

1
p min u) = =|ly— 2 + ol
®) ueLZ(I,M(Q))I( ) 2||y yd”LZ(QT) w2 vy,

where I = [0, T] and y is the unique solution to the initial-boundary value problem

hy—Ay = u inQr=0Qx(0,T),
(1.1) y = 0 onXy=Tx(0,T),
U(X,O) = Yo in Q
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for given yo € L?(Q). We assume that & > 0,y4 € L?(Q7) and Q is a bounded domain in
R™, 1 < n < 3, which is supposed to either be convex or have a C"»! boundary I'. Hereafter
M(Q) denotes the space of regular Borel measures in Q and |[u||;2 () denotes the norm of
uin the space L?(I, M(Q)); see section 2 below for details.

Formulating the control problem in a measure space is motivated by the observation that
the resulting optimal controls possess sparsity properties (i.e., have small support), which
is desirable in many applications such as optimal sensor or actuator placement; see [Clason
and Kunisch 2011; Casas, Clason, et al. 2012] in the context of elliptic equations. Although
similar features can be achieved using L' control costs, the corresponding control problem in
general does not admit a solution in the absence of further regularization because L' spaces
lack the necessary compactness properties. For parabolic problems, the situation is even more
delicate since (1.1) is not well-posed for right hand sides in M(Q+r) (which would require
C(Qr) regularity for the adjoint equation; see Definition 2.1 below). This leads to considering
controls in L*(I, M(Q)). The associated norm |[u||;2(») for the control is a natural one from
the point of view of well-posedness of the state equation (1.1) and allows for sparsity in
space. The numerical results will illustrate precisely this property of our formulation. The
spatio-temporal coupling of the corresponding control cost, however, presents a challenge
for deriving numerically useful optimality conditions.

Besides the analysis of the control problem (P), the main focus of this paper consists in
providing an approximation framework which, in spite of the difficulties due to the measure
space setting, leads to implementable schemes for which a priori error estimates can be
provided. We show that the optimal measure controls can be approximated efficiently by
linear combinations of Dirac measures in space which are piecewise constant in time. We
point out that even after discretization, the control problem is formulated and solved in the
measure space.

Let us mention some related works. A similar approximation framework for elliptic control
problems in measure spaces was proposed in [Casas, Clason, et al. 2012]. Differently from the
elliptic case, parabolic control problems with sparsity-promoting constraints have received
very little attention. In [Casas and Zuazua 2012], the approximate control of y(T) by measures
u € M([to,t1] x Q) with 0 < to < t; < T is discussed (using the smoothing property of the
heat equation to ensure y(T) € L?(Q)); finite-dimensional approximation and numerical
solution are not addressed. Although not specifically concerned with parabolic equations,
the approach of [Herzog et al. 2012] covers control problems with L' (Q, L?([0, T])) control
costs (together with additional pointwise control constraints). The resulting optimal controls
have directional sparsity, i.e., their support is constant in time. In contrast, we will show that
solutions to (P) have a non-separable sparsity structure.

This paper is organized as follows. In the next section, we discuss the functional analytic
setting of the control problem and analyze well-posedness of the state equation. Section 3 is
concerned with existence of and optimality conditions for solutions to (P), the latter implying
a sparsity property of the optimal controls. The proposed approximation framework is the
subject of section 4, where we introduce the discretization (§ 4.1) and show convergence of



solutions to the discretized state equation ($ 4.2) and to the discrete optimal control problem
(S 4.3). Convergence rates are derived in section 5. Section 6 addresses the numerical solution
of the discrete control problem, for which we derive a reformulated optimality system that is
amenable to solution by a semismooth Newton method. (The continuous counterpart of this
optimality system is sketched in Appendix A.) Finally, section 7 illustrates the structure of
the optimal controls with some numerical examples.

2 FUNCTION SPACES AND WELL-POSEDNESS OF THE
STATE EQUATION

In this section we first define the control space and give some of its properties. Then, we turn
to the analysis of the state equation.

2.1 CONTROL SPACE

We denote by Co(Q) the space of continuous functions in Q vanishing on T" = 9Q, endowed
with the supremum norm || - ||. Its topological dual is identified with the space of regular
Borel measures in (), denoted by M(Q). Moreover, we have

|lw||ve = sup {J zdu:z € Co(Q) and ||z]|oo < 1} = [u|(Q),
e}

where |u| denotes the total variation measure.

Associated to the interval I = [0, T] we define the spaces L%(I, Co(Q)) and L2(I, M(Q)),
where L2(I, Co(Q)) is the space of measurable functions z : [0, T| — Co(Q) for which the

associated norm given by
-
lehiscco = (. Nt at)

is finite. Due to the fact that Co(Q) is a separable Banach space, L?(I, Co(Q)) is also a separable
Banach space; see e.g. [Warga 1972, Theorem 1.5.18].

1/2

As a consequence of the non-separability of M(Q), the definition of the space L? (I, M(Q))
is more delicate. Indeed, we need to distinguish between weakly and strongly measurable
functions u : [0, T] — M(Q). Hereafter we denote by L?(I, M(Q)) the space of weakly
measurable functions u for which the norm

)
A (J @), dt)

1/2



is finite. This choice makes L? (I, M(Q)) a Banach space and guarantees that it can be identified
with the dual of L2(I, Co(Q)), where the duality relation is given by

i
(W 2) 12000 120 = j (u(t), 2(1) dt,

with (-, -) denoting the duality between M(Q) and C,(Q). The reader is referred to [Edwards
1965, section 8.14.1 and Proposition 8.15.3] for the different notions of measurability and
[Edwards 1965, Theorem 8.20.3] for the duality identification. (The distinction between weak
and strong measurability is not required for the space L (I, Co(Q)) because Co(Q) is separable
and hence both notions are equivalent; see [Edwards 1965, Theorem 8.15.2].)

2.2 ANALYSIS OF THE STATE EQUATION

Given 1 < p < oo, we denote by W(])’p (Q) the Sobolev space of functions of L (Q) with
distributional derivatives in LP(Q) and having a zero trace on I" and we set W~"P'(Q) to be
the dual of W(])’p (Q), where 1/p’ + 1/p = 1. These spaces are reflexive and separable, and
hence the spaces L2(I, W;’p (Q)) formed by the measurable functionsy : [0, T] — W;’p (Q)

for which the norm 1/2

)
st = (L I, dt)

is finite, are separable and reflexive Banach spaces whose dual is identified with L? (I, W~ "?'(Q));
see [Edwards 1965, Theorem 8.25.5].

The notion of solution to the state equation makes use of the following space of test functions
2={zeH>»'(Qr):z=00nZyand z(T) = 0in Q},

where
0Bz
H>1(Qy) = {z € L?(Q7) : ¢z, 5 € L2(Q7), with B € N™, |B| < z}

is endowed with the graph norm. By the Rellich—-Kondrachov theorem, Z embeds compactly
into L2 (I, Co(Q)).

Definition 2.1. We say thaty € 12(Q7) is a solution to equation (1.1) if

T

(2.1) JQT y(—0iz— Az)dx dt = J

(u(t), z(t)) dt ~|—J Yo(x)z(x,0) dx, Vz e Z.
0 Q



Theorem 2.2. For all (u,y,) € L2(I, M(Q)) x L2(Q) the equation (1.1) has a unique solution
y. Moreover, y € 1%(1, W(])’p (Q)) for every p € [1, 2= ) and there exist constants C,, such that

) n—1

(2.2) yllzowiey < Cp (Itllzoa + ollizia)) -

Proof. We adapt the proof of [Casas 1997]. Let {i, ) be a sequence in C(Q+) satisfying
(23) we = uw in P(L,M(Q)) and [fwllz ) < [[wflee -
Let yi. € L2(I,H}(Q)) denote the variational solution to

0y — Ay = w inQq,
(24) Y = 0 on ZT)
Yr(x,0) = yolx) inQ.

For ¥ = (Po,...,Pn) € D(Q7)™"" we denote by z € Z the solution to

—0iz—Az = Py — Z}; Oy, P; in Qr,
(2.5) z = 0 on X,
z(x, T) = 0 in Q.

From the last two equations we get for any 1 < p < "+

JQT (boyx + Z P;dx,yi) dx dt = J

wez dx dt + J Yo(x)z(x,0) dx
= Qr Q

< HukHLZ(L‘)||Z||]_2(Wém’) + ||Uo||L2(Q)||Z(0)||L2(Q)-

In the following estimate we use maximal regularity of the heat equation in an essential way.
If O is convex, its boundary is of Lipschitz class, and hence there exists a p with p > 4 if
n =2andp > 3 whenn = 3 such that A : W(],‘p(Q) — W~1P(Q) is an isomorphism for
eachp’ < p < P, where 1/p’ + 1/p = 1; see [Jerison and Kenig 1995]. (If n = 1 orif Q hasa
C"' boundary, A : WP (Q) — W~1P(Q) is an isomorphism for every 1 < p < 4o0.) In
particular, combining [Haller-Dintelmann and Rehberg 2009, Theorem 5.4] and (2.3), we
obtain for every p’ < p < -5 < P the existence of a constant ép such that

J Y (xpo—zaxjxpj) dxdt=J (Woyr + ) b0y yi) dx dt
Qr i=1 Qr

j=1

n
< Cp (Ilyollza) + Illzon) Z W5l 2ot
j=0



From the density of {bo — Y ; 35,15 : ¥ € D(Qr)™ '} in L2 ([, W ?'(Q)) and the duality
identification L2(I, WP (Q))* = L2(I, W~ "?'(Q)), we deduce the boundedness of {y}{°_,
in L2(I, W(])‘p (Q)) and the existence of a constant C,, such that

(2.6) HUkHLZ(wg)P) <G (HuHLZ(M) + HUOHLZ(Q)) .

