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NO-GAP SECOND-ORDER OPTIMALITY CONDITIONS FOR
OPTIMAL CONTROL OF A NON-SMOOTH QUASILINEAR
ELLIPTIC EQUATION

Christian Clason® Vu Huu Nhu' Arnd Résch¥

Abstract  This paper deals with second-order optimality conditions for a quasilinear elliptic
control problem with a nonlinear coefficient in the principal part that is finitely PC? (continuous
and C? apart from finitely many points). We prove that the control-to-state operator is continuously
differentiable even though the nonlinear coefficient is non-smooth. This enables us to establish “no-
gap” second-order necessary and sufficient optimality conditions in terms of an abstract curvature
functional, i.e., for which the sufficient condition only differs from the necessary one in the fact
that the inequality is strict. A condition that is equivalent to the second-order sufficient optimality
condition and could be useful for error estimates in, e.g., finite element discretizations is also
provided.

1 INTRODUCTION

This work is concerned with the quasilinear elliptic optimal control problem

v
min u) =G + —||ul?
e T 5= G0) # 5 el g

(P) st. —div[(b+a(y))Vyl=uinQ, y=0 onoQ,
a(x) <u(x) < f(x) aexeQ,

with a C?-functional G : H(l)(Q) — R for a bounded convex domain Q c RN, N e {2, 3}, a Lipschitz
continuous function b : Q — R, a continuous and piecewise twice differentiable functiona : R — R,
functions «, f € L™ (Q) satisfying f(x) — a(x) > y for some y > 0 and almost every x € Q, and a
positive constant v. For the precise assumptions on the data of (P), we refer to Section 2.

The state equation in the optimal control problem (P) arises, for instance, in models of heat conduction
with a nonlinear dependence on the temperature y that allows for different behavior in different
temperature regimes with sharp phase transitions. Such situations occur, e.g., in the context of steel
production, where the thermal conductivity does not change spatially but rather depends on the
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temperature; cf. [6, 22, 29]. When the conductivity coefficient is of class C? in the state variable y,
second-order necessary and sufficient conditions for such optimal control problems were already
obtained in [14, 12]. However, if the coefficient is non-smooth, the standard tools for smooth problems
are typically inapplicable, making the analytical and numerical treatment challenging. The goal of
this paper is therefore to derive second-order necessary and sufficient optimality conditions for (P).
Specifically, we introduce a curvature functional in terms of the jumps of the first-order derivatives
of a in critical points (see Section 5.2). Using a second-order Taylor-type expansion and estimates
of the functional in terms of the jumps of a’ in the optimal state, we derive second-order necessary
as well as sufficient conditions that are “no-gap” conditions in the sense that the only difference
between necessary and sufficient conditions are in the fact that the inequality in the latter are strict
(see Theorems 5.9 and 5.10). In addition, we derive an equivalent formulation of the second-order
sufficient condition useful for proving error estimates for finite element discretizations of (P), which
will be the focus of a follow-up work.

Let us comment on related work. As far as second-order sufficient optimality conditions (SSC) are
concerned, there is a rich literature on SSC for smooth PDE constrained optimal control problems; see,
e.g., the articles [13, 12, 10, 27, 32, 31], the seminal book [34], the survey [15], as well as the references
therein.

Regarding second-order necessary optimality conditions (SNC) for optimization problems, it is well-
known that the second-order derivative of a Lagrangian function (or of the reduced cost functional)
is, in general, not less than a so-called “sigma-term” [9, Chap. 3]. This term is defined as the value of
a support functional of a second-order tangent set and contributes prominently in the gap between
SNC and SSC. If, in addition, the optimization problem satisfies the polyhedricity condition, then
the “sigma-term” and hence the gap vanishes; see, e.g., [9, Prop. 3.53]. For related works for smooth
semilinear PDE-constrained problems, we refer to [2, 26, 8, 3, 7] as well as the references therein for
C? coefficients, while [35] treats the case where the nonlinearities are of class C', but not C?, and
second-order sequentially directionally differentiable. In particular, [7] is to the best of our knowledge
the first work deriving no-gap second order conditions for optimal control of PDEs with polyhedric
constraint sets. Another approach to deal with SNC for problems governed by smooth quasilinear
elliptic equations was followed in [14, 12]. There, the non-negativity of the second-order derivatives of
auxiliary real functions at minimum points (see [14, pp. 710]) was employed to derive SNC that have a
minimal gap in comparison with the corresponding SSC [14, Rem. 5.3.1]. Interestingly, an inspection
shows that the problems considered in [14, 12] fulfill the polyhedricity condition.

However, there are comparatively few contributions on SSC for optimal control problems governed
by non-smooth PDEs, and even less on SNC for such problems. In the literature, a common approach
pursued in, e.g., [28, 4, 18] is to exploit a strong stationarity condition to obtain a second-order Taylor-
type expansion of the mapping u — J(S(u), u), where S is the control-to-state operator. In these papers,
SSC are derived using an additional sign assumption on the Lagrange multipliers in the vicinity of the
contact set that ensures a so-called ”safety distance” [5, Rem. 4.13]. In contrast, here we can use that
the gradient term Vj occurring in the Taylor-type expansion (5.8) vanishes on the “active set” where
the coefficient is non-differentiable (due to the finiteness assumption on the set of non-differentiability
points of a). The benefit of following this approach is that we do not need any sign assumption on the
multipliers. A related approach of deriving no-gap second order-conditions for non-smooth problems
in terms of a generalized curvature functional was introduced in [17, 18].

Finally, we mention that a generalized version of problem (P) was studied in [20] to derive the
Clarke, Bouligand, and strong stationarity conditions for the case where the coeflicient a is merely
directionally differentiable and locally Lipschitz continuous. In [20], we proved the equivalence of
Clarke and strong stationarity conditions when the function a is countably PC' (continuous and C!
apart from countably many points). More interestingly, as we will see later, under the assumption that
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a is finitely PC' the control-to-state operator is, indeed, first-order continuously differentiable because
of the finiteness assumption and the occurrence of the divergence term in the linearized equation, cf.
Theorem 3.5 below.

The paper is organized as follows. Section 2 is devoted to notation and the main assumptions of
(P). In Section 3, we provide some required properties of the state equation, where we present some
results on the existence, uniqueness, and regularity of solutions and prove first-order differentiability
of the control-to-state operator. Section 4 is concerned with the existence of minimizers as well as first-
order necessary optimality conditions of (P). The main results of the paper, the no-gap second-order
necessary and sufficient condititions, are derived in Section 5. Finally, the paper ends with appendices
showing an a priori estimate for (P) on convex domains and verifying a central assumption on a jump
functional for a one-dimensional example.

2 NOTATION AND MAIN ASSUMPTIONS

Notation. For a given point u € X and p > 0, we denote by Bx (w, p) and Bx (u, p) the open and
closed balls, respectively, of radius p centered at u. For Banach spaces X and Y, the notation X — Y
means that X is continuously embedded in Y, and X € Y means that X is compactly embedded in Y.
For a Banach space X with dual X*, the symbol (-, -)x» x denotes the duality pairing between X and X*.
For a function f : Q — R defined on a domain Q ¢ R and a subset A C R, we denote by {f € A}
the set of all points x € Q for which f(x) € A. Similarly, for functions fi, f and subsets Aj;, A; C R,
the symbol {fi € Ay, f, € Az} denotes the set of all points at which the values of f; and f, belonging to
A; and Ay, respectively. For any set w C Q, the symbol 1,, stands for the indicator function of w, i.e.,
1,(x) =1if x € w and 1,,(x) = 0 otherwise. Finally, C denotes a generic positive constant, which may
be different at different places of occurrence. We also write, e.g., C¢ for a constant depending only on
the parameter £.

We recall the following definition from, e.g., [33, Chap. 4] or [36, Def. 2.19]. For an open subset O in
R, we say that a continuous function f : O — R is a PC*-function, 1 < k < oo, if for each point t, € O
there exist a neighborhood O, C O and a finite set of Ck-functions fi:0p =R i=12,...,m,such
that

f() e {A@), £(t),..., fm(t)} forall te O,.
This implies in particular that f is locally Lipschitz continuous; see, e.g., [33, Cor. 4.1.1]. For a PCk-
function f : O — R, 1 < k < oo, we can thus define the exceptional set

Er:={t € O| f is not differentiable at ¢},

which by Rademacher’s Theorem has Lebesgue measure zero. We shall say that a PC*-function f is
finitely (countably) PC if the set Ef is finite (countable); see e.g., [20].

Example 2.1. The functions R 5 ¢t — [t| € R, R 5 t > max{0,t} € R,and R 5 ¢t — min{0, ¢} € R are
finitely PC*.
Let f be a finitely PC'-function on R such that the set Ef is given as

Ef:{tl,tz,...,tK} with —oo<t1<t2<--~<tK<ooandK€N.

For convenience, set tj := —co and tg4 := 0. By the decomposition theorem for piecewise smooth
functions [21, Prop. 2D.7], f can then be expressed as

K
(2.1) f(t) = Z Tt (D fi(8) forallt € R,

i=0
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where f;, 0 < i < K, are C'-functions on R such that

(2.2) fi-1(t;) = fi(t;) foralll1 <i <K.
Here and in what follows, we use the convention (t, +o0] := (#,00). For any i € {1,2,...,K}, we set
(2.3) o; = |fiLi(t) — f (#)].

Minding (2.1), this term measures the jump of the derivative of f in the singular point t; and will play
an important part in the second-order optimality conditions for (P).

It is easy to see that if f is a finitely PC'-function defined by (2.1), then it is directionally differentiable
and its directional derivative is given by

K
£y = Y e OF Oh+ 110,y (1) [V (W) i (tis)h + T o) () f (t1a1) ]}
i=0

where we use the convention 1,3 = T(w) = 0.
Throughout the paper, we need the following assumptions.

(a1) Q c RN, N € {2,3}, is an open, convex, and bounded domain.
(a2) The function b : Q — R is Lipschitz continuous with Lipschitz constant L, > 0 and satisfies
b(x)2b>0
for all x € Q and for some constant b.

(a3) a:R — R is a non-negative finitely PC? and is defined by (2.1) with C? non-negative functions
a; satisfying (2.2) and numbers t; € R, i € {1,2,...,K}, ty := —00, tg4q := +00.

(a4) The functional G : Hy(Q) — R is of class C2.

