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NUMERICAL ANALYSIS OF A NONSMOOTH QUASILINEAR
ELLIPTIC CONTROL PROBLEM: I. EXPLICIT SECOND-ORDER
OPTIMALITY CONDITIONS

Christian Clason* Vu Huu Nhu't Arnd Résch¥

Abstract  In this paper, we derive explicit second-order necessary and sufficient optimality
conditions of a local minimizer to an optimal control problem for a quasilinear second-order partial
differential equation with a piecewise smooth but not differentiable nonlinearity in the leading
term. The key argument rests on the analysis of level sets of the state. Specifically, we show that
if a function vanishes on the boundary and its the gradient is different from zero on a level set,
then this set decomposes into finitely many closed simple curves. Moreover, the level sets depend
continuously on the functions defining these sets. We also prove the continuity of the integrals
on the level sets. In particular, Green’s first identity is shown to be applicable on an open set
determined by two functions with nonvanishing gradients. In the second part to this paper, the
explicit sufficient second-order conditions will be used to derive error estimates for a finite-element
discretization of the control problem.

Key words Level set, optimal control, nonsmooth optimization, quasilinear elliptic equation,
piecewise differentiable function

1 INTRODUCTION

In this paper, we investigate the nonsmooth quasilinear elliptic optimal control problem
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where Q is a bounded, convex and polygonal domain Q c R% L : Q X R — R is a Carathéodory
function of class C? with respect to (w.r.t.) the second variable; b : @ — R is a Lipschitz continuous
function; a : R — R is a nonsmooth function; and «, §, v € R satisfy § > @ and v > 0. For the precise
hypotheses on the data of (P), we refer to Section 3.1.

The control problem (P) is interesting since the corresponding state equation arises, for instance, in
models of heat conduction where the coefficient in the divergence term of the state equation is the heat
conductivity and depends on the temperature y and on the spatial coordinate x; see, e.g. [2, 24]. When
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the data are of class C?, the numerical analysis of the discrete approximation of such optimal control
problems was investigated by Casas et al. in [6, 7] for distributed control and in [5] for Neumann
control. Here, we only assume that the coefficient a is continuous and piecewise C?, which makes the
analysis significantly more challenging.

In [9], we studied so-called no-gap second-order necessary and sufficient optimality conditions for
(P) in terms of a general nonsmooth curvature functional of j. In this paper, we will formulate an
explicit formula for the curvature functional; see Theorem 3.21 below. This explicit derivation is based
only on an assumption on the gradient of the state function y, and on the level set of y, with respect
to points f where the nonlinearity a is not differentiable. The sufficient condition will be used to prove
a priori numerical error estimates for the discretization of the nonsmooth optimal control problem
using the finite element method in the second part of this work.

Let us comment on related works in [8] and [23] for explicitly computing curvature terms of
nonsmooth functionals. In [8], the authors considered bang-bang optimal control problems, where the
associated state equation is linear and the controls satisfy the box-constraint -1 < u < 1a.e. in Q. They
observed that the set {u € L(Q) | -1 < u < la.e. in Q} possesses a curvature in the space M(Q), the
dual of the space consisting of all continuous functions vanishing on the boundary. Under a structural
assumption imposed on the corresponding adjoint state and its level set, they established the curvature
of the set {u € L¥(Q) | -1 < u < la.e.in Q} by using a directional Taylor-like expression in the
L}(Q)-norm. In [23], the authors first considered general optimization problems with a nonuniformly
convex and nonsmooth integral functional and then applied the obtained results to bang-off-bang
optimal control problems with smooth semilinear elliptic partial differential equations. In these papers,
the authors first proved explicit formulas for the case Q C R and then lifted the obtained result to the
higher-dimensional situation by using partitions of unity.

Here we construct an explicit formula of the nonsmooth curvature functional through a thorough
analysis of level sets. In particular, we study the structure and the continuity in terms of determining
functions of the level sets, a Green’s formula, and the continuity of integrals over level sets. To fix
ideas, let y : Q — R be a C! function with an image R(y). For any t € R(y), the preimage

{y=t}={xeQ|yx) =t}

is called level set of y corresponding to the level value t. These level sets are compact as a result of the
continuity of y and the boundedness of Q. When Q = R? and y is of class C?, Sard’s theorem (see, e.g.
[21] and Appendix 1 in [16]) states that the set of critical values

{teR(y)| Vy(x)=0forall x € {y =t}}

is of one-dimensional (Lebesgue) measure zero. The Implicit Function Theorem further yields that
for almost all (a.a.) t € R(y), the level sets {y = t} are simple curves of class C2. When y is Lipschitz
continuous, it was shown in [1] that for a.a. t € R(y), any connected component of {y = t} is either a
point or a simple curve with Lipschitz parametrization; see statement (iv) in Theorem 2.5 in [1]. If y is
an element of the Sobolev space W2!(Q), then for a.a. t € R(y) the level set {y = t} is a union of a
finitely many disjoint C! simple curves; see Theorem 5.1 and Corollary 5.2 in [3]. However, here we are
interested in the structure of the level set {y = t} for a given concrete value of t and cannot rely on
properties that only hold almost everywhere.

The study of level sets at given level values is also relevant to the analysis of level set methods, first
proposed by Osher and Sethian [20]. These methods rely in part on the theory of curve and surface
evolution given in [22] and stem from the observation that the level set function y in compressible
flows carries information on the stretching of the fluid-structure interface. A key property in the
analysis is the continuity of level sets with respect to changes in the function or the level value. For
example, [10] proved the continuity at t = 0 of a functional, mapping t € R to a corresponding integral
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over the level set {y = t}, provided that the function y belongs to class of C? and that the gradient Vy
is different from zero on {y = 0}.

In this work, under the sole assumption that y is C' and vanishes on the boundary 9Q, we apply
the Implicit Function Theorem to show that any connected component of the level set on which the
gradient of y does not vanish is indeed a C! closed simple curve. Furthermore, if the gradient of y is
different from zero on {y = t}, then the level set consists of finitely many closed simple curves; see
Proposition 2.4 below.

We then study the continuity of integrals over level sets in term of functions that determine the
level sets. Specifically, we shall show that if y,, — y strongly in C(Q) and if the gradient of y does not
vanish on {y = t}, then the integrals over {y, = t} tend to the one over {y = t}; see Proposition 2.13
below. In order to show this, we first present in Lemma 2.2 an extension of the Implicit Function
Theorem applying to a point belonging to {y = t}, where the implicit functions can be extended to
the boundary of a neighborhood of the mentioned point. We then use partitions of unity to show the
continuity of integrals on level sets. In addition, we prove in Proposition 2.11 (see also Corollary 2.12)
that in any small e-neighborhood of a connected component of {y = t}, there is one and only one
connected component of {y, =t} for n large enough.

We use these properties to establish a version of Green’s first identity; see, e.g. identity (2.10) in
Chapter II in [14] for the classical version. There, the domains of integration, {y; <t < y,} U {y1 >
t > y,}, are determined by two C! functions y;, y, with nonvanishing gradients, and boundaries of
these domains are parts of level sets of y; and y, at the same level value t. As a result, these domains of
integration might admit some cusps and then not have Lipschitz boundaries in the sense of Necas, see,
e.g. Definition 1.2.1.1 [15]. In order to validate Green’s first identity on these nonsmooth domains, we
show in Lemma 2.6 below that the open set {y; < t < y,} can be decomposed into at most countably
many disjoint open connected subdomains. Each of such subdomains is approximated by regular
domains with boundaries being curvilinear polygons of class C'. By passing to the limit in Green’s
first identity applied over approximating regular domains and summing up the obtained identities,
we arrive at the Green formula on {y; <t < y,} U {3 > t > y,}; see Lemma 2.7 and Proposition 2.9.
Together with continuity properties of level sets and of integrals on them, with the aid of this, we derive
an explicit formula for the curvature functional in Theorem 3.21 and use this to obtain second-order
necessary and sufficient optimality conditions in explicit forms obtained in Theorems 3.22 and 3.23,
respectively.

The plan of the paper is as follows. We conclude this section with some general notation. In the
next section, we investigate the structure and the continuity properties of the level sets as well as
derive Green’s first identity on open sets determined by two functions and a level value. Section 3 is
then devoted to the study of the nonsmooth quasilinear optimal control problem (P): In Section 3.1, we
rigorously state the assumptions for (P) and provide some preliminary results from [9]. An explicit
formula of the curvature functional of the objective functional is derived in Section 3.2. Finally, in
Section 3.3, explicit second-order necessary and sufficient optimality conditions are presented.

Notation. We denote by Bx(u, p) and Bx(u, p) the open and closed balls in a Banach space X of
radius p > 0 centered at u € X, respectively. For Banach spaces X and Y, the notation X — (€)Y is
understood that X is continuously (compactly) embedded in Y. For a given function g : Q — R and a
subset A C R, {g € A} denotes the set of all points x € Q for which g(x) € A. For functions g;, g, and
subsets A;, A; C R, weset {g; € Ay, g, € Ay} := {g1 € A} N{gs € Ay}. Forany set w C Q, we denote by
1,, the indicator function of w, i.e., 1,(x) = 1if x € @ and 1,(x) = 0 otherwise. The symbol H* stands
for the one-dimensional Hausdorff measure on R? that is scaled as in [12], Def. 2.1. For a measurable
two-dimensional subset A, by meask:(A), we denote the two-dimensional Lebesgue measure of A.
Finally, we write the symbol C for a generic positive constant, which may be different at different
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places of occurrence and the notation, e.g. Cs for a constant depending only on the parameter ¢.

2 ANALYSIS OF LEVEL SETS

In this section, Q is assumed to be a convex and bounded domain in R? only.

2.1 STRUCTURE OF LEVEL SETS

We first recall from [17] that a connected component of a set V ¢ R%, d > 1, is any element of the
class of connected subsets of V that is maximal with respect to inclusion and that a simple closed C!
curve in R? is a curve that admits a C! parametrization y : [h, k] — R¢ which is injective on [k, k) and
satisfies y(h) = y(k).

We shall investigate the structure of any connected component of the level sets of C!-functions that
vanish on the boundary and have nonvanishing gradients on these components. We begin with the
following C! extension of a smooth function defined over convex domains.

Proposition 2.1. Let G be a convex domain in R? withd > 1 and let f € C'(G) be arbitrary. Then there
exists a function f : RY — R with the following properties:

(a) f is of class C';
() f=fandVf=VfonG.

Proof. We will show that Whitney’s Extension Theorem (see, e.g. Chapter 6 in [12] and Theorem 9.43
in [17]) can be applied and thus derive the desired extension function. To this end, for any xj,x, € G
with x; # x, set

florz) = fr) = V) - (e = x1).

R(x3, x1) = P X
2 — X1

For any compact subset M C G, we define the function py; : (0,1) — (0, c0) by
pm(7) == sup{|R(x2, x1)| | 0 < |x1 — x2| < 7, x1,x0 € M}, 7 €(0,1).