Using the reflexivity of L?(I, WJ,»P (Q)), we can obtain a subsequence, denoted in the same
way, and an element y € L2(I, WP (Q)) such that y,, — y in L2(I, WP (Q)).

For o € L2(Q7) arbitrary and z € Z solution to (2.5) for P; = 0, 1 < j < n, it follows from
(2.4) and (2.5) that

Yo dx dt = J

uzdx dt + J Yo(x)z(x, 0) dx.
or o

J Yx(—0iz — Az) dx dt = J

Or Qr

Passing to the limit in this identity and in (2.6), we obtain (2.1) and (2.2). Using the fact

that 9, + A is an isomorphism from Z to L?(Q7) and (2.1), we conclude the uniqueness of
1,p

y e WP (Q).

Finally, independence of y with respect to p follows from the existence of a solution y in
LZ(I,W;‘p(Q)) for every p’ < p < -5 and its uniqueness in L*(Qr), since Wg’p‘ (Q) C

W(])’pz(Q) for p1 > pa. O
Remark 2.3.

(i) The solution to (1.1) belongs to LZ(I,WS"’(Q)) for every p < p < 4, and from
the equation (1.1) we know that 3,y € L?(I, W—"?(Q)). Observe that WP (Q) C
L2(Q) forp > po = max{p’, nz—:z}, with P as in the proof of Theorem 2.2, and hence
y € L?(Q7). As a consequence, we deduce thaty € C(I, L?(Q)); see [Showalter 1997,

Proposition IIL.1.2].

(ii) Under our regularity conditions, an equivalent definition for the solution to equation
(1.1) is the following. A function y € L*(I, WJ)’P(Q)) withpy < p < Iy iscalled a
solution to (1.1) if

.
— J (y(t), atz(t))wg,pww,l‘p/ dt + J VyVzdxdt
0 Qr

-
= | v, 2(0)dt+ | volxlzlx,0) ax
0 o)
for all z € L2(I, WP (Q)) such that 9,z € L2(I, WP (Q)) (which implies z(-,0) €
L2(Q); see (i)) and z(T) = 0. This follows from (2.1) and the density of Z in this new
space of test functions. Theorem 2.2 remains valid with this definition if we only assume
for Q) to have a Lipschitz boundary. This is the regularity of Q) required to have the
maximal parabolic regularity; see [Haller-Dintelmann and Rehberg 2009]. We have
chosen the above definition because it is more convenient for the numerical analysis to
be developed later in this paper.



(iii) The preceding theorem as well as the rest of the results given in this paper are valid if
we replace the heat operator in (1.1) by a more general parabolic operator 9, + A that
enjoys maximal parabolic regularity.

We finish this section by proving a continuity result of the states with respect to the controls.

Theorem 2.4. Let {w, }2 ; C L2(I,M(Q)) be a sequence such that w, — win L2(I, M(Q)).
Ifyx and y denote the states associated to . and u, respectively, then ||yx —y||12(a;) — 0.

Proof. For everyk, let z,, € Z satisfy

—atZk — AZk = Y —VYx in QT,
Zr = 0 on X,
z(x, T) = 0 in Q.

Then, from Definition 2.1 and using the boundedness of {u; .} ; in L2(I,M(Q)), we have

T

Iy =yl op = L) (Y = y) (—0ezic — Azy) dx dt = J'o (u(t) — wi(t), zi(t)) dt

< e —wiellez o llzxlli2(co) < Cllzil[r2(cg)-

From Theorem 2.2, we know that y,, — y in L?(Q7), therefore z,, — 0in H>'(Q7). Since
the embedding H*'(Q+) C L?(I,Co(Q)) is compact, we get that ||zy|[;2(c,) — 0. This
convergence and the above inequality conclude the proof. O]

3 ANALYSIS OF THE CONTROL PROBLEM

In this section we establish existence of an optimal control and derive the optimality condi-
tions.

Proposition 3.1. The control problem (P) has a unique solution 1.

Proof. Let{w, J$° ; be a minimizing sequence, which is thus bounded in the space L (1, M(Q)).
Since the predual L?(I, Co(Q)) is separable, there exists a subsequence, denoted in the
same way, converging weakly-x to some & € L?(I, M(Q)). From Theorem 2.4 we get that
y(ux) — y(ir) strongly in L?(Q7). Hence, the weakly-x lower semicontinuity of the norm
|| - |2 (o) implies that 1t is a solution. The uniqueness is a consequence of the strict convexity
of ], which follows from the injectivity of the control-to-state mapping. ]

Hereafter 1t will denote the solution to (P) and § the associated state. Now, we give the first
order optimality conditions, which are necessary and sufficient due to the convexity of (P).



Theorem 3.2. There exists a unique element ¢ € H>'(Q1) satisfying

—at(p—A(b = g_yd il’lQT,
(3.1) ® = 0 onZiy,
ox,T) = 0 in Q,
such that
-
G2) || e, o0 ae+ e =
0
_ =o ifu#0,
(3-3) H(pHLZ(Co) { <« i;u =0.
Proof. Let us introduce j(u) = |[ul|r2() and F(u) = Jy(u) —de%Z(QT), so that J(u) =

F(u) + «j(u). By the differentiability of F and the convexity of j we obtain
F/(@)(w—1) + oj(u) — () =0 Vu e L*(I,M(Q)),

and hence
JQ (5 — ya)(y(w) — §) dx dt + o (1) — (1) > 0.

Utilizing the adjoint equation (3.1) and the state equation (2.1), we deduce from the above
inequality

.
(3.4) L (u(t) —w(t), @(t)) dt + oj(u) — aj(w) > 0 Vu € L*(I, M(Q)).

Takingu =2t and u = %11, respectively, in (3.4) we obtain (3.2). On the other hand, setting
u =1 —vin (3.4), it follows that

N
(3.5) Jo (v(t), ®(t)) dt < a(j —v) —j() < &|[vllizy v € L2(I, M(Q)).
By the duality L?(I, M(Q)) = L?(I, Co(Q))* we have that

T

(.6) I9llico = max_ | (v(t), p(t]) de < e
HVHLZ(M)<1 0
Then, (3.3) is an immediate consequence of (3.2) and (3.6). O

From now on, we will assume that the optimal control @t # 0. By using (3.2) and (3.3) we
can prove some sparsity property for tt. Let us consider the Jordan decomposition i(t) =
ut(t) —u (t) for almost every t € I. Then we have the following theorem.



Theorem 3.3. For almost every t € 1 the following embeddings hold

(3.7) Supp(t™(t)) C{x € Q: ¢(x,t) = —[|@(t)[ ),
(3.8) Supp(t(t)) C {x € Q: @(x,t) = +[|@(t) ][0}

Proof. Since ¢ : I x QO — R is a Caratheodory function, there exists a measurable selection
t € I — x, € Q such that ¢(x,t) = ||@(t)|s; see [Ekeland and Témam 1999, Chapter 8,
Theorem 1.2]. Now, we define the elementv € L (I, M(Q)) by v(t) = sign(@(x¢))|[1(t)]|ndx,-
We have to check that v : I — M(Q) is weakly measurable. To this end the only delicate point
is the weak measurability of t € I — 6,, € M(Q). This follows from the measurability of the
mapping t — x, and the continuity of x € Q + 5, € M(Q) when M(Q) is endowed with
the weak-« topology. By definition of v we get

(59) (), D) = 15 oc[6 (D10 > —((8), B (1)
and

T 1/2 T 1/2
(3.10) ||v||Lz(M)=(J Ha(t)||§4uzsmuimdt) Z(J ||a(t)r|%wdt>

0 0

= [tz ()

From (3.2), (3.9), (3.5) and (3.10) we obtain

T T

(u(t), (t)) dt < J (v(t), ¢(t)) dt < ox|vl[eza) = el Tz -

o[z v) = —j O

0

As a consequence of these inequalities and (3.9) we conclude that

(3.11) [a(t)[all@(t) o = —(ult), @(t)) fora.e.tel

Finally, (3.7) and (3.8) follow from (3.11) and Lemma 3.4 below applied to u = —1(t). O
Lemma 3.4. Let p € M(Q) and z € Co(Q), both of them not zero, be such that

(3.12) (1y2) = [[ullvel|2l] ooy

and let @ = ut — u= be the Jordan decomposition of . Then we have

(3.13) Supp(u™) C O ={x € Q:z(x) = +|]z[|oo},
(3.14) Supp(n) C Q- ={x € Q:z(x) = —|zl|eo}-



Proof. We will prove (3.13), the proof of (3.14) being analogous. First we observe that due to
(3.12) we obtain for all measures v € M(Q) with ||v|[ac < ||it]|v that

(3.15) (v, z) < [[vllmlzlloo < Itllnellzlloo = (1, 2)-
We have as well that
<u) Z> = <H+»Z+> + <!f>27> - <H+alf> - <H7>Z+> < <H+>Z+> + <H7)Zi>'

Moreover, the inequality is strict unless u* and p™ are concentrated at the set of points x € Q
where z(x) > 0 and z(x) < 0, respectively. Let us define the sets

A, ={xeQ:z(x) >0tand A_ ={x € Q:z(x) <0}

and the measures v = pu* [o,,v" = u~ [a and v = v — v~. Then we have that

Ivlnv < ||if|ae and (v,z) > (u,z) if Supp(ut) ¢ A, or Supp(pn~) ¢ A_. Because of (3.15)
we conclude that Supp(p*) € A and Supp(pn~) C A_. Now we distinguish two cases in the
proof of (3.13) depending on whether the norm bound is attained from above.

