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numerical analysis of a nonsmooth quasilinear
elliptic control problem: ii. finite element

discretization and error estimates

Christian Clason∗ Vu Huu Nhu† Arnd Rösch‡

Abstract In this paper, we carry out the numerical analysis of a nonsmooth quasilinear elliptic

optimal control problem, where the coefficient in the divergence term of the corresponding state

equation is not differentiable with respect to the state variable. Despite the lack of differentiability of

the nonlinearity in the quasilinear elliptic equation, the corresponding control-to-state operator is of

class𝐶1
but not of class𝐶2

. Analogously, the discrete control-to-state operators associated with the

approximated control problems are proven to be of class𝐶1
only. By using an explicit second-order

sufficient optimality condition, we prove a priori error estimates for a variational approximation,

a piecewise constant approximation, and a continuous piecewise linear approximation of the

continuous optimal control problem. The numerical tests confirm these error estimates.

Key words Optimal control, nonsmooth optimization, quasilinear elliptic equation, piecewise

differentiable function, sufficient optimality condition, error estimate, finite element approximation

1 introduction

We investigate the nonsmooth quasilinear elliptic optimal control problem

(P)


min

𝑢∈𝐿∞ (Ω)
𝑗 (𝑢) :=

∫
Ω
𝐿(𝑥, 𝑦𝑢 (𝑥)) d𝑥 + 𝜈

2

∥𝑢∥2

𝐿2 (Ω)

s.t. − div[(𝑏 + 𝑎(𝑦𝑢))∇𝑦𝑢] = 𝑢 in Ω, 𝑦𝑢 = 0 on 𝜕Ω,

𝛼 ≤ 𝑢 (𝑥) ≤ 𝛽 a.e. 𝑥 ∈ Ω.

Here Ω is a two-dimensional bounded, convex and polygonal domain; 𝐿 : Ω×ℝ → ℝ is a Carathéodory

function that is of class 𝐶2
with respect to (w.r.t.) the second variable; 𝑏 : Ω → ℝ is a Lipschitz

continuous function; 𝑎 : ℝ → ℝ is Lipschitz continuous but not differentiable; and constants 𝛼, 𝛽, 𝜈 ∈ ℝ

satisfying 𝛽 > 𝛼 and 𝜈 > 0. We refer to Section 2 for the precise assumptions on the data of (P).

The state equation in the optimal control problem (P) occurs, for instance, in models of heat conduc-

tion in which the coefficient in the divergence term acts as the heat conductivity and is a function of

two variables: the temperature 𝑦 variable and the spatial coordinate 𝑥 variable; see, e.g. [4, 38]. When

the data belong to class 𝐶2
, the numerical analysis of the discrete approximation of optimal control

problems governed by such state equations were studied by Casas et al. in [13, 14] for distributed

control and in [9] for Neumann control.
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Let us briefly comment on other works concerning the error analysis of optimal control problems

governed by partial differential equations (PDEs), in particular by elliptic PDEs. For control-constrained

elliptic problems, we refer to the early papers [26, 27] for linear elliptic control problems; to [2, 12]

for semilinear elliptic problems. For state-constrained control problems, we mention only the recent

contributions [24, 36] and refer to the survey paper [31] for further references. Although the error

analysis for smooth PDE-constrained problems has been intensively investigated, there are very few

contributions on this topic for nonsmooth PDE-constrained optimal control. Here we want to mention

the work [32] concerning error analysis for optimal control of a coupled PDE–ODE system, where the

nonsmooth nonlinearity acts on a semilinear ODE. For works related to optimal control of obstacle

problems, we refer to [35, 16] and the references therein. Based on a quadratic growth condition, a

priori error estimates were established in [32, 35]. To the authors’ best knowledge, this is the first work

that exploits a second-order sufficient optimality condition to show a priori error estimates for the

discretization of optimal control problems governed by nonsmooth PDEs.

In this paper, our main aim is to derive the convergence analysis and error estimates of the discretiza-

tion of (P) under the explicit second-order sufficient optimality conditions established in [20] (first

derived in general form in [18]). As the coefficient 𝑎 in the state equation is Lipschitz continuous but

not differentiable, there are two major difficulties in deriving the error analysis. The first issue arises in

studying error estimates of the discretization of the adjoint state equation; the other is the lack of the

second-order differentiability of the cost functional. We therefore cannot apply an abstract theorem on

error estimates shown in [14] and in [11]. To deal with the first issue, we introduce the function 𝑍𝑦,𝑦

defined in (3.6) that measures pointwise the difference between the gradients of the superposition

mappings of 𝑎 associated with two distinct states 𝑦 and 𝑦 . This allows us to derive thereafter both an

𝐿2
- and an 𝐻 1

0
- error estimates for the approximation of the adjoint state equation. For handling the

second issue, we will exploit an structural assumption on the optimal state and employ an explicit

formula of a second-order generalized derivative of the objective functional, formulated in [20]. Based

on the second-order sufficient optimality conditions for (P) from [18, 20], we then prove general error

estimates for variational, piecewise constant, and continuous piecewise linear approximations of the

optimal control, which generalize those of Theorem 2.14 in [14] and of of Lemma 5.2 in [11], and can be

applied for the case where the cost functional 𝑗 is of class 𝐶1
but not necessarily 𝐶2

; see Theorem 5.10.

The plan of the paper is as follows. This section ends with our notation. In the next section, we make

the assumptions for (P) and provide some preliminary results from [18] and [20]. Section 3 is devoted

to the numerical approximation of the state equation by finite elements and the local well-posedness

and differentiability of the discrete counterpart of the control-to-state operator. In Section 4, the error

analysis of the adjoint state equation is investigated. Finally, the main results of the paper are presented

in Section 5. There, the convergence and error estimates of local minima of discrete optimal control

problems are, respectively, stated in Section 5.1 and Section 5.2. The numerical tests illustrating the

obtained results are given in Section 5.3.

Notation. We denote by 𝐵𝑋 (𝑢, 𝜌) and 𝐵𝑋 (𝑢, 𝜌) the open and closed balls in a Banach space 𝑋 of

radius 𝜌 > 0 centered at 𝑢 ∈ 𝑋 , respectively. For Banach spaces 𝑋 and 𝑌 , the notation 𝑋 ↩→ (⋐)𝑌 is

understood that 𝑋 is continuously (compactly) embedded in 𝑌 . Let 𝑋 be a Banach space with its dual

𝑋 ∗
, the symbol ⟨·, ·⟩𝑋 ∗,𝑋 stands for the dual product of 𝑋 and 𝑋 ∗

. For a given function 𝑔 : Ω → ℝ and a

subset 𝐴 ⊂ ℝ, {𝑔 ∈ 𝐴} denotes the set of all points 𝑥 ∈ Ω for which 𝑔(𝑥) ∈ 𝐴. For functions 𝑔1, 𝑔2 and

subsets𝐴1, 𝐴2 ⊂ ℝ, we set {𝑔1 ∈ 𝐴1, 𝑔2 ∈ 𝐴2} := {𝑔1 ∈ 𝐴1}∩{𝑔2 ∈ 𝐴2}. For any set𝜔 ⊂ Ω, we denote by
𝟙𝜔 the indicator function of 𝜔 , i.e., 𝟙𝜔 (𝑥) = 1 if 𝑥 ∈ 𝜔 and 𝟙𝜔 (𝑥) = 0 otherwise. We write the symbol

𝐶 for a generic positive constant, which may be different at different places of occurrence and the

notation, e.g. 𝐶𝜉 for a constant depending only on the parameter 𝜉 . For a measurable two-dimensional

subset𝑀 , by measℝ2 (𝑀), we denote the two-dimensional Lebesgue measure of𝑀 . Finally, the symbol

H 1
denotes the one-dimensional Hausdorff measure on ℝ2

that is scaled as in [25], Def. 2.1.

Clason, Nhu, Rösch Numerical analysis of a nonsmooth quasilinear elliptic . . .
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2 main assumptions and preliminary results

In this section we first present assumptions, which will be used in the whole paper, and then state

some preliminary results on the state equation, the adjoint state equation, as well as the first-order

and explicit second-order sufficient optimality conditions from [18] and [20].

We first address the salient point, which is the structure of the nondifferentiable nonlinearity 𝑎. In

this work, we assume that 𝑎 is defined by

(2.1) 𝑎(𝑡) := 𝟙(−∞,𝑡 ] (𝑡)𝑎0(𝑡) + 𝟙(𝑡,∞)𝑎1(𝑡) for all 𝑡 ∈ ℝ,

for a given number 𝑡 ∈ ℝ and given functions 𝑎0 ∈ 𝐶2((−∞, 𝑡]) and 𝑎1 ∈ 𝐶2( [𝑡,∞)) with 𝑎0(𝑡) = 𝑎1(𝑡).
Obviously, 𝑎 is Lipschitz continuous onℝ and twice continuously differentiable on (−∞, 𝑡) ∪ (𝑡,∞), but
not even of class 𝐶1

in general. However, 𝑎 is directionally differentiable and its directional derivative

for all 𝑡 ∈ ℝ in direction 𝑠 ∈ ℝ is given by

(2.2) 𝑎′(𝑡 ; 𝑠) = 𝟙(−∞,𝑡 ) (𝑡)𝑎′0(𝑡)𝑠 + 𝟙(𝑡,∞) (𝑡)𝑎′1(𝑡)𝑠 + 𝟙{𝑡 } (𝑡) [𝟙(0,∞) (𝑠)𝑎′1(𝑡)𝑠 + 𝟙(−∞,0) (𝑠)𝑎′0(𝑡)𝑠] .

Remark 2.1. Let us emphasize that the results and the underlying analysis in this paper can be applied to the

situation in which the function 𝑎 is continuous and is twice continuously differentiable on finitely many intervals

(i.e., a finitely 𝑃𝐶2
function; see [18] for a precise definition). However, in order to keep the presentation concise

and to be able to focus on the main arguments, we restrict the presentation to the simplest such situation given

by (2.1).

The following assumptions shall hold throughout the following.

(a1) Ω ⊂ ℝ2
is an open bounded convex polygonal.

(a2) The Lipschitz continuous function 𝑏 : Ω → ℝ satisfies 𝑏 (𝑥) ≥ 𝑏 > 0 for all 𝑥 ∈ Ω.

(a3) 𝑎 : ℝ → ℝ is nonnegative and given by (2.1).

(a4) 𝐿 : Ω × ℝ → ℝ is a Carathéodory function that is of class 𝐶2
w.r.t. the second variable with

𝐿(·, 0) ∈ 𝐿1(Ω). Besides, for any 𝑀 > 0, there exist 𝐶𝑀 > 0 and𝜓𝑀 ∈ 𝐿𝑝 (Ω) (𝑝 > 2) such that

| 𝜕𝐿
𝜕𝑦

(𝑥, 𝑦) | ≤ 𝜓𝑀 (𝑥) and | 𝜕2𝐿
𝜕𝑦2

(𝑥, 𝑦) | ≤ 𝐶𝑀 for all 𝑦 ∈ ℝ with |𝑦 | ≤ 𝑀 , and a.e. 𝑥 ∈ Ω.

In the remainder of this subsection, we state some known results for the state equation, the adjoint

state equation, and the optimality conditions for (P); see, e.g. [18] and [20]. Let us first study the state

equation

(2.3) − div[(𝑏 + 𝑎(𝑦))∇𝑦] = 𝑢 in Ω, 𝑦 = 0 on 𝜕Ω.

Theorem 2.2 ([20], Thm. 3.2 and cf. [18], Thms. 3.1 and 3.5). Assume that Assumptions (a1) to (a3) are

verified. Then, the control-to-state mapping 𝑆 :𝑊 −1,𝑝 (Ω) ∋ 𝑢 ↦→ 𝑦𝑢 ∈𝑊 1,𝑝

0
(Ω) is of class𝐶1

, where 𝑦𝑢 is

the unique solution to (2.3). Moreover, for any 𝑢, 𝑣 ∈𝑊 −1,𝑝 (Ω) with 𝑝 > 2 and 𝑦𝑢 := 𝑆 (𝑢), 𝑧𝑣 := 𝑆 ′(𝑢)𝑣
uniquely satisfies

(2.4) − div[(𝑏 + 𝑎(𝑦𝑢))∇𝑧𝑣 + 𝟙{𝑦𝑢≠𝑡 }𝑎
′(𝑦𝑢)𝑧𝑣∇𝑦𝑢] = 𝑣 in Ω, 𝑧𝑣 = 0 on 𝜕Ω.

Moreover, a number 𝑝∗ > 2 exists and satisfies that for any 𝑝 ∈ [2, 𝑝∗) and for any bounded set𝑈 ⊂ 𝐿𝑝 (Ω),
there hold 𝑆 (𝑢) ∈𝑊 1,𝑝

0
(Ω) ∩𝑊 2,𝑝 (Ω) and ∥𝑆 (𝑢)∥𝑊 2,𝑝 (Ω) ≤ 𝐶𝑈 .

Clason, Nhu, Rösch Numerical analysis of a nonsmooth quasilinear elliptic . . .
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We now investigate the adjoint state equation

(2.5) − div[(𝑏 + 𝑎(𝑦𝑢))∇𝜑] + 𝟙{𝑦𝑢≠𝑡 }𝑎
′(𝑦𝑢)∇𝑦𝑢 · ∇𝜑 = 𝑣 in Ω, 𝜑 = 0 on 𝜕Ω

for 𝑢 ∈𝑊 −1,𝑝 (Ω), 𝑝 > 2, 𝑣 ∈ 𝐻−1(Ω), and 𝑦𝑢 := 𝑆 (𝑢).
Theorem 2.3 ([20], Thm. 3.3 and cf. [18], Lem. 4.1). Assume that Assumptions (a1) to (a3) are satisfied. Let

𝑝, 𝑞 > 2 be arbitrary. Then, for any 𝑢 ∈𝑊 −1,𝑝 (Ω), 𝑣 ∈ 𝐻−1(Ω), there exists a unique 𝜑 ∈ 𝐻 1

0
(Ω) which

solves (2.5). Moreover, if𝑈 is a bounded subset in 𝐿𝑝 (Ω), then for any𝑢 ∈ 𝑈 and any 𝑣 ∈ 𝐿𝑞 (Ω), the solution
𝜑 to (2.5) is an element of 𝐻 2(Ω) ∩𝑊 1,∞(Ω) and there holds ∥𝜑 ∥𝐻 2 (Ω) + ∥𝜑 ∥𝑊 1,∞ (Ω) ≤ 𝐶𝑈 ∥𝑣 ∥𝐿𝑞 (Ω) .
Furthermore, if 𝑢 ∈ 𝐿𝑝 (Ω) and 𝑣 ∈ 𝐿𝑟 (Ω) with 𝑟 ∈ (2, 𝑝∗), then 𝜑 ∈ 𝑊 2,𝑟 (Ω), where 𝑝∗ is given as in

Theorem 2.2.

Remark 2.4. In spite of the𝑊 2,𝑝
-regularity of the state and adjoint state, the function 𝑧𝑣 := 𝑆 ′ (𝑢)𝑣 determined in

(2.4) belongs to𝑊 1,𝑝 (Ω) only. This fact is due to the nondifferentiability of the function 𝑎.

The optimal control problem (P) can be transferred in the following form

(P) min

𝑢∈U𝑎𝑑

𝑗 (𝑢) =
∫
Ω
𝐿(𝑥, 𝑆 (𝑢) (𝑥)) d𝑥 + 𝜈

2

∥𝑢∥2

𝐿2 (Ω) ,

where the admissible set is defined as

U𝑎𝑑 := {𝑢 ∈ 𝐿∞(Ω) | 𝛼 ≤ 𝑢 (𝑥) ≤ 𝛽 for a.e. 𝑥 ∈ Ω}.

Thanks to Assumptions (a1) to (a4), the cost functional 𝑗 : 𝐿2(Ω) → ℝ is first-order continuously

differentiable and satisfies

(2.6) 𝑗 ′(𝑢)𝑣 =
∫
Ω
(𝜑𝑢 + 𝜈𝑢)𝑣 d𝑥 for 𝑢, 𝑣 ∈ 𝐿2(Ω)

with 𝜑𝑢 ∈ 𝐻 1

0
(Ω) solving (2.5) corresponding to the right-hand side term 𝑣 substituted by

𝜕𝐿
𝜕𝑦

(·, 𝑆 (𝑢));
see [18], Thm. 4.2. We have the following first-order necessary optimality conditions from Theorem

4.3 in [18].

Theorem 2.5 ([18], Thm. 4.3). Let Assumptions (a1) to (a4) hold. Then (P) admits at least one local minimizer

𝑢. Furthermore, an adjoint state𝜑 ∈ 𝐻 1

0
(Ω) exists and fulfills the following first-order optimality conditions

− div[(𝑏 + 𝑎(𝑦))∇𝑦] = 𝑢 in Ω, 𝑦 = 0 on 𝜕Ω,(2.7a)

− div[(𝑏 + 𝑎(𝑦))∇𝜑] + 𝟙{𝑦≠𝑡 }𝑎
′(𝑦)∇𝑦 · ∇𝜑 =

𝜕𝐿

𝜕𝑦
(𝑥, 𝑦) in Ω, 𝜑 = 0 on 𝜕Ω,(2.7b) ∫

Ω
(𝜑 + 𝜈𝑢) (𝑢 − 𝑢) d𝑥 ≥ 0 for all 𝑢 ∈ U𝑎𝑑 ,(2.7c)

with 𝑦 := 𝑆 (𝑢). Moreover, 𝑦 ∈𝑊 2,𝑝 (Ω) and 𝜑 ∈𝑊 2,𝑟 (Ω) for any 𝑝, 𝑟 ∈ (2, 𝑝∗) and 𝑟 ≤ 𝑝 with 𝑝 and 𝑝∗,
respectively, defined in Assumption (a4) and Theorem 2.2. Consequently, 𝑦, 𝜑 ∈ 𝐶1(Ω) and 𝑢 ∈ 𝐶0,1(Ω).

Assume now that 𝜑 ∈ 𝐻 1

0
(Ω) fulfills (2.7). The critical cone of the problem (P) at 𝑢 is defined by

(2.8) C(U𝑎𝑑 ;𝑢) := {𝑣 ∈ 𝐿2(Ω) | 𝑣 ≥ 0 if 𝑢 = 𝛼, 𝑣 ≤ 0 if 𝑢 = 𝛽, 𝑣 = 0 if 𝜑 + 𝜈𝑢 ≠ 0 a.e. in Ω}.

In the rest of this subsection, we shall provide second-order sufficient optimality conditions for

(P). On that account, we need introduce the curvature functional of 𝑗 , which can be separated into

Clason, Nhu, Rösch Numerical analysis of a nonsmooth quasilinear elliptic . . .
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three contributions. For any (𝑢, 𝑦, 𝜑) ∈ 𝐿2(Ω) ×𝐻 1(Ω) ×𝑊 1,∞(Ω), the smooth part and the first-order

nonsmooth part of the curvature in direction (𝑣1, 𝑣2) ∈ 𝐿2(Ω)2
are defined by

𝑄𝑠 (𝑢, 𝑦, 𝜑 ; 𝑣1, 𝑣2) :=
1

2

∫
Ω

𝜕2𝐿

𝜕𝑦2
(·, 𝑦)𝑧𝑣1

𝑧𝑣2
d𝑥 + 𝜈

2

∫
Ω
𝑣1𝑣2 d𝑥 − 1

2

∫
Ω
𝟙{𝑦≠𝑡 }𝑎

′′(𝑦)𝑧𝑣1
𝑧𝑣2

∇𝑦 · ∇𝜑 d𝑥,

𝑄1(𝑢, 𝑦, 𝜑 ; 𝑣1, 𝑣2) := − 1

2

∫
Ω
[𝑎′(𝑦 ; 𝑧𝑣1

)∇𝑧𝑣2
+ 𝑎′(𝑦 ; 𝑧𝑣2

)∇𝑧𝑣1
] · ∇𝜑 d𝑥

with 𝑧𝑣𝑖 := 𝑆 ′(𝑢)𝑣𝑖 , 𝑖 = 1, 2. The critical part of the curvature is of course the second-order nonsmooth

part involving some additional notation. Let 𝛿 > 0 be arbitrary but fixed and set

(2.9)

{
Ω2

𝑦,𝑦 := {𝑦 ∈ (𝑡, 𝑡 + 𝛿), 𝑦 ∈ (𝑡 − 𝛿, 𝑡]},
Ω3

𝑦,𝑦
:= {𝑦 ∈ (𝑡 − 𝛿, 𝑡), 𝑦 ∈ [𝑡, 𝑡 + 𝛿)}

for given functions 𝑦, 𝑦 ∈ 𝐶 (Ω). For any 𝑠 ∈ ℝ, 𝑢, 𝑣 ∈ 𝐿2(Ω), 𝑦 ∈ 𝐶 (Ω) ∩ 𝐻 1(Ω), and 𝜑 ∈𝑊 1,∞(Ω),
we define

(2.10)


𝜁0(𝑢, 𝑦 ; 𝑠, 𝑣) := −{𝑎′}𝑡−0

𝑡+0
(𝑡 − 𝑆 (𝑢 + 𝑠𝑣))𝟙Ω3

𝑆 (𝑢+𝑠𝑣),𝑦
,

𝜁1(𝑢, 𝑦 ; 𝑠, 𝑣) := {𝑎′}𝑡−0

𝑡+0
(𝑡 − 𝑆 (𝑢 + 𝑠𝑣))𝟙Ω2

𝑆 (𝑢+𝑠𝑣),𝑦
,

𝜁 (𝑢, 𝑦 ; 𝑠, 𝑣) := 𝜁0(𝑢, 𝑦 ; 𝑠, 𝑣) + 𝜁1(𝑢, 𝑦 ; 𝑠, 𝑣) = {𝑎′}𝑡−0

𝑡+0
(𝑡 − 𝑆 (𝑢 + 𝑠𝑣))

[
𝟙Ω2

𝑆 (𝑢+𝑠𝑣),𝑦
− 𝟙Ω3

𝑆 (𝑢+𝑠𝑣),𝑦

]
.

Here {𝑎′}𝑡−0

𝑡+0
denotes the difference between the one-sided derivatives of 𝑎 at 𝑡 from left and right, i.e.,

{𝑎′}𝑡−0

𝑡+0
:= lim

𝑡→𝑡−
𝑎′(𝑡) − lim

𝑡→𝑡+
𝑎′(𝑡) = 𝑎′

0
(𝑡) − 𝑎′

1
(𝑡).

We then determine for any {𝑠𝑛} ∈ 𝑐+0 := {{𝑠𝑛} ⊂ (0,∞) | 𝑠𝑛 → 0} and 𝑣 ∈ 𝐿2(Ω) the term

(2.11)
˜𝑄 (𝑢, 𝑦, 𝜑 ; {𝑠𝑛}, 𝑣) := lim inf

𝑛→∞
1

𝑠2

𝑛

∫
Ω

1∑︁
𝑖=0

𝜁𝑖 (𝑢, 𝑦 ; 𝑠𝑛, 𝑣)∇𝑦 · ∇𝜑 d𝑥

= {𝑎′}𝑡−0

𝑡+0
lim inf

𝑛→∞
1

𝑠2

𝑛

∫
Ω
(𝑡 − 𝑆 (𝑢 + 𝑠𝑛𝑣))

[
𝟙Ω2

𝑆 (𝑢+𝑠𝑛𝑣),𝑦
− 𝟙Ω3

𝑆 (𝑢+𝑠𝑛𝑣),𝑦

]
∇𝑦 · ∇𝜑 d𝑥 .

The second-order nonsmooth part of the curvature in direction 𝑣 ∈ 𝐿2(Ω) is thus defined as

𝑄2(𝑢, 𝑦, 𝜑 ; 𝑣) := inf{𝑄̃ (𝑢, 𝑦, 𝜑 ; {𝑠𝑛}, 𝑣) | {𝑠𝑛} ∈ 𝑐+0 }.

We finally identify the total curvature in direction 𝑣 as

(2.12) 𝑄 (𝑢, 𝑦, 𝜑 ; 𝑣) := 𝑄𝑠 (𝑢, 𝑦, 𝜑 ; 𝑣, 𝑣) +𝑄1(𝑢, 𝑦, 𝜑 ; 𝑣, 𝑣) +𝑄2(𝑢, 𝑦, 𝜑 ; 𝑣) .