In light of Whitney’s Extension Theorem, in order to derive assertions (a) and (b), we need to show
that

(2.1) pm(t) >0 as 71— 0%

Indeed, for any compact subset M C G, and any xj, X, € M, x1 # x;, we deduce from the Mean Value
Theorem and the convexity of G that

|V f (1 + 00x2 — x1)) - (r2 — x1) = Vf(x1) - (2 — x1))|

|21 — x2]

< |V + 0(xz — x1)) = Vf(xy)]

|R(xz, x1)| =

with some 6 € (0, 1). There then holds

pm(t) < sup{|Vf(xz) = V()| | Ix1 = x2| < 7,x1, %, € M}

for all 7 € (0, 1). From this and the uniform continuity of Vf on the compact set M, we have (2.1). O
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Itis well-known from differential geometry (see, e.g. [18] and [16]) that every compact one-dimensional
manifold without boundary is a union of finitely many disjoint closed curves. As a direct consequence,
we obtain in Proposition 2.4 below the decomposition into finitely many disjoint closed curves of level
sets of a C'-function that vanishes on the boundary of a two-dimensional convex domain and has a
nonvanishing gradient. For the sake of convenience, we provide its proof based on Proposition 2.1 and
the following result on the extension of an implicit function. Besides, this extension result plays an
important role in proving the continuity of integrals on level sets in Section 2.4 below.

Lemma 2.2. Let t € R be arbitrary and let y € C(Q) be such that Yjoo = 0 and that there is a point
xo = (xg, x3) € {y = t}. Assume that

5 _ _
(2.2) a_jz(x) >a>0 forallx € Bpz(xg,r)NQ

with some constantsr > 0 and o > 0. Then the following assertions hold.

(a) There exist constants hy > 0,ko > 0 and a C'-function gq : [x§ — ho, x; + ko] — R satisfying

9o(xp) = x¢,
(2:3) Ba(x0,r) N {y =t} = {(r. go(r)) | 7 € [x) — ho, x5 + kol},
{(xg = ho, go(xg — o)), (g + ko, go(xg + ko))} = Bge(x0,7) N {y = t}.

(b) If, in addition, there exists a sequence {y,} € C\(Q) satisfying that Ynloq = 0 and that

yn — y strongly in CY(Q),

{yn = t} N Bga(xo, r0) is an arc for all n large enough,

(2.4)
9y +9Yn . = = .
ﬁ(x) ol (x) = a >0 forall x € Bpa(xg, r) N Q and for all n sufficiently large,

then there is an integer ng = no(xo, r) such that, for any n > no, constants hp, k, > 0 and a C'
function gy, : [x; — hn, x3 + ky] — R exist and satisfy the following properties:

(i) Bre(x0,7) N {yn =t} = {(r, gu(0)) | T € [x} = hn, x} + kn]};
(ii) {(x} = hn, Gn(xd = hn)), (0} + kiny G} + kn))} = 9Bge(x0,7) N {yn = t};
(iii) (xg = hn, gn(xg —hn)) = (x§ = ho, go(xy — ho)) and (xg+kn, gn(xg +kn)) — (x5 +ko, go(x3 +ko));
(iv) Forany e > 0 and for all € [xj — ho + & x5 + ko — €], there hold
(25) 190(0) = 9o(®)| < Cillyn = Vi@, for n large enough

and

gn(t) = g5(2),
(2.6) 9a(x6 = hn) = gh(xg — ho),
9(xg + kn) — gp(xg + ko).

Moreover, for all T € [x(l) — hy, x(l) + ky], one has

(2.7) lg,()] < Co.

Here & and Cy, C; are constants independent of n, €, and .
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Remark 2.3. The second condition in (2.4) is, in fact, fulfilled if the first one in (2.4) and the second one in (2.3)
hold. This fact shall be proven in Proposition 2.11 below; see also, Claims 1-3 in the proof of that proposition.

Proof. Without loss of generality, assume that xo = (0, 0), i.e., x; := 0 and x; := 0.

Ad (a): In light of Proposition 2.1, y admits a C! extension, denoted also by y, on R?. By the continuity
of Vy, we can assume that the condition (2.2) is valid on an open neighborhood of Bg:(0,7) N Q (with
different positive constant, also denoted by @). If 0 € 9Q, then ¢t = 0 and 9Q C {y = t}.If 0 ¢ 9Q, then
t # 0 and thus {y = t} N 9Q = (. Thanks to the Implicit Function Theorem, there exist constants
h,k,p > 0 with p < r, and a C'-function g, : (—h, k) — R satisfying go(0) = 0,

y(r,go(r)) =t forallr € (—hk)

and
((z,&) € Bpe(0,p)and y(r, &) =t) = &=go(0).

By differentiating g, with respect to z, we obtain

9y
(28) g(')(r) __ %xl (T’ gO(T)) .

22, (z, go(7))

We now show that the function g, can be extended on a closed maximal interval such that the image of
the mapping y(-) := (-, go(-)) reaches the boundary dBg:(0, r) at both endpoints of the closed maximal
interval, and thus obtain the desired conclusions in (2.3). To this end, it suffices to consider the case
where {(z, go(7)) | 7 € (=h, k)} € Bgz(0, r). In view of (2.2) and from the continuity of Vy over Q, there
holds

IVyllem
— O forallt e (<h k).
[04

(2.9) 195(0)| <
This and the Mean Value Theorem imply that g, can be extended to a C! function, denoted in the
same way, defined over [—h, k], which satisfies (2.9) on this closed interval, according to the identity
(2.8) and the continuity of Vy. Moreover, {(—h, go(—h)), (k, go(k))} C {y = t} due to the closedness of
the level sets. If (k, go(k)) € Brz(0,7), then by applying the Implicit Function Theorem at the point
(k, go(k)) € {y = t} N Br2(0, r) and using the extension argument as above, function g, can be extended
over interval [—h, ko], ko > k, satisfying (ko, go(ko)) € dBr2(0,r)N{y = t}. Similarly, gy can be extended
to the left side and thus to the closed maximal interval.

Ad (b): The proof of assertion (b) is divided into several steps as follows.

e Step 1: There is an integer ny such that, for any n > nj, a number &, € (—ry,ro) uniquely exists and

fulfills
(2'10) yn(O: gn) =1

In fact, as a consequence of the last condition in (2.4), the functions y(0, -) and y,(0, -) are both either
strictly increasing or strictly decreasing. We now only consider the situation where both functions are
strictly increasing, since the other is analyzed analogously. It suffices to prove that (2.10), for each n
large enough, admits at least one solution in (—rg, o). To this end, by contradiction assume that there
exists a subsequence, denoted in the same way, of {n} such that (2.10) has no solutions in (—ry, ro) for
all n > 1. We then split {n} into subsequences, also denoted by {n}, satisfying one of two inequalities

(I) yn(0,&) > tforalln > 1and & € (—rg, 19); (I2) yn(0,&) < tforalln > 1and & € (—r, ro).

In order to show a contradiction, we now only consider (I1) since the case (I2) is similarly analyzed.
We have for all n > 1 that

4 r
yn(0,=2) > 1= 3(0,0) > y(0.-)
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which yields that
To o o
19 = Yo = 130 =) = (0.~ D) > £ = y(0,-2) foralln>1.

Passing to the limit and exploiting the first condition in (2.4) give 0 > ¢t — (0, —%") > 0, a contradiction.
e Step 2: For any n > nj, there exist constants hy, k, > 0 and a function g, € C'[xy — hy, x§ + ky],
all of which fulfill assertions (i) and (ii), where nj is defined in Step 1. To this end, we first see that
Xon = (0,&) = (x(l), &n) € Bra(xo, ro) with &, € (—rg, r9) being a unique solution to (2.10). Using the
argument in the proof of assertion (a) for the point xq , and the function y, in the places of x; and y,
respectively, Step 2 is proven. Moreover, similar to (2.8) and (2.9), there hold for function g,

S (n.ga(0)

21 (z, gu(0))

(210 gu(1) = and  1g,(0] < ClIVylleg)

for all 7 € [x) — hp, x + kn].
o Step 3: Verification of assertion (iii). Indeed, we set the points belonging the boundary dBg2(xo, 79) of
{y =t} and {y, = t} as follows

po = (=ho, go(=ho)).  qo = (Ko, go(ko)),  pn := (=hn,gn(=hn)), and gn := (kn, gn(kn)).

Recall that all of constants hy, hy, k¢, k,, are positive. Thanks to the boundedness of {p,} and the
closedness of dBgz(xo, o), we have from the first condition in (2.4) that p, — py, i.e.,

h, = hy and gn(—h,) — go(—ho).
Analogously, we have
kn — ko and gn(kn) — go(ko).
We then obtain (iii).
e Step 4: Verification of assertion (iv). Indeed, for any ¢ > 0, there exists an integer n? such that
[<ho + &6, ko — €] C [=hn, kn] N [~ho, ko] foralln > ng.
For any 7 € [—hg + ¢, ko — €], by employing the Mean Value Theorem, we arrive at

t= yn(T’ gn(T)) = Y(T’ gn(f)) + wn(T, gn(f))

= (1, go(7)) + %(f, 90(7) + 0n(gn(7) = go(D))(gn(7) = go(7)) + Wn(7, gn(7))

d
= 4 225, 90(0) + 0a(Gn(8) = Go(D)Gn(0) — go(0)) + Wiz, gn()
for some 6, € (0,1) and wy, := y, — y. Obviously, one has (7, go(7) + 0(9(7) — go(7))) € Bgz(x0, 7o) N Q
since (7, go(7)) and (z, gn(7)) belong to Brz(xo, r9) N Q. Combing this with the last condition in (2.4)
yields the estimate in (2.5). From this and the derivatives of go and g, in (2.8) and (2.11), all the limits

in (2.6) then follows from the first condition in (2.4) and from (iii). Finally, the limit in (2.4) and the
estimate in (2.11) imply (2.7). O

Proposition 2.4. Let t € R be arbitrary and let y € C}(Q) be such that y|sq = 0 and that {y =t} # 0.
Assume that C is a connected component of {y = t}. Then the following properties hold:

(a) If
(2.12) [Vy(x)] >0 forallx € C,

then C is a closed C! simple curve;
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(b) If
(2.13) [Vy(x)| >0 forallx € {y=1t},
then the level set {y = t} decomposes into finitely many disjoint closed C* simple curves.

Proof. Ad (a): We first show that for any x € C, there exist positive constants r, > 0 and a C'-function
Yx : [-1,1] — R? satisfying

(214) Bge(r,r) N{y =t} ={yx() | n € [-1L1]} and yx(nx) = x, yx(£1) € dBr:(x,7x) N {y =t}

for some 1, € (—1,1). For that purpose, we first take x := (x!,x*) € C arbitrarily. Without loss
of generality, we can assume that %(x) # 0 and thus |%(§ )] > 0 for all { € Brz(x,ry) N Q for

some constant r, > 0. Lemma 2.2 implies that there exist constants hy,s, > 0 and a C!-function
gx : [x' = hy, x1 + 5] — R satisfying

gx(x') = X%,
(2.15) Bre(x,rx) N {y = t} = {(r, 9x(0)) | 7 € [x" = by, x" + 5,1},
{( = hy, g (! = By)), (X + 55, G (6" + 55))} = OBRe(x, 1) N {y = t}.
Setting 17 := Sxfhx T+1-— % and yx(n) = (7, gx(r)) and exploiting (2.15), we have (2.14).
Combining (2.14) with the compactness of C, there exist points xy, . . ., X, € C and positive constants

r; > 0, and C'-functions y; : [-1,1] — R? 1 < i < mg, such that
Cc U;r:lfBRz(x,-, ri) N {y =t}

(2.16) Bge(xi,ri) N {y =t} ={yi(n) | n € [-1,1]},
vi(x1) € 0Bpa(x;, ;) N {y = t}.

