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numerical analysis of a nonsmooth quasilinear
elliptic control problem: i. explicit second-order

optimality conditions

Christian Clason∗ Vu Huu Nhu† Arnd Rösch‡

Abstract In this paper, we derive explicit second-order necessary and sufficient optimality

conditions of a local minimizer to an optimal control problem for a quasilinear second-order partial

differential equation with a piecewise smooth but not differentiable nonlinearity in the leading

term. The key argument rests on the analysis of level sets of the state. Specifically, we show that

if a function vanishes on the boundary and its the gradient is different from zero on a level set,

then this set decomposes into finitely many closed simple curves. Moreover, the level sets depend

continuously on the functions defining these sets. We also prove the continuity of the integrals

on the level sets. In particular, Green’s first identity is shown to be applicable on an open set

determined by two functions with nonvanishing gradients. In the second part to this paper, the

explicit sufficient second-order conditions will be used to derive error estimates for a finite-element

discretization of the control problem.

Key words Level set, optimal control, nonsmooth optimization, quasilinear elliptic equation,

piecewise differentiable function

1 introduction

In this paper, we investigate the nonsmooth quasilinear elliptic optimal control problem

(P)


min

𝑢∈𝐿∞(Ω)

𝑗 (𝑢) :=

∫
Ω
𝐿(𝑥, 𝑦𝑢 (𝑥 )) d𝑥 + 𝜈

2

∥𝑢∥2

𝐿2
(Ω)

s.t. − div[(𝑏 + 𝑎(𝑦𝑢 ))∇𝑦𝑢] = 𝑢 in Ω, 𝑦𝑢 = 0 on 𝜕Ω,

𝛼 ≤ 𝑢(𝑥 ) ≤ 𝛽 a.e. 𝑥 ∈ Ω,

where Ω is a bounded, convex and polygonal domain Ω ⊂ ℝ2
; 𝐿 : Ω × ℝ → ℝ is a Carathéodory

function of class 𝐶2
with respect to (w.r.t.) the second variable; 𝑏 : Ω → ℝ is a Lipschitz continuous

function; 𝑎 : ℝ → ℝ is a nonsmooth function; and 𝛼, 𝛽, 𝜈 ∈ ℝ satisfy 𝛽 > 𝛼 and 𝜈 > 0. For the precise

hypotheses on the data of (P), we refer to Section 3.1.

The control problem (P) is interesting since the corresponding state equation arises, for instance, in

models of heat conduction where the coefficient in the divergence term of the state equation is the heat

conductivity and depends on the temperature 𝑦 and on the spatial coordinate 𝑥 ; see, e.g. [2, 24]. When
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the data are of class 𝐶2
, the numerical analysis of the discrete approximation of such optimal control

problems was investigated by Casas et al. in [6, 7] for distributed control and in [5] for Neumann

control. Here, we only assume that the coefficient 𝑎 is continuous and piecewise 𝐶2
, which makes the

analysis significantly more challenging.

In [9], we studied so-called no-gap second-order necessary and sufficient optimality conditions for

(P) in terms of a general nonsmooth curvature functional of 𝑗 . In this paper, we will formulate an

explicit formula for the curvature functional; see Theorem 3.21 below. This explicit derivation is based

only on an assumption on the gradient of the state function 𝑦𝑢 and on the level set of 𝑦𝑢 with respect

to points 𝑡 where the nonlinearity 𝑎 is not differentiable. The sufficient condition will be used to prove

a priori numerical error estimates for the discretization of the nonsmooth optimal control problem

using the finite element method in the second part of this work.

Let us comment on related works in [8] and [23] for explicitly computing curvature terms of

nonsmooth functionals. In [8], the authors considered bang-bang optimal control problems, where the

associated state equation is linear and the controls satisfy the box-constraint −1 ≤ 𝑢 ≤ 1 a.e. in Ω. They
observed that the set {𝑢 ∈ 𝐿∞(Ω) | −1 ≤ 𝑢 ≤ 1 a.e. in Ω} possesses a curvature in the space M(Ω), the

dual of the space consisting of all continuous functions vanishing on the boundary. Under a structural

assumption imposed on the corresponding adjoint state and its level set, they established the curvature

of the set {𝑢 ∈ 𝐿∞(Ω) | −1 ≤ 𝑢 ≤ 1 a.e. in Ω} by using a directional Taylor-like expression in the

𝐿1
(Ω)-norm. In [23], the authors first considered general optimization problems with a nonuniformly

convex and nonsmooth integral functional and then applied the obtained results to bang-off-bang

optimal control problems with smooth semilinear elliptic partial differential equations. In these papers,

the authors first proved explicit formulas for the case Ω ⊂ ℝ and then lifted the obtained result to the

higher-dimensional situation by using partitions of unity.

Here we construct an explicit formula of the nonsmooth curvature functional through a thorough

analysis of level sets. In particular, we study the structure and the continuity in terms of determining

functions of the level sets, a Green’s formula, and the continuity of integrals over level sets. To fix

ideas, let 𝑦 : Ω → ℝ be a 𝐶1
function with an image R(𝑦). For any 𝑡 ∈ R(𝑦), the preimage

{𝑦 = 𝑡} := {𝑥 ∈ Ω | 𝑦(𝑥 ) = 𝑡}

is called level set of 𝑦 corresponding to the level value 𝑡 . These level sets are compact as a result of the

continuity of 𝑦 and the boundedness of Ω̄. When Ω = ℝ2
and 𝑦 is of class 𝐶2

, Sard’s theorem (see, e.g.

[21] and Appendix 1 in [16]) states that the set of critical values

{𝑡 ∈ R(𝑦) | ∇𝑦(𝑥 ) = 0 for all 𝑥 ∈ {𝑦 = 𝑡}}

is of one-dimensional (Lebesgue) measure zero. The Implicit Function Theorem further yields that

for almost all (a.a.) 𝑡 ∈ R(𝑦), the level sets {𝑦 = 𝑡} are simple curves of class 𝐶2
. When 𝑦 is Lipschitz

continuous, it was shown in [1] that for a.a. 𝑡 ∈ R(𝑦), any connected component of {𝑦 = 𝑡} is either a
point or a simple curve with Lipschitz parametrization; see statement (iv) in Theorem 2.5 in [1]. If 𝑦 is

an element of the Sobolev space𝑊 2,1
(Ω), then for a.a. 𝑡 ∈ R(𝑦) the level set {𝑦 = 𝑡} is a union of a

finitely many disjoint𝐶1
simple curves; see Theorem 5.1 and Corollary 5.2 in [3]. However, here we are

interested in the structure of the level set {𝑦 = 𝑡} for a given concrete value of 𝑡 and cannot rely on

properties that only hold almost everywhere.

The study of level sets at given level values is also relevant to the analysis of level set methods, first

proposed by Osher and Sethian [20]. These methods rely in part on the theory of curve and surface

evolution given in [22] and stem from the observation that the level set function 𝑦 in compressible

flows carries information on the stretching of the fluid-structure interface. A key property in the

analysis is the continuity of level sets with respect to changes in the function or the level value. For

example, [10] proved the continuity at 𝑡 = 0 of a functional, mapping 𝑡 ∈ ℝ to a corresponding integral
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over the level set {𝑦 = 𝑡}, provided that the function 𝑦 belongs to class of 𝐶2
and that the gradient ∇𝑦

is different from zero on {𝑦 = 0}.
In this work, under the sole assumption that 𝑦 is 𝐶1

and vanishes on the boundary 𝜕Ω, we apply
the Implicit Function Theorem to show that any connected component of the level set on which the

gradient of 𝑦 does not vanish is indeed a 𝐶1
closed simple curve. Furthermore, if the gradient of 𝑦 is

different from zero on {𝑦 = 𝑡}, then the level set consists of finitely many closed simple curves; see

Proposition 2.4 below.

We then study the continuity of integrals over level sets in term of functions that determine the

level sets. Specifically, we shall show that if 𝑦𝑛 → 𝑦 strongly in𝐶1
(Ω) and if the gradient of 𝑦 does not

vanish on {𝑦 = 𝑡}, then the integrals over {𝑦𝑛 = 𝑡} tend to the one over {𝑦 = 𝑡}; see Proposition 2.13

below. In order to show this, we first present in Lemma 2.2 an extension of the Implicit Function

Theorem applying to a point belonging to {𝑦 = 𝑡}, where the implicit functions can be extended to

the boundary of a neighborhood of the mentioned point. We then use partitions of unity to show the

continuity of integrals on level sets. In addition, we prove in Proposition 2.11 (see also Corollary 2.12)

that in any small 𝜀-neighborhood of a connected component of {𝑦 = 𝑡}, there is one and only one

connected component of {𝑦𝑛 = 𝑡} for 𝑛 large enough.

We use these properties to establish a version of Green’s first identity; see, e.g. identity (2.10) in

Chapter II in [14] for the classical version. There, the domains of integration, {𝑦1 < 𝑡 < 𝑦2} ∪ {𝑦1 >

𝑡 > 𝑦2}, are determined by two 𝐶1
functions 𝑦1, 𝑦2 with nonvanishing gradients, and boundaries of

these domains are parts of level sets of 𝑦1 and 𝑦2 at the same level value 𝑡 . As a result, these domains of

integration might admit some cusps and then not have Lipschitz boundaries in the sense of Nečas, see,

e.g. Definition 1.2.1.1 [15]. In order to validate Green’s first identity on these nonsmooth domains, we

show in Lemma 2.6 below that the open set {𝑦1 < 𝑡 < 𝑦2} can be decomposed into at most countably

many disjoint open connected subdomains. Each of such subdomains is approximated by regular

domains with boundaries being curvilinear polygons of class 𝐶1
. By passing to the limit in Green’s

first identity applied over approximating regular domains and summing up the obtained identities,

we arrive at the Green formula on {𝑦1 < 𝑡 < 𝑦2} ∪ {𝑦1 > 𝑡 > 𝑦2}; see Lemma 2.7 and Proposition 2.9.

Together with continuity properties of level sets and of integrals on them, with the aid of this, we derive

an explicit formula for the curvature functional in Theorem 3.21 and use this to obtain second-order

necessary and sufficient optimality conditions in explicit forms obtained in Theorems 3.22 and 3.23,

respectively.

The plan of the paper is as follows. We conclude this section with some general notation. In the

next section, we investigate the structure and the continuity properties of the level sets as well as

derive Green’s first identity on open sets determined by two functions and a level value. Section 3 is

then devoted to the study of the nonsmooth quasilinear optimal control problem (P): In Section 3.1, we

rigorously state the assumptions for (P) and provide some preliminary results from [9]. An explicit

formula of the curvature functional of the objective functional is derived in Section 3.2. Finally, in

Section 3.3, explicit second-order necessary and sufficient optimality conditions are presented.

Notation. We denote by 𝐵𝑋 (𝑢, 𝜌) and 𝐵𝑋 (𝑢, 𝜌) the open and closed balls in a Banach space 𝑋 of

radius 𝜌 > 0 centered at 𝑢 ∈ 𝑋 , respectively. For Banach spaces 𝑋 and 𝑌 , the notation 𝑋 ↩→ (⋐)𝑌 is

understood that 𝑋 is continuously (compactly) embedded in 𝑌 . For a given function 𝑔 : Ω → ℝ and a

subset 𝐴 ⊂ ℝ, {𝑔 ∈ 𝐴} denotes the set of all points 𝑥 ∈ Ω for which 𝑔(𝑥 ) ∈ 𝐴. For functions 𝑔1, 𝑔2 and

subsets𝐴1, 𝐴2 ⊂ ℝ, we set {𝑔1 ∈ 𝐴1, 𝑔2 ∈ 𝐴2} := {𝑔1 ∈ 𝐴1}∩{𝑔2 ∈ 𝐴2}. For any set𝜔 ⊂ Ω, we denote by
𝟙𝜔 the indicator function of 𝜔 , i.e., 𝟙𝜔 (𝑥 ) = 1 if 𝑥 ∈ 𝜔 and 𝟙𝜔 (𝑥 ) = 0 otherwise. The symbol H 1

stands

for the one-dimensional Hausdorff measure on ℝ2
that is scaled as in [12], Def. 2.1. For a measurable

two-dimensional subset 𝐴, by measℝ2 (𝐴), we denote the two-dimensional Lebesgue measure of 𝐴.

Finally, we write the symbol 𝐶 for a generic positive constant, which may be different at different

Clason, Nhu, Rösch Numerical analysis of a nonsmooth quasilinear elliptic . . .
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places of occurrence and the notation, e.g. 𝐶𝜉 for a constant depending only on the parameter 𝜉 .

2 analysis of level sets

In this section, Ω is assumed to be a convex and bounded domain in ℝ2
only.

2.1 structure of level sets

We first recall from [17] that a connected component of a set 𝑉 ⊂ ℝ𝑑
, 𝑑 ≥ 1, is any element of the

class of connected subsets of 𝑉 that is maximal with respect to inclusion and that a simple closed 𝐶1

curve in ℝ𝑑
is a curve that admits a𝐶1

parametrization 𝛾 : [ℎ, 𝑘] → ℝ𝑑
which is injective on [ℎ, 𝑘) and

satisfies 𝛾 (ℎ) = 𝛾 (𝑘).

We shall investigate the structure of any connected component of the level sets of 𝐶1
-functions that

vanish on the boundary and have nonvanishing gradients on these components. We begin with the

following 𝐶1
extension of a smooth function defined over convex domains.

Proposition 2.1. Let 𝐺 be a convex domain in ℝ𝑑
with 𝑑 ≥ 1 and let 𝑓 ∈ 𝐶1

(𝐺) be arbitrary. Then there

exists a function
¯𝑓 : ℝ𝑑 → ℝ with the following properties:

(a)
¯𝑓 is of class 𝐶1

;

(b)
¯𝑓 = 𝑓 and ∇ ¯𝑓 = ∇𝑓 on 𝐺 .

Proof. We will show that Whitney’s Extension Theorem (see, e.g. Chapter 6 in [12] and Theorem 9.43

in [17]) can be applied and thus derive the desired extension function. To this end, for any 𝑥1, 𝑥2 ∈ 𝐺
with 𝑥1 ≠ 𝑥2, set

𝑅(𝑥2, 𝑥1) :=
𝑓 (𝑥2) − 𝑓 (𝑥1) − ∇𝑓 (𝑥1) · (𝑥2 − 𝑥1)

|𝑥2 − 𝑥1 |
.

For any compact subset𝑀 ⊂ 𝐺 , we define the function 𝜌𝑀 : (0, 1) → (0,∞) by

𝜌𝑀 (𝜏) := sup{|𝑅(𝑥2, 𝑥1)| | 0 < |𝑥1 − 𝑥2 | < 𝜏, 𝑥1, 𝑥2 ∈ 𝑀}, 𝜏 ∈ (0, 1).

In light of Whitney’s Extension Theorem, in order to derive assertions (a) and (b), we need to show

that

(2.1) 𝜌𝑀 (𝜏) → 0 as 𝜏 → 0
+.

Indeed, for any compact subset𝑀 ⊂ 𝐺 , and any 𝑥1, 𝑥2 ∈ 𝑀 , 𝑥1 ≠ 𝑥2, we deduce from the Mean Value

Theorem and the convexity of 𝐺 that

|𝑅(𝑥2, 𝑥1)| =
|∇𝑓 (𝑥1 + 𝜃 (𝑥2 − 𝑥1)) · (𝑥2 − 𝑥1) − ∇𝑓 (𝑥1) · (𝑥2 − 𝑥1)|

|𝑥1 − 𝑥2 |
≤ |∇𝑓 (𝑥1 + 𝜃 (𝑥2 − 𝑥1)) − ∇𝑓 (𝑥1)|

with some 𝜃 ∈ (0, 1). There then holds

𝜌𝑀 (𝜏) ≤ sup{|∇𝑓 (𝑥2) − ∇𝑓 (𝑥1)| | |𝑥1 − 𝑥2 | < 𝜏, 𝑥1, 𝑥2 ∈ 𝑀}

for all 𝜏 ∈ (0, 1). From this and the uniform continuity of ∇𝑓 on the compact set𝑀 , we have (2.1). □

Clason, Nhu, Rösch Numerical analysis of a nonsmooth quasilinear elliptic . . .
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It is well-known from differential geometry (see, e.g. [18] and [16]) that every compact one-dimensional

manifold without boundary is a union of finitely many disjoint closed curves. As a direct consequence,

we obtain in Proposition 2.4 below the decomposition into finitely many disjoint closed curves of level

sets of a 𝐶1
-function that vanishes on the boundary of a two-dimensional convex domain and has a

nonvanishing gradient. For the sake of convenience, we provide its proof based on Proposition 2.1 and

the following result on the extension of an implicit function. Besides, this extension result plays an

important role in proving the continuity of integrals on level sets in Section 2.4 below.

Lemma 2.2. Let 𝑡 ∈ ℝ be arbitrary and let 𝑦 ∈ 𝐶1
(Ω) be such that 𝑦 |𝜕Ω = 0 and that there is a point

𝑥0 := (𝑥 1

0
, 𝑥2

0
) ∈ {𝑦 = 𝑡}. Assume that

(2.2)

∣∣∣∣ 𝜕𝑦𝜕𝑥2
(𝑥 )

∣∣∣∣ ≥ 𝛼 > 0 for all 𝑥 ∈ 𝐵ℝ2 (𝑥0, 𝑟 ) ∩ Ω

with some constants 𝑟 > 0 and 𝛼 > 0. Then the following assertions hold.

(a) There exist constants ℎ0 > 0, 𝑘0 > 0 and a 𝐶1
-function 𝑔0 : [𝑥 1

0
− ℎ0, 𝑥

1

0
+ 𝑘0] → ℝ satisfying

(2.3)


𝑔0(𝑥 1

0
) = 𝑥2

0
,

𝐵ℝ2 (𝑥0, 𝑟 ) ∩ {𝑦 = 𝑡} = {(𝜏, 𝑔0(𝜏)) | 𝜏 ∈ [𝑥 1

0
− ℎ0, 𝑥

1

0
+ 𝑘0]},

{(𝑥 1

0
− ℎ0, 𝑔0(𝑥 1

0
− ℎ0)), (𝑥 1

0
+ 𝑘0, 𝑔0(𝑥 1

0
+ 𝑘0))} = 𝜕𝐵ℝ2 (𝑥0, 𝑟 ) ∩ {𝑦 = 𝑡}.

(b) If, in addition, there exists a sequence {𝑦𝑛} ∈ 𝐶1
(Ω) satisfying that 𝑦𝑛 |𝜕Ω = 0 and that

(2.4)


𝑦𝑛 → 𝑦 strongly in 𝐶1

(Ω),

{𝑦𝑛 = 𝑡} ∩ 𝐵ℝ2 (𝑥0, 𝑟0) is an arc for all 𝑛 large enough,

𝜕𝑦

𝜕𝑥2
(𝑥 )

𝜕𝑦𝑛

𝜕𝑥2
(𝑥 ) ≥ 𝛼 > 0 for all 𝑥 ∈ 𝐵ℝ2 (𝑥0, 𝑟 ) ∩ Ω and for all 𝑛 sufficiently large,

then there is an integer 𝑛0 = 𝑛0(𝑥0, 𝑟 ) such that, for any 𝑛 ≥ 𝑛0, constants ℎ𝑛, 𝑘𝑛 > 0 and a 𝐶1

function 𝑔𝑛 : [𝑥 1

0
− ℎ𝑛, 𝑥 1

0
+ 𝑘𝑛] → ℝ exist and satisfy the following properties:

(i) 𝐵ℝ2 (𝑥0, 𝑟 ) ∩ {𝑦𝑛 = 𝑡} = {(𝜏, 𝑔𝑛(𝜏)) | 𝜏 ∈ [𝑥 1

0
− ℎ𝑛, 𝑥 1

0
+ 𝑘𝑛]};

(ii) {(𝑥 1

0
− ℎ𝑛, 𝑔𝑛(𝑥 1

0
− ℎ𝑛)), (𝑥 1

0
+ 𝑘𝑛, 𝑔𝑛(𝑥 1

0
+ 𝑘𝑛))} = 𝜕𝐵ℝ2 (𝑥0, 𝑟 ) ∩ {𝑦𝑛 = 𝑡};

(iii) (𝑥 1

0
−ℎ𝑛, 𝑔𝑛(𝑥 1

0
−ℎ𝑛)) → (𝑥 1

0
−ℎ0, 𝑔0(𝑥 1

0
−ℎ0)) and (𝑥 1

0
+𝑘𝑛, 𝑔𝑛(𝑥 1

0
+𝑘𝑛)) → (𝑥 1

0
+𝑘0, 𝑔0(𝑥 1

0
+𝑘0));

(iv) For any 𝜀 > 0 and for all 𝜏 ∈ [𝑥 1

0
− ℎ0 + 𝜀, 𝑥 1

0
+ 𝑘0 − 𝜀], there hold

(2.5) |𝑔𝑛(𝜏) − 𝑔0(𝜏)| ≤ 𝐶1∥𝑦𝑛 − 𝑦 ∥𝐶(Ω)
for 𝑛 large enough

and

(2.6)


𝑔′𝑛(𝜏) → 𝑔′

0
(𝜏),

𝑔′𝑛(𝑥 1

0
− ℎ𝑛) → 𝑔′

0
(𝑥 1

0
− ℎ0),

𝑔′𝑛(𝑥 1

0
+ 𝑘𝑛) → 𝑔′

0
(𝑥 1

0
+ 𝑘0).

