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NUMERICAL ANALYSIS OF A NONSMOOTH QUASILINEAR
ELLIPTIC CONTROL PROBLEM: II. FINITE ELEMENT
DISCRETIZATION AND ERROR ESTIMATES

Christian Clason* Vu Huu Nhu't Arnd Résch¥

Abstract In this paper, we carry out the numerical analysis of a nonsmooth quasilinear elliptic
optimal control problem, where the coefficient in the divergence term of the corresponding state
equation is not differentiable with respect to the state variable. Despite the lack of differentiability of
the nonlinearity in the quasilinear elliptic equation, the corresponding control-to-state operator is of
class C! but not of class C?. Analogously, the discrete control-to-state operators associated with the
approximated control problems are proven to be of class C! only. By using an explicit second-order
sufficient optimality condition, we prove a priori error estimates for a variational approximation,
a piecewise constant approximation, and a continuous piecewise linear approximation of the
continuous optimal control problem. The numerical tests confirm these error estimates.

Key words Optimal control, nonsmooth optimization, quasilinear elliptic equation, piecewise
differentiable function, sufficient optimality condition, error estimate, finite element approximation

1 INTRODUCTION

We investigate the nonsmooth quasilinear elliptic optimal control problem

. . _ v 2
i = [ L0 e Sl

() st. —div[(b+a(y,))Vyl=u inQ, y,=00naQ,

a<u(x)<p aexeQ.

Here Q is a two-dimensional bounded, convex and polygonal domain; L : QXR — R is a Carathéodory
function that is of class C? with respect to (w.r.t.) the second variable; b : Q — R is a Lipschitz
continuous function; a : R — R is Lipschitz continuous but not differentiable; and constants «, 5, v € R
satisfying f > a and v > 0. We refer to Section 2 for the precise assumptions on the data of (P).

The state equation in the optimal control problem (P) occurs, for instance, in models of heat conduc-
tion in which the coefficient in the divergence term acts as the heat conductivity and is a function of
two variables: the temperature y variable and the spatial coordinate x variable; see, e.g. [4, 38]. When
the data belong to class C?, the numerical analysis of the discrete approximation of optimal control
problems governed by such state equations were studied by Casas et al. in [13, 14] for distributed
control and in [9] for Neumann control.
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Let us briefly comment on other works concerning the error analysis of optimal control problems
governed by partial differential equations (PDEs), in particular by elliptic PDEs. For control-constrained
elliptic problems, we refer to the early papers [26, 27] for linear elliptic control problems; to [2, 12]
for semilinear elliptic problems. For state-constrained control problems, we mention only the recent
contributions [24, 36] and refer to the survey paper [31] for further references. Although the error
analysis for smooth PDE-constrained problems has been intensively investigated, there are very few
contributions on this topic for nonsmooth PDE-constrained optimal control. Here we want to mention
the work [32] concerning error analysis for optimal control of a coupled PDE-ODE system, where the
nonsmooth nonlinearity acts on a semilinear ODE. For works related to optimal control of obstacle
problems, we refer to [35, 16] and the references therein. Based on a quadratic growth condition, a
priori error estimates were established in [32, 35]. To the authors’ best knowledge, this is the first work
that exploits a second-order sufficient optimality condition to show a priori error estimates for the
discretization of optimal control problems governed by nonsmooth PDEs.

In this paper, our main aim is to derive the convergence analysis and error estimates of the discretiza-
tion of (P) under the explicit second-order sufficient optimality conditions established in [20] (first
derived in general form in [18]). As the coeflicient a in the state equation is Lipschitz continuous but
not differentiable, there are two major difficulties in deriving the error analysis. The first issue arises in
studying error estimates of the discretization of the adjoint state equation; the other is the lack of the
second-order differentiability of the cost functional. We therefore cannot apply an abstract theorem on
error estimates shown in [14] and in [11]. To deal with the first issue, we introduce the function Z,, ;
defined in (3.6) that measures pointwise the difference between the gradients of the superposition
mappings of a associated with two distinct states y and y. This allows us to derive thereafter both an
L?*- and an H,- error estimates for the approximation of the adjoint state equation. For handling the
second issue, we will exploit an structural assumption on the optimal state and employ an explicit
formula of a second-order generalized derivative of the objective functional, formulated in [20]. Based
on the second-order sufficient optimality conditions for (P) from [18, 20], we then prove general error
estimates for variational, piecewise constant, and continuous piecewise linear approximations of the
optimal control, which generalize those of Theorem 2.14 in [14] and of of Lemma 5.2 in [11], and can be
applied for the case where the cost functional j is of class C! but not necessarily C?; see Theorem 5.10.

The plan of the paper is as follows. This section ends with our notation. In the next section, we make
the assumptions for (P) and provide some preliminary results from [18] and [20]. Section 3 is devoted
to the numerical approximation of the state equation by finite elements and the local well-posedness
and differentiability of the discrete counterpart of the control-to-state operator. In Section 4, the error
analysis of the adjoint state equation is investigated. Finally, the main results of the paper are presented
in Section 5. There, the convergence and error estimates of local minima of discrete optimal control
problems are, respectively, stated in Section 5.1 and Section 5.2. The numerical tests illustrating the
obtained results are given in Section 5.3.

Notation. We denote by Bx(u, p) and Bx (u, p) the open and closed balls in a Banach space X of
radius p > 0 centered at u € X, respectively. For Banach spaces X and Y, the notation X < (€)Y is
understood that X is continuously (compactly) embedded in Y. Let X be a Banach space with its dual
X*, the symbol (-, -)x+ x stands for the dual product of X and X*. For a given function g : Q — R and a
subset A C R, {g € A} denotes the set of all points x € Q for which g(x) € A. For functions ¢;, g, and
subsets Aj, A2 C R, weset{g; € A1, g2 € A2} := {g1 € A1}N{g, € As}. Forany setw C Q, we denote by
1., the indicator function of w, i.e., 1,,(x) =1if x € w and 1,,(x) = 0 otherwise. We write the symbol
C for a generic positive constant, which may be different at different places of occurrence and the
notation, e.g. C¢ for a constant depending only on the parameter £. For a measurable two-dimensional
subset M, by measg:z (M), we denote the two-dimensional Lebesgue measure of M. Finally, the symbol
H* denotes the one-dimensional Hausdorff measure on R? that is scaled as in [25], Def. 2.1.
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2 MAIN ASSUMPTIONS AND PRELIMINARY RESULTS

In this section we first present assumptions, which will be used in the whole paper, and then state
some preliminary results on the state equation, the adjoint state equation, as well as the first-order
and explicit second-order sufficient optimality conditions from [18] and [20].

We first address the salient point, which is the structure of the nondifferentiable nonlinearity a. In
this work, we assume that a is defined by

(2.1) a(t) = T~z (H)ao(t) + T(zeyai(t) forallt € R,

for a given number f € R and given functions ay € C?((—oo, f]) and a; € C?([£, 0)) with aq(f) = a;(f).
Obviously, a is Lipschitz continuous on R and twice continuously differentiable on (—oo, £) U (£, o), but
not even of class C! in general. However, a is directionally differentiable and its directional derivative
for all ¢ € R in direction s € R is given by

(22)  d'(t;s) = T(ceop) (D)ag(t)s + Tz.00) (H)ag(t)s + 17y (1) [T (0,00) () a1 (D)s + T(—oo0) () ag (£)s].

Remark 2.1. Let us emphasize that the results and the underlying analysis in this paper can be applied to the
situation in which the function a is continuous and is twice continuously differentiable on finitely many intervals
(i.e., a finitely PC? function; see [18] for a precise definition). However, in order to keep the presentation concise
and to be able to focus on the main arguments, we restrict the presentation to the simplest such situation given

by (2.1).
The following assumptions shall hold throughout the following.

(a1) Q c R?is an open bounded convex polygonal.
(a2) The Lipschitz continuous function b : Q — R satisfies b(x) > b > 0 for all x € Q.
(a3) a: R — Ris nonnegative and given by (2.1).

(A4) L: QxR — R is a Carathéodory function that is of class C*> w.r.t. the second variable with
L(-,0) € LY(Q). Besides, for any M > 0, there exist Cy; > 0 and iy € L?(Q) (p > 2) such that
2
|§—JL/(x, Y| < ¥p(x) and|§—yL2(x, y)| < Cp for all y € R with |y| < M, and a.e. x € Q.

In the remainder of this subsection, we state some known results for the state equation, the adjoint
state equation, and the optimality conditions for (P); see, e.g. [18] and [20]. Let us first study the state
equation

(2.3) —div[(b+a(y))Vy]l =uinQ, y=00n9Q.

Theorem 2.2 ([20], Thm. 3.2 and cf. [18], Thms. 3.1 and 3.5). Assume that Assumptions (A1) to (A3) are
verified. Then, the control-to-state mapping S : WP (Q) 2 u > y, € Wol’p(Q) is of class C', where y,, is
the unique solution to (2.3). Moreover, for any u,v € W= (Q) with p > 2 and y, := S(u), z, := S’ (u)v
uniquely satisfies

(2.4) —div[(b +a(y.)Vzo + 1y, 200" (yu)2oVyul =0in Q, z, =00n9Q.

Moreover, a number p.. > 2 exists and satisfies that forany p € (2, p.) and for any bounded setU C LP(Q),
there hold S(u) € Wol’p(Q) NW2P(Q) and IS (W) llw2r(q) < Cu.
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We now investigate the adjoint state equation
(2.5) —div[(b+a(y,))Ve] + ﬂ{yuif}a'(yu)Vyu -Vp=0vinQ, ¢ =00ndQ

forue W(Q), p > 2,0 € H}(Q), and y, := S(u).

Theorem 2.3 ([20], Thm. 3.3 and cf. [18], Lem. 4.1). Assume that Assumptions (A1) to (A3) are satisfied. Let
p.q > 2 be arbitrary. Then, for anyu € W™ (Q),0 € H™'(Q), there exists a unique ¢ € Hy(Q) which
solves (2.5). Moreover, if U is a bounded subset in L (Q), then foranyu € U and anyv € L1(Q), the solution
@ to (2.5) is an element of H*(Q) N W>*(Q) and there holds ol o) + llellwie(q) < Cullvllze(q)-
Furthermore, ifu € LP(Q) andv € L"(Q) withr € (2,p.), then ¢ € W>"(Q), where p. is given as in
Theorem 2.2.

Remark 2.4. In spite of the WP-regularity of the state and adjoint state, the function z, := S’ (u)v determined in

(2.4) belongs to WP (Q) only. This fact is due to the nondifferentiability of the function a.

The optimal control problem (P) can be transferred in the following form

®) min j(u) = /Q L S(0) () e+ ¥l

uE(L(ad

where the admissible set is defined as
Uy ={uel®>(Q)|a<ulx)<p fora.e. x € Q}.

Thanks to Assumptions (A1) to (a4), the cost functional j : L?(Q) — R is first-order continuously
differentiable and satisfies

(2.6) j (u)o = /Q(q)u +vu)odx foru,0 € L*(Q)

with ¢, € Hy(Q) solving (2.5) corresponding to the right-hand side term v substituted by %(-, S(u));
see [18], Thm. 4.2. We have the following first-order necessary optimality conditions from Theorem

4.3 in [18].
Theorem 2.5 ([18], Thm. 4.3). Let Assumptions (A1) to (A4) hold. Then (P) admits at least one local minimizer
u. Furthermore, an adjoint state ¢ € H}(Q) exists and fulfills the following first-order optimality conditions

(2.7a) —div[(b+a(y)Vyl=a inQ, J=00ndQ,
. — — /s - — — aL — . —
(2.7b) —div[(b+a(y))Vp] + V(25,0 () VY - Vo = @(x, y)inQ, @ =0o0n9Q,
(2.7¢) /(@ +vi)(u—ua)dx >0 forallu e Uy,
Q

with j := S(i). Moreover, § € W2P(Q) and ¢ € W2"(Q) for any p,r € (2, p.) andr < p with p and p.,
respectively, defined in Assumption (A4) and Theorem 2.2. Consequently, 3, € C1(Q) and @i € C*(Q).

Assume now that ¢ € Hy(Q) fulfills (2.7). The critical cone of the problem (P) at @ is defined by
(2.8) C(Uug;i) ={vel*(Q)|v>0ifi=a0<0ifa=p0=0ifp+via+0ae inQ}.

In the rest of this subsection, we shall provide second-order sufficient optimality conditions for
(P). On that account, we need introduce the curvature functional of j, which can be separated into
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three contributions. For any (u, y, ¢) € L*(Q) x H(Q) x W:*(Q), the smooth part and the first-order
nonsmooth part of the curvature in direction (v;,v;) € L?(Q)? are defined by

&L v 1 ”
Qs(u, y, o;v1,07) := / 8y2( s V)20, 20, dX + 2 ‘/Q 010y dx — 2 —/Q T(yzpya ()20,20,Vy - Vo dx,

1 ’ ’
Qi pionoa) = = [ 10 (3320 V2o, + 0 (3:20) V2] - Vg

with z,, := §"(u)v;, i = 1, 2. The critical part of the curvature is of course the second-order nonsmooth
part involving some additional notation. Let § > 0 be arbitrary but fixed and set

{Qi’y ={ye(f,t+0),ye (f-61]}

(29) Q)= {Fe(i-8,DyelLi+d)

for given functions y, § € C(Q). Forany s € R, u,0 € L*(Q), y € C(Q) N H(Q), and ¢ € W*(Q),
we define

lo(u, y;8,0) == —{d’ }t+0 (F=S(u+sv))lgs

9(u+sv)y
(2.10) G(u, y;s,0) = {d }t+0 (t=S(u +Sv))“9§<mu)y
{(u, y;8,0) = {o(u, y58,0) + G (u, y;s,0) = {d }t+0 (t—=S(u+s0)) (1 =T

S(u+sv) y S(u+sv),y ’

Here {a’}?;é) denotes the difference between the one-sided derivatives of a at f from left and right, i.e.,
{a'}} t+0 = hm a(t) — hm a'(t) = ay(f) — ay(¥).