From this and the fact that C is a connected component of {y = t}, we deduce that C is a closed C"'
simple curve.

Ad (b): Since {y = t} is compact, we also have (2.16) with C being replaced by {y = t}. Then the level
set {y =t} is a union of finitely many closed simple curves. O

2.2 GREEN’S FIRST IDENTITY

We first state the well-known result on the decomposition of open sets in a finite dimensional Euclidean
space into at most countably many disjoint open connected components. Since we could not find its
proof in the literature, we provide here the arguments for the sake of completeness.

Proposition 2.5. Any nonempty open set V. R%, d € N, can be expressed as an union of disjoint, open,
connected components of V, at most countable in number, that is, there exist an index set I, which is at
most countable, and disjoint, open and connected components V;, i € I, of V such that

V= U V.
iel
Proof. For any x € V, we define the set

O, =U{Z | Z cV,x € Z,Zis open and connected in R4},

Obviously, Oy is nonempty and open since V is open. Moreover, Oy is connected; see, e.g. Chapter VI
in [4]. On the other hand, O, is maximal with respect to containment and thus is an open component
of V. Therefore, the family {O, | x € V} is a collection of open connected components of V. From this
and the fact that two arbitrary connected components of V are either identical or disjoint, we can now
apply Lindel6f’s Theorem to deduce the desired decomposition of V. O
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Mfle_
— A0 -
N/ =M, Sy
,”///Cl

;=N

Figure 1: A decomposition into components of the set S* U S~ where I* = {1,2}, I~ = I° = {1} when
Cy N C; # 0. Here C; and C; are, respectively, plotted by dashed and solid curves

The following lemma represents the decomposition of an open set given by level sets of two functions
into at most countably many disjoint open connected subdomains.

Lemma 2.6. Let yy, y, € CY(Q), let t € R be given, and let O be an open subset in Q. Define the open sets
ST and 8™ by

S ={ym<t<y}tnO and ST :={y>t>y}n0.
Assume that the level set {y; = t} has one and only one closed C' simple curve C; in O for j = 1,2. Let
My;N stands for a curve lying in {y; = t}, j = 1,2 with endpoints M and N; see Figure 1. Then, the
following assertions hold:

(a) lfCl = Cg, then Sl = Sz = 0,’
(b) if C; N C, = 0, then one of the sets S* is empty and the boundary of the other consists of C; and Cy;

(c) if Ci # C, and Cy N C, # 0, then the intersection C; N C; has at most countably many closed
connected components. In other words, there exist index sets I*, 1, I°, which are at most countable
(and might be empty), and points M, NI, M, N,., and MIS,NIS withie I",meI ,kel’ such

that
(2.17) GNG= ) M\ NS My, Ny MONDY,
iel*,mel  kel®
where MISNIS’ k € I° denote the curves lying in C; N C, with endpoints M]g and NIS. Furthermore,
there hold:

(i) If S* = 0, then the index set I* is empty;
(ii) Ifthe set S* is nonempty, then it has at most Mly man/yopiconnected components S},
i € I, such that dS; consists of two curves M yiN! and My, N .
Analogous assertions hold for the set S~.
Proof. The proof of (a) and (b) is straightforward. To prove (c), we first consider the case where
S* # 0. Thanks to Proposition 2.5, the set S* decomposes into at most countably many disjoint

open components. There then exist an at most countable index set I" and disjoint open connected
components S/, i € I, of S* satisfying

St=U{SH|iel}.

Clason, Nhu, Résch Numerical analysis of a nonsmooth quasilinear elliptic...


https://arxiv.org/abs/2203.16865v2

ARXIV: 2203.16865V2, 2023-03-06 page 10 of 32

S {y2=1}
— Yy
V2 = Wyl
(a) A component S when {y; =t} N{y, =t} =0 (b) A component S with a cusp at N
Figure 2: A nonempty open component S of the set {y; > t > y,} with the outward normal vectors
v = |§y| on{y =t}and v, = |Vy ;on {y2 =t} where {y, = t} is thin while {y, =t} is
thick

Moreover, one has dS* = U{aS] | i € I'} € C;UC,. Besides, for any i € I'", the boundary dS; consists
L —— L ——
of two arcs M y1 N and M} y,N;" lying in C; and C,, respectively, for some endpoints M;", N} € CiNC,.
Similarly, if S~ # 0, then it is an union of at most countably many disjoint open connected components
e

S,.m € 17, of S~ satisfying that the boundary S, consists of two arcs My, y1N,, and Mm V2N, lying
in C; and C;, respectively, for some endpoints M,,, N,, € C; N C,. Define the set A of closed arcs with
endpoints in P := {M,N,M, N, :i€I*,me I} via

A={MNCCNGC | MNeP,M%N,MNN@OS*UIS™)={MN}}.

Obviously, A consists of at most countable arcs. By renaming the endpoints of arcs in A, we obtain
an at most countable index set I° and points MO, NIS e P,k eI that satisfy (2.17).
m}

We now prove Green’s first identity over nonempty connected components of an open set determined
by two functions with nonvanishing gradients.

Lemma 2.7. Assume that y;, y, € CY(Q) andt € R such that {y; > t > y,} # 0. Let S be a nonempty
open connected component of {y; > t > y,} satisfying 08 N 9Q = 0. Assume further that there is a
positive constant a satisfying

(2.18) Vyx) - Vye(x) >a >0 forallx e S.
Letv € H(Q) N C(Q) and ¢ € W»(Q) N CY(Q) be arbitrary. Then

v \%
(2.19) /VU-V(pdx = —/ UA(pdx—/ oV - 1 d?{l(x)+/ oV - Y2 dH'(x).
S S oSN {y1=t} IVl oSN {yp=t} [V ysl

Proof. We first observe that all the integrals in (2.19) are well-defined. Note further that oS c {y; =
t} U {y, =t} and that the outward normal vector v(x) at point x € S is defined as

(2.20)

_ Inx) 3
v(x) = { Wy forx €aSn{y=th

Vya(x) _
IVyi(x)I for x € aS N {y, = t}.

We now consider the following two cases.
e Case 1: The boundary dS consists of two closed curves having no common points; see, Figure za. In
this situation, thanks to (2.18) and the fact that a8 N 9Q = (), we deduce from the Implicit Function
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Theorem that the domain S has C! boundary in the sense of Definition 1.2.1.1 in [15]. Applying the
classical Green formula over the domain S and employing (2.20), we derive (2.19).

o Case 2: The boundary dS consists of two arcs ]\Tyl\N and My, N with endpoints M, N € {y; =t} N{y, =
t} (here M and N might be identical); see, Figure 2b. If S has no cusps, i.e., there are no points where two
branches of S meet and the tangents at which of each branch are coincidental, then the boundary oS
is a curvilinear polygon of class C! in the sense of Definition 1.4.5.1in [15], as a result of the combination
of the Implicit Function Theorem and (2.18). Similar to Case 1, we also have (2.19). For the situation
where dS has cusps, we shall prove (2.19) via approximating S by regular domains having boundaries,
which are curvilinear polygons of class C', and via using the fact that ¢ € C}(Q) and v € C(Q). To this
end, without loss of generality, we assume that S has only one cusp at N. For any ¢ > 0 small enough,
we take N; € {y; = t}, i = 1,2, such that the line through N; and N, has a direction vector identical to
the gradient Vy,(N) of y, at N and

INAN,» <¢e fori=12.

Here [ denotes the length of the arc ﬁﬁ, Thanks to (2.18), we have

NiN, < Ce for some positive constant C independent of ¢.

—

We now denote by S, the domain with the boundary consisting of arcs My;N;, My, N, and a line
segment N1 N,. As a consequence of (2.18) and of the continuity of Vy;, i = 1, 2, for any ¢ > 0 sufficiently
small the domains S, admit the boundaries being curvilinear polygons of class C! in the sense of
Definition 1.4.5.1 in [15]. Green’s first formula then implies that

/ Vo - Vodx = —/ vA@dx +/ oV - vedH (x),
S. S. a8,

where v, stands for the outward normal vector on dS,. Since v, = v on a8 N 38, defined in (2.20), we
can rewrite the above identity as

\Y
(2.21) / Vo - Vedx = —/ vApdx —/ oV - 1 dH' (x)
S, S, 08N {y=t} [Vl
V)ﬁ

\Y%
+/ AV Y2 dﬂl(x)+‘/ oV - dH (x)
oSN {yp=t} IV y2 NN [Vl
\Y
—/ oV - Y2 d7‘(1(x)+/ oV - v.dH (x).
N;y:N |VJ/2| NN

Using the continuity over Q of v and Ve, it follows from the choice of N; and N; that

< C1€

/A oVo V1 dH (x) —/ oV VY. d?’(l(x)+/NN oV - vedH (x)

Ny N [Vl Nyy2N IV y.|

for some positive constant C;. By letting ¢ — 0% in (2.21), we thus deduce (2.19) from the Lebesgue
Dominated Convergence Theorem. O
Remark 2.8. By using the convention 00 = 0, it is obvious to have the identity (2.19) when S = 0.

The following version of Green’s first identity over an open set determined via functions with
nonvanishing gradients is a consequence of Lemmas 2.6 and 2.7.

Proposition 2.9. Let y;, y» € CY(Q), let t € R be given, and let O be an open subset in Q such that

(2.22) Vyi(x) - Vyo(x) > a >0 forallx € O
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for some constant . Define the open sets S* and S~ by
ST ={y<t<y}tn0 and ST ={y>t>y}n0.