Moreover, for all 𝜏 ∈ [𝑥 1

0
− ℎ𝑛, 𝑥 1

0
+ 𝑘𝑛], one has

(2.7) |𝑔′𝑛(𝜏)| ≤ 𝐶2.

Here 𝛼 and 𝐶1,𝐶2 are constants independent of 𝑛, 𝜀, and 𝜏 .
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Remark 2.3. The second condition in (2.4) is, in fact, fulfilled if the first one in (2.4) and the second one in (2.3)

hold. This fact shall be proven in Proposition 2.11 below; see also, Claims 1–3 in the proof of that proposition.

Proof. Without loss of generality, assume that 𝑥0 = (0, 0), i.e., 𝑥 1

0
:= 0 and 𝑥2

0
:= 0.

Ad (a): In light of Proposition 2.1, 𝑦 admits a 𝐶1
extension, denoted also by 𝑦 , on ℝ2

. By the continuity

of ∇𝑦 , we can assume that the condition (2.2) is valid on an open neighborhood of 𝐵ℝ2 (0, 𝑟 ) ∩ Ω (with

different positive constant, also denoted by 𝛼). If 0 ∈ 𝜕Ω, then 𝑡 = 0 and 𝜕Ω ⊂ {𝑦 = 𝑡}. If 0 ∉ 𝜕Ω, then
𝑡 ≠ 0 and thus {𝑦 = 𝑡} ∩ 𝜕Ω = ∅. Thanks to the Implicit Function Theorem, there exist constants

ℎ, 𝑘, 𝜌 > 0 with 𝜌 < 𝑟 , and a 𝐶1
-function 𝑔0 : (−ℎ, 𝑘) → ℝ satisfying 𝑔0(0) = 0,

𝑦(𝜏, 𝑔0(𝜏)) = 𝑡 for all 𝜏 ∈ (−ℎ, 𝑘)

and

((𝜏, 𝜉) ∈ 𝐵ℝ2 (0, 𝜌) and 𝑦(𝜏, 𝜉) = 𝑡 ) =⇒ 𝜉 = 𝑔0(𝜏).

By differentiating 𝑔0 with respect to 𝜏 , we obtain

(2.8) 𝑔′
0
(𝜏) = −

𝜕𝑦

𝜕𝑥 1
(𝜏, 𝑔0(𝜏))

𝜕𝑦

𝜕𝑥2
(𝜏, 𝑔0(𝜏))

.

We now show that the function 𝑔0 can be extended on a closed maximal interval such that the image of

the mapping 𝛾 (·) := (·, 𝑔0(·)) reaches the boundary 𝜕𝐵ℝ2 (0, 𝑟 ) at both endpoints of the closed maximal

interval, and thus obtain the desired conclusions in (2.3). To this end, it suffices to consider the case

where {(𝜏, 𝑔0(𝜏)) | 𝜏 ∈ (−ℎ, 𝑘)} ⊂ 𝐵ℝ2 (0, 𝑟 ). In view of (2.2) and from the continuity of ∇𝑦 over Ω, there
holds

(2.9) |𝑔′
0
(𝜏)| ≤

∥∇𝑦 ∥
𝐶(Ω)

𝛼
for all 𝜏 ∈ (−ℎ, 𝑘).

This and the Mean Value Theorem imply that 𝑔0 can be extended to a 𝐶1
function, denoted in the

same way, defined over [−ℎ, 𝑘], which satisfies (2.9) on this closed interval, according to the identity

(2.8) and the continuity of ∇𝑦 . Moreover, {(−ℎ,𝑔0(−ℎ)), (𝑘,𝑔0(𝑘))} ⊂ {𝑦 = 𝑡} due to the closedness of

the level sets. If (𝑘,𝑔0(𝑘)) ∈ 𝐵ℝ2 (0, 𝑟 ), then by applying the Implicit Function Theorem at the point

(𝑘,𝑔0(𝑘)) ∈ {𝑦 = 𝑡} ∩𝐵ℝ2 (0, 𝑟 ) and using the extension argument as above, function 𝑔0 can be extended

over interval [−ℎ, 𝑘0], 𝑘0 > 𝑘 , satisfying (𝑘0, 𝑔0(𝑘0)) ∈ 𝜕𝐵ℝ2 (0, 𝑟 )∩{𝑦 = 𝑡}. Similarly,𝑔0 can be extended

to the left side and thus to the closed maximal interval.

Ad (b): The proof of assertion (b) is divided into several steps as follows.

• Step 1: There is an integer 𝑛1

0
such that, for any 𝑛 ≥ 𝑛1

0
, a number 𝜉𝑛 ∈ (−𝑟0, 𝑟0) uniquely exists and

fulfills

(2.10) 𝑦𝑛(0, 𝜉𝑛) = 𝑡 .

In fact, as a consequence of the last condition in (2.4), the functions 𝑦(0, ·) and 𝑦𝑛(0, ·) are both either

strictly increasing or strictly decreasing. We now only consider the situation where both functions are

strictly increasing, since the other is analyzed analogously. It suffices to prove that (2.10), for each 𝑛

large enough, admits at least one solution in (−𝑟0, 𝑟0). To this end, by contradiction assume that there

exists a subsequence, denoted in the same way, of {𝑛} such that (2.10) has no solutions in (−𝑟0, 𝑟0) for

all 𝑛 ≥ 1. We then split {𝑛} into subsequences, also denoted by {𝑛}, satisfying one of two inequalities

(I1) 𝑦𝑛(0, 𝜉) > 𝑡 for all 𝑛 ≥ 1 and 𝜉 ∈ (−𝑟0, 𝑟0); (I2) 𝑦𝑛(0, 𝜉) < 𝑡 for all 𝑛 ≥ 1 and 𝜉 ∈ (−𝑟0, 𝑟0).

In order to show a contradiction, we now only consider (I1) since the case (I2) is similarly analyzed.

We have for all 𝑛 ≥ 1 that

𝑦𝑛(0,−𝑟0

2

) > 𝑡 = 𝑦(0, 0) > 𝑦(0,−𝑟0

2

),
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which yields that

∥𝑦𝑛 − 𝑦 ∥𝐶(Ω)
≥ |𝑦𝑛(0,−𝑟0

2

) − 𝑦(0,−𝑟0

2

)| > 𝑡 − 𝑦(0,−𝑟0

2

) for all 𝑛 ≥ 1.

Passing to the limit and exploiting the first condition in (2.4) give 0 ≥ 𝑡 − 𝑦(0,−𝑟0

2
) > 0, a contradiction.

• Step 2: For any 𝑛 ≥ 𝑛1

0
, there exist constants ℎ𝑛, 𝑘𝑛 > 0 and a function 𝑔𝑛 ∈ 𝐶1

[𝑥 1

0
− ℎ𝑛, 𝑥 1

0
+ 𝑘𝑛],

all of which fulfill assertions (i) and (ii), where 𝑛1

0
is defined in Step 1. To this end, we first see that

𝑥0,𝑛 := (0, 𝜉𝑛) = (𝑥 1

0
, 𝜉𝑛) ∈ 𝐵ℝ2 (𝑥0, 𝑟0) with 𝜉𝑛 ∈ (−𝑟0, 𝑟0) being a unique solution to (2.10). Using the

argument in the proof of assertion (a) for the point 𝑥0,𝑛 and the function 𝑦𝑛 in the places of 𝑥0 and 𝑦 ,

respectively, Step 2 is proven. Moreover, similar to (2.8) and (2.9), there hold for function 𝑔𝑛

(2.11) 𝑔′𝑛(𝜏) = −
𝜕𝑦𝑛
𝜕𝑥 1

(𝜏, 𝑔𝑛(𝜏))

𝜕𝑦𝑛
𝜕𝑥2

(𝜏, 𝑔𝑛(𝜏))

and |𝑔′𝑛(𝜏)| ≤ 𝐶 ∥∇𝑦𝑛 ∥𝐶(Ω)

for all 𝜏 ∈ [𝑥 1

0
− ℎ𝑛, 𝑥 1

0
+ 𝑘𝑛].

• Step 3: Verification of assertion (iii). Indeed, we set the points belonging the boundary 𝜕𝐵ℝ2 (𝑥0, 𝑟0) of

{𝑦 = 𝑡} and {𝑦𝑛 = 𝑡} as follows

𝑝0 := (−ℎ0, 𝑔0(−ℎ0)), 𝑞0 := (𝑘0, 𝑔0(𝑘0)), 𝑝𝑛 := (−ℎ𝑛, 𝑔𝑛(−ℎ𝑛)), and 𝑞𝑛 := (𝑘𝑛, 𝑔𝑛(𝑘𝑛)).

Recall that all of constants ℎ0, ℎ𝑛, 𝑘0, 𝑘𝑛 are positive. Thanks to the boundedness of {𝑝𝑛} and the

closedness of 𝜕𝐵ℝ2 (𝑥0, 𝑟0), we have from the first condition in (2.4) that 𝑝𝑛 → 𝑝0, i.e.,

ℎ𝑛 → ℎ0 and 𝑔𝑛(−ℎ𝑛) → 𝑔0(−ℎ0).

Analogously, we have

𝑘𝑛 → 𝑘0 and 𝑔𝑛(𝑘𝑛) → 𝑔0(𝑘0).

We then obtain (iii).

• Step 4: Verification of assertion (iv). Indeed, for any 𝜀 > 0, there exists an integer 𝑛2

0
such that

[−ℎ0 + 𝜀, 𝑘0 − 𝜀] ⊂ [−ℎ𝑛, 𝑘𝑛] ∩ [−ℎ0, 𝑘0] for all 𝑛 ≥ 𝑛2

0
.

For any 𝜏 ∈ [−ℎ0 + 𝜀, 𝑘0 − 𝜀], by employing the Mean Value Theorem, we arrive at

𝑡 = 𝑦𝑛(𝜏, 𝑔𝑛(𝜏)) = 𝑦(𝜏, 𝑔𝑛(𝜏)) +𝑤𝑛(𝜏, 𝑔𝑛(𝜏))

= 𝑦(𝜏, 𝑔0(𝜏)) + 𝜕𝑦

𝜕𝑥2
(𝜏, 𝑔0(𝜏) + 𝜃𝑛(𝑔𝑛(𝜏) − 𝑔0(𝜏)))(𝑔𝑛(𝜏) − 𝑔0(𝜏)) +𝑤𝑛(𝜏, 𝑔𝑛(𝜏))

= 𝑡 + 𝜕𝑦

𝜕𝑥2
(𝜏, 𝑔0(𝜏) + 𝜃𝑛(𝑔𝑛(𝜏) − 𝑔0(𝜏)))(𝑔𝑛(𝜏) − 𝑔0(𝜏)) +𝑤𝑛(𝜏, 𝑔𝑛(𝜏))

for some 𝜃𝑛 ∈ (0, 1) and𝑤𝑛 := 𝑦𝑛 − 𝑦 . Obviously, one has (𝜏, 𝑔0(𝜏) + 𝜃𝑛(𝑔𝑛(𝜏) − 𝑔0(𝜏))) ∈ 𝐵ℝ2 (𝑥0, 𝑟0) ∩ Ω
since (𝜏, 𝑔0(𝜏)) and (𝜏, 𝑔𝑛(𝜏)) belong to 𝐵ℝ2 (𝑥0, 𝑟0) ∩ Ω. Combing this with the last condition in (2.4)

yields the estimate in (2.5). From this and the derivatives of 𝑔0 and 𝑔𝑛 in (2.8) and (2.11), all the limits

in (2.6) then follows from the first condition in (2.4) and from (iii). Finally, the limit in (2.4) and the

estimate in (2.11) imply (2.7). □

Proposition 2.4. Let 𝑡 ∈ ℝ be arbitrary and let 𝑦 ∈ 𝐶1
(Ω) be such that 𝑦 |𝜕Ω = 0 and that {𝑦 = 𝑡} ≠ ∅.

Assume that C is a connected component of {𝑦 = 𝑡}. Then the following properties hold:

(a) If

(2.12) |∇𝑦(𝑥 )| > 0 for all 𝑥 ∈ C,

then C is a closed 𝐶1
simple curve;
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https://arxiv.org/abs/2203.16865v2


arxiv: 2203.16865v2, 2023-03-06 page 8 of 32

(b) If

(2.13) |∇𝑦(𝑥 )| > 0 for all 𝑥 ∈ {𝑦 = 𝑡},

then the level set {𝑦 = 𝑡} decomposes into finitely many disjoint closed 𝐶1
simple curves.

Proof. Ad (a): We first show that for any 𝑥 ∈ C, there exist positive constants 𝑟𝑥 > 0 and a𝐶1
-function

𝛾𝑥 : [−1, 1] → ℝ2
satisfying

(2.14) 𝐵ℝ2 (𝑥, 𝑟𝑥 ) ∩ {𝑦 = 𝑡} = {𝛾𝑥 (𝜂) | 𝜂 ∈ [−1, 1]} and 𝛾𝑥 (𝜂𝑥 ) = 𝑥,𝛾𝑥 (±1) ∈ 𝜕𝐵ℝ2 (𝑥, 𝑟𝑥 ) ∩ {𝑦 = 𝑡}

for some 𝜂𝑥 ∈ (−1, 1). For that purpose, we first take 𝑥 := (𝑥 1, 𝑥2
) ∈ C arbitrarily. Without loss

of generality, we can assume that
𝜕𝑦

𝜕𝑥2
(𝑥 ) ≠ 0 and thus | 𝜕𝑦

𝜕𝑥2
(𝜁 )| > 0 for all 𝜁 ∈ 𝐵ℝ2 (𝑥, 𝑟𝑥 ) ∩ Ω for

some constant 𝑟𝑥 > 0. Lemma 2.2 implies that there exist constants ℎ𝑥 , 𝑠𝑥 > 0 and a 𝐶1
-function

𝑔𝑥 : [𝑥 1 − ℎ𝑥 , 𝑥 1 + 𝑠𝑥 ] → ℝ satisfying

(2.15)


𝑔𝑥 (𝑥 1

) = 𝑥2,

𝐵ℝ2 (𝑥, 𝑟𝑥 ) ∩ {𝑦 = 𝑡} = {(𝜏, 𝑔𝑥 (𝜏)) | 𝜏 ∈ [𝑥 1 − ℎ𝑥 , 𝑥 1 + 𝑠𝑥 ]},
{(𝑥 1 − ℎ𝑥 , 𝑔𝑥 (𝑥 1 − ℎ𝑥 )), (𝑥 1 + 𝑠𝑥 , 𝑔𝑥 (𝑥 1 + 𝑠𝑥 ))} = 𝜕𝐵ℝ2 (𝑥, 𝑟𝑥 ) ∩ {𝑦 = 𝑡}.

Setting 𝜂 := 2

𝑠𝑥+ℎ𝑥 𝜏 + 1 − 2(𝑥 1+𝑠𝑥 )

𝑠𝑥+ℎ𝑥 and 𝛾𝑥 (𝜂) := (𝜏, 𝑔𝑥 (𝜏)) and exploiting (2.15), we have (2.14).

Combining (2.14) with the compactness of C, there exist points 𝑥1, . . . , 𝑥𝑚C ∈ C and positive constants

𝑟𝑖 > 0, and 𝐶1
-functions 𝛾𝑖 : [−1, 1] → ℝ2

, 1 ≤ 𝑖 ≤ 𝑚C , such that

(2.16)


C ⊂ ∪𝑚C

𝑖=1
𝐵ℝ2 (𝑥𝑖 , 𝑟𝑖 ) ∩ {𝑦 = 𝑡},

𝐵ℝ2 (𝑥𝑖 , 𝑟𝑖 ) ∩ {𝑦 = 𝑡} = {𝛾𝑖 (𝜂) | 𝜂 ∈ [−1, 1]},
𝛾𝑖 (±1) ∈ 𝜕𝐵ℝ2 (𝑥𝑖 , 𝑟𝑖 ) ∩ {𝑦 = 𝑡}.

From this and the fact that C is a connected component of {𝑦 = 𝑡}, we deduce that C is a closed 𝐶1

simple curve.

Ad (b): Since {𝑦 = 𝑡} is compact, we also have (2.16) with C being replaced by {𝑦 = 𝑡}. Then the level

set {𝑦 = 𝑡} is a union of finitely many closed simple curves. □

2.2 green’s first identity

We first state the well-known result on the decomposition of open sets in a finite dimensional Euclidean

space into at most countably many disjoint open connected components. Since we could not find its

proof in the literature, we provide here the arguments for the sake of completeness.

Proposition 2.5. Any nonempty open set 𝑉 ⊂ ℝ𝑑
, 𝑑 ∈ ℕ, can be expressed as an union of disjoint, open,

connected components of 𝑉 , at most countable in number, that is, there exist an index set 𝐼 , which is at

most countable, and disjoint, open and connected components 𝑉𝑖 , 𝑖 ∈ 𝐼 , of 𝑉 such that

𝑉 =
⋃
𝑖∈𝐼
𝑉𝑖 .

Proof. For any 𝑥 ∈ 𝑉 , we define the set

O𝑥 = ∪{𝑍 | 𝑍 ⊂ 𝑉 , 𝑥 ∈ 𝑍, 𝑍 is open and connected in ℝ𝑑 }.

Obviously, O𝑥 is nonempty and open since 𝑉 is open. Moreover, O𝑥 is connected; see, e.g. Chapter VI

in [4]. On the other hand, O𝑥 is maximal with respect to containment and thus is an open component

of 𝑉 . Therefore, the family {O𝑥 | 𝑥 ∈ 𝑉 } is a collection of open connected components of𝑉 . From this

and the fact that two arbitrary connected components of 𝑉 are either identical or disjoint, we can now

apply Lindelöf’s Theorem to deduce the desired decomposition of 𝑉 . □
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S+
1

S−
1

C1

C2

S+
2

𝑁 +
1
≡ 𝑀0

1

𝑀+
1
≡ 𝑁 −

1

𝑀−
1
≡ 𝑁 +

2𝑁 0

1
≡ 𝑀+

2

¸````````𝑀+
1
𝑦1𝑁

+
1

¸````````𝑀+
1
𝑦2𝑁

+
1

Figure 1: A decomposition into components of the set S+ ∪ S−
where 𝐼+ = {1, 2}, 𝐼− = 𝐼 0 = {1} when

C1 ∩ C2 ≠ ∅. Here C1 and C2 are, respectively, plotted by dashed and solid curves

The following lemma represents the decomposition of an open set given by level sets of two functions

into at most countably many disjoint open connected subdomains.

Lemma 2.6. Let 𝑦1, 𝑦2 ∈ 𝐶1
(Ω), let 𝑡 ∈ ℝ be given, and let O be an open subset in Ω. Define the open sets

S+
and S−

by

S−
:= {𝑦1 < 𝑡 < 𝑦2} ∩ O and S+

:= {𝑦1 > 𝑡 > 𝑦2} ∩ O .

Assume that the level set {𝑦 𝑗 = 𝑡} has one and only one closed 𝐶1
simple curve C𝑗 in O for 𝑗 = 1, 2. Let

𝑀𝑦 𝑗𝑁 stands for a curve lying in {𝑦 𝑗 = 𝑡}, 𝑗 = 1, 2 with endpoints 𝑀 and 𝑁 ; see Figure 1. Then, the

following assertions hold:

(a) if C1 = C2, then S1 = S2 = ∅;

(b) if C1 ∩ C2 = ∅, then one of the sets S±
is empty and the boundary of the other consists of C1 and C2;

(c) if C1 ≠ C2 and C1 ∩ C2 ≠ ∅, then the intersection C1 ∩ C2 has at most countably many closed

connected components. In other words, there exist index sets 𝐼+, 𝐼−, 𝐼 0
, which are at most countable

(and might be empty), and points𝑀+
𝑖 , 𝑁

+
𝑖 ,𝑀

−
𝑚, 𝑁

−
𝑚 , and𝑀0

𝑘
, 𝑁 0

𝑘
with 𝑖 ∈ 𝐼+,𝑚 ∈ 𝐼− , 𝑘 ∈ 𝐼 0

, such

that

(2.17) C1 ∩ C2 =
⋃

𝑖∈𝐼+,𝑚∈𝐼 −,𝑘∈𝐼 0

{𝑀+
𝑖 , 𝑁

+
𝑖 , 𝑀

−
𝑚, 𝑁

−
𝑚, 𝑀

0

𝑘
𝑁 0

𝑘
},

where𝑀0

𝑘
𝑁 0

𝑘
, 𝑘 ∈ 𝐼 0, denote the curves lying in C1 ∩ C2 with endpoints𝑀0

𝑘
and 𝑁 0

𝑘
. Furthermore,

there hold:

(i) If S+ = ∅, then the index set 𝐼+ is empty;

(ii) If the set S+
is nonempty, then it has at most countably many open connected components S+

𝑖 ,

𝑖 ∈ 𝐼+, such that 𝜕S+
𝑖 consists of two curves

¸````````𝑀+
𝑖
𝑦1𝑁

+
𝑖
and

¸````````𝑀+
𝑖
𝑦2𝑁

+
𝑖
.

Analogous assertions hold for the set S−
.