We then determine for any {s,} € ¢} := {{s,} € (0,) | s, — 0} and 0 € L?(Q) the term

1
. 1
(2.11) O(w, y,¢;{sn},0) == hrrlllio{alf s_z '/Q Z Gi(u, y;sn,0)Vy - Vo dx
n i=0

7 1 _
= {a'}gg liminf—z/(t—S(u+snv)) 12 -1 Vy - Vedx.
n—oo sn Q

S(u+sno),y QS(M+$nU)>y
The second-order nonsmooth part of the curvature in direction v € L2(Q) is thus defined as

Q2(u, y, ¢;0) = inf{Q(u, y, ¢; {sn},0) | {sn} € ¢

We finally identify the total curvature in direction v as

(2.12) Q(u, y, ;0) = Qs(u, ¥, ¢;0,0) + Q1(w, y, 9;0,0) + Q2(u, y, ¢;0).

Remark 2.6. The definitions of the sets Qi? and 03 5 in (2.9) are derived from the ones for ny and QOSy
respectively, in Lemma 3.3 in [18] for the situation in Wthh K =1ty := —co, t; :={, and t, := co. Analogously,
the definitions of Qs, Q1, and Q in this section can be obtained from those in § 5.1 in [18].

Thanks to Proposition 5.6 and Lemma 5.7 in [18], we have the weak lower semicontinuity of Q, in
the last variable and there holds

102(u, S(u), 9;0)| < Z(S@)IV@llLo (@) IS (Wl forallu,o € L*(Q) and ¢ € WH(Q).

Clason, Nhu, Résch Numerical analysis of a nonsmooth quasilinear elliptic...
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Here 3 : C(Q) N W (Q) — R U {oo} is the jump functional and defined by

(2.13) %(y) = 09 lim sup - Z/ 1]{0<|y t|<r}|ame|] , Y€ WU(Q)OC(@)
r—0*

with

(2.14) = {a' M0l = lay(F) - aj(D).

Moreover, if follows from Corollary 5.5 in [18] that, for any u € L*(Q), {s,} € ¢} and v, — v in L*(Q),
there holds

@) timinf 5 [ Z;w S(); 50, 0) VS(u) - Vo dx = Ot S(u), 03 {50,0) > Qo S(u), 930),

provided that 2(S(u)) < co.

Theorem 2.7 (explicit second-order sufficient optimality conditions, [20], Thm. 3.23). Assume that
Assumptions (A1) to (A4) are fulfilled. Let @ be an admissible control of (P) such that {y =t} decomposes
into finitely many connected components and that on each such connected component C, either

(2.16) Vy(x) #0 forall xeC

or

(217) Vy=00onC,
2.1 _
7 measg2 ({0 < |y —f| <r} NC?) < csr, forallr € (0,ry), for some constants ey, ry > 0

holds with y := S(@1) and
C% = {x € Q| dist(x,C) < &}.

Assume further that there exists a ¢ € Wol’p(Q) N W*(Q), with p defined in Assumption (a4), that
together with a, y fulfills (2.7) and

2L 1
@) Qypo =y [ Titmacey [dac-g [1ma s Voo
2 Jq0 2 Ja 2 Ja

—/a’(y;zo)Vzv-V¢dx
Q
v V7 Vg
# 2@ -d @] [ Vsl a )
2 {y=t} |V |
>0 forallv € C(Uyg;u) \ {0}

with z, := S’ (@1)v. Then constants cy, pg > 0 exist and fulfill

Jj@ +collu—all?, o) < jw)  forallu € Usg N Bre(a) (@ po).

The following will be used later to show the error estimates for the approximation of (P).

Proposition 2.8 ([20], Thm. 3.19 ). Let i € L*(Q) be arbitrary and let y := S(ii). Assume that {y = t}
decomposes into finitely many connected components and that on each such connected component C,
either (2.16) or (2.17) is fulfilled. Letv € L*(Q) and ¢ € C1(Q) N W21(Q). Then, for any {s,} € ¢} and
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{vp} € L3(Q) such thatv, — v in L*(Q), yu := S(ii + $,0,) — 7 in CH(Q), and (y, — 7)/sn — W in
WOI’p(Q) for some p > 2, there hold

. 1, Vy- Vg
(2:19) 0(@.5.¢: 50).0) = 5[50 - D] [ WXL agtix)
(5=} [Vl
and
U o
(2.20) i 5 [ -y - ylle <o V5 Vode=o.

Finally, the wellposedness of ¥, defined in (2.13), is guaranteed by either (2.16) or (2.17) as stated
below.

Proposition 2.9 ([20], Prop. 3.20). Let j € C1(Q) be such that {j = i} decomposes into finitely many
connected components and that on each such connected component C, either (2.16) or (2.17) is fulfilled.
Then %(J) < oo.

3 ANALYSIS OF THE DISCRETE STATE EQUATION

In this section, we study the discrete version of the state equation (2.3) and show error estimates of
solutions to the discrete state equation (3.1),local uniqueness of these solutions, and local differentiability
of the solution operators of (3.1). To this end, we introduce a family of regular triangulations {75} >0 :
Q= Ureg;, T for all h > 0. For each element T € 7y, we denote by o(T) and §(T) the diameter of T
and the diameter of the largest ball contained in T, respectively. The mesh size of 7, will be denoted
by h := maxreq; o(T). This triangulation is assumed to be regular in the sense that there exist 9, > 0
such that % < §and % <pforall T € 7, and h > 0; see, e.g. [17].
We will employ the standard continuous piecewise linear finite elements for the state y and set

Vi = {oh € C(Q) | opy, € Piforall T € Ty, 05 = 0on aQ},

where $; stands for the space of polynomials of degree equal at most 1. The discrete approximation of
the state equation (2.3) for yy € V}, is then

(3.1) /(b +a(yn))Vyn - Vopdx = / uoy, dx for all v, € V.
Q Q

While the existence of solutions to (3.1) follows from Theorem 3.1 in [8], the uniqueness of solutions
is still an open problem. However, if a : R — R is assumed to be bounded, then we have uniqueness
provided that h is small enough; see Theorem 4.1 in [8]. Below, we provide some error estimates for
solutions to (3.1) that are sufficiently close to the solutions of (2.3).

In what follows, we fix i € L?(Q) and set  := S(i1). From Theorem 2.2 and the continuous
embedding L?(Q) < W~(Q) for any p > 1, we then have j € Wol’p(Q) N H?(Q).

Theorem 3.1 ([13], Thm. 3.1). Let py > 0 be arbitrary but fixed, U := ELZ(Q)(L_[, po), and let p > 2. Assume
that Assumptions (A1) to (A3) are fulfilled. Then there exists a constant hy > 0 such that for anyu € U
and h < hy, there exists at least one solution y,(u) to (3.1) satisfying for y, := S(u)

(3-2) Ilyu = yn@ ez ) + hllyu = ya@llgy 0y + 2llye = ya@ =) < Cuh®,

Proof. The estimates for the norms in L2, Hé, and W' are shown in Theorem 3.1 in [13], while the
estimate for the L* norm can be obtained similar to estimate (3.11) in [13]. O
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The following theorem guarantees the local uniqueness of solutions to (3.1). Its proof is similar to
that of Theorem 4.2 in [9] with slight modifications and is thus omitted here.

Theorem 3.2. Let p > 2 be arbitrary and let hy be defined in Theorem 3.1. Under Assumptions (A1) to (A3),
there exist hy € (0, hy), p > 0, and k, > 0 such that for any h < hy and anyu € B2 (q) (4, p), (3.1) admits
a unique solution in Ewl,p(g) (7. xp) N V.

0

From now on, let us fix p > 4 and let ho, by, p, and k, be the constants defined in Theorems 3.1
and 3.2 for p = p. In the rest of this section, we shall investigate the differentiability of the discrete
solution operator

(34) Sh :BLZ(Q) (a! p) DUk J’h(u) € EW;‘[,(Q)()_}’ Kp) N Vha

where y,(u) is the unique solution to (3.1) in Bwl’f’ @ (., %,) from Theorem 3.2.
0

For any y, € C(Q) N W(Q), we define functions T, and Z,, 5 on Q via

(3.5) Ty 5 = Vgeryla(y) —a(y) —a' () (y - )]
and
(3.6) Zy5 = Tznd (MVy = Tz2nd (9)V.

In order to prove the differentiability of Sy, we need the following lemmas.

Lemma 3.3 ([18], Lem. 3.3). Let Assumption (A3) be fulfilled. Assume that y, — y in WOI’P(Q) asn — oo

with p > 2. Then

1
ITy,.yVylle(Q) = 0 asn — oo.

“)’n - y”WOlP(Q)

Lemma 3.4. Let Assumption (3) be fulfilled and let y, 3 € C(Q) N W(Q) and M > 0 be arbitrary such
that ||y — 37“0(5) < & with § defined in (2.9) and ||y||c(5), ||J7||c(§) < M. Then

0 @, 6, @
(3.7) Zyy = Zy,f/ * Zy,f/ * Zy,f/ * Zy,ﬁ’
for
Z;Uy =1 5e (o) ye(—wi)) [a0 (V) VY = ag (D VI] + T (je (rio0)yetoo)y [a1(¥) VY — a1 (D) VI,
2 = 15 e d OV, 27 = [ay(D) = ai()] Moz, = Tos IV9
and
ZJ(/“; =Tl [ay(n)V(y =)+ (@y(y) - ay (D) VI + (a(F) = @,(5) V5]

+1gs [6()V(y = 9)+ (@) = GBIV + (@, (D) - @ (7)) VT,

with the sets Qi/ﬁ/ and Qi} 5 defined as in (2.9). Moreover, there exists a constant Cpy > 0 such that a.e. in
QJ

1201 +12%)] < Cully = 311V31 + V(3 = )1

(3-8) (4) N A N
1Z 1< Cully = PlIIVI+IV(y =PI (Tqe  +Tgs ).
»y R 5% »y

Consequently, Z,, 5, — 0 inLP(Q) asy — 3 in W (Q) N C(Q) foranyp > 1.

Clason, Nhu, Résch Numerical analysis of a nonsmooth quasilinear elliptic...
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Proof. Clearly, we deduce from the fact Vy = 0 a.e. in {y = f} (see [15]) that
(3:9) Zy5 = Vge-on [Tyzrra (¥)VY = ag (D) VI] + Vje oo} [T (251 (1) Vy — a1(9) V]
+ ﬂ{y:;}ﬂ{y#}a’(y)Vy = Zé + le + Z}(/’ZJ;
with
Zy =V je(-oiy [T (y251d (MVY = ag(NVI] and  Z] = V5ei00) [1(y201d (1) Vy — a1 () V]
Since ||y — j/llc(a) < dand Vy =0 ae. in {y = t}, we can write
Zy = Vige(—oiye (-} [60 (D) VY = a5 (D VI + Tse-s.i).yeliivs)y [a1(¥) VY — a5 (9) V]
=ZP+ 7"
and

Z1 = Vje(iins)yei-6i11 [a0 (1) VY — a{(D)VI] + Tje(ioo),ye b0y} [a1 (1) VY — af () V]
=z + 2%

Thus, we have from the definition of Z;l; that

(3.10)
Zy* + 21 = 1 e ye(—eon [a0(1) VY = 6)() V] + 1 (5e(i00).ye(ro0)) [@1 (1) VY = a1 () V]
=70,
»y

By using the definition of Qi} 5 in (2.9), we now write

Zy' =V (ye-s.).yeliivo) [a1(M) VY — ay () V] = Too [¢}(»)Vy — ag(9) V]
=1 [a/(B) = ay(DIVy + 2y
».y

with

Zy' =gy [a(0)V(y =) +(@(y) = a(D)VI + (@(D) - a5(7) V).
Similarly, the definition of Qi 5 in (2.9) implies that

Zrt = Vige(iivs)yei-siny [ay () Vy — () V]
=1 lay(F) - a)(D)]Vy+ 2"
».y

with

2yt =g [ag()V(y = )+ (a5(y) = ay(D) VI + (@i (D) = a}(7) V5],
Obviously, we have

2w 2M = 72
.y

and there then holds
VAR A AL A0
¥y ¥y

From this and (3.9)—(3.10), we derive (3.7). Moreover, (3.8) is derived by combining the definition of
(k) . .
Zy & Assumption (a3), the estimates
ly(x) = £, |p(x) =] < |y(x) — y(x)| forae. x € Qi,f/ U Q;};

due to the definition of Qi 5 and Qi e and the fact that Vj = 0 a.e. in {y = t;} (see; e.g. Remark 2.6 in
[15]). Finally, the claimed convergence follows from (3.7), (3.8), the fact that 12 ,Tgs — O a.e.in Q
.y y.y

as y — ¥in C(Q), and Lebesgue’s dominated convergence theorem. O
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For any h € (0, h;) and y, € Vj, we now define the operator Dy, : Vj — V" via

(311)  (Dpy, Wh, 2n) = /[(b +a(yn)Vwn + 1y, 2500 (yn) Vypwr] - Vzp dx, wy, z, € V.
Q

Lemma 3.5. Let all assumptions of Theorem 3.1 hold. Then for any h € (0,h;) and any {y’,;} c W
converging to y, € Vi in Hy(Q) as k — oo, there holds ”Dh)y}k - Dh,y;z”ﬂ-(Vh,V,f) — 0.