Remark 2.6. The definitions of the sets Ω2

𝑦,𝑦
and Ω3

𝑦,𝑦
in (2.9) are derived from the ones for Ω1,2

𝑦,𝑦
and Ω0,3

𝑦,𝑦
,

respectively, in Lemma 3.3 in [18] for the situation in which 𝐾 := 1, 𝑡0 := −∞, 𝑡1 := 𝑡 , and 𝑡2 := ∞. Analogously,

the definitions of 𝑄𝑠 , 𝑄1, and 𝑄2 in this section can be obtained from those in § 5.1 in [18].

Thanks to Proposition 5.6 and Lemma 5.7 in [18], we have the weak lower semicontinuity of 𝑄2 in

the last variable and there holds

|𝑄2(𝑢, 𝑆 (𝑢), 𝜑 ; 𝑣) | ≤ Σ(𝑆 (𝑢))∥∇𝜑 ∥𝐿∞ (Ω) ∥𝑆 ′(𝑢)𝑣 ∥2

𝐿∞ (Ω) for all 𝑢, 𝑣 ∈ 𝐿2(Ω) and 𝜑 ∈𝑊 1,∞(Ω) .
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Here Σ : 𝐶 (Ω) ∩𝑊 1,1(Ω) → ℝ ∪ {∞} is the jump functional and defined by

(2.13) Σ(𝑦) := 𝜎0 lim sup

𝑟→0
+

1

𝑟

2∑︁
𝑚=1

∫
Ω
[𝟙{0< |𝑦−𝑡 | ≤𝑟 } |𝜕𝑥𝑚𝑦 |] d𝑥, 𝑦 ∈𝑊 1,1(Ω) ∩𝐶 (Ω)

with

(2.14) 𝜎0 := |{𝑎′}𝑡−0

𝑡+0
| = |𝑎′

0
(𝑡) − 𝑎′

1
(𝑡) |.

Moreover, if follows from Corollary 5.5 in [18] that, for any 𝑢 ∈ 𝐿2(Ω), {𝑠𝑛} ∈ 𝑐+0 and 𝑣𝑛 ⇀ 𝑣 in 𝐿2(Ω),
there holds

(2.15) lim inf

𝑛→∞
1

𝑠2

𝑛

∫
Ω

1∑︁
𝑖=0

𝜁𝑖 (𝑢, 𝑆 (𝑢); 𝑠𝑛, 𝑣𝑛)∇𝑆 (𝑢) · ∇𝜑 d𝑥 = 𝑄̃ (𝑢, 𝑆 (𝑢), 𝜑 ; {𝑠𝑛}, 𝑣) ≥ 𝑄2(𝑢, 𝑆 (𝑢), 𝜑 ; 𝑣),

provided that Σ(𝑆 (𝑢)) < ∞.

Theorem 2.7 (explicit second-order sufficient optimality conditions, [20], Thm. 3.23). Assume that

Assumptions (a1) to (a4) are fulfilled. Let 𝑢 be an admissible control of (P) such that {𝑦 = 𝑡} decomposes

into finitely many connected components and that on each such connected component C, either

(2.16) ∇𝑦 (𝑥) ≠ 0 for all 𝑥 ∈ C

or

(2.17)

{
∇𝑦 = 0 on C,
measℝ2 ({0 < |𝑦 − 𝑡 | < 𝑟 } ∩ C𝜀0) ≤ 𝑐𝑠𝑟, for all 𝑟 ∈ (0, 𝑟0), for some constants 𝜀0, 𝑟0 > 0

holds with 𝑦 := 𝑆 (𝑢) and
C𝜀0

:= {𝑥 ∈ Ω | dist(𝑥, C) < 𝜀0}.

Assume further that there exists a 𝜑 ∈ 𝑊 1,𝑝

0
(Ω) ∩𝑊 1,∞(Ω), with 𝑝 defined in Assumption (a4), that

together with 𝑢, 𝑦 fulfills (2.7) and

(2.18) 𝑄 (𝑢, 𝑦, 𝜑 ; 𝑣) = 1

2

∫
Ω

𝜕2𝐿

𝜕𝑦2
(·, 𝑦)𝑧2

𝑣 d𝑥 + 𝜈
2

∫
Ω
𝑣2

d𝑥 − 1

2

∫
Ω
𝟙{𝑦≠𝑡 }𝑎

′′(𝑦)𝑧2

𝑣∇𝑦 · ∇𝜑 d𝑥

−
∫
Ω
𝑎′(𝑦 ; 𝑧𝑣)∇𝑧𝑣 · ∇𝜑 d𝑥

+ 1

2

[𝑎′
0
(𝑡) − 𝑎′

1
(𝑡)]

∫
{𝑦=𝑡 }

𝟙{ |∇𝑦 |>0}𝑧
2

𝑣

∇𝑦 · ∇𝜑
|∇𝑦 | dH 1(𝑥)

> 0 for all 𝑣 ∈ C(U𝑎𝑑 ;𝑢) \ {0}

with 𝑧𝑣 := 𝑆 ′(𝑢)𝑣 . Then constants 𝑐0, 𝜌0 > 0 exist and fulfill

𝑗 (𝑢) + 𝑐0∥𝑢 − 𝑢∥2

𝐿2 (Ω) ≤ 𝑗 (𝑢) for all 𝑢 ∈ U𝑎𝑑 ∩ 𝐵𝐿2 (Ω) (𝑢, 𝜌0).

The following will be used later to show the error estimates for the approximation of (P).

Proposition 2.8 ([20], Thm. 3.19 ). Let 𝑢 ∈ 𝐿2(Ω) be arbitrary and let 𝑦 := 𝑆 (𝑢). Assume that {𝑦 = 𝑡}
decomposes into finitely many connected components and that on each such connected component C,
either (2.16) or (2.17) is fulfilled. Let 𝑣 ∈ 𝐿2(Ω) and 𝜑 ∈ 𝐶1(Ω) ∩𝑊 2,1(Ω). Then, for any {𝑠𝑛} ∈ 𝑐+0 and
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{𝑣𝑛} ⊂ 𝐿2(Ω) such that 𝑣𝑛 ⇀ 𝑣 in 𝐿2(Ω), 𝑦𝑛 := 𝑆 (𝑢 + 𝑠𝑛𝑣𝑛) → 𝑦 in 𝐶1(Ω), and (𝑦𝑛 − 𝑦)/𝑠𝑛 → 𝑤 in

𝑊
1,𝑝

0
(Ω) for some 𝑝 > 2, there hold

(2.19)
˜𝑄 (𝑢, 𝑦, 𝜑 ; {𝑠𝑛}, 𝑣) =

1

2

[𝑎′
0
(𝑡) − 𝑎′

1
(𝑡)]

∫
{𝑦=𝑡 }

𝑤2
∇𝑦 · ∇𝜑
|∇𝑦 | dH 1(𝑥)

and

(2.20) lim

𝑛→∞
1

𝑠2

𝑛

∫
Ω
(2𝑡 − 𝑦 − 𝑦𝑛) [𝟙Ω2

𝑦𝑛,𝑦̄
− 𝟙Ω3

𝑦𝑛,𝑦̄
]∇𝑦 · ∇𝜑 d𝑥 = 0.

Finally, the wellposedness of Σ, defined in (2.13), is guaranteed by either (2.16) or (2.17) as stated

below.

Proposition 2.9 ([20], Prop. 3.20). Let 𝑦 ∈ 𝐶1(Ω) be such that {𝑦 = 𝑡} decomposes into finitely many

connected components and that on each such connected component C, either (2.16) or (2.17) is fulfilled.
Then Σ(𝑦) < ∞.

3 analysis of the discrete state equation

In this section, we study the discrete version of the state equation (2.3) and show error estimates of

solutions to the discrete state equation (3.1), local uniqueness of these solutions, and local differentiability

of the solution operators of (3.1). To this end, we introduce a family of regular triangulations {Tℎ}ℎ>0 :

Ω =
⋃

𝑇 ∈Tℎ 𝑇 for all ℎ > 0. For each element 𝑇 ∈ Tℎ , we denote by 𝜚 (𝑇 ) and 𝛿 (𝑇 ) the diameter of 𝑇

and the diameter of the largest ball contained in 𝑇 , respectively. The mesh size of Tℎ will be denoted

by ℎ := max𝑇 ∈Tℎ 𝜚 (𝑇 ). This triangulation is assumed to be regular in the sense that there exist 𝜚, ¯𝛿 > 0

such that
𝜚 (𝑇 )
𝛿 (𝑇 ) ≤ ¯𝛿 and ℎ

𝜚 (𝑇 ) ≤ 𝜚 for all 𝑇 ∈ Tℎ and ℎ > 0; see, e.g. [17].

We will employ the standard continuous piecewise linear finite elements for the state 𝑦 and set

𝑉ℎ :=

{
𝑣ℎ ∈ 𝐶 (Ω) | 𝑣ℎ |𝑇 ∈ P1 for all 𝑇 ∈ Tℎ, 𝑣ℎ = 0 on 𝜕Ω

}
,

where P1 stands for the space of polynomials of degree equal at most 1. The discrete approximation of

the state equation (2.3) for 𝑦ℎ ∈ 𝑉ℎ is then

(3.1)

∫
Ω
(𝑏 + 𝑎(𝑦ℎ))∇𝑦ℎ · ∇𝑣ℎ d𝑥 =

∫
Ω
𝑢𝑣ℎ d𝑥 for all 𝑣ℎ ∈ 𝑉ℎ .

While the existence of solutions to (3.1) follows from Theorem 3.1 in [8], the uniqueness of solutions

is still an open problem. However, if 𝑎 : ℝ → 𝑅 is assumed to be bounded, then we have uniqueness

provided that ℎ is small enough; see Theorem 4.1 in [8]. Below, we provide some error estimates for

solutions to (3.1) that are sufficiently close to the solutions of (2.3).

In what follows, we fix 𝑢 ∈ 𝐿2(Ω) and set 𝑦 := 𝑆 (𝑢). From Theorem 2.2 and the continuous

embedding 𝐿2(Ω) ↩→𝑊 −1,𝑝 (Ω) for any 𝑝 > 1, we then have 𝑦 ∈𝑊 1,𝑝

0
(Ω) ∩ 𝐻 2(Ω).

Theorem 3.1 ([13], Thm. 3.1). Let 𝜌0 > 0 be arbitrary but fixed,𝑈 := 𝐵𝐿2 (Ω) (𝑢, 𝜌0), and let 𝑝 ≥ 2. Assume

that Assumptions (a1) to (a3) are fulfilled. Then there exists a constant ℎ0 > 0 such that for any 𝑢 ∈ 𝑈
and ℎ < ℎ0, there exists at least one solution 𝑦ℎ (𝑢) to (3.1) satisfying for 𝑦𝑢 := 𝑆 (𝑢)

∥𝑦𝑢 − 𝑦ℎ (𝑢)∥𝐿2 (Ω) + ℎ∥𝑦𝑢 − 𝑦ℎ (𝑢)∥𝐻 1

0
(Ω) + ℎ∥𝑦𝑢 − 𝑦ℎ (𝑢)∥𝐿∞ (Ω) ≤ 𝐶𝑈ℎ2,(3.2)

∥𝑦𝑢 − 𝑦ℎ (𝑢)∥𝑊 1,𝑝

0
(Ω) ≤ 𝐶𝑈 ,𝑝ℎ

2/𝑝 .(3.3)

Proof. The estimates for the norms in 𝐿2
, 𝐻 1

0
, and𝑊 1,𝑝

are shown in Theorem 3.1 in [13], while the

estimate for the 𝐿∞ norm can be obtained similar to estimate (3.11) in [13]. □

Clason, Nhu, Rösch Numerical analysis of a nonsmooth quasilinear elliptic . . .



Submitted manuscript, 2023-03-06 page 8 of 35

The following theorem guarantees the local uniqueness of solutions to (3.1). Its proof is similar to

that of Theorem 4.2 in [9] with slight modifications and is thus omitted here.

Theorem 3.2. Let 𝑝 > 2 be arbitrary and let ℎ0 be defined in Theorem 3.1. Under Assumptions (a1) to (a3),

there exist ℎ1 ∈ (0, ℎ0), 𝜌 > 0, and 𝜅𝜌 > 0 such that for any ℎ < ℎ1 and any 𝑢 ∈ 𝐵𝐿2 (Ω) (𝑢, 𝜌), (3.1) admits

a unique solution in 𝐵
𝑊

1,𝑝

0
(Ω) (𝑦, 𝜅𝜌 ) ∩𝑉ℎ .

From now on, let us fix 𝑝 ≥ 4 and let ℎ0, ℎ1, 𝜌 , and 𝜅𝜌 be the constants defined in Theorems 3.1

and 3.2 for 𝑝 = 𝑝 . In the rest of this section, we shall investigate the differentiability of the discrete

solution operator

(3.4) 𝑆ℎ : 𝐵𝐿2 (Ω) (𝑢, 𝜌) ∋ 𝑢 ↦→ 𝑦ℎ (𝑢) ∈ 𝐵𝑊 1,𝑝̃

0
(Ω) (𝑦, 𝜅𝜌 ) ∩𝑉ℎ,

where 𝑦ℎ (𝑢) is the unique solution to (3.1) in 𝐵
𝑊

1,𝑝̃

0
(Ω) (𝑦, 𝜅𝜌 ) from Theorem 3.2.

For any 𝑦, 𝑦 ∈ 𝐶 (Ω) ∩𝑊 1,1(Ω), we define functions 𝑇𝑦,𝑦 and 𝑍𝑦,𝑦 on Ω via

(3.5) 𝑇𝑦,𝑦 := 𝟙{𝑦≠𝑡 } [𝑎(𝑦) − 𝑎(𝑦) − 𝑎′(𝑦) (𝑦 − 𝑦)]

and

(3.6) 𝑍𝑦,𝑦 := 𝟙{𝑦≠𝑡 }𝑎
′(𝑦)∇𝑦 − 𝟙{𝑦≠𝑡 }𝑎

′(𝑦)∇𝑦.

In order to prove the differentiability of 𝑆ℎ , we need the following lemmas.

Lemma 3.3 ([18], Lem. 3.3). Let Assumption (a3) be fulfilled. Assume that 𝑦𝑛 → 𝑦 in𝑊
1,𝑝

0
(Ω) as 𝑛 → ∞

with 𝑝 > 2. Then

1

∥𝑦𝑛 − 𝑦 ∥𝑊 1,𝑝

0
(Ω)

∥𝑇𝑦𝑛,𝑦∇𝑦 ∥𝐿𝑝 (Ω) → 0 as 𝑛 → ∞.

Lemma 3.4. Let Assumption (a3) be fulfilled and let 𝑦, 𝑦 ∈ 𝐶 (Ω) ∩𝑊 1,1(Ω) and𝑀 > 0 be arbitrary such

that ∥𝑦 − 𝑦 ∥
𝐶 (Ω) < 𝛿 with 𝛿 defined in (2.9) and ∥𝑦 ∥

𝐶 (Ω) , ∥𝑦 ∥𝐶 (Ω) ≤ 𝑀 . Then

(3.7) 𝑍𝑦,𝑦 = 𝑍
(1)
𝑦,𝑦

+ 𝑍 (2)
𝑦,𝑦

+ 𝑍 (3)
𝑦,𝑦

+ 𝑍 (4)
𝑦,𝑦
,

for

𝑍
(1)
𝑦,𝑦

:= 𝟙{𝑦∈ (−∞,𝑡 ),𝑦∈ (−∞,𝑡 ) } [𝑎′0(𝑦)∇𝑦 − 𝑎′
0
(𝑦)∇𝑦] + 𝟙{𝑦∈ (𝑡,∞),𝑦∈ (𝑡,∞)} [𝑎′1(𝑦)∇𝑦 − 𝑎′

1
(𝑦)∇𝑦],

𝑍
(2)
𝑦,𝑦

:= 𝟙{𝑦=𝑡 }𝟙{𝑦≠𝑡 }𝑎
′(𝑦)∇𝑦, 𝑍

(3)
𝑦,𝑦

:= [𝑎′
0
(𝑡) − 𝑎′

1
(𝑡)] [𝟙Ω2

𝑦,𝑦̂
− 𝟙Ω3

𝑦,𝑦̂
]∇𝑦,

and

𝑍
(4)
𝑦,𝑦

:= 𝟙Ω2

𝑦,𝑦̂
[𝑎′

0
(𝑦)∇(𝑦 − 𝑦) + (𝑎′

0
(𝑦) − 𝑎′

0
(𝑡))∇𝑦 + (𝑎′

1
(𝑡) − 𝑎′

1
(𝑦))∇𝑦]

+ 𝟙Ω3

𝑦,𝑦̂
[𝑎′

1
(𝑦)∇(𝑦 − 𝑦) + (𝑎′

1
(𝑦) − 𝑎′

1
(𝑡))∇𝑦 + (𝑎′

0
(𝑡) − 𝑎′

0
(𝑦))∇𝑦],

with the sets Ω2

𝑦,𝑦
and Ω3

𝑦,𝑦
defined as in (2.9). Moreover, there exists a constant 𝐶𝑀 > 0 such that a.e. in

Ω,

(3.8)


|𝑍 (1)

𝑦,𝑦
| + |𝑍 (2)

𝑦,𝑦
| ≤ 𝐶𝑀 [|𝑦 − 𝑦 | |∇𝑦 | + |∇(𝑦 − 𝑦) |],

|𝑍 (4)
𝑦,𝑦

| ≤ 𝐶𝑀 [|𝑦 − 𝑦 | |∇𝑦 | + |∇(𝑦 − 𝑦) |] (𝟙Ω2

𝑦,𝑦̂
+ 𝟙Ω3

𝑦,𝑦̂
) .

Consequently, 𝑍𝑦,𝑦 → 0 in 𝐿𝑝 (Ω) as 𝑦 → 𝑦 in𝑊 1,𝑝 (Ω) ∩𝐶 (Ω) for any 𝑝 ≥ 1.
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Proof. Clearly, we deduce from the fact ∇𝑦 = 0 a.e. in {𝑦 = 𝑡} (see [15]) that

(3.9) 𝑍𝑦,𝑦 = 𝟙{𝑦∈ (−∞,𝑡 ) } [𝟙{𝑦≠𝑡 }𝑎
′(𝑦)∇𝑦 − 𝑎′

0
(𝑦)∇𝑦] + 𝟙{𝑦∈ (𝑡,∞)} [𝟙{𝑦≠𝑡 }𝑎

′(𝑦)∇𝑦 − 𝑎′
1
(𝑦)∇𝑦]

+ 𝟙{𝑦=𝑡 }𝟙{𝑦≠𝑡 }𝑎
′(𝑦)∇𝑦 = 𝑍 1

0
+ 𝑍 1

1
+ 𝑍 (2)

𝑦,𝑦

with

𝑍 1

0
:= 𝟙{𝑦∈ (−∞,𝑡 ) } [𝟙{𝑦≠𝑡 }𝑎

′(𝑦)∇𝑦 − 𝑎′
0
(𝑦)∇𝑦] and 𝑍 1

1
:= 𝟙{𝑦∈ (𝑡,∞)} [𝟙{𝑦≠𝑡 }𝑎

′(𝑦)∇𝑦 − 𝑎′
1
(𝑦)∇𝑦] .

Since ∥𝑦 − 𝑦 ∥
𝐶 (Ω) < 𝛿 and ∇𝑦 = 0 a.e. in {𝑦 = 𝑡}, we can write

𝑍 1

0
= 𝟙{𝑦∈ (−∞,𝑡 ),𝑦∈ (−∞,𝑡 ) } [𝑎′0(𝑦)∇𝑦 − 𝑎′

0
(𝑦)∇𝑦] + 𝟙{𝑦∈ (𝑡−𝛿,𝑡 ),𝑦∈[𝑡,𝑡+𝛿 ) } [𝑎′1(𝑦)∇𝑦 − 𝑎′

0
(𝑦)∇𝑦]

=: 𝑍
1,2
0

+ 𝑍 1,1
0
.

and

𝑍 1

1
= 𝟙{𝑦∈ (𝑡,𝑡+𝛿 ),𝑦∈ (𝑡−𝛿,𝑡 ] } [𝑎′0(𝑦)∇𝑦 − 𝑎′

1
(𝑦)∇𝑦] + 𝟙{𝑦∈ (𝑡,∞),𝑦∈ (𝑡,∞)} [𝑎′1(𝑦)∇𝑦 − 𝑎′

1
(𝑦)∇𝑦]

=: 𝑍
1,1
1

+ 𝑍 1,2
1
.

Thus, we have from the definition of 𝑍
(1)
𝑦,𝑦

that

(3.10)

𝑍
1,2
0

+ 𝑍 1,2
1

= 𝟙{𝑦∈ (−∞,𝑡 ),𝑦∈ (−∞,𝑡 ) } [𝑎′0(𝑦)∇𝑦 − 𝑎′
0
(𝑦)∇𝑦] + 𝟙{𝑦∈ (𝑡,∞),𝑦∈ (𝑡,∞)} [𝑎′1(𝑦)∇𝑦 − 𝑎′

1
(𝑦)∇𝑦]

= 𝑍
(1)
𝑦,𝑦
.

By using the definition of Ω3

𝑦,𝑦
in (2.9), we now write

𝑍
1,1
0

= 𝟙{𝑦∈ (𝑡−𝛿,𝑡 ),𝑦∈[𝑡,𝑡+𝛿 ) } [𝑎′1(𝑦)∇𝑦 − 𝑎′
0
(𝑦)∇𝑦] = 𝟙Ω3

𝑦,𝑦̂
[𝑎′

1
(𝑦)∇𝑦 − 𝑎′

0
(𝑦)∇𝑦]

= 𝟙Ω3

𝑦,𝑦̂
[𝑎′

1
(𝑡) − 𝑎′

0
(𝑡)]∇𝑦 + ˜𝑍

1,1
0

with

˜𝑍
1,1
0

:= 𝟙Ω3

𝑦,𝑦̂
[𝑎′

1
(𝑦)∇(𝑦 − 𝑦) + (𝑎′

1
(𝑦) − 𝑎′

1
(𝑡))∇𝑦 + (𝑎′

0
(𝑡) − 𝑎′

0
(𝑦))∇𝑦] .

Similarly, the definition of Ω2

𝑦,𝑦
in (2.9) implies that

𝑍
1,1
1

= 𝟙{𝑦∈ (𝑡,𝑡+𝛿 ),𝑦∈ (𝑡−𝛿,𝑡 ] } [𝑎′0(𝑦)∇𝑦 − 𝑎′
1
(𝑦)∇𝑦]

= 𝟙Ω2

𝑦,𝑦̂
[𝑎′

0
(𝑡) − 𝑎′

1
(𝑡)]∇𝑦 + 𝑍 1,1

1

with

˜𝑍
1,1
1

:= 𝟙Ω2

𝑦,𝑦̂
[𝑎′

0
(𝑦)∇(𝑦 − 𝑦) + (𝑎′

0
(𝑦) − 𝑎′

0
(𝑡))∇𝑦 + (𝑎′

1
(𝑡) − 𝑎′

1
(𝑦))∇𝑦] .

Obviously, we have

˜𝑍
1,1
0

+ ˜𝑍
1,1
1

= 𝑍
(4)
𝑦,𝑦

and there then holds

𝑍
(3)
𝑦,𝑦

+ 𝑍 (4)
𝑦,𝑦

= 𝑍
1,1
0

+ 𝑍 1,1
1
.

From this and (3.9)–(3.10), we derive (3.7). Moreover, (3.8) is derived by combining the definition of

𝑍
(𝑘 )
𝑦,𝑦

, Assumption (a3), the estimates

|𝑦 (𝑥) − 𝑡 |, |𝑦 (𝑥) − 𝑡 | ≤ |𝑦 (𝑥) − 𝑦 (𝑥) | for a.e. 𝑥 ∈ Ω2

𝑦,𝑦 ∪ Ω3

𝑦,𝑦

due to the definition of Ω2

𝑦,𝑦
and Ω3

𝑦,𝑦
, and the fact that ∇𝑦 = 0 a.e. in {𝑦 = 𝑡𝑖} (see; e.g. Remark 2.6 in

[15]). Finally, the claimed convergence follows from (3.7), (3.8), the fact that 𝟙Ω2

𝑦,𝑦̂
, 𝟙Ω3

𝑦,𝑦̂
→ 0 a.e. in Ω

as 𝑦 → 𝑦 in 𝐶 (Ω), and Lebesgue’s dominated convergence theorem. □

Clason, Nhu, Rösch Numerical analysis of a nonsmooth quasilinear elliptic . . .
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For any ℎ ∈ (0, ℎ1) and 𝑦ℎ ∈ 𝑉ℎ , we now define the operator 𝐷ℎ,𝑦ℎ : 𝑉ℎ → 𝑉 ∗
ℎ
via

(3.11) ⟨𝐷ℎ,𝑦ℎ𝑤ℎ, 𝑧ℎ⟩ :=

∫
Ω
[(𝑏 + 𝑎(𝑦ℎ))∇𝑤ℎ + 𝟙{𝑦ℎ≠𝑡 }𝑎

′(𝑦ℎ)∇𝑦ℎ𝑤ℎ] · ∇𝑧ℎ d𝑥, 𝑤ℎ, 𝑧ℎ ∈ 𝑉ℎ .