Proof. The proof of (a) and (b) is straightforward. To prove (c), we first consider the case where

S+ ≠ ∅. Thanks to Proposition 2.5, the set S+
decomposes into at most countably many disjoint

open components. There then exist an at most countable index set 𝐼+ and disjoint open connected

components S+
𝑖 , 𝑖 ∈ 𝐼+, of S+

satisfying

S+ = ∪{S+
𝑖 | 𝑖 ∈ 𝐼+}.
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{𝑦2 = 𝑡}

{𝑦1 = 𝑡}

S

𝜈2 =
∇𝑦2

|∇𝑦2 |

𝜈1

(a) A component S when {𝑦1 = 𝑡} ∩ {𝑦2 = 𝑡} = ∅

S

{𝑦1 = 𝑡}

{𝑦2 = 𝑡}

𝑁

𝑀𝑦1𝑁

𝑀𝑦2𝑁

𝑁1
𝑁2

𝑀

𝜈2

(b) A component S with a cusp at 𝑁

Figure 2: A nonempty open component S of the set {𝑦1 > 𝑡 > 𝑦2} with the outward normal vectors

𝜈1 = − ∇𝑦1

|∇𝑦1 | on {𝑦1 = 𝑡} and 𝜈2 =
∇𝑦2

|∇𝑦2 | on {𝑦2 = 𝑡} where {𝑦1 = 𝑡} is thin while {𝑦2 = 𝑡} is
thick

Moreover, one has 𝜕S+ = ∪{𝜕S+
𝑖 | 𝑖 ∈ 𝐼+} ⊂ C1 ∪C2. Besides, for any 𝑖 ∈ 𝐼+, the boundary 𝜕S+

𝑖 consists

of two arcs
¸````````𝑀+

𝑖
𝑦1𝑁

+
𝑖
and

¸````````𝑀+
𝑖
𝑦2𝑁

+
𝑖
lying in C1 and C2, respectively, for some endpoints𝑀+

𝑖 , 𝑁
+
𝑖 ∈ C1∩C2.

Similarly, ifS− ≠ ∅, then it is an union of at most countably many disjoint open connected components

S−
𝑚 ,𝑚 ∈ 𝐼− , of S−

satisfying that the boundary 𝜕S−
𝑚 consists of two arcs ¸````````𝑀−

𝑚𝑦1𝑁
−
𝑚 and ¸````````𝑀−

𝑚𝑦2𝑁
−
𝑚 lying

in C1 and C2, respectively, for some endpoints𝑀−
𝑚, 𝑁

−
𝑚 ∈ C1 ∩ C2. Define the set A of closed arcs with

endpoints in P := {𝑀+
𝑖 , 𝑁

+
𝑖 , 𝑀

−
𝑚, 𝑁

−
𝑚 : 𝑖 ∈ 𝐼+,𝑚 ∈ 𝐼−} via

A := {𝑀𝑁 ⊂ C1 ∩ C2 | 𝑀, 𝑁 ∈ P, 𝑀 ≠ 𝑁,𝑀𝑁 ∩ (𝜕S+ ∪ 𝜕S−
) = {𝑀, 𝑁 }}.

Obviously, A consists of at most countable arcs. By renaming the endpoints of arcs in A, we obtain

an at most countable index set 𝐼 0
and points𝑀0

𝑘
, 𝑁 0

𝑘
∈ P, 𝑘 ∈ 𝐼 0

, that satisfy (2.17).

□

We now prove Green’s first identity over nonempty connected components of an open set determined

by two functions with nonvanishing gradients.

Lemma 2.7. Assume that 𝑦1, 𝑦2 ∈ 𝐶1
(Ω) and 𝑡 ∈ ℝ such that {𝑦1 > 𝑡 > 𝑦2} ≠ ∅. Let S be a nonempty

open connected component of {𝑦1 > 𝑡 > 𝑦2} satisfying 𝜕S ∩ 𝜕Ω = ∅. Assume further that there is a

positive constant 𝛼 satisfying

(2.18) ∇𝑦1(𝑥 ) · ∇𝑦2(𝑥 ) ≥ 𝛼 > 0 for all 𝑥 ∈ S.

Let 𝑣 ∈ 𝐻 1
(Ω) ∩𝐶(Ω) and 𝜑 ∈𝑊 2,1

(Ω) ∩𝐶1
(Ω) be arbitrary. Then

(2.19)

∫
S
∇𝑣 · ∇𝜑𝑑𝑥 = −

∫
S
𝑣Δ𝜑𝑑𝑥 −

∫
𝜕S∩{𝑦1=𝑡 }

𝑣∇𝜑 · ∇𝑦1

|∇𝑦1 |
𝑑H 1

(𝑥 ) +
∫
𝜕S∩{𝑦2=𝑡 }

𝑣∇𝜑 · ∇𝑦2

|∇𝑦2 |
𝑑H 1

(𝑥 ).

Proof. We first observe that all the integrals in (2.19) are well-defined. Note further that 𝜕S ⊂ {𝑦1 =

𝑡} ∪ {𝑦2 = 𝑡} and that the outward normal vector 𝜈(𝑥 ) at point 𝑥 ∈ 𝜕S is defined as

(2.20) 𝜈(𝑥 ) =

{
− ∇𝑦1(𝑥 )

|∇𝑦1(𝑥 ) | for 𝑥 ∈ 𝜕S ∩ {𝑦1 = 𝑡},
∇𝑦2(𝑥 )

|∇𝑦2(𝑥 ) | for 𝑥 ∈ 𝜕S ∩ {𝑦2 = 𝑡}.

We now consider the following two cases.

• Case 1: The boundary 𝜕S consists of two closed curves having no common points; see, Figure 2a. In

this situation, thanks to (2.18) and the fact that 𝜕S ∩ 𝜕Ω = ∅, we deduce from the Implicit Function
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Theorem that the domain S has 𝐶1
boundary in the sense of Definition 1.2.1.1 in [15]. Applying the

classical Green formula over the domain S and employing (2.20), we derive (2.19).

• Case 2: The boundary 𝜕S consists of two arcs𝑀𝑦1𝑁 and𝑀𝑦2𝑁 with endpoints𝑀, 𝑁 ∈ {𝑦1 = 𝑡}∩ {𝑦2 =

𝑡} (here𝑀 and𝑁 might be identical); see, Figure 2b. If 𝜕S has no cusps, i.e., there are no points where two

branches of 𝜕S meet and the tangents at which of each branch are coincidental, then the boundary 𝜕S
is a curvilinear polygon of class𝐶1

in the sense of Definition 1.4.5.1 in [15], as a result of the combination

of the Implicit Function Theorem and (2.18). Similar to Case 1, we also have (2.19). For the situation

where 𝜕S has cusps, we shall prove (2.19) via approximating S by regular domains having boundaries,

which are curvilinear polygons of class 𝐶1
, and via using the fact that 𝜑 ∈ 𝐶1

(Ω) and 𝑣 ∈ 𝐶(Ω). To this

end, without loss of generality, we assume that 𝜕S has only one cusp at 𝑁 . For any 𝜀 > 0 small enough,

we take 𝑁𝑖 ∈ {𝑦𝑖 = 𝑡}, 𝑖 = 1, 2, such that the line through 𝑁1 and 𝑁2 has a direction vector identical to

the gradient ∇𝑦2(𝑁 ) of 𝑦2 at 𝑁 and

𝑙
𝑁𝑁𝑖

< 𝜀 for 𝑖 = 1, 2.

Here 𝑙
𝑁𝑁𝑖

denotes the length of the arc 𝑁𝑁𝑖 . Thanks to (2.18), we have

𝑁1𝑁2 < 𝐶𝜀 for some positive constant 𝐶 independent of 𝜀.

We now denote by S𝜀 the domain with the boundary consisting of arcs 𝑀𝑦1𝑁1, 𝑀𝑦2𝑁2 and a line

segment𝑁1𝑁2. As a consequence of (2.18) and of the continuity of ∇𝑦𝑖 , 𝑖 = 1, 2, for any 𝜀 > 0 sufficiently

small the domains S𝜀 admit the boundaries being curvilinear polygons of class 𝐶1
in the sense of

Definition 1.4.5.1 in [15]. Green’s first formula then implies that∫
S𝜀

∇𝑣 · ∇𝜑𝑑𝑥 = −
∫
S𝜀

𝑣Δ𝜑𝑑𝑥 +
∫
𝜕S𝜀

𝑣∇𝜑 · 𝜈𝜀𝑑H 1
(𝑥 ),

where 𝜈𝜀 stands for the outward normal vector on 𝜕S𝜀 . Since 𝜈𝜀 = 𝜈 on 𝜕S ∩ 𝜕S𝜀 defined in (2.20), we

can rewrite the above identity as

(2.21)

∫
S𝜀

∇𝑣 · ∇𝜑𝑑𝑥 = −
∫
S𝜀

𝑣Δ𝜑𝑑𝑥 −
∫
𝜕S∩{𝑦1=𝑡 }

𝑣∇𝜑 · ∇𝑦1

|∇𝑦1 |
𝑑H 1

(𝑥 )

+
∫
𝜕S∩{𝑦2=𝑡 }

𝑣∇𝜑 · ∇𝑦2

|∇𝑦2 |
𝑑H 1

(𝑥 ) +
∫
𝑁1𝑦1𝑁

𝑣∇𝜑 · ∇𝑦1

|∇𝑦1 |
𝑑H 1

(𝑥 )

−
∫˚````````𝑁2𝑦2𝑁

𝑣∇𝜑 · ∇𝑦2

|∇𝑦2 |
𝑑H 1

(𝑥 ) +
∫
𝑁1𝑁2

𝑣∇𝜑 · 𝜈𝜀𝑑H 1
(𝑥 ).

Using the continuity over Ω of 𝑣 and ∇𝜑 , it follows from the choice of 𝑁1 and 𝑁2 that∣∣∣∣∣
∫
𝑁1𝑦1𝑁

𝑣∇𝜑 · ∇𝑦1

|∇𝑦1 |
𝑑H 1

(𝑥 ) −
∫˚````````𝑁2𝑦2𝑁

𝑣∇𝜑 · ∇𝑦2

|∇𝑦2 |
𝑑H 1

(𝑥 ) +
∫
𝑁1𝑁2

𝑣∇𝜑 · 𝜈𝜀𝑑H 1
(𝑥 )

∣∣∣∣∣ ≤ 𝐶1𝜀

for some positive constant 𝐶1. By letting 𝜀 → 0
+
in (2.21), we thus deduce (2.19) from the Lebesgue

Dominated Convergence Theorem. □

Remark 2.8. By using the convention 𝜕∅ = ∅, it is obvious to have the identity (2.19) when S = ∅.
The following version of Green’s first identity over an open set determined via functions with

nonvanishing gradients is a consequence of Lemmas 2.6 and 2.7.

Proposition 2.9. Let 𝑦1, 𝑦2 ∈ 𝐶1
(Ω), let 𝑡 ∈ ℝ be given, and let O be an open subset in Ω such that

(2.22) ∇𝑦1(𝑥 ) · ∇𝑦2(𝑥 ) ≥ 𝛼 > 0 for all 𝑥 ∈ O
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for some constant 𝛼 . Define the open sets S+
and S−

by

S−
:= {𝑦1 < 𝑡 < 𝑦2} ∩ O and S+

:= {𝑦1 > 𝑡 > 𝑦2} ∩ O .

Assume that the level set {𝑦 𝑗 = 𝑡} has one and only one closed𝐶1
simple curve C𝑗 in O for 𝑗 = 1, 2. Assume

further that C𝑗 ∩ 𝜕Ω = ∅, 𝑗 = 1, 2. Let 𝑣 ∈ 𝐻 1
(Ω) ∩𝐶(Ω) and 𝜑 ∈𝑊 2,1

(Ω) ∩𝐶1
(Ω) be arbitrary. Then the

following identity holds

(2.23)∫
Ω

(𝟙S+ − 𝟙S− )∇𝑣 ·∇𝜑𝑑𝑥 = −
∫
Ω

(𝟙S+ − 𝟙S− ) 𝑣Δ𝜑𝑑𝑥−
∫
C1

𝑣∇𝜑 · ∇𝑦1

|∇𝑦1 |
𝑑H 1

(𝑥 )+
∫
C2

𝑣∇𝜑 · ∇𝑦2

|∇𝑦2 |
𝑑H 1

(𝑥 ).

Proof. For the case where C1 = C2, we have S+ = S− = ∅ and thus 𝟙S+ = 𝟙S− = 0. We then obtain

(2.23). For the case where C1 ∩ C2 = ∅, one of the sets S+
and S−

is empty and the boundary of the

other consists of C1 and C2. We then derive (2.23) from the classical Green’s first formula. It remains to

consider the situation where C1 ∩ C2 ≠ ∅; see Figure 1. As a result of Lemma 2.6, there exist at most

countable index sets 𝐼+, 𝐼− , 𝐼 0
, points 𝑀+

𝑖 , 𝑁
+
𝑖 , 𝑀

−
𝑚, 𝑁

−
𝑚, 𝑀

0

𝑘
, 𝑁 0

𝑘
, and open connected domains S+

𝑖 ,S−
𝑚

with 𝑖 ∈ 𝐼+,𝑚 ∈ 𝐼−, 𝑘 ∈ 𝐼 0
satisfying assertion (c) in Lemma 2.6. (Note that some of the sets 𝐼+, 𝐼−, 𝐼 0

might be empty.) For any 𝑖 ∈ 𝐼+, applying Lemma 2.7 and Remark 2.8 to open connected domain S+
𝑖

yields∫
S+
𝑖

∇𝑣 · ∇𝜑𝑑𝑥 = −
∫
S+
𝑖

𝑣Δ𝜑𝑑𝑥 −
∫
𝜕S+

𝑖
∩C1

𝑣∇𝜑 · ∇𝑦1

|∇𝑦1 |
𝑑H 1

(𝑥 ) +
∫
𝜕S+

𝑖
∩C2

𝑣∇𝜑 · ∇𝑦2

|∇𝑦2 |
𝑑H 1

(𝑥 ).

Summing up the above identities over all 𝑖 ∈ 𝐼+ gives

(2.24)

∫
S+

∇𝑣 · ∇𝜑𝑑𝑥 = −
∫
S+
𝑣Δ𝜑𝑑𝑥 −

∫
𝜕S+∩C1

𝑣∇𝜑 · ∇𝑦1

|∇𝑦1 |
𝑑H 1

(𝑥 ) +
∫
𝜕S+∩C2

𝑣∇𝜑 · ∇𝑦2

|∇𝑦2 |
𝑑H 1

(𝑥 ).

Similarly, there holds

(2.25)

∫
S−

∇𝑣 · ∇𝜑𝑑𝑥 = −
∫
S−
𝑣Δ𝜑𝑑𝑥 +

∫
𝜕S−∩C1

𝑣∇𝜑 · ∇𝑦1

|∇𝑦1 |
𝑑H 1

(𝑥 ) −
∫
𝜕S−∩C2

𝑣∇𝜑 · ∇𝑦2

|∇𝑦2 |
𝑑H 1

(𝑥 ).

By subtracting (2.25) from (2.24), one has

(2.26)

∫
Ω

(𝟙S+ − 𝟙S− )∇𝑣 · ∇𝜑𝑑𝑥 = −
∫
Ω

(𝟙S+ − 𝟙S− ) 𝑣Δ𝜑𝑑𝑥

−
∫

(𝜕S+∪𝜕S−
)∩C1

𝑣∇𝜑 · ∇𝑦1

|∇𝑦1 |
𝑑H 1

(𝑥 ) +
∫

(𝜕S+∪𝜕S−
)∩C2

𝑣∇𝜑 · ∇𝑦2

|∇𝑦2 |
𝑑H 1

(𝑥 ).

On the other hand, due to (2.17), it follows that

(2.27) C𝑗 =
(
(𝜕S+ ∪ 𝜕S−

) ∩ C𝑗

)
∪ {𝑀0

𝑘
𝑁 0

𝑘
| 𝑘 ∈ 𝐼 0} for 𝑗 = 1, 2

with𝑀0

𝑘
𝑁 0

𝑘
denoting the arcs lying on C1 ∩ C2 with endpoints𝑀0

𝑘
and 𝑁 0

𝑘
. Obviously, one has

∇𝑦1(𝑥 )

|∇𝑦1(𝑥 )| =
∇𝑦2(𝑥 )

|∇𝑦2(𝑥 )| for all 𝑥 ∈ 𝑀0

𝑘
𝑁 0

𝑘
and 𝑘 ∈ 𝐼 0.

Combing this with (2.26) and (2.27) yields (2.23).

□
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C+
𝜀C−

𝜀C

𝜀

Figure 3: sets C+
𝜀 and C−

𝜀

2.3 continuity of level sets in term of functions

This subsection is devoted to the continuity of level sets in term of functions determining these level

sets. Namely, we will show that when functions 𝑦𝑛 tend to 𝑦 in 𝐶1
(Ω), then, in any 𝜀-neighborhood

(with 𝜀 small enough) of an arbitrary connected component of the level set {𝑦 = 𝑡} on which the

gradient of 𝑦 does not vanish, there exists one and only one connected component of {𝑦𝑛 = 𝑡} for
each 𝑛 sufficiently large, see Proposition 2.11 and Corollary 2.12 below.

From now on, for any 𝜀 > 0 and any set 𝑉 ⊂ Ω, we denote by 𝑉 𝜀
the open 𝜀-neighborhood in Ω of

𝑉 , that is,

𝑉 𝜀
:= {𝑥 ∈ Ω | dist(𝑥,𝑉 ) < 𝜀},

where dist(𝑥,𝑉 ) is the distance from 𝑥 to 𝑉 . If C is a closed simple curve in Ω, we define the open sets

C+
𝜀 and C−

𝜀 (illustrated in Figure 3) as follows

C−
𝜀 := {𝑥 ∈ Ω | 0 < dist(𝑥, C) < 𝜀 and 𝑥 is surrounded by C} and C+

𝜀 := C𝜀\(C−
𝜀 ∪ C).

In the remainder of this section, we shall consider the following general situation.

(h1) Let 𝑦𝑛, 𝑦 ∈ 𝐶1
(Ω), 𝑛 ≥ 1, such that 𝑦𝑛 = 𝑦 = 0 on the boundary 𝜕Ω and

(2.28) 𝑦𝑛 → 𝑦 strongly in 𝐶1
(Ω).

We have the following result on strong positivity of the product of gradients of 𝑦𝑛 and 𝑦 around an

𝜀-neighborhood of any connected component in the level set {𝑦 = 𝑡}.
Proposition 2.10. Let functions 𝑦𝑛, 𝑦 ,𝑛 ≥ 1, satisfy hypothesis (h1). Assume thatC is a connected component

of {𝑦 = 𝑡} for some 𝑡 ∈ ℝ and fulfills the condition (2.12). Then there exist constants 𝜀0 > 0, 𝛼C > 0, and

𝑛0 ∈ ℕ such that

(2.29) ∇𝑦(𝑥 ) · ∇𝑦𝑛(𝑥 ′) ≥ 𝛼C for all 𝑛 ≥ 𝑛0, 𝑥, 𝑥
′ ∈ C𝜀0

with |𝑥 − 𝑥 ′ | ≤ 2𝜀0.

Proof. By contradiction, assume that there exist sequences 𝜀𝑘 → 0
+
, 𝑛𝑘 → ∞ satisfying

(2.30) 𝑥𝑘 , 𝑥
′
𝑘
∈ C𝜀𝑘 , |𝑥𝑘 − 𝑥 ′𝑘 | ≤ 2𝜀𝑘 and ∇𝑦(𝑥𝑘 ) · ∇𝑦𝑛𝑘 (𝑥 ′

𝑘
) <

1

𝑘
for all 𝑘 ≥ 1.

By extracting a subsequence if necessary, we conclude from the boundedness of {𝑥𝑘 } and {𝑥 ′
𝑘
} and

the first two conditions in (2.30) as well as from the continuity of 𝑦 that 𝑥𝑘 → 𝑥 and 𝑥 ′
𝑘
→ 𝑥 for some

𝑥 ∈ C. Passing to the limit the last condition in (2.30) and using (2.28) yield

|∇𝑦(𝑥 )|2 = 0,

which contradicts (2.12). The proposition is proven. □
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Proposition 2.11. Let functions 𝑦𝑛, 𝑦 , 𝑛 ≥ 1, satisfy hypothesis (h1). Let C be a connected component of

{𝑦 = 𝑡}, 𝑡 ∈ ℝ, and satisfy (2.12). Then a constant 𝜀0 > 0 exists such that for any 𝜀 ∈ (0, 𝜀0), there is a

positive integer 𝑛0 = 𝑛0(𝜀) such that C𝜀
contains one and only one connected component C𝑛 of {𝑦𝑛 = 𝑡}

for all 𝑛 ≥ 𝑛0.

Proof. Since C and {𝑦 = 𝑡}\C are both closed and disjoint, a constant 𝜀0 > 0 thus exists and fulfills

(2.31) C𝜀0 ∩ ({𝑦 = 𝑡}\C)
𝜀0 = ∅.

Obviously, we can assume that the constant 𝜀0 in (2.31) is identical to the one in Proposition 2.10. Fix

𝜀 ∈ (0, 𝜀0) and, without loss of generality, assume that

(2.32) 𝑦 < 𝑡 on C−
𝜀0

and 𝑦 > 𝑡 on C+
𝜀0

.