Case 1: max, . 5 z(x) < ||z||co. In this case we prove that u* = 0. Indeed, let x, € Q such that
z(xo) = —||z||o and define v = —p* (Q)dy, — p~. Then it is obvious that ||v|a = |[pt||oe. If
ut £ 0, since the support of u* is in A and max, .5 z(x) < ||z||c, we have that

(v,2) = 2]l ™ (Q) — (u 7, 2) > (1T, 2) — (W7, 2) = (1, 2),
which contradicts (3.15). Then, (3.13) holds.

Case 2: max, . z(x) = ||z]|o. Let xo € Q be such that z(xo) = ||z||. We argue by contradic-
tion and assume that u*(S) > 0 where

S={xeQ:0<z(x) < |z]|oo}-
We take v = n*(Q)dy, — 1~ and once again
[Vllae = [[ullac and (v,z) = p" (Q)|z]le0 — (07, 2) > (1, 2),

since pu* (S) > 0. Again this contradicts (3.15). Therefore, u*(S) = 0 and hence (3.13) follows
from the inclusion Supp(put) C A,. O

Corollary 3.5. There exists & > 0 such that i = 0 for every & > &.

Proof. Let us denote by ] the cost functional associated to the parameter o. Similarly, let
(Uay Yu, o) denote the solution to the corresponding optimality system. For each o« > 0 we
have the inequalities

1 1.4
EHU“ _yd”%Z(QT) < Jalua) < Jal0) = zH‘JO _de%Z(QT]’

10



where {jo denotes the uncontrolled state, i.e., the solution to (1.1) with u = 0. Consequently,
e —valltziar) < G0 —Yall2(a,) holds for every o« > 0. From the adjoint state equation
(3.1) and the embedding of H*1(Q+) < L?(I, C(Q)), we deduce the existence of a constant
C > O such that

leallizicy) < C'l@flhzt < Cllya —Yallizar) < CllYo —valliz(am)-

Setting & = C||{o — Yallr2(q,)> we obtain from the above inequality and (3.3) that u, =0
for every o > &. [

4 APPROXIMATION OF THE CONTROL PROBLEM

We consider a dG(0)cG(1) discontinuous Galerkin approximation of the state equation
(1.1) (i.e., piecewise constant in time and linear nodal basis finite elements in space; see,
e.g., [Thomée 2006]). Associated with a parameter h we consider a family of triangulations
{Kn}n=o of Q. To every element K € X;, we assign two parameters p(K) and 9(K), where
p(K) denotes the diameter of K and 9(K) is the diameter of the biggest ball contained in K.
The size of the grid is given by h = maxkcx, p(K). We will denote by {x; }}ih] the interior
nodes of the triangulation Ky,. In this section Q will be assumed to be convex. In addition,
the following usual regularity assumptions on the triangulation are assumed.

(i) There exist two positive constants po and 9 such that

h p(K)
< and <9
plk) =P 8(K) =7
hold for every K € Ky, and all h > 0.

(i) Letusset Qn = Uycx, K with Qp, and T}, being its interior and boundary, respectively.
We assume that the vertices of X}, placed on the boundary I}, are also points of I and
there exists a constant Cr > 0 such that dist(x,T") < Crh? for every x € T',. This
always holds if T" is a C? boundary. In the case of polygonal or polyhedral domains, it is
reasonable to assume that the triangulation satisfies that I, = I'. From this assumption
we know [Raviart and Thomas 1983, section 5.2] that

(4.1) IO\ Qn| < Ch?,
where | - | denotes the Lebesgue measure.

We also introduce a temporal grid 0 = to < t; < ... < tn, = T with T =ty — tx_; and set
T = max;<x<N, Tk. We assume that there exist pr > 0, Co 1 > 0 and co,v > 0 independent
of h and 7 such that

(4.2) T prTy, for 1 <k < N. and CQ’ThmaX{“’Z} <t CQ,ThmaX{“‘Z}.

We will use the notation o0 = (T, h) and Q1 = Qy, x (0, T).

11



4.1 DISCRETIZATION OF THE CONTROLS AND STATES

We first discuss the spatial discretization, which follows [Casas, Clason, et al. 2012]. Associated
to the interior nodes {x; };ih] of Ky, we consider the spaces

Nn
U, = {uh e M(Q):up = Zujéxj, where {uj}}\lz‘} C R}

i=1
and
Ny
Vi = {yh € ColQ):yn =3 vje5, where yNy © R} ,
i=1

where {e; }}\‘:*‘1 is the nodal basis formed by the continuous piecewise linear functions such that
ej(xi) = 8y for every 1 < i,j < Ny. Such functions attain their maximum and minimum at
one of the nodes, and thus for all y,, € Yy,

lynlleo = | max fys| = [Gnlx,
where we have identified y;, with the vector g1, = (y1,...,yn, )" € RN» of its expansion

coeflicients, and | - |, denotes the usual p-norm in RNn. Similarly, we have for all uy, € Uy,
that

Nh Nh
[un|lac = sup Z Uj(0y;, V) = Z lu| = [tinly  forallup € Uy.
[[V][eo=1 j=1 j=1
Hence endowed with these norms, Uy, is the topological dual of Y}, with respect to the duality
pairing

Ny
(Un,yn) = ) Wy; = .
j=1

For every o we define the space of discrete controls and states by
uc = {u(f S LZ(Iauh) :u()'|Ik€ U-h) 1 < k g NT}

and
1écr :{ycr S I—Z(IaYh) :yU|Ik€ Yh> ] < k < N’T})

where I, = (tx_1, ti]. The elements u, € U, and y, € Y, can be represented in the form

N N
Uy = E W nXk and Yy, = E Y, hXky
k=1

k=1

12



where x\ is the indicator function of I, ux n € Uy and yy n € Yn. Moreover, by definition
of Uy, and Y}, we can write

NT Nh NT Nh

Ug = Z Zuijk&cj and yo = Z ZUijkeJ‘-

k=1 j=1 k=1 j=1

Thus U, and Y, are finite dimensional spaces of dimension N x Ny, and bases are given
by {X0x;}x,; and {xxejl ;- Identifying again u, with the vector i, of expansion coefficients
Uy, we have for all us € U, that

T Nt Ny 2 N Nn 2
2
ol = | 3 3w | =3[ 3 wwn [ a
0 T k=1j=1 k=171 7 =1
N+ Ny, 2 N+
Y (Z |ukj|> Y il
k=1 =1 k=1
for Ty = (Wx1,.-.,UkN, )", and similarly for all y, € Y, that

N 2 N+

- 2

lyalltzey = D (m w) =D gl
k=1 IS Nh k=1

It is thus straightforward to verify that endowed with these norms, U, is the topological dual
of Y, with respect to the duality pairing

N~ Nh N+
(4.3) (WoyUo) = ) T ) WigUiy = D Tl(tyy)-
k=1 j=1 k=1

Next we define the linear operators Ay, : M(Q) — U, € M(Q) and Ty, : Co(Q) — Yn C
Co(Q) by

Nh Nh

/\hu:Z<u,eJ~>6Xj and ﬂhy:Zy(xj)ej.

j=1 j=1

The operator TT}, is the nodal interpolation operator for Y},. Concerning the operator A}, we
have the following result.

Theorem 4.1 ([Casas, Clason, et al. 2012, Theorem 3.1]). The following properties hold.

(i) For everyu € M(Q) and everyy € Co(Q) and yn € Yn we have

(W, yn) = (Anl, yn),
<u) nhy> = <Ahu>y>'

13



(ii) For every u € M(Q) we have
AR < fluffa,
At = win M(Q) and || Anullae — |[uf|a ash — 0.
(iii) There exists a constant C > 0 such that for every u € M(Q) we have
, n
= Antlhw-1ogo) < CRUYP fulla, 1<p< =y
u— Anufljwpe(a)): < Chlfufl,
with1/p' +1/p=1.
Similarly to Ay, and TTy, we define the linear operators

Oy L2(I,M(Q)) = Uy € L2(I,M(Q))

and
Wcr . LZ(I) CO(Q)) — yc C LZ(I) CO(Q))
by
N~ ] r N Np
O,u= p Ar(u(t)) dtxy = Z Z J t),ej) dtXxdx;,
k=1 K JIk k=1 j=1
N'r <| r N+ Nh
Yoy = — | Th(y(t)) dtxx = Z Z J y(xj,t) dtxxe;.
k=1 Tk JIx k=1 j=1

Analogously to Theorem 4.1 we obtain the following result concerning @, and V.
Theorem 4.2. The following properties hold.