Lemma 3.5. Let all assumptions of Theorem 3.1 hold. Then for any ℎ ∈ (0, ℎ1) and any {𝑦𝑘
ℎ
} ⊂ 𝑉ℎ

converging to 𝑦ℎ ∈ 𝑉ℎ in 𝐻 1

0
(Ω) as 𝑘 → ∞, there holds ∥𝐷ℎ,𝑦𝑘

ℎ
− 𝐷ℎ,𝑦ℎ ∥𝕃 (𝑉ℎ,𝑉 ∗

ℎ
) → 0.

Proof. Let𝑤ℎ, 𝑣ℎ ∈ 𝑉ℎ be arbitrary such that ∥𝑤ℎ ∥𝐻 1

0
(Ω) , ∥𝑣ℎ ∥𝐻 1

0
(Ω) ≤ 1 and ℎ ∈ (0, ℎ1) be arbitrary but

fixed. Assume that {𝑦𝑘
ℎ
} ⊂ 𝑉ℎ converges to 𝑦ℎ ∈ 𝑉ℎ in 𝐻 1

0
(Ω) as 𝑘 → ∞. By virtue of the inverse

inequality [17], Thm. 3.2.6, we deduce that 𝑦𝑘
ℎ
→ 𝑦ℎ in𝑊

1,𝑝̃

0
(Ω) and hence in 𝐶 (Ω) as 𝑘 → ∞. We can

therefore assume that ∥𝑦𝑘
ℎ
− 𝑦ℎ ∥𝐶 (Ω) < 𝛿 for all 𝑘 ∈ ℕ large enough. On the other hand, we have

⟨(𝐷ℎ,𝑦𝑘
ℎ
− 𝐷ℎ,𝑦ℎ )𝑤ℎ, 𝑣ℎ⟩ =

∫
Ω
[(𝑎(𝑦𝑘

ℎ
) − 𝑎(𝑦ℎ))∇𝑤ℎ + 𝑍𝑦𝑘

ℎ
,𝑦ℎ
𝑤ℎ] · ∇𝑣ℎ d𝑥 .

Together with the Hölder inequality, this yields that

∥𝐷ℎ,𝑦𝑘
ℎ
− 𝐷ℎ,𝑦ℎ ∥𝕃 (𝑉ℎ,𝑉 ∗

ℎ
) ≤ ∥𝑎(𝑦𝑘𝑛 ) − 𝑎(𝑦ℎ)∥𝐿∞ (Ω) + ∥𝑍𝑦𝑘

ℎ
,𝑦ℎ

∥𝐿𝑝̃ (Ω) ∥𝑤ℎ ∥𝐿2𝑝̃/(𝑝̃−2) (Ω)

≤ ∥𝑎(𝑦𝑘
ℎ
) − 𝑎(𝑦ℎ)∥𝐿∞ (Ω) +𝐶 ∥𝑍𝑦𝑘

ℎ
,𝑦ℎ

∥𝐿𝑝̃ (Ω) ,

where we have employed the continuous embedding 𝐻 1

0
(Ω) ↩→ 𝐿2𝑝̃/(𝑝̃−2) (Ω) and the fact that

∥𝑤ℎ ∥𝐻 1

0
(Ω) ≤ 1 to obtain the last inequality. The first term on the right-hand side of the last esti-

mate tends to zero as 𝑘 → ∞ since 𝑦𝑘
ℎ
→ 𝑦ℎ in 𝐶 (Ω) as 𝑘 → ∞. Moreover, the second term tends to

zero as a result of Lemma 3.4. □

Lemma 3.6. Let all assumptions of Theorem 3.1 hold. Then there exists a constant ℎ2 ∈ (0, ℎ1) such that

for any ℎ ∈ (0, ℎ2) and any 𝑦ℎ ∈ 𝐵
𝑊

1,𝑝̃

0
(Ω) (𝑦, 𝜅𝜌 ) ∩𝑉ℎ , the operator 𝐷ℎ,𝑦ℎ : 𝑉ℎ → 𝑉 ∗

ℎ
is an isomorphism.

Proof. Since 𝑉ℎ is finite-dimensional and 𝐷ℎ,𝑦ℎ is linear, it suffices to prove that there exists an ℎ2 ∈
(0, ℎ1) such that for any ℎ ∈ (0, ℎ2) and 𝑦ℎ ∈ 𝐵

𝑊
1,𝑝̃

0
(Ω) (𝑦, 𝜅𝜌 ) ∩𝑉ℎ , the equation

(3.12) 𝐷ℎ,𝑦ℎ𝑤ℎ = 0

admits the unique solution𝑤ℎ = 0. We argue by contradiction. Assume for any 𝑘 ≥ 1 that there exist

ℎ𝑘 ∈ (0, ℎ1), 𝑦ℎ𝑘 ∈ 𝐵
𝑊

1,𝑝̃

0
(Ω) (𝑦, 𝜅𝜌 ) ∩𝑉ℎ𝑘 , and 𝑤ℎ𝑘 ∈ 𝑉ℎ\{0} such that ℎ𝑘 → 0

+
and 𝑤ℎ𝑘 solves (3.12)

for ℎ = ℎ𝑘 and 𝑦ℎ = 𝑦ℎ𝑘 . By setting 𝑤̂ℎ𝑘 :=
𝑤ℎ𝑘

∥𝑤ℎ𝑘
∥
𝐿2𝑝̃/(𝑝̃−2) (Ω)

, we deduce that

(3.13) ∥𝑤̂ℎ𝑘 ∥𝐿2𝑝̃/(𝑝̃−2) (Ω) = 1 and 𝐷ℎ𝑘 ,𝑦ℎ𝑘
𝑤̂ℎ𝑘 = 0.

Furthermore, as a result of the embedding𝑊
1,𝑝̃

0
(Ω) ⋐ 𝐶 (Ω), there hold that ∥𝑦ℎ𝑘 ∥𝐶 (Ω) ≤ 𝑀 for all

𝑘 ≥ 1 and some constant𝑀 > 0 independent of 𝑘 and that

(3.14) 𝑦ℎ𝑘 → 𝑦 in 𝐶 (Ω) for some 𝑦 ∈𝑊 1,𝑝̃

0
(Ω) .

Testing the second equation in (3.13) by 𝑤̂ℎ𝑘 , Hölder’s inequality thus gives

𝑏∥∇𝑤̂ℎ𝑘 ∥𝐿2 (Ω) ≤ ∥∇𝑦ℎ𝑘 ∥𝐿𝑝̃ (Ω) ∥𝟙{𝑦ℎ𝑘≠𝑡 }𝑎
′(𝑦ℎ𝑘 )∥𝐿∞ (Ω) ∥𝑤̂ℎ𝑘 ∥𝐿2𝑝̃/(𝑝̃−2) (Ω) ≤ 𝐶𝑀,𝜌

Clason, Nhu, Rösch Numerical analysis of a nonsmooth quasilinear elliptic . . .
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for some constant 𝐶𝑀,𝜌 > 0. From this and the compact embedding 𝐻 1

0
(Ω) ⋐ 𝐿2𝑝̃/(𝑝̃−2) (Ω), a subse-

quence argument shows that we can assume that

(3.15) 𝑤̂ℎ𝑘 ⇀ 𝑤̂ in 𝐻 1

0
(Ω) and 𝑤̂ℎ𝑘 → 𝑤̂ in 𝐿2𝑝̃/(𝑝̃−2) (Ω)

for some 𝑤̂ ∈ 𝐻 1

0
(Ω). Moreover, there exist an element 𝕓 ∈ 𝐿𝑝̃ (Ω)2

and a subsequence of {𝕓𝑘 } with
𝕓𝑘 := 𝟙{𝑦ℎ𝑘≠𝑡 }𝑎

′(𝑦ℎ𝑘 )∇𝑦ℎ𝑘 , denoted in the same way, such that 𝕓𝑘 ⇀ 𝕓 weakly in 𝐿𝑝̃ (Ω)2
. By fixing

any 𝑣 ∈ 𝐻 2(Ω) ∩ 𝐻 1

0
(Ω) and testing the last equation in (3.13) with 𝑣ℎ𝑘 := Πℎ𝑘𝑣 ∈ 𝑉ℎ𝑘 , where Πℎ𝑘 is

the interpolation operator, we have∫
Ω
[(𝑏 + 𝑎(𝑦ℎ𝑘 ))∇𝑤̂ℎ𝑘 + 𝑤̂ℎ𝑘𝕓𝑘 ] · ∇𝑣ℎ𝑘 d𝑥 = 0 for all 𝑘 ≥ 1.

Letting 𝑘 → ∞ and exploiting the limits (3.14), (3.15), 𝕓𝑘 ⇀ 𝕓 in 𝐿𝑝̃ (Ω)𝑁 , and 𝑣ℎ𝑘 → 𝑣 in 𝐻 1

0
(Ω), we

can conclude that

∫
Ω
[(𝑏 + 𝑎(𝑦))∇𝑤̂ + 𝑤̂𝕓] · ∇𝑣 d𝑥 = 0. From this, the density of 𝐻 2(Ω) ∩ 𝐻 1

0
(Ω) in

𝐻 1

0
(Ω), and Theorem 2.6 in [8], we conclude that 𝑤̂ = 0, contradicting the fact that ∥𝑤̂ ∥𝐿2𝑝̃/(𝑝̃−2) (Ω) =

lim

𝑘→∞
∥𝑤̂ℎ𝑘 ∥𝐿2𝑝̃/(𝑝̃−2) (Ω) = 1. □

As a consequence of Lemmas 3.5 and 3.6 and the implicit function theorem, we obtain the differen-

tiability of 𝑆ℎ .

Theorem 3.7. Let all assumptions of Theorem 3.1 hold. Then, for any ℎ ∈ (0, ℎ2), the operator 𝑆ℎ defined in

(3.4) is of class 𝐶1
. Moreover, for any 𝑢 ∈ 𝐵𝐿2 (Ω) (𝑢, 𝜌), let 𝑦ℎ (𝑢) := 𝑆ℎ (𝑢). Then for any 𝑣 ∈ 𝐿2(Ω), the

Fréchet derivative 𝑆 ′
ℎ
(𝑢)𝑣 =: 𝑧ℎ is the unique solution to

(3.16)

∫
Ω
[(𝑏 +𝑎(𝑦ℎ (𝑢)))∇𝑧ℎ +𝟙{𝑦ℎ (𝑢 )≠𝑡 }𝑎

′(𝑦ℎ (𝑢))𝑧ℎ∇𝑦ℎ (𝑢)] · ∇𝑤ℎ d𝑥 =

∫
Ω
𝑣𝑤ℎ d𝑥 for all𝑤ℎ ∈ 𝑉ℎ .

Proof. We first consider for any ℎ ∈ (0, ℎ2) the mapping 𝐹ℎ : 𝐵𝐿2 (Ω) (𝑢, 𝜌) ×𝑉ℎ → 𝑉 ∗
ℎ
defined via

(3.17) ⟨𝐹ℎ (𝑢, 𝑦ℎ), 𝑣ℎ⟩ =
∫
Ω
(𝑏 + 𝑎(𝑦ℎ))∇𝑦ℎ · ∇𝑣ℎ − 𝑢𝑣ℎ d𝑥, 𝑢 ∈ 𝐵𝐿2 (Ω) (𝑢, 𝜌), 𝑦ℎ, 𝑣ℎ ∈ 𝑉ℎ .

Clearly, 𝐹ℎ (𝑢, 𝑦ℎ (𝑢)) = 0 and 𝐹ℎ is continuously partially differentiable in 𝑢. We now prove that 𝐹ℎ is

partially differentiable in 𝑦ℎ with
𝜕𝐹ℎ
𝜕𝑦ℎ

(𝑢, 𝑦ℎ) = 𝐷ℎ,𝑦ℎ , where 𝐷ℎ,𝑦ℎ is defined in (3.11). We thus derive

the differentiability of 𝑆ℎ according to Lemmas 3.5 and 3.6 as well as a simple computation. To this end,

by taking any 𝑣ℎ ∈ 𝑉ℎ and {𝑤𝑘
ℎ
} ⊂ 𝑉ℎ with ∥𝑤𝑘

ℎ
∥𝐻 1

0
(Ω) → 0 as 𝑘 → ∞ and ∥𝑣ℎ ∥𝐻 1

0
(Ω) ≤ 1, we deduce

from a straightforward computation that

⟨𝐹ℎ (𝑢, 𝑦ℎ +𝑤𝑘
ℎ
) − 𝐹ℎ (𝑢, 𝑦ℎ) − 𝐷ℎ,𝑦ℎ𝑤

𝑘
ℎ
, 𝑣ℎ⟩ =

∫
Ω
[𝑇𝑦𝑘

ℎ
,𝑦ℎ

∇𝑦ℎ + (𝑎(𝑦𝑘
ℎ
) − 𝑎(𝑦ℎ))∇𝑤𝑘

ℎ
] · ∇𝑣ℎ d𝑥,

where 𝑦𝑘
ℎ

:= 𝑦ℎ +𝑤𝑘
ℎ
and 𝑇𝑦,𝑦 is defined in (3.5). This gives

∥𝐹ℎ (𝑢, 𝑦ℎ +𝑤𝑘
ℎ
) − 𝐹ℎ (𝑢, 𝑦ℎ) −𝐷ℎ,𝑦ℎ𝑤

𝑘
ℎ
∥𝕃 (𝑉ℎ,𝑉 ∗

ℎ
) ≤ ∥𝑇𝑦𝑘

ℎ
,𝑦ℎ

∇𝑦ℎ ∥𝐿2 (Ω) + ∥𝑎(𝑦𝑘
ℎ
) −𝑎(𝑦ℎ)∥𝐿∞ (Ω) ∥𝑤𝑘

ℎ
∥𝐻 1

0
(Ω) .

Moreover, in view of inverse estimates [17], Thm. 3.2.6, we have 𝑦𝑘
ℎ
→ 𝑦ℎ in𝑊

1,𝑝̃

0
(Ω) and hence in

𝐶 (Ω) as 𝑘 → ∞. Then Lemma 3.3 and the embedding𝑊
1,𝑝̃

0
(Ω) ↩→ 𝐻 1

0
(Ω) imply that

1

∥𝑤𝑘
ℎ
∥𝐻 1

0
(Ω)

∥𝐹ℎ (𝑢, 𝑦ℎ +𝑤𝑘
ℎ
) − 𝐹ℎ (𝑢, 𝑦ℎ) − 𝐷ℎ,𝑦ℎ𝑤

𝑘
ℎ
∥𝕃 (𝑉ℎ,𝑉 ∗

ℎ
) → 0,

which gives that
𝜕𝐹ℎ
𝜕𝑦ℎ

(𝑢, 𝑦ℎ) = 𝐷ℎ,𝑦ℎ . We have shown that 𝐹ℎ (𝑢, 𝑆ℎ (𝑢)) = 0 and
𝜕𝐹ℎ
𝜕𝑦ℎ

(𝑢, 𝑦ℎ) = 𝐷ℎ,𝑦ℎ . We

then deduce from the Implicit Function Theorem and Lemmas 3.5 and 3.6 that 𝑆ℎ is of class 𝐶1
. Finally,

(3.16) follows from (3.11) and (3.17). □

Clason, Nhu, Rösch Numerical analysis of a nonsmooth quasilinear elliptic . . .
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4 numerical analysis of the adjoint state equation

In this section, we will carry out the numerical analysis of the adjoint equation (2.5). For any ℎ ∈ (0, ℎ2),
𝑢 ∈ 𝐵𝐿2 (Ω) (𝑢, 𝜌), 𝑣 ∈ 𝐿2(Ω) and 𝑦ℎ := 𝑆ℎ (𝑢), we approximate (2.5) using the triangulation Tℎ by

(4.1)

∫
Ω
(𝑏 + 𝑎(𝑦ℎ))∇𝜑ℎ · ∇𝑤ℎ + 𝟙{𝑦ℎ≠𝑡 }𝑎

′(𝑦ℎ)𝑤ℎ∇𝑦ℎ · ∇𝜑ℎ d𝑥 =

∫
Ω
𝑣𝑤ℎ d𝑥 for all𝑤ℎ ∈ 𝑉ℎ .

From the bijectivity of 𝐷ℎ,𝑦ℎ shown in Lemma 3.6, we deduce the existence and uniqueness of

solutions to (4.1).

Theorem 4.1. Let all assumptions of Theorem 3.7 hold. Then for all ℎ ∈ (0, ℎ2), 𝑢 ∈ 𝐵𝐿2 (Ω) (𝑢, 𝜌), and
𝑣 ∈ 𝐿2(Ω), there exists a unique solution 𝜑ℎ ∈ 𝑉ℎ to (4.1).

In order to derive error estimates for the full approximation (4.1) of (2.5), we first consider the

continuous problem (2.5) with 𝑦ℎ (𝑢) in place of 𝑦𝑢 .

Lemma 4.2. Let all assumptions of Theorem 3.7 hold. Then for any ℎ ∈ (0, ℎ2), 𝑢 ∈ 𝐵𝐿2 (Ω) (𝑢, 𝜌), 𝑦ℎ :=

𝑆ℎ (𝑢), and 𝑣 ∈ 𝐿2(Ω), the equation

(4.2) − div[(𝑏 + 𝑎(𝑦ℎ))∇𝜑̃] + 𝟙{𝑦ℎ≠𝑡 }𝑎
′(𝑦ℎ)∇𝑦ℎ · ∇𝜑̃ = 𝑣 in Ω, 𝜑̃ = 0 on 𝜕Ω,

has a unique solution 𝜑̃ in 𝐻 2(Ω) ∩ 𝐻 1

0
(Ω). Moreover,

(4.3) ∥𝜑 − 𝜑̃ ∥𝐻 2 (Ω) ≤ 𝐶𝜌ℎ∥𝑣 ∥𝐿2 (Ω) and ∥𝜑 − 𝜑̃ ∥𝐿2 (Ω) ≤ 𝐶𝜌ℎ
2∥𝑣 ∥𝐿2 (Ω)

for some constant 𝐶𝜌 independent of 𝑢, 𝑣 , and ℎ, where 𝜑 is the unique solution to (2.5).

Proof. From Theorem 2.2, the continuous embedding𝑊
1,𝑝̃

0
(Ω) ↩→ 𝐶 (Ω), and (3.3) for 𝑝 := 𝑝 ≥ 4, there

holds

∥𝟙{𝑦ℎ≠𝑡 }𝑎
′(𝑦ℎ)∇𝑦ℎ ∥𝐿𝑝̃ (Ω) + ∥𝑏 + 𝑎(𝑦ℎ (𝑢))∥𝑊 1,𝑝̃ (Ω) ≤ 𝐶𝜌 for all ℎ ∈ (0, ℎ2), 𝑢 ∈ 𝐵𝐿2 (Ω) (𝑢, 𝜌) .

A standard argument then proves the existence of solutions 𝜑̃ to (4.2) in 𝐻 2(Ω) ∩ 𝐻 1

0
(Ω); see. e.g.

Theorem 2.6 in [8] and the proof of Lemma 4.1 in [18]. Moreover, we have

(4.4) ∥𝜑̃ ∥𝐻 2 (Ω) ≤ 𝐶𝜌 ∥𝑣 ∥𝐿2 (Ω) .

Setting𝜓 := 𝜑 − 𝜑̃ and subtracting the equations corresponding to 𝜑 and 𝜑̃ yields

(4.5) − div[(𝑏 + 𝑎(𝑦𝑢))∇𝜓 ] + 𝟙{𝑦𝑢≠𝑡 }𝑎
′(𝑦𝑢)∇𝑦𝑢 · ∇𝜓 = 𝑔𝑢,ℎ in Ω, 𝜓 = 0 on 𝜕Ω,

with

𝑔𝑢,ℎ := div[(𝑎(𝑦𝑢) − 𝑎(𝑦ℎ))∇𝜑̃] + 𝑍𝑦ℎ,𝑦𝑢 · ∇𝜑̃ .

By the chain rule [28], Thm. 7.8 and the fact that 𝑦𝑢, 𝑦ℎ ∈𝑊 1,𝑝̃

0
(Ω) and that 𝜑̃ ∈ 𝐻 2(Ω), we can write

(4.6) 𝑔𝑢,ℎ = (𝑎(𝑦𝑢) − 𝑎(𝑦ℎ))Δ𝜑̃ .

Similar to (4.4), there holds

∥𝜓 ∥𝐻 2 (Ω) ≤ 𝐶𝜌 ∥𝑔𝑢,ℎ ∥𝐿2 (Ω) ≤ 𝐶𝜌 ∥𝑎(𝑦𝑢) − 𝑎(𝑦ℎ)∥𝐿∞ (Ω) ∥Δ𝜑̃ ∥𝐿2 (Ω) .

Combing this with the Lipschitz continuity of𝑎 on bounded sets, the 𝐿∞-estimate in (3.2), and (4.4) yields

the first estimate in (4.3). To show the second estimate, set 𝑧𝑢,𝜓 := 𝑆 ′(𝑢)𝜓 and note that𝜓 = 𝑆 ′(𝑢)∗𝑔𝑢,ℎ .
We then deduce from (4.6) that

(4.7) ∥𝜓 ∥2

𝐿2 (Ω) =

∫
Ω
𝑔𝑢,ℎ𝑧𝑢,𝜓 d𝑥 ≤ 𝐶𝜌 ∥𝑧𝑢,𝜓 ∥𝐿∞ (Ω) ∥Δ𝜑̃ ∥𝐿2 (Ω) ∥𝑦𝑢 − 𝑦ℎ ∥𝐿2 (Ω) .
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By Theorem 2.2 and the compact embedding 𝐿2(Ω) ⋐𝑊 −1,𝑝̃ (Ω),

(4.8) sup{∥𝑆 ′(𝑢)∥
𝕃 (𝑊 −1,𝑝̃ (Ω),𝑊 1,𝑝̃

0
(Ω) ) | 𝑢 ∈ 𝐵𝐿2 (Ω) (𝑢, 𝜌)} ≤ 𝐶𝜌 .

The continuous embeddings𝑊
1,𝑝̃

0
(Ω) ↩→ 𝐿∞(Ω) and 𝐿2(Ω) ↩→𝑊 −1,𝑝̃ (Ω) therefore yield

∥𝑧𝑢,𝜓 ∥𝐿∞ (Ω) ≤ 𝐶 ∥𝑧𝑢,𝜓 ∥𝑊 1,𝑝̃

0
(Ω) ≤ 𝐶𝜌 ∥𝜓 ∥𝑊 −1,𝑝̃ (Ω) ≤ 𝐶𝜌 ∥𝜓 ∥𝐿2 (Ω) .

The inequality (4.7) thus yields

∥𝜓 ∥𝐿2 (Ω) ≤ 𝐶𝜌 ∥Δ𝜑̃ ∥𝐿2 (Ω) ∥𝑦𝑢 − 𝑦ℎ ∥𝐿2 (Ω) .

This, (3.2) and (4.4) yield the last estimate in (4.3). □

Below, we shall estimate the term 𝑍𝑦ℎ,𝑦 defined in (3.6). We first observe from the 𝐿∞-error estimate

in (3.2) that

(4.9) ∥𝑆 (𝑢) − 𝑆ℎ (𝑢)∥𝐿∞ (Ω) ≤ 𝐶∞ℎ for all 𝑢 ∈ 𝐵𝐿2 (Ω) (𝑢, 𝜌) ∩ U𝑎𝑑 , ℎ ∈ (0, ℎ2)

for some positive constant 𝐶∞. For any 𝑦 ∈𝑊 1,1(Ω) ∩𝐶 (Ω) and 𝑟 > 0, let

(4.10) 𝑉 (𝑦, 𝑟 ) := 𝜎0

2∑︁
𝑚=1

𝟙{0< |𝑦−𝑡 | ≤𝑟 } |𝜕𝑥𝑚𝑦 | and Σ𝑟 (𝑦) :=
1

𝑟
𝑉 (𝑦, 𝑟 ) .

with 𝜎0 determined as in (2.14).

