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Abstract  This work is concerned with an optimal control problem governed by a non-
smooth quasilinear elliptic equation with a nonlinear coefficient in the principal part that is
locally Lipschitz continuous and directionally but not Gateaux differentiable. This leads to
a control-to-state operator that is directionally but not Gateaux differentiable as well. Based
on a suitable regularization scheme, we derive C- and strong stationarity conditions. Under
the additional assumption that the nonlinearity is a PC' function with countably many
points of nondifferentiability, we show that both conditions are equivalent. Furthermore,
under this assumption we derive a relaxed optimality system that is amenable to numerical
solution using a semi-smooth Newton method. This is illustrated by numerical examples.

Key words Optimal control, non-smooth optimization, optimality system, quasilinear
elliptic equation.

1 INTRODUCTION

This work is concerned with the non-smooth quasilinear elliptic optimal control problem

min  J(y,u)
uel?P(Q),y EHS(Q)

st.  —divla(y)Vy +b(Vy)|=u inQ

with a Fréchet differentiable functional J : H}(Q) x LP(Q) — R for a domain Q c RY, p > N
a non-smooth function a : R — R, and a continuously differentiable vector-valued function
b: RN — RN, see Section 2 for a precise statement. State equations with a similar structure
appear for example in models of heat conduction, where a stands for the heat conductivity and
depends on the temperature y (see, e.g., [3, 29]); the vector-valued function b is a generalized
advection term. The salient point, of course, is the non-differentiability of the conduction
coeflicient a that allows for different behavior in different temperature regimes with sharp phase
transitions but makes the analytic and numerical treatment challenging.

The study of optimal control problems for non-smooth partial differential equations is rela-
tively recent, and previous works have focused on problems for non-smooth semilinear equations,
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see [21] as well as the pioneering work [25, Chap. 2]. To the best of our knowledge, this is the
first work to treat non-smooth quasi-linear problems.

The main difficulty in the treatment of such control problems is the derivation of useful
optimality conditions. Following [2, 12, 21, 23, 25], we will use a regularization approach to
approximate the original problem by corresponding regularized problems that allows obtaining
regularized optimality conditions. By passing to the limit, we then derive so-called C-stationarity
conditions involving Clarke’s generalized gradient of the non-smooth term. However, unlike
non-smooth semilinear equations, the main difficulty in our case is that the nonlinearity appears
in the higher-order term, which presents an obstacle to directly passing to the limit in the
regularized optimality systems. To circumvent this, we will follow a dual approach, where
instead of passing to the limit in the regularized adjoint equation, we shall do so in a linearized
state equation and apply a duality argument. We also derive strong stationarity conditions
involving a sign condition on the adjoint state and show that under additional assumptions on
the non-smooth nonlinearity (piecewise differentiability (PC!) with countably many points of
non-differentiability), both stationarity conditions coincide. Furthermore, in this case a relaxed
optimality system can be derived that is amenable to numerical solution using a semi-smooth
Newton method.

The paper is organized as follows. This introduction ends with some notations used through-
out the paper. Section 2 then gives a precise statement of the optimal control problem together
with the fundamental assumptions. The following Section 3 is devoted to the directional differ-
entiability and regularizations of the control-to-state operator. These will be used in Section 4
to derive C- and strong stationarity conditions. Section 5 then considers the special case that
a is a countably PC!. Numerical examples illustrating the solution of the relaxed optimality
conditions are presented in Section 6.

Notations. By Id, we denote the identity operator in a Banach space X. For a given point
u € X and p > 0, we denote by Bx(u, p) and Bx(u, p), the open and closed balls, respectively,
of radius p centered at u. For u € X and ¢ € X*, the dual space of X, we denote by (¢, y) their
duality product. For Banach spaces X and Y, the notation X < Y means that X is continuously
embedded in Y and X € Y means that X is compact embedded in Y.

If K is a measurable subset in R?, the notation |K| stands for the d-dimensional Lebesgue
measure of K. For a function f : Q — R defined on a domain Q ¢ R? and t € R, the symbols
{f > t}and {f = t} stand for the sets of a.e. x € Q such that f(x) > t and f(x) = t, respectively.
For any set A C Q, the symbol 14 denotes the indicator function of A, i.e., Ta(x) = 1ifx € A
and 14(x) = 0 otherwise.

Finally, C stands for a generic positive constant, which may be different at different places of
occurrence. We also write, e.g., C(7) for a constant depending only on the parameter 7.