For any y € C(Q), we then define
(2.4) I, = {i e N | Jx € Qsuch that y(x) € (¢, ti+1]} .
Obviously, we then have

a(y(x) = Y Vg (y(0))as(y(x)) forallx € Q.

i€l

Furthermore, since the a; are C? and therefore Lipschitz continuous on bounded sets, a is also Lipschitz
continuous on bounded sets (where by the assumption only finitely many selections a; can be attained).

3 CONTROL-TO-STATE OPERATOR

In this section, we shall derive the required results for the state equation

—div[(b+a(y))Vy]l =u inQ,
(3-1)

y=0 onoQ.
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3.1 EXISTENCE, UNIQUENESS, AND REGULARITY OF SOLUTIONS TO THE STATE EQUATION

We first address the existence, uniqueness, and regularity of solutions to (3.1).

Theorem 3.1 (cf. [14, Thm. 2.4 and Thm. 2.5]). Let p,q > N be arbitrary. Let Assumptions (A1) to (A3)
hold. Then, for any u € WP (Q), there exists a unique solution y, € WOLP(Q) to (3.1). Moreover, for any
bounded set U € WP (Q), a constant Cy exists such that

(3.2) ||yu||W01,p(Q) <Cy forallueU.

Moreover, if U is a bounded set in L1(Q), then, for any u € U, there holds that y, € H*(Q) N W*(Q)
and

(33) | yullaz @) + 1 yullwie (@) < Cu.

Proof. Let p > N, U be a bounded set in W~LP(Q), and u € U be arbitrary. By [14, Thm. 2.2], (3.1) has
a unique solution y, € Hy(Q) N C(Q), and there exists a constant Cyy such that

(3-4) lvullgr o) + Iyulleg) < Cuu - forallu e U.

We now use the Kirchhoff transformation (see [37, Chap. V])
¢
(3.5) K(x,t) :=b(x)t + / a(s)ds.
0

By setting 0,,(x) := K(x, y,(x)) for x € Q, (3.1) can be rewritten as follows

(3.6)

-Af, =u—div(Vby,) inQ,
0,=0 on 0Q.

Applying the maximal elliptic regularity for Poisson’s equation on the convex domain (see, e.g., [23,
Cor. 1]) to (3.6) yields that

10ullyir () < Copnllu=div(Vbyu)llw-1r()-

This, together with (3.4) and the global Lipschitz continuity of b, gives
(3.7) ||9u||W01,p(Q) <Cuuy forallueU
and for some constant Cy 7. Moreover, for any fixed x € Q, K(x, -) is monotonically increasing due to
Assumptions (a2) and (A3). It then has an inverse denoted by T(x, -). By a simple computation, we
have for all1 < i < N that
From this, (3.7), and (3.4), we derive (3.2).

It remains to prove (3.3). To this end, let U be a bounded set in L7(Q) with ¢ > N and take u € U
arbitrary but fixed. Since g > N, we have the continuous embedding LI(Q) — W~124(Q). This gives

yu € WH24(Q). We thus have the H?- and W*-regularity of y, as well as (3.3) according to (3.4) and
Lemma A.1. m|

oy
ox i

oT N oT 96,
ox; 0s 0x;

u

IA

Xi

22yl
b ||ax |7t

From now on, for each u € W?(Q), p > N, we denote by y, the unique solution to (3.1). The
control-to-state operator WP (Q) s u > y, € Wol’p (Q) is denoted by S, which is uniformly bounded
by Theorem 3.1.
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3.2 DIFFERENTIABILITY OF THE CONTROL-TO-STATE OPERATOR

We now prove the first-order differentiability of the control-to-state operator even for the non-
differentiable coefficient a. To this end, we will employ the differentiability of the implicit mapping
(38, Thm. 2.1], which is a generalized version of the classical implicit function theorem [40, Chap. 4]
and applies to a class of quasilinear PDEs.

We first derive the locally Lipschitz continuity of the control-to-state mapping S.

Lemma 3.2. Let p > N andu € WP(Q) be arbitrary. Let Assumptions (A1) to (A3) hold. Then the
operator S is locally Lipschitz continuous at u as a function from WP (Q) to Wol’p (Q). Moreover, for any
bounded set U in WP (Q), there exists a constant Ly such that

(38) I1S(u) = $(u2)lyyro gy < Lullis = wlly(y  for allu,us € U.

Proof. It is enough to prove (3.8). Let uy, u; € U be arbitrary and set y; := S(u;) and 6;(x) := K(x, y;(x)),
i = 1,2, with K defined in (3.5). Similar to (3.6), we have

=A(0y = 03) = u; —up — div[Vb(y;1 — y2)] inQ,
(3.9)

01 - 92 =0 on 9Q.
Applying [23, Cor. 1] to (3.9) and using the fact that ||Vb||;~(q) < Ly yields
(3.10) 116; — 92||W01’P(Q) < CapnN [||u1 - u2||w-147(9) + Lp|ly1 — J/2||LP(Q)] .

By the definition of 6;, i = 1, 2, it follows for all x € Q that

n(x)
O1(x) = 62(x) = b(x) (0 (x) — y2(x)) + / a(s) ds.

y2(x)

From this and a straightforward computation, we derive for all 1 < m < N that

1

0x; b+a(y)

b
T (0= 02) = 5 (0= ) = (0l — a3 2z |

0d
(3-11) —m(J/1 —y2) = o p .

For almost every x € Q, since K(x, -) is monotonically increasing, so is its inverse T'(x, -). This implies
for almost every x € Q that 6;(x) > 6;(x) if and only if y;(x) > y,(x). Consequently, we obtain

y1(x)
/ a(s)ds
y2(x)

From this, the continuous embedding Wol’p (Q) — C(Q), and (3.10), there holds

101(x) = 02(x)| = b(x)[y1(x) = y2(x)| + 2 blyi(x) = y2(x)].

(3.12) Iy = y2llz=(q) < Cap.N.Lyb [||u1 - u2||W‘1-P(Q) + - J/2||LP(Q)] .

Furthermore, as a result of Theorem 3.1 and the continuous embedding Wol’p (Q) — C(Q), there exists
a constant Cyy > 0 such that

(3-13) lyill e ||J/i||W0Lp(Q) <Gy fori=12.
The combination of (3.11) with (3.10), (3.12), (3.13), and Assumptions (a2) and (a3) implies that

Iy — y2||W(J1,P(Q) < Cou [llur = uzllw-1r(q) + 1y = y2llie (o) ] -

Clason, Nhu, Résch No-gap second-order optimality conditions for optimal ...
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Combining this with Young’s inequality and the continuous embedding WOLP (Q) — L*®(Q), there
holds for all £ > 0 that

191 = Yellyio oy < Cowr s = wallw-sm oy + 11 = vall 2o ln = vellfg,

_ 1
< Cou |l - quW‘LP(Q) +eP/ P 1)||y1 = Y2llz=(q) + g—p||)/1 - J/2||L1(Q)]

1

< Cop (Il = wallw-so 0y + e PN = yallyyio o) + 5 lln = yznm] :

r 1

By choosing ¢ = ¢(p, C2,y) > 0 small enough, we arrive at
(3.14) 1yt = y2llye ) < Cu (w1 = wzllw-1r(q) + 131 = y2lla) | -
We now show that there is a constant Ly satisfying

(3.15) ly1 = yallzeiio-2 (o) < Lullun = uzllw-1p(q)  forall uj,uz € U,

which, together with (3.14), gives the desired conclusion. Assume to the contrary that (3.15) does not
hold. Then we can find ul("), uén) € U such that

1
—||y1(n) - yz(n)”LZP/(P—Z)(Q) -+
n

with ,, = ||u1(n) - ué") llw-1r(q) and yl.(") = S(ul.(")), i = 1,2. Obviously, n, — 0 as n — co0. We now

define a scalar function a, on Q and a vector-valued function b, on Q by
a(y," (x)) - a(y," (x))
n" @) - 3" (x)

an(x) = b() +a(y” (). bu(x) = V3" (T o, ()

As a result of (3.2), a constant Cy exists such that
(3.16) Iy, ")||W01,p(g), Iballr() < Cy foralln e N,i=1,2.

Setting w,, := yl(") - y?f") yields

ul(") - uén) in Q,

on 0Q.

{— div[a,Vw, + b,wy]

Wn

Setting

U p p
pn = —0 (n)" , En = W, h, =22 [ul(n) _ uén)] )
Iy = vy lpzerio-» (g Nn Nn

we see that p, — 0 and that &, solves

(3.17)

—div[a, V&, + by&,] =h, inQ,
& =0 onoQ.

Testing the above equation by ¢, and employing the Holder inequality yield

bIIVENT: ) < IBnlli-1co) €nlliy oy + IBalle @ llEall 22 1V Enll 2 )
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which, together with (3.16) and the fact that [|£ull 1 (q) < ClIVEnllz2(o). gives

(3-18) blIVEnllrz (@) < llhnlla-1(a) + ClibnllLe (o) ll€nll2prm-2
< Cllhallw-1p(0) + Cu
=Cpp+Cy
<C+(Cy
for n large enough. From this and the compact embedding Hy(Q) & L?/(P=2)(Q), we can assume that
& — EinH)(Q)and &, — £in L?/(P=2)(Q) for some & € H;(Q). Moreover, there exist subsequences
of{yl(")} and {b, }, denoted in the same way, such that yl(”) — y, in C(ﬁ) and b, — b in L?(Q)" for
some y, € C(Q) andb € L?(Q)N. Therefore, we have a, — a. in C(Q) with a,(x) := b(x) + a(y.(x)).
Passing to the limit in (3.17), we deduce from the fact that h, — 0 in H1(Q) that ¢ fulfills
—div[a.VE+bE] =0 inQ,
{ E=0 onoQ.

The uniqueness of solutions, see, e.g., [11, Thm. 2.6], implies that £ = 0, which contradicts the fact that
&N 2or0o-2 () = liMpseo l1Eall 20602 () = 1. !

For any y, j € C(Q) and any 7, 7, € R we define the set

(3.19) QJ[E]TZ] = {j/ € [ti+m,tj+ 1'2]} ,
where t;, i € {0,1,...,K + 1}, are given in Assumption (A3). Similar sets such as QE’;Z) are defined in

the same way. We also define the function T}, : Q — R via

(3-20) Ty5 = Vi5¢E,) [a(y) —a(3) —a' (D) (y - D]
From now on, let us fix a number § € R such that

tiy1 — &

0<d8< forall1<i<K-1

We need the following lemmas.