(i) Foreveryu, € U, and every y, € Y, we have

(4.4) Douy = Uy and Yoyo = Yo-

(i) Foreveryu € L?(1,M(Q)) and everyy € L2(1,Co(Q)) andy, € Y, we have

(4.5) <u>yﬁ> = <(D0u>yﬁ>)
(4.6) (W, ¥oy) = (Do, y).

(iii) For everyu € L2(1,M(Q)) andy € 1%(I, Co(Q)) we have

(4.7) [PouflL2an) < lluffee i

) S
(4.8) Yoylliz(cy) <

||U||L2 (Co)*

14



(iv) Foreveryu € L*(I, M(Q)) andy € 1?(1,Co(Q)) we have

(4.9) Dou = win (L, M(Q)) and || ©outl|1200) = [[ullz o),
(4.10) Yoy =y in L*(I,Co(Q)).

Proof. The formulas of (4.4) follow from the linearity of the operators and the identities
Dy (x10x,) = X10x, and Yy (x1€1) =x1eiforall T <1< Nrand 1 <1< Ny,

Identity (4.5) is a consequence of (4.4) and (4.6). Let us prove the latter. First we observe that

N: Np
- 1
(4.11) d,u= Wi XKy, With wyy = —J (u(t), e;) dt,
1; ; j T j
N: Nj :
(4.12) Yoy = Z Zyijker with yy; = T—kj y(x,t) dt.
k=1 j=T b
From (4.11) and (4.12) we have
T N. Np T
(@ouy) = | (@0 y(0)dt=Y 3w | fadusyle)ar
0 k=1 j=1 0
N+ Nh N Nh
= Uyj J U(Xj»t) dt = TrkUkjYkj
k=1j=1 b k=1 j=1
Analogously we get
T Nr Ny T
(¥oy) = | (), eyl at =3 3w | fult)xuep ar
k=1 j=1
N: Nn Nt Np
= Z Zykj J (u(t), e;) dt = Z Z TiWij Yk
k=1j=1 L k=1j=1
as desired.

We turn to (4.7). First we recall that the norm of @ ,u is given by

N N 2
Qo2 = [ D (Z |uk]~|>
k=1 j=1

Next we define y, € Y, by

1/2

Nn
Yij = <Z qul) sign (1),

i=1

15



where we set sign(0) = 0. For y, we compute the expressions

(4.13) <u,yc>=J (u(t),yol(t)) dt—ZJ Zyk)

0 k]']

2
= ZTk ng]uk] ZTk (Z |uk] > = H(DGU'H%Z(M

j=1

T

and

T 1/2 1/2
@) el = (] vetlz ad) =<Zj Zﬂwwdﬂ

N Ny, 2\ 1/2
=2 (Z |ukj|> = [ Poutlr2(m)
k=1 j=1

From (4.13) and (4.14) we deduce

[Poullf2 0 = (W Yo) < Iullzn IYollizico) = iz [@ollizon
which implies (4.7).
To establish (4.8) we choose y € L%(I, Co(Q)) and estimate

N 1/2
Meyliien = (3| umym)u;dt)
Nh 2 1/2
_ Z;_kHZ(ka(xj,t)dt)ej“m)

N\ 172 Na 1/2
> ) < < J ly(t)]|% dt)
k=1"1x

Before proving (4.9), we will consider (4.10). It is well known that (4.10) holds for functions
in C*®(Q+) vanishing on Zt. From the density of these functions in L?(I, Co(Q)) and from
inequality (4.8) we deduce (4.10).

/N
7~
—
=
=
=
=
o
H—

= HUHLZ(CO)-

Finally, we prove (4.9). From (4.7) we know that{® ,u}, is bounded in the space L (1, M(Q)).
Then, there exists a subsequence, denoted in the same way, and an element @ € L?(I, M(Q))
such that ® ,u = 1 in L2(I, M(Q)). Then, for everyy € L%(I, Co(Q)) it holds that

T

i
hmj'«mauuxyu»dtzj<auxyu»dt

o—0 0 0

16



Using (4.6) and (4.10) we find
T T T
i [ {(@a0)(0), (1))t = im | (u(t), (o)1) at = | {u(o),yie)
o— 0 o— 0
Combining these two equalities we have that
T T
| ooy ae= | ooy e v e L, coa))

therefore u = 1t and the whole sequence {® ,u}, converges weakly-x to .

By the convergence @ ,u — u and (4.7) we obtain

ez o) < i inf o]z ) < limsup [ Do 2a0) < iz
o—0

which concludes the proof of (4.9). ]

We finish this section by proving the following approximation result.

Theorem 4.3. Lety and y° be the solutions to (1.1) corresponding to w and @ ;u, respectively.
Then there exists a constant C > 0 independent of u and o such that

(4.15) Y=Y 20 < CRP 2 [uflizn Yu € LA, M(Q)).

Proof. Let f € L?(Q7) be arbitrary and take z € Z satisfying

(4.16) z = 0 onZXr,

—0iz—Az = f inQr,
z(x,T) = 0 inQ.

Due to the convexity of Q, there exists a constant C independent of f such that ||z||}121 (0, <
ClIfllz(ay)- By (2.1) and (4.6) we get

T

(4.17) JQ (y—y°)fdxdt = L (u(t) — (dou)(t),z(t)) dt

]
_ L (w(t), z(t) — (Woz) (1)) dt
< HUHLZ(M) ||Z _WUZHLZ(Co)'

Now, we will prove that

(4.18) Iz = Yozlli2(co) < Ch* 3 |Iz]l 1z (o)
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From the error estimates of the interpolation in Sobolev spaces [Ciarlet 1978, Chapter 3] we
get

- 1/2
(419) 2= Thazlliz ey = (j 2(t) — Thz(®)|2 dt)
0

T 1/2

0
< Ch* 2 jz]l e o)

Here and below C denotes a constant independent of o. By an inverse inequality (see [Ciarlet
1978, Theorem 17.2]) and using (4.2) for the last inequality in the following estimate we obtain

(4.20)
N 1 5 1/2
thz—w(,z”mco):<zj ﬂhz(t)—T—J ﬂhz(s)dsH dt)
k JIp o0

k=1"1x
Ne 1/2
< Z —J J [TThz(t) — TThz(s)||2, ds dt
o1 Tk IncJn
c Na 1/2
< Mhz(t) — TThz(s)||?2, o, ds dt
h“/zﬁ (k_] Jlk Lk H h h HLZ(Q)
c i 1/2
< Mhz(t) — z(1)||%2, o, ds dt
h“/zﬁ (]; Lk Lk H h ||L2(Q)
c N, 1/2
+ J Mhz(s) — z(s)||? ds dt
h“/z\/’_c <k] Lk I || h HLZ(Q)
1/2
+ ¢ 3 J |z(t) — z(s)||? ds dt
hn/Z\/TL- =i L2(Q)

Ch? C (& v
< —— ‘ - 0,z(0) d0||%,, 5, ds dt
wzlelhean + mis (Z J ] 1] oo aoit o as )

k=1
h? 4+

< Cozm el an < CR7Hzlwa )
Inequality (4.18) follows from (4.19) and (4.20). Finally, (4.17) and (4.18) leads to

J (y—y°)fdxdt < Ch* 2| z|[j21 (0 < Ch* 2 [f|l2(q,)  VF € L2(Q7),
Qr

which implies (4.15). [
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4.2 DISCRETE STATE EQUATION

In this section we approximate the state equation and provide error estimates. We recall
that I was defined as (tx_1, tx] and consequently yx n = Yo (tx) = Yol, 1 <k < N.. To
approximate the state equation in time we use a dG(0) discontinuous Galerkin method, which
can be formulated as an implicit Euler time stepping scheme. Given a controlu € L?(1, M(Q)),
fork =1,...,N; and z;, € Y}, we set

U 1
(M,zh> +alymzn) = - | {ulthzu) dt
T T J1p

(4.21)
Yo,h = Yoh,

where (-, -) denotes the scalar product in L?(Q), a is the bilinear form associated to the
operator —A, i.e,,

aly,z) = J VyVzdx,
Q
and yon, is an element of Yy, satistying for some Cy > 0
(4.22) Yo — Yonlln-1(a) < Cohllyollrz(a)-

For instance we can choose for yon, the projection Pr,yo of yo on Yy, given by the variational
equation
(Phyo, Zh) = (yo, Zh) Vzn € Yh.

For any such choice of yon, the estimate (4.22) implies that there exists a constant C; > 0
independent of h such that

(4.23) [yonlltza) < Cillyolliz(a)-

Indeed, by using an inverse inequality and the well known estimates for the projection operator
P : L2(Q) — Yy, we obtain

C
lyonlltzca) < [[yon — Pnyollizia) + [[Pryolliza) < EHUOh —Pryolli1o) + lvollz (o)
C
< DY (Ilyor — Yolln-1(a) + lvo = Pryolli-1(a)) + lvolliz(a

< (C+Dlyolliza)-

Obviously (4.21) defines a unique solution y,. Let us observe that from (4.5) we have the
following important consequence.