Proof. Let wp, vy, € Vj, be arbitrary such that ||wh||Hé(Q), ”UhHH(l)(Q) < 1land h € (0, hy) be arbitrary but
fixed. Assume that { yllj } C Vi converges to y, € Vj in Hy(Q) as k — oo. By virtue of the inverse

inequality [17], Thm. 3.2.6, we deduce that y}]f — ypin WOI’[’ (Q) and hence in C(Q) as k — o0. We can
therefore assume that || y}’j — Yullc@) < éforall k € N large enough. On the other hand, we have

(D = Dhyy ) = [ 1@(3) = alm) T+ Zy, ] - Vo .
Together with the Holder inequality, this yields that

k
Dy, = Dy vy < laCyn) = alym)lli=@) + 12,k y, 15 @) 1Whll 2r-2 ()

< lla(yy) = alymli=(@) +CllZyk y, 15 ().

where we have employed the continuous embedding H}(Q) — L?/(-2)(Q) and the fact that
[lwa| Hi(Q) S 1to obtain the last inequality. The first term on the right-hand side of the last esti-
mate tends to zero as k — oo since yl}f — ypin C(Q) as k — co. Moreover, the second term tends to
zero as a result of Lemma 3.4. O

Lemma 3.6. Let all assumptions of Theorem 3.1 hold. Then there exists a constant hy € (0, hy) such that
foranyh € (0, hy) and any yy, € BW;,ﬁ(Q)(y, Kp) N Vi, the operator Dy, y, : Vi, — V' is an isomorphism.

Proof. Since V}, is finite-dimensional and Dy, ,, is linear, it suffices to prove that there exists an h;, €

(0, hy) such that for any h € (0, hy) and yj, € Ewl’f’ (7, kp) N Vp, the equation
0

Q)
(3.12) Dp,y, wh =0

admits the unique solution wy, = 0. We argue by contradiction. Assume for any k > 1 that there exist
hi € (0,h1), yn, € BW;,I;(Q)(j/, Kp) N Vp,, and wp, € V;\{0} such that by — 0" and wy, solves (3.12)
th

= ———>&  we deduce that
” th HLZ[)/(p—Z) Q)

for h = hi and yy = yp, . By setting wy, :
(313) ”whk ”sz’/(ﬁ—z)(Q) =1 and th,yhk whk =0.

Furthermore, as a result of the embedding Wol’[’ (Q) € C(Q), there hold that || Vi ll c@ <M for all
k > 1 and some constant M > 0 independent of k and that

(3.14) Y, — yin C(Q) for some y € Wol’ﬁ(Q).
Testing the second equation in (3.13) by wp, , Holder’s inequality thus gives

blIVWh Iz ) < IV Y lls o) 1T (yn, 223 @ (Vr) L= o) IWh, Ml 2162 (o) < Cap
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for some constant Cy;, > 0. From this and the compact embedding H;(Q) € L%/P=2)(Q), a subse-
quence argument shows that we can assume that

(3.15) Wy, — win Hy(Q) and Wy — win L2P1=2) (@)
for some w € H,(Q). Moreover, there exist an element b € LP(Q)? and a subsequence of {by} with
by := Ty, +#1@" (Vi) Vyn,, denoted in the same way, such that by — b weakly in L?(Q)?. By fixing

any v € H2(Q) N H}(Q) and testing the last equation in (3.13) with vy, := IIp,0 € Vj,, where ITj, is
the interpolation operator, we have

/[(b +a(yn,))Vwy, +wp, br] - Vop, dx =0 forallk > 1.
Q

Letting k — oo and exploiting the limits (3.14), (3.15), by — b in LP(Q)N, and op, — vin HY(Q), we
can conclude that /Q [(b+a(y))VW + wb] - Vodx = 0. From this, the density of H%(Q) N H(Q) in
H;(Q), and Theorem 2.6 in [8], we conclude that w = 0, contradicting the fact that ||W|| 25/5-2) @) =

Hm (| Wiy |l 2/-2) () = 1. D
k—o0

As a consequence of Lemmas 3.5 and 3.6 and the implicit function theorem, we obtain the differen-
tiability of Sp,.
Theorem 3.7. Let all assumptions of Theorem 3.1 hold. Then, for any h € (0, hy), the operator Sy, defined in
(3.4) is of class C'. Moreover, for any u € Byz(q) (i, p), let yy(u) := Sp(u). Then for anyv € L*(Q), the
Fréchet derivative S; (u)v =: zy, is the unique solution to

(3.16) /Q[(b+a(yh(u)))V2h+1]{yh(u>¢t}a'(yh(u))Zthh(u)]'thdx=/QUthx for all wy, € V.

Proof. We first consider for any h € (0, hz) the mapping Fj, : Brz(q) (@ p) X Vi — V' defined via

(317)  (Fn(u, yn),op) = /(b +a(yn))Vyn - Vo, —uvpdx,  u € Brz(q) (@ p), yn, vn € Vi.
Q

Clearly, F,(u, yn(u)) = 0 and Fj, is continuously partially differentiable in u. We now prove that Fj, is
partially differentiable in y;, with %(u, Vh) = Dp,y,, where Dy, is defined in (3.11). We thus derive
the differentiability of Sy, according to Lemmas 3.5 and 3.6 as well as a simple computation. To this end,
by taking any vj, € Vj, and {w,’j} C Vj, with ”WZHHS(Q) — 0ask — coand ”vh”Hé(Q) < 1, we deduce
from a straightforward computation that

(Fp(u, yn + wy) = Fy(u, y) — Dy, wh, 0p) = /Q[Ty;;,yhvyh +(a(y¥) = a(yn))Vwr] - Vo dx,
where y}’f = yn+ w’g and T}, ; is defined in (3.5). This gives
| Fn (u, y+wi) = F(u, yh)—Dh,thEHIL(Vh,v;) < ||Ty,’j,thJ/h||L2(Q)+||a(yl;§)—a(yh)HLm(Q)||W';§||H3(Q)-

Moreover, in view of inverse estimates [17], Thm. 3.2.6, we have y’,; — ypin WO1 P (Q) and hence in
C(Q) as k — co. Then Lemma 3.3 and the embedding Wol’p(Q) < H,(Q) imply that

1
- \IEn (t, yi +wp) = Fu(tt, y) = Dhy, wh Il vivy = 0,
1w |z )
which gives that %(u, Yh) = Dp,y,. We have shown that Fj,(u, Sp(u)) = 0 and %(u, Vh) = Dp,y,. We
then deduce from the Implicit Function Theorem and Lemmas 3.5 and 3.6 that Sy, is of class C'. Finally,
(3.16) follows from (3.11) and (3.17). O
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4 NUMERICAL ANALYSIS OF THE ADJOINT STATE EQUATION

In this section, we will carry out the numerical analysis of the adjoint equation (2.5). For any h € (0, hy),
u € Brz2(q) (@, p), v € L*(Q) and yj, := S (u), we approximate (2.5) using the triangulation 7, by

(4.1) /(b +a(yn)Von - Vwp + 15,250 (yR) Wi Vyn - Vop dx = / owpdx  forall wy € Vj,.
Q Q

From the bijectivity of Dy, shown in Lemma 3.6, we deduce the existence and uniqueness of
solutions to (4.1).

Theorem 4.1. Let all assumptions of Theorem 3.7 hold. Then for all h € (0,hz), u € Bjz(q)(#, p), and
v € L%(Q), there exists a unique solution @y, € Vj, to (4.1).

In order to derive error estimates for the full approximation (4.1) of (2.5), we first consider the
continuous problem (2.5) with yy(u) in place of y,,.

Lemma 4.2. Let all assumptions of Theorem 3.7 hold. Then for any h € (0,hz), u € Br2(q) (@ p), yn =
Sn(u), and v € L*(Q), the equation

(42) —div[(b+a(yn)Ve]l + 1(y,20" (y))Vyn - Vo =0v inQ, $=0 onoQ,
has a unique solution ¢ in H*(Q) N Hy(Q). Moreover,
(4.3) o = ¢llme(q) < Cohllvllizia) and o = ¢llizq) < Coh®llolliz(q)

for some constant C, independent of u,v, and h, where ¢ is the unique solution to (2.5).

Proof. From Theorem 2.2, the continuous embedding Wol’[’ (Q) < C(Q), and (3.3) for p := p > 4, there
holds

||1]{yh¢;}a’(yh)Vyh||L,;(Q) + b+ a(yh(u))llwl,[)(g) <C, forallhe (0,hy),ue ELz(Q)(a, p).

A standard argument then proves the existence of solutions ¢ to (4.2) in H*(Q) N Hy(Q); see. e.g.
Theorem 2.6 in [8] and the proof of Lemma 4.1 in [18]. Moreover, we have

(4.4) |@lle2 o) < Collollrz(q)-
Setting i := ¢ — ¢ and subtracting the equations corresponding to ¢ and ¢ yields
(4.5) - diV[(b + a(Yu))V¢] + ﬂ{yu#}a,(Yu)VYu : V¢ =9Yuh in Q, ¢ =0 onodQ,
with
Guh = div[(a(yu) — a(yn) Vel + Zy, .y, - V.

By the chain rule [28], Thm. 7.8 and the fact that y,, y, € WOLIB(Q) and that ¢ € H%(Q), we can write
(4.6) Guh = (a(yu) — a(yn))Ag.
Similar to (4.4), there holds

V12 ) < Collgunllrziay < Collalyu) — a(yn)llz=(o) 1APl12(q)-

Combing this with the Lipschitz continuity of a on bounded sets, the L*-estimate in (3.2), and (4.4) yields
the first estimate in (4.3). To show the second estimate, set z,,y := 5’ (1) and note that / = S’ (u)* gy, p.
We then deduce from (4.6) that

(4.7) ”l//”iz(g) = ‘/qu,hzu,wdx < Cp”Zu,l//”L‘X’(Q)“A(/BHLZ(Q)HYu - thLZ(Q)‘
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By Theorem 2.2 and the compact embedding L?(Q) € W™ (Q),
(48) SUPLIS’ @), 15y ey | € Bz (@ P} < Cp.
The continuous embeddings Wol"{7 (Q) < L®(Q) and L*(Q) — W~ (Q) therefore yield
lzuyllz=@) < Cllzugllyp q) < Coll¥llw-15(a) < Coll¥llzzce)-
The inequality (4.7) thus yields
1¥lle2c0) < CollA@IL2 (o) llyu = Yulliz(a)-
This, (3.2) and (4.4) yield the last estimate in (4.3). O

Below, we shall estimate the term Z,, ,, defined in (3.6). We first observe from the L*-error estimate
in (3.2) that

(4.9) IS(u) = Sh(u) =) < Cooh  forallu € ELZ(Q)(L_[’ p) N Uyg, h € (0, h)

for some positive constant Co,. For any y € W(Q) N C(Q) and r > 0, let

2
1
(4.10) V(y,r) =0y Z Tio<|y-i1<r}|0x,,¥| and X,.(y) = ;V(y, r).

m=1
with oy determined as in (2.14).

Proposition 4.3. Letr > 0,y € WH(Q)NC(Q), and § € W*(Q) be arbitrary and letk := r+||y—j/||c(§).
Then

(i) V(y,r) <V(3,k) + 09 anzl |0x,,y — 0x,,7| for a.e. in Q;
(ii) IV (P, r)lliz(g) < 2rool| VIl ) 12+ (D1 o)

Proof. The proof of the second claim is straightforward. It remains to prove the first assertion. To this
end, we now observe that {0 < |y — | < r} C {|y — | < x} and |dx,,y| < |0x,, V| + |9x,, ¥ — Ix,, V|-
There thus holds

2
V(y.r) < D 00T (5-t12x) 00, 91 + 10,y = 85, 71]

m=1
2 2
= Z 001 (19—F<ic} |9x,, | + Z 001 (19-F1<x}|9x,n ¥ — O,y I
m=1

m=1
2
=V(j,x) + 0y Z 1]{|5,_;|5K}|6xmy — 6xm)7|,
m=1

where we have employed the fact that Vj vanishes a.e. in {§ = £} in order to obtain the last identity.
This yields the first claim.
O

Lemma 4.4. There exist an hs € (0, hz] and a constant L, > 0 such that for allu € BLZ(Q) (@, p) N Uyg
and h € (0, h3),

(4.12) 1Zynyllzz@) < Lpoh + IV (y, llyn = Yllze@)rz(0)

with y := S(u) and yy, = Sp(u).
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Proof. By Theorem 2.2 (also, see, Theorems 3.1 and 3.5 in [18]), there exists a constant M; , such that
(4.12) IS(W)llwie @) < My, forallue ELz(Q)(zZ, p) N Uyg.

Setting h; := min{hy, 527'C.!'} and exploiting (4.9) shows that ||y — Yullogy < 6 forany u €
I_SLz(Q) (it, p) N Uqq and h € (0, h3). From the definition of Z,, , in (3.6) and Lemma 3.4, we arrive at

_ () (2) (3) (4)
(4.13) th,y - th,y + th,y + th,y + th,y‘

By (3.8), (4.12), and Theorem 3.1, we have

k
(4.14) 1Z80 N2 ) < Lok fork =1,2,4,

On the other hand, we have

(4.15)

Q% = {ye(Ei+d),yne (F-8i} c{0<y—F<ly—yli=@}
Q3 ={ye(E-5DymelLi+8)} c{0<i-y <y yllh

which together with the definitions of Z}(,Z?y in Lemma 3.4 and of V in (4.10), and (2.14), show that

|Z}(,,31)y| <V, llyn = Yllz=()) a.e. in Q. Combining this with (4.13) and (4.14), we obtain (4.11). O

Theorem 4.5. If 2(§) < oo, then there exist constants h := h(ii) € (0,h3), p := p(@) < p, and Cz > 0
such that

lo = onllizq) < Cagpllollz) and o - (Ph||H3(Q) < Cahlo]l2(q)

forallh € (0,h),u € §Lz(Q)(a, p) N U,g, and v € L*(Q), where
(4.16) e = KT+ RV (S(w), ISh(w) = S|z (@) lr2(q)
with § == ’%2 for p > 4, and ¢ and ¢y, are the unique solutions to (2.5) and (4.1), respectively.