Lemma 3.3. Let Assumption (a3) be satisfied. Then, for any y, j € C(Q) with ||y — Ve < 9. there
holds

o il i2 i3
(3.21) Tyy = Z (Ty,j/ + Ty,)? + Ty,)?)

iEIy
with I, defined via (2.4) and
T = Tgu [a(y) - a(3) - () (y - 9],
Y.y
T =g [aia(y) - ai(3) - i)y - 9)].
.y

T2 = T [ami(y) - ai3) - /() (y - 9],
»y

where
il _ ~[6-5] (0,5) (0,25) (~5,0) (-25,0)
Qy,f/ - Qj},i,iﬂ V (sz,i,i n Qy,i,i ) v (Qy,m,m N Qy,i+1,i+1)’
2 ._ (0.9) (=8,0] i3 _ (=50 [0,5)
Qy,f/ - Qj},i,i n Qy,i,i ’ Qy,j/ ’_ sz,i+1,i+1 N Qy,i+1,i+1'

Moreover, if y, — y in Wol’p(Q) with p > N, then
1

T,V Illr (@) — 0.
”J’n - )’”WOlp(Q)

(3.22)

Clason, Nhu, Résch No-gap second-order optimality conditions for optimal ...
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Proof. We have

Mw

(3.23) Tauo l[a(y) - ai(9) - a}(9)(y - )]

i=0
= Z [ qes + 161+ 1560 ] l[a(y) — a:(9) - a}(D) (y = 7],
icly

MR P.i,i+1 Vei+Li+l

using the fact that 1]9(00) =0 foralli ¢ I;. Since ||y — y||C(Q) < §, we have

Qlrtl = ol 0 aln
07 =0 0 " v
AL~ b o (alun, ualtd,).

Together with (3.23), these yield the claimed expression.
It remains to prove the limit (3.22). Let y, — j in Wol’p(Q) and set &, := ||y, — )7||C(§). Then e, — 0

since Wol’p (Q) < C(Q). We therefore can assume that ¢, < § and |y,(x)| < M for some M > 0 and
all x € Q for n € N sufficiently large. Using (3.21), we obtain

(200 Ty 599l < 3 (IT2 V5l + 1T V5l + 1TSS VFllioe))

i€l;

From the definition of Tl -1 the dominated convergence theorem yields
(3.25) ||T VyIILp(Q) — 0 forallielj.
&n
or é”T;ﬁ})V)A/”LP(Q), we have

lai-1(yn) = ai(9) = ai(P)(yn = P = lai1(yn) — ai-a(ti) + ai (1) — ai(P) — a;(9) (yn = I)
S Li(lyn —til + [t = Y1+ |yn = J1)
= 2Lilyn = 3|
< 2L,’€n
for almost every x € Q’ 2 o and for some constant L; depending on M. Moreover, 1,2 — 0 almost

yn.y
everywhere in Q. Comblmng this with the dominated convergence theorem yields

(3.26) —||T Vy”Lp(Q) — 0 forallie€ ;.
&n

Similarly,

(3.27) —||T Vy”Lp(Q) — 0 forallielj.
€n

From (3.24)—(3.27) and the fact that ¢, < C||y, — 37||W1,p(9) and that I; is finite, we obtain the limit
0
(3.22). O

Lemma 3.4. Let y, — y in Wol’p(Q) with p > N. Under Assumption (A3), there holds

15,2638 (V) Vyn = Vyeeya’ ()Vy = 0 in LP(Q).
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Proof. Since y, — yin Wol’P(Q), we have y, — yin C(Q). Also, we can assume that ||y, — y||c<§) <d
for all n € N large enough. Setting Ay, := 1(y, ¢g,1a"(¥n)Vyn — 1(y¢r,1a’ () Vy, we have

K
Ap = ZA,@ with AY =1,

v ai(yn)Vyn = Tgon ai(y)Vy.
— Voi,i+

(
yn.i,i+l

It is sufficient to prove that A,(li) — 0in LP(Q) for all 0 < i < K. To this end, we write Aﬁli) as

A,(li) = [HQ(O,()) - T]Q(O,_O? 1] ai(y)Vy + HQ(O,O?_ ) [a;(yn) - a;(y)] Vy+ HQ(O’O?. 1a;(y”) [Vyn = Vyl.
ALY Yn,bit Yn,ll+

yn,i,it+l

The last two terms in the right-hand side tend to 0 in L?(Q). For the first term in the right-hand side,
we have

[“Qym — Tg00 ]az‘(l’)vl’:%yo) ALy=t)0ty=tim 1 % (V) VY

PRAS RARZS i, i+l

+ ]]9(0’5')‘09;_,550) alf(y)Vy + ﬂQ(-s,o) A0 (08 alf(y)Vy

yn,i,i Yn,i+li+l V,i+1i+1

- ]]Q(yfi?i]”ng}i) a;(y)Vy - T]Q[o,(s) AQ (50 a;(y)Vy.

Y, i+LiH! Pey i i

In the above expression, the first term in the right-hand side vanishes almost everywhere since
Vy(x) = 0 for almost every x € {y = £;} U{y = tis1} (see, e.g., [16, Rem. 2.6] and [1, Prop. 5.8.2]), and
the other terms tend to zero in L (Q) according to the dominated convergence theorem. Thus,

[“Q(W —“Q;?ggﬂ}aé(ywy—w in LP(Q)

yn.i,i+l
and hence A,(li) — 0in LP(Q). O

As seen in the proof of Lemma 3.4, the fact that for y € W' (Q), p > 1, the gradient Vy vanishes
almost everywhere on {y € E,}, plays an important role. Furthermore, this fact also guarantees that

[a(y +2) —a(y) —a'(y;2)]Vy = Ty42,Vy

for y,z € Wol"17 (Q), which will be crucial for proving continuous differentiability of the control-to-state
mapping S. We will also use this to show a key limit in Proposition 5.8 (iii) below. We point out that do
not need to assume that the set {y € E;} has small or even zero Lebesgue measure.

Theorem 3.5. Under Assumptions (A1) to (A3), the control-to-state operator S : WP (Q) — Wol’p(Q),
p > N, is Fréchet differentiable. Moreover, for any u,o € WP (Q), z, := S’ (u)v satisfies

- diV[(b + a()’u))vzv +1 {yuéEa}a/(.Vu)znyu]
z, =0 onoQ,

v inQ,

(328)

with y, = S(u). Furthermore, the mapping W (Q) > u - S’(u) € Wol’p(Q) is continuous.

Proof. Step 1: existence of S’. We shall apply the differentiability of the implicit mapping [38, Thm. 2.1].
Consider the mapping F : WOI’P(Q) X WP (Q) — WP(Q) defined by

F(y,u) :=—=div[(b+a(y))Vy] —u.

We first show that F has a partial derivative in y given by

oF . ’
E(y, u)z = —div [(b +a(y))Vz + 1(yeE,)a (y)sz]
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forall y,z € Wol’p (Q) and u € WP (Q). To this end, let z,, be an arbitrary sequence converging to zero
in WOLP(Q) and let ¢ be arbitrary in Wol’p,(Q),p’ = p/(p—1), with ”(p”WLPI(Q)

0

< 1. Setting y, == y+2z,,

we then have

<F()/n, U) - F(y> u) - %()A u)zn, (P> @ . /(Q)
w-1p ’M/O’P
- /Q [(b+ a(ya)) Yy — (b +a()Vy
(b +a(y)Vzn — @ (y:22)Vy] - Vo dx
- /Q [(a(ym) - a(3)) V20 + (a(ym) - a(3) - @' (v 2a)) V3] - Vo dx

< la(yn) — a(y))Vzn + (a(yn) — a(y) = a'(y;zn)) VyllLr ()
< lla(yn) = a(W)ll=(@) IVznlle () + I (a(yn) — a(y) = a’(y:zn)) Vylie (o)
= lla(yn) = a(W) =@ [IVznllLe ) + 1 Ty,.y VYl (@)

Setting ¢, := ||Zn||W1,p(Q), we obtain
0
1 JoF 1
IF(yn,u) = F(y,u) = — (¥, wznllw-1r(q) < lla(yn) — a(¥)lle@) + —1Ty,.y VyllLe(o)-
”ZnHWOl’P(Q) y €n

Obviously, ||a(yn) — a(y)|lL=(q) — 0. Combining this with (3.22) yields the partial differentiability of
Fin y.

We now prove that 3—5 (Yu> 4), yu == S(u),is an isomorphism as a mapping from Wol’p (Q) to WP (Q).
From this, the Lipschitz continuity of S (see Lemma 3.2), and [38, Thm. 2.1], we then deduce the existence
of Fréchet derivative at u of S as well as (3.28). It is enough to prove for any v € W~?(Q) that there
exists a unique z, € Wol’p (Q) such that

oF
(3.29) E(yu, Uz, =0
and
(330) ”ZU”WOLP(Q) < Cu”U”W_l’P(Q)'

Setting a, (x) := b(x) + a(y.(x)) and c,(x) := 1, ¢} (x)a’(yu(x))Vy,(x) for almost every x € Q,
we have that a, is continuous and there hold

(3.31) b<ay(x) <Cy llcullr) < Cy forae x € Q.
The equation (3.29) can thus be written as

—div[a,Vz, +cuzy] = v in Q,
(3.32)

Z, =0 onoQ.

Due to [11, Thm. 2.6], (3.32) (and thus (3.29)) has a unique solution z, € Hy(Q) < L%/(r=2) (). Similar
to (3.15) and (3.18), there hold that

(3.33) zoll 201602 () < Crullollw-1e(0)
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and

BlIVZolliz0) < Cra [lollw-1s (0 + 1zoll oo (o

for some constant C;,, independent of v. It then follows that

(3-34) IVzollrz2(q) < Coullollw-1e(q)-

Moreover, by using the chain rule and the product formula [24, Chap. 7] as well as Assumption (a3),
we can rewrite (3.32) as

—-Az, =v —div[z,Vb] in Q,
(3-35)

2z, =0 on 8Q,
with 2, := (b + a(y,))z,. We now show that

(3-36) 1Zollz= () < Capllollw-1r(q)-

To this end, we first consider the case p > 6. We then have v € W™?(Q) — W6(Q). Besides, we
have z, € HY(Q) — L°(Q) and thus z,Vb € L°(Q)"N. It follows that the right-hand side of (3.35)
belongs to W(Q). Applying the Stampacchia Theorem [16, Thm. 12.4] and using the continuous
embedding W™ (Q) — W16(Q), we can conclude that

20l (@) < Ca [llollw-1s(q) + 120VblILs(o |
< Cop [||U||w—1,p(g) + ||Vb||L°°(Q)||Zu||H3(Q)]
< Capllollw-1r (),

where we have used (3.34) to obtain the last estimate. For the case N < p < 6, we see that the right-
hand side of (3.35) belongs to W™ (Q). Using the Stampacchia Theorem again and exploiting the
embedding H}(Q) < L°(Q) < LP(Q) and (3.34) yield

I20ll1(0) < Cap [lvllw-1r(q) + 1120VbllLe (0 |
< Cayp [lIollw-rr(0) + 120VPllLs (0 |
< Capllollw-1e(q)-

We now consider two cases:

Case 1: N = 2. Since the embedding Hy(Q) < LP(Q) is continuous, we have v — div[z,Vb] €
W™P(Q). Applying [23, Cor. 1] to (3.35) and exploiting (3.34) yields that 2, € Wol’p (Q) and that

lzollyyte g < Capnalloll-io o).