2 PROBLEM STATEMENT

Let Q be a bounded domain in RN, N > 2, with C!-boundary 9Q. We consider forp > % the
optimal control problem

min J(y,u)
u€elr(Q),yeH,(Q)

(P) st. —divlay)Vy +b(Vy)l=u inQ,
y =0 onodQ.

For the remainder of this paper, we make the following assumptions.

(a1) The function a : R — R is directionally differentiable, i.e., for any y, h € R the limit

a(y + th) —a(y)

i = Jig S

exists. Moreover, a satisfies
a(y)>ap >0 forallyeR
for some constant ag. In addition, for each M > 0 there exists a constant Cp; > 0 such that

la(y1) — a(y2)| < Cumlyr —y2| forally; € R, |y;| < M,i=1,2.

(a2) The function b : RN — R is monotone, globally Lipschitz continuous, and continuously
differentiable. Moreover, if N > 3, there exist constants C, > 0 and o € (0,1) such that

()] < Cp(1+£°) forall &e RV

(a3) The cost function J : Hy(Q) x LP(Q) — R is weakly lower semicontinuous and con-
tinuously Fréchet differentiable. Furthermore, for any M > 0, there exists a function
gum : [0,00) — R such that lim;_, e gm(t) = +00 and for any y € Hy(Q) N C(Q) and
u € LP(Q) with ||y||Hé(Q) + ||y||c(5) < M ||ul| Lp(q)s it holds that

Jy,u) = gm (”uHLP(Q)) .

Example 2.1. Assumption (A1) is satisfied, e.g., for the class of functions defined by

k+1

a(t) = ap + Z Vi, e)(Bai(t)  forallt € R,

i=1

whereag > 0, —co =:tg < b <ty < -+ <t < tgyq := 0o with the convention (tg, tyi1] := (g, ),
and a;, 1 < i < k + 1, are nonnegative C'-functions on R satisfying

ai(t;) = ain(t;) forall 1<i<k.



Note that such functions are continuous and piecewise continuously differentiable (PC') with a
finite set of points of non-differentiability, see Section 5; explicit examples from this class are, e.g.,
a(t) = 1+ |t| (cf Section 5.2) or a(t) = max{1, t}.

An example that is not PC is the following. Let

_JtEsin(t™h)  ift #0,
f = {O .
and

a(t) = 1+ max{f(t),0}.

Then a is Lipschitz continuous (as the pointwise maximum of Lipschitz continuous functions) and
directionally differentiable but not PC" since f” is not continuous in t = 0. (A more pathological
example can be found in [14, Ex. 5.3].)

Example 2.2. Let f be a C' function such that for some constants C;,Cy > 0 and o € (0, 1),
[f()t] <CiA+1t%), 0< f(t)+ f' (1)t <Cyy  forallt > 0.

Then the vector-valued function b : RN — RN given by b(§) := f(|€|)€ satisfies Assumption (Az).
For example, we can choose

(i) b(&) = A+ |&)) 2 & withr € (1,2] for N = 2 andr € (1,2) for N > 3;
(ii) b(&) = (1+|EP)7V2E.

3 PROPERTIES OF THE CONTROL-TO-STATE OPERATOR

In this section, we derive the necessary results for the state equation

(3-1)

—divla(y)Vy + b(Vy)| =u in Q,
y=0 ondQ,

as well as its regularization that are required in Section 4.

3.1 EXISTENCE, UNIQUENESS, AND REGULARITY OF SOLUTIONS TO THE STATE EQUATION

We first address existence and uniqueness of solutions to (3.1). Here and in the following, we
always consider weak solutions. The following proofis based on the technique from [9, Thm. 2.2]
with some modifications.

Theorem 3.1. Let p* > N be arbitrary. Assume that Assumptions (A1) and (Az) hold. Then, for any
u € WHP'(Q), there exists a unique solution y, € H(Q) N C(Q) to (3.1) satisfying the a priori
estimate

(3-2) 1yl + 1vulle@) < Collull-1t (@)

for some constant Co, > 0 depending only on ay, p*, N, and |Q|.



Proof. To show existence, fix M > 0 and define the truncated coefficient

aM) ify>M,
am(y) = qaly)  iflyl <M,
a(-M) ify < -M.

Fixing z € L?(Q), we consider the nonlinear but smooth elliptic equation

(3-3)

—divlapm(z2)Vy + b(Vy)l =u in Q,
y=0 onodQ.