Lemma 4.4. Lety, and {, denote the solutions to (4.21) associated to the controls uw and @ ;u,
respectively. Then the identity y, = { holds.
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The rest of the section is devoted to the proof of the stability of the scheme (4.21) and to the
derivation of error estimates for ||y — yq||12(q,)> where y and y. are the solutions to (1.1)
and (4.21) associated to a given control u € L*(I, M(Q)). To this end, we introduce some
operators that will be used in the proof of the theorems. For every h we consider the Ritz
projection Ry, : H}(Q) — Y}, given by

a(yh, RhZ) = a(yh,z) Vyh S Yh.

From the theory of finite elements we know that for all z € H2(Q) N H}(Q),

|z = Rnzlli2(0) + M|z — Rnz|[11(a) < ChZHZHHZ(Q))
(4.24)

Iz — Rnzllt=(a) < Ch* ¥ |1z]l 1z (0.

Now, for every o = (1, h) we define R, : L*(I, H}(Q)) — Y, by

N N
T ‘I T
Rz = E —J Rnz(t) dtxx = E Zrk,hXk-
k=1 Tk Ik k=1

The operator R, enjoys for all z € L*(I, H}(Q)) and y, € Y, the property

N+

.
(4.25) J a(yo(t), z(t) — Roz(t)) dt = ZJ a(yYi,h, z(t) — zi,n) dt =0.

0 k=1"1Ik

Indeed, for every k = 1,..., N, we have

L a(yYi,n, z(t)) dt = J a(Yi,n, Rnz(t)) dt

Ty

1
=T a(Yx,n, — J Rnz(t) dt)
Tk T
= J’ a(Yn,k, Zn,k) dt.

Ik

Theorem 4.5. Given a controlu € L?(1, M(Q)), let y, be the solution to (4.21) corresponding
to u. Then, there exist constants C; > 0,1 = 1,2, independent of u and o such that

N
(426) 3 vy 1nlZ2o) 7, max [ VyinlZa) < Cr (Iollfia) + o )

o 1<k<N,

(4.27) IYellizior < C2 (IYollizio) + Iullizon) -
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Proof. Let us set zn, = Yx,n — Yk—1,n in (4.21). Then we obtain for 1 < k < N, that

1 1
—[yx,n _kal,hH%Z(Q) + alYx,n Yioh —Yk-1,0) = — J (u(t), Yi,n — Yx—1,n) dt.
Tk T J1y

From here we get with the aid of an inverse estimate [Ciarlet 1978, Theorem 17.2]

1

1
;Hyk,h —Yk—1,h

I%Z(Q) + z[a(yk,myk,h) — a(Yk—1,hyYk—1,n)]

1 2
< EHyk,h —Yx—1,nlli20) + z[a(yk,myk,h) — a(Yx—1,n, Yk—1,n)
+ a(Yx,h — Yk—1,hy Yk,h — Yk—1,h)]

= EHUk,h _yk*LhH%Z(Q) + a(Yx,ny Yk,h — Yk—1,1)

1
= —J <u(t))yk,h _yk_11h> dt
I

Tk
1
< \/_T—kHuHLZ(Ik,M) [Yi,n — Y11 oo
Ch /2
< N HUHLZ(IK,M)HUk,h —VYk-1,nllL2(q)
. C*h™t, ., 1 5
S T||u||L2(Ik,M) + Z—THUk,h _yk*hh”LZ(Q)
CszCQ,T 2 1 2
< THuHLZ(Ik,M) + Z—THUk,h _yk*LhHLZ(Q)'

In the last inequality we have used (4.2). Summing from k = 1 to m and using (4.2), it follows
that

%H

.] m
T Z lYx,n —ykq,h”%Z(Q) + a(Ym,n, Ym,n) — a(Yon, Yon) < UH%Z(M)-
k=1

Hence
m
(4.28) Z [Yx,n _yk*LhHIZ_Z(Q) +T||V9m,h||%2(g) < C(HUOH%Z(Q) + ||u||12_2(3vt))-
k=1
Here we have used an inverse inequality, (4.2), and (4.23) to get

Ct
T’|90hH}21‘(Q) < FHUOhH%Z(Q) < CHUOH%Z(Q)'

Finally, since 1 < m < N is arbitrary, (4.26) follows from (4.28).

Now we prove (4.27). Given f € L?(Q7), we take z € Z satisfying (4.16). Integrating by parts
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we get

N<
J Yofdxdt = J' J Yi,n(x)f(x, t) dxdt
or —Julo

N-

- L (200 (Yo (1)) + alyin, 2(1))] dt
kN:

= { Yk, h Z(tk—1) — z(tx)) +J a(y,n, z(t)) dt}
k=1 L
N<

= {(yk,h —Yk-1,m 2(tk—1)) + L a(yY,n, z(t)) dt} + (Yon, z(0)).
k=1 K

Taking z, = Rz, we get from the above identity and (4.25) that

(4.29) J Yot dxdt = 3 (Yon — et 2] + Tealym 2]} + (yoms 20))
k=1

+ Z {(yk,h — Y1, Z(t—1) — zien) + J a(yY,n, 2(t) = zi,n) dt}
k=1

L

T N<

= Jo (u(t), zo(t)) dt + (yon, z(0)) + Z(Uk,h —VYk—1,h Z(tk—1) — Zi,n).
k=1

Let us estimate each of these terms. From the definition of z, and (4.23) we obtain

.
(4.30) J (u(t),zo(t)) dt + (Yon, z(0)) < |[ullzove) l|zollz(cy) + [Yorllizia)12(0) |l 2(q)

0
< Clizllnza o Uz vy + [Yolleza))s
where we have used that there exists a constant C > 0 independent of o such that
(4.31) [RoV[[L2(cy) < ClVIIH2t(ary ¥ € HET(Q7).
Indeed,
N-

1/2 N | 5 1/2
[RoVlL2(cy) = <ZJ [Rov(t )Hgo dt) = (ZJ T—J Rhv(s) dsH dt>
k L &

k=1 —1 Y0 Kk

N 1/2
<ZJ Hth(s)Hiods) :

k=11«

N

Using (4.24) we deduce that

[RaWloo < [[RAW = W/loo + [W]loo < Ch®|[Wll2(0) + [[W]leo < CllW|12(0)
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for everyw € H2(Q)NH}(Q), with k = Tifn < 2and k = 1/2 if n = 3. Then, (4.31) follows
from the above inequalities.

Concerning the last term of (4.29), we will prove

N

(432) D (Yion —Yr1,m 2(tk1) = zion) < Ch¥ [zl o) (lullezon + [Yollza))s
k=1

where « is defined as above. First we observe that (4.26) implies

N+

(4.33) Z I(Yr,h — Yk—1,hy Z(tk—1) — Zic,n)|
. N /2 /N,
< (Z (] I (Qm) (Z‘
k=1 k=1
Nt
< Cllhullzon) + volliziay) (Z |zt
k=1

From the definition of z; and (4.24) we deduce

1/2
2
(Qn)

1/2
‘l 2 1/2
l2(ter) — zenlliziay) = (j —j (2(te_1) — Ruz(s)} ds dx)
an | Tk J1,

1/2
< J J z(tk_1) — Rnz(s)]? dsdx)
1/2
< J J z(te_1) — z(s)I? dsdx)
1 1/2
+ (a Lk |z(s) — RhZ(S)H%Z(Qh) ds)
1/2
< 0.z(0)*d0 dsd )
s <L1h IkLk| =(0) e

L1 , 1/2
+ Ch o~ 12(8)l}iz(q) ds
I

Chz\/ PT
< \/’_f||atZHL2(Ik,L2(Q)) +

NG 2]l L2 (1, 12 (@)

< Ch*(||0ez|l 21y, 20)) + 12l 21 12 ()))-

Inserting this estimate in (4.33) we infer (4.32). Finally, (4.29), (4.30) and (4.32) imply that
J yof dxdt < C|Ifflcziap (w00 + luollizia))  VF € L2(Qr),
Qr

which is equivalent to (4.27) O
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In the next theorem we show error estimates for the discretization of the state equation.

Theorem 4.6. Givenu € L%(1, M(Q)), lety and y, be the solutions to (1.1) and (4.21). Then,
there exists a constant C independent of u € L*(I, M(Q)), yo € L*(Q), and o such that

(4.34) Iy —Yolliziar < Ch(lulliz + [[yollzia)),

wherek =1ifn < 2andk =1/2ifn =3.