We now consider two possible situations: C ∩ 𝜕Ω ≠ ∅ and C ∩ 𝜕Ω = ∅.
For the case C∩𝜕Ω ≠ ∅, we have 𝑡 = 0 and C = 𝜕Ω. Moreover, there hold C+

𝜀0

= ∅ and 𝜕Ω ⊂ {𝑦𝑛 = 0}.
Thanks to (2.29) and Proposition 2.4, C𝑛 := 𝜕Ω is a connected component of {𝑦𝑛 = 0} for all 𝑛 ≥ 1,

and is in C𝜀
for all 𝜀 ∈ (0, 𝜀0). If there exists another connected component C′

𝑛 of {𝑦𝑛 = 0} such that

C′
𝑛 ∩ C𝜀 ≠ ∅ for 𝑛 sufficient large, then by picking two points 𝑥1 ∈ C𝑛 = C and 𝑥2 ∈ C′

𝑛 satisfying

𝑥2 − 𝑥1 = 𝜅𝑛∇𝑦(𝑥1) for some 𝜅𝑛 ≠ 0, one has |𝑥1 − 𝑥2 | ≤ 𝜀. Moreover, we deduce from the Mean Value

Theorem that ∇𝑦𝑛(𝑥1 + 𝜃𝑛(𝑥2 − 𝑥1)) · (𝑥2 − 𝑥1) = 0 with 𝜃𝑛 ∈ (0, 1). There thus holds

∇𝑦𝑛(𝑥1 + 𝜃𝑛(𝑥2 − 𝑥1)) · ∇𝑦(𝑥1) = 0,

which contradicts (2.29) for 𝑛 large enough.

For the case C ∩ 𝜕Ω = ∅, we have C±
𝜀 ≠ ∅. We now split the proof into several Claims below.

Claim 1: There exists an integer 𝑛1

0
such that {𝑦𝑛 = 𝑡} ∩ C𝜀 ≠ ∅ for all 𝑛 ≥ 𝑛1

0
. In fact, arguing by

contradiction, there exists a subsequence of {𝑛}, denoted in the same way, such that {𝑦𝑛 = 𝑡} ∩ C𝜀 = ∅
for all 𝑛 ≥ 1. Splitting the sequence {𝑛} into subsequences, also denoted by {𝑛}, that satisfy one of the

following conditions for all 𝑛 ≥ 1:

(2.33) C𝜀 ⊂ {𝑦𝑛 > 𝑡} or C𝜀 ⊂ {𝑦𝑛 < 𝑡}.

For the first case in (2.33), we have

C−
𝜀 ⊂ {𝑦 < 𝑡 < 𝑦𝑛} ⊂ {0 < |𝑦 − 𝑡 | ≤ 𝜏𝑛}

with 𝜏𝑛 := ∥𝑦𝑛 − 𝑦 ∥𝐶(Ω)
. This implies that measℝ2 (C−

𝜀 ) ≤ measℝ2 ({0 < |𝑦 − 𝑡 | ≤ 𝜏𝑛}) → 0 as 𝑛 → ∞,

contradicting the fact that measℝ2 (C−
𝜀 ) > 0. The first case in (2.33) is then impossible. Similarly, the

second one is also absurd.

Claim 2: There exists an integer 𝑛2

0
such that {𝑦𝑛 = 𝑡} ∩ 𝜕C𝜀 = ∅ for all 𝑛 ≥ 𝑛2

0
. Arguing by contradiction,

there are subsequences𝑛𝑘 → ∞ and {𝑥𝑘 }with𝑥𝑘 ∈ {𝑦𝑛𝑘 = 𝑡}∩𝜕C𝜀
for all𝑘 ≥ 1. From the boundedness

of {𝑥𝑘 } and the closedness of 𝜕C𝜀
, we can assume that 𝑥𝑘 → 𝑥 ∈ 𝜕C𝜀

as 𝑘 → ∞. Thanks to (2.28),

there holds 𝑥 ∈ {𝑦 = 𝑡}. We then have {𝑦 = 𝑡} ∩ 𝜕C𝜀 ≠ ∅, which contradicts (2.31).

From Claims 1 and 2, there exists an integer 𝑛0 such that {𝑦𝑛 = 𝑡} admits a connected component C𝑛
being in C𝜀

for all 𝑛 ≥ 𝑛0. It remains to prove the following claim.

Claim 3: For all 𝑛 ≥ 𝑛0, C𝑛 is the unique connected component of {𝑦𝑛 = 𝑡} that is in C𝜀
. Arguing by

contradiction, we assume that there is another connected component C′
𝑛 of {𝑦𝑛 = 𝑡} that is in C𝜀

.

Choosing 𝑥0 ∈ C such that the line through 𝑥0 with direction vector ∇𝑦(𝑥0) intersects with C𝑛 ∪ C′
𝑛 at

𝑥1, 𝑥2. Obviously, 𝑥1 ≠ 𝑥2 and |𝑥𝑖 − 𝑥0 | ≤ 𝜀, 𝑖 = 1, 2. By the Mean Value Theorem, there holds

∇𝑦𝑛(𝑥1 + 𝜃𝑛(𝑥2 − 𝑥1)) · (𝑥2 − 𝑥1) = 0

for some constant 𝜃𝑛 ∈ (0, 1). Combing this with the fact that (𝑥2 − 𝑥1) = 𝜅𝑛∇𝑦(𝑥0) for some 𝜅𝑛 ≠ 0

yields ∇𝑦𝑛(𝑥1 + 𝜃𝑛(𝑥2 − 𝑥1)) · ∇𝑦(𝑥0) = 0, contradicting (2.29).

□
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The following result is a direct consequence of Propositions 2.4 and 2.11.

Corollary 2.12. Let functions 𝑦𝑛, 𝑦 , 𝑛 ≥ 1, satisfy hypothesis (h1). Assume that 𝑦 , together with some value

𝑡 ∈ ℝ, satisfies (2.13). Then

{𝑦 = 𝑡} = ∪𝑚
𝑖=1

C𝑖 ,

for some integer𝑚 ≥ 1, where C𝑖 , 1 ≤ 𝑖 ≤ 𝑚, are 𝐶1
closed simple curves. Moreover, a constant 𝜀0 > 0

exists such that for any 𝜀 ∈ (0, 𝜀0), there is a positive integer 𝑛0 = 𝑛0(𝜀) with

{𝑦𝑛 = 𝑡} = ∪𝑚
𝑖=1

C𝑖,𝑛 and C𝑖,𝑛 ⊂ C𝜀
𝑖 for all 𝑛 ≥ 𝑛0, 1 ≤ 𝑖 ≤ 𝑚

for 𝐶1
closed simple curves C𝑖,𝑛 .

2.4 continuity of integrals over level sets

The following result stating the continuity of integrals over connected components of a level set is

shown under the nonvanishing gradient condition (2.12) by using partitions of unity.

Proposition 2.13. Let functions 𝑦𝑛, 𝑦 , 𝑛 ≥ 1, satisfy hypothesis (h1). Let C be a connected component of

{𝑦 = 𝑡}, 𝑡 ∈ ℝ, and satisfy (2.12). Assume that 𝑓𝑛(𝑥 ) → 𝑓 (𝑥 ) for all 𝑥 ∈ C𝜀
for some constant 𝜀 > 0. Then

(2.34)

∫
{𝑦𝑛=𝑡 }∩C𝜀

𝑓𝑛(𝑥 ) dH 1
(𝑥 ) →

∫
C
𝑓 (𝑥 ) dH 1

(𝑥 ) as 𝑛 → ∞.

Proof. In light of Propositions 2.10 and 2.11, there exist positive constants 𝜀0, 𝛼C > 0 and an integer 𝑛0

such that

(2.35)®
∇𝑦(𝑥 ) · ∇𝑦𝑛(𝑥 ′) ≥ 𝛼C for all 𝑛 ≥ 𝑛0, 𝑥, 𝑥

′ ∈ C𝜀0
with |𝑥 − 𝑥 ′ | ≤ 2𝜀0,

C𝜀
contains one and only one a connected component C𝑛 of {𝑦𝑛 = 𝑡} for all 𝑛 ≥ 𝑛0 and 𝜀 ∈ (0, 𝜀0).

Setting 𝛼min := min{|∇𝑦(𝑥 )| | 𝑥 ∈ C} yields 𝛼min > 0. For each 𝑥 ∈ C, there exists a constant

𝑟𝑥 ∈ (0,min{𝜀0, 𝜀}) such that one of the following two estimates is valid:∣∣∣∣ 𝜕𝑦𝜕𝑥𝑖 (𝑧)

∣∣∣∣ ≥ 𝛼min

2

> 0 for all 𝑧 ∈ 𝐵ℝ2 (𝑥, 𝑟𝑥 ) ∩ Ω, 𝑖 = 1, 2.

Since C is compact, it is covered by finitely many open balls 𝐵ℝ2 (𝑥1, 𝑟1), . . . , 𝐵ℝ2 (𝑥𝑚C , 𝑟𝑚C ) with 𝑟 𝑗 := 𝑟𝑥 𝑗

for all 1 ≤ 𝑗 ≤ 𝑚C . By using partitions of unity, see. e.g. Theorem C.21 and Exercise C.22 in [17], there

exist nonnegative functions𝜓 𝑗 ∈ 𝐶∞
𝑐 (Ω) such that

supp(𝜓 𝑗 ) ⊂ 𝐵ℝ2 (𝑥 𝑗 , 𝑟 𝑗 ) and

𝑚C∑︁
𝑗=1

𝜓 𝑗 (𝑥 ) = 1 for all 1 ≤ 𝑗 ≤ 𝑚C, 𝑥 ∈ Ω.

Therefore, in order to show (2.34), it suffices to prove for all 1 ≤ 𝑗 ≤ 𝑚C that

(2.36)

∫
{𝑦𝑛=𝑡 }∩C𝜀∩𝐵ℝ2 (𝑥 𝑗 ,𝑟 𝑗 )

𝑓𝑛(𝑥 )𝜓 𝑗 (𝑥 ) dH 1
(𝑥 ) →

∫
C
𝑓 (𝑥 )𝜓 𝑗 (𝑥 ) dH 1

(𝑥 ) as 𝑛 → ∞.

To this end, fix 𝑗 , put 𝑥0 := 𝑥 𝑗 , 𝑟0 := 𝑟 𝑗 , and without loss of generality assume that 𝑥0 = (0, 0) and that∣∣∣∣ 𝜕𝑦𝜕𝑥2
(𝑧)

∣∣∣∣ ≥ 𝛼min

2

> 0 for all 𝑧 ∈ 𝐵ℝ2 (𝑥0, 𝑟0) ∩ Ω.
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Applying Lemma 2.2, exploiting (2.35) and the fact that 0 < 𝑟 𝑗 < min{𝜀0, 𝜀}, we conclude that there
exist positive constants ℎ0, 𝑘0, ℎ𝑛, 𝑘𝑛 and 𝐶1

functions 𝑔0, 𝑔𝑛 satisfying assertions (a) and (i)–(iv) in (b)

of Lemma 2.2. Hence, the limit (2.36) can be expressed as∫ 𝑘𝑛

−ℎ𝑛
𝑓𝑛(𝜏, 𝑔𝑛(𝜏))𝜓 𝑗 (𝜏, 𝑔𝑛(𝜏))

»
1 + 𝑔′𝑛(𝜏)

2𝑑𝜏 →
∫ 𝑘0

−ℎ0

𝑓 (𝜏, 𝑔0(𝜏))𝜓 𝑗 (𝜏, 𝑔0(𝜏))

»
1 + 𝑔′

0
(𝜏)

2𝑑𝜏 as 𝑛 → ∞,

or, equivalently,

(2.37)

∫ 𝑘𝑛

−ℎ𝑛
𝜙𝑛(𝜏)𝑑𝜏 −

∫ 𝑘0

−ℎ0

𝜙0(𝜏)𝑑𝜏 → 0

with

𝜙𝑛(𝜏) := 𝑓𝑛(𝜏, 𝑔𝑛(𝜏))𝜓 𝑗 (𝜏, 𝑔𝑛(𝜏))

»
1 + 𝑔′𝑛(𝜏)

2
and 𝜙0(𝜏) := 𝑓 (𝜏, 𝑔0(𝜏))𝜓 𝑗 (𝜏, 𝑔0(𝜏))

»
1 + 𝑔′

0
(𝜏)

2.

Taking now 𝜀 > 0 small enough, we rewrite the right-hand side term in (2.37) as∫ 𝑘𝑛

−ℎ𝑛
𝜙𝑛(𝜏)𝑑𝜏 −

∫ 𝑘0

−ℎ0

𝜙0(𝜏)𝑑𝜏 =

∫ 𝑘0−𝜀

−ℎ0+𝜀
[𝜙𝑛(𝜏) − 𝜙0(𝜏)]𝑑𝜏

−
∫ −ℎ0+𝜀

−ℎ0

𝜙0(𝜏)𝑑𝜏 −
∫ 𝑘0

𝑘0−𝜀
𝜙0(𝜏)𝑑𝜏 +

∫ −ℎ0+𝜀

−ℎ𝑛
𝜙𝑛(𝜏)𝑑𝜏 +

∫ 𝑘𝑛

𝑘0−𝜀
𝜙𝑛(𝜏)𝑑𝜏 .

In view of assertion (iv) in Lemma 2.2, there holds

𝜙𝑛(𝜏) → 𝜙0(𝜏) for all 𝜏 ∈ [−ℎ0 + 𝜀, 𝑘0 − 𝜀] and |𝜙𝑛(𝜏)| ≤ 𝐶 for all 𝜏 ∈ [−ℎ𝑛, 𝑘𝑛].

The Lebesgue Dominated Convergence Theorem then implies that

lim

𝑛→∞

∣∣∣∣∣
∫ 𝑘𝑛

−ℎ𝑛
𝜙𝑛(𝜏)𝑑𝜏 −

∫ 𝑘0

−ℎ0

𝜙0(𝜏)𝑑𝜏

∣∣∣∣∣ ≤ 𝐶𝜀,
where we have used the limits ℎ𝑛 → ℎ0 and 𝑘𝑛 → 𝑘0; see assertion (iii) in Lemma 2.2. We thus obtain

(2.37). □

3 an nonsmooth quasilinear elliptic optimal control problem

3.1 main assumptions and preliminary results

Let 𝑎 be a finitely 𝑃𝐶2
-function of the form

(3.1) 𝑎(𝑡 ) := 𝟙(−∞,𝑡](𝑡 )𝑎0(𝑡 ) + 𝟙(𝑡,∞)𝑎1(𝑡 ) for all 𝑡 ∈ ℝ,

for a given number 𝑡 ∈ ℝ and given functions 𝑎0 ∈ 𝐶2
((−∞, 𝑡]) and 𝑎1 ∈ 𝐶2

([𝑡,∞)) with 𝑎0(𝑡 ) = 𝑎1(𝑡 ).

Obviously, the function 𝑎 is of class 𝐶2
over the intervals (−∞, 𝑡 ) ∪ (𝑡,∞), but not even of class 𝐶1

in

general.

Remark 3.1. Let us emphasize that the results and the underlying analysis in this paper can be applied to the

situation in which the function 𝑎 is continuous and is twice continuously differentiable on finitely many intervals

(i.e., a finitely 𝑃𝐶2
function; see [9] for a precise definition). However, in order to keep the presentation concise

and to be able to focus on the main arguments, we restrict the presentation to the simplest such situation given

by (3.1).
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By {𝑎′}𝑡−0

𝑡+0
, we denote the difference between the one-sided derivatives of 𝑎 at 𝑡 from left and right,

i.e.,

{𝑎′}𝑡−0

𝑡+0
:= lim

𝑡→𝑡−
𝑎′(𝑡 ) − lim

𝑡→𝑡+
𝑎′(𝑡 ) = 𝑎′

0
(𝑡 ) − 𝑎′

1
(𝑡 ).

By setting

(3.2) 𝜎0 := |{𝑎′}𝑡−0

𝑡+0
| = |𝑎′

0
(𝑡 ) − 𝑎′

1
(𝑡 )|,

we see that this term determines the differentiability of 𝑎 and plays a crucial part in the second-order

optimality conditions for (P); see [9]. Moreover, 𝑎 is directionally differentiable and its directional

derivative is given by

(3.3) 𝑎′(𝑡 ; 𝑠) = 𝟙(−∞,𝑡 )(𝑡 )𝑎
′
0
(𝑡 )𝑠 + 𝟙(𝑡,∞)(𝑡 )𝑎

′
1
(𝑡 )𝑠 + 𝟙{𝑡 } (𝑡 )[𝟙(0,∞)(𝑠)𝑎

′
1
(𝑡 )𝑠 + 𝟙(−∞,0)(𝑠)𝑎

′
0
(𝑡 )𝑠], 𝑡, 𝑠 ∈ ℝ.

The following assumptions shall hold throughout the whole paper except in Section 3.2, where we will

only require the convexity of Ω instead of Assumption (a1) below.

(a1) Ω ⊂ ℝ2
is an open bounded convex polygonal.

(a2) The Lipschitz continuous function 𝑏 : Ω → ℝ satisfies 𝑏(𝑥 ) ≥ 𝑏 > 0 for all 𝑥 ∈ Ω.

(a3) 𝑎 : ℝ → ℝ is nonnegative and given by (3.1).

(a4) 𝐿 : Ω × ℝ → ℝ is a Carathéodory function that is of class 𝐶2
w.r.t. the second variable with

𝐿(·, 0) ∈ 𝐿1
(Ω). Besides, for any 𝑀 > 0, there exist 𝐶𝑀 > 0 and 𝜓𝑀 ∈ 𝐿𝑝 (Ω) (𝑝 > 2) such that

| 𝜕𝐿
𝜕𝑦

(𝑥, 𝑦)| ≤ 𝜓𝑀 (𝑥 ) and | 𝜕2𝐿
𝜕𝑦2

(𝑥, 𝑦)| ≤ 𝐶𝑀 for all 𝑦 ∈ ℝ with |𝑦 | ≤ 𝑀 , and a.e. 𝑥 ∈ Ω.

In the remainder of this subsection, we state some known results for the state equation, the adjoint

state equation, and the optimality conditions for (P); see, e.g. [9]. Let us first consider the state equation

(3.4) − div[(𝑏 + 𝑎(𝑦))∇𝑦] = 𝑢 in Ω, 𝑦 = 0 on 𝜕Ω.

Theorem 3.2 (cf. [9], Thms. 3.1 and 3.5). Let Assumptions (a1) to (a3) hold. Then, the control-to-state

operator 𝑆 : 𝑊 −1,𝑝
(Ω) ∋ 𝑢 ↦→ 𝑦𝑢 ∈ 𝑊 1,𝑝

0
(Ω) with 𝑦𝑢 being the unique solution to (3.4) is of class 𝐶1

.

Moreover, for any 𝑢, 𝑣 ∈𝑊 −1,𝑝
(Ω) with 𝑝 > 2 and 𝑦𝑢 := 𝑆(𝑢), 𝑧𝑣 := 𝑆 ′(𝑢)𝑣 is the unique solution to

(3.5) − div[(𝑏 + 𝑎(𝑦𝑢 ))∇𝑧𝑣 + 𝟙{𝑦𝑢≠𝑡 }𝑎
′
(𝑦𝑢 )𝑧𝑣∇𝑦𝑢] = 𝑣 in Ω, 𝑧𝑣 = 0 on 𝜕Ω.

Moreover, there exists a number 𝑝∗ > 2 such that for any 𝑝 ∈ [2, 𝑝∗) and for any bounded set𝑈 ⊂ 𝐿𝑝 (Ω),

there hold 𝑆(𝑢) ∈𝑊 1,𝑝

0
(Ω) ∩𝑊 2,𝑝

(Ω) and ∥𝑆(𝑢)∥𝑊 2,𝑝
(Ω)

≤ 𝐶𝑈 .

Proof. The well-posedness and the continuous differentiability of 𝑆 follows from Theorems 3.1 and

3.5 in [9]. On the other hand, the 𝐻 2
- and𝑊 1,∞

(Ω)-regularity of solutions to (3.4) was also shown in

Theorem 3.1 in [9] when the right-hand side 𝑢 belongs to 𝐿𝑞(Ω) with 𝑞 > 2. Moreover, if𝑈 is a bounded

subset of 𝐿𝑞(Ω) with 𝑞 > 2, then there holds ∥𝑆(𝑢)∥𝐻 2
(Ω)

+ ∥𝑆(𝑢)∥𝑊 1,∞
(Ω)

≤ 𝐶𝑈 for all 𝑢 ∈ 𝑈 . To show
the higher𝑊 2,𝑝

-regularity as well as the corresponding a priori estimate, we observe that (3.4) can be

rewritten as

(3.6) −Δ𝑦 =
1

𝑏 + 𝑎(𝑦)

[𝑢 + ∇𝑏 · ∇𝑦 + 𝟙{𝑦≠𝑡 }𝑎
′
(𝑦)|∇𝑦 |2] in Ω, 𝑦 = 0 on 𝜕Ω

(see, e.g. equations (A.1) and (A.3) in [9], Lem. A.1). Since Ω is assumed to be a convex polygon in ℝ2
,

Theorem 4.4.3.7 in [15] shows that there exists a constant 𝑝∗ := 2/(2 − min{𝜋𝜔−1

max
, 2}) > 2 depending

on the maximal interior angle 𝜔max < 𝜋 of the domain Ω such that any solution 𝑦 to (3.6) belongs to

𝑊 2,𝑝
(Ω) provided that 𝑢 ∈ 𝐿𝑝 (Ω) for all 𝑝 ∈ (2, 𝑝∗). Of course, we have 𝑦 ∈ 𝐻 2

(Ω) when 𝑢 ∈ 𝐿2
(Ω) due

to the convexity of Ω. Finally, the𝑊 2,𝑝
-estimate of solutions 𝑦 is derived by applying Theorem 4.3.2.4

in [15] to (3.6) and using the a priori𝑊 1,∞
(Ω)-estimates of 𝑦 , Assumption (a2) and Assumption (a3). □
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We now consider the adjoint state equation

(3.7) − div[(𝑏 + 𝑎(𝑦𝑢 ))∇𝜑] + 𝟙{𝑦𝑢≠𝑡 }𝑎
′
(𝑦𝑢 )∇𝑦𝑢 · ∇𝜑 = 𝑣 in Ω, 𝜑 = 0 on 𝜕Ω

for 𝑢 ∈𝑊 −1,𝑝
(Ω), 𝑝 > 2, 𝑣 ∈ 𝐻−1

(Ω), and 𝑦𝑢 := 𝑆(𝑢).