From this, the definition of Z,, and (3.36), we derive z, € Wol’p (Q) and (3.30).

Case 2: N = 3. In this case, we have H)(Q) < L°(Q). If p < 6, we then have the desired
conclusion using a similar argument as in the first case. If p > 6, then v — div[z,Vb] € W26(Q).
Similar to the first case, z, € WOL(’(Q) and ||ZU||W1,6(Q) < Cyllollw-1r(q)- Finally, by using the

0
continuous embedding WOI’(’(Q) — LP(Q) and a bootstrapping argument, we arrive at the
desired conclusion.
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Step 2. continuity of S’. Taking any v, un, ug € W (Q) such that [[o|ly-1p(q) < 1as well as s, :=
llun — uollw-1r(q) — 0 asn — oo and setting zy, := S'(un)v, 2, := S’ (up)v, we see that z,, and z,
satisfy

- le[(b + a(.VO))V(Zvn - Zv) + ﬂ{)’oéEa}a,(YO)Vyo(Zvn - Zu)] = divgvn in Q,
Zon — 2 =0 on 99,

with yy == S(ug), yn == S(un), and
Gon = [szm(a(yn) —a(y)) + (11 {yneéEa}a’(yn)VYn - ﬂ{yera}a/(yO)Vyo) Zun] .
Similar to (3.30), a constant C; := Cyy, exists such that

(3-37) |zon — ZUHWOLP(Q) < C1||gvn||LP(Q)-

Furthermore, the local Lipschitz continuity of S (Lemma 3.2) implies that there is a constant C, = Cy (1)
such that
||zvn||W-011P(Q), HZUHWOLP(Q) < C2||U||W7Lp(g) < Cz foralln € N.

This implies that
(3-38) lgonllLr (@) < Colla(yn) — a(yo)ll=(Q) + l|zonllL= (@) lAnllLr (o)
< G (llalyn) — a(yo)ll= (o) + CllAnllLe(q)) »

where we have used the continuous embedding WO1 P(Q) < L™ () to obtain the last inequality with
a constant C independent of v and n. Here

An = 1(y,08,30 (V) Vn = Viyoer) @ (70) Vo
does not depend on v. Combining (3.37) with (3.38) yields

1" (tn) = 5" @)l vy sy < 3 [1a() = @) lisco + Anllzren]

Obviously, the first term in the right-hand side converges to zero since y, — y, in C(Q). In addition,
as a result of Lemma 3.4, the second term tends to zero. ]

We end this section with a direct consequence of the differentiability of S.

Corollary 3.6. Let u and h be arbitrary in L*(Q) and let {s,} C (0, 0) and {h,} C L?(Q) be such that
sp — 0% and h,, — h in L*>(Q). Then, for any p € (N, 6), there holds

S(u+ sphy) — S(u)

Sn

— S (wh  inW,P(Q) — C(Q).

Proof. We write
S(u + sphy) — S(u) S (wh = S(u + sphy) — S(u) — .5 (w)hy,

Sn Sn

+ 5" () (hy — h).

From this, Theorem 3.5, and the compact embedding L?(Q) € W?(Q) and the continuous embedding
Wol’p (Q) — C(Q), we derive the desired conclusion. |

Remark 3.7. All results in this and the following sections can be extended to the case where an additional
semilinear term f(x, y(x)) is present if f is a Carathéodory function and for almost every x € Q, the
mapping z — f(x, z) is monotone and of class C? as in, e.g., [14]. However, in order to avoid additional
technicalities, we have restricted the discussion to the case (3.1). Similarly, in assumption (A1), the
convexity of Q was only used to establish the H2- and W -regularity of solutions of elliptic equations.
The results therefore remain valid for other domains guaranteeing that regularity, e.g., if Q is of class
CcH.
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4 EXISTENCE AND FIRST-ORDER OPTIMALITY CONDITIONS

The optimal control problem (P) can be rewritten in the form
o 3 Voo

® uer{gr(lg)f(u) =J(5W),u) = G(S@W) + Zlullz q)
st. ue Uy,

where the admissible set is defined by
(4.1) Upg ={uecL™(Q)]a(x) <u(x) < p(x) forae xec Q}.

The existence of a minimizer # € U,y of (P) follows as in [14, Thm. 3.1].
To derive first-order necessary optimality conditions, we first address the existence, uniqueness,
and regularity of solutions to the adjoint state equation

(4.2) {_ div[(b +a(yu)) Vel + 1 (¢80 (yu)Vyu - Vo =0 inQ,

=0 onoaQ,

foru e W (Q),p > N,v e HY(Q), and y, := S(u).

Lemma 4.1. Let Assumptions (A1) to (A3) hold and p > N. Then, for anyu € WP (Q) andv € H}(Q),
there exists a unique ¢ € Hy(Q) solving (4.2). If, in addition, U is a bounded subset in L (Q), then for any
u € U andv € LI(Q) with q > N, there exists a constant Cy such that ¢ € H*(Q) N W*(Q) satisfies

(4.3) lellaz o) + lellwie (o) < Cullollza(e)-

Proof. For any u € W' (Q), we define a function a, and a vector-valued function ¢, given by
ay =b+a(y,), Cu = 1 y,¢E,18 (Vi) Vu.

By Theorem 3.1, we have y, € Wol’p (Q) and thus a, € W*(Q) and ¢, € LP(Q)VN. Consider the
operator
T, :Hé(Q) — HY(Q) ¢ — T, = —div[a, V] +c, - Vo.

Then T, is an isomorphism (cf. [11, Thm. 2.6]). Therefore, for any v € H™1(Q), there exists a unique
solution ¢ € Hy(Q) to (4.2) such that T,,¢ = 0.

It remains to show the W»®-regularity of ¢ and the estimate (4.3). Let U be a bounded subset
in LP(Q) and u € U, v € LI(Q) be arbitrary. Then y, € W-*(Q) by Theorem 3.1. It follows that
cu € L®(Q)N and a,, is uniformly Lipschitz continuous. In addition, ¢ € H}(Q) satisfies

—div[a, Vo] =v—c, - Vo € L3(Q),
which together with the H?-regularity of solutions (see, e.g., [25, Thm. 3.2.1.2]) gives ¢ € H*(Q).

Therefore, ¢ € Hy(Q) N H*(Q) is the strong solution to

1
—-ANp=—1[v—c.-Vp+Va,-Vg] inQ.
a

u

By virtue of the chain rule (see, e.g., [24, Thm. 7.8]), one has Va, = Vb + ¢,. We then have that
¢ € Hy(Q) N H*(Q) satisfies

1
(4-4) —A(pzf::a—[v+Vb-V(p] in Q

u
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and there holds

1A@llrzo) < 7 [llollez) + Lollllg o) | -

IS —

On the other hand, using a similar argument as in (3.34) and employing the continuous embedding
L1(Q) — W~ 4(Q), we can show that

lollz (@) < Cuullollw-ae) < CoullollLa)-

We thus have

(4.5) ol () < Caullollraq)-
Setting § := min{q, 6} > N and using the continuous embedding H?(Q) — W°(Q) — W»4(Q) thus
gives

IfllLac) < Caullvlirae)-

From this, Assumption (A1), and the global boundedness of the gradient of solutions to Poisson’s
equation (see, e.g. [19, Thm. 3.1, Rem. 3], [30, 39]), we can conclude that ¢ € W (Q) and that

IVellre) < Csullfllira) < CsuCaullvllraa),
which, along with (4.5), gives (4.3). O

From the chain rule, Lemma 4.1, and an elementary calculus, we derive the following result.

Theorem 4.2. Let Assumptions (A1) to (A4) hold. Then the reduced cost functional j : L*(Q) — R is of
class C'. Moreover, for anyu, h € L*(Q), there holds

Jh = /Q (pu + i) hdx,

where ¢, € Hy(Q) solves (4.2) corresponding to the right-hand side term v = G’(y,) and y, solves (3.1).

We now arrive at first-order necessary optimality condition for the problem (P). Since the reduced
functional is Fréchet differentiable by Theorem 4.2, the proof of the following result, based on the
variational inequality j’(&)(u — @) > 0 for all u € Uy, is standard and therefore omitted.

Theorem 4.3. Let Assumptions (A1) to (A4) hold. If i is a local minimizer of (P), then there exists an adjoint
state ¢ € H}(Q) such that

—div[(b+a(7)) Vo] + 1 (5¢,,0" (7)) V- Vo =G'(y) inQ,
(4.6a) i
=0 on 0Q,
(4.6b) / (p+va)(u—a)dx >0 forallue Uy
Q
with j := S(@).

Remark 4.4. If the discrepancy term G is an integral functional of the form

G(y) = /Q 9, y()) dx

where g : Q x R — R is a Carathéodory function of class C' with respect to the second variable such
that Assumption (a4) holds, then we obtain from Theorem 4.3 and [34, Lem. 2.26] the Pontryagin
maximum principle

g(x, y(x)) + %L_l(x)2 + @(x)a(x) = min {g(x, y(x)) + %sZ + @(x)s | S € [a(x),ﬁ(x)]} forae x € Q
due to the convexity of the mapping u — J(y, u); cf. [14, Thm. 4.1].
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5 SECOND-ORDER OPTIMALITY CONDITIONS

Our goal is now to derive second-order necessary and sufficient conditions in terms of a non-smooth
curvature functional characterizing the (generalized) curvature of the reduced functional j in critical
directions. A similar approach was followed in [17, 18]. We will introduce the necessary technical
notation in Section 5.1, prove preliminary estimates in Section 5.2, and finally derive the desired
second-order conditions in Section 5.3.