Proposition 4.3. Let 𝑟 > 0, 𝑦 ∈𝑊 1,1(Ω)∩𝐶 (Ω), and 𝑦 ∈𝑊 1,∞(Ω) be arbitrary and let𝜅 := 𝑟+∥𝑦−𝑦 ∥
𝐶 (Ω) .

Then

(i) 𝑉 (𝑦, 𝑟 ) ≤ 𝑉 (𝑦, 𝜅) + 𝜎0

∑
2

𝑚=1
|𝜕𝑥𝑚𝑦 − 𝜕𝑥𝑚𝑦 | for a.e. in Ω;

(ii) ∥𝑉 (𝑦, 𝑟 )∥2

𝐿2 (Ω) ≤ 2𝑟𝜎0∥∇𝑦 ∥𝐿∞ (Ω) ∥Σ𝑟 (𝑦)∥𝐿1 (Ω) .

Proof. The proof of the second claim is straightforward. It remains to prove the first assertion. To this

end, we now observe that {0 < |𝑦 − 𝑡 | ≤ 𝑟 } ⊂ {|𝑦 − 𝑡 | ≤ 𝜅} and |𝜕𝑥𝑚𝑦 | ≤ |𝜕𝑥𝑚𝑦 | + |𝜕𝑥𝑚𝑦 − 𝜕𝑥𝑚𝑦 |.
There thus holds

𝑉 (𝑦, 𝑟 ) ≤
2∑︁

𝑚=1

𝜎0𝟙{ |𝑦−𝑡 | ≤𝜅 } [|𝜕𝑥𝑚𝑦 | + |𝜕𝑥𝑚𝑦 − 𝜕𝑥𝑚𝑦 |]

=

2∑︁
𝑚=1

𝜎0𝟙{ |𝑦−𝑡 | ≤𝜅 } |𝜕𝑥𝑚𝑦 | +
2∑︁

𝑚=1

𝜎0𝟙{ |𝑦−𝑡 | ≤𝜅 } |𝜕𝑥𝑚𝑦 − 𝜕𝑥𝑚𝑦 |

= 𝑉 (𝑦, 𝜅) + 𝜎0

2∑︁
𝑚=1

𝟙{ |𝑦−𝑡 | ≤𝜅 } |𝜕𝑥𝑚𝑦 − 𝜕𝑥𝑚𝑦 |,

where we have employed the fact that ∇𝑦 vanishes a.e. in {𝑦 = 𝑡} in order to obtain the last identity.

This yields the first claim.

□

Lemma 4.4. There exist an ℎ3 ∈ (0, ℎ2] and a constant 𝐿𝜌 > 0 such that for all 𝑢 ∈ 𝐵𝐿2 (Ω) (𝑢, 𝜌) ∩ U𝑎𝑑

and ℎ ∈ (0, ℎ3),

(4.11) ∥𝑍𝑦ℎ,𝑦 ∥𝐿2 (Ω) ≤ 𝐿𝜌ℎ + ∥𝑉 (𝑦, ∥𝑦ℎ − 𝑦 ∥𝐿∞ (Ω) )∥𝐿2 (Ω)

with 𝑦 := 𝑆 (𝑢) and 𝑦ℎ := 𝑆ℎ (𝑢).
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Proof. By Theorem 2.2 (also, see, Theorems 3.1 and 3.5 in [18]), there exists a constant𝑀1,𝜌 such that

(4.12) ∥𝑆 (𝑢)∥𝑊 1,∞ (Ω) ≤ 𝑀1,𝜌 for all 𝑢 ∈ 𝐵𝐿2 (Ω) (𝑢, 𝜌) ∩ U𝑎𝑑 .

Setting ℎ3 := min{ℎ2, 𝛿2
−1𝐶−1

∞ } and exploiting (4.9) shows that ∥𝑦 − 𝑦ℎ ∥𝐶 (Ω) < 𝛿 for any 𝑢 ∈
𝐵𝐿2 (Ω) (𝑢, 𝜌) ∩ U𝑎𝑑 and ℎ ∈ (0, ℎ3). From the definition of 𝑍𝑦ℎ,𝑦 in (3.6) and Lemma 3.4, we arrive at

(4.13) 𝑍𝑦ℎ,𝑦 = 𝑍
(1)
𝑦ℎ,𝑦 + 𝑍 (2)

𝑦ℎ,𝑦 + 𝑍 (3)
𝑦ℎ,𝑦 + 𝑍 (4)

𝑦ℎ,𝑦 .

By (3.8), (4.12), and Theorem 3.1, we have

(4.14) ∥𝑍 (𝑘 )
𝑦ℎ,𝑦 ∥𝐿2 (Ω) ≤ 𝐿𝜌ℎ for 𝑘 = 1, 2, 4.

On the other hand, we have

(4.15)

{
Ω2

𝑦ℎ,𝑦
= {𝑦 ∈ (𝑡, 𝑡 + 𝛿), 𝑦ℎ ∈ (𝑡 − 𝛿, 𝑡]} ⊂ {0 < 𝑦 − 𝑡 ≤ ∥𝑦ℎ − 𝑦 ∥𝐿∞ (Ω) },

Ω3

𝑦ℎ,𝑦
= {𝑦 ∈ (𝑡 − 𝛿, 𝑡), 𝑦ℎ ∈ [𝑡, 𝑡 + 𝛿)} ⊂ {0 < 𝑡 − 𝑦 ≤ ∥𝑦ℎ − 𝑦 ∥𝐿∞ (Ω) },

which together with the definitions of 𝑍
(3)
𝑦ℎ,𝑦 in Lemma 3.4 and of 𝑉 in (4.10), and (2.14), show that

|𝑍 (3)
𝑦ℎ,𝑦 | ≤ 𝑉 (𝑦, ∥𝑦ℎ − 𝑦 ∥𝐿∞ (Ω) ) a.e. in Ω. Combining this with (4.13) and (4.14), we obtain (4.11). □

Theorem 4.5. If Σ(𝑦) < ∞, then there exist constants
¯ℎ := ¯ℎ(𝑢) ∈ (0, ℎ3), 𝜌 := 𝜌 (𝑢) ≤ 𝜌 , and 𝐶𝑢 > 0

such that

∥𝜑 − 𝜑ℎ ∥𝐿2 (Ω) ≤ 𝐶𝑢𝜀𝑢ℎ ∥𝑣 ∥𝐿2 (Ω) and ∥𝜑 − 𝜑ℎ ∥𝐻 1

0
(Ω) ≤ 𝐶𝑢ℎ∥𝑣 ∥𝐿2 (Ω)

for all ℎ ∈ (0, ¯ℎ), 𝑢 ∈ 𝐵𝐿2 (Ω) (𝑢, 𝜌) ∩ U𝑎𝑑 , and 𝑣 ∈ 𝐿2(Ω), where

(4.16) 𝜀𝑢
ℎ

:= ℎ1+𝑞 + ℎ∥𝑉 (𝑆 (𝑢), ∥𝑆ℎ (𝑢) − 𝑆 (𝑢)∥𝐿∞ (Ω) )∥𝐿2 (Ω)

with 𝑞 :=
𝑝̃−2

𝑝̃
for 𝑝 ≥ 4, and 𝜑 and 𝜑ℎ are the unique solutions to (2.5) and (4.1), respectively.

Proof. Let 𝜑̃ be the solution of (4.2). To simplify the notation, set 𝑦𝑢 := 𝑆 (𝑢) and 𝑦ℎ := 𝑆ℎ (𝑢) for any
ℎ ∈ (0, ℎ3) and 𝑢 ∈ 𝐵𝐿2 (Ω) (𝑢, 𝜌) ∩ U𝑎𝑑 . We divide the proof into three steps.

Step 1: Existence of a constant 𝐶1,ℎ3,𝜌 such that

(4.17) ∥𝜑̃ − 𝜑ℎ ∥𝐿2 (Ω) ≤ 𝐶1,ℎ3,𝜌 (ℎ𝑞 + ∥𝑉 (𝑦𝑢, ∥𝑦ℎ − 𝑦𝑢 ∥𝐿∞ (Ω) )∥𝐿2 (Ω) )∥𝜑̃ − 𝜑ℎ ∥𝐻 1

0
(Ω)

for all ℎ ∈ (0, ℎ3), 𝑢 ∈ 𝐵𝐿2 (Ω) (𝑢, 𝜌) ∩ U𝑎𝑑 , and 𝑣 ∈ 𝐿2(Ω).
To prove (4.17), first set 𝑧 := 𝑆 ′(𝑢) (𝜑̃ −𝜑ℎ). Then (4.8) and the embedding 𝐿2(Ω) ↩→𝑊 −1,𝑝̃ (Ω) imply

that

(4.18) ∥𝑧∥
𝑊

1,𝑝̃

0
(Ω) ≤ 𝐶𝜌 ∥𝜑̃ − 𝜑ℎ ∥𝐿2 (Ω) for all ℎ ∈ (0, ℎ3), 𝑢 ∈ 𝐵𝐿2 (Ω) (𝑢, 𝜌) ∩ U𝑎𝑑 , 𝑣 ∈ 𝐿2(Ω).

Consider for any𝑢 ∈ 𝐵𝐿2 (Ω) (𝑢, 𝜌)∩U𝑎𝑑 andℎ ∈ (0, ℎ3) the bilinear operators 𝐵𝑢 : 𝐻 1

0
(Ω)×𝐻 1

0
(Ω) → ℝ

and 𝐵𝑢,ℎ : 𝐻 1

0
(Ω) × 𝐻 1

0
(Ω) → ℝ defined via

𝐵𝑢 (𝑧,𝑤) :=

∫
Ω
[(𝑏 + 𝑎(𝑦𝑢))∇𝑧 + 𝟙{𝑦𝑢≠𝑡 }𝑎

′(𝑦𝑢)𝑧∇𝑦𝑢] · ∇𝑤 d𝑥,

𝐵𝑢,ℎ (𝑧,𝑤) :=

∫
Ω
[(𝑏 + 𝑎(𝑦ℎ))∇𝑧 + 𝟙{𝑦ℎ≠𝑡 }𝑎

′(𝑦ℎ)𝑧∇𝑦ℎ] · ∇𝑤 d𝑥 .
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From this, the definition of 𝑧, and (2.4), we obtain

∥𝜑̃ − 𝜑ℎ ∥2

𝐿2 (Ω) = 𝐵𝑢 (𝑧, 𝜑̃ − 𝜑ℎ) = 𝐵𝑢 (𝑧 − Πℎ𝑧, 𝜑̃ − 𝜑ℎ) + 𝐵𝑢 (Πℎ𝑧, 𝜑̃ − 𝜑ℎ)
= 𝐵𝑢 (𝑧 − Πℎ𝑧, 𝜑̃ − 𝜑ℎ) + [𝐵𝑢 (Πℎ𝑧, 𝜑̃ − 𝜑ℎ) − 𝐵𝑢,ℎ (Πℎ𝑧, 𝜑̃ − 𝜑ℎ)],

where we have used the fact that 𝐵𝑢,ℎ (Πℎ𝑧, 𝜑̃ − 𝜑ℎ) = 0 which follows from combining (4.1) with (4.2).

From this and Hölder’s inequality, there holds

(4.19) ∥𝜑̃ − 𝜑ℎ ∥2

𝐿2 (Ω) ≤ ∥𝑏 + 𝑎(𝑦𝑢)∥𝐿∞ (Ω) ∥𝑧 − Πℎ𝑧∥𝐻 1

0
(Ω) ∥𝜑̃ − 𝜑ℎ ∥𝐻 1

0
(Ω)

+ ∥𝟙{𝑦𝑢≠𝑡 }𝑎
′(𝑦𝑢)∇𝑦𝑢 ∥𝐿∞ (Ω) ∥𝑧 − Πℎ𝑧∥𝐿2 (Ω) ∥𝜑̃ − 𝜑ℎ ∥𝐻 1

0
(Ω)

+ ∥𝑎(𝑦𝑢) − 𝑎(𝑦ℎ)∥𝐿4 (Ω) ∥Πℎ𝑧∥𝑊 1,4
0

(Ω) ∥𝜑̃ − 𝜑ℎ ∥𝐻 1

0
(Ω)

+ ∥𝑍𝑦ℎ,𝑦𝑢 ∥𝐿2 (Ω) ∥Πℎ𝑧∥𝐿∞ (Ω) ∥𝜑̃ − 𝜑ℎ ∥𝐻 1

0
(Ω) .

Moreover, we have from Assumption (a3), the continuous embedding 𝐻𝑁 /4(Ω) ↩→ 𝐿4(Ω) with 𝑁 = 2

(see, e.g. [29], Thm. 1.4.4.1), interpolation theory [6], Thm. 14.2.7, and (3.2) that

(4.20) ∥𝑎(𝑦𝑢) − 𝑎(𝑦ℎ)∥𝐿4 (Ω) ≤ 𝐶 ∥𝑦𝑢 − 𝑦ℎ ∥𝐿4 (Ω) ≤ 𝐶 ∥𝑦𝑢 − 𝑦ℎ ∥𝐻𝑁 /4 (Ω)

≤ 𝐶 ∥𝑦𝑢 − 𝑦ℎ ∥
1− 2

4

𝐿2 (Ω) ∥𝑦𝑢 − 𝑦ℎ ∥
2

4

𝐻 1

0
(Ω) ≤ 𝐶ℎ

3

2 .

We then deduce from this, (4.19), (4.12), the assumptions on 𝑏 and 𝑎, and (4.11) that

(4.21) ∥𝜑̃ − 𝜑ℎ ∥2

𝐿2 (Ω) ≤ 𝐶𝜌 ∥𝜑̃ − 𝜑ℎ ∥𝐻 1

0
(Ω)

[
∥𝑧 − Πℎ𝑧∥𝐻 1

0
(Ω) + ℎ

3

2 ∥Πℎ𝑧∥𝑊 1,4
0

(Ω)

+ (ℎ + ∥𝑉 (𝑦𝑢, ∥𝑦ℎ − 𝑦𝑢 ∥𝐿∞ (Ω) )∥𝐿2 (Ω) )∥Πℎ𝑧∥𝐿∞ (Ω)
]
.

Moreover, from standard interpolation error estimates [6, 17], we obtain

(4.22)


∥𝑧 − Πℎ𝑧∥𝐻 1

0
(Ω) ≤ 𝐶1ℎ

𝑝̃−2

𝑝̃ ∥𝑧∥
𝑊

1,𝑝̃

0
(Ω) , ∥𝑧 − Πℎ𝑧∥𝑊 1,4

0
(Ω) ≤ 𝐶1ℎ

𝑝̃−4

2𝑝̃ ∥𝑧∥
𝑊

1,𝑝̃

0
(Ω) ,

∥𝑧 − Πℎ𝑧∥𝐿∞ (Ω) ≤ 𝐶2ℎ
1− 2

𝑝̃ ∥𝑧∥
𝑊

1,𝑝̃

0
(Ω)

for some constants 𝐶1,𝐶2 independent of ℎ and 𝑧. This, the triangle inequality, and the embedding

𝑊
1,𝑝̃

0
(Ω) ↩→ 𝐿∞(Ω) ∩𝑊 1,4

0
(Ω) (due to 𝑝 ≥ 4) as well as (4.18) give

∥𝑧 − Πℎ𝑧∥𝐻 1

0
(Ω) ≤ 𝐶3ℎ

𝑞 ∥𝜑̃ − 𝜑ℎ ∥𝐿2 (Ω) , ∥Πℎ𝑧∥𝐿∞ (Ω) + ∥Πℎ𝑧∥𝑊 1,4
0

(Ω) ≤ 𝐶4∥𝜑̃ − 𝜑ℎ ∥𝐿2 (Ω) .

Inserting these estimates into (4.21) yields (4.17).

Step 2: Existence of a constant 𝐶2,ℎ3,𝜌 such that

(4.23) ∥𝜑̃ − 𝜑ℎ ∥𝐻 1

0
(Ω) ≤ 𝐶2,ℎ3,𝜌 (ℎ∥𝑣 ∥𝐿2 (Ω) + ∥𝜑̃ − 𝜑ℎ ∥𝐿2 (Ω) )

for all ℎ ∈ (0, ℎ3), 𝑢 ∈ 𝐵𝐿2 (Ω) (𝑢, 𝜌) ∩ U𝑎𝑑 , and 𝑣 ∈ 𝐿2(Ω).
To show this, we first consider for any 𝑢 ∈ 𝐵𝐿2 (Ω) (𝑢, 𝜌) ∩ U𝑎𝑑 and ℎ ∈ (0, ℎ3), the bilinear mapping

𝑆𝑢,ℎ : 𝐻 1

0
(Ω) × 𝐻 1

0
(Ω) → ℝ defined by

𝑆𝑢,ℎ (𝜔,𝜓 ) :=

∫
Ω
(𝑏 + 𝑎(𝑦ℎ))∇𝜔 · ∇𝜓 d𝑥 .

From Assumptions (a2) and (a3), we obtain

(4.24) 𝑏∥𝜑̃ − 𝜑ℎ ∥2

𝐻 1

0
(Ω) ≤ 𝑆𝑢,ℎ (𝜑̃ − 𝜑ℎ, 𝜑̃ − 𝜑ℎ) = 𝑆𝑢,ℎ (𝜑̃ − 𝜑ℎ, 𝜑̃ − Πℎ𝜑̃) + 𝑆𝑢,ℎ (𝜑̃ − 𝜑ℎ,Πℎ𝜑̃ − 𝜑ℎ) .
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Moreover, the Cauchy–Schwarz inequality, the uniform boundedness of {𝑦ℎ} on 𝐶 (Ω), and Assump-

tions (a2) and (a3) yield that

(4.25) 𝑆𝑢,ℎ (𝜑̃ − 𝜑ℎ, 𝜑̃ − Πℎ𝜑̃) ≤ 𝐶𝜌 ∥𝜑̃ − 𝜑ℎ ∥𝐻 1

0
(Ω) ∥𝜑̃ − Πℎ𝜑̃ ∥𝐻 1

0
(Ω)

≤ 𝐶𝜌ℎ∥𝜑̃ ∥𝐻 2 (Ω) ∥𝜑̃ − 𝜑ℎ ∥𝐻 1

0
(Ω) ≤ 𝐶𝜌ℎ∥𝑣 ∥𝐿2 (Ω) ∥𝜑̃ − 𝜑ℎ ∥𝐻 1

0
(Ω) ,

where we have exploited the interpolation error [17] and (4.4) in order to obtain the last two estimates.

Now using (4.1) and (4.2), we deduce from Hölder’s inequality that

𝑆𝑢,ℎ (𝜑̃ − 𝜑ℎ,Πℎ𝜑̃ − 𝜑ℎ) = −
∫
Ω
𝟙{𝑦ℎ≠𝑡 }𝑎

′(𝑦ℎ)∇𝑦ℎ · ∇(𝜑̃ − 𝜑ℎ) (Πℎ𝜑̃ − 𝜑ℎ) d𝑥

≤ ∥𝟙{𝑦ℎ≠𝑡 }𝑎
′(𝑦ℎ)∥𝐿∞ (Ω) ∥∇𝑦ℎ ∥𝐿4 (Ω) ∥𝜑̃ − 𝜑ℎ ∥𝐻 1

0
(Ω) ∥Πℎ𝜑̃ − 𝜑ℎ ∥𝐿4 (Ω) .

Combing this with the uniform boundedness in𝐶 (Ω) of {𝑦ℎ} and the embedding𝑊
1,𝑝̃

0
(Ω) ↩→𝑊

1,4
0

(Ω),
we obtain that

𝑆𝑢,ℎ (𝜑̃ − 𝜑ℎ,Πℎ𝜑̃ − 𝜑ℎ) ≤ 𝐶𝜌 (∥𝑦 ∥𝑊 1,𝑝̃

0
(Ω) + 𝜅𝜌 )∥𝜑̃ − 𝜑ℎ ∥𝐻 1

0
(Ω) ∥Πℎ𝜑̃ − 𝜑ℎ ∥𝐿4 (Ω) .

The combination of a triangle inequality and Theorem 3.1.6 in [17] further implies that

∥Πℎ𝜑̃ − 𝜑ℎ ∥𝐿4 (Ω) ≤ ∥Πℎ𝜑̃ − 𝜑̃ ∥𝐿4 (Ω) + ∥𝜑̃ − 𝜑ℎ ∥𝐿4 (Ω) ≤ 𝐶ℎ2− 2

4 ∥𝜑̃ ∥𝐻 2 (Ω) + ∥𝜑̃ − 𝜑ℎ ∥𝐿4 (Ω)

≤ 𝐶ℎ∥𝑣 ∥𝐿2 (Ω) + ∥𝜑̃ − 𝜑ℎ ∥𝐿4 (Ω) ,

where we have used (4.4) to obtain the last inequality. Similar to (4.20), we find that

∥𝜑̃ − 𝜑ℎ ∥𝐿4 (Ω) ≤ 𝐶 ∥𝜑̃ − 𝜑ℎ ∥
1− 2

4

𝐿2 (Ω) ∥𝜑̃ − 𝜑ℎ ∥
2

4

𝐻 1

0
(Ω) .

We then have

𝑆𝑢,ℎ (𝜑̃ − 𝜑ℎ,Πℎ𝜑̃ − 𝜑ℎ) ≤ 𝐶𝜌 ∥𝜑̃ − 𝜑ℎ ∥𝐻 1

0
(Ω)

(
ℎ∥𝑣 ∥𝐿2 (Ω) + ∥𝜑̃ − 𝜑ℎ ∥

1

2

𝐿2 (Ω) ∥𝜑̃ − 𝜑ℎ ∥
1

2

𝐻 1

0
(Ω)

)
,

which, together with (4.24) and (4.25), yields

∥𝜑̃ − 𝜑ℎ ∥𝐻 1

0
(Ω) ≤ 𝐶𝜌

(
ℎ∥𝑣 ∥𝐿2 (Ω) + ∥𝜑̃ − 𝜑ℎ ∥

1

2

𝐿2 (Ω) ∥𝜑̃ − 𝜑ℎ ∥
1

2

𝐻 1

0
(Ω)

)
.

Applying the Cauchy–Schwarz inequality then gives (4.23).

Step 3: Existence of constants
¯ℎ ∈ (0, ℎ3) and 𝜌 ∈ (0, 𝜌].

To show this, we first obtain from the definition of Σ(𝑦) in (2.13) and of Σ𝑟 in (4.10) the existence of

a 𝑟∗ > 0 such that ∥Σ𝑟 (𝑦)∥𝐿1 (Ω) ≤ Σ(𝑦) + 1 for all 𝑟 ∈ (0, 𝑟∗). This together with (ii) in Proposition 4.3

yields

(4.26) ∥𝑉 (𝑦, 𝑟 )∥𝐿2 (Ω) ≤ 𝐶𝑦𝑟
1/2(Σ(𝑦) + 1)1/2

for all 𝑟 ∈ (0, 𝑟∗) .