Proof. Let ¢ be the solution of (4.2). To simplify the notation, set y, := S(u) and yj, := Sy (u) for any
h € (0,h3) and u € Bz (q) (@ p) N Uyq. We divide the proof into three steps.

Step 1: Existence of a constant Cyy, , such that
(4.17) 19 = @nllz @) < Cungp(hT+ IV (yus 1yh = Yullio @)z (@) 16 = @nll gz (q)
forallh € (0,hs3), u € BLZ(Q)(IZ, p) N Uy, and v € L*(Q).
To prove (4.17), first set 2 := S’ (u) (¢ — @p). Then (4.8) and the embedding L?(Q) — WP(Q) imply

that

(4.18) ||2||W01,ﬁ(Q) < Collg — pullre(qy forall h € (0,h3),u € Brz(q)(#t, p) N Uag,v € LY*(Q).

Consider forany u € ELz(Q) (@, p)NUyq and h € (0, hs) the bilinear operators By, : H} (Q)xHy(Q) — R
and By, : Hy(Q) x Hy(Q) — R defined via

Bulew) = [ 16+ a(0))V5+ 1,000 ()2V0] - Vo,

Bun(zw) = / [(b+ a(3m)Vz + 1 yy0n1@ ()2Vy3] - Vv dx.
Q
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From this, the definition of Z, and (2.4), we obtain
o — @h”iz(g) = Bu(Z,¢ — ¢n) = Bu(Z —p2,¢ — ¢n) + B, (I1p2, ¢ — @p)
= By(2 —pz,¢ — o) + [Bu(ITpz, ¢ — ¢n) — Bun(IIhZ, ¢ — on)],

where we have used the fact that B, , (112, § — ¢) = 0 which follows from combining (4.1) with (4.2).
From this and Holder’s inequality, there holds

(4.19) 19 = nllf2 (o) < 10 +a(y)lle=o) 12 = Tazllg o) 16 = onllg o)
+ 1T (yu20108" (V) Vyullie @) 12 = Tazllz ) 19 = @alla o)
+lla(yu) = alyn)llzs ) ITrZll s o) 10 = @nlla o)

+1Zy,y 2 (0) T2l () 16 = @nll g2 0)-

Moreover, we have from Assumption (a3), the continuous embedding HN/4(Q) < L*(Q) with N = 2
(see, e.g. [29], Thm. 1.4.4.1), interpolation theory [6], Thm. 14.2.7, and (3.2) that

(4.20) la(yu) = a(yu)llzsce) < Cllyu = yullzs@) < Cllyu = yullanis(g)
1-2 2 3
< Cllyu = ynllp (g 1yu = yall gy ) < Ch2.

We then deduce from this, (4.19), (4.12), the assumptions on b and a, and (4.11) that

o ~ o ” 3 A
(4.21) g - q’h”izm) < Gpllg - q’h“Hé(Q) 2 - HhZ”Hé(Q) +h? ||thl|‘4/01’4(g)
+ (h+[[V(yu llyn - )/u||L°°(Q))||L2(Q))||Hh5||Lm(Q)].

Moreover, from standard interpolation error estimates [6, 17], we obtain

bt
1z - HhZHM/OM(Q) < Ch? ”Z”WLIJ(Q)’

ez
12 = InZll ) < Cih 2 N2l s .

Q)
(4.22) (

2
5 =103 o0 < Coh' 7 |12]] s
12 = a2l o) < Coh' 712l 05

for some constants C;, C; independent of h and Z. This, the triangle inequality, and the embedding
WOI’p(Q) — L®(Q)N W01’4(Q) (due to p > 4) as well as (4.18) give

12 = Mzl o) < Csh?1¢ — gnllizc),  Mazlle(q) + L2l ) < Callo = @nllzz(o)-

Inserting these estimates into (4.21) yields (4.17).

Step 2: Existence of a constant Cyp, , such that
(4.23) 16 = onll Q) < Comsp(hllvllze) + 19 = @nlliz ()

forallh € (0,hs3),u € ELZ(Q)(IZ, p) N Uy, and v € L*(Q).
To show this, we first consider for any u € ELZ(Q) (@, p) N Uyq and h € (0, h3), the bilinear mapping
Sun : Hy(Q) X Hy() — R defined by

Sun0.9) = [ (b+a(u)Vo - Ty dr
Q
From Assumptions (A2) and (A3), we obtain

(424)  Dbllg - <Ph||f{é(9) < Suh(@ = 0n @ = @n) = Sun(@ — on, @ — @) + Sun(@ — on, In@ — @p).
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Moreover, the Cauchy-Schwarz inequality, the uniform boundedness of {y;,} on C(Q), and Assump-
tions (A2) and (A3) yield that

(425)  Sunl(® = 0@~ Tu$) < Coll — pnllr o 16~ Tl e
< Cohllllere o 16~ oallice) < Cohllolliz (o 17— @lli (o,

where we have exploited the interpolation error [17] and (4.4) in order to obtain the last two estimates.
Now using (4.1) and (4.2), we deduce from Holder’s inequality that

Sun(® = op.IIh — @p) = —/ 1iyp20y@ (V) Vyn - V(@ — on) (TTng — @p) dx
Q
< ypzira (W)= @) IV YallLs () 1€ = @nll o) ITh@ = @nllzso)-

Combing this with the uniform boundedness in C(Q) of {y,} and the embedding Wol’ﬁ (Q) — WO1’4(Q),
we obtain that

Sun(@ = ¢n:111@ = ¢n) < CollTllyy5 ) +5p) 19 = @nlly () ITThf = @nllrs(0)-
The combination of a triangle inequality and Theorem 3.1.6 in [17] further implies that
. .. - 2y .
ITh¢ — @nllzaco) < ITh@ — @llraca) + 16 — @nllie) < CR* " 1¢lla2(q) + 116 — enllraq)
< Chlpollr2(q) + 1¢ = @nllre(q),
where we have used (4.4) to obtain the last inequality. Similar to (4.20), we find that
i o
19 = @nlle) < Clle = enll 2 (o) 10 = @nll -
We then have
1 B 1
Su(® = o TIad = o) = Colld = ollgqan (Pllollzca + 16 = 0allfo o) 16 = ol g )

which, together with (4.24) and (4.25), yields

1 1
16 = @alliyca) < Co (Rllollizca) + 16 = oall o 16 = ol g ) -

Applying the Cauchy-Schwarz inequality then gives (4.23).

Step 3: Existence of constants h € (0, h3) and j € (0, p].

To show this, we first obtain from the definition of X(§) in (2.13) and of %, in (4.10) the existence of
ar, > 0 such that [|2,(9) |11 (q) < 2(¥) +1forall r € (0,r.). This together with (ii) in Proposition 4.3
yields

(4.26) IV (3,2 < Cyr2(Z(5) + DY forallr € (0,r,).

Moreover, thanks to Theorem 2.2 and the embeddings L?(Q) — W~?(Q) and Wol’p (Q) = C(Q) N
Hé(Q) for some p > 2, one has

v = Yllz=() + 1vu = Ylla @) < Collu = allr2(q)

forallu € ELZ(Q) (@, p) N Ugq and some constant C,,. Now Proposition 4.3 (i), (4.9), and the monotonic
growth of V(y,-) imply that

(4.27)

IV (Y 1y = vulle=@)lzc) < IV (3 lyn = yullie@) + 11vu = Pl @) ez @) + Copllyu = a1 o)

< |V(3, Coh + Cpllu = ll 2 (o)) 2 (@) + Cy.pCpllu — @l 2 (o)
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for some constant Cy,, and for all h € (0,h3) and u € ELZ(Q)(Q, p) N Uyg. Next, fix h € (0, hs) and
p < p such that

h + Cy[Cooh + Cppl? (3(§) +1)7 +Cy,Cpp < and Coh+Cop <ra,

2C1,h3,PCZ,h3,P
where Cy, , and Cy 3, , are defined in (4.17) and (4.23), respectively. From this, (4.26), and (4.27), we
conclude that

ha + IV (yu lvn = yulle @)z ) < forall h € (0,h),u € ELZ(Q)(L-[, p)NUy.

2C1,h3,PC2,h3>P
The combination of this with (4.17) and (4.23) yields ||¢ — (ph||Hé(Q) < 2Cypy phlloll2(q), and together
with (4.17), we obtain ||¢ — @x|l2(q) < Cellvllr2(q). Combining the last two estimates with Lemma 4.2
and the triangle inequality, we arrive at the desired conclusion. O

Remark 4.6. The convergence rate in Theorem 4.5 is limited by the regularity of the solutions to (2.4), which can
only be guaranteed to belong to Wol’P (Q) due to the nondifferentiability of a; see Remark 2.4.

Let us briefly contrast this with the situation in the smooth case: For solutions to (2.4) in H?(Q), the WOl 7 (Q)
norm in the a priori estimate (4.18) could be replaced by the H2(Q)-norm, and the first interpolation error
estimate in (4.22) could be replaced by

12 - Dnzllg o) < CihllZllmz (q)-
As aresult, the term ¢, in (4.16) could be chosen as

e = h* + RV (S(w), 1Sk (1) = S|z 22 (0)-

Furthermore, if a is of class C?, then the term oy in (2.14) vanishes and thus the function V (-, -) defined in (4.10)

is identical to zero. In this case, we obtain SZ = h?, which is the optimal choice for ez when considering the

corresponding optimal control problem; see estimates (3.27) and (4.21) in [14] as well as Theorem 4.5 in [13].
Remark 4.7. Let us comment on the discrete counterpart of the linearized state equation (2.4). When the right-

hand side of (2.4) belongs to L?(Q), the solutions to (2.4) only belong to Wol’i’(Q) instead of H2(Q). Therefore, it
is possible to derive an error estimate in H}(Q) for the discretized linearized state equation in the same manner
as for Theorem 4.5, i.e., that there exist constants A* > 0 and p* > 0 such that

2o = znll @) < Callolliz) (B2 + IV(S@), ISk () = S~ @) llL2 ()

forall h € (0,h™), u € Brz(q) (@, p*) N Uyzq, and v € L?(Q), where z, and z;, stand for the solutions to (2.4) and

(3.16), respectively. On the other hand, error estimates in L?(Q) for z, — zj, of order O(h?) for some g > %

cannot be obtained in this way, since the term Z,, 3 in (3.6) is in general not differentiable in the weak sense
even if y, § € H*(Q).

5 DISCRETIZATION OF THE CONTROL PROBLEM

In this section, we discretize the control problem (P), show convergence of the discretizations, and
derive error estimates of the discrete optimal solutions. In the following, we will consider three different
discretizations of the control:

(i) variational discretization: Uy = L= (Q) (see, e.g., [30]);
(ii) piecewise constant discretization:

(Llhzﬂ}? = {uEL‘X’(Q)|u|T€RforallT€7;’1};
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(iii) continuous piecewise linear discretization:

‘UhZ‘LI,lz = {u €L®(Q) |ur € Prforall T ETh}.

Unless specified, any claim for U}, should be understood to hold for all three cases. For any h > 0, we
now set Uyqp = Uaa N Up. If Uy, = U, then by I, we denote the linear projection from L?(Q) onto
‘Ll,?. U, = (Ll}l, then 7, : L?(Q) — (Ll}ll denotes the Carstensen quasi-interpolation operator [7]. In
both situations, we have J,u — u strongly in L?(Q) as h — 0 for all u € L?(Q) and Jyu € Uyq, for
all u € Uy,g; see, e.g. [23].

For any h > 0, we define the discretized optimal control problem
(Pr) min{J(yp, up) : up € Ugqp and yy, € Vj, satisfies (3.1) for u := up}

with
v
I = [ nye) a2l g
Q

Note that the discrete operator S defined in (3.4) does not appear in (Py), since this operator is
well-defined only locally by Theorem 3.2.

5.1 CONVERGENCE OF DISCRETE MINIMIZERS

We first have the convergence of minimizers of (Py).

Theorem 5.1 ( cf. Theorem 4.1 in [11]). Assume that a satisfies the growth condition
(5.1) la(t)| < Co+ Cy|t|™  forallt € R

for some positive constants Cy, C; and m > 1. Then there exists an fzo > 0 such that (Py) admits at least
one global minimizer (yp, tip) forall0 < h < ho. Moreover, if {(ym, ﬂh)}0<h<ﬁ0 is a sequence of solutions
to (Pp,), then there exists a subsequence that converges strongly in Hé(Q) X L2(Q) to some (§,4) ash — 0,
where @i is a global solution to (P).