5.1 NON-SMOOTH CURVATURE FUNCTIONAL

Intuitively, differentiating (P) (formally) and applying the sum and product rules, we see that the
total curvature of j can be separated into three contributions: a smooth part involving only a and its
derivatives in smooth points; a first-order non-smooth part involving only first (directional) derivatives
of a; and a second-order non-smooth part relating to second generalized derivatives of a.

Correspondingly, we define the following three partial curvature functionals at a point (u, y, ¢) €
L2(Q) x HY(Q) x W'*(Q). First, the smooth part of the curvature in directions (hy, hy) € L?(Q)? is
given by

(5.1) Os(u, y, @3 hy, hy) = %G"(y)(S'(u)hlS'(u)hz) + g / hyhy dx
Q

- %/Q T(yera” () (S" (W) (S'()hy)Vy - Vo dx,

which is a bilinear form in (hy, h3).
The first-order non-smooth part of the curvature is given by

Qi(w, y, 93 h, ) == —%/Q [a'(y; S (Wh) V(S"(u)h2) + a’(y; S (w)h2) V(S (w)h1)] - Ve dx.

Although Q(u, y, ¢;-, ) is not bilinear, it is positively homogeneous in each variable due to the positive
homogeneity of the function a’(y(x);-) for all x € Q, i.e,

O1(u, v, 0; 1hy, Tohy) = 2 Q1(w, y, @; hy, hy)  for all hy, by € LZ(Q), T, T2 > 0.

If a is a C? function, Qs +Q; corresponds to the second derivative j”’(u) (hy, hy) of the reduced functional;
in this case our second-order conditions reduce to the results obtained in [14].
The critical part for our analysis is of course the second-order non-smooth part, which requires
some additional notation. Forany 0 < i < K,s € R,and h € L?(Q), we define
G, yss.h) = [aly (8) = al(t)Tgee  (t— S(u+sh)

S(u+sh),y

+ [az{+1(ti+1) - az{(ti+1)] Qb3 (tis1 — S(u +sh)),
S(u+sh),y

with t; as defined in Assumption (a3) and the sets Qb 2y Q;Sy as defined in Lemma 3.3. Here we use
the convention a_; = agy = 0, ay(ty) = ay(—o0) = 0, and ay (tk+1) = ap (o) = 0. We then define for
positive null sequences {s,} € ¢ := {{sn} € (0,) | s, = 0}, h € L*(Q), and {h,} c L*(Q),

K
(5:2) An(u,y: {sah () = D Liu ¥ 90, ho)
i=0
as well as
69 Ot 3.0 {52} ) = liminf = [ Ay i {52}, () ¥y - T,
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where {h} denotes the constant sequence h, = h. (These terms will all be of independent use in the
following.) The second-order non-smooth part of the curvature in direction h € L?(Q) is then given by

(5.4) Q2(u, y,¢:h) =inf {Q(w, y,¢; {sn}, h) | {sn} € c}}.

Crucially, Q, is positively homogeneous of degree 2 in h.
Lemma 5.1. Let u,h € L*(Q), y € H(Q), and ¢ € W' (Q). If Q2(u, y, ¢; h) < oo, then

Qz(u, y, 3 th) = ?Qa(u, y,03h)  forallt > 0.

Proof. We first observe that

Gi(u, yssn.th) = (i(u, ystsp,h)  and - An(u, yi{sn}, {th}) = An(u, y; {tsn}. {h})

holdforall0 <i <K,n >landforalluh e L*(Q),y € H(Q), {sn} € ¢}, and t > 0. By the definition
of Q, we have

O, y, 93 {sn}, th) = ?Q(w y, ¢; {tsn}, h)
forallu,h € L*(Q), y € H(Q), ¢ € W"*(Q), {s,} € ¢}, and ¢ > 0. It follows that

Qa2(u, y, i th) = inf {Q(u, y, ¢: {su}. th) | {sn} € c{’}
= inf{tzé(u, v, 0; {tsu}, h) | {sn} € c0+}
= t% inf {Q(u, v, @;{rn}, h) | {rn} € c0+} (by setting ry, := tsy,)
= 10y (u, y, ; h). o

Note also that {;(u, y; s, h) = 0 and therefore Q,(u, y, ¢; h) = 0 if the functions a; have the property
that a_ (t;) = a/(t;) for all 1 < i < K, i.e., if the derivative a’ is finitely PC'. We also remark that Q, is
related to the term o(h) used to bound the second derivative of the Lagrangian in [9, Chap. 3] and
which there characterized the gap between necessary and sufficient second-order conditions.

Finally, to account for the control constraints, we recall the following basic notation standard in the
study of second-order conditions; see, e.g.,[9, 2]. Let K be a closed subset in L*(Q2) and let z € K be
arbitrary. The radial, contingent tangent, and normal cones to K at z are defined, respectively, as

R(K;z) = {U e L*(Q) |3§ >0st z+soe€Kforallse [O,S']},
T (K;z2) = {U € LZ(Q)|38,1 — 0%,0, 2 0in L*(Q) s.t. z+ 5,0, € K foralln € N},

N(K;z) = {w e L*(Q) ‘/w(x) (v(x) —z(x)) dx < O0forallov € T(K;z)}.
Q

It is well-known that when K is convex, we have
T(K;z) =cl; [R(K;2)],

where cl(U) stands for the closure of a set U in L?(Q). For any w € L?(Q), we denote the annihilator
of w by

wh = {h e LY(Q) ‘ / w(x)h(x)dx = 0} .
Q
Furthermore, we say that the set K is polyhedric at z € K if for any w € N (K; z), there holds

cly [R(K; z)N (WL)] =7 (K;z) N (wh).
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We say that K is polyhedric if it is polyhedric at each point z € K.

In the following, we will consider the admissible set U4, defined in (4.1), as a subset in L(Q) rather
than a subset in L*(Q). In this case, U,y is polyhedric, see [2, Lem. 4.13].

Furthermore, for a given triple (4, j, ¢) with & € U, satisfying the system (4.6), set

(5.5) d:=¢+vi.
Obviously, —d € N (Uyg, @) by (4.6b). The critical cone of the problem (P) at @ is then defined via
(5.6) C(Uaas @) = {h € L*(Q) | h € T (Uga;a) N (dH)}.

By [2, Lem. 4.11], the tangent cone 7 (U,4; %) and the critical cone C(U,4; #) can, respectively, be
characterized pointwise as

T (Uyg; ) = {U e L*(Q) |v(x) {i g izg; z;g; ae x € Q}

and
>0 ifa(x)=a(x)

(5.7) C(Uyg; i) =3h e L*(Q) |h(x)3< 0 ifa(x) = p(x) ae x€Q
= ifd(x) #0

5.2 PRELIMINARY ESTIMATES

Throughout this section, let (@, 7, ¢) be a point that satisfies the system (4.6) and d be given by (5.5).
We start this section with a second-order Taylor-type expansion.

Lemma 5.2. For any u € L*(Q) and y, := S(u), there holds

1
(58) J(u) - j(a) = /0 (1=9G" (34 5(3u = )3~ 9 ds + L llu =l g
+ /Q d(u - ) dx - /Q [a(3) — a(3)] V6 - (Vyu - V) dx
- /Q [a(3) — a(3) — 1V (395,y0'(9) (va — 7)| V5 - V.

Proof. Since j is Fréchet differentiable by Theorem 4.2 and G is C? by Assumption (A4), we can use a
Taylor expansion to write

(59) 1)~ (@) = G~ G(3) + & (Il ~ s g
=G () (yu—7P) + v'/Q (u—a)adx
1
+ [ a=sG"(3+5(0m = o= 97 s+ Flu= g
- /Q (b+a(P)VP - (Vyu = V9) + V(450 (7)VF - Vo (yu — ) dx
—/Q(p(u—ﬂ)dx+‘/gd(u—ﬁ)dx

1
144 - Y] \) V 7
+/ (1-9)G"(7+s(yu— 7)) (yu—§)*ds + Sllu— a7z q)
0
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where we have employed (4.6a) and the definition of d to obtain the last equality. Testing the state
equations corresponding to y, and y by ¢ and then subtracting yields

/Q P(u— @) dx = /Q [(b+a(3)) (V3 = V5) + (a(y) - a(3))V5] - Vi dx.

Inserting this equality into (5.9), we arrive at the desired conclusion. O

A crucial step of our analysis will be to bound Q; (4, , @; h) purely in terms of the jumps of the
derivatives of a in the optimal state . To do this, we define the jump functional = : W(Q) — [0, 0]
via

1 N K
(5.10) 3(y) =limsup = > >0 / [T o<ty-ti1<r) [0, V] dx
r—0+* rm:l i=1 Q
1 N
:hmsup—z O'i/ []]{Iy—tiISr} |8xmyu dx,
r—ot T Q

where the (non-negative) {o;}1<;<x are as defined in (2.3) and
I; = {i €e{L...,K} |minx€§ y(x) < ti <max_ g y(x)}.

(Note that in contrast to I, defined in (2.4), we exclude the largest value of i for which ¢; < min__g y(x)
but include the largest value of i for which ¢; = max __5 y(x).)

Clearly, if a’ is finitely PC!, then 3(y) = 0. On the other hand, if a’ has points of discontinuity,
then, intuitively, 3(y) measures the oscillation of y € W'!(Q) around these discontinuities (which
maybe unbounded even if there are only finitely many such points). This is illustrated by the following
one-dimensional example, whose derivation by straight-forward calculation is given in Appendix B.

Example 5.3. Let Q := (e, fo) C R be bounded and let y : Q@ — R be a Lipschitz continuous function

that is piecewise monotone (increasing or decreasing). Assume that a satisfies Assumption (a3) such
that min;<;<x 0; > 0 and that

V' (Ea) = {x € [, fol | y(x) € Ea} = | JIx; )]

jeJ

for some x; Xj C [ao, fol, j € J, with [gj, xj] N [x4,Xk] = 0 forall j,k € J, j # k. Then, the following
assertions hold:

(i) if card(J) < oo, then (card(J) — 1) minj<;<k 0; < 2(y) < 2card(J) max;<;<k 0j;
(i) if card(J) = oo, then 2(y) = oo;

where card(J) stands for the cardinality of set J. In particular, 3(y) is finite if and only if the index set
J is finite.

Note that if x; <X, then [x;,x;] Cc {y € E,}, which therefore has positive Lebesgue measure. This
demonstrates that the assumption £(y) < oo, which will be crucial throughout the following, does not
imply that {y € E,} has measure zero.