Assume that the level set {y; = t} has one and only one closed C* simple curve C; in O for j = 1,2. Assume
further that C; N 9Q =0, j = 1,2. Letv € H(Q) N C(Q) and ¢ € W(Q) N C(Q) be arbitrary. Then the
following identity holds

(2.23)

\%
/ (1g+ —1s-)Vo-Vodx = —/ (Tg+ — 1g-)vApdx— / V- V1 dH (x)+ / V- Y2 dH (x).
Q Q [Vl C V2|

Proof. For the case where C; = C,, we have ST = 8~ = 0 and thus T1g+ = 15~ = 0. We then obtain
(2.23). For the case where C; N C; = 0, one of the sets S* and S~ is empty and the boundary of the
other consists of C; and C,. We then derive (2.23) from the classical Green’s first formula. It remains to
consider the situation where C; N C; # 0; see Figure 1. As a result of Lemma 2.6, there exist at most
countable index sets I, 17, I°, points M, N} M, N, M,S, NIS, and open connected domains S/, S,,
withie I, mel kel satisfying assertion (c) in Lemma 2.6. (Note that some of the sets I*, I, 10
might be empty.) For any i € I, applying Lemma 2.7 and Remark 2.8 to open connected domain S;
yields

v v
/ Vo - Vodx = —/ vApdx —/ oV - 71 dH' (x) +/ Ve - Y2 dH' (x).
+ * S NCy IVl aSINC, V2l

Summing up the above identities over all i € I* gives

\Y
(2.24) / Vo - Vodx = —/ UA(pdx—/ oV - 1 ——dH (x )+/ oV - VY2 —=dH (x).
St + 98" NC; IVl 98N, V2l

Similarly, there holds

\Y \Y
(2.25) / Vo - Vodx = —/ quodx+/ oV - 1 ——dH(x) - / oV - Y2 —ZZ dH (x).
- - S NG |V 1| SfﬂCZ |Vy2|

By subtracting (2.25) from (2.24), one has

(2.26) / (T] S+ — ﬂs—)VZ) : qudx = —/ (1]5+ - ﬂs—)UAqux
Q Q

\Y% v
—/ oV - 1 d‘Hl(x)+/ oV - Y2 dH'(x).
(08+UaS-)NC, [Vl (08+UaS-)NC, Vel

On the other hand, due to (2.17), it follows that

(2.27) C;j=((08TuaST)NC;) U{MIN? | k €I’} forj=12

with MISN]S denoting the arcs lying on C; N C; with endpoints M]S and N]S. Obviously, one has

V) _ Vya()
IVyi(x)] |V ya(x)]

forall x € M]SNIS and k € I°.

Combing this with (2.26) and (2.27) yields (2.23).
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Figure 3: sets C; and C,

2.3 CONTINUITY OF LEVEL SETS IN TERM OF FUNCTIONS

This subsection is devoted to the continuity of level sets in term of functions determining these level
sets. Namely, we will show that when functions y, tend to y in C'(Q), then, in any e-neighborhood
(with ¢ small enough) of an arbitrary connected component of the level set {y = t} on which the
gradient of y does not vanish, there exists one and only one connected component of {y, = t} for
each n sufficiently large, see Proposition 2.11 and Corollary 2.12 below.

From now on, for any ¢ > 0 and any set V C Q, we denote by V¢ the open e-neighborhood in Q of
V, that is,

VEi={x e Q| dist(x, V) < ¢},

where dist(x, V) is the distance from x to V. If C is a closed simple curve in Q, we define the open sets
C! and C; (illustrated in Figure 3) as follows

C; ={x € Q] 0 < dist(x,C) < eand x is surrounded by C} and C} := C*\(C, UC).

In the remainder of this section, we shall consider the following general situation.
(11) Let y,, y € CY(Q), n > 1, such that y, = y = 0 on the boundary 9Q and

(2.28) yn — y  strongly in C(Q).

We have the following result on strong positivity of the product of gradients of y, and y around an
e-neighborhood of any connected component in the level set {y = t}.

Proposition 2.10. Let functions yn, y,n > 1, satisfy hypothesis (H1). Assume that C is a connected component
of {y =t} for some t € R and fulfills the condition (2.12). Then there exist constants gy > 0, ac > 0, and
no € N such that

(2.29) Vy(x) - Vyu(x") = ac  foralln > ng,x,x" € C® with |x — x"| < 2¢.
Proof. By contradiction, assume that there exist sequences ¢ — 0%, ny — oo satisfying
1
(2.30) X, X € C*, |xp — x| < 2¢ and  Vy(xp) - Vi, (x;) < % for all k > 1.
By extracting a subsequence if necessary, we conclude from the boundedness of {x} and {x;} and

the first two conditions in (2.30) as well as from the continuity of y that x; — x and x; — x for some
x € C. Passing to the limit the last condition in (2.30) and using (2.28) yield

IVy)* =0,

which contradicts (2.12). The proposition is proven. O
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Proposition 2.11. Let functions y,, y, n > 1, satisfy hypothesis (H1). Let C be a connected component of
{y =t}, t € R, and satisfy (2.12). Then a constant gy > 0 exists such that for any ¢ € (0, &), there is a
positive integer ny = no(e) such that C® contains one and only one connected component C, of {y, =t}
foralln > ny.

Proof. Since C and {y = t}\C are both closed and disjoint, a constant &, > 0 thus exists and fulfills
(2.31) CoPNn{y=t)\C)* =0.

Obviously, we can assume that the constant &, in (2.31) is identical to the one in Proposition 2.10. Fix
¢ € (0, &) and, without loss of generality, assume that

(2.32) y<t onC, and y>t onC;.

We now consider two possible situations: C N dQ # @ and C N 9Q = 0.

For the case CNoQ # 0, we have t = 0 and C = 9Q. Moreover, there hold C;:) =0andoQ c {y, = 0}.
Thanks to (2.29) and Proposition 2.4, C, := dQ is a connected component of {y,, = 0} for alln > 1,
and is in C* for all € € (0, &). If there exists another connected component C;, of {y, = 0} such that
C), N C? # 0 for n sufficient large, then by picking two points x; € C, = C and x; € C,, satisfying
Xy — X1 = KnVy(x;) for some k,, # 0, one has |x; — x3| < ¢. Moreover, we deduce from the Mean Value
Theorem that Vy,(x; + 0,(x; — x1)) - (%2 — x1) = 0 with 6, € (0, 1). There thus holds

Vyn(x1 + 0n(x2 — x1)) - Vy(x1) = 0,

which contradicts (2.29) for n large enough.

For the case C N 9Q = 0, we have C; # 0. We now split the proof into several Claims below.
Claim 1: There exists an integer n, such that {y, = t} N C* # 0 for alln > n}. In fact, arguing by
contradiction, there exists a subsequence of {n}, denoted in the same way, such that {y, =t} NC* =0
for all n > 1. Splitting the sequence {n} into subsequences, also denoted by {n}, that satisfy one of the

following conditions for all n > 1:

(2.33) C:c{yn>t} or C°cC{y,<t}

For the first case in (2.33), we have
C.cl{y<t<ytc{o<|y—t| <t}

with 7, == || yn — y||c(§). This implies that measp2(C,) < measg2({0 < |y —t| < 7,}) = 0asn — oo,
contradicting the fact that measgz(C;) > 0. The first case in (2.33) is then impossible. Similarly, the
second one is also absurd.

Claim 2: There exists an integer n3 such that {y, = t} NdC® = 0 for alln > n3. Arguing by contradiction,
there are subsequences ny — oo and {x¢ } withxg € {y,, = t}NIC* forall k > 1. From the boundedness
of {xx} and the closedness of dC*, we can assume that x; — x € dC¢ as k — oo. Thanks to (2.28),
there holds x € {y = t}. We then have {y =t} N dC* # 0, which contradicts (2.31).

From Claims 1 and 2, there exists an integer n, such that {y, =t} admits a connected component C,
being in C? for all n > ny. It remains to prove the following claim.

Claim 3: For alln > ny, C, is the unique connected component of {y, = t} that is in C*. Arguing by
contradiction, we assume that there is another connected component C, of {y, = t} that is in C*.
Choosing xy € C such that the line through x, with direction vector V y(x,) intersects with C, U C,, at
X1, x2. Obviously, x; # x and |x; — x| < ¢, i = 1, 2. By the Mean Value Theorem, there holds

V(x4 On(x2 — x1)) - (X2 = x1) = 0

for some constant 6,, € (0,1). Combing this with the fact that (x, — x1) = k,Vy(xo) for some x,, # 0
yields Vy,(x1 + 0,(x2 — x1)) - Vy(xp) = 0, contradicting (2.29).
O
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The following result is a direct consequence of Propositions 2.4 and 2.11.

Corollary 2.12. Let functions yn, y, n > 1, satisfy hypothesis (H1). Assume that y, together with some value
t € R, satisfies (2.13). Then

for some integer m > 1, where C;, 1 < i < m, are C! closed simple curves. Moreover, a constant &y > 0
exists such that for any ¢ € (0, &), there is a positive integer ny = no(e) with

{yn=t}=UL,Cin and CinCCf foralln>ny1<i<m

for C! closed simple curves C; .

2.4 CONTINUITY OF INTEGRALS OVER LEVEL SETS

The following result stating the continuity of integrals over connected components of a level set is
shown under the nonvanishing gradient condition (2.12) by using partitions of unity.

Proposition 2.13. Let functions yy, y, n > 1, satisfy hypothesis (H1). Let C be a connected component of
{y =t}, t € R, and satisfy (2.12). Assume that f,(x) — f(x) for all x € C? for some constant & > 0. Then

lx) - 1 — oo,
(30 | A0 - [ fearte e

Proof. In light of Propositions 2.10 and 2.11, there exist positive constants &, a¢c > 0 and an integer ny
such that

(2.35)
{Vy(x) -Vyu(x') = ac  forall n > ng,x,x" € C* with |x — x’| < 2é,

C? contains one and only one a connected component C,, of {y, = t} for all n > ny and ¢ € (0, &).

Setting din = min{|Vy(x)| | x € C} yields oin > 0. For each x € C, there exists a constant
rx € (0, min{¢, £}) such that one of the following two estimates is valid:

a i —
—y(z)' > % >0 forallz € Bpa(x,r¢)NQ,i=1,2.

ox?!

Since C is compact, it is covered by finitely many open balls Bgz(x1, 71), . . ., Br2(Xmg, F'me) With rj := Ix;
forall 1 < j < m¢. By using partitions of unity, see. e.g. Theorem C.21 and Exercise C.22 in [17], there
exist nonnegative functions ¢; € C;°(€2) such that

me
supp(y/;) C Bra(xj,r;) and Z Yi(x)=1 foralll1<j<me,xeQ.
j=1

Therefore, in order to show (2.34), it suffices to prove for all 1 < j < m¢ that

(2.36) fa(x)y(x) dH (x) — ./cf(x)%(X) dH'(x) as n— oo.

-/{yn:t}ﬁCEﬁBRz (xj,r5)

To this end, fix j, put x := x;, ro := rj, and without loss of generality assume that x; = (0, 0) and that

—(z)‘ > ar;li“ >0 forall z € Brz(xo, o) N Q.
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Applying Lemma 2.2, exploiting (2.35) and the fact that 0 < r; < min{e, £}, we conclude that there
exist positive constants hy, ko, hpn, kn, and C! functions gy, g, satisfying assertions (a) and (i)—(iv) in (b)
of Lemma 2.2. Hence, the limit (2.36) can be expressed as

kn ko
/_ B W gD 1+ 0 — / gD 9o 1+ (P as o,

or, equivalently,

kn ko
(2.37) / budr— [ go(@dr — 0
-h, —hy
with

$n(7) = fa(T, gn(O)Y;(T, gn(0)/ 1+ gn(r)*  and  o(7) := f(z, go(D)Y;(7. go(1))\/ 1+ g5 (7).

Taking now ¢ > 0 small enough, we rewrite the right-hand side term in (2.37) as

kn ko ko—¢
/ budr— [ go(e)dr = / [$u(0) — pol()]dr
_h, —hy _

ho +&

—ho+e ko —ho+e kn
- / bodr— [ go)dr + / bu@dr+ [ (.

hg ko - hn k() =&

In view of assertion (iv) in Lemma 2.2, there holds
On(t) = ¢o(r)forall T € [ho +6,kg —€e] and |P,(r)] < C forall r € [—h,, k,].