Define the mapping Ff, : Hj(Q) — H™'(Q) given by

(F;I(y), w> = / lapm(z(x))Vy + b(Vy) — b(0)] - Vwdx, y,we€ Hé(Q).
Q
Due to the continuity and the monotonicity of b and Assumption (A1), F}, is coercive, strongly
monotone, and hemicontinuous. Since p* > N > 2, we have WP (Q) — HY(Q) and so

u € HY(Q). Then, [28, Thm. 26.A] implies that there exists a unique Vi € H}(Q) which satisfies
equation (3.3). The strong monotonicity of F}; thus implies that

1 1,
(3.4) 195z < ol < - CO" N, Qs g

Due to the mean value theorem, we obtain

1
(3.5) b(Vyy(x)) = b(0) = ‘/0 To(tVyy(x))Vyy(x)dt  forae x € Q,

where J, stands for the Jacobian matrix of b. Since b is globally Lipschitz continuous, there
exists a constant L, > 0 such that |J;(¢)| < Ly, for all £ € RN, Setting

1
T = [ BTy
0
yields that T}, is non-negative definite and |T7,(x)| < L; for a.a. x € Q. Due to (3.3), y;, satisfies

—div[a},Vy] =u inQ,
y=0 ondQ,

where a3,(x) := ap(z(x)) Id +T (x). It is easy to see for a.e. x € Q that
ag|§|2 < ay(x)é - & < (max {ap(t) : [t| < M} + Lp) |§|2 forall ¢ e RN .

It follows from the fact u € W™#"(Q) and [1, Thm. 3.10] that

N
(3.6) u=1uy+ Z O, Ui
i=1



for some functions u; € LP (Q), i = 0,1,. .., N. Moreover, one has

N
lully -1 () = inf {Z lwillpe* (q) : uos - - - un satisty (3.6)} .

i=0

Obviously, uy € LI (Q) with ¢* := I\IX;* < p*. Since p* > N, the Stampacchia theorem [11,

Thm. 12.4] implies that there exists a constant ce := ceo(ag, p*, N, |Q]) such that

N
”y;/IHL""(Q) < Ceo (HUOHL‘I*(Q) + Z ||ui||LP*(Q))

i=1
N
< Coo Z ”ui”LP*(Q)'
i=0

As the above estimate holds for all families {u; }o<i<n C L (Q) which satisfy (3.6), there holds

(37) ”y;/[”L"“(Q) S Coo”unw—l,p*(Q).

Besides, the continuity of y;I follows as usual; see, for instance, [15, Thm. 8.29]. Combining this
with estimates (3.4) and (3.7) yields

(3.8) lymllzze) + 1vmlle@) < clao p™ NL1QDIully-1pt 0)-

We now prove that y; is a solution to (3.1) for M large enough. To this end, we define the
mapping Fy : L3(Q) 2 z Vi € L%(Q). Let us take z, — z in L*(Q) and set y, = Fp(zy),
y = Fy(z). We have

(3.9) —div[aym(z,)Vyn + b(Vyn)l =u inQ,
39 Yn=0 ondQ
and
—divlam(z2)Vy + b(Vy)] =u in Q,
(3.10)
y=0 ondQ.

Subtracting these two equations yields that

—div[am(zn) (Vyn = Vy) + b(Vyn) = b(Vy)]| = div [(am(zn) — am(2)) Vy] in Q,
Yn—y=0 on 0Q.

By multiplying the above equation with y, — y, integration over Q, and then using the mono-
tonicity of b, we have

(3-11) aollVyn = Vyllrzq) < Il (am(zn) — am(2)) Vyllrzq)-

By virtue of the Lebesgue dominated convergence theorem, the right hand side of (3.11) tends to
zero as n — oo. Consequently, y, converges to y in Hy(Q). It follows that Fy is continuous as a



function from L*(Q) to Hj(©). On the other hand, due to the compact embedding Hy(Q) € L*(Q),
Fjr is a compact operator. As a result of (3.8), the range of Fj is therefore contained in a ball in
L?(Q). The Schauder fixed-point theorem guarantees the existence of a function yy; € L*(Q)
satisfying ym = Fm(ym)-

Choosing now M > c(ag, p, N, |Q])||ullyy-1.p* (q). it follows from (3.8) that ||yM||C(§) < M and
s0 ap(ym(x)) = a(yp(x)) for all x € Q. Therefore, yar solves (3.1).

To show the uniqueness of the solution, assume that y; and y, are two solutions to (3.1) in
H(Q) N C(Q). Let us define, for any ¢ > 0, the open sets

Ky:={x e Q| y(x)>y(x)} and K,:={xecQ|yx)>e+pyx)}.