Theorem 3.3 (cf. [9], Lem. 4.1). Let Assumptions (a1) to (a3) be satisfied and let 𝑝, 𝑞 > 2 be arbitrary. Then,

for any 𝑢 ∈𝑊 −1,𝑝
(Ω), 𝑣 ∈ 𝐻−1

(Ω), a unique 𝜑 ∈ 𝐻 1

0
(Ω) exists and uniquely solves (3.7). Furthermore, if

𝑈 is a bounded subset in 𝐿𝑝 (Ω), then for any 𝑢 ∈ 𝑈 and any 𝑣 ∈ 𝐿𝑞(Ω), the solution 𝜑 of (3.7) belongs

to 𝐻 2
(Ω) ∩𝑊 1,∞

(Ω) and there holds ∥𝜑 ∥𝐻 2
(Ω)

+ ∥𝜑 ∥𝑊 1,∞
(Ω)

≤ 𝐶𝑈 ∥𝑣 ∥𝐿𝑞 (Ω). Moreover, if 𝑢 ∈ 𝐿𝑝 (Ω) and

𝑣 ∈ 𝐿𝑟 (Ω) with 𝑟 ∈ (2, 𝑝∗), then 𝜑 ∈𝑊 2,𝑟
(Ω), where 𝑝∗ is defined as in Theorem 3.2.

Proof. Thanks to Lemma 4.1 in [9], all conclusions except the last one of the theorem are verified. To

derive the𝑊 2,𝑟
-regularity of 𝜑 , we argue as in the proof of Theorem 3.2. □

Remark 3.4. Despite the𝑊 2,𝑝
-regularity of the state and adjoint state, the function 𝑧𝑣 := 𝑆 ′(𝑢)𝑣 defined in (3.5) is

only in𝑊 1,𝑝
(Ω) due to the nondifferentiability of the function 𝑎.

The optimal control problem (P) can be expressed in the form

(P) min

𝑢∈U𝑎𝑑

𝑗 (𝑢) =

∫
Ω
𝐿(𝑥, 𝑆(𝑢)(𝑥 )) d𝑥 + 𝜈

2

∥𝑢∥2

𝐿2
(Ω)

with

U𝑎𝑑 := {𝑢 ∈ 𝐿∞(Ω) | 𝛼 ≤ 𝑢(𝑥 ) ≤ 𝛽 for a.e. 𝑥 ∈ Ω}.

Under Assumptions (a1) to (a4), the cost functional 𝑗 : 𝐿2
(Ω) → ℝ is of class𝐶1

. Moreover, there holds

(3.8) 𝑗 ′(𝑢)𝑣 =

∫
Ω

(𝜑𝑢 + 𝜈𝑢)𝑣 d𝑥 for 𝑢, 𝑣 ∈ 𝐿2
(Ω)

with 𝜑𝑢 ∈ 𝐻 1

0
(Ω) solving (3.7) corresponding to the right-hand side term 𝑣 substituted by

𝜕𝐿
𝜕𝑦

(·, 𝑆(𝑢));

see [9], Thm. 4.2. We have the following first-order necessary optimality conditions from Theorem

4.3 in [9] and thus derive the regularity of the optimal control as well as the corresponding state and

adjoint state from Theorems 3.2 and 3.3 and from Sobolev embeddings.

Theorem 3.5 ([9], Thm. 4.3). Assume that Assumptions (a1) to (a4) are satisfied. Then there exists at least

one minimizer 𝑢 of (P). Moreover, there exists an adjoint state 𝜑 ∈ 𝐻 1

0
(Ω) such that for 𝑦 := 𝑆(𝑢),

− div[(𝑏 + 𝑎(𝑦))∇𝑦] = 𝑢 in Ω, 𝑦 = 0 on 𝜕Ω,(3.9a)

− div[(𝑏 + 𝑎(𝑦))∇𝜑] + 𝟙{𝑦≠𝑡 }𝑎
′
(𝑦)∇𝑦 · ∇𝜑 =

𝜕𝐿

𝜕𝑦
(𝑥, 𝑦) in Ω, 𝜑 = 0 on 𝜕Ω,(3.9b) ∫

Ω
(𝜑 + 𝜈𝑢)(𝑢 − 𝑢) d𝑥 ≥ 0 for all 𝑢 ∈ U𝑎𝑑 .(3.9c)

Furthermore, 𝑦 ∈𝑊 2,𝑝
(Ω) and 𝜑 ∈𝑊 2,𝑟

(Ω) for any 𝑝, 𝑟 ∈ (2, 𝑝∗) and 𝑟 ≤ 𝑝 with 𝑝 and 𝑝∗, respectively,
defined in Assumption (a4) and Theorem 3.2. Therefore, 𝑦 and 𝜑 belong to 𝐶1

(Ω) and 𝑢 is Lipschitz

continuous on Ω.

Assume that 𝜑 ∈ 𝐻 1

0
(Ω) satisfies (3.9). The critical cone of the problem (P) at 𝑢 is defined as

(3.10) C(U𝑎𝑑 ;𝑢) := {𝑣 ∈ 𝐿2
(Ω) | 𝑣 ≥ 0 if 𝑢 = 𝛼, 𝑣 ≤ 0 if 𝑢 = 𝛽, 𝑣 = 0 if 𝜑 + 𝜈𝑢 ≠ 0 a.e. in Ω}.

In the rest of this subsection, we shall provide second-order necessary and sufficient optimality

conditions for (P). To this end, the curvature functional of 𝑗 is first introduced and can be separated into
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three contributions. For any (𝑢, 𝑦, 𝜑) ∈ 𝐿2
(Ω) × 𝐻 1

(Ω) ×𝑊 1,∞
(Ω), the smooth part and the first-order

nonsmooth part of the curvature in direction (𝑣1, 𝑣2) ∈ 𝐿2
(Ω)

2
are given by

𝑄𝑠 (𝑢, 𝑦, 𝜑 ; 𝑣1, 𝑣2) :=
1

2

∫
Ω

𝜕2𝐿

𝜕𝑦2
(·, 𝑦)𝑧𝑣1

𝑧𝑣2
d𝑥 + 𝜈

2

∫
Ω
𝑣1𝑣2 d𝑥 − 1

2

∫
Ω
𝟙{𝑦≠𝑡 }𝑎

′′
(𝑦)𝑧𝑣1

𝑧𝑣2
∇𝑦 · ∇𝜑 d𝑥,

𝑄1(𝑢, 𝑦, 𝜑 ; 𝑣1, 𝑣2) := − 1

2

∫
Ω

[𝑎′(𝑦 ; 𝑧𝑣1
)∇𝑧𝑣2

+ 𝑎′(𝑦 ; 𝑧𝑣2
)∇𝑧𝑣1

] · ∇𝜑 d𝑥,

for 𝑧𝑣𝑖 := 𝑆 ′(𝑢)𝑣𝑖 , 𝑖 = 1, 2, respectively. The critical part for our analysis is of course the second-order

nonsmooth part, which requires some additional notation. For ease of exposition, we use the following

notation in the remainder. For any 𝑦 ∈ 𝐶(Ω) and any 𝜏1, 𝜏2 ∈ ℝ, we define the set Ω[𝜏1,𝜏2]

𝑦 := {𝑦 ∈
[𝑡 + 𝜏1, 𝑡 + 𝜏2]}; similar sets such as Ω[𝜏1,𝜏2)

𝑦 are defined in the same way. Let 𝛿 > 0 be arbitrary but fixed.

For any 𝑦, 𝑦 ∈ 𝐶(Ω), we set

(3.11)

Ω2

𝑦,𝑦 := Ω(0,𝛿)

𝑦
∩ Ω(−𝛿,0]

𝑦 = {𝑦 ∈ (𝑡, 𝑡 + 𝛿), 𝑦 ∈ (𝑡 − 𝛿, 𝑡]},

Ω3

𝑦,𝑦
:= Ω(−𝛿,0)

𝑦
∩ Ω[0,𝛿)

𝑦 = {𝑦 ∈ (𝑡 − 𝛿, 𝑡 ), 𝑦 ∈ [𝑡, 𝑡 + 𝛿)}.

For any 𝑠 ∈ ℝ, 𝑢, 𝑣 ∈ 𝐿2
(Ω), 𝑦 ∈ 𝐶(Ω) ∩ 𝐻 1

(Ω), and 𝜑 ∈𝑊 1,∞
(Ω), we set

(3.12)
𝜁0(𝑢, 𝑦 ; 𝑠, 𝑣) := −{𝑎′}𝑡−0

𝑡+0
(𝑡 − 𝑆(𝑢 + 𝑠𝑣))𝟙Ω3

𝑆 (𝑢+𝑠𝑣),𝑦
, 𝜁1(𝑢, 𝑦 ; 𝑠, 𝑣) := {𝑎′}𝑡−0

𝑡+0
(𝑡 − 𝑆(𝑢 + 𝑠𝑣))𝟙Ω2

𝑆 (𝑢+𝑠𝑣),𝑦
,

𝜁 (𝑢, 𝑦 ; 𝑠, 𝑣) := 𝜁0(𝑢, 𝑦 ; 𝑠, 𝑣) + 𝜁1(𝑢, 𝑦 ; 𝑠, 𝑣) = {𝑎′}𝑡−0

𝑡+0
(𝑡 − 𝑆(𝑢 + 𝑠𝑣))

[
𝟙Ω2

𝑆 (𝑢+𝑠𝑣),𝑦
− 𝟙Ω3

𝑆 (𝑢+𝑠𝑣),𝑦

]
with {𝑎′}𝑡−0

𝑡+0
defined as in (3.2). We then define for any {𝑠𝑛} ∈ 𝑐+

0
:= {{𝑠𝑛} ⊂ (0,∞) | 𝑠𝑛 → 0} and

𝑣 ∈ 𝐿2
(Ω)

(3.13)
˜𝑄(𝑢, 𝑦, 𝜑 ; {𝑠𝑛}, 𝑣) := lim inf

𝑛→∞
1

𝑠2

𝑛

∫
Ω

1∑︁
𝑖=0

𝜁𝑖 (𝑢, 𝑦 ; 𝑠𝑛, 𝑣)∇𝑦 · ∇𝜑 d𝑥

= {𝑎′}𝑡−0

𝑡+0
lim inf

𝑛→∞
1

𝑠2

𝑛

∫
Ω

(𝑡 − 𝑆(𝑢 + 𝑠𝑛𝑣))

[
𝟙Ω2

𝑆 (𝑢+𝑠𝑛𝑣),𝑦
− 𝟙Ω3

𝑆 (𝑢+𝑠𝑛𝑣),𝑦

]
∇𝑦 · ∇𝜑 d𝑥 .

The second-order nonsmooth part of the curvature in direction 𝑣 ∈ 𝐿2
(Ω) is then given by

𝑄2(𝑢, 𝑦, 𝜑 ; 𝑣) := inf{𝑄̃(𝑢, 𝑦, 𝜑 ; {𝑠𝑛}, 𝑣) | {𝑠𝑛} ∈ 𝑐+0 },

and finally the total curvature in direction 𝑣 is

(3.14) 𝑄(𝑢, 𝑦, 𝜑 ; 𝑣) := 𝑄𝑠 (𝑢, 𝑦, 𝜑 ; 𝑣, 𝑣) +𝑄1(𝑢, 𝑦, 𝜑 ; 𝑣, 𝑣) +𝑄2(𝑢, 𝑦, 𝜑 ; 𝑣).

Remark 3.6. The definitions of the sets Ω2

𝑦,𝑦
and Ω3

𝑦,𝑦
in (3.11) are identical to the ones for Ω1,2

𝑦,𝑦
and Ω0,3

𝑦,𝑦
in

Lemma 3.3 in [9] for the case where 𝐾 := 1, 𝑡0 := −∞, 𝑡1 := 𝑡 , and 𝑡2 := ∞. Similarly, the definitions of the

functionals 𝑄𝑠 , 𝑄1, and 𝑄2 in this subsection can be derived from the associated ones in § 5.1 in [9].

According to Proposition 5.6 and Lemma 5.7 in [9], 𝑄2 is weakly lower semicontinuous in the last

variable and satisfies

|𝑄2(𝑢, 𝑆(𝑢), 𝜑 ; 𝑣)| ≤ Σ(𝑆(𝑢))∥∇𝜑 ∥𝐿∞(Ω)∥𝑆 ′(𝑢)𝑣 ∥2

𝐿∞(Ω)
for all 𝑢, 𝑣 ∈ 𝐿2

(Ω) and 𝜑 ∈𝑊 1,∞
(Ω),

with the jump functional

(3.15) Σ(𝑦) := 𝜎0 lim sup

𝑟→0
+

1

𝑟

2∑︁
𝑚=1

∫
Ω

[𝟙{0< |𝑦−𝑡 | ≤𝑟 } |𝜕𝑥𝑚𝑦 |] d𝑥, 𝑦 ∈𝑊 1,1
(Ω) ∩𝐶(Ω)
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for 𝜎0 defined in (3.2). Also, from Corollary 5.5 in [9], it holds for any 𝑢 ∈ 𝐿2
(Ω), {𝑠𝑛} ∈ 𝑐+0 and 𝑣𝑛 ⇀ 𝑣

in 𝐿2
(Ω) that

(3.16) lim inf

𝑛→∞
1

𝑠2

𝑛

∫
Ω

1∑︁
𝑖=0

𝜁𝑖 (𝑢, 𝑆(𝑢); 𝑠𝑛, 𝑣𝑛)∇𝑆(𝑢) · ∇𝜑 d𝑥 = ˜𝑄(𝑢, 𝑆(𝑢), 𝜑 ; {𝑠𝑛}, 𝑣) ≥ 𝑄2(𝑢, 𝑆(𝑢), 𝜑 ; 𝑣),

provided that Σ(𝑆(𝑢)) < ∞.

We are now ready to state the second-order necessary and sufficient optimality conditions for (P) in

general, for which the different between these conditions is only in the strictness of the inequality

(“no-gap”).

Theorem 3.7 (second-order necessary optimality conditions, [9], Thm. 5.9). Let Assumptions (a1) to (a4)

be fulfilled. Assume that 𝑢 is a local minimizer to (P) such that Σ(𝑦) < ∞ for 𝑦 := 𝑆(𝑢). Then, there is a

𝜑 ∈𝑊 1,𝑝

0
(Ω) ∩𝑊 1,∞

(Ω), with 𝑝 defined in Assumption (a4), that together with 𝑢, 𝑦 satisfies (3.9) and

(3.17) 𝑄(𝑢, 𝑦, 𝜑 ; 𝑣) ≥ 0 for all 𝑣 ∈ C(U𝑎𝑑 ;𝑢)

with 𝑄 defined in (3.14).

Theorem 3.8 (second-order sufficient optimality conditions, [9], Thm. 5.10). Let Assumptions (a1) to (a4)

be valid. Assume that 𝑢 is a feasible point of (P) such that Σ(𝑦) < ∞ for 𝑦 := 𝑆(𝑢). Assume further that

there is a 𝜑 ∈𝑊 1,𝑝

0
(Ω)∩𝑊 1,∞

(Ω), with 𝑝 defined in Assumption (a4), that together with 𝑢, 𝑦 satisfies (3.9)

and

(3.18) 𝑄(𝑢, 𝑦, 𝜑 ; 𝑣) > 0 for all 𝑣 ∈ C(U𝑎𝑑 ;𝑢) \ {0}

with 𝑄 defined in (3.14). Then there exist constants 𝑐0, 𝜌0 > 0 satisfying

𝑗 (𝑢) + 𝑐0∥𝑢 − 𝑢∥2

𝐿2
(Ω)

≤ 𝑗 (𝑢) for all 𝑢 ∈ U𝑎𝑑 ∩ 𝐵𝐿2
(Ω)

(𝑢, 𝜌0).

It is noted that the term 2𝑄(𝑢, 𝑦, 𝜑 ; 𝑣) can be seen as a second-order generalized derivative of 𝑗 at 𝑢

in the direction 𝑣 ; see, e.g. the proof of Theorem 5.9 in [9] and Remark 5.1 in [19]).

3.2 an explicit formula for the curvature functional

In this subsection, we assume that the domain Ω is open, bounded, and convex in ℝ2
only. We shall

establish an explicit formula for the curvature term 𝑄(𝑢, 𝑦, 𝜑 ; 𝑣), defined in (3.14), for two situations:

(i) The gradient of 𝑦 does not vanish on connected components of {𝑦 = 𝑡};

(ii) The gradient of 𝑦 vanishes on connected components of {𝑦 = 𝑡}.

For the first situation, we will apply the results shown in Section 2. For the latter situation, we need

the following notion.

Definition 3.9. A function 𝑦 : Ω → ℝ is called uniformly locally convex-concave on a set 𝑉 ⊂ Ω if an

𝜀 > 0 exists such that for any 𝑥 ∈ 𝑉 , 𝑦 is either convex or concave on 𝐵ℝ2 (𝑥, 𝜀) ∩ Ω.

Proposition 3.10. Let 𝑡 ∈ ℝ be arbitrary and let 𝑦 ∈ 𝐶1
(Ω) be uniformly locally convex-concave on the

level set {𝑦 = 𝑡}. Assume that C is a connected component of {𝑦 = 𝑡}. If ∇𝑦 vanishes at some point

𝑥0 ∈ C, then ∇𝑦(𝑥 ) = 0 for all 𝑥 ∈ C.

Proof. There is an 𝜀 > 0 such that, for any 𝑥 ∈ {𝑦 = 𝑡}, the restriction 𝑦 |
𝐵ℝ2 (𝑥,𝜀)∩Ω is either convex or

concave. Since ∇𝑦(𝑥0) = 0, then 𝑥0 is a local extremal point of 𝑦(𝑥 ) and so is every point in 𝐵ℝ2 (𝑥, 𝜀)∩C.
From this and the connection property of C, we have ∇𝑦 = 0 on C. □
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The following result is a direct consequence of Proposition 3.10.

Corollary 3.11. Let 𝑡 ∈ ℝ be arbitrary and let 𝑦 ∈ 𝐶1
(Ω) be uniformly locally convex-concave on the level

set {𝑦 = 𝑡}. Assume that C is a connected component of {𝑦 = 𝑡}. If ∇𝑦(𝑥0) ≠ 0 for some point 𝑥0 ∈ C,
then ∇𝑦(𝑥 ) ≠ 0 for all 𝑥 ∈ C.

The following result will play an important role in establishing an explicit formula of the curvature

functional (3.14). Its proof rests on the following several lemmas.

Theorem 3.12. Let {𝑠𝑛} ∈ 𝑐+0 ,𝜑 ∈ 𝐶1
(Ω)∩𝑊 2,1

(Ω) and 𝑦, 𝑦𝑛 ∈ 𝐶1
(Ω) such that 𝑦𝑛 = 𝑦 = 0 on 𝜕Ω, 𝑦𝑛 → 𝑦

in 𝐶1
(Ω) and (𝑦𝑛 − 𝑦)/𝑠𝑛 → 𝑤 in𝑊

1,𝑝

0
(Ω) for some 𝑝 > 2 and𝑤 ∈𝑊 1,𝑝

0
(Ω). Let C be a closed connected

component of {𝑦 = 𝑡}. Assume that one of the following conditions is satisfied:

(C1) The gradient of 𝑦 does not vanish on C, i.e.,

(3.19) min{|∇𝑦(𝑥 )| : 𝑥 ∈ C} > 0;

(C2) There holds that

(3.20)


𝑦 is uniformly locally convex-concave on C,
∇𝑦 = 0 on C,
H𝑁−1

({𝑦 = 𝑡} ∩ C𝜀
) ≤ 𝐶0, f.a.a. 𝑡 ∈ (𝑡 − 𝑟0, 𝑡 + 𝑟0), 𝑁 = 2,

for some constants 𝜀, 𝑟0,𝐶0 > 0;

(C3) There holds that

(3.21)

®
∇𝑦 = 0 on C,
measℝ2 ({0 < |𝑦 − 𝑡 | < 𝑟 } ∩ C𝜀

) ≤ 𝑐𝑠𝑟, for all 𝑟 ∈ (0, 𝑟0),

for some constants 𝜀, 𝑟0, 𝑐𝑠 > 0.