The Lebesgue Dominated Convergence Theorem then implies that

kn ko

lim Pn(r)dT — po(r)dr| < Ce,

n—oo

where we have used the limits h, — ho and k,, — ko; see assertion (iii) in Lemma 2.2. We thus obtain
(2.37). m

3 AN NONSMOOTH QUASILINEAR ELLIPTIC OPTIMAL CONTROL PROBLEM

3.1 MAIN ASSUMPTIONS AND PRELIMINARY RESULTS

Let a be a finitely PC?-function of the form
(3.1) a(t) = T n(t)ao(t) + Tzeyai(t) forallt € R,

for a given number € R and given functions ay € C?((—oo, ]) and a; € C%([, o)) with ao(f) = ay(f).
Obviously, the function a is of class C? over the intervals (—oo, f) U (£, o), but not even of class C! in
general.

Remark 3.1. Let us emphasize that the results and the underlying analysis in this paper can be applied to the
situation in which the function a is continuous and is twice continuously differentiable on finitely many intervals
(i.e., a finitely PC? function; see [9] for a precise definition). However, in order to keep the presentation concise
and to be able to focus on the main arguments, we restrict the presentation to the simplest such situation given

by (3.1).

Clason, Nhu, Résch Numerical analysis of a nonsmooth quasilinear elliptic...


https://arxiv.org/abs/2203.16865v2

ARXIV: 2203.16865V2, 2023-03-06 page 17 of 32

By {a’}:=°, we denote the difference between the one-sided derivatives of a at f from left and right,

+0°
ie., )
(@'}, = lim @(t) - lim a(t) = a(D) - a;(D).
t—t" t—tt
By setting
(3:2) o0 = [{a'} 0| = lay(D) - a{(D),

we see that this term determines the differentiability of a and plays a crucial part in the second-order
optimality conditions for (P); see [9]. Moreover, a is directionally differentiable and its directional
derivative is given by

(3.3)  d'(t;5) = T ny(t)ag(t)s + Tz.eo)(t)ai(t)s + Tz (1) [T (0,00)(8)a1()s + V(—oy0)(8)ag(B)s], t,s € R.
The following assumptions shall hold throughout the whole paper except in Section 3.2, where we will

only require the convexity of Q instead of Assumption (A1) below.

(a1) Q c R?is an open bounded convex polygonal.
(a2) The Lipschitz continuous function b : Q — R satisfies b(x) > b > 0 for all x € Q.
(a3) a: R — Ris nonnegative and given by (3.1).

(a4) L : Q X R — R is a Carathéodory function that is of class C? w.r.t. the second variable with
L(-,0) € LYQ). Besides, for any M > 0, there exist Cyy > 0 and ypr € LP(Q) (p > 2) such that
2
|g—§/(x, )| < ¥m(x)and |g—ylg(X, y)| < Cy forall y € R with |y| < M, and a.e. x € Q.

In the remainder of this subsection, we state some known results for the state equation, the adjoint
state equation, and the optimality conditions for (P); see, e.g. [9]. Let us first consider the state equation

(3.4) —div[(b +a(y))Vy] =uin Q, y=00n Q.

Theorem 3.2 (cf. [9], Thms. 3.1 and 3.5). Let Assumptions (A1) to (A3) hold. Then, the control-to-state
operator S : W P(Q) s u + y, € Wol’p(Q) with y, being the unique solution to (3.4) is of class C'.
Moreover, for any u,0 € WP(Q) with p > 2 and y, := S(u), z, := S’ (u)v is the unique solution to

(3.5) —div[(b + a(yu)Vzo + 1,250 (V)2 VYu] =0in Q, 2z, = 00n Q.

Moreover, there exists a number p. > 2 such that for any p € [2, p.) and for any bounded set U C LP(Q),
there hold S(u) € WOI’P(Q) NW2P(Q) and ISl w2r) < Cu.

Proof. The well-posedness and the continuous differentiability of S follows from Theorems 3.1 and
3.5 in [9]. On the other hand, the H?- and W'*(Q)-regularity of solutions to (3.4) was also shown in
Theorem 3.1in [9] when the right-hand side u belongs to L(Q2) with g > 2. Moreover, if U is a bounded
subset of LI(Q) with g > 2, then there holds [|S(u)||g2(q) + [1S)[[wieq) < Cu for allu € U. To show
the higher W2P-regularity as well as the corresponding a priori estimate, we observe that (3.4) can be
rewritten as

1 , .
(3.6) —Ay =57 ) [u+Vb-Vy+1(,:0d())|Vy*linQ, y=00ndQ

(see, e.g. equations (A.1) and (A.3) in [9], Lem. A.1). Since Q is assumed to be a convex polygon in R?,
Theorem 4.4.3.7 in [15] shows that there exists a constant p. := 2/(2 — min{rw.,2}) > 2 depending
on the maximal interior angle wpyax < 7 of the domain Q such that any solution y to (3.6) belongs to
W2P(Q) provided that u € LP(Q) for all p € (2, p.). Of course, we have y € H*(Q) when u € L?(Q) due
to the convexity of Q. Finally, the WP-estimate of solutions y is derived by applying Theorem 4.3.2.4
in [15] to (3.6) and using the a priori W (Q)-estimates of y, Assumption (a2) and Assumption (a3). O
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We now consider the adjoint state equation
(37) —div[(b + a(yu)Ve] + 1(y,25y@ (yu)Vyu - Vo =0in Q, ¢ =00noQ

foru e W P(Q), p > 2,0 € H1(Q), and y, := S(u).

Theorem 3.3 (cf. [9], Lem. 4.1). Let Assumptions (A1) to (A3) be satisfied and let p, q > 2 be arbitrary. Then,
foranyu € W (Q),0 € H(Q), a unique ¢ € Hy(Q) exists and uniquely solves (3.7). Furthermore, if
U is a bounded subset in LP(Q), then for anyu € U and any v € L1(Q), the solution ¢ of (3.7) belongs
to H*(Q) N W(Q) and there holds ||¢l|gz(q) + ll@llwie@) < CullvllLa). Moreover, ifu € LP(Q) and
0 € L"(Q) withr € (2, p.), then ¢ € W>"(Q), where p, is defined as in Theorem 3.2.

Proof. Thanks to Lemma 4.1 in [9], all conclusions except the last one of the theorem are verified. To
derive the W2 -regularity of ¢, we argue as in the proof of Theorem 3.2. O

Remark 3.4. Despite the WP -regularity of the state and adjoint state, the function z, := S’(u)v defined in (3.5) is
only in W*?(Q) due to the nondifferentiability of the function a.

The optimal control problem (P) can be expressed in the form

(P) min j(u)=‘/QL(X,S(H)(X))dx'*'g”””iZ(Q)

uE(L{ad

with
Uy ={uecl®>Q)|a<ulkx)<p for a.e. x € Q}.

Under Assumptions (a1) to (A4), the cost functional j : L?(Q) — R is of class C'. Moreover, there holds
(3.8) j'(u)o = /((pu +vupdx foru,v e L3(Q)
Q

with ¢, € H)(Q) solving (3.7) corresponding to the right-hand side term v substituted by %(-, S(u));
see [9], Thm. 4.2. We have the following first-order necessary optimality conditions from Theorem
4.3 in [9] and thus derive the regularity of the optimal control as well as the corresponding state and
adjoint state from Theorems 3.2 and 3.3 and from Sobolev embeddings.

Theorem 3.5 ([9], Thm. 4.3). Assume that Assumptions (A1) to (A4) are satisfied. Then there exists at least
one minimizer i of (P). Moreover, there exists an adjoint state § € Hy(Q) such that for y := S(i),

(3.9a) —div[((b+a(p)Vyl=a inQ, 3=00n93Q,
. — — 1/ - — — aL -\ —
(3.9b) = div[(o+ a(F)VF) + 15 (IVT Vo = T (6. 7)in @ 5= 00n o0
(3.9¢) /(q‘) +vi)u—a)dx >0 forallue Uyy.
Q

Furthermore, j € W*P(Q) and ¢ € W>"(Q) for any p,r € (2, p.) and r < p with p and p., respectively,
defined in Assumption (A4) and Theorem 3.2. Therefore, y and ¢ belong to CYQ) and @ is Lipschitz
continuous on Q.

Assume that ¢ € Hy(Q) satisfies (3.9). The critical cone of the problem (P) at  is defined as
(3.10) C(Uyg;i) = {v e L*(Q) |v>0ifa=a,0<0ifa=p0=0if ¢+vi # 0ae. in Q}.

In the rest of this subsection, we shall provide second-order necessary and sufficient optimality
conditions for (P). To this end, the curvature functional of j is first introduced and can be separated into
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three contributions. For any (u, y, ¢) € L%(Q) x HY(Q) x W-*(Q), the smooth part and the first-order
nonsmooth part of the curvature in direction (v, v;) € L*(Q)? are given by

2L % 1 .
Oy g = [ Ttz dn+ ] [omde= g [ 1000 0ezaTy - Vo i
l !’ ’
Qi(u, ¥, @;01,02) = - /Q [@'(y;20,)Vzo, + @' (¥524,)V2y ] - Vo dx,

for z,, :== S’(u)v;, i = 1, 2, respectively. The critical part for our analysis is of course the second-order
nonsmooth part, which requires some additional notation. For ease of exposition, we use the following
notation in the remainder. For any y € C(Q) and any 7, 7 € R, we define the set QE,T”Z] ={y €

[71,72)

[t + 71, + 72]}; similar sets such as Q"™ are defined in the same way. Let § > 0 be arbitrary but fixed.

For any y, y € C(Q), we set

Q? = Q% n a2 —{ye(tt+5)y€(t—5t]}

. y
(311 A P
Q= Qy mQy ={ye(@-941),ye[t,t+5)}
Forany s € R, u,0 € L*(Q), y € C(Q) N HY(Q), and ¢ € W*(Q), we set
(3.12)
o, y;s,0) == —{d’ }t+0 (t—S(u+ sv))ﬂQ?g(um)y, G, y;s,0) == {d t+0(t —S(u+ sv))]]QzS(MSU .
{(w, y;5,0) = Lo, v35,0) + G(u, y35,0) = {a' Y2 - S(u + s0)) ]]Qi‘(mw)’y - ﬂgg(um)y

with {a’ }t 0 defined as in (3.2). We then define for any {s,} € ¢y = {{sn} € (0,00) | s, — 0} and
v e LZ(Q)

(3.13) Q(u, ¥, ©; {sn},v) == hmlnf—/ Z Ci(u, y; s, 0)Vy - Vo dx

—00 sn

={d }t+0 hmlnf—/(t— (u+ sy0)) |1 —Tgs }Vy-qudx.

.S(u+sn 0),y S(u+snv),y
The second-order nonsmooth part of the curvature in direction v € L%(Q) is then given by

Q2(u, y, ¢;0) = inf {Q(w, y, ¢; {50}, 0) | {sn} € c5},

and finally the total curvature in direction v is

(3.14) Qu, y, p;0) = Qs(u, y, ;0,0) + Q1(u, y, 9;0,0) + Qo (1, y, 93 0).