We set z.(x) := min{e, (y2(x) — y1(x))*}, where t* := max(t,0). We then have z, € Hy(Q),
|ze| <€z, =€eonK,, and Vz, = Tg)\k, V(32 — 1)

Multiplying the equations corresponding to y; by z., integrating over Q, and using integration
by parts, we have

/ [a(y:))Vyi + b(Vy)] - Vzedx = (u,ze), i=1,2.
Q

Subtracting these equations yields that

/Q a(y2)|Vze|* + (b(Vyz) = b(Vy1)) - Vzedx = /Q (a(y) — a(y2)) Vy1 - Vzedx.

From this, the monotonicity of b, and Assumption (A1), we obtain

llVacllgy < [ aGIVacdxs [ (T30 =T Vads

KO\KE
- /Q a(y) V2ol + (B(Vy) = b(Vyn) - Vzodx
- / (a(y1) — a(y)) Vs - Vzodx
KO\Ke

< lla(n) — ay2)llemo\ k) IV V1 ll2(ko\ k) 1 VZe 20\ K
< Cullyr = yellze k) IVl 2 ko k) 1 V26 L2 (0)
< CmellVnllzzg\x ) I VZellzz(q)-

Here M := max{|y;(x)| | x € Q,i = 1, 2}. Combining this with the Poincaré inequality, we have
lzellz2@) < CellVnllreko\k.)
for some constant C. Since lim,_,o |[Ky \ K| = 0 and z, = ¢ on K,

|K£| — E_Z/ zidx < Czllvylniz(f(o\Kf) —0
K, V

as ¢ — 0. This implies that |Ky| = lim,_, |K,| = 0. Consequently, y; > y, a.e. in Q.
In the same way, we have y, > y; a.e. in Q and hence y; = y,. O



From now on, for each u € W™ (Q), p* > N, we denote by y, the unique solution to (3.1).
The control-to-state operator WP (Q) 3 u - y, € H,(Q) is denoted by S.

The following theorem on the regularity of solutions to equation (3.1) will be crucial in proving
the directional differentiability of the control-to-state operator S.

Theorem 3.2. Assume that Assumptions (A1) and (Az) are valid. Let U be a bounded set in W1P*(Q)
with p* > N. Then, there exists a constant s := s(ap, Q, N, p*,U) > N such that the following
assertions hold:

(i) Ifu € U, theny, € W,*(Q) and
(3-12) ”)/ullwolss(g) <G
for some constant C; > 0 depending only on ay, Q, N, p*, and U.
(ii) Ifu, > u in W‘LP*(Q), then y,, — yy in Wol’r(Q) N c@ foralll1 <r<s.

Proof. Ad (i): Let U be a bounded subset in W~"#"(Q). Due to the a priori estimate (3.2), there
is a constant M := M(ay, p*, N, Q, U) such that

IIyuIIC@ <M forall uel.

Fixing u € U and using the mean value theorem, we have
1
b(Vy,(x)) — b(0) = (/ ]b(tVyu(x))dt) -Vyu(x) forae x € Q,
0

where J; again denotes the Jacobian matrix of b. Setting T(x) := /01 Jo(tVy,(x))dt, we see that
T(x) is non-negative definite and |T(x)| < Lj for a.a. x € Q with some constant L. Then, y,
satisfies

—div[a(x)Vy,] =u inQ,
(3.13) {

yu=0 onoQ
with d(x) := a(y,(x))Id +T(x). As above, we see that
aolé|? < a(x)é - & < M|é]? forall ¢ € RN and for a.e. x € Q

with M := CyM + |a(0)| + Lp. The regularity of solutions to (3.13) (see, e.g. [4, Thm. 2.1])
implies that there exists a constant § := §(ag, M, Q, N, p) > 0 such that y,, € WOI’T(Q) for any
2 < 1 < 2+ 6. Moreover, it holds that

(3.14) 1yllye ey < eellehy-sm @)

forall 2 < 7 < 2 + § and for some constant ¢, depending only on 7. For N = 2, assertion (i)
then follows from the Sobolev embedding.