Proof. As in the proof of Theorem 4.5, we take an arbitrary element f € [?(Q7),z € Z
solution to (4.16), and z; = R,z. Then, from (2.1) we obtain

T

(4.35) JQT(U —yo)fdxdt = J

(u(t), z(t))y dt + J Yo(x)z(x,0) dx
0 Q

N<

- J (Yo 3e2(t) + alyien, (1))} dt.

k=1
Integrating by parts we get
N N
> | izt ar =Y (i (i) - 2(t)
k=1"Tk k=1
N

(Uk,h — Yk—1,hy 2(tk—1)) + (Yon, 2(0)).
1

?v
Il

From this identity, (4.21), and (4.25) we deduce

N
L (— (Yom 3e2(1)) + alyn, 2(1))} dt
k=1 k

N+
=3 | {(yk,h vt )+ | a(yk,h,z(t))} dt + (yom 2(0))
k=1"1Ik Iy
N
= J {(Uk,h —Yk—1,h) Zk,h) +J a(yk,mlk,h)} dt
k=1"1x Lk
N+
+ Z L (Uk,h — Yk—1,hy Z(tk—1) — z,;n) + (Yon, 2(0))
Tk 1
= J (u(t),zo(t)) dt + J Yon(x)z(x,0) dx
0 Q
N+
+ Z J (Yk,h — Yk—1,h Z(tk—1) — zi,n).
k=1"1Ik
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Inserting this identity in (4.35) we infer

T

(4.36) LT (y o) xde = |

(u(t), z(t) — Roz(t)) dt + J (Yo(x) —yon(x))z(x,0) dx
0 Q

N
-y J (Yi,n = Yr—1,n Z(tk1) — Zin ).
k=171
Let us estimate each of these three terms. For the first term we observe that
12 = RozL2(co) < Ch¥[lz[H21(0r)-

The proof of this inequality is the same than the one of (4.18); it is enough to replace ITy, by
Ry, and to use (4.24). Using this inequality we obtain the first estimate as follows:

i
(437) [ttt 260~ ezt dt\ < Il lz = Rozllizicy)

0

< ch®[Juflizov 12l (ar) -

For the second term we proceed with the aid of (4.23):

(438) UQ (Yo(x) — Yon(x))z(x, 0) dx

< lyo —‘JOhHH—1(Q)HZ(O)HHQ,(Q)
< Chilyollzco) izl (aq)-

Finally, the third term of (4.36) was estimated in (4.32). Thus, using (4.37), (4.38), and (4.32)
in (4.36) the inequality

J (y —yo)fdxdt < Ch*(|ullizinv) + [[Yollz(o)lzlnz1 oy
Qr
< Ch*(Juflzy + llyollzc@) fllzom

is obtained, which leads to (4.34) ]

4.3 DISCRETE OPTIMAL CONTROL PROBLEM

The approximation of the optimal control problem (P) is defined as

. 1 2
(Po) werin - Tolw) = 3 lYe = Yallizio) + dliullieoo,

where y, is the discrete state associated to , i.e., the solution to (4.21). Let us observe that
analogously to J, the functional ], is convex. However, it is not strictly convex due to the
non-injectivity of the control-to-discrete-state mapping and the non-strict convexity of the
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norm of L?(I, M(Q)). Although the existence of a solution can be shown in the same way
as for the problem (P), we therefore cannot deduce its uniqueness. On the other hand, if {i,
is a solution to (P,) and if we take i, = @41, then Lemma 4.4 and the inequality (4.7)
imply that J;(ls) < Jo(ls), hence 1, is also a solution to (P,). Since for u, € U, the
mapping U, — Yo(Us), with ys (1) the solution to (4.21) for u = u,, is linear, injective
and dim U, = dim Y, this mapping is bijective. Therefore, the cost functional ], is strictly
convex on U, hence (P,) has a unique solution in U, which will be denoted by 11, hereafter.
We summarize this discussion in the following theorem.

Theorem 4.7. Problem (P,) admits at least one solution. Among all solutions, there exists a
unique solution i, belonging to U,. Moreover, any other solution 1. € L*(I, M(Q)) to (Py)
satisfies O ;1 = U

Remark 4.8. The fact that problem (P ) has exactly one solution in U, is of practical inter-
est.Indeed, recall that i, as an element of U, can be uniquely represented as

NT Nh

Ug = Z Z Ugej Xk Ox; -

k=1 j=1
The numerical computation of T, therefore is equivalent to the computation of the coefficients
(T 0 1<k <Ny, T<j < Ny see section 6.

We finish this section by analyzing the convergence of the solution in Us to (P) to the

solution to (P).

Theorem 4.9. For every o, let i, be the unique solution to problem (P ) belonging to U, and
let . be the solution to problem (P). Then the following convergence properties hold for o — 0*:

(4.39) e = in (I, M(Q)),
(4.40) [ellezon) = 18z,
(4.41) 19 —Yollz(ar) — 0y
(4.42) Jo(s) = J(0),

where § and U, are the continuous and discrete states associated to U and 11, respectively.

Proof. First of all, let us show that
(4.43) U, = uwin L2 (I, M(Q)) implies |ye —Yll2(ar) — 0,

where Yy, and y are the discrete and continuous states associated to the controls 1, and u,
respectively. Indeed, let us writey —yo, = (y —y°) + (y° —y.), where y? is the continuous
state associated to u,. Then by Theorems 2.4 and 4.6 we deduce (4.43).

Turning to the verification of (4.39), we observe that

N 3 1., 1 .
«|tollzon) < Jolte) < Jo(0) = zHUGO _UdH%Z(QhT) < EHUGO _de%Z(QT)
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with {0 denoting the uncontrolled discrete state, which implies the boundedness of {it;}
in L2(I, M(Q)). By taking a subsequence, we have that it, — win L?(I, M(Q)). Then using
(4.1), (4.43), lower semicontinuity of the norm || - || 2(5) and (4.9) we obtain

J(w) < liminf J; () < limsup Jo () < limsup Jo(Woit) = J(1).

o—0 o—0 o—0

Hence u = 1 by the uniqueness of the solution to (P), and the whole sequence {11}, converges
weakly-« to 1. In addition, the above inequality implies (4.42). Using again (4.43), we deduce
(4.41). Finally, (4.40) follows immediately from (4.41) and (4.42). l

5 ERROR ESTIMATES

We now turn to the proof of error estimates for the optimal costs and for the optimal states.
We still require Q) to be convex and assume in addition

2 ifn=1,
(5.1) yq € L*(I,L7(Q)) withr={ 4 ifn=2,
5 ifn=3.

Recall that § and §, denote the continuous and discrete states associated to the optimal
controls 1t and 1, respectively.

Theorem 5.1. There exists a constant C > 0 independent of o such that

(5-2) ”(11) - ]0(110” < ChK)
wherek =Tifn<2andk =1/2ifn =3.
Proof. Taking r as in (5.1) and using Holder’s inequality and (4.1), we deduce that for all

¢ € L*(I,L"(Q))andn =2 or 3,

r—2 K

(5.3) lbllzi2i0van)) < IPllizarrvan)Q\ Qnl 7 < Cl|dll2(1,Lra\a,) h?

holds. Observe that Q = Qy, for n = 1; consequently (5.3) holds with C = 0.

Let y and y, be the continuous and discrete states associated to a given control u. As a
consequence of (4.34) and (5.3), with @ =y —yq4, we obtain

64 Iy = YalEzian = Ve —YalE o, | < ¥ = ValZazianan)
+ (ly —yallizcawm + 1Yo —Yalliziowm) Y = Yollizionm

<C <HU _de%Z(I,U(Q\Qh)) + [[uffez o) + ||UOHL2(Q)> h*.
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Now, by the optimality of it and 1, we have

I(ll) - ]G(a) g I(ll) - ]G(ao) < ](110) - IG(aU))

and hence

(5-5) U(ﬂ) - JO’(uO'H < maX{”(a) - JO‘(aN) U(ac) _ ]G(ac)”’ .

From (4.40) we deduce that {ii, }, is bounded in L?(I, M(Q)). Therefore, (2.2) implies that the
continuous associated states {yy, }, are bounded in L2(I, Wg’p (Q)) forevery 1 <p < 5,
and therefore in L? (1, L"(Q)) as well. We now apply (5.4) with uw = 11, and u = 11, respectively.
Together with (5.5) this establishes (5.2). l

In the following theorem we establish a rate of convergence for the states.
Theorem 5.2. There exists a constant C > 0 independent of h such that
(5.6) 19— Yollr2(ay < Chi,

with « as defined in Theorem 4.1.

Proof. LetS : L*(,M(Q)) — L*(Q7) and S, : LA(I,M(Q)) — L?(Qr) be the solution
operators associated to the equations (1.1) and (4.21), respectively. From (4.34) it follows that

(5.7) ISu—=Seull2(ar) < ChE([uflz oo + [Yollz))-
By the optimality of 1t we have for all uw € L*(I, M(Q)) that
(St —yaq, Su—St) + af|[uf 20 — Iz = 0,
where (-, -) now denotes the scalar product in L?(Q7). In particular, taking u = 1, we get
(5.8) (St —yaq, Sto — SU) + all[te |2y — [Tz )] = 0.
Analogously, the optimality of 11, implies that
(5.9) (Selic —Ya, Sott — Selie) + o[||tt|2() — [[UollL2aey] = 0.

We point out that by definition of Y;,, we have S;u = 0in I x (Q \ Qy,). Then, the scalar
product above in L2(Q7) coincides with that in L?(Q},1). Now, we rearrange terms in (5.9)
as follows:

(5.10) (Stty —ygq,ST— Stts) + (Sole — STtgy Sot — Solty)
+ (yq, S0 — St + Syt — Sty) + (Stty, Set — ST+ Sty — Sty )

+ o[tz vy — 8oz )] = 0.
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Adding (5.8) and (5.10) we obtain

(5.11) 1ST— SoTlo|F2(q,) = (ST — Selie, ST — Soile)
< (Souo - Sa(r) Soa - Scuc)

+ (Ya — Stte, ST — Solt + Sotly — Site).