Then there exists an 𝜀0 = 𝜀0(C) ∈ (0, 𝜀) such that for any 𝜀 ∈ (0, 𝜀0),

(3.22)

𝐴𝑛(C, 𝜀)
𝑠2

𝑛

→ 1

2

∫
C
𝟙{ |∇𝑦 |>0}𝑤

2
∇𝑦 · ∇𝜑
|∇𝑦 | dH 1

(𝑥 ) as 𝑛 → ∞,

where

(3.23) 𝐴𝑛(C, 𝜀) :=

∫
C𝜀

(𝑡 − 𝑦𝑛)[𝟙Ω2

𝑦𝑛,𝑦̄
− 𝟙Ω3

𝑦𝑛,𝑦̄
]∇𝑦 · ∇𝜑 d𝑥

with Ω2

𝑦𝑛,𝑦
and Ω3

𝑦𝑛,𝑦
defined in (3.11).

Remark 3.13. Note that (3.20) does not require that the level set {𝑦 = 𝑡} has measure zero. When 𝑁 = 1, the last

condition in (3.20) means that for a.e. 𝑡 in a neighborhood of 𝑡 , the level sets {𝑦 = 𝑡} consist of finitely many

points; in other words, the function 𝑦 oscillates around the values 𝑡 only finitely many times. In [9], Exam. 5.3,

this condition was shown to be equivalent to the finiteness of the jump functional Σ(𝑦) introduced in (3.15) for

the case 𝑁 = 1.

Remark 3.14. According to the definition of the sets Ω 𝑗

𝑦,𝑦
with 𝑗 = 2, 3 in (3.11), the sets Ω2

𝑦𝑛,𝑦
and Ω3

𝑦𝑛,𝑦
can be

expressed as

(3.24) Ω2

𝑦𝑛,𝑦
= Ω̃2

𝑦𝑛,𝑦
∪ {𝑦 ∈ (𝑡, 𝑡 + 𝛿), 𝑦𝑛 = 𝑡} and Ω3

𝑦𝑛,𝑦
= Ω̃3

𝑦𝑛,𝑦
∪ {𝑦 ∈ (𝑡 − 𝛿, 𝑡 ), 𝑦𝑛 = 𝑡}

with

(3.25)

{
Ω̃2

𝑦,𝑦 := {𝑦 ∈ (𝑡, 𝑡 + 𝛿), 𝑦 ∈ (𝑡 − 𝛿, 𝑡 )},

Ω̃3

𝑦,𝑦
:= {𝑦 ∈ (𝑡 − 𝛿, 𝑡 ), 𝑦 ∈ (𝑡, 𝑡 + 𝛿)}
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for 𝑦, 𝑦 ∈ 𝐶(Ω). Obviously, one has

(3.26) Ω̃2

𝑦,𝑦 = Ω̃3

𝑦,𝑦
.

Moreover, thanks to (3.23), the term 𝐴𝑛(C, 𝜀) can be rewritten as

(3.27) 𝐴𝑛(C, 𝜀) :=

∫
C𝜀

(𝑡 − 𝑦𝑛)[𝟙Ω̃2

𝑦𝑛,𝑦̄
− 𝟙Ω̃3

𝑦𝑛,𝑦̄
]∇𝑦 · ∇𝜑 d𝑥 .

Lemma 3.15. Under assumption (C1) in Theorem 3.12, then there exists an 𝜀0 = 𝜀0(C) > 0 such that

(3.28)

𝐴𝑛(C, 𝜀)
𝑠2

𝑛

→ 1

2

∫
C
𝑤2

∇𝑦 · ∇𝜑
|∇𝑦 | dH 1

(𝑥 ) as 𝑛 → ∞ for all 𝜀 ∈ (0, 𝜀0).

Proof. By Proposition 2.4, C is a closed 𝐶1
simple curve in Ω. Thanks to Proposition 2.10, there are

constants 𝜀1, 𝛼 > 0 such that, for 𝑛 large enough,

(3.29) ∇𝑦𝑛(𝑥 ) · ∇𝑦(𝑥 ′) ≥ 𝛼 > 0 for all 𝑥, 𝑥 ′ ∈ C𝜀1
with |𝑥 − 𝑥 ′ | ≤ 2𝜀1.

Since C is a closed component in {𝑦 = 𝑡}, there holds C𝜀2 ∩ ({𝑦 = 𝑡}\C)
𝜀2 = ∅ for some constant

𝜀2 > 0. Moreover, the sign of (𝑦 − 𝑡 ) in C−
𝜀2

is opposite to the one in C+
𝜀2

. Without loss of generality, we

can thus assume that

(3.30) 𝑦 < 𝑡 on C−
𝜀2

and 𝑦 > 𝑡 on C+
𝜀2

.

Set 𝜀0 := min{𝜀1, 𝜀2}, 𝜏𝑛 := ∥𝑦𝑛 − 𝑦 ∥𝐶(Ω)
, fix any 𝜀 ∈ (0, 𝜀0), and define the sets (depending on 𝜀)

(3.31) Ω2

𝑛 := Ω̃2

𝑦𝑛,𝑦
∩ C𝜀

and Ω3

𝑛 := Ω̃3

𝑦𝑛,𝑦
∩ C𝜀 .

Here the sets Ω̃2

𝑦𝑛,𝑦
and Ω̃3

𝑦𝑛,𝑦
are defined in (3.25). Obviously, for 𝑛 large enough such that 𝜏𝑛 < 𝛿/2,

we have

Ω2

𝑛 = {𝑦 ∈ (𝑡, 𝑡 + 𝛿), 𝑦𝑛 ∈ (𝑡 − 𝛿, 𝑡 )} ∩ C𝜀 = {𝑦𝑛 < 𝑡 < 𝑦} ∩ C𝜀 ⊂ C+
𝜀 ,(3.32a)

Ω3

𝑛 = {𝑦 ∈ (𝑡 − 𝛿, 𝑡 ), 𝑦𝑛 ∈ (𝑡, 𝑡 + 𝛿)} ∩ C𝜀 = {𝑦 < 𝑡 < 𝑦𝑛} ∩ C𝜀 ⊂ C−
𝜀 .(3.32b)

As a result of Proposition 2.11, for 𝑛 large enough, C𝜀
contains one and only one connected component

C𝑛 of {𝑦𝑛 = 𝑡}. By Proposition 2.4, the set C𝑛 = {𝑦𝑛 = 𝑡} ∩ C𝜀
is a closed 𝐶1

simple curve in ℝ2
. We

now consider two cases.

Case 1: C = 𝜕Ω. In this case, we have 𝑡 = 0 and thus C𝑛 = 𝜕Ω for sufficiently large 𝑛. Moreover, one has

C+
𝜀 = ∅, C𝜀 = C∪C−

𝜀 and then Ω2

𝑛 = ∅ for 𝑛 large enough. On the other hand, since C𝑛 = {𝑦𝑛 = 𝑡} ∩C𝜀

is a closed simple curve in ℝ2
for 𝑛 large enough and 𝑦𝑛 → 𝑦 in 𝐶(Ω), we deduce from (3.30) that

𝑦𝑛 ≤ 𝑡 on C𝜀
and therefore Ω3

𝑛 = ∅ for sufficiently large 𝑛. From this and the definition of 𝐴𝑛(C, 𝜀), we
have (3.28) because of the vanishing on 𝜕Ω of𝑤 .

Case 2: C ≠ 𝜕Ω. In this case, both C+
𝜀 and C−

𝜀 are nonempty. To estimate𝐴𝑛(C, 𝜀), we use the expression
(3.27) of 𝐴𝑛(C, 𝜀) and split it into two terms as follows:

(3.33) 𝐴𝑛(C, 𝜀) :=

∫
C𝜀

(𝑡 − 𝑦𝑛)[𝟙Ω̃2

𝑦𝑛,𝑦̄
− 𝟙Ω̃3

𝑦𝑛,𝑦̄
]∇(𝑦 − 𝑦𝑛) · ∇𝜑 d𝑥

+
∫
C𝜀

(𝑡 − 𝑦𝑛)[𝟙Ω̃𝑖,2
𝑦𝑛,𝑦̄

− 𝟙Ω̃3

𝑦𝑛,𝑦̄
]∇𝑦𝑛 · ∇𝜑 d𝑥 = 𝐵𝑛 +𝐶𝑛

with

(3.34)


𝐵𝑛 :=

∫
C𝜀

(𝑡 − 𝑦𝑛)[𝟙Ω̃2

𝑦𝑛,𝑦̄
− 𝟙Ω̃3

𝑦𝑛,𝑦̄
]∇(𝑦 − 𝑦𝑛) · ∇𝜑 d𝑥

𝐶𝑛 :=

∫
C𝜀

(𝑡 − 𝑦𝑛)[𝟙Ω̃2

𝑦𝑛,𝑦̄
− 𝟙Ω̃3

𝑦𝑛,𝑦̄
]∇𝑦𝑛 · ∇𝜑 d𝑥 .
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Moreover, we deduce from the definition of sets Ω2

𝑛 and Ω3

𝑛 that

𝐵𝑛 =

∫
C𝜀

(𝑡 − 𝑦𝑛)[𝟙Ω2

𝑛
− 𝟙Ω3

𝑛
]∇(𝑦 − 𝑦𝑛) · ∇𝜑 d𝑥 and 𝐶𝑛 =

∫
C𝜀

(𝑡 − 𝑦𝑛)[𝟙Ω2

𝑛
− 𝟙Ω3

𝑛
]∇𝑦𝑛 · ∇𝜑 d𝑥 .

From the facts

(3.35)

®
|𝑡 − 𝑦 |, |𝑡 − 𝑦𝑛 | ≤ |𝑦 − 𝑦𝑛 | on Ω2

𝑛 ∪ Ω3

𝑛,

Ω2

𝑛 ∪ Ω3

𝑛 ⊂ {0 < |𝑦 − 𝑡 | ≤ 𝜏𝑛},

we deduce from Hölder’s inequality for 𝑝′ :=
𝑝

𝑝−1
that

(3.36) |𝐵𝑛 | ≤ ∥𝑦𝑛 − 𝑦 ∥𝐶(Ω)
∥∇(𝑦𝑛 − 𝑦)∥𝐿𝑝 (Ω)∥∇𝜑𝟙{0< |𝑦−𝑡 | ≤𝜏𝑛 } ∥𝐿𝑝′ (Ω)

= 𝑜(𝑠2

𝑛).

From this and (3.33), there holds

(3.37) 𝐴𝑛(C, 𝜀) = 𝑜(𝑠2

𝑛) +𝐶𝑛 .

We now estimate 𝐶𝑛 . To this end, we shall employ Proposition 2.9. We first rewrite 𝐶𝑛 as

(3.38) 𝐶𝑛 = − 1

2

∫
C𝜀

[𝟙Ω2

𝑛
− 𝟙Ω3

𝑛
]∇(𝑦𝑛 − 𝑡 )2 · ∇𝜑 d𝑥 .

Applying Proposition 2.9 for functions 𝑦1 := 𝑦, 𝑦2 := 𝑦𝑛 and 𝑣 := (𝑦𝑛 − 𝑡 )2
, 𝜑 := 𝜑 , and open sets

S+
:= Ω2

𝑛 , S−
:= Ω3

𝑛 (see (3.32) for the definition of the sets Ω2

𝑛,Ω
3

𝑛) yields

𝐶𝑛 =
1

2

∫
C𝜀

[𝟙Ω2

𝑛
− 𝟙Ω3

𝑛
](𝑦𝑛 − 𝑡 )2Δ𝜑𝑑𝑥

+ 1

2

∫
C

(𝑦𝑛 − 𝑡 )2∇𝜑 · ∇𝑦
|∇𝑦 | dH 1

(𝑥 ) − 1

2

∫
C𝑛

(𝑦𝑛 − 𝑡 )2∇𝜑 · ∇𝑦𝑛
|∇𝑦𝑛 |

dH 1
(𝑥 ),

or equivalently,

(3.39) 𝐶𝑛 =
1

2

∫
C𝜀

[𝟙Ω2

𝑛
− 𝟙Ω3

𝑛
](𝑦𝑛 − 𝑡 )2Δ𝜑𝑑𝑥 + 1

2

∫
C

(𝑦𝑛 − 𝑦)
2∇𝜑 · ∇𝑦

|∇𝑦 | dH 1
(𝑥 ).

In view of (3.35), there then holds

(3.40)

∣∣∣∣∫
C𝜀

[𝟙Ω2

𝑛
− 𝟙Ω3

𝑛
](𝑦𝑛 − 𝑡 )2Δ𝜑𝑑𝑥

∣∣∣∣ ≤ ∥𝑦𝑛 − 𝑦 ∥2

𝐶(Ω)

∫
{0< |𝑦−𝑡 | ≤𝜏𝑛 }

|Δ𝜑 | d𝑥 = 𝑜(𝑠2

𝑛),

as a result of Lebesgue’s Dominated Convergence Theorem. Combining this with (3.39) gives

(3.41) 𝐶𝑛 = 𝑜(𝑠2

𝑛) + 1

2

∫
C

(𝑦𝑛 − 𝑦)
2∇𝜑 · ∇𝑦

|∇𝑦 | dH 1
(𝑥 ).

The combination of (3.41) with (3.37) and the limits (𝑦𝑛 − 𝑦)/𝑠𝑛 → 𝑤 in𝑊
1,𝑝

0
(Ω) yields (3.28). □

Lemma 3.16. Under assumption (C2), there is an 𝜀0 = 𝜀0(C) > 0 such that

(3.42)

𝐴𝑛(C, 𝜀)
𝑠2

𝑛

→ 0 as 𝑛 → ∞ for all 𝜀 ∈ (0, 𝜀0).
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C

𝑦

Figure 4: a closed component C of the level set {𝑦 = 𝑡} with positive measure measℝ2 (C)

Proof. Without loss of generality, assume that there thus exists an 𝜀3 > 0 such that 𝑦 is convex on

𝐵(𝑥, 𝜀3) ∩ Ω for all 𝑥 ∈ C; see Figure 4. We first set 𝜀0 := min{𝜀, 𝜀2, 𝜀3} with constants 𝜀 given in (3.20)

and 𝜀2 defined as in the proof of Lemma 3.15. Let us take 𝜀 ∈ (0, 𝜀0) arbitrarily but fixed and reuse all

symbols defined in the proof of Lemma 3.15. Moreover, the relations (3.32)–(3.38) are still valid. The

convexity of 𝑦 and the fact that ∇𝑦 = 0 on C imply that 𝑦 > 𝑡 on C𝜀\C. This and (3.32) guarantee that

(3.43) Ω2

𝑛 = {𝑦𝑛 < 𝑡} ∩ (C𝜀\C) and Ω3

𝑛 = ∅ for all 𝑛 ≥ 𝑛0 for some integer 𝑛0 ∈ ℕ

and thus

(3.44) 𝐶𝑛 =

∫
Ω2

𝑛

(𝑡 − 𝑦𝑛)∇𝑦𝑛 · ∇𝜑 d𝑥 .

We now split the sequence {𝑛} into subsequences, also denoted by {𝑛}, that satisfy one of the following
conditions:

(a) Ω2

𝑛 ≠ ∅ for all 𝑛 ≥ 𝑛0; (b) Ω2

𝑛 = ∅ for all 𝑛 ≥ 𝑛0.

For (b), we have from (3.33) that 𝐴𝑛(C, 𝜀) = 0 for all 𝑛 ≥ 𝑛0. The limit (3.42) thus follows. It remains

to consider (a). To this end, by the Morse–Sard Theorem in Sobolev spaces (see; e.g. Theorem 5 in [13]

and Corollary 5.2 in [3]), for a.e. 𝑡 ∈ ℝ, the level set {𝑦𝑛 = 𝑡} is a finite disjoint family of 𝐶1
simple

curves in ℝ2
and ∇𝑦𝑛 does not vanish on {𝑦𝑛 = 𝑡}. Therefore, for any 𝑛 ≥ 𝑛0, there exists a 𝑡𝑛 ∈ ℝ

such that

(3.45)


𝑡 ≥ 𝑡𝑛 ≠ 0,

𝑡 − 𝑡𝑛 = 𝑜(𝑠2

𝑛),

{𝑦𝑛 = 𝑡𝑛} consists of finite disjoint closed 𝐶1
simple curves,

|∇𝑦𝑛(𝑥 )| > 0 for all 𝑥 ∈ {𝑦𝑛 = 𝑡𝑛}.
Note that any closed curve in {𝑦𝑛 = 𝑡𝑛} does not intersect with the boundary 𝜕Ω since 𝑡𝑛 ≠ 0. From

the expression of 𝐶𝑛 in (3.38) and the identities in (3.43), one has

𝐶𝑛 =

∫
Ω2

𝑛

(𝑡 − 𝑦𝑛)∇𝑦𝑛 · ∇𝜑 d𝑥 =

∫
{𝑡𝑛≤𝑦𝑛≤𝑡 }∩C𝜀

(𝑡 − 𝑦𝑛)∇𝑦𝑛 · ∇𝜑 d𝑥

+
∫
{𝑦𝑛<𝑡𝑛 }∩C𝜀

(𝑡 − 𝑦𝑛)∇𝑦𝑛 · ∇𝜑 d𝑥 =: 𝐷1

𝑛 + 𝐷2

𝑛 .

Obviously, one has from the choice of 𝑡𝑛 in (3.45) and the fact ∥𝑦𝑛 − 𝑦 ∥𝑊 1,𝑝

0
(Ω)

= 𝑂(𝑠𝑛) that

|𝐷1

𝑛 | ≤
∫
ℝ2

𝟙{𝑡𝑛≤𝑦𝑛≤𝑡 }∩C𝜀 |𝑡 − 𝑦𝑛 | |∇𝑦𝑛 | |∇𝜑 | d𝑥

≤
∫
ℝ2

𝟙{𝑡𝑛≤𝑦𝑛≤𝑡 }∩C𝜀 |𝑡 − 𝑦𝑛 | |∇(𝑦𝑛 − 𝑦)| |∇𝜑 | d𝑥 +
∫
ℝ2

𝟙{𝑡𝑛≤𝑦𝑛≤𝑡 }∩C𝜀 |𝑡 − 𝑦𝑛 | |∇𝑦 | |∇𝜑 | d𝑥

≤ |𝑡 − 𝑡𝑛 |
∫
ℝ2

𝟙{𝑡𝑛≤𝑦𝑛≤𝑡 }∩C𝜀 |∇(𝑦𝑛 − 𝑦)| |∇𝜑 | d𝑥 +
∫
ℝ2

𝟙{𝑡𝑛≤𝑦𝑛≤𝑡 }∩C𝜀 |𝑡 − 𝑦𝑛 | |∇𝑦 | |∇𝜑 | d𝑥

= 𝑜(𝑠2

𝑛) +
∫
ℝ2

𝟙{𝑡𝑛≤𝑦𝑛≤𝑡 }∩C𝜀 |𝑡 − 𝑦𝑛 | |∇𝑦 | |∇𝜑 | d𝑥 .
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From the inclusion {𝑡𝑛 ≤ 𝑦𝑛 ≤ 𝑡} ⊂ {𝑡𝑛 − 𝜏𝑛 ≤ 𝑦 ≤ 𝑡 + 𝜏𝑛} and the coarea formula for Lipschitz

mappings; see, e.g. [12], Thm. 2, p. 117 and [1], Sec. 2.7, we have

|𝐷1

𝑛 | ≤ 𝑜(𝑠2

𝑛) +
∫
ℝ

ñ∫
{𝑦=𝑡 }

𝟙{𝑡𝑛≤𝑦𝑛≤𝑡 }∩C𝜀 |𝑡 − 𝑦𝑛 | |∇𝜑 | dH 1
(𝑥 )

ô
𝑑𝑡

= 𝑜(𝑠2

𝑛) +
∫ 𝑡+𝜏𝑛

𝑡𝑛−𝜏𝑛

ñ∫
{𝑦=𝑡 }

𝟙{𝑡𝑛≤𝑦𝑛≤𝑡 }∩C𝜀 |𝑡 − 𝑦𝑛 | |∇𝜑 | dH 1
(𝑥 )

ô
𝑑𝑡

≤ 𝑜(𝑠2

𝑛) +𝐶0(𝑡 − 𝑡𝑛 + 2𝜏𝑛)(𝑡 − 𝑡𝑛)∥∇𝜑 ∥𝐿∞(Ω) = 𝑜(𝑠2

𝑛),

due to the choice of 𝑡𝑛 in (3.45) and conditions in (3.20). For𝐷
2

𝑛 ,we see from (3.45) that {𝑦𝑛 = 𝑡𝑛}∩C𝜀 ≠ ∅
for 𝑛 large enough. If {𝑦𝑛 < 𝑡𝑛} ∩ C𝜀 = ∅, then 𝐷2

𝑛 = 0. Otherwise, let Γ𝑛 be the boundary of

{𝑦𝑛 < 𝑡𝑛} ∩C𝜀
. There are two possibilities in principle: either an infinite subsequence {𝑘} of {𝑛} exists

and satisfies Γ𝑘 ∩ 𝜕C𝜀 ≠ ∅, or there is no such an subsequence. Let us see that the first possibility is not

actually a correct assumption. Indeed, if Γ𝑘 ∩ 𝜕C𝜀 ≠ ∅, then ∥𝑦𝑘 − 𝑦 ∥𝐶(Ω)
≥ 𝑦(𝑥 )− 𝑡 > 0 for all 𝑥 ∈ 𝜕C𝜀

.