It remains to prove assertion (i) for the case where N > 3. For this, we rewrite equation (3.1)
in the form

—div[a(y,(x))Vy,] =u+4 inQ,
(3-15)

Yu=0 on 09,

where @ := div[b(Vy,)]. We now use the Kirchhoff transformation K(t) := fot a(c)dg (see [27,
Chap. V]). By setting 6(x) := K(y,(x)) for x € Q, (3.15) can be rewritten as follows

-A0=u+14 inQ,
(3.16)
6=0 on 0Q.
We then have
(3.17) 10111 @) < C(N0|lz2q) < C(NIVO|lL2(q) < C(Q)u + dllg-1(q)-

Fixing 7 € (2,2 + §), we see from (3.14) that Vy, € (L7(Q))". From this and Assumption (a2),
we can conclude that b(Vy,) € L(Q))N, 1, :=r/o and

[b(Vyu(x)|™ < Cl?zfl_1 1+ |Vy,(x)|") forae x € Q.
Consequently, we have & € W™17%(Q) and
(3.18) lllw-1.70) < ClIE(VYliLa)
. o/t
< 0@ ) (1+ 1V3ullfr o))

. o/t
< C(Q,1) (1 + ||”||wfw*<9>)

<C(Q, 1) (1 + ||“||3ww*(9>) ’

Here we have used the estimate (3.14) and the inequality (r; + r5)? < rld + rzd for ri,rp > 0,

0 < d < 1. Consequently, u+d € W19(Q) with g := min{p*, r;}. We now apply [22, Thms. 5.5.4’
and 5.5.5’] for problem (3.16) to obtain 6 € Wol’q(Q) and
191ly19 () < CN, g, Q) (Ilu + llw-1.90) + 10llL1)) -
Combining this with (3.17) yields
101119y < CN g, Q) (Il + tllw-ra0) + 11 + dllz0)

< CN,p, 7, Q) (el + Iy n @)

which together with (3.18) gives

10lly1000y < CON, 97,70 (14l gy + 1) -



Since y, = K~1(0), we obtain Vy, = WV& We then have

1
IVyullLae) < a—0||V9||Lq(Q)

< Clag, & N, p* U) (1 oy + 1801 ) -

We now distinguish the following cases.
Case 1: ¢ > N. By setting s := g, we obtain (3.12).

Case 2: q < N. In this case, one has g = 7y < p*. By the same arguments as above, we can
deduce that Vy, € L%(Q) with g, := min{ry, p*} for 7, := 7 = 5 and
o

19yllies(@) < Clag, @ N, p", 1) (14 ooy + 1015 )+ 117 ) -

We now choose the smallest integer k > 2 such that 7, > p* with 7j := —. Proceeding
by induction, we obtain Vy, € LI (Q) with g := min{r,p*} = p* and

||Vyu||LP*(Q) S C(aO’ Q9 N,P*, U)

k
Iy + w<>) |
i=0

In this case, we set s := p* and then obtain estimate (3.12).

Ad (ii): Assume that u, — u in W' (Q). We set y,, := S(uy,). From the convergence of {u,}
and the a priori estimate (3.12), we deduce that {y,} is bounded in Wol’s(Q). By passing to a
subsequence, we can assume that y, — y in Wol’s(Q) and y, — y in C(Q) as n — oo for some
ye Wol’s(Q). Setting M := max{||y||c(§), ||y,,||c(5)}, we obtain from Assumption (A1) that

lla(yn) — a(y)Hc(ﬁ) < Cumllyn - yllc@ —0 as n—o
for some constant Cy; > 0. For n > 1, we have

—div[(a(yn) — a0/2)Vyn] + B(yn) = u, in Q,
Yn=0 ondQ

with B(z) := —div[ay/2Vz + b(Vz)]. The global Lipschitz continuity of b and the boundedness
of {y,} in H)(Q) ensure the boundedness of {B(y,)} in H"(Q). There exists a subsequence of
{B(yn)}, denoted in the same way, such that B(y,) — ¢ in H"(Q). Letting n — oo yields

—div[(a(y) = a0/2)Vy + ¥ =u inQ,
y=0 onodQ.

10



We have

liminf (B(yn), yn)
= liminf (u, + div[(a(y,) — ao/2)Vyul, yu)

 liminf (s, yn) — lim sup / (alyn) — a0/2)|VynlPdx
n—oo Q

n—oo

< Guy) - liminf [ (an) - a0/2)[ ¥y dx
n—oo Q
< ()~ limint [ (@) = ao/DITy,Pdx + im llav) - a0l 1930

< (wy) - /Q (a(y) - ao/2)|VyPdx
=, y).

Due to Lemma A.1, B is maximally monotone as an operator from Hé(Q) to H}(Q). From
the strong-to-weak closedness of maximally monotone operators (see, e.g., [27, Lemma 5.1,
Chap- XI]), we obtain that ¢ = B(y).