Remark 3.6. The definitions of the sets Q2 W9 and Q3 5 in (3.11) are identical to the ones for Q;Zy and Q(;’? in
Lemma 3.3 in [9] for the case where K := 1, ty := —oo 1 := f, and t, := oo. Similarly, the definitions of the
functionals Qs, Q1, and Q; in this subsection can be derived from the associated ones in § 5.1 in [9].

According to Proposition 5.6 and Lemma 5.7 in [9], Q, is weakly lower semicontinuous in the last
variable and satisfies

|02(u, S(w), 93 0)| < ESW)IIVollr=@)lIS" Wollw forallu,o € L*(Q) and p € WH(Q),

with the jump functional

2

} 1 _

(3.15) 2(y) = 0y lim sup; E /[1] {0<|y_;|sr}|axmy|] dx, ye whHQ)n C(Q)
—1YQ

r—0t
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for oy defined in (3.2). Also, from Corollary 5.5 in [9], it holds for any u € L*(Q), {s,} € ¢} and v, — 0
in L%(Q) that

1
(3.16) lim inf lz / Z i, S); $n, v,)VS() - Voo dx = O(u, S), @; {sn}, v) = Qa(u, S(u), ¢;v),
" Q0

—00 sn

provided that 2(S(u)) < oo.

We are now ready to state the second-order necessary and sufficient optimality conditions for (P) in
general, for which the different between these conditions is only in the strictness of the inequality
(“no-gap”).

Theorem 3.7 (second-order necessary optimality conditions, [9], Thm. 5.9). Let Assumptions (A1) to (A4)
be fulfilled. Assume that @ is a local minimizer to (P) such that %(y) < oo for y := S(ii). Then, there is a
P € Wol’p(Q) N WL(Q), with p defined in Assumption (A4), that together with @, y satisfies (3.9) and

(3.17) @@, y,¢;v) 2 0 forallv € C(Uyg; 1)

with Q defined in (3.14).

Theorem 3.8 (second-order sufficient optimality conditions, [9], Thm. 5.10). Let Assumptions (A1) to (A4)
be valid. Assume that i is a feasible point of (P) such that £(y) < co for y := S(i). Assume further that
thereisa @ € Wol’p(Q) NWEe(Q), with p defined in Assumption (A4), that together with i, y satisfies (3.9)
and

(3.18) Q@@, y,¢;0) >0 forallv e C(Uyq;a)\ {0}

with Q defined in (3.14). Then there exist constants cg, po > 0 satisfying

J@)+ collu = allZyo) < @) forallu € Ung 0 Brao(@ po).

It is noted that the term 2Q(d, j, @; v) can be seen as a second-order generalized derivative of j at @
in the direction v; see, e.g. the proof of Theorem 5.9 in [9] and Remark 5.1 in [19]).

3.2 AN EXPLICIT FORMULA FOR THE CURVATURE FUNCTIONAL

In this subsection, we assume that the domain Q is open, bounded, and convex in R? only. We shall
establish an explicit formula for the curvature term Q(u, y, ¢; v), defined in (3.14), for two situations:

(i) The gradient of y does not vanish on connected components of {y = t};
(ii) The gradient of y vanishes on connected components of {y = £}.

For the first situation, we will apply the results shown in Section 2. For the latter situation, we need
the following notion.

Definition 3.9. A function y : Q — R is called uniformly locally convex-concave onasetV C Qifan
€ > 0 exists such that for any x € V, y is either convex or concave on B:(x, ) N Q.

Proposition 3.10. Let t € R be arbitrary and let y € CY(Q) be uniformly locally convex-concave on the

level set {y = t}. Assume that C is a connected component of {y = t}. If Vy vanishes at some point
Xo € C, then Vy(x) = 0 forallx € C.

Proof. There is an € > 0 such that, for any x € {y = t}, the restriction y | 5 is either convex or
Rg(x,s)ﬂQ

concave. Since V y(xo) = 0, then x; is a local extremal point of y(x) and so is every point in Bgz(x, )N C.

From this and the connection property of C, we have Vy = 0 on C. O
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The following result is a direct consequence of Proposition 3.10.

Corollary 3.11. Let t € R be arbitrary and let y € C(Q) be uniformly locally convex-concave on the level
set {y = t}. Assume that C is a connected component of {y = t}. If Vy(xo) # 0 for some point xy € C,
then Vy(x) # 0 forallx € C.

The following result will play an important role in establishing an explicit formula of the curvature
functional (3.14). Its proof rests on the following several lemmas.

Theorem 3.12. Let {s,} € ¢f, ¢ € CHQ)NWYQ) and 3, y, € CY(Q) such that y, = 7= 00ndQ, y, —
in CY(Q) and (yn — 7)/sn — w in Wol’p(Q) for somep > 2 andw € Wol’p(Q). Let C be a closed connected
component of {y = t}. Assume that one of the following conditions is satisfied:

(C1) The gradient of y does not vanish on C, i.e.,

(3.19) min{|Vy(x)| : x € C} > 0;

(C2) There holds that

v is uniformly locally convex-concave on C,
(3.20) Vy=0o0nC,
HN (5=t} NC*) < Co, faa.teF—rof+ro)N=2,

for some constants £,ry, Co > 0;

(C3) There holds that

Vy=0o0nC,
(3.21) {

measgz({0 < | — | < r} NC%) < csr, forallr € (0,ry),
for some constants &, rg, cs > 0.

Then there exists an gy = £0(C) € (0, ) such that for any ¢ € (0, &),

An(C,¢) 1/ 2Vy Vo 1
22 —— > = | Tgvysorw' ———dH (x) as n— o,
(3-22) 2 2, HIvsi=0) V5 (x)
where
(323) anC.o= [ E=yllas, | ~Tas, 195 Vo ds

with Qin,y and ngm}_) defined in (3.11).

Remark 3.13. Note that (3.20) does not require that the level set {j = } has measure zero. When N = 1, the last
condition in (3.20) means that for a.e. ¢ in a neighborhood of £, the level sets {j = t} consist of finitely many
points; in other words, the function y oscillates around the values # only finitely many times. In [9], Exam. 5.3,
this condition was shown to be equivalent to the finiteness of the jump functional () introduced in (3.15) for
the case N = 1.

Remark 3.14. According to the definition of the sets Q{/’j} with j = 2,3 in (3.11), the sets Qin,)., and Qi’n,}_/ can be
expressed as

(3.24) Q=0 JU{yei+d).y=1 and Q) ,=Q) U{ye(-61.y.=1F}

with
529 {ézw ={ye@i+6),ye(-50)
3.25

Q) ={ye-8DyeEi+d)
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fory,y e C(ﬁ) Obviously, one has

52 _ &3
(3-26) Q)5 =25,
Moreover, thanks to (3.23), the term A,(C, ¢) can be rewritten as

(3.27) Au(C,e) = / -yl —T1g 1Vy-Vodx.
£ yn,y yn,y

Lemma 3.15. Under assumption (C1) in Theorem 3.12, then there exists an &y = y(C) > 0 such that

An(C, 1 ,Vy-Vp

(3.28) "(2 2 - = / AL dH'(x) as n— oo foralle € (0, ).
Sn 2 c |Vy|

Proof. By Proposition 2.4, C is a closed C' simple curve in Q. Thanks to Proposition 2.10, there are

constants &1, @ > 0 such that, for n large enough,

(3.29) Vyn(x) - Vy(x’) > a >0 forall x,x" € C%with|x — x| < 2¢.

Since C is a closed component in {j = £}, there holds C2 N ({y = t}\C)?? = 0 for some constant
g2 > 0. Moreover, the sign of (y — ) in C;, is opposite to the one in C;,. Without loss of generality, we
can thus assume that

(3.30) y<i onC, and y>i onC;.

Set ¢ := min{ey, &2}, 7y = || yn — )7||C(§), fix any ¢ € (0, &), and define the sets (depending on ¢)
2 ._ 02 3 3._A03 £

(3-31) Q,=Q) ;NC" and Q,:=Qj ;NC".

Here the sets Qz yand Q3 y are defined in (3.25). Obviously, for n large enough such that 7, < /2,
we have

(3.32a) Q={jeEi+8),yec(-6DINC ={y, <E<J}NC* cC},
(3.32b) QB ={ye(E-86yme@I+d)}NC ={y<ti<y}NC CC;.

As a result of Proposition 2.11, for n large enough, C* contains one and only one connected component
Cy of {y, = t}. By Proposition 2.4, the set C, = {y, = } N C¢ is a closed C! simple curve in R%. We
now consider two cases.

Case 1: C = 9Q. In this case, we have t = 0 and thus C, = 9Q for sufficiently large n. Moreover, one has
C =0,Cf =CUC; and then Q2 = 0 for n large enough. On the other hand, since C, = {y, = I} NC*
is a closed simple curve in R? for n large enough and y, — 7 in C(Q), we deduce from (3.30) that
yn < I on C? and therefore Q3 = 0 for sufficiently large n. From this and the definition of A,(C, ¢), we
have (3.28) because of the vanishing on 9Q of w.

Case 2: C # 0Q. In this case, both C and C, are nonempty. To estimate A,(C, ¢), we use the expression
(3.27) of A,(C, ¢) and split it into two terms as follows:

539 AC.o= [ E-yllg - To 19~y Vodx

(f - yn)[ﬂﬁi,z = ﬂés ]Vyn . V(/_J dx = B, +Cn
Ce yn,y

yn,y
with
B, :/ F-yllg —Tlg 19 - yn) Vods
(334) CE J/'n;y yn,y
Cn . -/Cf(t B yn)[ﬂ J/'ny B ﬂéi’n,j’]vyn ' V(P dx
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Moreover, we deduce from the definition of sets Q% and Q3 that

B, = / (= yn)llgz =13 ]V(y = yn) - Vodx and C, = / =)oz = T3 1Vyn - Vo dx.
ce fola

From the facts

[E=JL1E =yl < 17— ynl on QLUQ,
(3-35)

QLU c{o<|y-1 <}

we deduce from Holder’s inequality for p” := pL_l that

(336) 1Bal < 11 = Pl IV = Do@UIVGT (0i5-i1<0m 1@y = (52
From this and (3.33), there holds

(3.37) An(C. €) = o(s,) + Ca.

We now estimate C,. To this end, we shall employ Proposition 2.9. We first rewrite C, as

1 _
(339 Co= =5 [ [og, = 105190 = 9 - V.