This contradicts the limit ∥𝑦𝑘 − 𝑦 ∥𝐶(Ω)
→ 0 as 𝑘 → ∞. Therefore, the second possibility always holds.

It then must be true that Γ𝑛 ∩ 𝜕C𝜀 = ∅ and so Γ𝑛 = {𝑦𝑛 = 𝑡𝑛} ∩ C𝜀
for 𝑛 large enough. Combining this

with the last two conditions in (3.45) and the Implicit Function Theorem, we deduce that the open set

{𝑦𝑛 < 𝑡𝑛} ∩ C𝜀
decomposes into subdomains with Lipschitz boundaries. By rewriting 𝐷2

𝑛 and then

using integration by parts, we have

𝐷2

𝑛 =

∫
{𝑦𝑛<𝑡𝑛 }∩C𝜀

(𝑡 − 𝑦𝑛)∇𝑦𝑛 · ∇𝜑 d𝑥

=

∫
{𝑦𝑛<𝑡𝑛 }∩C𝜀

(𝑡 − 𝑡𝑛)∇𝑦𝑛 · ∇𝜑 d𝑥 +
∫
{𝑦𝑛<𝑡𝑛 }∩C𝜀

(𝑡𝑛 − 𝑦𝑛)∇𝑦𝑛 · ∇𝜑 d𝑥

=

∫
{𝑦𝑛<𝑡𝑛 }∩C𝜀

(𝑡 − 𝑡𝑛)∇𝑦𝑛 · ∇𝜑 d𝑥 − 1

2

∫
{𝑦𝑛<𝑡𝑛 }∩C𝜀

∇(𝑦𝑛 − 𝑡𝑛)
2 · ∇𝜑 d𝑥

=

∫
{𝑦𝑛<𝑡𝑛 }∩C𝜀

(𝑡 − 𝑡𝑛)∇𝑦𝑛 · ∇𝜑 d𝑥 + 1

2

∫
{𝑦𝑛<𝑡𝑛 }∩C𝜀

(𝑦𝑛 − 𝑡𝑛)
2Δ𝜑 d𝑥 − 1

2

∫
Γ𝑛

(𝑦𝑛 − 𝑡𝑛)
2∇𝜑 · 𝜈𝑛 dH 1

(𝑥 )

=

∫
{𝑦𝑛<𝑡𝑛 }∩C𝜀

(𝑡 − 𝑡𝑛)∇𝑦𝑛 · ∇𝜑 d𝑥 + 1

2

∫
{𝑦𝑛<𝑡𝑛 }∩C𝜀

(𝑦𝑛 − 𝑡𝑛)
2Δ𝜑 d𝑥,

where 𝜈𝑛 stands for the outward unit normal vector to Γ𝑛 . From this, the first two conditions in (3.45),

and the fact that 𝑦(𝑥 ) ≥ 𝑡 for all 𝑥 ∈ C𝜀
, we have

|𝐷2

𝑛 | ≤ (𝑡 − 𝑡𝑛)∥∇𝑦𝑛 ∥𝐿∞(Ω)∥∇𝜑 ∥𝐿∞(Ω)∥𝟙{𝑦𝑛<𝑡𝑛 }∩C𝜀 ∥𝐿1
(Ω)

+ 1

2

∫
{𝑦𝑛<𝑡𝑛 }∩C𝜀

(𝑦𝑛 − 𝑦)
2 |Δ𝜑 | d𝑥

= 𝑜(𝑠2

𝑛) + 1

2

∥𝑦𝑛 − 𝑦 ∥2

𝐶(Ω)

∫
{𝑦𝑛<𝑡𝑛 }∩C𝜀

|Δ𝜑 | d𝑥

= 𝑜(𝑠2

𝑛) +𝑂(𝑠2

𝑛)

∫
Ω
𝟙{𝑦𝑛<𝑡𝑛 }∩C𝜀 |Δ𝜑 | d𝑥 .

Since 𝜑 ∈𝑊 2,1
(Ω) and 0 ≤ 𝟙{𝑦𝑛<𝑡𝑛 }∩C𝜀 ≤ 𝟙{0< |𝑦𝑛−𝑦 | ≤𝜏𝑛 }∩C𝜀 → 0 a.e. in Ω as 𝑛 → ∞, we deduce from

the Lebesgue Dominated Convergence Theorem that∫
Ω
𝟙{𝑦𝑛<𝑡𝑛 }∩C𝜀 |Δ𝜑 | d𝑥 → 0 as 𝑛 → ∞.

We thus have 𝐷2

𝑛 = 𝑜(𝑠2

𝑛).

In conclusion, we derive 𝐷1

𝑛 = 𝑜(𝑠2

𝑛), 𝐷2

𝑛 = 𝑜(𝑠2

𝑛) and thus 𝐶𝑛 = 𝐷1

𝑛 + 𝐷2

𝑛 = 𝑜(𝑠2

𝑛). We then deduce

from (3.37) that 𝐴𝑛(C, 𝜀) = 𝑜(𝑠2

𝑛). Consequently, the desired conclusion of the lemma follows. □
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Lemma 3.17. Under assumption (C3), there is an 𝜀0 = 𝜀0(C) > 0 such that

(3.46)

𝐴𝑛(C, 𝜀)
𝑠2

𝑛

→ 0 as 𝑛 → ∞ for all 𝜀 ∈ (0, 𝜀0).

Proof. We first set 𝜀0 := min{𝜀, 𝜀2} with constants 𝜀 given in (3.21) and 𝜀2 defined as in the proof of

Lemma 3.15. Let us take 𝜀 ∈ (0, 𝜀0) arbitrarily but fixed and reuse all symbols defined in the proof of

Lemma 3.15. Moreover, the relations (3.32)–(3.37) are still valid. From the definition of 𝐶𝑛 in (3.34), we

deduce from (3.35) that

1

𝑠2

𝑛

|𝐶𝑛 | ≤ ∥∇𝑦𝑛 ∥𝐿∞({0< |𝑦−𝑡 | ≤𝜏𝑛 }∩C𝜀
)∥∇𝜑 ∥𝐿∞(Ω)

1

𝑠2

𝑛

∫
C𝜀

|𝑦 − 𝑦𝑛 |𝟙{0< |𝑦−𝑡 | ≤𝜏𝑛 } d𝑥

≤ ∥∇𝑦𝑛 ∥𝐿∞({0< |𝑦−𝑡 | ≤𝜏𝑛 }∩C𝜀
)∥∇𝜑 ∥𝐿∞(Ω)

𝜏𝑛

𝑠2

𝑛

measℝ2 ({0 < |𝑦 − 𝑡 | ≤ 𝜏𝑛} ∩ C𝜀
)

≤ 𝑐𝑠 ∥∇𝑦𝑛 − ∇𝑦 ∥𝐿∞(Ω)∥∇𝜑 ∥𝐿∞(Ω)

𝜏2

𝑛

𝑠2

𝑛

+ 𝑐𝑠 ∥∇𝑦 ∥𝐿∞({0< |𝑦−𝑡 | ≤𝜏𝑛 }∩C𝜀
)∥∇𝜑 ∥𝐿∞(Ω)

𝜏2

𝑛

𝑠2

𝑛

for all 𝑛 large enough, where we have exploited the last estimate in (3.21). Letting 𝑛 → ∞ and using

the identity in (3.21) yields

𝐶𝑛 = 𝑜(𝑠2

𝑛),

which along with (3.37) gives (3.46). □

Similar to Lemmas 3.15 and 3.17, we have the following result.

Proposition 3.18. Assume that either (C1) or (C3) is fulfilled. Then there exists an 𝜀0 = 𝜀0(C) > 0 such that,

for any 𝜀 ∈ (0, 𝜀0),

(3.47)

𝐴̃𝑛(C, 𝜀)
𝑠2

𝑛

→ − 1

2

∫
C
𝟙{ |∇𝑦 |>0}𝑤

2
∇𝑦 · ∇𝜑
|∇𝑦 | dH 1

(𝑥 ) as 𝑛 → ∞,

where

(3.48)
˜𝐴𝑛(C, 𝜀) :=

∫
C𝜀

(𝑡 − 𝑦)[𝟙Ω2

𝑦𝑛,𝑦̄
− 𝟙Ω3

𝑦𝑛,𝑦̄
]∇𝑦 · ∇𝜑 d𝑥 .

Proof. We first note from (3.24) and (3.26) that{
Ω2

𝑦𝑛,𝑦
= Ω̃2

𝑦𝑛,𝑦
∪ {𝑦 ∈ (𝑡, 𝑡 + 𝛿), 𝑦𝑛 = 𝑡} = Ω̃3

𝑦,𝑦𝑛
∪ {𝑦 ∈ (𝑡, 𝑡 + 𝛿), 𝑦𝑛 = 𝑡},

Ω3

𝑦𝑛,𝑦
= Ω̃3

𝑦𝑛,𝑦
∪ {𝑦 ∈ (𝑡 − 𝛿, 𝑡 ), 𝑦𝑛 = 𝑡} = Ω̃2

𝑦,𝑦𝑛
∪ {𝑦 ∈ (𝑡 − 𝛿, 𝑡 ), 𝑦𝑛 = 𝑡},

where the sets Ω̃2

𝑦,𝑦
and Ω̃3

𝑦,𝑦
are defined as in (3.25). Obviously, one has

Ω̃2

𝑦,𝑦𝑛
∩ {𝑦 ∈ (𝑡 − 𝛿, 𝑡 ), 𝑦𝑛 = 𝑡} = ∅ = Ω̃3

𝑦,𝑦𝑛
∩ {𝑦 ∈ (𝑡, 𝑡 + 𝛿), 𝑦𝑛 = 𝑡}.

Combining these with the definition of 𝐴̃𝑛(C, 𝜀) in (3.48) yields

˜𝐴𝑛(C, 𝜀) =
∫
C𝜀

(𝑡 − 𝑦)[1{𝑦∈(𝑡,𝑡+𝛿),𝑦𝑛=𝑡 } − 𝟙{𝑦∈(𝑡−𝛿,𝑡 ),𝑦𝑛=𝑡 }]∇𝑦 · ∇𝜑 d𝑥

−
∫
C𝜀

(𝑡 − 𝑦)[𝟙Ω̃2

𝑦̄,𝑦𝑛

− 𝟙Ω̃3

𝑦̄,𝑦𝑛

]∇𝑦 · ∇𝜑 d𝑥 =:
˜𝐵𝑛 − ˜𝐶𝑛 .

Since ∇𝑦𝑛 = 0 a.e. on {𝑦𝑛 = 𝑡}, ˜𝐵𝑛 can be rewritten as follows

˜𝐵𝑛 =

∫
C𝜀

(𝑦𝑛 − 𝑦)[𝟙{𝑦∈(𝑡,𝑡+𝛿),𝑦𝑛=𝑡 } − 𝟙{𝑦∈(𝑡−𝛿,𝑡 ),𝑦𝑛=𝑡 }]∇(𝑦 − 𝑦𝑛) · ∇𝜑 d𝑥 .
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Analogous to (3.36), one has 𝐵̃𝑛 = 𝑜(𝑠2

𝑛). This implies that

(3.49)
˜𝐴𝑛(C, 𝜀) = 𝑜(𝑠2

𝑛) − ˜𝐶𝑛 .

From the definitions of𝐶𝑛 in (3.34) and of
˜𝐶𝑛 , we can get

˜𝐶𝑛 by interchanging 𝑦 and 𝑦𝑛 in the integrand

of𝐶𝑛 . For the situation where (C3) holds, by using the argument as in the proof of Lemma 3.17, we have

˜𝐶𝑛 = 𝑜(𝑠2

𝑛),

which together with (3.49) gives (3.47). It remains to consider the situation where (C1) is satisfied. We

shall estimate
˜𝐶𝑛 similarly to the estimate of 𝐶𝑛 in the proof of Lemma 3.15. To this end, by (3.25), we

have for 𝑛 large enough that

(3.50)

{
Ω̃2

𝑦,𝑦𝑛
∩ C𝜀 = {𝑦𝑛 ∈ (𝑡, 𝑡 + 𝛿), 𝑦 ∈ (𝑡 − 𝛿, 𝑡 )} ∩ C𝜀 = {𝑦 < 𝑡 < 𝑦𝑛} ∩ C𝜀 =: Ω̃2

𝑛,

Ω̃3

𝑦,𝑦𝑛
∩ C𝜀 = {𝑦 ∈ (𝑡, 𝑡 + 𝛿), 𝑦𝑛 ∈ (𝑡 − 𝛿, 𝑡 )} ∩ C𝜀 = {𝑦 > 𝑡 > 𝑦𝑛} ∩ C𝜀 =: Ω̃3

𝑛 .

In comparison with (3.32), there also hold

Ω̃2

𝑛 = Ω3

𝑛 and Ω̃3

𝑛 = Ω2

𝑛 .

We now rewrite
˜𝐶𝑛 as

(3.51)
˜𝐶𝑛 = − 1

2

∫
C𝜀

[𝟙Ω̃2

𝑛
− 𝟙Ω̃3

𝑛
]∇(𝑦 − 𝑡 )2 · ∇𝜑 d𝑥 .

Now we consider the following two cases.

• Case 1: C = 𝜕Ω. Then by using the same argument as in Case 1 in the proof of Lemma 3.15, we have

˜𝐶𝑛 = 0.

• Case 2: C ≠ 𝜕Ω. For this case, one has C ∩ 𝜕Ω = ∅. Applying Proposition 2.9 for functions 𝑦1 := 𝑦𝑛 ,

𝑦2 := 𝑦 , 𝑣 := (𝑦 − 𝑡 )2
, 𝜑 := 𝜑 and the sets S+

:= Ω̃2

𝑛 , S−
:= Ω̃3

𝑛 , we deduce from (3.51) and (3.50) that

˜𝐶𝑛 =
1

2

∫
C𝜀

[𝟙Ω̃2

𝑛
− 𝟙Ω̃3

𝑛
](𝑦 − 𝑡 )2Δ𝜑 d𝑥 + 1

2

∫
C𝑛

(𝑦 − 𝑡 )2∇𝜑 · ∇𝑦𝑛
|∇𝑦𝑛 |

dH 1
(𝑥 )

− 1

2

∫
C

(𝑦 − 𝑡 )2∇𝜑 · ∇𝑦
|∇𝑦 | dH 1

(𝑥 )

with C𝑛 := {𝑦𝑛 = 𝑡} ∩ C𝜀
being a 𝐶1

closed simple curve for 𝑛 large enough; see Proposition 2.11.

Consequently, one has

(3.52) 𝐶𝑛 =
1

2

∫
C𝜀

[𝟙Ω̃2

𝑛
− 𝟙Ω̃3

𝑛
](𝑦 − 𝑡 )2Δ𝜑 d𝑥 + 1

2

∫
C𝑛

(𝑦 − 𝑦𝑛)
2∇𝜑 · ∇𝑦𝑛

|∇𝑦𝑛 |
dH 1

(𝑥 ),

which is similar to that in (3.39). Moreover, analogous to (3.40), the first term in the right-hand side of

(3.52) is 𝑜(𝑠2

𝑛). This implies that

(3.53)
˜𝐶𝑛 = 𝑜(𝑠2

𝑛) + 1

2

∫
{𝑦𝑛=𝑡 }∩C𝜀

(𝑦 − 𝑦𝑛)
2∇𝜑 · ∇𝑦𝑛

|∇𝑦𝑛 |
dH 1

(𝑥 ).

This expression is analogous to (3.41) and also valid to the case C := 𝜕Ω. From (3.53) and (3.49), we

derive (3.47) by using Proposition 2.13 together with the limits 𝑦𝑛 → 𝑦 in 𝐶1
(Ω) and (𝑦𝑛 − 𝑦)/𝑠𝑛 → 𝑤

in𝑊
1,𝑝

0
(Ω) and so in 𝐶(Ω). □

As a consequence of Theorem 3.12 and Proposition 3.18, we have an explicit formula for the crucial

term 𝑄̃ in (3.14), and an important limit that will play a significant role in establishing the error estimates

for the numerical approximations of (P).
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Theorem 3.19. Assume that the level set {𝑦 = 𝑡} with 𝑦 := 𝑆(𝑢) decomposes into finitely many connected

components. Let 𝑣 ∈ 𝐿2
(Ω) and 𝜑 ∈ 𝐶1

(Ω) ∩𝑊 2,1
(Ω). Then, for any {𝑠𝑛} ∈ 𝑐+

0
and {𝑣𝑛} ⊂ 𝐿2

(Ω) such

that 𝑣𝑛 ⇀ 𝑣 in 𝐿2
(Ω), 𝑦𝑛 := 𝑆(𝑢 + 𝑠𝑛𝑣𝑛) → 𝑦 in 𝐶1

(Ω), and (𝑦𝑛 − 𝑦)/𝑠𝑛 → 𝑤 in𝑊
1,𝑝

0
(Ω) for some 𝑝 > 2,

the following assertions are valid:

(a) If, for any connected component C of {𝑦 = 𝑡}, 𝑦 fulfills either (3.19), (3.20), or (3.21), then

(3.54)
˜𝑄(𝑢, 𝑦, 𝜑 ; {𝑠𝑛}, 𝑣) =

1

2

{𝑎′}𝑡−0

𝑡+0

∫
{𝑦=𝑡 }

𝟙{ |∇𝑦 |>0}𝑤
2
∇𝑦 · ∇𝜑
|∇𝑦 | dH 1

(𝑥 ).

(b) If, for any connected component C of {𝑦 = 𝑡}, 𝑦 fulfills either (3.19) or (3.21), then

(3.55) lim

𝑛→∞
1

𝑠2

𝑛

∫
Ω

(2𝑡 − 𝑦 − 𝑦𝑛)[𝟙Ω2

𝑦𝑛,𝑦̄
− 𝟙Ω3

𝑦𝑛,𝑦̄
]∇𝑦 · ∇𝜑 d𝑥 = 0.

Proof. Assume that {𝑦 = 𝑡} = ⋃𝑚
𝑘=1

C𝑘 with C𝑘 being connected components of {𝑦 = 𝑡}. Let 𝜀0 > 0 be

such that (C𝑘1
)
𝜀0 ∩ (C𝑘2

)
𝜀0 = ∅ for all 𝑘1 ≠ 𝑘2. By Theorem 3.12, for any 1 ≤ 𝑘 ≤ 𝑚, there exists 𝜀𝑘 > 0

satisfying the claims of Theorem 3.12 in place of 𝜀0. We now set 𝜀∗ := min{𝜀0, 𝜀𝑘 | 1 ≤ 𝑘 ≤ 𝑚} > 0 and

fix 𝜀 ∈ (0, 𝜀∗) arbitrarily. We first prove (3.54). In fact, all assumptions required in Theorem 3.12 are

fulfilled. From (3.11), we have

Ω2

𝑦𝑛,𝑦
∪ Ω3

𝑦𝑛,𝑦
⊂ {0 < |𝑦 − 𝑡 | ≤ 𝜏𝑛} ⊂

𝑚⋃
𝑘=1

(C𝑘 )
𝜀

for 𝑛 large enough, where 𝜏𝑛 := ∥𝑦𝑛 − 𝑦 ∥
𝐶(Ω)

. From the definition of
˜𝑄 := ˜𝑄(𝑢, 𝑦, 𝜑 ; {𝑠𝑛}, 𝑣) in (3.13)

and of 𝐴𝑛(C, 𝜀) in Theorem 3.12, we then deduce from (3.16) that

˜𝑄 = lim inf

𝑛→∞
1

𝑠2

𝑛

{𝑎′}𝑡−0

𝑡+0

𝑚∑︁
𝑘=1

𝐴𝑛(C𝑘 , 𝜀) = {𝑎′}𝑡−0

𝑡+0

𝑚∑︁
𝑘=1

1

2

∫
C𝑘

𝟙{ |∇𝑦 |>0}𝑤
2
∇𝑦 · ∇𝜑
|∇𝑦 | dH 1

(𝑥 ),

which, together with the disjoint decomposition {𝑦 = 𝑡} =
⋃𝑚

𝑘=1
C𝑘 yields the identity in (3.54).

Assertion (a) is then proven.

For assertion (b), by using the definitions of 𝐴𝑛(C, 𝜀) and of
˜𝐴𝑛(C, 𝜀), respectively, in Theorem 3.12

and Proposition 3.18, there holds∫
Ω

(2𝑡 − 𝑦 − 𝑦𝑛)[𝟙Ω2

𝑦𝑛,𝑦̄
− 𝟙Ω3

𝑦𝑛,𝑦̄
]∇𝑦 · ∇𝜑 d𝑥 =

𝑚∑︁
𝑘=1

[𝐴𝑛(C𝑘 , 𝜀) + ˜𝐴𝑛(C𝑘 , 𝜀)].

We thus derive (3.55) by Theorem 3.12 and Proposition 3.18. □

As the last preparatory step, the following result shows the finiteness of the jump functional Σ(𝑦)

determined in (3.15) under one of three assumptions (C1), (C2), and (C3).