Proof. The existence of discrete solutions to (P},) is proven similarly to Claim 1 in the proof of Theorem
4.11in [11]. Moreover, there exists a constant ho > 0 such that (P) admits at least one minimizer (j, @y,)
for all 0 < h < hg. The remainder of this proof is now divided into three steps as follows:

e Claim 1: Weak convergence of {(yn, 4n)} to (9, 1) satisfying (2.3). Indeed, the boundedness of {a,}
in L*(Q) and thus in L?(Q) is due to the L*-boundedness of U,4. Since (7, il) satisfies (3.1), there

holds
(5.2) /(b +a(yn))Vyn - Vo dx = / apop dx for all v, € V.
Q Q
In particular, one has
[ +amnvam Vo= [ g dx
Q Q

Combining this with Assumption (A3) and Assumption (A2), we deduce from the Cauchy-Schwarz
and Poincaré inequality the boundedness of {5} in Hj(Q). From this and the compact embedding
H;(Q) € LP(Q) forany p > 1, we can take a subsequence, denoted in the same way, of { (7, Un)}o<hei
that satisfies

(53) (P ip) — (9,9) in Hy(Q) X L*(Q), Jn(x) = y(x)forae. x € Qand J, — yin LP(Q)
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for some (3,4) € Hy(Q) X Uyq and for any p > 1, for instance, p := 4m with constant m defined in (5.1).
Thanks to the growth condition (5.1), we conclude from the last limit and the generalized Lebesgue
Dominated Convergence Theorem that

(5.4) a(yn) — a(y) strongly in L*(Q).

Now take any v € Hy(Q) N H*(Q) and choose vy, := IT,0 € V.. Then v, — v in W (Q) as h — 0; see,
e.g. [17]. Letting h — 0 in the equation (5.2) and exploiting the first limit in (5.3) as well as the limit in
(5.4) then yields

/(b+a(j/))V)7-V0dx:/avdx forallveHé(Q)ﬂHz(Q),
Q Q

which, together with the density of Hy(Q) N H*(Q) in Hy(Q), implies that j = S(a).

o Claim 2: Optimality of 1. Let us show that @ is a global solution of (P). For that purpose, we first
observe from the inclusion U,y € U,yq and from the first limit in (5.3) that 4 € U,y. Take u € U,y
arbitrarily and choose uy, := u if U, = L™ (Q) and up, = Lu if Uy = ‘L(;l with i = 0,1. One has
up € Uggp and up, — u strongly in L?(Q) as h — 0. In view of Theorem 3.1, for h small enough there
exists at least one solution y(up) of (3.1) such that yj,(up) — yu := S(u) strongly in Hy(Q) N Cc(Q).
From this and the optimality of (3, @iy), we have

(5.5) 1igln_glff()7h, ip) < lill’ln_iglf.](.))h(uh)’uh) < limsup J(yn(up), up) = J(yu, u) = j(u).

h—0

On the other hand, it follows from the limits in (5.3) and the weak lower semicontinuity of the L?-norm
that

56) liminf J (5 1) > J (5, ) = (@),
which together with (5.5) gives j(@) < j(u). Since u € U,; was arbitrary, @ is a global optimal solution

to (P).
e Claim 3: Strong convergence in Hy(Q) x L*(Q). In fact, by plugging u := @ into (5.5) and (5.6) and

using the limits for jy, in (5.3), we can conclude that ||ah||i2 @ ||a||i2 @) Combining this with the
limit for 4y, in (5.3) yields
(5.7) i — @ strongly in L*(Q).

It remains to prove the strong convergence of {5} in Hy(Q). To this end, by the weak lower semi-
continuity of the functional Hy(Q) 3 y fQ(b(x) +a(y(x))Vy(x) - Vy(x) dx € RU {co}; see, e.g.
Theorem 1.3 in [21], we deduce from the first limit in (5.3) that

(5.8) /(b +a(y))Vy-Vydx < liini(t)lf/(b +a(yn)Vyn - Vip dx.
Q - Q

Moreover, (5.2) and (5.7) imply that

lirhnigf/(b +a(Jn))Vyn - Vypdx < 1imsup/(b+a(yh))Vyh -Vjpdx
-0 Jo Q

h—0

=limsup/ﬁh)7hdx:/)7adx
h—0 Q Q

- /Q(b +a(§)Vy - Vydx.
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Combining this with (5.8), one has
59) lim [ (b+a(5) V5 Vndx = [ (b+a()V5- Tyar

Moreover, thanks to Assumption (A2) and by the nonnegativity of a, there hold b(x) — % > % > 0 and

% +a(yp(x)) = % > 0 for all x € Q. We then deduce from the limit in (5.7), the weak limit of {j;} in
H;(Q), and Theorem 1.3 in [21] that

b b
/(b(x) ~ )| Vylfdx < liminf/(b(x) — )V Vindx
Q 2 h—0 Q 2

b
< lim sup/(b(x) - E)Vyh -V dx
Q

h—0

b
= lim sup [/ ﬂhj/hdx—‘/(§+a()7h))V)7h-V)7hdx
Q Q

h—0
b
:/aydx—liminf/(:+a(yh))Vyh-Vj/hdx
Q h—0 Jo 2
b
s/aydx—/(:+a(y))Vy-Vydx
) o 2
b
- [0 - I3k
Q

where we have employed the equations for y;, and y to derive the first and the last identities. We
therefore have

b b
lim [ (b - 595 Tndx = [ (b0 = DIV d
h—0 /o 2 Q 2
which, along with the weak limit, yields, the strong convergence of {j;,} in Hy(Q). O

Next, we prove a kind of converse theorem. More precisely, we assume that @& € U, is a strict local
minimum of (P) with associated state j, i.e. there exists a constant £ > 0 such that

j(@) < j(u) forallu € B2 (q)(@,&) N Ugq with u # 4.

We can obviously assume that £ < p. Here p is defined in Theorem 3.2. We therefore can put the
discrete operator Sy into (Py,). Then, for any h € (0, hy), we consider the discretized optimal control
problem defined via

(P;) min Jn(un)
uy Eﬂad,h ﬁBLz ) (@,€)

and the discretized cost functional given by

Jh IELZ(Q)(a,p) - R, Jn(u) = ‘/QL(X’ (Sp (1)) (x)) dx + g“””iz(m'

Using Theorem 3.7 and Assumption (a4), we can show differentiability of jj,. The proof of the following
result is straightforward and therefore omitted.

Theorem s5.2. For any h € (0, hy), the discrete cost functional jy, : ELZ(Q) (@i, p) — R is of class C, and its
derivative at u € Bz (q) (4, p) is given by

jpww = /Q(q)h(u) + vu)wdx for allw € L*(Q),

where ¢ (u) € Vy, is the unique solution to (4.1) withv = %(-, Sn(u)).
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Since I,ii — # strongly in L%(Q) as h — 0, there exists a constant h = h(&) > 0 such that the
admissible set of (P}) is nonempty for all 0 < h < h. We now provide a result on the existence of
global minimizers and the associated optimality conditions of (P;) Its proof is elementary and is thus
omitted.

Theorem 5.3. There exists a constant h, € (0, hy) such that for any h € (0, h..), (P;) admits at least one

global minimizer ap, € Uygp N ELZ(Q) (@, £). Moreover, there exists a function @y, € Vy, that together with
ap, and yp, = Sp(ap) satisfies

;o _ B oL _
G0 [ (e a0 Y+ 108 G- Vonde = [ S g d
(5.10b) ,/Q(@h +vip)(up —ap)dx >0 forallwy € Vi,up € Uggp N ELz(Q)(a, £).

We now state a convergence result in L?(Q), whose proof is similar to that of Theorem 4.2 in [22]
and is thus omitted here.

Theorem 5.4. Let {@y} be the sequence of discrete solutions to (Pi), defined in Theorem 5.3. Then ||ty —
L_t”LZ(Q) —0ash— 0+.

Remark 5.5. By Theorem 5.4, it holds that ||y, — i|;2(q) < % for all h € (0, fz) and for some h > 0. Now for any
h € (o, l;) and uy, € Uygp, we have that wy, == t(up — ap) +ap € ELZ(Q) (dp, %) for t > 0 small enough and hence
that wy € Uggp N ELZ(Q) (@, £). The variational inequality (5.10b) then implies that

‘/(@h +vip)(up —dp)dx > 0 for all up, € Uygp.
Q

Remark 5.6. In view of Theorem 5.4, there exists a constant h; > 0 such that any solution 7, of (P;l) belongs
to the open ball B;:(q) (@, £). By Theorem 3.2, (S (#4), @p) is thus a local minimizer of (Py,). We have therefore
shown that any strict local solution of (P) can be approximated by local optimal controls of (Py).

In order to show convergence in L*(Q), we first need the following lemma.

Lemma 5.7. Let ¢ > 2 be given and let h and p be defined in Theorem 4.5. IF%(3) < oo, then for any
h € (0,h) and u,0 € Uyq such thatv € By2(q) (@, p) N Uyg, there hold

(5.11) 1y = ya(@)ll12(0) + hllvu = yr (@)l (@) < C(h* + |lu = oll12(q)).
(5.12) lou = @ollaz () < Cllu —oll12(q)s
(5.13) lou = en(0)llr2 () < Clep + llu = 0ll2(0))s
(5.14) lou = en()lg2(0) < C(h+[lu—oll12(0)),
_2
(5.15) low — @n(0) =) < C(H'™ 7 + [lu = vll12(0))s

for some constant C independent of u,v, and h. Here y, := S(u) and y,(v) = Sp(v), while ¢, is the
unique solution to (2.5) forv = g—)L/(-, Yu) and @y (v) is the unique solution to (4.1) for y, = Sy(v) and

= Z (. yu(0)).

Proof. First, a standard argument yields (5.11). For the other estimates, let ¢, be the solution to (2.5)
foro = %(-, yr(v)) and y, replaced by y, := S(v). We need to show that

(5.16) I@on = @ullz(q) < Cllu = oll2(q) +h°)

for some constant C > 0 independent of u, v, and A. To this end, we subtract the equations for ¢, and
@un to obtain that ¢, , — @, € Hé(Q) and

(5-17> - diV[(b + a()’v))v((pv,h - QUu)] + ﬂ{yv#}a’(yv)v)’v : V(@v,h - (Pu) = Gu,o.h
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with
. oL oL
Guoh = — le[(a(.Vu) - a(yv))V(pu] + Z%u}’v Vo, + 5(, Yh(v)) - 5(’ yu)~

Theorem 2.3 and Assumption (a4) imply that ¢, € H?(Q). From this, the product formula, the chain
rule [28], and the finiteness of the set {f}, we deduce that

div[(a(Yu) - a(YU))V(Pu] = Zyu,yv : V(pu + (a(yu) - a()’v))A(pu'

This shows that
oL oL
Guoh = (a(yy) — a(yu)) Mgy + a_(s yr(0)) = — (- yu) € LZ(Q)-
y dy
The standard stability estimate for the solution ¢, — ¢, to (5.17) thus gives

loon — eullaz(Q) < CllguorlliziQ) < Clllyu = Yollze (@) + 1y (0) = Yullrz(q)]

for some constant C > 0 not depending on u, v, and h, where we have employed the boundedness of
{S(w) | w € Uy} in C(Q), the fact that lA@ulli2(q) < C due to Theorem 2.3, and Assumptions (A3)
and (a4) to derive the last estimate. From this, (5.11), and the fact that ||y, — yoll1~() < Cllu = 0|l2(q).
we obtain (5.16). The estimate (5.12) is shown by a similar argument.

We now prove (5.13)—(5.15). According to the triangle inequality, (5.16), Theorem 4.5, and the bound-
edness in L?(Q) of {%(-, yr(0)) | v € Br2(q) (@, p) N Uga, h < hs}, we obtain (5.13) and (5.14). Finally,
for (5.15), we first see from the continuous embedding H;(Q) < L7(Q), the interpolation error and
inverse estimates [6] for N = 2 that

l@on — 0n(0)|lL=(0) < llQop = Mh@onlli=(Q) + ITr@on — @r(0) 1= ()
_2

< Ch'll@opllirz (o) + Ch™ 7 | ppon — or(0)llLa(0)
_2

< Ch'\l@opllez () + Ch™ @ || pgon — ()l ()

_2 _2
<C [hIH%,hHHZ(Q) +h 7| ppon = @opllmo) +h @ll@on - ¢h(0)||H3(Q)] ,

which together with Theorem 4.5 and the interpolation error estimate from Theorem 4.4.20 in [6]
yields

_z _2 oL
lpon = (V) |lL2 (@) < C [hl |l ponllme(a) +h' qll@(', .Vh(U))”LZ(Q)] :

Combining this with the uniform boundedness of ¢, in H*(Q) and of %(-, yr()) in L2(Q) for all

0 € Bp2(q) (@1, p) N Uyq and h < hy, we conclude that ||¢,n — @r(0) =) < Ch" 4. From this, (5.16),
and the embedding H?(Q) < L®(Q), the triangle inequality thus leads to (5.15). O

From Theorem 5.4, Remark 5.6, and the estimate (5.15) in Lemma 5.7, we obtain the desired conver-
gence result in L (Q). Its proof is similar to that of Theorem 5.3 in [13] with some modifications and
it is thus omitted.

Theorem 5.8. Let {(yn, tin)} be the sequence of discrete solutions to (Py,) converging strongly to (y, %) in
Hy(Q) x L*(Q). If 2(3) < oo, then ||ap — |~ () — 0 ash — 0*.
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5.2 ERROR ESTIMATES FOR DISCRETE MINIMIZERS

We finally turn to error estimates for discrete local minimizers 7y, under the second-order sufficient
optimality condition (2.18). We need the following technical lemma.

Lemma 5.9. Let 1 € Uyy and y := S(@). Assume that {y = t} decomposes into finitely many connected
components and that on each such connected component C, either (2.16) or (2.17) is fulfilled. Let {v,} C
L2(Q), 0 € LX(Q), ¢ € CH(Q) N WA(Q), and {s,} € c} be arbitrary such that @i + s,v, € U,
lonllzz(q) =1 and v, — v in L*(Q). Setting up := i + Spvp, Yn := S(upn) forn > 1 and w := S’ (@)v, then
the following assertions hold:

(a) If w, = w in C(Q), then

ZVJ_/ : V(p d?‘{l(X)

1
limsup— [ Z, 5 Vow dx:—[a'(f)—a'(f)]/ A
n—)oop Sn Ja ywy PN ° ! {y=t} IVl

+/Q[ﬂ{y#}a”(j/)szj/+a’(j/;w)Vw] - Vo dx.