Consequently, y, and y satisfy the equation

—div[a(yn) (Vyn = Vy) + b(Vyn) = b(Vy)] = up —u + div [(a(yn) — a(y)) Vy] inQ,
Yn—y=0 on 0Q.

Multiplying the above equation by (y, — y), integration over Q, and using Assumptions (A1)
and (A2) gives

(319)  aollVn = Yllziq) < (Un — . yn —y) - /Q (a(yn) = a(y) Vy - (Vyn = Vy)dx.

Since the embedding W?"(Q) < H'(Q) is continuous, it follows that u,, — u in H™(Q).
Consequently, the right hand side of (3.19) tends to zero. We then have y,, — y strongly in Hj(Q).
Therefore, Vy, — Vy in measure. The convergence of Vy, to Vy in (L"(Q))™,1 < r < s, follows
from [27, Chap. XL, Prop. 3.10]. This and the uniqueness of solutions to (3.1) yield assertion
(ii). O

As a direct consequence of Theorem 3.2, we have

Corollary 3.3. Let p* > N be arbitrary. Assume that Assumptions (A1) and (Az) are satisfied. Then,
the operator S : WP (Q) — H(Q) N C(Q) is continuous.

Since p > N/2, we can choose a number p > N such that

1

<<+ —=.
N

(3.20)

S =
=TI

This implies that the embedding L?(Q) € WP(Q) is compact.

11



Let @ € LP(Q) be arbitrary, but fixed and 5 > 0 be a constant. From now on, we fix
(3.21) U := Brr)(#,2p) and 5 € (N,s)

with s as given in Theorem 3.2 corresponding to p* := p and U. Let us define constants s; and s
such that

1 1 1 1
and -+ —4+— ==
§

S1 S2 2

> 2 if N =2,
(3.22) S {

€ (&,2E) ifN >3,
Note that the embedding Hy(Q) € L*(Q) is compact. The following property of S is a direct
consequence of Theorem 3.2 and the compact embedding L (Q) € W1P(Q).

Corollary 3.4. Assume that Assumptions (A1) and (Az) are satisfied. Then, the operator S : U —
WOI’S(Q) is continuous and completely continuous, i.e., u, — u implies that S(u,) — S(u).

3.2 DIRECTIONAL DIFFERENTIABILITY OF THE CONTROL-TO-STATE OPERATOR

In order to derive stationarity conditions for problem (P), we require directional differentiability
of the control-to-state operator S. We thus consider for given y € Hy(Q) the “linearized” equation

{— div[(a(y)1d+J(Vy)) Vz + a'(y;2)Vy] = v in Q,

(3:23) z=0 ondQ.

We begin with a technical lemma regarding the directional derivatives of the nonsmooth
nonlinearity a.

Lemma 3.5. Let M > 0 and y € C(Q) such that |y(x)| < M for all x € Q. Under Assumption (A1),
there hold:

(i) Forallx € Q and h € R,

lim a(y(x) + th') — a(y(x)) _
t—0* t
K —h

a’(y(x); h);

(ii) For all x € Q, the mapping R 3 n+— a’(y(x);n) € R is Lipschitz continuous with Lipschitz
constant Cypy as given in Assumption (A1).

Proof. Let us fix x € Q and define the function ay : (—2M, 2M) — R given by ap(t) = a(t) for
all t € (—2M, 2M). By virtue of Assumption (A1), ay is directionally differentiable and Lipschitz
continuous with Lipschitz constant Cyps. Thanks to [6, Prop. 2.49], for all n € (-2M, 2M), ay; is
directionally differentiable at 1 in the Hadamard sense, i.e.,

th) —
lim M) 70 _ 0y forallhe R,

t—07" t
h'—h

which together with y(x) € (—2M, 2M) gives assertion (i). Furthermore, [6, Prop. 2.49] implies
that a},(y(x); -) is Lipschitz continuous with Lipschitz constant Czj on R. From this and the
fact that a’(y(x); ) = a},(y(x); ), (ii) is thus derived. |
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We now show existence and uniqueness of solutions to (3.23).

Theorem 3.6. Let Assumptions (A1) and (Az) hold and let § be given as in (3.21). Assume that
ye Wol’s(Q). Then, for each v € H™(Q), equation (3.23) admits a unique solution z € Hy(Q).

Proof. Here we first prove the uniqueness and then the existence of solutions. The arguments
to show the uniqueness are similar to the ones in the proof of Theorem 3.1.

Step 1: Uniqueness of solutions. Let z; and z, be two solutions to (3.23) in Hy(£2). We define the
measurable sets

Ky:={x € Q| zx) > z1(x)}, Ke:={x€Q|zx)>e+z(x)}, &e>0.