Proposition 3.20. Let 𝑢 ∈ 𝐿2
(Ω) be such that 𝑦 := 𝑆(𝑢) is Lipschitz continuous on Ω. Assume further

that the level set {𝑦 = 𝑡} decomposes into finitely many connected components and that, on each such

connected component C, either (C1), (C2), or (C3) in Theorem 3.12 is fulfilled. Then Σ(𝑦) < ∞.

Proof. Assume that {𝑦 = 𝑡} = ⋃𝑚
𝑘=1

C𝑘 with C𝑘 being connected components of {𝑦 = 𝑡}. Let 𝜀0 > 0 be

such that (C𝑘1
)
𝜀0 ∩ (C𝑘2

)
𝜀0 = ∅ for all 𝑘1 ≠ 𝑘2. For 𝑟 > 0 small enough, one has

(3.56)

∫
Ω
𝟙{0< |𝑦−𝑡 |<𝑟 } |∇𝑦 |𝑑𝑥 =

𝑚∑︁
𝑘=1

∫
C𝜀

0

𝑘

𝟙{0< |𝑦−𝑡 |<𝑟 } |∇𝑦 | d𝑥 .
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If either assumption (C1) or (C3) is verified on C𝑘 for some 1 ≤ 𝑘 ≤ 𝑚, then we deduce for any 𝑟 small

enough that

𝑛

∫
C𝜀

0

𝑘

𝟙{0< |𝑦−𝑡 |<𝑟 } |∇𝑦 | d𝑥 = 𝐶𝑘

∫
C𝜀

0

𝑘

𝟙{0< |𝑦−𝑡 |<𝑟 } d𝑥 = 𝐶𝑘 measℝ2 ({0 < |𝑦 − 𝑡 | < 𝑟 } ∩ C𝜀0

𝑘
)𝑑𝑥 ≤ 𝐶𝑘𝑟,

where we have used Lemma 3.2 in [11] to obtain the last estimate. If assumption (C2) holds on C𝑘 for

some 1 ≤ 𝑘 ≤ 𝑚, then by applying the coarea formula for Lipschitz mappings (see, e.g. [12], Thm. 2,

p. 117 and [1], Sec. 2.7), we have for any 𝑟 ∈ (0, 𝑟0) that∫
C𝜀

0

𝑘

𝟙{0< |𝑦−𝑡 |<𝑟 } |∇𝑦 |𝑑𝑥 =

∫
ℝ

∫
{𝑦=𝑡 }

𝟙{0< |𝑦−𝑡 |<𝑟 }∩C𝜀
0

𝑘
dH 1

(𝑥 )𝑑𝑡 =

∫ 𝑡+𝑟

𝑡−𝑟

∫
{𝑦=𝑡 }

𝟙C𝜀
0

𝑘
dH 1

(𝑥 )𝑑𝑡 ≤ 2𝑟𝐶𝑘 .

From these estimates, (3.56), and the definition of Σ(𝑦) in (3.15), we conclude that Σ(𝑦) < ∞. □

The following theorem now formulates an explicit formula of the nonsmooth curvature functional

𝑄 defined in (3.14).

Theorem 3.21. Let Assumptions (a1) to (a4) be fulfilled. Assume that 𝑢 ∈ U𝑎𝑑 and that 𝑣 ∈ cl[cone(U𝑎𝑑 −
𝑢)]. Assume further that the level set {𝑦 = 𝑡} with 𝑦 := 𝑆(𝑢) decomposes into finitely many connected

components and that, on each such connected component C, either (C1), (C2), or (C3) in Theorem 3.12 is

fulfilled. Then, for any 𝜑 ∈ 𝐶1
(Ω) ∩𝑊 2,1

(Ω), there holds

(3.57) 𝑄(𝑢, 𝑦, 𝜑 ; 𝑣) =
1

2

∫
Ω

𝜕2𝐿

𝜕𝑦2
(·, 𝑦)𝑧2

𝑣 d𝑥 + 𝜈
2

∫
Ω
𝑣2

d𝑥 − 1

2

∫
Ω
𝟙{𝑦≠𝑡 }𝑎

′′
(𝑦)𝑧2

𝑣∇𝑦 · ∇𝜑 d𝑥

−
∫
Ω
𝑎′(𝑦 ; 𝑧𝑣)∇𝑧𝑣 · ∇𝜑 d𝑥 + 1

2

[𝑎′
0
(𝑡 ) − 𝑎′

1
(𝑡 )]

∫
{𝑦=𝑡 }

𝟙{ |∇𝑦 |>0}𝑧
2

𝑣

∇𝑦 · ∇𝜑
|∇𝑦 | dH 1

(𝑥 )

with 𝑧𝑣 := 𝑆(𝑢)𝑣 . Here cl[cone(U𝑎𝑑 −𝑢)] denotes the closure in 𝐿2
(Ω) of the cone generated by (U𝑎𝑑 −𝑢).

Proof. We first observe that under the stated assumptions, Σ(𝑦) is finite by Proposition 3.20. Let

{𝑠𝑛} ∈ 𝑐+
0
be arbitrary. Since 𝑣 ∈ cl[cone(U𝑎𝑑 − 𝑢)], there are sequences {𝑣𝑚} ⊂ 𝐿2

(Ω), {𝑢𝑚} ⊂ U𝑎𝑑 ,

and {𝜆𝑚} ⊂ (0,∞) such that

𝑣𝑚 → 𝑣 in 𝐿2
(Ω) and 𝑣𝑚 =

𝑢𝑚 − 𝑢
𝜆𝑚

for all𝑚 ∈ ℕ.

By the definition of
˜𝑄(𝑢, 𝑦, 𝜑 ; {𝑠𝑛}, 𝑣) in (3.13), there holds

(3.58)
˜𝑄(𝑢, 𝑦, 𝜑 ; {𝑠𝑛}, 𝑣) = lim

𝑘→∞

1

𝑠2

𝑛𝑘

∫
Ω

1∑︁
𝑖=0

𝜁𝑖 (𝑢, 𝑦 ; 𝑠𝑛𝑘 , 𝑣)∇𝑦 · ∇𝜑 d𝑥 = ˜𝑄(𝑢, 𝑦, 𝜑 ; {𝑠𝑛𝑘 }, 𝑣)

for some subsequence {𝑠𝑛𝑘 } of {𝑠𝑛}. Since 𝑠𝑛𝑘 → 0
+
as 𝑘 → ∞, for any𝑚 ≥ 1, there exists an integer

𝑘(𝑚) such that 𝑟𝑚 := 𝑠𝑛𝑘(𝑚)
∈ (0, 𝜆𝑚) and thus

𝑢 + 𝑟𝑚𝑣𝑚 =

Å
1 − 𝑟𝑚

𝜆𝑚

ã
𝑢 + 𝑟𝑚

𝜆𝑚
𝑢𝑚 ∈ U𝑎𝑑 .

Setting 𝑦𝑚 := 𝑆(𝑢 + 𝑟𝑚𝑣𝑚) yields (𝑦𝑚 − 𝑦)/𝑟𝑚 → 𝑆 ′(𝑢)𝑣 in𝑊
1,𝑝

0
(Ω) and 𝑦𝑚 ∈𝑊 2,𝑝

(Ω) for some 𝑝 > 2,

according to Theorem 3.2. From this and the compact embedding𝑊 2,𝑝
(Ω) ⋐ 𝐶1

(Ω), one has 𝑦𝑚 → 𝑦
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in𝐶1
(Ω). Using now the limit 𝑣𝑚 → 𝑣 in 𝐿2

(Ω), (3.58), as well as (3.16), and then applying Theorem 3.12,

one has

˜𝑄(𝑢, 𝑦, 𝜑 ; {𝑠𝑛}, 𝑣) = ˜𝑄(𝑢, 𝑦, 𝜑 ; {𝑟𝑚}, 𝑣)

= lim

𝑚→∞
1

𝑟 2

𝑚

∫
Ω

1∑︁
𝑖=0

𝜁𝑖 (𝑢, 𝑦 ; 𝑟𝑚, 𝑣𝑚)∇𝑦 · ∇𝜑 d𝑥

=
1

2

{𝑎′}𝑡−0

𝑡+0

∫
{𝑦=𝑡 }

𝟙{ |∇𝑦 |>0} (𝑆
′
(𝑢)𝑣)

2
∇𝑦 · ∇𝜑
|∇𝑦 | dH 1

(𝑥 ).

Since {𝑠𝑛} is taken arbitrarily, we then deduce from the definition of 𝑄2 that

𝑄2(𝑢, 𝑦, 𝜑 ; 𝑣) = ˜𝑄(𝑢, 𝑦, 𝜑 ; {𝑠𝑛}, 𝑣) =
1

2

{𝑎′}𝑡−0

𝑡+0

∫
{𝑦=𝑡 }

𝟙{ |∇𝑦 |>0} (𝑆
′
(𝑢)𝑣)

2
∇𝑦 · ∇𝜑
|∇𝑦 | dH 1

(𝑥 ).

Combining this with the definition of 𝑄 in (3.14) yields (3.57). □

3.3 explicit second-order optimality conditions

The following explicit second-order necessary and sufficient optimality conditions for (P) are conse-

quences of Theorems 3.7, 3.8 and 3.19.

Theorem 3.22 (explicit second-order necessary optimality conditions). Let Assumptions (a1) to (a4) be

fulfilled. Assume that𝑢 is a local minimizer to (P). Assume further that the level set {𝑦 = 𝑡} with 𝑦 := 𝑆(𝑢)

decomposes into finitely many connected components and that, on each such connected component C,
either (C1), (C2), or (C3) in Theorem 3.12 is fulfilled. Then, there is a 𝜑 ∈𝑊 1,𝑝

0
(Ω)∩𝑊 1,∞

(Ω), with 𝑝 defined

in Assumption (a4), that together with 𝑢, 𝑦 satisfies (3.9) and

(3.59) 𝑄(𝑢, 𝑦, 𝜑 ; 𝑣) =
1

2

∫
Ω

𝜕2𝐿

𝜕𝑦2
(·, 𝑦)𝑧2

𝑣 d𝑥 + 𝜈
2

∫
Ω
𝑣2

d𝑥 − 1

2

∫
Ω
𝟙{𝑦≠𝑡 }𝑎

′′
(𝑦)𝑧2

𝑣∇𝑦 · ∇𝜑 d𝑥

−
∫
Ω
𝑎′(𝑦 ; 𝑧𝑣)∇𝑧𝑣 · ∇𝜑 d𝑥 + 1

2

[𝑎′
0
(𝑡 ) − 𝑎′

1
(𝑡 )]

∫
{𝑦=𝑡 }

𝟙{ |∇𝑦 |>0}𝑧
2

𝑣

∇𝑦 · ∇𝜑
|∇𝑦 | dH 1

(𝑥 ) ≥ 0

for all 𝑣 ∈ C(U𝑎𝑑 ;𝑢) with 𝑧𝑣 := 𝑆(𝑢)𝑣 .

Proof. By Proposition 3.20, Σ(𝑦) is finite. In view of Theorem 3.7, a function 𝜑 exists and satisfies

(3.9). By Theorem 3.5, 𝜑 ∈𝑊 2,𝑟
(Ω) ↩→ 𝐶1

(Ω) for some 𝑟 > 2 = 𝑁 . Moreover, there holds C(U𝑎𝑑 ;𝑢) ⊂
cl[cone(U𝑎𝑑 − 𝑢)]. Applying Theorems 3.7 and 3.21 yields (3.59). □

Theorem 3.23 (explicit second-order sufficient optimality conditions). Let Assumptions (a1) to (a4) be

valid. Assume that𝑢 is a feasible point of (P). Assume that the level set {𝑦 = 𝑡} with 𝑦 := 𝑆(𝑢) decomposes

into finitely many connected components and that, on each such connected component C, either (C1), (C2),
or (C3) in Theorem 3.12 is fulfilled. Assume further that there is a 𝜑 ∈𝑊 1,𝑝

0
(Ω) ∩𝑊 1,∞

(Ω), with 𝑝 defined

in Assumption (a4), that together with 𝑢, 𝑦 satisfies (3.9) and

𝑄(𝑢, 𝑦, 𝜑 ; 𝑣) =
1

2

∫
Ω

𝜕2𝐿

𝜕𝑦2
(·, 𝑦)𝑧2

𝑣 d𝑥 + 𝜈
2

∫
Ω
𝑣2

d𝑥 − 1

2

∫
Ω
𝟙{𝑦≠𝑡 }𝑎

′′
(𝑦)𝑧2

𝑣∇𝑦 · ∇𝜑 d𝑥

−
∫
Ω
𝑎′(𝑦 ; 𝑧𝑣)∇𝑧𝑣 · ∇𝜑 d𝑥 + 1

2

[𝑎′
0
(𝑡 ) − 𝑎′

1
(𝑡 )]

∫
{𝑦=𝑡 }

𝟙{ |∇𝑦 |>0}𝑧
2

𝑣

∇𝑦 · ∇𝜑
|∇𝑦 | dH 1

(𝑥 ) > 0

with 𝑧𝑣 := 𝑆 ′(𝑢)𝑣 for all 𝑣 ∈ C(U𝑎𝑑 ;𝑢) \ {0}. Then there exist constants 𝑐0, 𝜌0 > 0 satisfying

𝑗 (𝑢) + 𝑐0∥𝑢 − 𝑢∥2

𝐿2
(Ω)

≤ 𝑗 (𝑢) for all 𝑢 ∈ U𝑎𝑑 ∩ 𝐵𝐿2
(Ω)

(𝑢, 𝜌0).

Proof. Similar to the proof of Theorem 3.22, the desired conclusion follows from Theorems 3.8 and 3.21.

□
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4 conclusions

We have derived necessary and sufficient second-order optimality conditions for a nonsmooth quasilin-

ear elliptic optimal control problems in terms of an explicit curvature functional. The main technical

tools are a detailed study of the properties of level sets of 𝐶1
functions with nonvanishing gradients,

including continuity properties and a Green’s identity. These results may be of independent interest

in, e.g., the analysis of level set methods or in mathematical imaging. In the second part of this work,

the sufficient second-order conditions will be applied to derive error estimates for a finite element

discretization of the nonsmooth optimal control problem.

acknowledgments

This work was supported by the DFG under the grants CL 487/2-1 and RO 2462/6-1, both within

the priority programme SPP 1962 “Non-smooth and Complementarity-based Distributed Parameter

Systems: Simulation and Hierarchical Optimization”. Part of this work was completed during a visit of

the second author to the Vietnam Institute for Advanced Study in Mathematics (VIASM). The second

author would like to thank the VIASM for their financial support and hospitality.

references

[1] G. Alberti, S. Bianchini, and G. Crippa, Structure of level sets and Sard-type properties of Lipschitz

maps, Ann. Sc. Norm. Super. Pisa Cl. Sci.(5) XII (2013), 863–902, doi:10.2422/2036-2145.201107_006.

[2] A. Bejan, Convection Heat Transfer, J. Wiley & Sons, 4 edition, 2013, doi:10.1002/9781118671627.

[3] J. Bourgain, M. V. Korobkov, and J. Kristensen, On the Morse–Sard property and level sets of

Sobolev and BV functions, Rev. Mat. Iberoam. 29 (2013), 1–23, doi:10.4171/rmi/710.

[4] N. L. Carothers, Real Analysis, Cambridge University Press, Cambridge, 2000, doi:10.1017/
cbo9780511814228.

[5] E. Casas and V. Dhamo, Error estimates for the numerical approximation of Neumann control

problems governed by a class of quasilinear elliptic equations, Comput. Optim. Appl. 52 (2012),

719–756, doi:10.1007/s10589-011-9440-0.

[6] E. Casas and F. Tröltzsch, Numerical analysis of some optimal control problems governed by a

class of quasilinear elliptic equations, ESAIM:COCV 17 (2011), 771–800, doi:10.1051/cocv/2010025.

[7] E. Casas and F. Tröltzsch, A general theorem on error estimates with application to a quasi-

linear elliptic optimal control problem, Comput. Optim. Appl. 53 (2012), 173–206, doi:10.1007/
s10589-011-9453-8.

[8] C. Christof and G. Wachsmuth, No-gap second-order conditions via a directional curvature

functional, SIAM Journal on Optimization 28 (2018), 2097–2130, doi:10.1137/17m1140418.

[9] C. Clason,V. H. Nhu, andA. Rösch,No-gap second-order optimality conditions for optimal control

of a non-smooth quasilinear elliptic equation, ESAIM: COCV 27 (2021), 62, doi:10.1051/cocv/
2020092.

[10] G.H. Cottet and E. Maitre, A level set method for fluid-structure interactions with immersed

surfaces, Mathematical Models and Methods in Applied Sciences 16 (2006), 415–438, doi:10.1142/
s0218202506001212.

Clason, Nhu, Rösch Numerical analysis of a nonsmooth quasilinear elliptic . . .

https://arxiv.org/abs/2203.16865v2
https://dx.doi.org/10.2422/2036-2145.201107_006
https://dx.doi.org/10.1002/9781118671627
https://dx.doi.org/10.4171/rmi/710
https://dx.doi.org/10.1017/CBO9780511814228
https://dx.doi.org/10.1017/CBO9780511814228
https://dx.doi.org/10.1007/s10589-011-9440-0
https://dx.doi.org/10.1051/cocv/2010025
https://dx.doi.org/10.1007/s10589-011-9453-8
https://dx.doi.org/10.1007/s10589-011-9453-8
https://dx.doi.org/10.1137/17M1140418
https://dx.doi.org/10.1051/cocv/2020092
https://dx.doi.org/10.1051/cocv/2020092
https://dx.doi.org/10.1142/S0218202506001212
https://dx.doi.org/10.1142/S0218202506001212


arxiv: 2203.16865v2, 2023-03-06 page 32 of 32

[11] K. Deckelnick and M. Hinze, A note on the approximation of elliptic control problems with

bang-bang controls, Comput. Optim. Appl. 51 (2012), 931–939, doi:10.1007/s10589-010-9365-z.

[12] L. C. Evans and R. F. Gariepy, Measure Theory and Fine Properties of Function, CRC Press, New

York, 4th edition, 1992, doi:10.1201/b18333.

[13] A. Figalli,A simple proof of theMorse–Sard theorem in Sobolev spaces,Proceedings of the American

Mathematical Society 136 (2008), 3675–3681, doi:s0002-9939(08)09321-0.

[14] D. Gilbarg and N. S. Trudinger, Elliptic Partial Differential Equations of Second Order, Springer-

Verlag, Berlin, Heidelberg, 2001, doi:10.1007/978-3-642-61798-0.

[15] P. Grisvard, Elliptic Problems in Nonsmooth Domains, Pitman Advanced Pub. Program, 1985, doi:
10.1137/1.9781611972030.

[16] V. Guillemin and A. Pollack, Differential Topology, American Mathematical Society, Providence,

RI, 1974.

[17] G. Leoni, A First Course in Sobolev Spaces, American Mathematical Society, Providence, RI, 2nd

edition, 2017.

[18] J. Milnor, Topology from the Differentiable Viewpoint, University of Virginia Press, 1965.

[19] V. H. Nhu, On the no-gap second-order optimality conditions for a non-smooth semilinear elliptic

optimal control, Optimization 71 (2022), 4289–4319, doi:10.1080/02331934.2021.1939698.

[20] S. Osher and J. A. Sethian, Fronts propagating with curvature-dependent speed: Algorithms based

on Hamilton–Jacobi formulations, J. Comput. Phys. 79 (1988), 12–49, doi:10.1016/0021-9991(88)
90002-2.

[21] A. Sard, The measure of the critical values of differentiable maps, Bull. Amer. Math. Soc. 48 (1942),

883–890.

[22] J. A. Sethian, Curvature and the evolution of fronts, Commun. Math. Phys. 101 (1985), 487–499,

doi:10.1007/bf01210742.

[23] D. Wachsmuth andG. Wachsmuth, Second-order conditions for non-uniformly convex integrands:

quadratic growth in 𝐿1
, J. Nonsmooth Anal. Optim. 3 (2022), 8733, doi:10.46298/jnsao-2022-8733.

[24] Y. B. Zel’dovich and Y. P. Raizer, Physics of Shock Waves and High-Temperature Hydrodynamic

Phenomena, Academic Press, 1966, doi:10.1115/1.3607836.

Clason, Nhu, Rösch Numerical analysis of a nonsmooth quasilinear elliptic . . .

https://arxiv.org/abs/2203.16865v2
https://dx.doi.org/10.1007/s10589-010-9365-z
https://dx.doi.org/10.1201/b18333
https://dx.doi.org/S0002-9939(08)09321-0
https://dx.doi.org/10.1007/978-3-642-61798-0
https://dx.doi.org/10.1137/1.9781611972030
https://dx.doi.org/10.1137/1.9781611972030
https://dx.doi.org/10.1080/02331934.2021.1939698
https://dx.doi.org/10.1016/0021-9991(88)90002-2
https://dx.doi.org/10.1016/0021-9991(88)90002-2
https://dx.doi.org/10.1007/BF01210742
https://dx.doi.org/10.46298/jnsao-2022-8733
https://dx.doi.org/10.1115/1.3607836

	Introduction
	Analysis of level sets
	Structure of level sets
	Green's first identity
	Continuity of level sets in term of functions
	Continuity of integrals over level sets

	An nonsmooth quasilinear elliptic optimal control problem
	Main assumptions and preliminary results
	An explicit formula for the curvature functional
	Explicit second-order optimality conditions

	Conclusions