Moreover, thanks to Theorem 2.2 and the embeddings 𝐿2(Ω) ↩→𝑊 −1,𝑝 (Ω) and𝑊 1,𝑝

0
(Ω) ↩→ 𝐶 (Ω) ∩

𝐻 1

0
(Ω) for some 𝑝 > 2, one has

∥𝑦𝑢 − 𝑦 ∥𝐿∞ (Ω) + ∥𝑦𝑢 − 𝑦 ∥𝐻 1

0
(Ω) ≤ 𝐶𝜌 ∥𝑢 − 𝑢∥𝐿2 (Ω)

for all 𝑢 ∈ 𝐵𝐿2 (Ω) (𝑢, 𝜌) ∩ U𝑎𝑑 and some constant 𝐶𝜌 . Now Proposition 4.3 (i), (4.9), and the monotonic

growth of 𝑉 (𝑦, ·) imply that

(4.27)

∥𝑉 (𝑦𝑢, ∥𝑦ℎ − 𝑦𝑢 ∥𝐿∞ (Ω) )∥𝐿2 (Ω) ≤ ∥𝑉 (𝑦, ∥𝑦ℎ − 𝑦𝑢 ∥𝐿∞ (Ω) + ∥𝑦𝑢 − 𝑦 ∥𝐿∞ (Ω) )∥𝐿2 (Ω) +𝐶𝑦,𝜌 ∥𝑦𝑢 − 𝑦 ∥𝐻 1

0
(Ω)

≤ ∥𝑉 (𝑦,𝐶∞ℎ +𝐶𝜌 ∥𝑢 − 𝑢∥𝐿2 (Ω) )∥𝐿2 (Ω) +𝐶𝑦,𝜌𝐶𝜌 ∥𝑢 − 𝑢∥𝐿2 (Ω)
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for some constant 𝐶𝑦,𝜌 and for all ℎ ∈ (0, ℎ3) and 𝑢 ∈ 𝐵𝐿2 (Ω) (𝑢, 𝜌) ∩ U𝑎𝑑 . Next, fix
¯ℎ ∈ (0, ℎ3) and

𝜌 ≤ 𝜌 such that

¯ℎ𝑞 +𝐶𝑦 [𝐶∞ ¯ℎ +𝐶𝜌𝜌]
1

2 (Σ(𝑦) + 1) 1

2 +𝐶𝑦,𝜌𝐶𝜌𝜌 ≤ 1

2𝐶1,ℎ3,𝜌𝐶2,ℎ3,𝜌

and 𝐶∞ ¯ℎ +𝐶𝜌𝜌 < 𝑟∗,

where 𝐶1,ℎ3,𝜌 and 𝐶2,ℎ3,𝜌 are defined in (4.17) and (4.23), respectively. From this, (4.26), and (4.27), we

conclude that

¯ℎ𝑞 + ∥𝑉 (𝑦𝑢, ∥𝑦ℎ − 𝑦𝑢 ∥𝐿∞ (Ω) )∥𝐿2 (Ω) ≤
1

2𝐶1,ℎ3,𝜌𝐶2,ℎ3,𝜌

for all ℎ ∈ (0, ¯ℎ), 𝑢 ∈ 𝐵𝐿2 (Ω) (𝑢, 𝜌) ∩ U𝑎𝑑 .

The combination of this with (4.17) and (4.23) yields ∥𝜑̃ − 𝜑ℎ ∥𝐻 1

0
(Ω) ≤ 2𝐶2,ℎ3,𝜌ℎ∥𝑣 ∥𝐿2 (Ω) , and together

with (4.17), we obtain ∥𝜑̃ −𝜑ℎ ∥𝐿2 (Ω) ≤ 𝐶𝜀𝑢ℎ ∥𝑣 ∥𝐿2 (Ω) . Combining the last two estimates with Lemma 4.2

and the triangle inequality, we arrive at the desired conclusion. □

Remark 4.6. The convergence rate in Theorem 4.5 is limited by the regularity of the solutions to (2.4), which can

only be guaranteed to belong to𝑊
1,𝑝̃

0
(Ω) due to the nondifferentiability of 𝑎; see Remark 2.4.

Let us briefly contrast this with the situation in the smooth case: For solutions to (2.4) in 𝐻 2 (Ω), the𝑊 1,𝑝̃

0
(Ω)

norm in the a priori estimate (4.18) could be replaced by the 𝐻 2 (Ω)-norm, and the first interpolation error

estimate in (4.22) could be replaced by

∥𝑧 − Πℎ𝑧∥𝐻 1

0
(Ω) ≤ 𝐶1ℎ∥𝑧∥𝐻 2 (Ω) .

As a result, the term 𝜀𝑢
ℎ
in (4.16) could be chosen as

𝜀𝑢
ℎ

:= ℎ2 + ℎ∥𝑉 (𝑆 (𝑢), ∥𝑆ℎ (𝑢) − 𝑆 (𝑢)∥𝐿∞ (Ω) )∥𝐿2 (Ω) .

Furthermore, if 𝑎 is of class 𝐶2
, then the term 𝜎0 in (2.14) vanishes and thus the function 𝑉 (·, ·) defined in (4.10)

is identical to zero. In this case, we obtain 𝜀𝑢
ℎ
= ℎ2

, which is the optimal choice for 𝜀𝑢
ℎ
when considering the

corresponding optimal control problem; see estimates (3.27) and (4.21) in [14] as well as Theorem 4.5 in [13].

Remark 4.7. Let us comment on the discrete counterpart of the linearized state equation (2.4). When the right-

hand side of (2.4) belongs to 𝐿2 (Ω), the solutions to (2.4) only belong to𝑊
1,𝑝̃

0
(Ω) instead of 𝐻 2 (Ω). Therefore, it

is possible to derive an error estimate in 𝐻 1

0
(Ω) for the discretized linearized state equation in the same manner

as for Theorem 4.5, i.e., that there exist constants ℎ∗ > 0 and 𝜌∗ > 0 such that

∥𝑧𝑣 − 𝑧ℎ ∥𝐻 1

0
(Ω) ≤ 𝐶𝑢 ∥𝑣 ∥𝐿2 (Ω)

(
ℎ

𝑝̃−2

𝑝̃ + ∥𝑉 (𝑆 (𝑢), ∥𝑆ℎ (𝑢) − 𝑆 (𝑢)∥𝐿∞ (Ω) )∥𝐿2 (Ω)

)
for all ℎ ∈ (0, ℎ∗), 𝑢 ∈ 𝐵𝐿2 (Ω) (𝑢, 𝜌∗) ∩ U𝑎𝑑 , and 𝑣 ∈ 𝐿2 (Ω), where 𝑧𝑣 and 𝑧ℎ stand for the solutions to (2.4) and

(3.16), respectively. On the other hand, error estimates in 𝐿2 (Ω) for 𝑧𝑣 − 𝑧ℎ of order 𝑂 (ℎ𝑞) for some 𝑞 >
𝑝̃−2

𝑝̃

cannot be obtained in this way, since the term 𝑍𝑦,𝑦 in (3.6) is in general not differentiable in the weak sense

even if 𝑦, 𝑦 ∈ 𝐻 2 (Ω).

5 discretization of the control problem

In this section, we discretize the control problem (P), show convergence of the discretizations, and

derive error estimates of the discrete optimal solutions. In the following, we will consider three different

discretizations of the control:

(i) variational discretization: Uℎ = 𝐿∞(Ω) (see, e.g., [30]);

(ii) piecewise constant discretization:

Uℎ = U0

ℎ
:=

{
𝑢 ∈ 𝐿∞(Ω) | 𝑢 |𝑇 ∈ ℝ for all 𝑇 ∈ Tℎ

}
;

Clason, Nhu, Rösch Numerical analysis of a nonsmooth quasilinear elliptic . . .



Submitted manuscript, 2023-03-06 page 18 of 35

(iii) continuous piecewise linear discretization:

Uℎ = U1

ℎ
:=

{
𝑢 ∈ 𝐿∞(Ω) | 𝑢 |𝑇 ∈ P1 for all 𝑇 ∈ Tℎ

}
.

Unless specified, any claim for Uℎ should be understood to hold for all three cases. For any ℎ > 0, we

now set U𝑎𝑑,ℎ := U𝑎𝑑 ∩Uℎ . If Uℎ = U0

ℎ
, then by Iℎ we denote the linear projection from 𝐿2(Ω) onto

U0

ℎ
. IfUℎ = U1

ℎ
, then Iℎ : 𝐿2(Ω) → U1

ℎ
denotes the Carstensen quasi-interpolation operator [7]. In

both situations, we have Iℎ𝑢 → 𝑢 strongly in 𝐿2(Ω) as ℎ → 0 for all 𝑢 ∈ 𝐿2(Ω) and Iℎ𝑢 ∈ U𝑎𝑑,ℎ for

all 𝑢 ∈ U𝑎𝑑 ; see, e.g. [23].

For any ℎ > 0, we define the discretized optimal control problem

(𝑃ℎ) min{𝐽 (𝑦ℎ, 𝑢ℎ) : 𝑢ℎ ∈ U𝑎𝑑,ℎ and 𝑦ℎ ∈ 𝑉ℎ satisfies (3.1) for 𝑢 := 𝑢ℎ}

with

𝐽 (𝑦,𝑢) :=

∫
Ω
𝐿(𝑥, 𝑦 (𝑥)) d𝑥 + 𝜈

2

∥𝑢∥2

𝐿2 (Ω) .

Note that the discrete operator 𝑆ℎ defined in (3.4) does not appear in (𝑃ℎ), since this operator is

well-defined only locally by Theorem 3.2.

5.1 convergence of discrete minimizers

We first have the convergence of minimizers of (𝑃ℎ).

Theorem 5.1 ( cf. Theorem 4.1 in [11]). Assume that 𝑎 satisfies the growth condition

(5.1) |𝑎(𝑡) | ≤ 𝐶0 +𝐶1 |𝑡 |𝑚 for all 𝑡 ∈ ℝ

for some positive constants 𝐶0,𝐶1 and𝑚 ≥ 1. Then there exists an
˜ℎ0 > 0 such that (𝑃ℎ) admits at least

one global minimizer (𝑦ℎ, 𝑢ℎ) for all 0 < ℎ < ˜ℎ0. Moreover, if {(𝑦ℎ, 𝑢ℎ)}
0<ℎ< ˜ℎ0

is a sequence of solutions

to (𝑃ℎ), then there exists a subsequence that converges strongly in 𝐻
1

0
(Ω) ×𝐿2(Ω) to some (𝑦,𝑢) as ℎ → 0,

where 𝑢 is a global solution to (P).

Proof. The existence of discrete solutions to (𝑃ℎ) is proven similarly to Claim 1 in the proof of Theorem

4.1 in [11]. Moreover, there exists a constant
˜ℎ0 > 0 such that (𝑃ℎ) admits at least one minimizer (𝑦ℎ, 𝑢ℎ)

for all 0 < ℎ < ˜ℎ0. The remainder of this proof is now divided into three steps as follows:

• Claim 1: Weak convergence of {(𝑦ℎ, 𝑢ℎ)} to (𝑦,𝑢) satisfying (2.3). Indeed, the boundedness of {𝑢ℎ}
in 𝐿∞(Ω) and thus in 𝐿2(Ω) is due to the 𝐿∞-boundedness ofU𝑎𝑑 . Since (𝑦ℎ, 𝑢ℎ) satisfies (3.1), there
holds

(5.2)

∫
Ω
(𝑏 + 𝑎(𝑦ℎ))∇𝑦ℎ · ∇𝑣ℎ d𝑥 =

∫
Ω
𝑢ℎ𝑣ℎ d𝑥 for all 𝑣ℎ ∈ 𝑉ℎ .

In particular, one has ∫
Ω
(𝑏 + 𝑎(𝑦ℎ))∇𝑦ℎ · ∇𝑦ℎ d𝑥 =

∫
Ω
𝑦ℎ𝑢ℎ d𝑥 .

Combining this with Assumption (a3) and Assumption (a2), we deduce from the Cauchy–Schwarz

and Poincaré inequality the boundedness of {𝑦ℎ} in 𝐻 1

0
(Ω). From this and the compact embedding

𝐻 1

0
(Ω) ⋐ 𝐿𝑝 (Ω) for any 𝑝 ≥ 1, we can take a subsequence, denoted in the same way, of {(𝑦ℎ, 𝑢ℎ)}

0<ℎ< ˜ℎ0

that satisfies

(5.3) (𝑦ℎ, 𝑢ℎ) ⇀ (𝑦,𝑢) in 𝐻 1

0
(Ω) × 𝐿2(Ω), 𝑦ℎ (𝑥) → 𝑦 (𝑥) for a.e. 𝑥 ∈ Ω, and 𝑦ℎ → 𝑦 in 𝐿𝑝 (Ω)
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for some (𝑦,𝑢) ∈ 𝐻 1

0
(Ω) ×U𝑎𝑑 and for any 𝑝 ≥ 1, for instance, 𝑝 := 4𝑚 with constant𝑚 defined in (5.1).

Thanks to the growth condition (5.1), we conclude from the last limit and the generalized Lebesgue

Dominated Convergence Theorem that

(5.4) 𝑎(𝑦ℎ) → 𝑎(𝑦) strongly in 𝐿4(Ω) .

Now take any 𝑣 ∈ 𝐻 1

0
(Ω) ∩ 𝐻 2(Ω) and choose 𝑣ℎ := Πℎ𝑣 ∈ 𝑉ℎ . Then 𝑣ℎ → 𝑣 in𝑊 1,4(Ω) as ℎ → 0; see,

e.g. [17]. Letting ℎ → 0 in the equation (5.2) and exploiting the first limit in (5.3) as well as the limit in

(5.4) then yields ∫
Ω
(𝑏 + 𝑎(𝑦))∇𝑦 · ∇𝑣 d𝑥 =

∫
Ω
𝑢𝑣 d𝑥 for all 𝑣 ∈ 𝐻 1

0
(Ω) ∩ 𝐻 2(Ω),

which, together with the density of 𝐻 1

0
(Ω) ∩ 𝐻 2(Ω) in 𝐻 1

0
(Ω), implies that 𝑦 = 𝑆 (𝑢).

• Claim 2: Optimality of 𝑢. Let us show that 𝑢 is a global solution of (P). For that purpose, we first

observe from the inclusionU𝑎𝑑,ℎ ⊂ U𝑎𝑑 and from the first limit in (5.3) that 𝑢 ∈ U𝑎𝑑 . Take 𝑢 ∈ U𝑎𝑑

arbitrarily and choose 𝑢ℎ := 𝑢 if Uℎ = 𝐿∞(Ω) and 𝑢ℎ := Iℎ𝑢 if Uℎ = U𝑖
ℎ
with 𝑖 = 0, 1. One has

𝑢ℎ ∈ U𝑎𝑑,ℎ and 𝑢ℎ → 𝑢 strongly in 𝐿2(Ω) as ℎ → 0. In view of Theorem 3.1, for ℎ small enough there

exists at least one solution 𝑦ℎ (𝑢ℎ) of (3.1) such that 𝑦ℎ (𝑢ℎ) → 𝑦𝑢 := 𝑆 (𝑢) strongly in 𝐻 1

0
(Ω) ∩𝐶 (Ω).

From this and the optimality of (𝑦ℎ, 𝑢ℎ), we have

(5.5) lim inf

ℎ→0

𝐽 (𝑦ℎ, 𝑢ℎ) ≤ lim inf

ℎ→0

𝐽 (𝑦ℎ (𝑢ℎ), 𝑢ℎ) ≤ lim sup

ℎ→0

𝐽 (𝑦ℎ (𝑢ℎ), 𝑢ℎ) = 𝐽 (𝑦𝑢, 𝑢) = 𝑗 (𝑢) .

On the other hand, it follows from the limits in (5.3) and the weak lower semicontinuity of the 𝐿2
-norm

that

(5.6) lim inf

ℎ→0

𝐽 (𝑦ℎ, 𝑢ℎ) ≥ 𝐽 (𝑦,𝑢) = 𝑗 (𝑢),

which together with (5.5) gives 𝑗 (𝑢) ≤ 𝑗 (𝑢). Since 𝑢 ∈ U𝑎𝑑 was arbitrary, 𝑢 is a global optimal solution

to (P).

• Claim 3: Strong convergence in 𝐻 1

0
(Ω) × 𝐿2(Ω). In fact, by plugging 𝑢 := 𝑢 into (5.5) and (5.6) and

using the limits for 𝑦ℎ in (5.3), we can conclude that ∥𝑢ℎ ∥2

𝐿2 (Ω) → ∥𝑢∥2

𝐿2 (Ω) . Combining this with the

limit for 𝑢ℎ in (5.3) yields

(5.7) 𝑢ℎ → 𝑢 strongly in 𝐿2(Ω) .

It remains to prove the strong convergence of {𝑦ℎ} in 𝐻 1

0
(Ω). To this end, by the weak lower semi-

continuity of the functional 𝐻 1

0
(Ω) ∋ 𝑦 ↦→

∫
Ω
(𝑏 (𝑥) + 𝑎(𝑦 (𝑥)))∇𝑦 (𝑥) · ∇𝑦 (𝑥) d𝑥 ∈ ℝ ∪ {∞}; see, e.g.

Theorem 1.3 in [21], we deduce from the first limit in (5.3) that

(5.8)

∫
Ω
(𝑏 + 𝑎(𝑦))∇𝑦 · ∇𝑦 d𝑥 ≤ lim inf

ℎ→0

∫
Ω
(𝑏 + 𝑎(𝑦ℎ))∇𝑦ℎ · ∇𝑦ℎ d𝑥 .

Moreover, (5.2) and (5.7) imply that

lim inf

ℎ→0

∫
Ω
(𝑏 + 𝑎(𝑦ℎ))∇𝑦ℎ · ∇𝑦ℎ d𝑥 ≤ lim sup

ℎ→0

∫
Ω
(𝑏 + 𝑎(𝑦ℎ))∇𝑦ℎ · ∇𝑦ℎ d𝑥

= lim sup

ℎ→0

∫
Ω
𝑢ℎ𝑦ℎ d𝑥 =

∫
Ω
𝑦𝑢 d𝑥

=

∫
Ω
(𝑏 + 𝑎(𝑦))∇𝑦 · ∇𝑦 d𝑥 .
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Combining this with (5.8), one has

(5.9) lim

ℎ→0

∫
Ω
(𝑏 + 𝑎(𝑦ℎ))∇𝑦ℎ · ∇𝑦ℎ d𝑥 =

∫
Ω
(𝑏 + 𝑎(𝑦))∇𝑦 · ∇𝑦 d𝑥 .

Moreover, thanks to Assumption (a2) and by the nonnegativity of 𝑎, there hold 𝑏 (𝑥) − 𝑏

2
≥ 𝑏

2
> 0 and

𝑏

2
+ 𝑎(𝑦ℎ (𝑥)) ≥

𝑏

2
> 0 for all 𝑥 ∈ Ω. We then deduce from the limit in (5.7), the weak limit of {𝑦ℎ} in

𝐻 1

0
(Ω), and Theorem 1.3 in [21] that∫

Ω
(𝑏 (𝑥) −

𝑏

2

) |∇𝑦 |2 d𝑥 ≤ lim inf

ℎ→0

∫
Ω
(𝑏 (𝑥) −

𝑏

2

)∇𝑦ℎ · ∇𝑦ℎ d𝑥

≤ lim sup

ℎ→0

∫
Ω
(𝑏 (𝑥) −

𝑏

2

)∇𝑦ℎ · ∇𝑦ℎ d𝑥

= lim sup

ℎ→0

[∫
Ω
𝑢ℎ𝑦ℎ d𝑥 −

∫
Ω
(
𝑏

2

+ 𝑎(𝑦ℎ))∇𝑦ℎ · ∇𝑦ℎ d𝑥

]
=

∫
Ω
𝑢𝑦 d𝑥 − lim inf

ℎ→0

∫
Ω
(
𝑏

2

+ 𝑎(𝑦ℎ))∇𝑦ℎ · ∇𝑦ℎ d𝑥

≤
∫
Ω
𝑢𝑦 d𝑥 −

∫
Ω
(
𝑏

2

+ 𝑎(𝑦))∇𝑦 · ∇𝑦 d𝑥

=

∫
Ω
(𝑏 (𝑥) −

𝑏

2

) |∇𝑦 |2 d𝑥,

where we have employed the equations for 𝑦ℎ and 𝑦 to derive the first and the last identities. We

therefore have

lim

ℎ→0

∫
Ω
(𝑏 (𝑥) −

𝑏

2

)∇𝑦ℎ · ∇𝑦ℎ d𝑥 =

∫
Ω
(𝑏 (𝑥) −

𝑏

2

) |∇𝑦 |2 d𝑥,

which, along with the weak limit, yields, the strong convergence of {𝑦ℎ} in 𝐻 1

0
(Ω). □

Next, we prove a kind of converse theorem. More precisely, we assume that 𝑢 ∈ U𝑎𝑑 is a strict local

minimum of (P) with associated state 𝑦 , i.e. there exists a constant 𝜀 > 0 such that

𝑗 (𝑢) < 𝑗 (𝑢) for all 𝑢 ∈ 𝐵𝐿2 (Ω) (𝑢, 𝜀) ∩ U𝑎𝑑 with 𝑢 ≠ 𝑢.

We can obviously assume that 𝜀 < 𝜌 . Here 𝜌 is defined in Theorem 3.2. We therefore can put the

discrete operator 𝑆ℎ into (𝑃ℎ). Then, for any ℎ ∈ (0, ℎ2), we consider the discretized optimal control

problem defined via

(𝑃𝜀
ℎ
) min

𝑢ℎ∈U𝑎𝑑,ℎ∩𝐵𝐿2 (Ω) (𝑢,𝜀 )
𝑗ℎ (𝑢ℎ)

and the discretized cost functional given by

𝑗ℎ : 𝐵𝐿2 (Ω) (𝑢, 𝜌) → ℝ, 𝑗ℎ (𝑢) :=

∫
Ω
𝐿(𝑥, (𝑆ℎ (𝑢)) (𝑥)) d𝑥 + 𝜈

2

∥𝑢∥2

𝐿2 (Ω) .

Using Theorem 3.7 and Assumption (a4), we can show differentiability of 𝑗ℎ . The proof of the following

result is straightforward and therefore omitted.

Theorem 5.2. For any ℎ ∈ (0, ℎ2), the discrete cost functional 𝑗ℎ : 𝐵𝐿2 (Ω) (𝑢, 𝜌) → ℝ is of class 𝐶1
, and its

derivative at 𝑢 ∈ 𝐵𝐿2 (Ω) (𝑢, 𝜌) is given by

𝑗 ′
ℎ
(𝑢)𝑤 =

∫
Ω
(𝜑ℎ (𝑢) + 𝜈𝑢)𝑤 d𝑥 for all𝑤 ∈ 𝐿2(Ω),

where 𝜑ℎ (𝑢) ∈ 𝑉ℎ is the unique solution to (4.1) with 𝑣 = 𝜕𝐿
𝜕𝑦

(·, 𝑆ℎ (𝑢)).
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Since Iℎ𝑢 → 𝑢 strongly in 𝐿2(Ω) as ℎ → 0, there exists a constant
˜ℎ = ˜ℎ(𝜀) > 0 such that the

admissible set of (𝑃𝜀
ℎ
) is nonempty for all 0 < ℎ < ˜ℎ. We now provide a result on the existence of

global minimizers and the associated optimality conditions of (𝑃𝜀
ℎ
). Its proof is elementary and is thus

omitted.

Theorem 5.3. There exists a constant ℎ∗ ∈ (0, ℎ2) such that for any ℎ ∈ (0, ℎ∗), (𝑃𝜀ℎ) admits at least one

global minimizer 𝑢ℎ ∈ U𝑎𝑑,ℎ ∩ 𝐵𝐿2 (Ω) (𝑢, 𝜀). Moreover, there exists a function 𝜑ℎ ∈ 𝑉ℎ that together with

𝑢ℎ and 𝑦ℎ := 𝑆ℎ (𝑢ℎ) satisfies∫
Ω
(𝑏 + 𝑎(𝑦ℎ))∇𝜑ℎ · ∇𝑤ℎ + 𝟙{𝑦ℎ≠𝑡 }𝑎

′(𝑦ℎ)𝑤ℎ∇𝑦ℎ · ∇𝜑ℎ d𝑥 =

∫
Ω

𝜕𝐿

𝜕𝑦
(𝑥, 𝑦ℎ)𝑤ℎ d𝑥,(5.10a) ∫

Ω
(𝜑ℎ + 𝜈𝑢ℎ) (𝑢ℎ − 𝑢ℎ) d𝑥 ≥ 0 for all𝑤ℎ ∈ 𝑉ℎ, 𝑢ℎ ∈ U𝑎𝑑,ℎ ∩ 𝐵𝐿2 (Ω) (𝑢, 𝜀).(5.10b)

We now state a convergence result in 𝐿2(Ω), whose proof is similar to that of Theorem 4.2 in [22]

and is thus omitted here.

Theorem 5.4. Let {𝑢ℎ} be the sequence of discrete solutions to (𝑃𝜀ℎ), defined in Theorem 5.3. Then ∥𝑢ℎ −
𝑢∥𝐿2 (Ω) → 0 as ℎ → 0

+
.

Remark 5.5. By Theorem 5.4, it holds that ∥𝑢ℎ − 𝑢∥𝐿2 (Ω) ≤ 𝜀
2
for all ℎ ∈ (0, ˜ℎ) and for some

˜ℎ > 0. Now for any

ℎ ∈ (0, ˜ℎ) and 𝑢ℎ ∈ U𝑎𝑑,ℎ , we have that𝑤ℎ := 𝑡 (𝑢ℎ − 𝑢ℎ) + 𝑢ℎ ∈ 𝐵𝐿2 (Ω) (𝑢ℎ, 𝜀2 ) for 𝑡 > 0 small enough and hence

that𝑤ℎ ∈ U𝑎𝑑,ℎ ∩ 𝐵𝐿2 (Ω) (𝑢, 𝜀). The variational inequality (5.10b) then implies that∫
Ω
(𝜑ℎ + 𝜈𝑢ℎ) (𝑢ℎ − 𝑢ℎ) d𝑥 ≥ 0 for all 𝑢ℎ ∈ U𝑎𝑑,ℎ .