We now prove some technical results on ¥ and Q, that will be needed in the following Sec-
tion 5.3. To keep the notation concise, from now on we will simply write {;(s, h) = {;(@, y;s, h)

and Ap({sn}, {hn}) = An(a, Vs {sn}, {hn}).
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Lemma 5.4. Let {s,} € c be arbitrary and let {h,}, {v,} C L*(Q) be such that h, — h andv, — h in
L2(Q) for some h € L*(Q). If2(§) < oo and ¢ € W-*(Q), then

lim © /Q [An ({5}, tha}) = An({sn}, {0u1)] V7 - Vi dx = 0.

2
n—oco g

Proof. Setting y, := S(@ + sphy), wy := S(@ + s,0,) and exploiting the definition (5.2) yields

K
(5.11) An({sn}: {hn}) - An({sn}’ {Un}) = Z {[a;—1(ti) - al{(ti)]Mn,i + [a;+1(ti+1) - a;(ti+1)]Ln,i}
with

Mn,i = T]Q;’}Z y(ti - yn) - HQQVZ y(ti - Wn)> Ln,i = 1]933 y(ti+1 - .Vrl) - “Qif J,}(ti+1 - Wn)'

Setting ry, := ”J/n - Wn||L°°(Q) and x,, := maX{Hyn - )_/”L""(Q)’ lwn — )7||L°"(Q)} gives
(5.12) kn < Cs, and n Lo
Sn

for some positive constant C due to the differentiability of S and Corollary 3.6, respectively. We can
thus assume that 0 < k,, 7, < J for all n € N large enough. Writing

Mp; = _HQ;Z y(.)’n - Wp) — (ﬂggf 5 - ]]Q‘;f y) (wn = t;)
and using the fact that
QL = {y € (tuti +8),yn € (= 8,u]} C{0< -1t <Kn},

we derive
|Mn,i| < 1]{0<}7—l‘iskn}rn + ’(HQ;Z 5 - ﬂQiVZ j)) (W — ti)|-

On the other hand, by a simple calculation, it holds that

’(“Qi,Z - ]]Qifn,y) (Wn - ti)

yn.y
= Vigettuto)) | Vimmeti-s1y = Viwnettsa1y] [wn — il
=T ye(tntirs)} |Vime(timdtilwne(totitral}) = Viwne(ti-biti]ymetotitral}| 1 Wn — til

< Tjo<y-ti<kn)Tn-

Here we have exploited the facts that
{)7 € (ti!ti+5)’yn € (tl _59tl]} U {.)7 € (tis ti+5)’wn € (tl _53ti]} - {O < )_)_ ti < Kn}

and |wy, — t;| < |w, — yn| < r,, almost everywhere on {wy, € (t; — 8, t;], yn € (4, t; + ry] }. We therefore
have

(5.13) |Mn,i| < 2r,1 {0<y—ti<K,}-

Similarly, there holds that

(5'14) |Ln,i| < 2r,1 {0<tii—y<xn}-
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Inserting (5.13) and (5.14) into (5.11) and exploiting the obtained result as well as (2.3) yields
1
z /Q [[An({sn}, {hn}) — An({sn}, {oa})] Vy - V@| dx

2rn
/Z [Glﬂ{0<y ti<xn} + Ot T {0<ti- y<l<n}] IVy- Vol dx

2rnK,,

= /Zo-lﬂ{0<|y ti|<Kkn} |Vy V(pl dx.

Here we have used the fact that T(<j-s <x,} = 1{o<txsi-y<x,} = 0. Letting n — oo and using the
definition (5.10), we arrive at

2rnKn
nlgr.}o—/ LAn({sn}, {hn}) = An({sn}. {on )] VY - VoI dx < V@l (@) 2(7) im =5,
which, together with (5.12), completes the proof. O

Combining this with (5.3) and (5.4), we obtain the following estimate.
Corollary 5.5. If£(3) < co and ¢ € W>*(Q), then for any {s,} € ¢} and any h, — h in L*(Q),

lim inf sl /A ({sn} {ha D)V - V@ dx = Q@ 3, @ {sn}. h) = Q2( 3, ¢; h).

n—oo

We can use this result to show weak lower semi-continuity of Q.
Proposition 5.6. If2(§) < oo and p € W (Q), then for any h, — h in L*(Q),

Qo (@, y,p:h) < 1irrlri)i£f Q2(1, 3, @3 hy).

Proof. Let {h,} C L?(Q) be arbitrary such that h, — hin L*(Q). Fixing n € N and using the definition
(5.4) shows that there exists a sequence {sf (hn)}jkeN € ¢ such that

(5.15) s}“(h,,) —0"asj — oo forallk € N

and

Qu (& 3, ¢3 hn) = lim Q(& 3, ¢ {s] (hn)}jen, hn).
There thus exists a k, > n satisfying

(5.16) Q2(4, ¥, hn) — Q(ﬂ, ¥, ¢; {sfn (hn)}jEN; hn) > _%-

The limit in (5.15) leads to the existence of a j, € N such that

1
(5.17) 0< s;c" (hy) < = forallj> j,.
n

Furthermore, from (5.3) and (5.2), a subsequence {sZ‘ (hn)}qen of {sf" (hn)}jen exists satisfying

003,63 (5§ ) s ) = Jim n(h - Ji Z§,<s"(hn> bV Vg ds.
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Then there is a g, € N satisfying j;, > j, and
- 1 [ 1
(5.18) 0@ 7.0 55" (o)) = = [ 3 G5+ Ve > -
'n JQ =0 n

with r, == sfq” (hn). By (5.17), we have r, — 0% as n — oo and so {r,}nen € cj. On the other hand,
adding (5.16) and (5.18) yields that

K
1 2
Q2(a, 7, §shn) — / > G ha) V3 - Vg dx > ==,
n JQ % n

Taking the limit inferior then shows that

K
1
liminf Qy (@, y, ¢; hy) > liminf —2/ Z Ci(rn, hy)Vy - Vo dx

1
= liminf — QAn({rn}, {hn})Vy - Vo dx,

n—oo r

where we have used the definition (5.2) to obtain the last identity. Together with Corollary 5.5, this
yields the claim. O

Lemma 5.7. Assume that %(§) < oo and ¢ € W (Q), then for any h € L*(Q),
102(a, 3, @3 h)| < TNVl (o) IS" (@17 -

Proof. 1t suffices to show for any {s,} € c; that

(519) 10(@, 5,3 {50}, )] < SDIVElLo @ IS @I -

To this end, we first set y, := S(@ + s,h) and take p € (N, 6) arbitrary. By the fact that s, — 0* and
L2(Q) € WP(Q), we have i + s,h — @ in WP (Q) and thus y, — j in Wol’p(Q). From this and the
embedding W, " (Q) < C(Q), it holds that

Kn = |lyn — J_/Hc(ﬁ) — 0.
We can thus assume that x,, < § for all n € N large enough. Moreover, from (5.2), there holds
K
(5.20) An({sn} (1)) = D" Gilsmh) = D Gilsn, ).
i=0 iely

We see from (2.3) and the definition of ;(sy, k), ngby and Q;i,j} that

Z |0i(sn, h)| < Z [1(5etitirs) yme(ti=6.6110i + V(5etin=d.ti), ynetimtin+8) }Oix1] [Yn = F|

lEIy lEIJ'/
= Z [“{0<y—tis||yn—yllc(5)}0i + 1]{<)<ti+1—ysIIyn—jzllc@}Ui+1] 1yn = Flleca)

i€ly

K
= > Vo<iy-tizen0ill yn = Fllo@)-

i=1
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Consequently, it holds that

l1yn = yIIZC(Q) NOK
= / 2 6o V- V31 dx < [9llio) ——5—— ), ), 0r / T (0<l5-t1 <k} [P, ] dx.
Q

iely ” m=1 i=1

Passing to the limit, employing Corollary 3.6, and using (5.10) then yields that

hmsup—z / > 15w 1)V - V31 dx < 1Vl (o) 1" @2 ) 2().

n—eo iely

The combination of this with (5.20) gives (5.19) and thus the claim. O

The following is the main result of this subsection.

Proposition 5.8. Let Assumptions (A1) to (A4) hold. Assume further that G'(3) € LP(Q) for some p > N.
Let p € (N, 6) be arbitrary and let {s,} € ¢} and {h,} C L*(Q) be arbitrary such that h,, = h in L*(Q)
for some h € L?(Q). Then the following limits hold:

(i) 2 [(0L=9)G" (34 5(yn = 7)) (v - 9 ds = 1G7(3)(S'@h)? with y, 1= S + 5,hs);
(i) & Jo [a(yn) =a(DIVe - (Vyn = Vy) dx — [, a'(7:5'(@h) Ve - V(S'(@)h) dx;
(iii) if, in addition, %(3) < o, then
Hyi= [ 1a(0) = a(3) = V508,04 (5) (0 = 9IT0 - Tydr, e,
satisfy

1 (- ! (= — - N/- - =
limsup 1, = 5 [ 1(ee,10” (5)(S (@h V0 Vydr = 0(a 5.0i (52} ).

n—oo Sn

Proof. (i): By Corollary 3.6, we have
Yn=y

n

(5.21) — S’(@)h in WOLP(Q).
This and the dominated convergence theorem give assertion (i).

(ii): According to Lemma 4.1 and the fact that G’(3) € L?(Q) and @ € L™ (Q), the adjoint state ¢
belongs to W (Q). Moreover, from (5.21) we have that

1 1 —
S—V(y,, — ) = VS(@)h  in LP(Q)N and s—(yn —y) = S (@)h inC(Q).

Finally, for all x € Q, it holds that i [a(yn(x)) —a(§(x))] — a’(F(x); (S’ (@)h)(x)); see, e.g., [20
Lem. 3.5]. Therefore, we obtain (ii) from the dominated convergence theorem.

(iii): According to Lemma 3.2 and the continuous embedding Wol’p (Q) — C(Q), we obtain y, — ¥
in C(Q), and we can thus assume that ||y, — y||c@ < ¢ for all n € N large enough. Since Vj
vanishes almost everywhere on {j € E,;} [16, Rem. 2.6] and there exists a constant M > 0 such that
max{|y,(x)], | 7(x)|} < M for all x € Q, we can write

(5.22) H, = / Vise51[a(3m) — a(3) = @' (5) (- 9V - Vi dx
i1 i,2 i,3 _ _
/ gV - Vydx—ZI/[Tyny Iy +T, 5 V¢ - Vydx,
1€

Clason, Nhu, Résch No-gap second-order optimality conditions for optimal ...


https://arxiv.org/abs/2003.11478v2

ARXIV: 2003.11478V2, 2020-09-09 page 24 of 33

where T), ; and T g0 J =1,2,3, are defined in (3.20) and Lemma 3.3.