Applying Proposition 2.9 for functions y; := j, ¥, := ¥, and v := (y, — )%, ¢ := @, and open sets
St:= Q2,8 := Q2 (see (3.32) for the definition of the sets Q2, Q2) yields

1 _
2 Cs n n
1 g VY 1 1/ 2o~ Vn 1
+ = n—1)°Ve - —— dH (x) — = n—1)*Vo - —— dH (x),
5 om0 gt - [ om0 2
or equivalently,
1 2 A = 1 \2¢7 - V)_) 1
(3.39) Co=z [ Mgz =13 ](yn—0)"Addx + = | (yn = J)'VP - == dH (x).
2 Jee 2 Jc IVl

In view of (3.35), there then holds

(3.40)

[ 10 = 10310 - BPsgi
Cf

<|lyn = JII% = A@|dx = o(s’
<3l [ Iaplde=ots)

as a result of Lebesgue’s Dominated Convergence Theorem. Combining this with (3.39) gives

1 Vy
(3.41) Cp=o0(s2) + = /(yn - 9)°Vj - —)_/ dH (x).
2Jc IVl
The combination of (3.41) with (3.37) and the limits (y, — y)/s, — w in Wol’p (Q) yields (3.28). O

Lemma 3.16. Under assumption (Cz), there is an &y = £(C) > 0 such that

An(C,e)

(3.42) —5— >0 as n—oo foralle € (0,¢).
Sn
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Figure 4: a closed component C of the level set {y = ¢} with positive measure measg:2(C)

Proof. Without loss of generality, assume that there thus exists an 5 > 0 such that y is convex on
B(x, £5) N Q for all x € C; see Figure 4. We first set ¢y := min{é, &,, £3} with constants & given in (3.20)
and ¢, defined as in the proof of Lemma 3.15. Let us take ¢ € (0, &) arbitrarily but fixed and reuse all
symbols defined in the proof of Lemma 3.15. Moreover, the relations (3.32)—(3.38) are still valid. The
convexity of y and the fact that Vy = 0 on C imply that y > f on C*\C. This and (3.32) guarantee that

(3.43) Q2 ={y, <} N(C*\C) and Q> =0 foralln > n, for some integer ny € N
and thus
(3.44) Co= [ =3y

We now split the sequence {n} into subsequences, also denoted by {n}, that satisfy one of the following
conditions:

(a) Q% # 0 forall n > n; (b) Q2 =0 foralln > ny.

For (b), we have from (3.33) that A,(C, €) = 0 for all n > ny. The limit (3.42) thus follows. It remains
to consider (a). To this end, by the Morse—-Sard Theorem in Sobolev spaces (see; e.g. Theorem 5 in [13]
and Corollary 5.2 in [3]), for a.e. t € R, the level set {y, = t} is a finite disjoint family of C! simple
curves in R? and V7, does not vanish on {y, = t}. Therefore, for any n > n, there exists a f, € R
such that

~| |

>t 0,
I, = o(s,zl),

(3.45) {yn = L.} consists of finite disjoint closed C' simple curves,

[Vyn(x)] >0 forall x € {y, =t,}.

Note that any closed curve in {y, = t,} does not intersect with the boundary oQ since #, # 0. From
the expression of C,, in (3.38) and the identities in (3.43), one has

Cp= / t—yn)Vyn-Vodx = / (t— yn)Vyn - Vo dx
Q2 {En<yn<E}INCt
+/ (f = yn)Vyn - V@ dx =: D} + D2.
{yn<tn}nC*
Obviously, one has from the choice of #, in (3.45) and the fact ||y, — J||,,1» @ = O(sy,) that
0
DA < [ Vep,snncri= sl Vol dx
< [ tinsrmenncd=3nll¥a = 9IIToldx+ [ 10,p,cnnc-lF = 2195110 dx
<=5l [ Tnsyosnne V0= M0l dr+ [ 10,5000 = 3l V511701 dx
R R

=06+ [ Tasycomod - wllV5lITolds.
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From the inclusion {t, < y, < t} C {t, — 7, < § < t + 17,} and the coarea formula for Lipschitz
mappings; see, e.g. [12], Thm. 2, p. 117 and [1], Sec. 2.7, we have

DL < o(s2) + / [ / ﬂ{z,,Sy,,g}ncsﬁ—ynnvwdﬂl(x)] dt
R | J{y=t}
t+1, B
= o(s2) + / [ / ﬂ{f,ISyng}ncsu—yn||V¢|dw1<x>1 dt
Z_Ln_'[n {}7=f}
< o(s2) + Colf = B + 200)(F — En) IV 1) = 0(s2),

due to the choice of £, in (3.45) and conditions in (3.20). For D%, we see from (3.45) that {y, = £,}NC* # 0
for n large enough. If {y, < #,} N C* = 0, then D? = 0. Otherwise, let I}, be the boundary of
{yn < t,} N C?. There are two possibilities in principle: either an infinite subsequence {k} of {n} exists
and satisfies I N dC* # 0, or there is no such an subsequence. Let us see that the first possibility is not
actually a correct assumption. Indeed, if [ N dC* # 0, then || yx — 7| c@ = Y(x)—t > 0forallx € aC*.
This contradicts the limit ||y — 37”0(5) — 0 as k — oo. Therefore, the second possibility always holds.
It then must be true that I}, N 9C* = 0 and so T}, = {y, = f,} N C* for n large enough. Combining this
with the last two conditions in (3.45) and the Implicit Function Theorem, we deduce that the open set
{¥n < tn} N C? decomposes into subdomains with Lipschitz boundaries. By rewriting D? and then
using integration by parts, we have

pi- [ (= yn)Vyn - Vo dx
{yn<tn}nC*
-/ i~V Vode+ [ (b — Y) V3 - Vi dx
{yn<tn}nC* {yn<tn}NCt

o 1 _
:/ (fF—)Vyn - Vo dx — -/ V(yn — B)* - Vo dx
{yn<in}nCE 2 J{yu<inynce

o 1 _ 1 _
= / (t—t)Vy,-Vopdx + —/ (Yn — E)* AP dx — = / (yn = £2)°V@ - v dH (x)
{yn<tn}nC* {yn<tn}nC* 2

T
o B 1 - _
- -0V Vpdrs s [ (yn - EafAp d,
{yn<tn}nC® 2 J{yn<tynce

where v, stands for the outward unit normal vector to I},. From this, the first two conditions in (3.45),
and the fact that y(x) > t for all x € C¢, we have

1

IDA| < (=)l Vnll=@IVollLo@ll T ¢y, <trnce e + 3 (yn — 9)°10¢| dx
2
{Yn<Pn}NCE

1 _ _
=0l gl Il [ aplas

= o(s2) + O(s2) /Q 1y, <t ynce|Ap] d.

Since ¢ € W2{(Q) and 0 < Tiy<taince < 1 o<|yn-yl<m)nce — 0 ae. in Q as n — oo, we deduce from
the Lebesgue Dominated Convergence Theorem that

/ ﬂ{J/n<fn}ﬁcf|A(P| dx > 0 asn — oo.
Q

We thus have D2 = o(s2).
In conclusion, we derive D}, = o(s2), D3 = o(s2) and thus C, = D}, + D = o(s?). We then deduce
from (3.37) that A,(C, €) = o(s2). Consequently, the desired conclusion of the lemma follows. O
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Lemma 3.17. Under assumption (C3), there is an &y = ¢o(C) > 0 such that

A
(3.46) n(g’ 2 —0 as n— oo foralle € (0, ).
sn

Proof. We first set ¢y := min{¢, ¢;} with constants ¢ given in (3.21) and ¢, defined as in the proof of
Lemma 3.15. Let us take ¢ € (0, &) arbitrarily but fixed and reuse all symbols defined in the proof of
Lemma 3.15. Moreover, the relations (3.32)-(3.37) are still valid. From the definition of C,, in (3.34), we
deduce from (3.35) that

1 1
L 16l < IV yllioety—ti<amnco IVo N~ / 15 = Fallo<ty—ticn dx
Sn Sh JCe

_ T o
< ”VJ/n||L°°({0<|37—f|§rn}ﬂCf)HV@”L‘X’(Q)S_; measpz({0 < |y — ] < 7,} N CY)
n

< eslIVyn = Villio@IVOllio@) = + cslIVIllir=fo<|3-71<rnynce)ll VOl Lo

EV’N | :ﬁm
:V’N | :ﬁm

for all n large enough, where we have exploited the last estimate in (3.21). Letting n — oo and using
the identity in (3.21) yields
Cpn = o(s2),

which along with (3.37) gives (3.46). O

Similar to Lemmas 3.15 and 3.17, we have the following result.

Proposition 3.18. Assume that either (C1) or (C3) is fulfilled. Then there exists an &y = £y(C) > 0 such that,
forany ¢ € (0, &),

An(C, ) 1 ,V9-Vp
. = | 1qv-
(3.47) 2 - 2/0 (IVy|>0}W N dH'(x) as n— oo,
where
(3.48) AC.ey= [ =My, ~Tay V5 Vo

Proof. We first note from (3.24) and (3.26) that

QF =0 SU{Pe@i+8)ya=1}=0Q}, U{ye@E+8) yn=1}
Q) =0 S U{ye(-60y.=11=0Q%, U{ye(-5D,y.=1}
where the sets Q‘; ;and f); ; are defined as in (3-25). Obviously, one has
QL N{Fe-6Dyn=1=0=0}, n{yeEi+5),y. =1}

Combining these with the definition of An(C, ¢) in (3.48) yields

An(C.e) = / (t = M (ye@i+6)yn=t} = V{ye-60,y,=}1VY - V@ dx
Cé‘
—/ F-9Pg -1g 1Vy-Vdr =B, -G,
Cet y:yn

y:yn

Since Vy, = 0 a.e. on {y, = t}, B, can be rewritten as follows

B, = -/c (Vn = DV (5e@i+6)yn=t} = V(5e-60,y,=1) 1V (Y — ¥n) - V@ dx.
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Analogous to (3.36), one has B, = o(s2). This implies that
(3.49) An(C.e) = o(s}) = Cp.

From the definitions of C,, in (3.34) and of C,,, we can get C,, by interchanging j and y,, in the integrand
of Cp,. For the situation where (C3) holds, by using the argument as in the proof of Lemma 3.17, we have

én = 0(3,21),

which together with (3.49) gives (3.47). It remains to consider the situation where (C1) is satisfied. We
shall estimate C,, similarly to the estimate of C, in the proof of Lemma 3.15. To this end, by (3.25), we
have for n large enough that

(550) {Q;ynﬁC‘c:{yne(f,f+5),)’/€(f—5,f)}ﬂC£={j/<f<yn}ﬂC€ = 0,
3.50

Q) NC ={ye i+, yme(-5DINC ={y>F>y}NC =Q.

In comparison with (3.32), there also hold
Q:=0Q) and Q) =0
We now rewrite (:‘n as

~ 1 B
(3:51) Cn = _E-/C [7 02~ ﬂﬁi]V()_/ - t)z - V¢ dx.