Remark 5.6. In view of Theorem 5.4, there exists a constant ℎ𝜀 > 0 such that any solution 𝑢ℎ of (𝑃𝜀
ℎ
) belongs

to the open ball 𝐵𝐿2 (Ω) (𝑢, 𝜀). By Theorem 3.2, (𝑆ℎ (𝑢ℎ), 𝑢ℎ) is thus a local minimizer of (𝑃ℎ). We have therefore

shown that any strict local solution of (P) can be approximated by local optimal controls of (𝑃ℎ).

In order to show convergence in 𝐿∞(Ω), we first need the following lemma.

Lemma 5.7. Let 𝑞 > 2 be given and let
¯ℎ and 𝜌 be defined in Theorem 4.5. If Σ(𝑦) < ∞, then for any

ℎ ∈ (0, ¯ℎ) and 𝑢, 𝑣 ∈ U𝑎𝑑 such that 𝑣 ∈ 𝐵𝐿2 (Ω) (𝑢, 𝜌) ∩ U𝑎𝑑 , there hold

∥𝑦𝑢 − 𝑦ℎ (𝑣)∥𝐿2 (Ω) + ℎ∥𝑦𝑢 − 𝑦ℎ (𝑣)∥𝐻 1

0
(Ω) ≤ 𝐶 (ℎ2 + ∥𝑢 − 𝑣 ∥𝐿2 (Ω) ),(5.11)

∥𝜑𝑢 − 𝜑𝑣 ∥𝐻 2 (Ω) ≤ 𝐶 ∥𝑢 − 𝑣 ∥𝐿2 (Ω) ,(5.12)

∥𝜑𝑢 − 𝜑ℎ (𝑣)∥𝐿2 (Ω) ≤ 𝐶 (𝜀𝑣ℎ + ∥𝑢 − 𝑣 ∥𝐿2 (Ω) ),(5.13)

∥𝜑𝑢 − 𝜑ℎ (𝑣)∥𝐻 1

0
(Ω) ≤ 𝐶 (ℎ + ∥𝑢 − 𝑣 ∥𝐿2 (Ω) ),(5.14)

∥𝜑𝑢 − 𝜑ℎ (𝑣)∥𝐿∞ (Ω) ≤ 𝐶 (ℎ1− 2

𝑞 + ∥𝑢 − 𝑣 ∥𝐿2 (Ω) ),(5.15)

for some constant 𝐶 independent of 𝑢, 𝑣 , and ℎ. Here 𝑦𝑢 := 𝑆 (𝑢) and 𝑦ℎ (𝑣) := 𝑆ℎ (𝑣), while 𝜑𝑢 is the

unique solution to (2.5) for 𝑣 = 𝜕𝐿
𝜕𝑦

(·, 𝑦𝑢) and 𝜑ℎ (𝑣) is the unique solution to (4.1) for 𝑦ℎ = 𝑆ℎ (𝑣) and
𝑣 = 𝜕𝐿

𝜕𝑦
(·, 𝑦ℎ (𝑣)).

Proof. First, a standard argument yields (5.11). For the other estimates, let 𝜑𝑣,ℎ be the solution to (2.5)

for 𝑣 = 𝜕𝐿
𝜕𝑦

(·, 𝑦ℎ (𝑣)) and 𝑦𝑢 replaced by 𝑦𝑣 := 𝑆 (𝑣). We need to show that

(5.16) ∥𝜑𝑣,ℎ − 𝜑𝑢 ∥𝐻 2 (Ω) ≤ 𝐶 (∥𝑢 − 𝑣 ∥𝐿2 (Ω) + ℎ2)

for some constant 𝐶 > 0 independent of 𝑢, 𝑣 , and ℎ. To this end, we subtract the equations for 𝜑𝑢 and

𝜑𝑣,ℎ to obtain that 𝜑𝑣,ℎ − 𝜑𝑢 ∈ 𝐻 1

0
(Ω) and

(5.17) − div[(𝑏 + 𝑎(𝑦𝑣))∇(𝜑𝑣,ℎ − 𝜑𝑢)] + 𝟙{𝑦𝑣≠𝑡 }𝑎
′(𝑦𝑣)∇𝑦𝑣 · ∇(𝜑𝑣,ℎ − 𝜑𝑢) = 𝑔𝑢,𝑣,ℎ
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with

𝑔𝑢,𝑣,ℎ := − div[(𝑎(𝑦𝑢) − 𝑎(𝑦𝑣))∇𝜑𝑢] + 𝑍𝑦𝑢 ,𝑦𝑣 · ∇𝜑𝑢 + 𝜕𝐿

𝜕𝑦
(·, 𝑦ℎ (𝑣)) −

𝜕𝐿

𝜕𝑦
(·, 𝑦𝑢).

Theorem 2.3 and Assumption (a4) imply that 𝜑𝑢 ∈ 𝐻 2(Ω). From this, the product formula, the chain

rule [28], and the finiteness of the set {𝑡}, we deduce that

div[(𝑎(𝑦𝑢) − 𝑎(𝑦𝑣))∇𝜑𝑢] = 𝑍𝑦𝑢 ,𝑦𝑣 · ∇𝜑𝑢 + (𝑎(𝑦𝑢) − 𝑎(𝑦𝑣))Δ𝜑𝑢 .

This shows that

𝑔𝑢,𝑣,ℎ = (𝑎(𝑦𝑣) − 𝑎(𝑦𝑢))Δ𝜑𝑢 + 𝜕𝐿

𝜕𝑦
(·, 𝑦ℎ (𝑣)) −

𝜕𝐿

𝜕𝑦
(·, 𝑦𝑢) ∈ 𝐿2(Ω).

The standard stability estimate for the solution 𝜑𝑣,ℎ − 𝜑𝑢 to (5.17) thus gives

∥𝜑𝑣,ℎ − 𝜑𝑢 ∥𝐻 2 (Ω) ≤ 𝐶 ∥𝑔𝑢,𝑣,ℎ ∥𝐿2 (Ω) ≤ 𝐶 [∥𝑦𝑢 − 𝑦𝑣 ∥𝐿∞ (Ω) + ∥𝑦ℎ (𝑣) − 𝑦𝑢 ∥𝐿2 (Ω) ]

for some constant 𝐶 > 0 not depending on 𝑢, 𝑣 , and ℎ, where we have employed the boundedness of

{𝑆 (𝑤) | 𝑤 ∈ U𝑎𝑑 } in 𝐶 (Ω), the fact that ∥Δ𝜑𝑢 ∥𝐿2 (Ω) ≤ 𝐶 due to Theorem 2.3, and Assumptions (a3)

and (a4) to derive the last estimate. From this, (5.11), and the fact that ∥𝑦𝑢 − 𝑦𝑣 ∥𝐿∞ (Ω) ≤ 𝐶 ∥𝑢 − 𝑣 ∥𝐿2 (Ω) ,
we obtain (5.16). The estimate (5.12) is shown by a similar argument.

We now prove (5.13)–(5.15). According to the triangle inequality, (5.16), Theorem 4.5, and the bound-

edness in 𝐿2(Ω) of { 𝜕𝐿
𝜕𝑦

(·, 𝑦ℎ (𝑣)) | 𝑣 ∈ 𝐵𝐿2 (Ω) (𝑢, 𝜌) ∩ U𝑎𝑑 , ℎ ≤ ℎ2}, we obtain (5.13) and (5.14). Finally,

for (5.15), we first see from the continuous embedding 𝐻 1

0
(Ω) ↩→ 𝐿𝑞 (Ω), the interpolation error and

inverse estimates [6] for 𝑁 = 2 that

∥𝜑𝑣,ℎ − 𝜑ℎ (𝑣)∥𝐿∞ (Ω) ≤ ∥𝜑𝑣,ℎ − Πℎ𝜑𝑣,ℎ ∥𝐿∞ (Ω) + ∥Πℎ𝜑𝑣,ℎ − 𝜑ℎ (𝑣)∥𝐿∞ (Ω)

≤ 𝐶ℎ1∥𝜑𝑣,ℎ ∥𝐻 2 (Ω) +𝐶ℎ−
2

𝑞 ∥Πℎ𝜑𝑣,ℎ − 𝜑ℎ (𝑣)∥𝐿𝑞 (Ω)

≤ 𝐶ℎ1∥𝜑𝑣,ℎ ∥𝐻 2 (Ω) +𝐶ℎ−
2

𝑞 ∥Πℎ𝜑𝑣,ℎ − 𝜑ℎ (𝑣)∥𝐻 1

0
(Ω)

≤ 𝐶
[
ℎ1∥𝜑𝑣,ℎ ∥𝐻 2 (Ω) + ℎ−

2

𝑞 ∥Πℎ𝜑𝑣,ℎ − 𝜑𝑣,ℎ ∥𝐻 1

0
(Ω) + ℎ

− 2

𝑞 ∥𝜑𝑣,ℎ − 𝜑ℎ (𝑣)∥𝐻 1

0
(Ω)

]
,

which together with Theorem 4.5 and the interpolation error estimate from Theorem 4.4.20 in [6]

yields

∥𝜑𝑣,ℎ − 𝜑ℎ (𝑣)∥𝐿∞ (Ω) ≤ 𝐶
[
ℎ

1− 2

𝑞 ∥𝜑𝑣,ℎ ∥𝐻 2 (Ω) + ℎ1− 2

𝑞 ∥ 𝜕𝐿
𝜕𝑦

(·, 𝑦ℎ (𝑣))∥𝐿2 (Ω)

]
.

Combining this with the uniform boundedness of 𝜑𝑣,ℎ in 𝐻 2(Ω) and of
𝜕𝐿
𝜕𝑦

(·, 𝑦ℎ (𝑣)) in 𝐿2(Ω) for all
𝑣 ∈ 𝐵𝐿2 (Ω) (𝑢, 𝜌) ∩ U𝑎𝑑 and ℎ ≤ ℎ2, we conclude that ∥𝜑𝑣,ℎ − 𝜑ℎ (𝑣)∥𝐿∞ (Ω) ≤ 𝐶ℎ1− 2

𝑞
. From this, (5.16),

and the embedding 𝐻 2(Ω) ↩→ 𝐿∞(Ω), the triangle inequality thus leads to (5.15). □

From Theorem 5.4, Remark 5.6, and the estimate (5.15) in Lemma 5.7, we obtain the desired conver-

gence result in 𝐿∞(Ω). Its proof is similar to that of Theorem 5.3 in [13] with some modifications and

it is thus omitted.

Theorem 5.8. Let {(𝑦ℎ, 𝑢ℎ)} be the sequence of discrete solutions to (𝑃ℎ) converging strongly to (𝑦,𝑢) in
𝐻 1

0
(Ω) × 𝐿2(Ω). If Σ(𝑦) < ∞, then ∥𝑢ℎ − 𝑢∥𝐿∞ (Ω) → 0 as ℎ → 0

+
.
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5.2 error estimates for discrete minimizers

We finally turn to error estimates for discrete local minimizers 𝑢ℎ under the second-order sufficient

optimality condition (2.18). We need the following technical lemma.

Lemma 5.9. Let 𝑢 ∈ U𝑎𝑑 and 𝑦 := 𝑆 (𝑢). Assume that {𝑦 = 𝑡} decomposes into finitely many connected

components and that on each such connected component C, either (2.16) or (2.17) is fulfilled. Let {𝑣𝑛} ⊂
𝐿2(Ω), 𝑣 ∈ 𝐿2(Ω), 𝜑 ∈ 𝐶1(Ω) ∩𝑊 2,1(Ω), and {𝑠𝑛} ∈ 𝑐+

0
be arbitrary such that 𝑢 + 𝑠𝑛𝑣𝑛 ∈ U𝑎𝑑 ,

∥𝑣𝑛 ∥𝐿2 (Ω) = 1 and 𝑣𝑛 ⇀ 𝑣 in 𝐿2(Ω). Setting 𝑢𝑛 := 𝑢 + 𝑠𝑛𝑣𝑛 , 𝑦𝑛 := 𝑆 (𝑢𝑛) for 𝑛 ≥ 1 and𝑤 := 𝑆 ′(𝑢)𝑣 , then
the following assertions hold:

(a) If𝑤𝑛 → 𝑤 in 𝐶 (Ω), then

lim sup

𝑛→∞

1

𝑠𝑛

∫
Ω
𝑍𝑦𝑛,𝑦 · ∇𝜑𝑤𝑛 d𝑥 = −[𝑎′

0
(𝑡) − 𝑎′

1
(𝑡)]

∫
{𝑦=𝑡 }

𝑤2
∇𝑦 · ∇𝜑
|∇𝑦 | dH 1(𝑥)

+
∫
Ω
[𝟙{𝑦≠𝑡 }𝑎

′′(𝑦)𝑤2∇𝑦 + 𝑎′(𝑦 ;𝑤)∇𝑤] · ∇𝜑 d𝑥 .

(b) If in addition (2.7b) is fulfilled for 𝜑 := 𝜑 , then

lim inf

𝑛→∞
𝑗 ′(𝑢𝑛)𝑣𝑛 − 𝑗 ′(𝑢)𝑣𝑛

𝑠𝑛
= 2𝑄 (𝑢, 𝑦, 𝜑 ; 𝑣) + 𝜈

(
1 − ∥𝑣 ∥2

𝐿2 (Ω)

)
.

Proof. We first observe from Theorem 2.2 and the embedding 𝐿2(Ω) ↩→𝑊 −1,𝑝̃ (Ω) that

(5.18)

𝑦𝑛 − 𝑦
𝑠𝑛

→ 𝑤 = 𝑆 ′(𝑢)𝑣 in𝑊 1,𝑝̃

0
(Ω) ↩→ 𝐶 (Ω).

Moreover, by Theorem 2.2 and the compact embedding𝑊 2,𝑝 (Ω) ⋐ 𝐶1(Ω) for some 𝑝 > 2, we deduce

from the boundedness in 𝐿∞(Ω) ofU𝑎𝑑 that

(5.19) 𝑦𝑛 → 𝑦 strongly in 𝐶1(Ω).

Ad (a): We first deduce for 𝑛 ∈ ℕ large enough that

(5.20) 𝜏𝑛 := ∥𝑦𝑛 − 𝑦 ∥𝐶 (Ω) ≤ 𝐶𝑠𝑛 < 𝛿,

where𝛿 is the constant defined in (2.9). Moreover, there exists a constant𝑀 > 0 such that ∥𝑦𝑛 ∥𝐶 (Ω) , ∥𝑦 ∥𝐶 (Ω) ≤
𝑀 for all 𝑛 ≥ 1. According to Lemma 3.4, we have

(5.21) 𝑍𝑦𝑛,𝑦 = 𝑍
(1)
𝑦𝑛,𝑦

+ 𝑍 (2)
𝑦𝑛,𝑦

+ 𝑍 (3)
𝑦𝑛,𝑦

+ 𝑍 (4)
𝑦𝑛,𝑦

with 𝑍
(𝑘 )
𝑦𝑛,𝑦

, 𝑘 = 1, 2, 3, 4, defined in Lemma 3.4. For 𝑍
(1)
𝑦𝑛,𝑦

, using (5.20) yields

𝑍
(1)
𝑦𝑛,𝑦

= 𝟙{𝑦∈ (−∞,𝑡 ),𝑦𝑛∈ (−∞,𝑡 ) } [𝑎′0(𝑦𝑛)∇𝑦𝑛 − 𝑎′0(𝑦)∇𝑦] + 𝟙{𝑦∈ (𝑡,∞),𝑦𝑛∈ (𝑡,∞)} [𝑎′1(𝑦𝑛)∇𝑦𝑛 − 𝑎′1(𝑦)∇𝑦],
= [𝟙{𝑦∈ (∞,𝑡 ) } − 𝟙{𝑦∈ (−∞,𝑡 ),𝑦𝑛∈[𝑡,𝑡+𝛿 ) }] [(𝑎′0(𝑦𝑛) − 𝑎′0(𝑦))∇𝑦𝑛 + 𝑎′0(𝑦)∇(𝑦𝑛 − 𝑦)]

+ [𝟙{𝑦∈ (𝑡,∞)} − 𝟙{𝑦∈ (𝑡,∞),𝑦𝑛∈ (𝑡−𝛿,𝑡 ] }] [(𝑎′1(𝑦𝑛) − 𝑎′1(𝑦))∇𝑦𝑛 + 𝑎′1(𝑦)∇(𝑦𝑛 − 𝑦)] .

Since

𝟙{𝑦∈ (−∞,𝑡 ),𝑦𝑛∈[𝑡,𝑡+𝛿 ) }, 𝟙{𝑦∈ (𝑡,∞),𝑦𝑛∈ (𝑡−𝛿,𝑡 ] } ≤ 𝟙{0< |𝑦−𝑡 | ≤𝜏𝑛 } → 0

Clason, Nhu, Rösch Numerical analysis of a nonsmooth quasilinear elliptic . . .



Submitted manuscript, 2023-03-06 page 24 of 35

a.e. in Ω, we have from (5.18), (5.19), and the Lebesgue dominated convergence theorem that

1

𝑠𝑛

∫
Ω
𝑍

(1)
𝑦𝑛,𝑦

· ∇𝜑𝑤𝑛 d𝑥 →
∫
Ω
𝟙𝑦∈ (−∞,𝑡 ) [𝑎′′0 (𝑦)𝑤∇𝑦 + 𝑎′

0
(𝑦)∇𝑤] · ∇𝜑𝑤 d𝑥

+
∫
Ω
𝟙𝑦∈ (𝑡,∞) [𝑎′′1 (𝑦)𝑤∇𝑦 + 𝑎′

1
(𝑦)∇𝑤] · ∇𝜑𝑤 d𝑥

=

∫
Ω
𝟙{𝑦≠𝑡 } [𝑎′′(𝑦)𝑤2∇𝑦 + 𝑎′(𝑦)𝑤∇𝑤] · ∇𝜑 d𝑥 .

For 𝑍
(2)
𝑦𝑛,𝑦

, we see from (5.20) and the fact ∇𝑦 = 0 a.e. on {𝑦 = 𝑡} that

𝑍
(2)
𝑦𝑛,𝑦

= 𝟙{𝑦=𝑡,𝑦𝑛∈ (𝑡−𝛿,𝑡 ) }𝑎
′
0
(𝑦𝑛)∇(𝑦𝑛 − 𝑦) + 𝟙{𝑦=𝑡,𝑦𝑛∈ (𝑡,𝑡+𝛿 ) }𝑎

′
1
(𝑦𝑛)∇(𝑦𝑛 − 𝑦) .

Setting 𝑤̂𝑛 :=
𝑦𝑛−𝑦
𝑠𝑛

and exploiting (5.18) yields 𝑤𝑛 − 𝑤̂𝑛 → 𝑤 − 𝑤 = 0 in𝑊
1,𝑝̃

0
(Ω) ↩→ 𝐶 (Ω). From

this, the limit 𝑦𝑛 → 𝑦 in 𝐶 (Ω), and the continuity of 𝑎′
0
and 𝑎′

1
, the dominated convergence theorem

implies that

lim

𝑛→∞
1

𝑠𝑛

∫
Ω
𝑍

(2)
𝑦𝑛,𝑦

·∇𝜑𝑤𝑛 d𝑥 = lim

𝑛→∞

∫
Ω
[𝟙{𝑦=𝑡,𝑦𝑛∈ (𝑡−𝛿,𝑡 ) }𝑎

′
0
(𝑡)𝑤̂𝑛+𝟙{𝑦=𝑡,𝑦𝑛∈ (𝑡,𝑡+𝛿 ) }𝑎

′
1
(𝑡)𝑤̂𝑛]∇𝑤̂𝑛 ·∇𝜑 d𝑥 .

As a result of (2.2) and the fact that 𝑤̂𝑛 < 0 on {𝑦 = 𝑡, 𝑦𝑛 ∈ (𝑡 − 𝛿, 𝑡)}, there holds

𝟙{𝑦=𝑡,𝑦𝑛∈ (𝑡−𝛿,𝑡 ) }𝑎
′
0
(𝑡)𝑤̂𝑛 = 𝟙{𝑦=𝑡,𝑦𝑛∈ (𝑡−𝛿,𝑡 ) }𝑎

′(𝑡 ; 𝑤̂𝑛).

Similarly, one has

𝟙{𝑦=𝑡,𝑦𝑛∈ (𝑡,𝑡+𝛿 ) }𝑎
′
1
(𝑡)𝑤̂𝑛 = 𝟙{𝑦=𝑡,𝑦𝑛∈ (𝑡,𝑡+𝛿 ) }𝑎

′(𝑡 ; 𝑤̂𝑛) .

We thus have

lim

𝑛→∞
1

𝑠𝑛

∫
Ω
𝑍

(2)
𝑦𝑛,𝑦

· ∇𝜑𝑤𝑛 d𝑥 = lim

𝑛→∞

∫
Ω
𝟙{𝑦=𝑡,𝑦𝑛∈ (𝑡−𝛿,𝑡 )∪(𝑡,𝑡+𝛿 ) }𝑎

′(𝑡 ; 𝑤̂𝑛)∇𝑤̂𝑛 · ∇𝜑 d𝑥

= lim

𝑛→∞

∫
Ω
𝟙{𝑦=𝑡 }𝑎

′(𝑡 ; 𝑤̂𝑛)∇𝑤̂𝑛 · ∇𝜑 d𝑥,

where we have used (5.20) and the fact that ∇𝑦𝑛 = ∇𝑦 = 0 and so ∇𝑤̂𝑛 = 0 a.e. on {𝑦𝑛 = 𝑦 = 𝑡} to
obtain the last identity. We thus conclude from the continuity of 𝑎′(𝑡 ; ·) due to Proposition 2.49 in [5],

(5.18), and the dominated convergence theorem that

(5.22) lim

𝑛→∞
1

𝑠𝑛

∫
Ω
𝑍

(2)
𝑦𝑛,𝑦

· ∇𝜑𝑤𝑛 d𝑥 =

∫
Ω
𝟙{𝑦=𝑡 }𝑎

′(𝑦 ;𝑤)∇𝑤 · ∇𝜑 d𝑥 .

For 𝑍
(4)
𝑦𝑛,𝑦

, we have from (3.8) that

|𝑍 (4)
𝑦𝑛,𝑦

| ≤ 𝐶𝑀 [|𝑦𝑛 − 𝑦 | |∇𝑦 | + |∇(𝑦𝑛 − 𝑦) |]
(
𝟙Ω2

𝑦𝑛,𝑦̄
+ 𝟙Ω3

𝑦𝑛,𝑦̄

)
a.e. in Ω.