We now estimate Ty,{,y fori eIy and j=1,2,3. Let us fix i € I;; and consider T}’,jy We have
(5-23) T 5 =90 + 95 + g5
with
g5 = ]]Q[é,'—_él [ai(yn) — ai(9) — a}(7) (yn — 9],
gn : HQ(05)QQ(025) [a (J’n) ai()_/)_a;()_/)()/n—y)],
gn’ = Toeon oo [ai(yn) = ai(9) = aj(7)(yn = 7)] -

V. i+Li+1 Yn,i+li+l

A standard argument shows that

(5.24) / 299 Vydx = 3 [ 100 () @H)*Vp - Vyax
Since ||y, — 37||c(§) < dand ||y, - 37”0(5) — 0 as n — oo, there holds
1 -1 =-1 50 — 0 asn— o
atna0 ~ s = ~TouangCon

almost everywhere in Q, which together with the dominated convergence theorem yields

(525) / Y5 Vydx > - / o (5)(S @R V.

Similarly, it holds that

1
(5.26) 3—2/ BYg-Vydx — = /1] <5?>1a "()(S(@)h)* V@ - Vydx.
n yl+ i+
From (5.23)—(5.26) and the fact that Q)lfl lflj v Q;OIC? U Q; li103+1 Q;OI(?H : {9 € (t;, ti41) }, we deduce
that
1
% 12,96 vpan— / Visetrun) @ (3)(S @RV - V5 dx,
n

which, together with the fact that I; is finite, implies that

i - - 1 "= ’(= — -
527 =3 [ 13,90 93dr = 5 [ 100" () @07 Vp - Ty

S” i€ly

We now estimate T;}f 5 To this end, we write

(528) Ty =Tge [aa(yn) - ai(3) = a{(7)(yn = 7))
= {102 [ai-1(m) = aims(t) = @y () (3 = 1)
oo [a(t) = a(3) -GG -] +1ge [alt) = a(3)] (- 1)
+ 1o [aj_ () — ai(t)] (yn — 1)
f;f,yyiyﬂgiy,;l et = gie)] (1 - )
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i,2

_ h
.y We have

with Ql;i& = Qg‘f}i) n Q;;i",(i)] ={y € (t;, ti + ), yn € (t; — 6, t;] }. For almost every x € Q

(5-29) 0 < y(x) = ti ti = yn(x) < |yn(x) = y(X)| < llyn = Yl <9
Combined with the fact that |y, (x)| < M for all x € Q and that a;_; is of class C?, we obtain

2

1 _
—Clgiz ®llya =TI

2s2

IA

1
2
n

Tz () [ais () = aia(8) = @l () () = 1)

IA

1
EC]] sziy(x) -0

for almost every x € Q and for some constant C. Here we employed the Lipschitz continuity of S (see
Lemma 3.2) and the embedding Wol’p (Q) — C(Q) to deduce the last inequality. It therefore holds that

1 , B B
(5.30) Z ‘/Q "]]Q;’/i’y [ai-1(yn) — aica(t:) — @}y (t:) (yn — 1) | Vo - Vy‘ dx — 0.

Similarly, we obtain

1 ’oo _ _ _
(5.31) = ’ﬂgi,z ai(t) - ai(3) - al(3) (ki - 3)] Vo Vy‘ dx — 0
sn Jo yn.y
and
1 ’ e — —
(5.32) —2/ |1]Qi,z ) [ai(t,-) - ai(y)] (yn —t:)Ve - Vy| dx — 0.
sn Q yn,y

Combining (5.30)—(5.32) thus gives

1 202 T U
(5.33) - |Ty’n,yV‘P . Vy| dx — 0.

Sn JQ
By the same argument as for (5.28) and (5.33), Ty’: 5 can be written in the form
(5-34) T)’;f’).} = A;’iy - ﬂQi}i,y [a]1(tis1) = @] (£i41) ] (fiz1 — Yn)
with Q)7 5 = {§ € (tia1 = 6, tis1), Y € [t tisa + 8)}, and T2 satisfying

1 S S
(5.35) = / ‘Tyn,yV(p - Vy‘ dx — 0.

Sn JQ

By combining (5.22) with the limits (5.27), (5.28), (5.33), (5.34), (5.35) and the definition (5.2), we can
conclude that

1 1 1
limsup — H, = - / ﬂ{WEa}a”(y)(S’(a)h)Zng - Vydx - liminf — / An({sn}, {hn})Vy -V dx.
n—eo Sy 2 Ja noe sy Jo
Together with Corollary 5.5, this gives (iii). O

5.3 SECOND-ORDER CONDITIONS

We now have everything at hand to prove the following two theorems that are the main results of the
paper, providing no-gap second-order necessary and sufficient conditions in terms of the curvature
functionals Qs, Q1, and Q, defined in Section 5.1.
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Theorem 5.9 (second-order necessary optimality condition). Let Assumptions (A1) to (A4) hold. Assume
that @ is a local optimal solution of (P) such that G’(y) € LP(Q) and 2(y) < oo for some p > N and
y := S(u). Then there exists an adjoint state ¢ € H}(Q) N W>*(Q) that together with u, y satisfies (4.6)
as well as

(5.36) Os(@, y, @; h, h) + Q1(@, y, ¢; h, h) + Q2 (@, y, p;h) > 0 forallh € C(Uyg;1).

Proof. The existence of a ¢ € H,(Q) satisfying (4.6) follows from Theorem 4.3, while the claimed
regularity of ¢ follows from Lemma 4.1. It remains to prove (5.36). To this end, let h € C(U,q; ) and
{sn} € ¢} be arbitrary but fixed. We only need to show that

(5.37) Os(a, 7, @: b, h) + O1(@, 3, @: b, h) + O(i1, , @; {sn}, h) > 0.

In order to verify (5.37), we first see from the definition of Q(i, 7, @; {sn}, h) that there exists a subse-
quence {sp, } satisfying

539) 0@, 5.0: (52} = Jim == [ A ({50}, (RN V5 - Vv

ng

Since U, is polyhedric, there are sequences {h,,} C L*(Q), {gm} € Uaa, and {A} C (0, ) such
that

hm = h inL*(Q), hp,= q”jl_ u’ and h,, €dt forallm e N.

m

Since s,, — 0% as k — oo, a subsequence, denoted by {r,,}, of {s,,} exists such that 0 < r,,, < A, for
all m € N. This and the convexity of U, yield that

a+rmhm:(1—;t—m)a+;—mqme%{ad for all m € N.

Since # is a local minimizer of (P), it holds that

L @+ rmhw) - (@) 2 0
-

m

for all m € N large enough. Taking the limit inferior and employing the fact that h,,, € d* and h,,, — h
in L?(Q), we obtain from Lemma 5.2 and Proposition 5.8 that

Qs(@, 7, @; b h) + Qu(@, 3, @; b, h) + Q(@, 3, @; {rm}, h) > 0.

Moreover, we have Q(a, P, @;{rm} h) = Q(a, ¥, @; {sn}, h) as a result of (5.38) and the fact that {r,,} is
a subsequence of {s,, }. This finally gives (5.37). O

Theorem 5.10 (second-order sufficient optimality conditions). Let Assumptions (A1) to (A4) hold. Assume
that @ is a feasible point of (P) such that G’(y) € LP(Q) and 2(j) < oo for some p > N and j := S(i1).
Assume further that there exists an adjoint state ¢ € Hy(Q) N W>*(Q) that together with i, y satisfies
the first-order optimality conditions (4.6) as well as

(5-39) Qs(@, 3, @sh, h) + Qi(@, 3, @s h, h) + Q2(@, 3, @sh) > 0 forallh € C(Uga; @) \ {0}
Then there exist constants c, p > 0 such that
(5.40) j@) +cllu - 12||iz(9) <j(u) forallue U,n BLZ(Q) (@, p).

In particular, @ is a strict local minimizer of (P).
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Proof. We argue by contradiction. Assume that there exists a sequence {u,} C U,y such that

_ 1 P _ ;
(5.41) llun = dll 2oy < = and  j(@) + ~llup = @llf, o) > j(un), neN.
n n (%)

Setting s, := ||lup — #l|12(q) and h, = u,;;ﬁ yields that ||k, ||;2(q) = 1. Then there exists a subsequence
of {h,}, also denoted in the same way, such that h, — hin L?(Q) for some h € L*(Q).

We first verify that h € C(U,q; 6). First, we have that h, € R(Uyq; %) and thus h,(x) > 0 if
i(x) = a(x) and h,(x) < 0if a(x) = f(x) for almost every x € Q. From this and h,, — h, we deduce
that h(x) > 0 if d(x) = a(x) and h(x) < 0 if a(x) = f(x) for almost every x € Q. Consequently,
it holds that h € 7 (U,q; ). Since j is continuously differentiable as a function from L?(Q) to R

according to Theorem 4.2, a Taylor expansion thus gives

Jun) = j(@) + j' (@) (un — @) + o(llun — allL2(q))-
This, together with the last inequality in (5.41), implies, for n large enough, that

= _ _ 1
@)ty = @) + o(llun = @lr(ey) < 555

Dividing the above inequality by s, and then passing to the limit, we have j’(#)h < 0. Furthermore, it
follows from (4.6b) that j'(@#)o > 0 for all v € U,y — @2 and thus for all v € T (Uyg; @). In particular, we
have j’(ii)h > 0 and thus j’(i1)h = 0. Hence, it holds that h € d* and so h € C(Uyq; @t).
We now obtain a contradiction and thus complete the proof. Indeed, from the last inequality in

(5.41), we obtain

1 . L 1

= Uun) - j@)] < —.

sh n
Combining this with (4.6b), (5.2), and Lemma 5.2 yields that

1

1 ! e _ _ 14
- > = {/ (1=35)G"(7+5(yn = 7)) (yn— 7)*ds + —sfl||hn||i2(m
n Sn 0 2

- /Q [a(3) — a(3)] V5 - (Vyu - V) dx
_[2 [a(Yn) - a()_/) - H{YQEa}a,(J_/)(yn - )7)] V(/_’ : V)_/ dx}

with y, := S(uy,). Taking the limit inferior, employing Proposition 5.8, and using that h,, — hin L*(Q),
we arrive at

~ %
0> Q@ 7,431 1) + Qi@ 3. 35 1) + O3 7,33 (s ) + 2 (1= 1AllE ).