Let us estimate the right hand terms. For the first one we apply the Cauchy-Schwarz inequality
and use (5.7) to deduce

(5-12) (Scracr - 511(7, Seu— Soao) < Hsoao - SaGHLZ(QT) ||SO‘11_ SO‘aO‘HLZ(QT) < ChK)

where we have used that {{i;}s, {ScTt}s and {S;1is} are bounded due to (4.40) and (4.27).
For the second term we use once again (5.7) to obtain

(513) (yd - Su(r) Su— 50"11 + SO"aO" - Sac)
+ lya — Sto|li2(an (S = So) (it —1is) || 12(0m)
‘I‘ C(Hﬂ—uGHLZ(M) + HyOHLZ(Q))hK < ChK,

where we have also used that yq € L?(I,L7(Q)) and (2.2). Finally, (5.11), (5.12) and (5.13)
prove (5.6). ]

Remark 5.3. Let us observe that (5.2) and (5.6) imply that

[z vy = 8o llzo| < Ch2

for some constant C > 0 independent of o.

6 NUMERICAL SOLUTION

We now address the computation of minimizers 1, of problem (P,). First of all, we note that
if we define yq,, as the L?(Qy ) projection of y4 on Y, then

1 1
Jolu) = 5”90 _yd,GH%Z(QhT) + ocfluf[ Lz ) + f”yd _yd,GH%Z(QhT)'

Therefore, the problems (P,) and

. - 1 2
(Qo) weamin Jo(u) = EHUG —Ya,ollizan) T lullizon

are equivalent. In this section we present a numerical algorithm to solve (Q) as an alternative
formulation to (P).

Due to the spatio-temporal coupling of the norm in L2 (I, M(Q)), its subdifferential is difficult
to characterize. However, using Fenchel duality combined with an equivalent reformulation
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that decouples the spatio-temporal structure, we can obtain optimality conditions that can
be solved using a semismooth Newton method.

For the reader’s convenience, we recall the Fenchel duality theory, e.g., from [Ekeland and
Témam 1999, Chapter 4]. Let V and Y be Banach spaces with topological duals V* and Y*,
respectively, and let A : V — Y be a continuous linear operator. Setting R = R U {oo}, let
F:V > R,G:Y — R be convex lower semi-continuous functionals which are not identically
equal co and for which there exists a vy € V such that F(vy) < 00, §(Avy) < 00, and G is
continuous at Avy. Let F* : V* — R denote the Fenchel conjugate of F defined by

F7(q) = sup(q, v)v-v — F(v),

veVv

which we can calculate using the fact that
(6.1) F(q) =(q,v)v+,v —F(v) ifandonlyif q e 0F(v).

Here, 0F denotes the subdifferential of the convex function &, which reduces to the Gateaux-
derivative if it exists, and the left hand side arises from differentiating the duality pairing.

The Fenchel duality theorem states that under the assumptions given above,

(6.2) inf F(v) + §(AV) = sup —5"(A"q) — §"(~a),

qey*

holds, and that the right hand side of (6.2) has at least one solution. Furthermore, the equality
in (6.2) is attained at (v, q) if and only if

A*q € 0F(V),
(©3) { g € 9(AV),

where the derivative of the duality pairing again enters the left hand side.

We now apply the Fenchel duality theorem to (Q,), which we express in terms of the expansion
coefficients Tij. Let N = N x Ny, and identify as above u, € U, with the vector iy =
(Wity ooy WINgy - -y UNTN,) T € RNe of coefficients, and similarly yq,0 € Yo; see section
4.1. To keep the notation simple, we will omit the vector arrows from here on. Denote by
Mn = ((ej, e@)?)‘,’g:] the mass matrix and by A, = (a(e;, ek));‘{g:] the stiffness matrix
corresponding to Yj,. For the sake of presentation, we fix yo = 0. Then the discrete state

equation (4.21) can be expressed as L,y, = u, with

T?1Mh+Ah 0 0
L,=| —'Mn T'Mu+An 0| ¢ RNexNo,
0 : :

(Note that the “mass matrix” corresponding to ((0;, ex) );’h

v_, is the identity.)
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Introducing for v, € RNe the vectors v, = (vi1,...,vin,)' € RN T < k < Ny, the
discrete optimal control problem (Q,) can be stated in reduced form as

1/2
min _ZTkL Us — Ya,o] MLy ' 1te — ydc]k+(x<ZTk|uk|1> :

RNo 2
Ug€ k=1

We now set A : RNe — RN, Ay =11,

Na 1/2
F:RY SR, Fv) =« (Z ulwl%) )
k=1

‘] T
G:RNe 5 R, G(v) = zZTk(Vk_yd,k)TMh(Vk_yd,k)>

k=1

and calculate the Fenchel conjugates with respect to the topology induced by the duality
pairing (4.3). For G, we have by direct calculation that

5*(q) = sup Zquka__ZTk Vi —Yax) Mn(vVic — Yax)

VE]RN‘Tk 1
1 &
=5 Z Tk ((Clk + Mhyd,k)TMﬁ] (qx + Mhyax) — Ug,thUd,k)
k=1

since the supremum is attained if and only if qx = M (vk —yq,x) foreach 1 < k < N,
due to (6.1) and the definition of the duality pairing. For F, we appeal to the fact that in any
Banach space the Fenchel conjugate (with respect to the weak-* topology) of a norm is the
indicator function of the unit ball with respect to the dual norm (see, e.g., [Schirotzek 2007,
Example 2.2.6]), and to the duality between U, and Y, to obtain

1/2
. N‘[ 2
F*(q) = 1s(q) := 0 if <Zk:] Tk|qk|oo) <«

oo otherwise.

The adjoint A* : RNe — RNe (with respect to the above duality pairing) is given by L T.
Dropping the constant term in §* and substituting p, = A*q,, i.e., o = LI p,, we obtain
the dual problem

(6.4) Hellan 5 Z T ([LgPolk = Mnya k) "My Lol — My a ) + La(Po)-
p No

Since vo = 0 = Avy satisfies the regular point condition, the Fenchel duality theorem is
applicable, implying the existence of a solution p, which is unique due to the strict convexity
in (6.4).
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While the second relation of (6.3),
(6.5) Te(LgPolk = TeMn (L 'ie —Ya o)k forall 1<k < No,

can in principle be used to obtain i, from P, the first relation remains impractical for
numerical computation. We thus consider the following equivalent reformulation of (6.4),
which decouples the spatio-temporal constraint given by the term 4 (po):

N
. R -
min 5 Y llLipol = Mnyai) "My ([ILgpolk — Miya,i)
=

PoERNe ¢ eRNT

N+
s.t. [pkloo <cxforallT <k <N; and Zchﬁ = o,
k=1
where ¢, = (c1,...,¢cn,)" € RN, Since the constraints satisfy a Slater condition (take
Po = Oand ¢, = T2, 1 < k < N,), we obtain (e.g., from [Maurer and Zowe 1979])
existence of Lagrange multipliers p}, uz € RN», 1 < k < Ny, and A € R such that the
(unique) solution (P, ) satisfies the optimality conditions

Tk[LO'M;1 (Llﬁcr - Mdyd,d)]k == FL]L + “’i) ] < k < NT’
Ny

Z(_H]]q + Hﬁ)) +2}\Tkék - O) 1 < k < NT)
=1

(I'L]L)T(f)k - ék) = O) “’Li)T(ﬁk + ék) = 0) FL]L < O> Iii P O) 1 < k < NT’

N+
E T 62 — o? =0,
k=1

(6.6)

where M, € RNe*No jg a block diagonal matrix containing N, copies of M.

We now rewrite the optimality system in a form amenable to the numerical solution using a
semismooth Newton method. First, u] and p? are scaled by T, > 0 to eliminate this factor
from the first and second relation (which does not affect the complementarity conditions).
Using the componentwise max and min functions, the complementarity conditions for p} , 2
and py can be expressed equivalently for anyy > 0 as

wy + max(0, —py +Y(Px —€)) =0, i +min(0,—uf + v (Px + i) =0.
Since uZ = 0if py > —¢y and p} = 0 if py. < ¢y, we have by componentwise inspection
max(0, —py, +v(Pr — €x)) = max(0, —py, — pi +v(Px — ¢x))-

We argue similarly for the min term. Furthermore, comparing the first relation of (6.6) with
(6.5), we deduce that T, = ] + pf forall 1 < k < N.. Finally, to avoid having to form M ',
we introduce §, € RN satisfying

I—Z_O" - Mc(go _yd,c)'
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Inserting these relations into (6.6), we obtain for every y > 0 the optimality system
(6.7)
(LYo — U =0,
Llﬁc - Md(gd - Ud,d) = O’
e + max(0, —x + v (Px — C)) + min(0, =ik +y(Px +C)) =0, T<k <Ny

Ny

Z [~ max (0, =tk + v (Px — €)) + min(0, —k + v (Px + €x))]; + 2A¢ =0,

j=1

1<k<Ng

Nt
E Tkéﬁ —o? =0.
k=1

Since the max and min functions are globally Lipschitz mappings in finite dimensions, this
defines a semismooth equation which can be solved using a generalized Newton method; see,
e.g., [Qi and Sun 1993; Kummer 1992]. Here we recall that the Newton derivative of max(0, v)
with respect to v is given componentwise by

hk if\)k > O,

D 0,v)h]y =
D max(0, v)hl {O otherwise,

and similarly that of min(0, v). In practice, we have to account for the possibly local conver-
gence of the Newton method. To compute a suitable starting point, as an initialization step
we successively solve a sequence of approximating problems that are obtained from (6.7) by
replacing the max and min terms with

max(0,y(px —¢J)) and  min(0,y(px + Cx)),

respectively, and letting v tend to infinity. (This can be interpreted as a Moreau-Yosida
regularization of the complementarity conditions.) Since now uy no longer appears in the
argument of the max and min functions, it can be eliminated from the optimality system
using the third equation (which also allows computing 1y given (P, €x)), yielding

(6.8)

L(Typy — Mo (Yy —Ya,0) =0,

Loy, + y[max(O,py - Cy) + min(o)pv + Cy)] =0,

Nn
ZY [_ ma-x(o)pv,k - Cy,k) + min(o)py,k + Cy,k)]j + ZAyCv,k = O) 1 < k < NT
j=1

N+
E chf/’k —o? =0.
k=1

Starting withy = Tand p® = y® = 0,c® = T""2aand A° = 1, we solve (6.8) using a
semismooth Newton method, increase vy, and compute a new solution for increased y with
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(a) z (b) z2 (©) z3

Figure 1: Targets for numerical experiments

the previous solution as starting point. Once a solution satisfies the constraints (or a stopping
value y* is reached), we use it as a starting point for the solution of (6.7) withy = 1.