This, together with the fact that 𝟙Ω2

𝑦𝑛,𝑦̄
+ 𝟙Ω3

𝑦𝑛,𝑦̄
→ 0 a.e. in Ω as well as (5.18), yields

(5.23) lim

𝑛→∞
1

𝑠𝑛

∫
Ω
𝑍

(4)
𝑦𝑛,𝑦

· ∇𝜑𝑤𝑛 d𝑥 = 0.
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It remains to estimate𝑍
(3)
𝑦𝑛,𝑦

. To this end, we first deduce from (4.15) and the coarea formula for Lipschitz

mappings (see, e.g. [25], Thm. 2, p. 117) or [1], Sec. 2.7) that

𝑠−1

𝑛

����∫
Ω
𝟙Ω2

𝑦𝑛,𝑦̄
∇𝑦 · ∇𝜑 (𝑤𝑛 − 𝑤̂𝑛)𝑑𝑥

���� ≤ 𝑠−1

𝑛 ∥𝑤𝑛 − 𝑤̂𝑛 ∥𝐿∞ (Ω) ∥∇𝜑 ∥𝐿∞ (Ω)

∫
Ω
𝟙{0<𝑦−𝑡≤𝜏𝑛 } |∇𝑦 |𝑑𝑥

= 𝑠−1

𝑛 ∥𝑤𝑛 − 𝑤̂𝑛 ∥𝐿∞ (Ω) ∥∇𝜑 ∥𝐿∞ (Ω)

∫ 𝑡+𝜏𝑛

𝑡

∫
{𝑦=𝑡𝑖 }

𝑑H 1(𝑥)𝑑𝑡

≤ 𝐶𝑠−1

𝑛 𝜏𝑛 ∥𝑤𝑛 − 𝑤̂𝑛 ∥𝐿∞ (Ω) ∥∇𝜑 ∥𝐿∞ (Ω) → 0,

where we have used (5.20) and the fact that𝑤𝑛 − 𝑤̂𝑛 → 0 in 𝐶 (Ω) to obtain the last limit. Similarly,

𝑠−1

𝑛 |
∫
Ω
𝟙Ω3

𝑦𝑛,𝑦̄
∇𝑦 · ∇𝜑 (𝑤𝑛 − 𝑤̂𝑛)𝑑𝑥 | → 0. From these limits and the definition of 𝑍

(3)
𝑦𝑛,𝑦

, we deduce that

𝑠−1

𝑛

∫
Ω
|𝑍 (3)

𝑦𝑛,𝑦
· ∇𝜑 (𝑤𝑛 − 𝑤̂𝑛) | d𝑥 → 0

and thus

(5.24) lim

𝑛→∞
1

𝑠𝑛

∫
Ω
𝑍

(3)
𝑦𝑛,𝑦

· ∇𝜑𝑤𝑛 d𝑥 = lim

𝑛→∞
1

𝑠𝑛

∫
Ω
𝑍

(3)
𝑦𝑛,𝑦

· ∇𝜑𝑤̂𝑛 d𝑥 = lim

𝑛→∞
1

𝑠2

𝑛

∫
Ω
𝑍

(3)
𝑦𝑛,𝑦

· ∇𝜑 (𝑦𝑛 − 𝑦) d𝑥

provided that one of these three limits exists. For 𝜁𝑖 (𝑢, 𝑦 ; 𝑠𝑛, 𝑣𝑛), 𝑖 = 0, 1, defined in (2.10), one has

𝑃𝑛 := 𝑍
(3)
𝑦𝑛,𝑦

(𝑦𝑛 − 𝑦) + 2

1∑︁
𝑖=0

𝜁𝑖 (𝑢, 𝑦 ; 𝑠𝑛, 𝑣𝑛)∇𝑦

= [𝑎′
0
(𝑡) − 𝑎′

1
(𝑡)] [𝟙Ω2

𝑦𝑛,𝑦̄
− 𝟙Ω3

𝑦𝑛,𝑦̄
]∇𝑦 (𝑦𝑛 − 𝑦) + 2[𝑎′

0
(𝑡) − 𝑎′

1
(𝑡)] (𝑡 − 𝑦𝑛) [𝟙Ω2

𝑦𝑛,𝑦̄
− 𝟙Ω3

𝑦𝑛,𝑦̄
]∇𝑦

= [𝑎′
0
(𝑡) − 𝑎′

1
(𝑡)] (2𝑡 − 𝑦 − 𝑦𝑛) [𝟙Ω2

𝑦𝑛,𝑦̄
− 𝟙Ω3

𝑦𝑛,𝑦̄
]∇𝑦.

By (2.20) and (5.19), we deduce that

lim

𝑛→∞
1

𝑠2

𝑛

∫
Ω
𝑃𝑛 · ∇𝜑 d𝑥 = 0.

Combining this with (5.24) and (2.15), we can conclude that

lim sup

𝑛→∞

1

𝑠𝑛

∫
Ω
𝑍

(3)
𝑦𝑛,𝑦

· ∇𝜑𝑤𝑛 d𝑥 = lim sup

𝑛→∞

[
1

𝑠2

𝑛

∫
Ω
𝑃𝑛 · ∇𝜑 d𝑥 − 2

𝑠2

𝑛

∫
Ω

1∑︁
𝑖=0

𝜁𝑖 (𝑢, 𝑦 ; 𝑠𝑛, 𝑣𝑛)∇𝑦 · ∇𝜑 d𝑥

]
= −2

˜𝑄 (𝑢, 𝑦, 𝜑 ; {𝑠𝑛}, 𝑣) .

Together with (5.21)–(5.23), we obtain assertion (a) from (2.19).

Ad (b): Defining the functional 𝐺 : 𝐿∞(Ω) → ℝ via 𝐺 (𝑦) :=
∫
Ω
𝐿(𝑥, 𝑦 (𝑥)) d𝑥 and employing

Assumption (a4), we deduce that 𝐺 is of class 𝐶2
and that its derivatives are given by

𝐺 ′(𝑦)𝑦1 :=

∫
Ω

𝜕𝐿

𝜕𝑦
(𝑥, 𝑦 (𝑥))𝑦1(𝑥) d𝑥 and 𝐺 ′′(𝑦)𝑦1𝑦2 :=

∫
Ω

𝜕2𝐿

𝜕𝑦2
(𝑥, 𝑦 (𝑥))𝑦1(𝑥)𝑦2(𝑥) d𝑥

for all 𝑦, 𝑦1, 𝑦2 ∈ 𝐿∞(Ω). We see from the chain rule that for any 𝑢, 𝑣 ∈ 𝐿2(Ω),

𝑗 ′(𝑢)𝑣 = 𝐺 ′(𝑆 (𝑢))𝑆 ′(𝑢)𝑣 + 𝜈
∫
Ω
𝑢𝑣 d𝑥 .
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This, together with a Taylor expansion and the fact that ∥𝑣𝑛 ∥𝐿2 (Ω) = 1, yields

(5.25)

1

𝑠𝑛
[ 𝑗 ′(𝑢𝑛)𝑣𝑛 − 𝑗 ′(𝑢)𝑣𝑛] =

1

𝑠𝑛
[𝐺 ′(𝑦𝑛)𝑆 ′(𝑢𝑛)𝑣𝑛 −𝐺 ′(𝑦)𝑆 ′(𝑢)𝑣𝑛] + 𝜈

∫
Ω
𝑣2

𝑛 d𝑥

=
1

𝑠𝑛
[𝐺 ′(𝑦𝑛) −𝐺 ′(𝑦)]𝑆 ′(𝑢)𝑣𝑛 +

1

𝑠𝑛
𝐺 ′(𝑦𝑛) [𝑆 ′(𝑢𝑛)𝑣𝑛 − 𝑆 ′(𝑢)𝑣𝑛] + 𝜈

=
1

𝑠𝑛

∫
1

0

𝐺 ′′(𝑦 + 𝑠 (𝑦𝑛 − 𝑦)) (𝑦𝑛 − 𝑦)𝑆 ′(𝑢)𝑣𝑛 𝑑𝑠 +
1

𝑠𝑛
𝐺 ′(𝑦) [𝑆 ′(𝑢𝑛)𝑣𝑛 − 𝑆 ′(𝑢)𝑣𝑛]

+ 1

𝑠𝑛
[𝐺 ′(𝑦𝑛) −𝐺 ′(𝑦)] [𝑆 ′(𝑢𝑛)𝑣𝑛 − 𝑆 ′(𝑢)𝑣𝑛] + 𝜈.

Obviously, the third term on the right-hand side of (5.25) tends to 0 since 𝑣𝑛 → 𝑣 in𝑊 −1,𝑝̃ (Ω), 𝑆 ′ is
continuous, and 𝐺 is of class 𝐶2

. Moreover, it follows from Assumption (a4), (5.18), and the dominated

convergence theorem that the first term on the right-hand side of (5.25) tends to 𝐺 ′′(𝑦) (𝑆 ′(𝑢)𝑣)2
. It

remains to estimate the limes inferior of the second term on the right-hand side of (5.25). Subtracting

the equations for 𝑧
(1)
𝑛 := 𝑆 ′(𝑢𝑛)𝑣𝑛 and 𝑧

(2)
𝑛 := 𝑆 ′(𝑢)𝑣𝑛 , we find that 𝑧𝑛 := 𝑧

(1)
𝑛 − 𝑧 (2)𝑛 ∈ 𝐻 1

0
(Ω) satisfies

(5.26) − div[(𝑏 + 𝑎(𝑦))∇𝑧𝑛 + 𝟙{𝑦≠𝑡 }𝑎
′(𝑦)∇𝑦𝑧𝑛] = div[(𝑎(𝑦𝑛) − 𝑎(𝑦))∇𝑧 (1)𝑛 + 𝑍𝑦𝑛,𝑦𝑧

(1)
𝑛 ] =: 𝑔𝑛 .

We then have 𝑧𝑛 = 𝑆 ′(𝑢)𝑔𝑛 , which together with (2.7b) yields

(5.27) 𝐺 ′(𝑦) [𝑧 (1)𝑛 − 𝑧 (2)𝑛 ] = ⟨𝐺 ′(𝑦), 𝑧𝑛⟩𝐻 −1 (Ω),𝐻 1

0
(Ω) = ⟨𝑔𝑛, 𝜑⟩𝐻 −1 (Ω),𝐻 1

0
(Ω) = −(𝐵𝑛 +𝐶𝑛)

for 𝐵𝑛 :=
∫
Ω
(𝑎(𝑦𝑛) − 𝑎(𝑦))∇𝑧 (1)𝑛 · ∇𝜑 d𝑥 and 𝐶𝑛 :=

∫
Ω
𝑍𝑦𝑛,𝑦 · ∇𝜑𝑧 (1)𝑛 d𝑥 . As a result of Theorem 2.2

and the fact that 𝑣𝑛 → 𝑣 in𝑊 −1,𝑝̃ (Ω), there holds 𝑧 (1)𝑛 → 𝑆 ′(𝑢)𝑣 in𝑊 1,𝑝̃

0
(Ω). Besides, from (5.18) and

Lemma 3.5 in [19], we have

𝑎(𝑦𝑛 (𝑥)) − 𝑎(𝑦 (𝑥))
𝑠𝑛

→ 𝑎′(𝑦 (𝑥); (𝑆 ′(𝑢)𝑣) (𝑥)) for all 𝑥 ∈ Ω.

The dominated convergence theorem thus implies that

1

𝑠𝑛
𝐵𝑛 →

∫
Ω
𝑎′(𝑦 ; 𝑆 ′(𝑢)𝑣)∇(𝑆 ′(𝑢)𝑣) · ∇𝜑 d𝑥 .

This, along with (5.27) and assertion (a), ensures that

lim inf

𝑛→∞
1

𝑠𝑛
𝐺 ′(𝑦) [𝑆 ′(𝑢𝑛)𝑣𝑛 − 𝑆 ′(𝑢)𝑣𝑛] = [𝑎′

0
(𝑡) − 𝑎′

1
(𝑡)]

∫
{𝑦=𝑡 }

(𝑆 ′(𝑢)𝑣)2
∇𝑦 · ∇𝜑
|∇𝑦 | dH 1(𝑥)

− 2

∫
Ω
𝑎′(𝑦 ; 𝑆 ′(𝑢)𝑣)∇(𝑆 ′(𝑢)𝑣) · ∇𝜑 d𝑥 −

∫
Ω
𝟙{𝑦≠𝑡 }𝑎

′′(𝑦) (𝑆 ′(𝑢)𝑣)2∇𝑦 · ∇𝜑 d𝑥 .

Using these limits, (5.25), and the identity for 𝑄 in (2.18) (see also Theorem 3.19 in [20]), we arrive at

(b). □

The following theorem is one of main results of the paper, which extends Theorem 2.14 in [14] (see,

also, Lemma 5.2 in [11]) to the case where the cost functional 𝑗 is of class 𝐶1
but not necessarily 𝐶2

.

Theorem 5.10. Let {(𝑦ℎ, 𝑢ℎ)} be the sequence of discrete solutions to (𝑃ℎ) converging strongly to (𝑦,𝑢) in
𝐻 1

0
(Ω) × 𝐿2(Ω). Assume that {𝑦 = 𝑡} decomposes into finitely many connected components and that on

each such connected component C, either (2.16) or (2.17) is fulfilled. Assume further that that the second-

order sufficient condition (2.18) is fulfilled. Then there exist constants 𝐶 > 0 and
ˆℎ ∈ (0,min{ ¯ℎ,ℎ∗}) such

that

(5.28) ∥𝑢ℎ − 𝑢∥2

𝐿2 (Ω) ≤ 𝐶 [(𝜀
𝑢ℎ
ℎ
)2 + ∥𝑢 − 𝑢ℎ ∥2

𝐿2 (Ω) + 𝑗
′(𝑢) (𝑢ℎ − 𝑢)]

for all ℎ ∈ (0, ˆℎ) and 𝑢ℎ ∈ U𝑎𝑑,ℎ ∩ 𝐵𝐿2 (Ω) (𝑢, 𝜀) with 𝜀 := min{𝜀, 𝜌}. Here 𝜀𝑢
ℎ
is defined as in (4.16).
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Proof. We first observe from Proposition 2.9 that Σ(𝑦) < ∞. For simplicity of notation, we set 𝜀ℎ := 𝜀
𝑢ℎ
ℎ
.

We first show that

(5.29) [ 𝑗 ′(𝑢ℎ) − 𝑗 ′(𝑢)] (𝑢ℎ − 𝑢) ≤ 𝑗 ′(𝑢) (𝑢ℎ − 𝑢)
+𝐶 [𝜀ℎ ∥𝑢ℎ − 𝑢∥𝐿2 (Ω) + 𝜀ℎ ∥𝑢ℎ − 𝑢∥𝐿2 (Ω) + ∥𝑢ℎ − 𝑢∥𝐿2 (Ω) ∥𝑢ℎ − 𝑢∥𝐿2 (Ω) ]

for some constant 𝐶 > 0, for all 𝑢ℎ ∈ U𝑎𝑑,ℎ ∩ 𝐵𝐿2 (Ω) (𝑢, 𝜀) and ℎ ∈ (0,min{ ¯ℎ,ℎ∗}). To this end, let us

take any ℎ ∈ (0,min{ ¯ℎ,ℎ∗}), 𝑢 ∈ U𝑎𝑑 ∩ 𝐵𝐿2 (Ω) (𝑢, 𝜀), and 𝑢ℎ ∈ U𝑎𝑑,ℎ ∩ 𝐵𝐿2 (Ω) (𝑢, 𝜀). We deduce from

(2.6), Theorem 5.2, Lemma 5.7, and the Cauchy–Schwarz inequality that

(5.30)

��[ 𝑗 ′
ℎ
(𝑢) − 𝑗 ′(𝑢)] (𝑢ℎ − 𝑢)

�� = ����∫
Ω
(𝜑ℎ (𝑢) − 𝜑𝑢) (𝑢ℎ − 𝑢) d𝑥

���� ≤ 𝐶𝜀𝑢ℎ ∥𝑢ℎ − 𝑢∥𝐿2 (Ω) .

Moreover, we deduce from 𝑗 ′
ℎ
(𝑢ℎ) (𝑢ℎ − 𝑢ℎ) ≤ 0 and 𝑗 ′(𝑢) (𝑢 − 𝑢ℎ) ≤ 0 that

(5.31) [ 𝑗 ′(𝑢ℎ) − 𝑗 ′(𝑢)] (𝑢ℎ − 𝑢)
= [ 𝑗 ′

ℎ
(𝑢ℎ) − 𝑗 ′(𝑢ℎ)] (𝑢 − 𝑢ℎ) + [ 𝑗 ′

ℎ
(𝑢ℎ) − 𝑗 ′(𝑢)] (𝑢ℎ − 𝑢) + 𝑗 ′ℎ (𝑢ℎ) (𝑢ℎ − 𝑢ℎ) + 𝑗

′(𝑢) (𝑢ℎ − 𝑢ℎ)
≤ [ 𝑗 ′

ℎ
(𝑢ℎ) − 𝑗 ′(𝑢ℎ)] (𝑢 − 𝑢ℎ) + [ 𝑗 ′

ℎ
(𝑢ℎ) − 𝑗 ′(𝑢)] (𝑢ℎ − 𝑢) + 𝑗 ′(𝑢) [(𝑢ℎ − 𝑢) + (𝑢 − 𝑢ℎ)]

≤ [ 𝑗 ′
ℎ
(𝑢ℎ) − 𝑗 ′(𝑢ℎ)] (𝑢 − 𝑢ℎ) + [( 𝑗 ′

ℎ
(𝑢ℎ) − 𝑗 ′(𝑢ℎ)) + ( 𝑗 ′(𝑢ℎ) − 𝑗 ′(𝑢))] (𝑢ℎ − 𝑢) + 𝑗 ′(𝑢) (𝑢ℎ − 𝑢) .

Applying (5.30) yields that

(5.32)

{
| [ 𝑗 ′

ℎ
(𝑢ℎ) − 𝑗 ′(𝑢ℎ)] (𝑢 − 𝑢ℎ) | ≤ 𝐶𝜀ℎ ∥𝑢 − 𝑢ℎ ∥𝐿2 (Ω) ,

| [ 𝑗 ′
ℎ
(𝑢ℎ) − 𝑗 ′(𝑢ℎ)] (𝑢ℎ − 𝑢) | ≤ 𝐶𝜀ℎ ∥𝑢 − 𝑢ℎ ∥𝐿2 (Ω) .

Using (2.6), (5.12), 𝐻 2(Ω) ↩→ 𝐿2(Ω), and the Cauchy–Schwarz inequality yields

(5.33) | [ 𝑗 ′(𝑢ℎ) − 𝑗 ′(𝑢)] (𝑢ℎ − 𝑢) | =
����∫

Ω
[(𝜑𝑢ℎ − 𝜑) + 𝜈 (𝑢ℎ − 𝑢)] (𝑢ℎ − 𝑢) d𝑥

����
≤ 𝐶 ∥𝑢ℎ − 𝑢∥𝐿2 (Ω) ∥𝑢ℎ − 𝑢∥𝐿2 (Ω) .

From this, (5.31), and (5.32), we derive (5.29).

We now prove the conclusion of the theorem by contradiction. To that purpose, we suppose that

there exist ℎ𝑛 → 0
+
and 𝑢ℎ𝑛 ∈ U𝑎𝑑,ℎ𝑛 ∩ 𝐵𝐿2 (Ω) (𝑢, 𝜀) such that

∥𝑢ℎ𝑛 − 𝑢∥2

𝐿2 (Ω) > 𝑛
[
(𝜀ℎ𝑛 )2 + ∥𝑢 − 𝑢ℎ𝑛 ∥2

𝐿2 (Ω) + 𝑗
′(𝑢) (𝑢ℎ𝑛 − 𝑢)

]
for all 𝑛 ≥ 1

or, equivalently, with 𝑠𝑛 := ∥𝑢ℎ𝑛 − 𝑢∥𝐿2 (Ω) that

(5.34)

1

𝑛
>

(𝜀ℎ𝑛 )2

𝑠2

𝑛

+
∥𝑢 − 𝑢ℎ𝑛 ∥2

𝐿2 (Ω)

𝑠2

𝑛

+
𝑗 ′(𝑢) (𝑢ℎ𝑛 − 𝑢)

𝑠2

𝑛

for all 𝑛 ≥ 1.

By setting 𝑣𝑛 :=
𝑢ℎ𝑛 −𝑢

𝑠𝑛
, and by extracting a subsequence if necessary, we have

𝑠𝑛 → 0
+, ∥𝑣𝑛 ∥𝐿2 (Ω) = 1, 𝑢ℎ𝑛 = 𝑢 + 𝑠𝑛𝑣𝑛, 𝑣𝑛 ⇀ 𝑣 in 𝐿2(Ω) for some 𝑣 ∈ 𝐿2(Ω) .

We first show that 𝑣 is an element of the critical cone C(U𝑎𝑑 ;𝑢) defined in (2.8). To this end, we first

deduce that 𝑣 ≥ 0 a.e. on {𝑢 = 𝛼} and 𝑣 ≤ 0 a.e. on {𝑢 = 𝛽}. Moreover, since 𝑗 ′(𝑢)𝑣𝑛 ≥ 0, there holds

𝑗 ′(𝑢)𝑣 ≥ 0. On the other hand, from (5.32) and (5.33) for 𝑢ℎ := 𝑢ℎ𝑛 , we obtain that

lim sup

𝑛→∞

{
[ 𝑗 ′(𝑢ℎ𝑛 ) − 𝑗 ′

ℎ𝑛
(𝑢ℎ𝑛 )]𝑣𝑛 + [ 𝑗 ′(𝑢) − 𝑗 ′(𝑢ℎ𝑛 )]𝑣𝑛

}
≤ lim

𝑛→∞
𝐶 (𝜀ℎ𝑛 + 𝑠𝑛) = 0,

Clason, Nhu, Rösch Numerical analysis of a nonsmooth quasilinear elliptic . . .



Submitted manuscript, 2023-03-06 page 28 of 35

which yields

𝑗 ′(𝑢)𝑣 = lim

𝑛→∞
𝑗 ′(𝑢)𝑣𝑛 = lim

𝑛→∞
[ 𝑗 ′
ℎ𝑛
(𝑢ℎ𝑛 )𝑣𝑛 + ( 𝑗 ′(𝑢ℎ𝑛 ) − 𝑗 ′

ℎ𝑛
(𝑢ℎ𝑛 ))𝑣𝑛 + ( 𝑗 ′(𝑢) − 𝑗 ′(𝑢ℎ𝑛 ))𝑣𝑛]

≤ lim

𝑛→∞
𝑗 ′
ℎ𝑛
(𝑢ℎ𝑛 )𝑣𝑛 = lim

𝑛→∞
1

𝑠𝑛
[ 𝑗 ′
ℎ𝑛
(𝑢ℎ𝑛 ) (𝑢ℎ𝑛 − 𝑢) + 𝑗 ′

ℎ𝑛
(𝑢ℎ𝑛 ) (𝑢ℎ𝑛 − 𝑢ℎ𝑛 )] .

From this and the fact that 𝑗 ′
ℎ𝑛
(𝑢ℎ𝑛 ) (𝑢ℎ𝑛 − 𝑢ℎ𝑛 ) ≤ 0, we obtain

𝑗 ′(𝑢)𝑣 ≤ lim

𝑛→∞
1

𝑠𝑛
𝑗 ′
ℎ𝑛
(𝑢ℎ𝑛 ) (𝑢ℎ𝑛 − 𝑢) ≤ lim

𝑛→∞
∥𝜑ℎ𝑛 (𝑢ℎ𝑛 ) + 𝜈𝑢ℎ𝑛 ∥𝐿2 (Ω)

∥𝑢ℎ𝑛 − 𝑢∥𝐿2 (Ω)
𝑠𝑛

→ 0,

where we have used Theorem 5.2 and the Cauchy–Schwarz inequality to derive the last estimate

and the boundedness of {∥𝜑ℎ𝑛 (𝑢ℎ𝑛 ) + 𝜈𝑢ℎ𝑛 ∥𝐿2 (Ω) } (due to Lemma 5.7) as well as (5.34) to pass to the

limit. There therefore holds that 𝑗 ′(𝑢)𝑣 = 0. This and Lemma 4.11 in [3] lead to 𝑣 (𝑥) = 0 whenever

𝜑 (𝑥) + 𝜈𝑢 (𝑥) ≠ 0. We thus have 𝑣 ∈ C(U𝑎𝑑 ;𝑢).
We now derive a contradiction and thus complete the proof. To this end, we divide (5.29) (with

ℎ := ℎ𝑛) by 𝑠
2

𝑛 to obtain

1

𝑠𝑛
[ 𝑗 ′(𝑢ℎ𝑛 ) − 𝑗 ′(𝑢)]𝑣𝑛 ≤

𝑗 ′(𝑢) (𝑢ℎ𝑛 − 𝑢)
𝑠2

𝑛

+𝐶
(
𝜀ℎ𝑛

𝑠𝑛
+
𝜀ℎ𝑛

𝑠𝑛

∥𝑢ℎ𝑛 − 𝑢∥𝐿2 (Ω)
𝑠𝑛

+
∥𝑢ℎ𝑛 − 𝑢∥𝐿2 (Ω)

𝑠𝑛

)
.

Taking the limes inferior as 𝑛 → ∞, employing (5.34), and using Lemma 5.9 (ii), we conclude that

(5.35) 2𝑄 (𝑢, 𝑦, 𝜑 ; 𝑣) + 𝜈
(
1 − ∥𝑣 ∥2

𝐿2 (Ω)

)
≤ 0.