(b) Ifin addition (2.7b) is fulfilled for p = ¢, then

lim inf J (U)o, = j' (@),

n—oo

= 20( 7, ;0) + v (1 - ||u||i2(9)) .

Sn

Proof. We first observe from Theorem 2.2 and the embedding L?(Q) — WL2(Q) that

Yn—Y

Sn

(5.18) —w=5(#)vin Wol’f’(Q) — C(Q).

Moreover, by Theorem 2.2 and the compact embedding W% (Q) € C'(Q) for some p > 2, we deduce
from the boundedness in L*(Q) of U4 that

(5.19) Yn — J strongly in cl(ﬁ).
Ad (a): We first deduce for n € N large enough that
(5.20) Tn = ||yn — )7||C(5) < Cs, <6,

where § is the constant defined in (2.9). Moreover, there exists a constant M > 0 such that || y,|| c@) 15l c@ S
M for all n > 1. According to Lemma 3.4, we have

_ 71 (2) (3) (4)
(5‘21) Zyn,)‘/ - Z})n,y + ZYH’y + Zymy + Zyn’y

with Z }()I;)y k =1,2,3,4, defined in Lemma 3.4. For Z )(;) 7 using (5.20) yields

Z}(/i),)'/ = T (pe(—co)yne(-o0.0)} [0 (¥) VYn = ag(P)VI] + 1 (e (t.00).yne (o)} [41(Vn) VIn — a1 (7) VT,
= [Tye(en)} = Vige(=cod)ynelii+s)} 1 [(ag(yn) = ag(7)Vyn + ag(7)V(yn — 7)1
+ [T 5e(io)) = Vigeoo)yme -8} 1[(a1(yn) = ay(9)Vyn + a{(7)V(yn — 7).
Since

V(ye(=cob)ynelti+6)}> V(e (Boo) yne (-85} < V{o<|y-tl<z,) — O

Clason, Nhu, Résch Numerical analysis of a nonsmooth quasilinear elliptic...



Submitted manuscript, 2023-03-06 page 24 of 35

a.e. in Q, we have from (5.18), (5.19), and the Lebesgue dominated convergence theorem that

1 (1) o
;/Q yn,y‘V‘PWndx—’/Q“ye(—oo,a[ao (PWVF+ay(7)Vw] - Vow dx
+/ﬂye(t,oo)[a{’(j/)wa+a{(y)vw] - Vow dx

Q

- [ il G T+ (wTw] - Tpd

For Z;i)y we see from (5.20) and the fact Vy = 0 a.e. on {y = t} that

Z}(;i?y = 1(5=i.y,e(-50130(Y)V(Yn = ) + V5=t y,e(2.i+6)} A (Yn) V(Vn — 7).

Setting w,, = 2 »~Y and exploiting (5.18) yields w, —w, —» w —w = 0 in Wol’j5 (Q) — C(Q). From

Sn
this, the limit y, — y in C(Q), and the continuity of a; and a], the dominated convergence theorem
implies that

. 1 . ) /TN A )T\ A A
lim —/Z}()i?y~V(pwndx= lim [1]{y:i,yne(f_&i)}ao(t)wn+ﬂ {y:f,yne(f’2+5)}al(t)wn]VWn'V(p dx.
Q

n—co s, n—co o,
As a result of (2.2) and the fact that w, < 0 on {y = ¢, y, € (£ — ,1)}, there holds
V5=t yne(i-65)1a0 (D) Wn = 57y, e(-5,5)1a (£ Wn).
Similarly, one has
1 (9=t yne@i46)y A1 (DWn = V(5-z.y,e(2.+5)) @ (F;Wn).

We thus have

o1 . P N
lim — / Zj(/i?y -Vowy, dx = lim V=t yne(i-8,U(EE+5)) @ (EWn) VW, - Vo dx
Q Q

n—oo §, n—oo

= lim [ Tyy-pya’ (£ W) VW, - Vo dx,
Q

n—oo

where we have used (5.20) and the fact that Vy, = Vj = 0 and so Vw, = 0 a.e. on {y, = y = f} to
obtain the last identity. We thus conclude from the continuity of a’(f; -) due to Proposition 2.49 in [5],
(5.18), and the dominated convergence theorem that

1
(5.22) lim — / Z}(}i?y -Vowy, dx = / Ty-rya’(7;w)Vw - Vo dx.
Q Q

n—oo §,

For Zj(/i?y, we have from (3.8) that

12050 < Cor Ly = SUVH+ [V = 9] (Toz 4T ) aein®.

This, together with the fact that 12+ 153 — 0 a.e. in Q as well as (5.18), yields

yn,y yn.y
(5.23) lim — [ Z®_ . Vow, dx =0
5.23 nglgo 5, Jo Zmy pwpdx =0.

Clason, Nhu, Résch Numerical analysis of a nonsmooth quasilinear elliptic...



Submitted manuscript, 2023-03-06 page 25 of 35

It remains to estimate Z ;i)y To this end, we first deduce from (4.15) and the coarea formula for Lipschitz
mappings (see, e.g. [25], Thm. 2, p. 117) or [1], Sec. 2.7) that

-1

Sn

/ oz V3 Vo(wn —Wn)dx| < S 1Wn = Wallze ) IVello () / To<y-i<r,} | Vldx
Q Q
I+,
= 5, [1wn = Walle (o) IVl o) / / dH (x)dt
t {y=ti}
< Cs; ' tpllwn = Wallr= (o) IV@llLe (@) — 0,

where we have used (5.20) and the fact that w, — w, — 0 in C(Q) to obtain the last limit. Similarly,
sl /Q 13 Vy-Ve(w, —wy)dx| — 0. From these limits and the definition of Z;S)}_}, we deduce that
yn.y ns

s,;l‘/Q |Zj(/i)y -Vo(wp —wp)|dx — 0
and thus

.1 (3) o1 (3) . o1 (3) _
(5.24) lim —‘/QZymy-V(pwndx— lim —‘/QZyn,y-Vgowndx— lim —rzl QZyn’y-V(p(yn—y)dx

n—o §, n—oo §,

provided that one of these three limits exists. For {;(@, y; s, 0n), i = 0,1, defined in (2.10), one has

1
Py =20 (= 9)+2 ) 6@ 735m,00) V7

i=0
=la () —a®]ley =10y o

= [ay(D) - (D] (2F = 7 - yn)[Tgz =gy 15

195(yn = ) + 200y (D) = {(DI(E = y) [Tz =gy 1V5

yn.y

By (2.20) and (5.19), we deduce that

1
lim —/Pn~V(pdx:O.
Q

n—oo 3'21
Combining this with (5.24) and (2.15), we can conclude that

1
1 1 2

lim sup — Z(i?- -Vowpdx =limsup | [ P, Vodx - — E Gi(@, Y5 50,0,)Vy - Vo dx
o Y sn Jo sn Jo &

n—oco Sn n—oo0
= —20(& 3, ¢ {sn}.0).

Together with (5.21)—(5.23), we obtain assertion (a) from (2.19).
Ad (b): Defining the functional G : L*(Q) — R via G(y) = fQ L(x, y(x)) dx and employing
Assumption (A4), we deduce that G is of class C? and that its derivatives are given by

2
G (y)yr = /Q %(ac,y(x))yl(x)dx and  G”(y)y1ys = /Q j—;;<x,y<x>>y1<x>yz<x> dx

for all y, y1, y» € L®(Q). We see from the chain rule that for any u,v € L?(Q),

i (w)o =G (S(u)S (u)o + V/qu dx.
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This, together with a Taylor expansion and the fact that ||v,||;2(q) = 1, yields

(525) L7 (n)on =/ (@on] = 16 On)S' (un)on = G'(9)S @0 +v [ o}

n n

- si[c'( ) = G (]S (@)on + SiG’(yn) (S (uy)on — S (@)0,] + v
1 ! 1
= — / G"(7+s(yn—3)(Yn — 7)S (@vnds + —G'(§)[S" (un)vn — S'(@)v,]
Sn Jo Sn
+ =16 () = G (DIIS (un)on = 5" @] +v.

Obviously, the third term on the right-hand side of (5.25) tends to 0 since v, — v in W (Q), ' is
continuous, and G is of class C2. Moreover, it follows from Assumption (a4), (5.18), and the dominated
convergence theorem that the first term on the right-hand side of (5.25) tends to G” () (S’ (#)v)?. It

remains to estimate the limes inferior of the second term on the right-hand side of (5.25). Subtracting

the equations for 21(11) := 8" (uy)v, and z,(lz) := §'(it)vy,, we find that z,, := 21(11) - z,(,z) € Hy(Q) satisfies

(526)  —div[(b+a(7)Vzn+ 1 (5210 () Vyza] = div[(a(yn) — a(7)V2y + Zy, 525" ] = gn.
We then have z, = S’ (i) gy, which together with (2.7b) yields

27) G’ =201 = (G Dz = Gn Ou-v@m@ = ~(BatC)

for B, := fQ(G(J/n) — a(y))Vz,(ll) -Vodx and C, = /Q Zy.y" quz,(ll) d3~c. As a result of Theorem 2.2
and the fact that v, — v in W>?(Q), there holds 21(11) — §(#)v in Wol’p(Q). Besides, from (5.18) and
Lemma 3.5 in [19], we have

a(yn(x)) — a(y(x))

- — ' (7(x); (8’ (@)o)(x)) forallx € Q.

The dominated convergence theorem thus implies that
1
—B, — / a'(7;S (a)o) V(S (@)v) - Vo dx.
Sn Q

This, along with (5.27) and assertion (a), ensures that

lim inf siG'(y) [S (un)on — S (@)vn] = [d)(F) — d,(P)] / _

{ _}(5'<a)v>zm a0 (x)
.,

V7]
-2 / d (3: ' (@o)V(S (o) - Vo dx - / 1pend” (3)(S' (@0)*Vy - Vo d.
Q Q

Using these limits, (5.25), and the identity for Q in (2.18) (see also Theorem 3.19 in [20]), we arrive at

(b). O

The following theorem is one of main results of the paper, which extends Theorem 2.14 in [14] (see,
also, Lemma 5.2 in [11]) to the case where the cost functional j is of class C' but not necessarily C2.

Theorem 5.10. Let {(yp, tip) } be the sequence of discrete solutions to (P) converging strongly to (j, 1) in
H(Q) x L*(Q). Assume that {j = t} decomposes into finitely many connected components and that on
each such connected component C, either (2.16) or (2.17) is fulfilled. Assume further that that the second-
order sufficient condition (2.18) is fulfilled. Then there exist constants C > 0 andh € (0, min{A, h..}) such
that

(5.:28) lan = a2, ) < CLER)? + 17— uhll2s ) + (@) (g — B)]

forallh € (0, ﬁ) andup € Uygp N ]_BLz(Q)(ﬂ, €) with ¢ := min{¢, p}. Here ¢, is defined as in (4.16).
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7]

Proof. We first observe from Proposition 2.9 that %(y) < co. For simplicity of notation, we set ¢ := ¢,".

We first show that
(5.29) [J'(an) = j' (@) (an — @) < j'(@)(up — 0)
+ Clepllan — allr2(q) + enllun — dllr2(q) + lun — @llr2(o) lldn — @ll12(0)]

for some constant C > 0, for all up, € Uygp N ELz(Q)(ﬂ, ¢&) and h € (0, min{h, h.}). To this end, let us
take any h € (0, min{h, h.}), u € Uy N ELZ(Q) (#,é), and up, € Uggp N ELZ(Q) (@, £). We deduce from
(2.6), Theorem 5.2, Lemma 5.7, and the Cauchy-Schwarz inequality that

(5.30) Ui (w) = ' )] (up — )| = ’/Q(qvh(u) = ¢u) (up — ) dx| < Cejllup — llz2(q)-
Moreover, we deduce from j, (i) (dn — up) < 0 and j'(@) (@ — @) < 0 that

(5:31) [J'(@n) = j'(@)] (an — @)
= [, (an) = j" (ap) (@ — ap) + [, (an) = j' (@)1 (up — @) + jy, (an) (@n — up) + j' (@) (up, — ap)
< Ui (an) = j"(@n)1(@ = an) + L (@n) = ' (@)] (up — @) + j' (@) [ (up — @) + (@ - ap)]
< [jp(@n) = j' (@n)1(@ — an) + [(y,(@n) = ' (@n)) + (' (@n) = j' (@)1 (up — @) + j' (@) (up, - ).

Applying (5.30) yields that

(5.32) {I Uiy (an) = ' (@)1 (@ — an)| < Cepllit = dnll12(q),

|Lip (@n) = J' (@) (up — @)| < Ceplla — unll2(q).-

Using (2.6), (5.12), H*(Q) — L?(Q), and the Cauchy-Schwarz inequality yields

(5.33) " an) = J" (@) (up — w)| = VQ[(%h — @) +v(an - a)] (up —u) dx

< Cllan = allr2(q) llun — allr2(q)-
From this, (5.31), and (5.32), we derive (5.29).
We now prove the conclusion of the theorem by contradiction. To that purpose, we suppose that
there exist h, — 0" and up,,, € Uaap, N Br2(q) (4 ) such that

|, — f‘”iz(g) >n|(en,)* +|la - uhn||i2(9) +j'(@)(up, —@)| foralln>1

or, equivalently, with s, := ||@p, — @l|2(q) that

1 (en)? MNE=wn o) (@) (u, - a)
- > + +

n s 2 2

(5-34) foralln > 1.