Remark 6.1. By virtue of the chosen discretization (specifically, the adjoint consistency of
discontinuous Galerkin methods and the discrete topology mirroring the continuous one), the
discrete optimality system (6.8) coincides with the discretization of the continuous optimality
system obtained by applying Fenchel duality, the relaxation approach and a Moreau-Yosida
approximation to problem (P). Since the continuous optimality system may be of independent
interest, the derivation is sketched in Appendix A.

7 NUMERICAL EXAMPLES

We illustrate the structure of the optimal controls with some one-dimensional examples. For
this purpose we set Q = (—1,1), T =2, v = 10" and consider the state equation

Yyt —VAy =y,
y(0) =0,

with homogeneous Dirichlet conditions. The spatial domain is discretized using Ny, = 128
uniformly distributed nodes (which corresponds to h ~ 0.0156). Following (4.2), we take
N. = 1024 time steps (which corresponds to T ~ 0.00195). The targets are chosen as (see
Figure 1)

z1 = t(1 —[x]),
1 if0.25 <t <0.75and 0.25 < x < 0.75,

zp =41 if1.25<t<1.75and —0.25 > x > —0.75,
0 otherwise,
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1 if|x —0.25—1t/4| < (0.2 4 t/20),
zz =41 if[x+0.25+t/4] < (0.2 —t/20),

0 otherwise.

The semismooth Newton method for the solution of the optimality system (6.7) is imple-
mented in MATLAB, where the initialization is calculated as discussed in section 6 with
Y1 = 10y, and y* = 10'2. For each target the optimal control is computed for « = 103
and « = 107", In every case, the discrete optimality system is solved to an accuracy below
10712, and the bounds on p, and on ¢, are attained within machine precision.

The respective optimal controls u, (in the form of linearly interpolated expansion coeflicients
Uy;), optimal states y, and bounds c, are shown in Figure 2-4. The predicted sparsity
structure of the optimal controls can be observed clearly: The spatio-temporal coupling of
the control cost predominantly promotes spatial sparsity; see Figure 3b in particular. The
structural features of the norm |u||; 25 are further illustrated by the fact that larger values of
o lead to both increased sparsity in space and increased smoothness in time. It is instructive
to compare the optimal controls obtained with our ||u|[;2(y) regularization to those obtained
numerically using a (Moreau-Yosida approximation of a) M(Q+) norm penalty term. Figure
5 shows the latter for all considered targets and values of «. While for o« = 1073 both types of
control have comparable structure, for o« = 10~ the controls in M(Q+) demonstrate strong
temporal sparsity which is absent in the case of controls in L?(I, M(Q)).

We now investigate the convergence behavior as h — 0. In the absence of a known exact
solution, we take as a reference solution the computed optimal discrete control and optimal
discrete state on the finest grid with Ny,» = 256 and N, = 4096, corresponding to h* ~
0.00781 and ™ =~ 0.000488. As a representative example, we consider the target z; and
o = 0.1. Figure 6a shows the difference |J, — Ji+| for a series of successively refined grids with
Ny, = 32,40,...,128 and N(n) = 7z N&. The observed approximately linear convergence
rate agrees with the rate obtained in Theorem s5.1. The corresponding L? error ||y, —yn-||12 of
the discrete states also decays with a linear rate, which is faster than predicted by Theorem 5.2.
A similar behavior was observed in the elliptic case; see [Casas, Clason, et al. 2012].

8 CONCLUSION

For the appropriate functional-analytic setting of parabolic optimal control problems in
measure spaces, there exists a straightforward approximation framework that retains the
structural properties of the norm in the measure-valued Banach space and allows deriving nu-
merically accessible optimality conditions as well as convergence rates. In particular, although
the state is discretized, the control problem is still formulated and solved in measure space.
The numerical results demonstrate that the optimal controls exhibit the expected sparsity
pattern.

35



0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 0 0.2 0.4 0.6 0.8 1 12 14 1.6 1.8 2
t t

(e) co (f) co

Figure 2: Optimal control 1, state y, and bound c,, for target z; and & = 1073 (left), o« =
107" (right).
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Figure 3: Optimal control 1, state y, and bound c,, for target z, and & = 1073 (left), o« =
107" (right).
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Figure 4: Optimal control u,, state y, and bound c,, for target z3 and o = 1073 (left), o« =
107" (right).
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(a) target z, x = 1073 (b) target zy, oc = 107!

(c) target z, o = 1073 (d) target z, o = 107!

(e) target z3, o = 1073 () target z3, o« = 107!

Figure 5: Optimal controls with M(Q+) penalty.
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Figure 6: Illustration of convergence order for target z; and « = 0.1.
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APPENDIX A CONTINUOUS OPTIMALITY SYSTEM

In this section we sketch the derivation of the continuous optimality system using Fenchel
duality and the relaxation approach. Let S : L*(I, M(Q)) — L?(Q7) denote the solution
operator corresponding to the state equation (1.1) with homogeneous initial conditions. It
will be convenient to introduce the parabolic differential operator L such that the solution y
to (1.1) satisfies Ly = u. Then we can express problem (P) in reduced form as

1
: D lisu—ual? )
el () S ISu=yalliz o) + afullizga)

To apply Fenchel duality, we set

F:L2(L,M(Q)) > R, FOv) = ovllez,mca),
1

G:12(Qy) — R, S0 = 5lv = yalltz (0,

AL I, M(Q)) — L2(Qr), Au = Su.
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Similarly to the discrete case, the Fenchel conjugates (with respect to the weak-* topology)
are given by

F: 12, Co(Q)) — R, T (q) = w«(q)
1 1
G*:12(Qr) - R, 5*(q) = z”q +Ud||%2(QT) - z”de%Z(QT)’

where

oo otherwise.

0 if < «,
L (q) :{ 1 ||q||L2(I,CO(Q)) 0d

Due to the definition of the solution to (1.1) via duality (see Definition 2.1), we obtain the
existence of a weak-x adjoint operator A* := S* : 12(Q1) — L?(1,Co(Q)) defined via
the solution to (2.5). Furthermore, there exists a weak-x adjoint L* of L such that for given
Po € L2(Q7), the solution z € L2(1, Co(Q)) of (2.5) satisfies L*z = 1. The dual problem is
then found to be

| 2
min =|lq— «(8*q).
qeLzl(%T) 2||q 1JdHLZ(QT) + t(S"q)

We again substitute p = S*q € L*(I, Co(Q)), i.e., ¢ = L*p, introduce ¢ € L*(I) by
c(t) == |lp(t)]|oo fora.e.0 <t <T,

and consider

min 1 |IL* HZ
peL2(Lcat ez 21 P daltzan
(A1) s.t. [p(t)]Joo < c(t)fora.e.0<t<T

.
and J c(t)? dt = o?.
0

The Moreau-Yosida regularization of (A.1) is given by

. 1 Y
peL2(I Cgr(lflzr%) ceL2(1) EHL*p ~Yallizan + 2 [H max(0,p —¢)ltz(qy)

+ [ min(0,p + )12 )|

.
s.t. J c(t)? dt = o?,
0

where the max and min functions should be understood pointwise in Q) for almost every
0 < t < T. Its solution is denoted by (py,c,) € L*(I,Co(Q)) x L*(I). Since the cost
functional is Fréchet differentiable and a Slater condition is again satisfied for the constraint
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on ¢ (take ¢ = T~"/?«), we obtain existence of a Lagrange multiplier A, € R. Introducing
once more y, satisfying L*p, =y, — ya, this yields the continuous optimality system

L*py — (yy —ya) =0,
Ly, + vy max(0,p, — cy) +ymin(0,p, +cy) =0,

yJ —max(0,p, — ¢y) + min(0,py + ¢, ) dx +2A,c, =0,
o

T
L c?v dt —o? = 0.
By approximating p,, and y, in Y, using the fact that for linear finite elements the pointwise
maximum and minimum is attained at the nodes, and the adjoint consistency of discontinuous
Galerkin methods (i.e., (L*), = L), we recover (6.8).
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