Combining this with (2.18) and the fact that ∥𝑣 ∥𝐿2 (Ω) ≤ lim inf

𝑛→∞
∥𝑣𝑛 ∥𝐿2 (Ω) = 1, we have 𝑣 = 0. Inserting

this into (5.35) leads to 0 < 𝜈 ≤ 0, which is the desired contradiction. □

Theorem 5.11 (variational discretization). Assume that Uℎ = 𝐿∞(Ω). Let {(𝑦ℎ, 𝑢ℎ)} be the sequence
of discrete solutions to (𝑃ℎ) converging strongly to (𝑦,𝑢) in 𝐻 1

0
(Ω) × 𝐿2(Ω). Under all assumptions of

Theorem 5.10, there exists a constant 𝐶 > 0 such that for any ℎ ∈ (0, ˆℎ),

(5.36) ∥𝑢ℎ − 𝑢∥𝐿2 (Ω) ≤ 𝐶
(
ℎ1+𝑞 + 𝜎

1

2

0
∥Σ𝜅ℎ (𝑦)∥

1

2

𝐿1 (Ω)ℎ
3

2

)
with 𝜅ℎ := 𝐶∞ℎ + ∥𝑆 (𝑢ℎ) − 𝑦 ∥𝐿∞ (Ω) , and 𝜎0, 𝑞 and Σ𝜅ℎ defined in (2.14), (4.16) and (4.10), respectively.

Proof. Choosing 𝑢ℎ := 𝑢 in (5.28) yields

(5.37) ∥𝑢ℎ − 𝑢∥𝐿2 (Ω) ≤ 𝐶𝜀𝑢ℎℎ for all ℎ ∈ (0, ˆℎ) .

Setting 𝑟ℎ := ∥𝑆ℎ (𝑢ℎ) − 𝑆 (𝑢ℎ)∥𝐿∞ (Ω) and using (4.9) yield 𝑟ℎ ≤ 𝐶∞ℎ. Exploiting (4.16), the Cauchy–

Schwarz inequality, Proposition 4.3, and the monotonic growth of 𝑉 (𝑦, ·), there holds

(𝜀𝑢ℎ
ℎ
)2 ≤ 2ℎ2+2𝑞 + 2ℎ2∥𝑉 (𝑆 (𝑢ℎ), 𝑟ℎ)∥2

𝐿2 (Ω)

≤ 2ℎ2+2𝑞 +𝐶ℎ2

[
∥𝑉 (𝑦, 𝑟ℎ + ∥𝑆 (𝑢ℎ) − 𝑦 ∥𝐿∞ (Ω) )∥2

𝐿2 (Ω) + ∥𝑆 (𝑢ℎ) − 𝑦 ∥2

𝐻 1

0
(Ω)

]
≤ 2ℎ2+2𝑞 +𝐶ℎ2

[
∥𝑉 (𝑦,𝐶∞ℎ + ∥𝑆 (𝑢ℎ) − 𝑦 ∥𝐿∞ (Ω) )∥2

𝐿2 (Ω) + ∥𝑆 (𝑢ℎ) − 𝑦 ∥2

𝐻 1

0
(Ω)

]
≤ 𝐶

[
ℎ2+2𝑞 + ℎ2𝜎0∥Σ𝜅ℎ (𝑦)∥𝐿1 (Ω) (𝐶∞ℎ + ∥𝑆 (𝑢ℎ) − 𝑦 ∥𝐿∞ (Ω) ) + ℎ2∥𝑆 (𝑢ℎ) − 𝑦 ∥2

𝐻 1

0
(Ω)

]
≤ 𝐶

[
ℎ2+2𝑞 + ℎ2𝜎0∥Σ𝜅ℎ (𝑦)∥𝐿1 (Ω) (ℎ + ∥𝑢ℎ − 𝑢∥𝐿2 (Ω) ) + ℎ2∥𝑢ℎ − 𝑢∥2

𝐿2 (Ω)

]
,

where we have used Theorem 2.2 to derive the last inequality. From this and (5.37), a simple computation

gives (5.36). □
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From the fact that 1 + 𝑞 = 1 + 𝑝̃−2

𝑝̃
→ 2 as 𝑝 → ∞ and that ∥Σ𝜅ℎ (𝑦)∥𝐿1 (Ω) → Σ(𝑦) as ℎ → 0

+
, we

have the following corollary of Theorem 5.11.

Corollary 5.12. Assume that all assumptions of Theorem 5.11 are fulfilled. Then the following assertions

hold for ℎ → 0
+
:

(i) if 𝜎0 = 0, then ∥𝑢ℎ − 𝑢∥𝐿2 (Ω) = 𝑂 (ℎ2−𝜀) for any 𝜀 > 0;

(ii) if Σ(𝑦) = 0, then ∥𝑢ℎ − 𝑢∥𝐿2 (Ω) = 𝑜 (ℎ
3

2 );

(iii) if Σ(𝑦) > 0, then ∥𝑢ℎ − 𝑢∥𝐿2 (Ω) = 𝑂 (ℎ 3

2 ).

Similarly, we obtain from Theorem 5.10 error estimates for piecewise constant controls.

Theorem 5.13 (piecewise constant discretization and continuous piecewise linear discretization). Assume

that Uℎ = U𝑖
ℎ
, 𝑖 = 0, 1. Let {(𝑦ℎ, 𝑢ℎ)} be the sequence of discrete solutions to (𝑃ℎ) converging strongly

to (𝑦,𝑢) in 𝐻 1

0
(Ω) × 𝐿2(Ω). Under all assumptions of Theorem 5.10, there exist constants 𝐶 > 0 and

ˆℎ∗ ∈ (0, ˆℎ) such that

(5.38) ∥𝑢ℎ − 𝑢∥𝐿2 (Ω) ≤ 𝐶ℎ for all ℎ ∈ (0, ˆℎ∗).

Proof. According to Theorem 2.5,𝜑 and𝑢 are Lipschitz continuous on Ω. Hence constants𝐶,𝐶1 > 0 and

ˆℎ∗ ∈ (0, ˆℎ) exist such that for any ℎ ∈ (0, ˆℎ∗), there exists a 𝑢ℎ ∈ U𝑎𝑑,ℎ satisfying ∥𝑢 −𝑢ℎ ∥𝐿∞ (Ω) ≤ 𝐶1ℎ

and 𝑗 ′(𝑢) (𝑢−𝑢ℎ) = 0 for the caseUℎ = U0

ℎ
; see, e.g. Lemma 4.17 in [10], as well as | 𝑗 ′(𝑢) (𝑢−𝑢ℎ) | ≤ 𝐶ℎ2

for the case Uℎ = U1

ℎ
; see the proof of Theorem 5.4 in [11]. Combining this with (5.28) and the fact

that 𝜀
𝑢ℎ
ℎ

≤ 𝐶2ℎ for all ℎ ∈ (0, ˆℎ) yields (5.38). □

5.3 numerical example

We conclude this section with a preliminary numerical example for the variational discretization of

the optimal control problem. Specifically, we consider the problem

(5.39)


min

𝑢∈𝐿∞ (Ω)
𝑗 (𝑢) :=

1

2

∫
Ω
(𝑦𝑢 (𝑥) − 𝑦𝑑 (𝑥))2

d𝑥 + 𝜈
2

∫
Ω
𝑢 (𝑥)2

d𝑥

s.t. − div[(1 + max{𝑦𝑢 − 1, 0})∇𝑦𝑢] = 𝑢 in Ω, 𝑦𝑢 = 0 on 𝜕Ω,

0 ≤ 𝑢 (𝑥) ≤ 2𝜋2
a.e. 𝑥 ∈ Ω,

where Ω := (0, 1)2 ⊂ ℝ2
, 𝑦𝑑 := (1 + 4𝜈𝜋4) sin𝜋𝑥1 sin𝜋𝑥2, and 𝜈 := 10

−4
. This problem fits the general

setting with 𝛼 = 0, 𝛽 = 2𝜋2
, 𝑏 ≡ 1, 𝑎(𝑡) = max{𝑡 − 1, 0}; i.e., 𝑎0(𝑡) := 0, 𝑎1(𝑡) := 𝑡 − 1, and 𝑡 := 1. Setting

𝑢 := 2𝜋2𝑦 with 𝑦 := sin𝜋𝑥1 sin𝜋𝑥2 and 𝜑 := −𝜈𝑢, it is straightforward to verify that (𝑢, 𝑦, 𝜑) satisfies
the first-order optimality condition (2.7) associated with (5.39). We shall now show that all assumptions

of Theorem 2.7, and thus of Theorem 5.11, are fulfilled. First, we have

{𝑦 = 𝑡} = {(0.5, 0.5)} and {𝑦 < 𝑡} = Ω\{(0.5, 0.5)}.

Moreover, ∇𝑦 obviously vanishes on {𝑦 = 𝑡}, and Lemma a.1 in the Appendix shows that the structural

assumption in (2.17) holds. Furthermore, by virtue of (2.2), there holds for a.e. (𝑥1, 𝑥2) ∈ Ω that

𝑎′(𝑦 (𝑥1, 𝑥2); 𝑠) = 0 for all 𝑠 ∈ ℝ. From this and the fact that 𝟙{𝑦≠𝑡 }𝑎
′′ ≡ 0, we have

𝑄𝑠 (𝑢, 𝑦, 𝜑 ; 𝑣, 𝑣) +𝑄1(𝑢, 𝑦, 𝜑 ; 𝑣, 𝑣) = 1

2

∥𝑆 ′(𝑢)𝑣 ∥2

𝐿2 (Ω) +
𝜈

2

∥𝑣 ∥2

𝐿2 (Ω) for all 𝑣 ∈ 𝐿2(Ω).

Since H 1 ({𝑦 = 𝑡}) = 0, there holds 𝑄2(𝑢, 𝑦, 𝜑 ; 𝑣) = 0 for all 𝑣 ∈ 𝐿2(Ω). Consequently,

𝑄 (𝑢, 𝑦, 𝜑 ; 𝑣) = 1

2

∥𝑆 ′(𝑢)𝑣 ∥2

𝐿2 (Ω) +
𝜈

2

∥𝑣 ∥2

𝐿2 (Ω) > 0
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ℎ𝑛 ∥𝑢 − 𝑢ℎ𝑛 ∥𝐿2 (Ω) ∥𝑢 − 𝑢ℎ𝑛 ∥𝐿∞ (Ω) 𝐸𝑂𝐶𝐿2 (𝑛) 𝐸𝑂𝐶𝐿∞ (𝑛)
1.41 · 10

−2
2.33 · 10

−3
4.51 · 10

−3
1.999 52 1.999 96

7.07 · 10
−3

5.84 · 10
−4

1.13 · 10
−3

1.999 85 1.999 99

4.71 · 10
−3

2.59 · 10
−4

5.01 · 10
−4

1.999 93 1.999 99

3.54 · 10
−3

1.46 · 10
−4

2.82 · 10
−4

1.999 96 2.000 00

2.83 · 10
−3

9.34 · 10
−5

1.80 · 10
−4

1.999 97 2.000 00

2.36 · 10
−3

6.49 · 10
−5

1.25 · 10
−4

1.999 98 2.000 01

2.02 · 10
−3

4.76 · 10
−5

9.19 · 10
−5

1.999 98 1.999 99

1.77 · 10
−3

3.65 · 10
−5

7.04 · 10
−5

1.999 99 2.000 00

1.57 · 10
−3

2.88 · 10
−5

5.56 · 10
−5

1.999 99 1.999 99

1.41 · 10
−3

2.33 · 10
−5

4.51 · 10
−5

Table 1: discretization errors and experimental orders of convergence (EOC) in 𝐿2
and 𝐿∞ for the

optimal control 𝑢 in dependence of ℎ𝑛

for all 𝑣 ∈ 𝐿2(Ω) with 𝑣 ≠ 0. We have therefore verified that all hypotheses of Theorem 2.7 and of

Theorem 5.11 are fulfilled. Finally, Lemma a.2 in the Appendix shows that Σ(𝑦) = 0 for this example.

We now consider the discrete approximation 𝑢ℎ of 𝑢. Thanks to Remarks 5.5 and 5.6, we have

𝑢ℎ = Proj[𝛼,𝛽 ] (− 1

𝜈
𝜑ℎ) with Proj[𝛼,𝛽 ] denoting the pointwise a.e. projection mapping onto the interval

[𝛼, 𝛽]. From this, (3.1), and (5.10a), 𝑦ℎ and 𝜑ℎ satisfy

(5.40)


∫
Ω
(1 + max{𝑦ℎ − 1, 0})∇𝑦ℎ · ∇𝑤ℎ d𝑥 =

∫
Ω

Proj[𝛼,𝛽 ] (−
1

𝜈
𝜑ℎ)𝑤ℎ d𝑥,∫

Ω
(1 + max{𝑦ℎ − 1, 0})∇𝜑ℎ · ∇𝑣ℎ + 𝟙{𝑦ℎ>1}∇𝑦ℎ · ∇𝜑ℎ𝑣ℎ d𝑥 =

∫
Ω
(𝑦ℎ − 𝑦𝑑 )𝑣ℎ d𝑥

for all 𝑤ℎ, 𝑣ℎ ∈ 𝑉ℎ . Since the nonlinearities of (5.40) are semi-smooth, it is reasonable to solve this

system by a semi-smooth Newton (SSN) method; see, e.g., [33, 37] as well as [19]. Setting 𝑦0 :=

32𝑥1𝑥2(1 − 𝑥1) (1 − 𝑥2), we notice that the set {𝑦0 > 𝑡} has positive measure while {𝑦 < 𝑡} is a

set of full measure. The starting point for the discrete SSN method solved (5.40) is then taken as

(𝑦ℎ,0, 𝜑ℎ,0) := (Proj𝑉ℎ
(𝑦0), 0) for different mesh sizes ℎ, where Proj𝑉ℎ

stands for the 𝐿2
projection

mapping onto 𝑉ℎ . The integrals over elements are approximated with a quadrature scheme. This

introduces a variational crime which however does not reduce the expected approximation order for

piecewise linear functions. In all our tests, the SSN method converged in four or five iterations.

We report the resulting discretization errors ∥𝑢ℎ − 𝑢∥𝑋 for 𝑋 = 𝐿2(Ω) and 𝑋 = 𝐿∞(Ω) for ℎ ∈
{

√
2

100𝑛
| 1 ≤ 𝑛 ≤ 10} as well as the experimental order of convergence

𝐸𝑂𝐶𝐿𝑝 (𝑛) :=
log(∥𝑢 − 𝑢ℎ𝑛+1

∥𝐿𝑝 (Ω) ) − log(∥𝑢 − 𝑢ℎ𝑛 ∥𝐿𝑝 (Ω) )
log(ℎ𝑛+1) − log(ℎ𝑛)

in Table 1. The results indicate an EOC of 2, which is consistent with the guaranteed rate of 𝑜 (ℎ3/2)
from Corollary 5.12 for this case, but indicates that we are observing a superconvergence property;

compare [34].

6 conclusions

We have studied the numerical approximation of an optimal control problem governed by a quasilinear

elliptic equation with nonsmooth coefficient in the divergence part. The convergence of a sequence of

minimizers of some discrete control problems to a global minimizer of the original problem is shown. A
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priori error estimates for three types of discretizations (variational, piecewise constant, and continuous

piecewise linear discretizations) are derived under an explicit second-order sufficient condition for the

continuous optimal control problem and a structural assumption on the optimal state. The estimate

for variational discretization corrobates the proven rate, although the observed rate is higher, which

motivates follow-up work on rate optimality or superconvergence properties for optimal control of

nonsmooth quasilinear equations.
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appendix a verification of a structural assumption and computation of
the jump functional

Lemma a.1. Let Ω := {𝑥 = (𝑥1, 𝑥2) ∈ ℝ2 | 0 < 𝑥1, 𝑥2 < 1} and let 𝑦 (𝑥1, 𝑥2) := sin(𝜋𝑥1) sin(𝜋𝑥2). Then
there exists a constant 𝑐𝑠 > 0 such that

(a.1) measℝ2 ({|𝑦 − 1| < 𝑟 }) ≤ 𝑐𝑠𝑟

for all 𝑟 > 0 small enough.

Proof. Take any sufficiently small 𝑟 > 0 satisfying (1 − 𝑟, 1) ⊂ (0, 1). A simple computation yields

{|𝑦 − 1| < 𝑟 }

=

{
1

𝜋
arcsin

1−𝑟
sin𝜋𝑥2

< 𝑥1 < 1 − 1

𝜋
arcsin

1−𝑟
sin𝜋𝑥2

, 1

𝜋
arcsin(1 − 𝑟 ) < 𝑥2 < 1 − 1

𝜋
arcsin(1 − 𝑟 )

}
.

We thus obtain

(a.2) measℝ2 ({|𝑦 − 𝑡 | < 𝑟 }) =
∫

1− 1

𝜋
arcsin(1−𝑟 )

1

𝜋
arcsin(1−𝑟 )

(
1 − 2

𝜋
arcsin

1−𝑟
sin𝜋𝑥2

)
𝑑𝑥2 ≤

[
1 − 2

1

𝜋
arcsin(1 − 𝑟 )

]
2

,

where we have used the fact that

0 ≤ 1 − 2

𝜋
arcsin

1−𝑟
sin𝜋𝑥2

≤ 1 − 2
1

𝜋
arcsin(1 − 𝑟 ) for all 0 ≤ 𝑥2 ≤ 1, 𝑟 ∈ (0, 1).

L’Hospital’s rule then shows that

lim

𝑟→0
+

1 − 2
1

𝜋
arcsin(1 − 𝑟 )
√
𝑟

=
4

𝜋
lim

𝑟→0
+

√︂
𝑟

1 − (1 − 𝑟 )2
=

2

√
2

𝜋
,

which, along with (a.2), yields (a.1). □

Lemma a.2. Let Ω := {𝑥 = (𝑥1, 𝑥2) ∈ ℝ2 | 0 < 𝑥1, 𝑥2 < 1} and let 𝑦 (𝑥1, 𝑥2) := sin(𝜋𝑥1) sin(𝜋𝑥2). Then

Σ(𝑦) =


8𝜎0

(
1 − 2

𝜋
arcsin 𝑡

)
if 𝑡 ∈ (0, 1),

0 if 𝑡 = 1,

4𝜎0 if 𝑡 = 0.
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Proof. We distinguish the following cases:

(i) For any 𝑡 ∈ (0, 1) and any sufficiently small 𝑟 > 0 satisfying (𝑡 − 𝑟, 𝑡 + 𝑟 ) ⊂ (0, 1), a simple

computation shows that{
|𝑦 − 𝑡 | < 𝑟, 𝜕𝑥1

𝑦 > 0

}
=

{
1

𝜋
arcsin

𝑡−𝑟
sin𝜋𝑥2

< 𝑥1 <
1

𝜋
arcsin

𝑡+𝑟
sin𝜋𝑥2

, 1

𝜋
arcsin(𝑡 + 𝑟 ) < 𝑥2 < 1 − 1

𝜋
arcsin(𝑡 + 𝑟 )

}
∪
{

1

𝜋
arcsin

𝑡−𝑟
sin𝜋𝑥2

< 𝑥1 <
1

2
, 1

𝜋
arcsin(𝑡 − 𝑟 ) < 𝑥2 < 1

𝜋
arcsin(𝑡 + 𝑟 )

}
∪
{

1

𝜋
arcsin

𝑡−𝑟
sin𝜋𝑥2

< 𝑥1 <
1

2
, 1 − 1

𝜋
arcsin(𝑡 + 𝑟 ) < 𝑥2 < 1 − 1

𝜋
arcsin(𝑡 − 𝑟 )

}
.

We thus obtain∫
Ω
𝟙{ |𝑦−𝑡 |<𝑟,𝜕𝑥

1
𝑦>0} |𝜕𝑥1

𝑦 | d𝑥 = − 2

𝜋
[cos(arcsin(𝑡 + 𝑟 )) − cos(arcsin(𝑡 − 𝑟 ))]

− 2

𝜋
(𝑡 − 𝑟 ) [arcsin(𝑡 + 𝑟 ) − arcsin(𝑡 − 𝑟 )]

+ 2𝑟

(
1 − 2

𝜋
arcsin(𝑡 + 𝑟 )

)
.

Applying L’Hospital’s rule yields

lim

𝑟→0
+

1

𝑟

∫
Ω
𝟙{ |𝑦−𝑡 |<𝑟,𝜕𝑥

1
𝑦>0} |𝜕𝑥1

𝑦 | d𝑥 = 2

(
1 − 2

𝜋
arcsin 𝑡

)
.

Similarly, there hold

lim

𝑟→0
+

1

𝑟

∫
Ω
𝟙{ |𝑦−𝑡 |<𝑟,𝜕𝑥

1
𝑦<0} |𝜕𝑥1

𝑦 | d𝑥 = 2

(
1 − 2

𝜋
arcsin 𝑡

)
,

lim

𝑟→0
+

1

𝑟

∫
Ω
𝟙{ |𝑦−𝑡 |<𝑟,𝜕𝑥

2
𝑦>0} |𝜕𝑥2

𝑦 | d𝑥 = 2

(
1 − 2

𝜋
arcsin 𝑡

)
,

lim

𝑟→0
+

1

𝑟

∫
Ω
𝟙{ |𝑦−𝑡 |<𝑟,𝜕𝑥

2
𝑦<0} |𝜕𝑥2

𝑦 | d𝑥 = 2

(
1 − 2

𝜋
arcsin 𝑡

)
.

By adding these four limits, we obtain

lim

𝑟→0
+

1

𝑟

∫
Ω
𝟙{ |𝑦−𝑡 |<𝑟 }

[
|𝜕𝑥1

𝑦 | + |𝜕𝑥2
𝑦 |
]

d𝑥 = 8

(
1 − 2

𝜋
arcsin 𝑡

)
.

(ii) For 𝑡 = 0 and for any 𝑟 ∈ (0, 1) sufficiently small, we see from a straightforward calculation that{
|𝑦 − 0| < 𝑟, 𝜕𝑥1

𝑦 > 0

}
=

{
0 < 𝑥1 <

1

𝜋
arcsin

𝑟
sin𝜋𝑥2

, 1

𝜋
arcsin 𝑟 < 𝑥2 < 1 − 1

𝜋
arcsin 𝑟

}
∪
{
0 < 𝑥1 <

1

2
, 0 < 𝑥2 < 1

𝜋
arcsin 𝑟

}
∪
{
0 < 𝑥1 <

1

2
, 1 − 1

𝜋
arcsin 𝑟 < 𝑥2 < 1

}
.

Consequently, it holds that∫
Ω
𝟙{ |𝑦−0 |<𝑟,𝜕𝑥

1
𝑦>0} |𝜕𝑥1

𝑦 | d𝑥 = − 2

𝜋
[cos(arcsin 𝑟 ) − 1] + 𝑟

(
1 − 2

𝜋
arcsin 𝑟

)
.
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L’Hospital’s rule then shows that

lim

𝑟→0
+

1

𝑟

∫
Ω
𝟙{ |𝑦−0 |<𝑟,𝜕𝑥

1
𝑦>0} |𝜕𝑥1

𝑦 | d𝑥 = 1.

Similarly, we can conclude that

lim

𝑟→0
+

1

𝑟

∫
Ω
𝟙{ |𝑦−0 |<𝑟 }

[
|𝜕𝑥1

𝑦 | + |𝜕𝑥2
𝑦 |
]

d𝑥 = 4.

(iii) For 𝑡 = 1 and for any 𝑟 > 0 such that 𝑟 ∈ (0, 1), we have{
|𝑦 − 1| < 𝑟, 𝜕𝑥1

𝑦 > 0

}
=

{
1

𝜋
arcsin

1−𝑟
sin𝜋𝑥2

< 𝑥1 <
1

2
, 1

𝜋
arcsin(1 − 𝑟 ) < 𝑥2 < 1 − 1

𝜋
arcsin(1 − 𝑟 )

}
.

There therefore holds that∫
Ω
𝟙{ |𝑦−1 |<𝑟,𝜕𝑥

1
𝑦>0} |𝜕𝑥1

𝑦 | d𝑥 =
2

𝜋
[cos(arcsin(1 − 𝑟 )) + (1 − 𝑟 ) arcsin(1 − 𝑟 )] + 𝑟 − 1.

Again, L’Hospital’s rule shows that

lim

𝑟→0
+

1

𝑟

∫
Ω
𝟙{ |𝑦−1 |<𝑟,𝜕𝑥

1
𝑦>0} |𝜕𝑥1

𝑦 | d𝑥 = 0.

Similarly, we can deduce that

lim

𝑟→0
+

1

𝑟

∫
Ω
𝟙{ |𝑦−1 |<𝑟 }

[
|𝜕𝑥1

𝑦 | + |𝜕𝑥2
𝑦 |
]

d𝑥 = 0. □
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