By setting v, := @, and by extracting a subsequence if necessary, we have
s, — 07, lonllrz() =1, @p, = @ +sp0p, v, = vin L*(Q) for some v € L*(Q).

We first show that v is an element of the critical cone C(U,4; 1) defined in (2.8). To this end, we first
deduce that v > 0 a.e. on {# = a} and v < 0 a.e. on {& = }. Moreover, since j'(@)v, > 0, there holds
Jj'(@)v > 0. On the other hand, from (5.32) and (5.33) for uj, := #p,, we obtain that

tim sup {1 (@) = Jy, (@n,)lon + 1@ = (@, )lon} < lim Cen, +50) = 0,

n—oo
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which yields
J'(@o = lim j"(@)o, = lim [j (an,)on + (' (@h,) =y, (@n,))on + (' (@) = ' (@R,))0n]
< Jim Jp (8,000 = lim = [ (B, s, =) + Jy, () (3, = 0]
From this and the fact that j;ln (@p, ) (ap, — up,) < 0, we obtain

Up, — Ul|r2
j (@) < Jim Sijﬁn(ﬂhn)(uhn —u) < lim llgp, (ap,) + VﬂhnHLZ(Q)M — 0,
n n

where we have used Theorem 5.2 and the Cauchy-Schwarz inequality to derive the last estimate
and the boundedness of {||¢p,, (@s,) + vip,|l12()} (due to Lemma 5.7) as well as (5.34) to pass to the
limit. There therefore holds that j’(i)v = 0. This and Lemma 4.11 in [3] lead to v(x) = 0 whenever
@(x) + vii(x) # 0. We thus have v € C(Uyy; 7).

We now derive a contradiction and thus complete the proof. To this end, we divide (5.29) (with
h := h,) by s to obtain

1, . J' (@) (up, —u) en, en, lun, —allizq)  llun, —allzq)
—[J'(@n,) =} (@]on < T2 0| e g . |
Sn Sn Sn Sn Sn Sp

Taking the limes inferior as n — co, employing (5.34), and using Lemma 5.9 (ii), we conclude that

(5-35) 20(a, y, @;0) + v (1 - ||o||iz(Q)) <0.

Combining this with (2.18) and the fact that ||v]|;2(q) < liminf |lo,][12(q) = 1, we have v = 0. Inserting
n—oo

this into (5.35) leads to 0 < v < 0, which is the desired contradiction. O

Theorem 5.1 (variational discretization). Assume that Uy, = L™ (Q). Let {(jn, 4n)} be the sequence
of discrete solutions to (Py) converging strongly to (y,4) in Hy(Q) X L*(Q). Under all assumptions of
Theorem 5.10, there exists a constant C > 0 such that for any h € (0, h),

(5:36) lan = ey < C (K7 +03 I3, (D)1 g )

with kp := Cooh + ||S(@14) — Pl (), and 0o, G and 3y, defined in (2.14), (4.16) and (4.10), respectively.
Proof. Choosing uy, := % in (5.28) yields

(5.37) lan — all2(q) < Cep  forall h e (0,h).

Setting rp, := ||Sp(@n) — S(ip) ||~ (o) and using (4.9) yield r, < Cih. Exploiting (4.16), the Cauchy-
Schwarz inequality, Proposition 4.3, and the monotonic growth of V (3, -), there holds

(e0)? < 2R 4 2BV (S(@n). ri) |2 g

< K22 4 2 [||V(37, rn + 1S(ap) — }_}”L""(Q))”iZ(Q) + 1S (an) - J7||i13(9)]

< 2K 4 CR (V3. Coh+ 18(@) = Pl Iz ) + 115(0) = 311 |

< C W2 4 B0y [, () 12y (Cooh + 1S (@) = () + WIS (@) - ?lli;m)]
<C [h“zq + h 00l Z, (D)0 (B + llin — @llr2cq)) + B |, - aHiZ(Q)] ’

where we have used Theorem 2.2 to derive the last inequality. From this and (5.37), a simple computation
gives (5.36). O
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From the fact that 1+ g =1+ 2,y as p — oo and that ||Z,, (9)|l1(0) — 2(7) as h — 0%, we
have the following corollary of Theorem 5.11.
Corollary 5.12. Assume that all assumptions of Theorem 5.11 are fulfilled. Then the following assertions
hold for h — 0*:

(i) if oo = 0, then ||la, — dll12(q) = O(h*7¢) for any e > 0;
(ii) if2(3) = 0, then ||ay — 1l 2(q) = o(h?);

(iii) if 2(§) > 0, then ||y, — 120 = O(h2).
Similarly, we obtain from Theorem 5.10 error estimates for piecewise constant controls.

Theorem 5.13 (piecewise constant discretization and continuous piecewise linear discretization). Assume
that Uy, = (L(;l i =0,1 Let {(yn, an)} be the sequence of discrete solutions to (Pp) converging strongly
to (3,4) in Hy(Q) x L*(Q). Under all assumptions of Theorem 5.10, there exist constants C > 0 and
h, € (0, ﬁ) such that

(5.38) llan — all 2oy < Ch forall h € (0, h.).

Proof. According to Theorem 2.5, ¢ and @ are Lipschitz continuous on Q. Hence constants C, C; > 0 and
h, € (0, h) exist such that for any h € (0, h, ), there exists a up € Uyqp, satisfying ||ii — up||1~(q) < Cih
and j’ (@) (a—up) = 0 for the case U}, = (LIO see, e.g. Lemma 4.17 in [10], as well as |j" (&) (i —up)| < Ch?
for the case Uy, = (LI}I; see the proof of Theorem 5.4 in [11]. Combining this with (5.28) and the fact

that EZ” < Cyhforall h € (0, fz) yields (5.38). O

5.3 NUMERICAL EXAMPLE

We conclude this section with a preliminary numerical example for the variational discretization of
the optimal control problem. Specifically, we consider the problem

min 0 =5 [ Gu00 - ) drs ] [ uo*ds
uel®(Q) Q 2 Ja
(5:39) st. —div[l+max{y, -1L,0})Vy,]=u inQ, y,=00n09Q,

0 <u(x) <27° aexeQ,

where Q := (0,1)2 € R?, y; := (1+ 4vn?) sin zx; sin 7x,, and v := 107*. This problem fits the general
setting with & = 0, = 27%, b = 1, a(t) = max{t — 1,0}; i.e,, ag(t) := 0, a;(t) := t — 1, and f := 1. Setting
it := 27r*§ with § := sin 7x; sin 7x; and @ := —vi, it is straightforward to verify that (i, , @) satisfies
the first-order optimality condition (2.7) associated with (5.39). We shall now show that all assumptions
of Theorem 2.7, and thus of Theorem 5.11, are fulfilled. First, we have

(7 =1 ={(05,05)} and {y<T}=0\{(0.50.5)}.

Moreover, Vj obviously vanishes on {§ = f}, and Lemma A.1 in the Appendix shows that the structural
assumption in (2.17) holds. Furthermore, by virtue of (2.2), there holds for a.e. (xy,x;) € Q that
a’ (y(x1,x2);s) = 0 for all s € R. From this and the fact that 1(y.7a” = 0, we have

o o 1. ., v
Qs (@, y, ¢;v,0) + O1(d, y, P;v,0) = 5||S (u)vlliz(m + 5”0”22(9) for allv € L*(Q).

Since H' ({j = t}) = 0, there holds Q. (@, 7, §;v) = 0 for all v € L?(Q). Consequently,

o | v
0(@ 3.9:0) = SIS @0l g + 3 llolZs gy > 0
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hn la —an,ll12@) @ —ap,llz=@) EOCp2(n) EOCr~(n)

1.41 - 1072 2.33-1073 451-1073 1.999 52 1.999 96
7.07 -1073 5.84-107* 1.13 - 1073 1.999 85 1.999 99
471 -1073 2.59-1074 5.01-107*% 1.999 93 1.999 99
3.54-1073 1.46 -107* 2.82-1074 1.999 96 2.000 00
2.83-1073 9.34.107° 1.80-107% 1.999 97 2.000 00
2.36-1073 6.49-107° 1.25-107% 1.999 98 2.000 01
2.02-1073 476 -107° 9.19 - 107> 1.99998 1.999 99
1.77 - 1073 3.65-107> 7.04-107° 1.999 99 2.000 00
1.57 - 1073 2.88-107° 5.56 - 107> 1.999 99 1.999 99
1.41-1073 2.33-107° 451-107°

Table 1: discretization errors and experimental orders of convergence (EOC) in L? and L™ for the
optimal control @ in dependence of A,

for all v € L?(Q) with o # 0. We have therefore verified that all hypotheses of Theorem 2.7 and of
Theorem 5.11 are fulfilled. Finally, Lemma A.2 in the Appendix shows that 3(§) = 0 for this example.

We now consider the discrete approximation #y of @. Thanks to Remarks 5.5 and 5.6, we have
up = Proj, p) (—%gbh) with Proj, 4) denoting the pointwise a.e. projection mapping onto the interval
[a, f]. From this, (3.1), and (5.10a), 3, and @y, satisfy

. 1_
[+ max(n - 1005 Vwde = [ Projge (-3 mwn .
(5-40) ° °
/(1 + max{;’/h -1, 0})V¢h - Vo + ]]{)711>1}V37h - Vonop dx = /()7;, — yd)Uh dx
Q Q

for all wy, v, € Vj,. Since the nonlinearities of (5.40) are semi-smooth, it is reasonable to solve this
system by a semi-smooth Newton (SSN) method; see, e.g., [33, 37] as well as [19]. Setting y, :=
32x1x2(1 — x1) (1 — x3), we notice that the set {y, > } has positive measure while {y < f} is a
set of full measure. The starting point for the discrete SSN method solved (5.40) is then taken as
(Y0, #n0) = (Projy, (30),0) for different mesh sizes h, where Projy, stands for the L? projection
mapping onto Vj. The integrals over elements are approximated with a quadrature scheme. This
introduces a variational crime which however does not reduce the expected approximation order for
piecewise linear functions. In all our tests, the SSN method converged in four or five iterations.

We report the resulting discretization errors ||y, — i||x for X = L*(Q) and X = L®(Q) for h €

{% | 1 < n <10} as well as the experimental order of convergence

log(|lat — dp,,,, |l () —log(lla — an, llr Q)
log(hps1) —log(hy)

in Table 1. The results indicate an EOC of 2, which is consistent with the guaranteed rate of o(h*/2)
from Corollary 5.12 for this case, but indicates that we are observing a superconvergence property;
compare [34].

EOCy»(n) =

6 CONCLUSIONS

We have studied the numerical approximation of an optimal control problem governed by a quasilinear
elliptic equation with nonsmooth coefficient in the divergence part. The convergence of a sequence of
minimizers of some discrete control problems to a global minimizer of the original problem is shown. A
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priori error estimates for three types of discretizations (variational, piecewise constant, and continuous
piecewise linear discretizations) are derived under an explicit second-order sufficient condition for the
continuous optimal control problem and a structural assumption on the optimal state. The estimate
for variational discretization corrobates the proven rate, although the observed rate is higher, which
motivates follow-up work on rate optimality or superconvergence properties for optimal control of
nonsmooth quasilinear equations.
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APPENDIX A VERIFICATION OF A STRUCTURAL ASSUMPTION AND COMPUTATION OF
THE JUMP FUNCTIONAL

Lemma A.1. Let Q = {x = (x,x2) € R? | 0 < x3, x5 < 1} and let y(x1, x2) := sin(7rx;) sin(7x;). Then
there exists a constant ¢s > 0 such that

(A1) measg: ({|y —1] <r}) < csr
forallr > 0 small enough.
Proof. Take any sufficiently small r > 0 satisfying (1 —r,1) C (0,1). A simple computation yields

{ly-1<r}

{ 1 arcsin 1 1

<x<1-= arcsm Zarcsin(l—r) <x, <1-= arcsm(l - r)}

sin 7xp sinwxy’ T

We thus obtain

1- % arcsin(1-r)

1- 1 : 2
(1 — £ arcsin ) dx; < [1 — 2 arcsin(1 — r)] ,

sin X2

(a.2) measg: ({|y - <r}) :/1

= arcsin(1-r)

where we have used the fact that

<1- 27—1r arcsin(1—r) forall0 <x, <1,r € (0,1).

0<1-= arcsm S

L’Hospital’s rule then shows that

1= 2% arcsin(l1-r) 4 r 24/2
lim = — lim = ,
r—0* \r mr—0t\1-(1-r)? 3

which, along with (a.2), yields (a.1). O

Lemma A.2. Let Q := {x = (x1,x2) € R? | 0 < x1, x5 < 1} and let y(xy, x2) := sin(7x;) sin(7x3). Then

2 _ _
800 (1 — — arcsin t) if te(0,1),
/s

2 =19, if =1,

40'0 lf l_':()
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Proof. We distinguish the following cases:

(i) For any t € (0,1) and any sufficiently small r > 0 satisfying (f — r,f +r) c (0,1), a simple
computation shows that

{|y— t| <r oxy> 0}

: t+r
{ arcsin M <x < - arcsm T ; arcsin(£+7r) <x, <1—— arcsm(t + r)}

U {1 arcsin == < x; < 1, Laresin(f—r) < x; < & arcsm(t+ r)}
sin 7xy 2’

U { L arcsin <x; < 3,1-Larcsin(f+r) < x, <1- Larcsin(f - r)} .
sin 7xy 2 T T

We thus obtain

2 L L
'/Q ﬂ{ly_;‘<r’axly>0}|6x1y| dx = - [cos(arcsin(f + 1)) — cos(arcsin( —r))]
2 _ _
— —(t —r) [arcsin(f + r) — arcsin( — r)]
T
2 s
+2r (1 — —arcsin(t + r)) .
T
Applying L’'Hospital’s rule yields

.1 2 L
rlggl+ p ) ﬂ{ly_f|<r’ax1y>0}|8x1y| dx =2 (1 - arcsin t) .