Now we consider the following two cases.
e Case 1: C = 9Q. Then by using the same argument as in Case 1 in the proof of Lemma 3.15, we have
Cp=0.
o Case 2: C # 9Q. For this case, one has C N 9Q = 0. Applying Proposition 2.9 for functions y, := yp,
y2 = 9,0 := (3 — )%, ¢ := ¢ and the sets ST := Q2, 8™ := Q3, we deduce from (3.51) and (3.50) that

~ 1 _ 1 _ \%

Cn = —/ (g — T 17— D*Agdx+ = | (5 -2V —21 dH(x)

2 £ n n 2 Cn |Vyn|

1 oo . VY 1
—— [ G-DVp- =X dH
2/c(y A T

with C, := {y, = t} N C? being a C! closed simple curve for n large enough; see Proposition 2.11.
Consequently, one has

-1 g 1 _ _ Vv
(352) Camg [ ey =105 - DPapdrs S [ (- 3nPVp- 22 dHw)
2 £ n n 2 Cn |Vyn|
which is similar to that in (3.39). Moreover, analogous to (3.40), the first term in the right-hand side of
(3.52) is o(s2). This implies that

~ 1 \Y%
(359 Comosdey [ (- mPe T ap)
2 Jiyn=rnce [V ynl
This expression is analogous to (3.41) and also valid to the case C := 9Q. From (3.53) and (3.49), we
derive (3.47) by using Proposition 2.13 together with the limits y, — j in C{Q) and (y, — §)/sn = W
in Wol’p(Q) and so in C(Q). O

As a consequence of Theorem 3.12 and Proposition 3.18, we have an explicit formula for the crucial
term Q in (3.14), and an important limit that will play a significant role in establishing the error estimates
for the numerical approximations of (P).
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Theorem 3.19. Assume that the level set {j = t} with y := S(a1) decomposes into finitely many connected
components. Letv € L*(Q) and ¢ € CY(Q) N W>(Q). Then, for any {s,} € ¢y and {v,} C L%(Q) such
that v, — v in L2(Q), Y := S( + sp0,) — 7 in CY(Q), and (y, — 7)/sn — W in Wol’p(Q) for some p > 2,
the following assertions are valid:

(a) If, for any connected component C of {y = t}, y fulfills either (3.19), (3.20), or (3.21), then
Vy- -V

(3:5) 0@ 3,93 {sn}.0) = 5 (@}l / oyt 41,
{y=t} |VJ/|
(b) If; for any connected component C of {y = t}, y fulfills either (3.19) or (3.21), then
.1 A I
(355) lim [ @ =5 yltag, oy, 197+ Vo=
n—oo g2 Jo n.y yn.y

Proof. Assume that {y =t} = U], Cx with Cy being connected components of {y = }. Let £y > 0 be
such that (Cy,)® N (Cx,)® = 0 for all k; # k;. By Theorem 3.12, for any 1 < k < m, there exists g > 0
satisfying the claims of Theorem 3.12 in place of &. We now set ¢, := min{eg, ¢ | 1 < k < m} > 0 and
fix ¢ € (0, &) arbitrarily. We first prove (3.54). In fact, all assumptions required in Theorem 3.12 are
fulfilled. From (3.11), we have

m
Qin,y U Qiln,f/ C {0 < |)7 - f| < Tn} C U(Ck)g
k=1

for n large enough, where 7, := ||y, — | c(@)- From the definition of Q := Q(i, 7, @; {sn},0) in (3.13)
and of A,(C, ¢) in Theorem 3.12, we then deduce from (3.16) that

1 Vy- V@
Q = hmlnf {a }t+0 ZA (Cr,e) ={d }t+0 Z L T]{|V3-,|>0}W2 |ij/| Ld d?—{l(x),
k

k=1

which, together with the disjoint decomposition {y = t} = [JJ_, Cx yields the identity in (3.54).
Assertion (a) is then proven.

For assertion (b), by using the definitions of A,(C, ¢) and of An(C, ), respectively, in Theorem 3.12
and Proposition 3.18, there holds

/Q(zf—y—y)[ﬂgz ~Tgr IVy-Vpdr = > [An(Ci &) + An(Cir €)].

yn.y Yn, y
k=1

We thus derive (3.55) by Theorem 3.12 and Proposition 3.18. O

As the last preparatory step, the following result shows the finiteness of the jump functional X(5)
determined in (3.15) under one of three assumptions (C1), (C2), and (C3).

Proposition 3.20. Let it € L%(Q) be such that y := S(a) is Lipschitz continuous on Q. Assume further
that the level set {j = t} decomposes into finitely many connected components and that, on each such
connected component C, either (C1), (Cz2), or (C3) in Theorem 3.12 is fulfilled. Then 2(jy) < oo

Proof. Assume that {y = £} = U], Cx with Ci being connected components of {y = }. Let &y > 0 be
such that (Cy,)? N (Cx,)* = 0 for all k; # k. For r > 0 small enough, one has

m
(3.56) /ﬂ{0<|y—t|<r}|vy|dx22/€ Tio<|y-i<r} |Vl dx.
Q k=1 Cko
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If either assumption (C1) or (C3) is verified on Cy for some 1 < k < m, then we deduce for any r small
enough that

n‘/eo 1]{0<|3-,_f|<r}|V)7| dx = Cy ‘/eo Tio<|y-2|<r} dx = Cy measpz({0 < |y — | <r} N C’,fo)dx < Cyr,
C C

k k

where we have used Lemma 3.2 in [11] to obtain the last estimate. If assumption (C2) holds on Cy for
some 1 < k < m, then by applying the coarea formula for Lipschitz mappings (see, e.g. [12], Thm. 2,
p- 117 and [1], Sec. 2.7), we have for any r € (0, ry) that

t+r
/fo ﬂ{0<|)7_f|<r}|V)7|dx = / /_ ﬂ{0<|}7—f|<r}ﬁclzo d?-{l(x)dt = / /_ ]]C]:o d?-(l(x)dt < 2rCg.
Cr R J{y=t} -r J{y=t}

From these estimates, (3.56), and the definition of %(y) in (3.15), we conclude that %(j) < co. |

The following theorem now formulates an explicit formula of the nonsmooth curvature functional

Q defined in (3.14).

Theorem 3.21. Let Assumptions (A1) to (A4) be fulfilled. Assume that i € U,q and that v € cl[cone(U,q —
@)]. Assume further that the level set {y = t} with y = S(@) decomposes into finitely many connected

components and that, on each ﬁtch connected component C, either (C1), (Cz2), or (C3) in Theorem 3.12 is
fulfilled. Then, for any ¢ € CY(Q) N W2X(Q), there holds

o°L 1 v pe
657 Qs = [ Zotpeare ] [ax=g [ 100 vy Vo

’/ = 1., . e Vy-V
- [z, Vpdr+ SO -a®] [ Tepeo@et di)
Q 2 (5= IVl

with z, := S(it)v. Here cl[cone(U 4 — i1)] denotes the closure in L?(Q) of the cone generated by (U,q — @).

Proof. We first observe that under the stated assumptions, %(¥) is finite by Proposition 3.20. Let
{sn} € c{ be arbitrary. Since v € cl[cone(U,q — )], there are sequences {v,,} € LA(Q), {um} C Uaq,
and {A,,} C (0, ) such that

Oom — o inL*Q) and o, = Un/z1— “ forall m € N.

By the definition of Q(@, ¥, @; {sn}, ) in (3.13), there holds

658 050l = fim - [ Zg',(u P50, 0)VF -V dx = 0@ 3,65 {50, ),)

—>C>0 snk

for some subsequence {sp, } of {s,}. Since s,, — 0" as k — oo, for any m > 1, there exists an integer
k(m) such that ry, := s, € (0, A,,) and thus

U+ 1o, = (1— %) a+%um € Uy
Setting yy, = S(@ + rmoy) yields (v, — 3)/rm — S'(@)v in WOLP(Q) and y,, € W*P(Q) for some p > 2,
according to Theorem 3.2. From this and the compact embedding W??(Q) € C(Q), one has y,, — j
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in C1(Q). Using now the limit v,, — v in L*(Q), (3.58), as well as (3.16), and then applying Theorem 3.12,
one has

Q@ 3, @ {rm},0)
‘/Zgﬂ @, ¥; 'ms Um)Vy - V@ dx
m—oo }"

1 S Fo
@ [ e @0 e i
(9=F) IV |

O(#, 3, @; {sn}, )

I
5
|

Since {s,} is taken arbitrarily, we then deduce from the definition of Q, that
0..3:0:0)= 0. 3.7: 52}.0) = 3@Vl | 1mspoon S @0 S )
y=t}

Combining this with the definition of Q in (3.14) yields (3.57). O

3.3 EXPLICIT SECOND-ORDER OPTIMALITY CONDITIONS

The following explicit second-order necessary and sufficient optimality conditions for (P) are conse-
quences of Theorems 3.7, 3.8 and 3.19.

Theorem 3.22 (explicit second-order necessary optimality conditions). Let Assumptions (A1) to (A4) be
fulfilled. Assume that @ is a local minimizer to (P). Assume further that the level set {y = t} with y := S(1)
decomposes into finitely many connected components and that, on each such connected component C,
either (C1), (Cz), or (C3) in Theorem 3.12 is fulfilled. Then, thereisa p € Wol’p(Q) NWL(Q), with p defined
in Assumption (A4), that together with u, y satisfies (3.9) and

L

1 1 e o
(359) Q(ﬂ,J’/’@;U):E/ayz( y)zedx + /szdx—g o (72z5Vy - Vo dx

Vy-vo

dH (x) > 0
wor T

- /Q @ (3520720 Vg dx+ - ah(D) - &) IR
y_

forallv € C(Uyq; @) with z, == S(@)v.

Proof. By Proposition 3.20, %(¥) is finite. In view of Theorem 3.7, a function ¢ exists and satisfies
(3.9). By Theorem 3.5, § € W2"(Q) — CX(Q) for some r > 2 = N. Moreover, there holds C(U,q; ) C
cl[cone(U,y — #)]. Applying Theorems 3.7 and 3.21 yields (3.59). O

Theorem 3.23 (explicit second-order sufficient optimality conditions). Let Assumptions (A1) to (A4) be
valid. Assume that i is a feasible point of (P). Assume that the level set {y = t} with j := S(@) decomposes
into finitely many connected components and that, on each such connected component C, either (C1), (C2),
or (C3) in Theorem 3.1z is fulfilled. Assume further that there is a p € WOLP(Q) N WE>(Q), with p defined
in Assumption (A4), that together with @, y satisfies (3.9) and

1 L v 1 "o oo
Q(ﬂ,?,fl_’;v):E/S)a—ﬁ(',)_’)zzz;dx+5/9”2dX—§ Qﬂ{yii}a (#)z2Vy - Vi dx

y-Vo
[Vl

5 - 1 /(T 1(F \
- [ pizVa, - Vpdes S0 - ai) /{ s d7(x) >

y=t
with z, .= S’ (@) for allv € C(U,q; @) \ {0}. Then there exist constants cy, py > 0 satisfying
J@) + eollu —all2sqy < J@)  for allu € Usg 1 Breqy(@. po).

Proof. Similar to the proof of Theorem 3.22, the desired conclusion follows from Theorems 3.8 and 3.21.
O
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4 CONCLUSIONS

We have derived necessary and sufficient second-order optimality conditions for a nonsmooth quasilin-
ear elliptic optimal control problems in terms of an explicit curvature functional. The main technical
tools are a detailed study of the properties of level sets of C' functions with nonvanishing gradients,
including continuity properties and a Green’s identity. These results may be of independent interest
in, e.g., the analysis of level set methods or in mathematical imaging. In the second part of this work,
the sufficient second-order conditions will be applied to derive error estimates for a finite element
discretization of the nonsmooth optimal control problem.
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