Consequently,
v
(5.42) 02 Qs(a 3, ¢:h.h) + Qu(@ 3. ¢: b h) + Q2 (a3, @3 h) + S (1= IBI17 g)-

Since the norm in L?(Q) is weakly lower semicontinuous, there holds ||A||;2(q) < 1 by definition of
hy,. From this, (5.42), and (5.39), we have h = 0. Inserting h = 0 into (5.42) and exploiting the fact that
Q2 (@, y, ;0) = 0 yields that 0 > % > 0, which is impossible. m]

We finish this section by providing another version of the sufficient second-order optimality con-
ditions that are equivalent to (5.39) and could be useful for estimating discretization errors in finite
element approximations. The proof of the next result is partly based on [13, Thm. 4.4] with some
modifications.
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Proposition 5.11. Let Assumptions (A1) to (A4) hold. Assume that @ is a feasible point of (P) such that
G'(9) € LP(Q) and %(9) < oo for some p > N and y := S(it). Assume further that there exists an adjoint
state ¢ € H)(Q) N W (Q) that together with i, y satisfies (4.6). Then, (5.39) holds if and only if there
exist constants cy, T > 0 such that

(549 Qu(@ 3 @ih 1)+ Qi@ 3.0 h 1) + Qu( 7. 9ih) 2 collbley  forall h e C(Usgs )
for
>0 ifa(x) =a(x)
C'(Uug;0) = {h e L*(Q) |h(x){< 0 ifa(x) = B(x) ae x € Q
=0 ifldx)|>1
Proof. Since the inclusion C(U,q; 1) € C*(U,yq; 1) holds, the inequality (5.39) is a direct consequence

of (5.43). We thus only need to prove the implication “(5.39) = (5.43)”. To this end, assume that (5.43)
is not fulfilled. Then, for any n € N, there exists v, € C 1/n (U,q; @) such that

1
Qs(@, 3, p30n, vn) + Q1(@, 3, @30, 0n) + Q2(@, J, P50n) < ;||Un||i2(Q)~

Dividing this inequality by ||v,|? using the positive homogeneity of (Qs + Q1) (4, ¥, ; -, ) as well

, we have that h, € CV"(Upuq; @), ||hnllz2(q) = 1and

L2(Q)
as Lemma 5.1, and setting h, := ——"—
”Un ”LZ )

1
(5-44) QS(a> 37’ (p; hn’ hn) + Ql(a’ 37’ (P; hna hn) + QZ(I’_[’ J_}’ (P; hn) < ;

Since {h,} is bounded in L?(Q), there exists a subsequence, denoted in the same way, such that h,, — h
in L?(Q) for some h € L?(Q). Obviously, it holds that h € C(U,y; @t). The compact embedding L?(Q) €
WP (Q) for any p € (N, 6) implies that h, — hin W~ LP(Q). Thus, we have S’(#)h, — S’(#1)h in
lp (Q) and so in Hy(Q)NC (Q). From this, the weak lower semicontinuity of the norm in L?(Q), the
estlmate (5.44), the deﬁnltlon of Qs and Q; and the weak lower semicontinuity of Q. (4, j, ¢; -) from
Proposition 5.6 we deduce that

(5.45)
(Qs + Q) (@, 3, @; b, h) + Q2(11, y, s h) < li,rlgig_}f(Qs + Q) (@, 3, @; hn, hn) + lim inf Q2(@, ¥, @3 hn)

< liminf [(Q+ Q1) (@ 3, 93 hns hn) + Qs (@ 3. 93 )]
<0.

From this and (5.39), it holds that h = 0. Again, we see from the definition of Q; and Q; and the fact
that ||yl 2(q) =1 that
1 e ! (= 4 e ! (= s —
(Qs + QU(@ 3. ¢ hn, hn) = SG"(7)(S (@)hn)® + 3" /Q a’ (33 S (@)hn) V(S (@) hy) - Vi dx
1 " = ! (= — —
-5 [ 1aa DS @ha)*Tp - Ty d.

Combining this with the fact that V(S’(@#)h,) — 0 in LP(Q)N and S’(@1)h, — 0 in C(Q) N H}(Q), we
can conclude from the dominated convergence theorem and Assumption (A4) that

= lim (Qs + Q1) (& 3, @; hn, hn) < limsup [~Q2 (@, 3, ¢; hn)]

n—oo

< Z(DVll(o) lim [IS"(@hulfeq) = 0.

where we have used the limit (5.45) and Lemma 5.7 to obtain the last two estimates. This gives the
desired contradiction and completes the proof. O
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6 CONCLUSIONS

We have derived second-order optimality conditions for an optimal control problem governed by a
quasilinear elliptic differential equation with a finitely PC? coefficient. Showing that the control-to-
state operator is in fact Fréchet differentiable (but in general not twice differentiable) allows using a
second-order Taylor-type expansion to formulate necessary and sufficient conditions in terms of a
new curvature functional related to the jump of the first derivatives of the non-smooth coeffficients in
critical points. These are no-gap conditions in the sense that the only difference between necessary and
sufficient conditions lies in the fact that the inequality in the latter is strict. Furthermore, an equivalent
formulation of the second-order sufficient optimality condition that could be used for discretization
error estimates is also derived. Such estimates will be studied in a follow-up work.

APPENDIX A REGULARITY OF A QUASILINEAR EQUATION ON CONVEX DOMAINS

Lemma A.1. Let Assumptions (A1) to (A3) hold andq > N.If y, € Wol’zq(Q) is the unique solution to

{— div[(b+a(y))Vyul =u inQ,
(A1)

Yy =0 onoQ,

withu € L1(Q) and satisfies ||yu||c(§) < M for some M > 0, then y, € H*(Q) N W*(Q) and

(x2) 1yllecey + Dyallwee @) < € (@M, lulliac@, Iyl g )
Proof. Define the function

a(t) if [t| < 2M,
MR > R, a(t) :=Ja(2M)  ift > 2M,
a(-2M) ift < —2M.

Obviously, a is a PC!-function and Va™ € L (R)N. By the chain rule (see, e.g., [24, Thm. 7.8]), it
holds that
da(yy) _ 8aM(yu)
8x,- - ax,-

Vy
ax,- '

= ﬂ {yugEa}a,(yu)

Moreover, by employing Assumption (A3), we deduce that |ﬂ (yutEa) @ ( yu)| < Cp for almost every
x € Q and for some constant Cys > 0. Consider now the equation

1
A= ————|u+Vb-Vy, + 1, ¢.1a (y)|Vyul’] inQ,
(A3) y b+a(yu) [ yu {y ¢E, } yu yu ]

y=0 on 9Q.

Since the right-hand side of (a.3) belongs to LY(Q) for g > N > 2, it holds that y € H*(Q) ~according
to [25, Thm. 3.2.1.2]. Furthermore, we have from the fact that b(x) > b > 0 for all x € Q and the
non-negativity of a that

IA

IAYlLa(0) [llullzace) + 11VE - Vyulliaco) + 1T (yugray @ (Y IV yul®lla (o) |

IA
IS = IS =

[lllaco) + LollVyillzaca) + CullVyiullZag g |-
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From this, Assumption (a1), and the global boundedness of the gradient of solutions to Poisson’s
equation (see, e.g. [19, Thm. 3.1, Rem. 3], [30, 39]), it follows that j € W*(Q) and

IVYllr=() < CllAY|lLa(q)-

Itis therefore sufficient to prove that j = y,. To this end, taking any ¢ € H}(Q) yields that (b+a(y.))¢ €
H}(Q). Testing (a.3) by (b + a(yy,))¢, a straightforward computation shows that

/ (V5= Vy) - V(b +a(3)) d + (b +a(7.)) Ve - Vi dx = / ug dx.
Q Q

Now testing (A.1) by ¢ and then subtracting the obtained identity from the above equality, we obtain
[ 5= V10 +atug] dx=o.

Choosing ¢ := m(fz — yu) € Hy(Q) then yields y = y,,. O

APPENDIX B ESTIMATE OF JUMP FUNCTIONAL

In this appendix, we verify the estimates for X(y) in Example 5.3.

We can assume without loss of generality that E, = {t}, i.e., K = 1 and t; = t. We first consider the
right end point x; of [x ;,x;]. If ; = fo, then the set {0 < |y —t| < r} N (x}, 0) is empty for any r > 0,
and thus

0
Yldx=o0.
ox

Jm = ] Tosiy-tienne)

Ifx; < Po, then there exists an &; > 0 such that y is monotone on (x;, X ;+&;) C Q due the monotonicity
assumption on y. Since X; is the right end point of [gj, Xj], the sets [x;,Xk], k € J, are mutually disjoint,
and y is continuous, we have y(X; + &;) # y(x;) = t. Setting 7; := |y(x; + &) — y(x;)| > 0, we derive
from the monotonicity of y on (x;,x; + ;) that for all r € (0,7;),

— o . . - -
_ (xj,y ' (t+r)) if y is monotone increasing on (X;,X; + £;),
{o<ly—tl<rin(x;x;+¢&) = _J_ i . . _J_] _J
(xj,y'(t—r)) if y is monotone decreasing on (X}, X, + &;).
This implies that

dx =1

9y
ox
Similarly, we have for the left end point x; that there exists an £; > Osuch that

0 ifgjzag,
X = ]
1 1f3_cj>a0.

rll)nol+ s Vio<|y-t|<rin(@;%+¢))

0
Y14
ox

rlggh ; o ﬂ{0<Iy—t|<r}ﬁ(£,~—§j,£,~)

Furthermore, if x; > a, then y is monotone on (x; - £ X ;) € Qand

=J —J’—])’

-1 . . . _
(y (t+r),x;] if yis monotone decreasing on (gj §j,§j),

(y_l(t - r),gj) if y is monotone increasing on (x. —€,X,
{fo<ly—tl<r}n (zj —§j,£j) =

forallr € (0,r;) withr; :=[y(x; - ¢;) — y(x;)| > 0. Let us set ¢; := min{¢, £;} and r; := min{r , 7;}.
If y is monotone increasing on (X, X, + £;) and on (J_Cj — £, gj), then

{0<ly-tl<r}n (zj —EpXj +€j) = (x,y ' (t+1) U (y‘l(t - r),zj)
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for all r € (0,r;). Similar expressions hold for the other cases of monotonicity on each interval. We
hence obtain

0 iij,fj € {do,ﬁo},
dx =11 iij € {ao, Po}.x; & {ao, Po} or vice versa,
2 ifzj,.?_(j ¢ {0{0,,80}.

ox

r—0tr

lim - ) T o<ly-tl<r}n(e,—e;x+¢)

A standard argument then yields the desired conclusions.
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