We set z,(x) := min{e, (z2(x) — z1(x))*}. Then, z, € Hy(Q), |z;| < ¢, z. = e on K, and Vz, =
Tk,\k. V(22 — z1). Multiplying the equations corresponding to z; by z,, integrating over Q, and
using integration by parts yields

‘éwwﬂhwan+ﬂ%mwmek=m%%i=LZ

Subtracting these equations gives
/ a(y)Vze|* + Jo(Vy)Vz, - Vzedx = / (@' (yi21) - d'(y:22)) Vy - Vzedx.
Q Q

Setting M := max{|y(x)| | x € Q}, we see from Lemma 3.5 that for a.e. x € Q, the mapping
n +— a’(y(x); n) is Lipschitz continuous with Lipschitz constant Cyps. From this, the non-negative
definiteness of Jp, and Assumption (A1), we have

amwmams/\ Cautlz1 — z2||Vy - Vzldx
Ko\K,

0
< Comel|Vyllezo\ kol VZelliz o\ k.-
Proceeding as in the proof of Theorem 3.1 yields z; = z,.

Step 2: Existence of solutions. Assume that y € Wol’g(Q) and v € H Q). We set M := ||y||c(5).
We fix n € L%(Q) with s; as given in (3.22) and consider the equation

(3-24)

—div[(a(y)Id +J5(Vy)) Vz] = v + div[a’(y; n)Vy] in Q,
z=0 on JQ.

Setting a(x) := a(y(x))Id +J,(Vy(x)) and using (A1), the non-negative definiteness of the matrix
Jo(Vy(x)), as well as the global Lipschitz continuity of b, yields

aolé|? < a(x)é - & < (CyM + a(0) + Lp) |€|> forall £ € RNand a.e. x € Q.

Furthermore, since the mapping  — a’(y(x); ) is Lipschitz continuous with Lipschitz constant
Coym for a.e. x € Q, we have that |a’(y; )| < Copm|n| almost everywhere in Q and hence that
a’(y;n) € L*(Q). From this and the choice of s; (see (3.22)), it follows that the right hand

13



side of equation (3.24) belongs to H!(Q). Equation (3.24) therefore admits a unique solution
z, € Hy(Q), which satisfies

1 4
(3.25) 1Vzyll20) < @ (Iolla-o) + la' @M Vyllizo)

IA

1
@ (lollg-1(0) + ComllInIVyllzzq))

IA

1
o (o) + Coml il 19 s

Here we have just used the Holder inequality and the second relation in (3.22) to obtain the
last estimate. Since the embedding H;(Q) < L*(Q) is continuous, we can define the operator
T:L%(Q) 3 n z, € L%(Q). Let 1y and 1, be arbitrary in L¥(Q) and set z; := T(n;), i = 1,2.
By simple calculation, we obtain

1 ’ 7’
IVz1 = Vza|lp2(q) < %H (@' (ysm) —a'(y;n2)) Vylliz)
1
< —Comllln = 121Vyllzo)
ao
1
< %CZMIQP/SZ In1 = n2llLsu ) IVYllLso).-

This implies the continuity of T. Furthermore, as a result of (3.25) and the compact embedding
Hy(Q) € L*(Q), T is compact. We shall apply the Leray—Schauder principle to show that
operator T admits at least one fixed point z, which is then a solution to equation (3.23). To this
end, we need prove the set

K:={nel®™(Q)|3te(0,1):n="T(tn)}

is bounded.
We now argue by contradiction. Assume that there exist sequences {n} € K and {tx} < (0,1)
such that ;. = T(t;ni) and limg e ||k [|L51(q) = 00. We have
—div[(a(y)1d +],(Vy)) V] = v + div [’ (y; treme) Vy] - in Q,
(3.26)
Nk =0 on 0Q.

Let us set ry := — 0 and 7 := rgng. From this, (3.26), and the positive homogeneity

1
||'7k||L31(Q)
of a’(y;-), we arrive at

(3-27)

—div[(a(y) Id +J5(Vy)) Viik] = reo + div [tea’(y; ) Vy]  in Q,
k=0 on 0Q).
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By simple computation, we deduce from ||fjx||rs1(q) = 1 that

IN
S| 8|m

(3.28) VK2 (o) (rellolla-o) + ka3 10 VY llao)

~ (relloll i) + Col @™ el @ Iy )

S |-

- (rellellr ) + Conl @™ 19l

IA
O

for all k € N and for some constant C independent of k € N. From this and the compact
embedding Hy(Q) € L%(Q), we can assume that iy — 7 in H}(Q) and fjx — 7 in L*(Q) for some
fj € Hy(Q). The Lipschitz continuity of a’(y(x); -), for a.e. x € Q, implies that a’(y; i) — a’(y; 1)
in L*(Q). Moreover, we can assume that ty — t; € [0, 1]. Letting k — oo in equation (3.27), we
see from the above arguments that

—_—

= div [tea’(y; H)Vy] inQ,

0 on 0Q).