Similarly, there hold

o1 2 Lo
lim - Q1]{ly_flq,axly«)}|é?x1y|dx:2(1—;arcsmt),

r—o0t r

r—0t r

im 2
lim, =~ Q ﬂ{|y—f|<r,8x2y>0}|axzy| dx=21- ; arcsint |,
lim & [ 1 dx = 2 resinf
= 7 Jo {ly—F<r.a5, y<0}|9x, ¥ dx = 2 1~ —arcsinf].

By adding these four limits, we obtain

.1 2 L
rlggh; Q]]{|y_;|<r} [|6x1y|+|any|] dx:8(1— ;arcsmt).

(ii) For = 0 and for any r € (0, 1) sufficiently small, we see from a straightforward calculation that

— 1 L i -1 i
{|y —0| <r,0yy > O} = {0 <x1 < arcsm T 7 aresinr < x; <1- . arcsin r}

U{O <x1 <3 0 < X9 < —arcsinr}

U{O<x1 1 ,1— —arcsmr<x2<1}

Consequently, it holds that

2 2
/ 1]{|y 0l<r, axly>o}| yldx = - [cos(arcsinr) — 1] +r (1 - arcsin r)
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L’Hospital’s rule then shows that

r—0+

.1
111’11 ; o ﬂ{ly_0|<r,ax1y>0}|ax1y| dx = 1.

Similarly, we can conclude that

. 1
lim - T(ly—ol<r} [laxlyl + |(9ny|] dx = 4.
Q

r—0t r

(iii) For =1 and for any r > 0 such that r € (0,1), we have

1-r
sin 7x;

<x < % % arcsin(1—r) <xp <1-— %arcsin(l - r)} .

{ly-1<rony>o}= {%arcsin
There therefore holds that
2 ) '
J 1 sscn a1 = 2 cos(aresing =) + (1= ) aresin(1 = r)] +7 =1

Again, L’Hospital’s rule shows that

o1
i 2 [ 1 v moplanal =0
Similarly, we can deduce that
.1
lim = [ Tgy-1<r [|ax1y| + |8ny|] dx = 0. O
r—=0tr Jo
REFERENCES
[1] G. Alberti,S. Bianchini, and G. Crippa, Structure of level sets and Sard-type properties of Lipschitz

2]

(3]

(4]

maps, Ann. Sc. Norm. Super. Pisa CI. Sci.(5) XII (2013), 863—902, d0i:10.2422/2036-2145.201107_006.

N. Arada, E. Casas, and F. Troltzsch, Error estimates for the numerical approximation of a semilin-
ear elliptic control problem, Comput. Optim. Appl. 23 (2002), 201-229, d0i:10.1023/2:1020576801966.

T. Bayen, J.F. Bonnans, and F. J. Silva, Characterization of local quadratic growth for strong
minima in the optimal control of semi-linear elliptic equations, Trans. Amer. Math. Soc. 366 (2014),
2063-2087, d0i:10.1090/50002-9947-2013-05961-2.

A. Bejan, Convection Heat Transfer, ]. Wiley & Sons, 4 edition, 2013, doi:10.1002/9781118671627.

[5] J.F. Bonnans and A. Shapiro, Perturbation Analysis of Optimization Problems, Springer-Verlag,

(6]

Berlin, Heidelberg, 2000, doi:10.1007/978-1-4612-1394-9.

S.C. Brenner and L. R. Scott, The Mathematical Theory of Finite Element Methods, Texts in Applied
Mathematics, Springer-Verlag, New York, 2008, doi:10.1007/978-0-387-75934-0.

C. Carstensen, Quasi-interpolation and a posteriori error analysis in finite element methods,
ESAIM: Mathematical Modelling and Numerical Analysis 33 (1999), 1187-1202, doi:10.1051/m2an:

1999140.

E. Casas and V. Dhamo, Error estimates for the numerical approximation of a quasilinear
Neumann problem under minimal regularity of the data, Numer. Math. 117 (2011), 115-145,
d0i:10.1007/500211-010-0344-1.

Clason, Nhu, Résch Numerical analysis of a nonsmooth quasilinear elliptic...


https://dx.doi.org/10.2422/2036-2145.201107_006
https://dx.doi.org/10.1023/A:1020576801966
https://dx.doi.org/10.1090/S0002-9947-2013-05961-2
https://dx.doi.org/10.1002/9781118671627
https://dx.doi.org/10.1007/978-1-4612-1394-9
https://dx.doi.org/10.1007 / 978-0-387-75934-0
https://dx.doi.org/10.1051/m2an:1999140
https://dx.doi.org/10.1051/m2an:1999140
https://dx.doi.org/10.1007/s00211-010-0344-1

Submitted manuscript, 2023-03-06 page 34 of 35

[9]

[22]

E. Casas and V. Dhamo, Error estimates for the numerical approximation of Neumann control
problems governed by a class of quasilinear elliptic equations, Comput. Optim. Appl. 52 (2012),
719—756, d0i:10.1007/510589-011-9440-0.

E. Casas, M. Mateos, and ]J. P. Raymond, Error estimates for the numerical approximation of a
distributed control problem for the steady-state Navier-Stokes equations, SIAM j. Control Optim.
46 (2007), 952—982, d0i:10.1137/060649999.

E. Casas, M. Mateos, and A. Résch, Numerical approximation of control problems of non-
monotone and non-coercive semilinear elliptic equations, Numerische Mathematik 149 (2021),
305-340, d0i:0.1007/500211-021-01222-7.

E. Casas, M. Mateos, and F. Troltzsch, Error estimates for the numerical approximation of
boundary semilinear elliptic control problems, Comput. Optim. Appl. 31 (2005), 193219, doi:
10.1007/510589-005-2180-2.

E. Casas and F. Troltzsch, Numerical analysis of some optimal control problems governed by a
class of quasilinear elliptic equations, ESAIM:COCV 17 (2011), 771-800, doi:10.1051/cocv/2010025.

E. Casas and F. Troltzsch, A general theorem on error estimates with application to a quasi-
linear elliptic optimal control problem, Comput. Optim. Appl. 53 (2012), 173-206, doi:10.1007/
$10589-011-9453-8.

M. Chipot, Elliptic Equations: An Introductory Course, Birkhduser Verlag, Basel, 2009, doi:10.1007/
978-3-7643-9982-5.

C. Christof and C. Meyer, A note on a priori L?-error estimates for the obstacle problem, Nu-
merische Mathematik 139 (2018), 27-45, d0i:10.1007/S00211-017-0931-5.

P.G. Ciarlet, The Finite Element Method for Elliptic Problems, Classics in Applied Mathematics,
SIAM, 2002, d0i:10.1137/1.9780898719208.

C. Clason, V.H. Nhu, and A. Résch, No-gap second-order optimality conditions for optimal control
of a non-smooth quasilinear elliptic equation, ESAIM: COCV 27 (2021), 62, doi:10.1051/cocv/
2020092.

C. Clason, V.H. Nhu, and A. Résch, Optimal control of a non-smooth quasilinear elliptic equation,
Mathematical Control and Related Fields 11 (2021), 521-554, doi:10.3934/mcrf.2020052.

C. Clason, V.H. Nhu, and A. Rosch, Numerical analysis of a nonsmooth quasilinear elliptic control
problem: I. Explicit second-order optimality conditions (2023), arXiv:2203.16865v2.

B. Dacorogna, Direct Methods in the Calculus of Variations, Applied Mathematical Sciences,
Springer, 2 edition, 2008, doi:10.1007/978-0-387-55249-1.

J.C. De Los Reyes and V. Dhamo, Error estimates for optimal control problems of a class of
quasilinear equations arising in variable viscosity fluid flow, Numer. Math. 132 (2016), 691-720,
doi:10.1007/500211-015-0737- 2.

[23] J.C. De Los Reyes, C. Meyer, and B. Vexler, Finite element error analysis for state-constrained

[24]

optimal control of the Stokes equations, Control Cybern. 37 (2008), 251-284.

K. Deckelnick and M. Hinze, Convergence of a finite element approximation to a state-constrained
elliptic control problem, SIAM J. Numer. Anal. 45 (2007), 1937-1953, d0i:10.1137/060652361.

Clason, Nhu, Résch Numerical analysis of a nonsmooth quasilinear elliptic...


https://dx.doi.org/10.1007/s10589-011-9440-0
https://dx.doi.org/10.1137/060649999
https://dx.doi.org/0.1007/s00211-021-01222-7
https://dx.doi.org/10.1007/s10589-005-2180-2
https://dx.doi.org/10.1007/s10589-005-2180-2
https://dx.doi.org/10.1051/cocv/2010025
https://dx.doi.org/10.1007/s10589-011-9453-8
https://dx.doi.org/10.1007/s10589-011-9453-8
https://dx.doi.org/10.1007/978-3-7643-9982-5
https://dx.doi.org/10.1007/978-3-7643-9982-5
https://dx.doi.org/10.1007/s00211-017-0931-5
https://dx.doi.org/10.1137/1.9780898719208
https://dx.doi.org/10.1051/cocv/2020092
https://dx.doi.org/10.1051/cocv/2020092
https://dx.doi.org/10.3934/mcrf.2020052
https://arxiv.org/abs/2203.16865v2
https://dx.doi.org/10.1007/978-0-387-55249-1
https://dx.doi.org/10.1007/s00211-015-0737-2
https://dx.doi.org/10.1137/060652361

Submitted manuscript, 2023-03-06 page 35 of 35

[25] L.C. Evans and R.F. Gariepy, Measure Theory and Fine Properties of Function, CRC Press, New
York, 4th edition, 1992, doi:10.1201/b18333.

[26] R.S. Falk, Approximation of a class of optimal control problems with order of convergence
estimates, J. Math. Anal. Appl. 44 (1973), 28-47, d0i:10.1016/0022-247%(73)90022-X.

[27] T. Geveci, On the approximation of the solution of an optimal control problem governed by an
elliptic equation, RAIRO. Anal. Numér. 13 (1979), 313—328, doi:10.1051/m2an/1979130403131.

[28] D. Gilbarg and N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, Springer-
Verlag, Berlin, Heidelberg, 2001, doi:10.1007/978-3-642-61798-0.

[29] P. Grisvard, Elliptic Problems in Nonsmooth Domains, Pitman Advanced Pub. Program, 1985,
doi:10.1137/1.9781611972030.

[30] M. Hinze, A variational discretization concept in control constrained optimization: The linear-
quadratic case, Comput. Optim. Appl. 30 (2005), 45-61, d0i:10.1007/510589-005-4559-5.

[31] M. Hinze and F. Troltzsch, Discrete concepts versus error analysis in PDE-constrained optimiza-
tion, GAMM-Mitteilungen 33 (2010), 148-162, d0i:10.1002/gamm.201010012.

[32] M. Holtmannspétter and A. Rosch, A priori error estimates for the finite element approximation
of a nonsmooth optimal control problem governed by a coupled semilinear PDE-ODE system,
SIAM J. Control Optim. 59 (2021), 3329—3358, doi:10.1137/20m1331263.

[33] K. Ito and K. Kunisch, Lagrange Multiplier Approach to Variational Problems and Applications,
Advances in Design and Control, SIAM, 2008, doi:10.1137/1.9780898718614.

[34] C. Meyer and A. Rosch, Superconvergence Properties of Optimal Control Problems, SIAM Journal
on Control and Optimization 43 (2004), 970—985, d0i:10.1137/50363012903431608.

[35] C. Meyer and O. Thoma, A priori finite element error analysis for optimal control of the obstacle
problem, SIAM J. Numer. Anal. 51 (2013), 605-628, d0i:10.1137/110836092.

[36] L Neitzel, J. Pfefferer, and A. Rdsch, Finite element discretization of state-constrained elliptic
optimal control problems with semilinear state equation, SIAM J. Control Optim. 53 (2015), 874-904,
doi:10.1137/140960645.

[37] M. Ulbrich, Semismooth Newton Methods for Variational Inequalities and Constrained Optimiza-
tion Problems in Function Spaces, MOS-SIAM Series on Optimization, SIAM, 2011, doi:10.1137/1.
9781611970692,

[38] Y.B. Zel’dovich and Y.P. Raizer, Physics of Shock Waves and High-Temperature Hydrodynamic
Phenomena, Academic Press, 1966, doi:10.1115/1.3607836.

Clason, Nhu, Résch Numerical analysis of a nonsmooth quasilinear elliptic...


https://dx.doi.org/10.1201/b18333
https://dx.doi.org/10.1016/0022-247X(73)90022-X
https://dx.doi.org/10.1051/m2an/1979130403131
https://dx.doi.org/10.1007/978-3-642-61798-0
https://dx.doi.org/10.1137/1.9781611972030
https://dx.doi.org/10.1007/s10589-005-4559-5
https://dx.doi.org/10.1002/gamm.201010012
https://dx.doi.org/10.1137/20M1331263
https://dx.doi.org/10.1137/1.9780898718614
https://dx.doi.org/10.1137/S0363012903431608
https://dx.doi.org/10.1137/110836092
https://dx.doi.org/10.1137/140960645
https://dx.doi.org/10.1137/1.9781611970692
https://dx.doi.org/10.1137/1.9781611970692
https://dx.doi.org/10.1115/1.3607836

	Introduction
	Main assumptions and preliminary results
	Analysis of the discrete state equation
	Numerical analysis of the adjoint state equation
	Discretization of the control problem
	Convergence of discrete minimizers
	Error estimates for discrete minimizers
	Numerical example

	Conclusions
	Verification of a structural assumption and computation of the jump functional