—div[(a(y) Id +J5(Vy)) Vi
(3-29)

=>
Il

The uniqueness of solutions to (3.29) gives /7 = 0, which is in contradiction to ||7||rs1(q) =
limg e0 [|Ak|Ls1() = 1.

We next show boundedness and continuity properties of (3.23).
Theorem 3.7. Let Assumptions (A1) and (Az) hold and let § be as given in (3.21).

(i) If {yn} is bounded in Wol’g(Q) such that Vy, — Vy in L3(Q) for some y € Wol’g(Q), and
if {vn} is bounded HY(Q), then there exists a constant C, depending only on ay, Q, N, 3,
9 llwps ) suPtllyallysq)bs and sup{l|onllg-1(q)} such that

(3.30) llz(yns Un)”Hg(Q) <G
for all solutions z(yn, v,) of (3.23) corresponding to y, and v,,.
(i) Ifv, — v in HY(Q), then z(y, v,) — z(y,v) in Hé(Q).

Proof. Ad (i): Assume that {y,} is bounded in Wol’g(Q) such that Vy, — Vy in L?(Q) for some
y e WOI’S(Q), and {v,} is bounded H™'(Q). Then there exists a constant M > 0 such that

(3-31) ”J/”c(ﬁ)a ||Yn||c@, “ynwol’?(g)’ “:VnHWOLS‘(Q) <M
for all n > 1. Let z,, := z(yn,vn) be the solution to (3.23) corresponding to y, and v,. We
shall prove the boundedness of {z,} in Hé(Q) by contradiction. Suppose that there exists a

subsequence, again denoted by {z,}, such that

(3.32) lim ||z, |0 = 0.
n—oo 0
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Since z, satisfies equation (3.23) corresponding to y := y, and v := v, one has

/ [a()/n) +Jb(VJ}n)] Vz, - Vzudx = (vp, z,) - / a/(yn;zn)vyn - Vzudx.
Q Q

Combining this with Assumption (A1), the non-negative definiteness of the matrix J,(Vy,(x)),
and the Lipschitz continuity of a’(y,(x);-), the Holder inequality and the second relation in
(3.22) lead to

IA

1 ’
(3-33) IVznll2cq) @ (lonllg-10) + la’ Vs 20) Vynlliz )

IA

1
o (Ionlls) + Conll ™ Nzl Vymlisan) -

From this and (3.32), we obtain lim, e [|zx||1s1(q) = oo. Setting t,, := Wlle(Q) and Z, := thzn
yields that
(3-34) th > 0 and  lim [|Zy]lpa(e) = 1.

On the other hand, Z,, satisfies

—div[(a(yn) Id+Jp(Vyn)) V2, ] = tyon + div[a’(yn; 2,)Vyn] in Q,
(335) R
Zn =0 on 09Q.

The same argument as in (3.33) gives

. 1 .
IVZullre) < @ (tnllvn”H*(Q) + C2M|Q|1/Sz”Zn”le(Q)HVYn||L5(Q)) <C

for all n € N and for some constant C independent of n € N. Consequently, {Z,} is bounded in
H;(€). We can thus extract a subsequence, denoted in the same way, such that Z, — Z in Hj(Q)
and 2, — £ in L%(Q) for some z € Hy(Q). We write a’(yp; 2n) = cnZpn, where

Zn(x)

a/(yn(x)§2n(x)) lf 2n(x) :,t O
(3:36) cn(x) = ,
0 otherwise

for a.e. x € Q. We have |c,(x)| < Cyp because of the Lipschitz continuity of a’(y,(x); -) for
a.e. x € Q. Again, by using a subsequence, we can assume that c¢,Z, — ¢z in L*(Q) for any
so € [1,s1), particularly for s, with s; + 571 = 27 Since {y,} is bounded in W,**(Q), we
can assume that y, — y in C(Q), as a result of the compact embedding W%(Q) € C(Q).
Consequently, a(y,) — a(y) in C(Q). Moreover, the Lebesgue dominated convergence theorem
together with the fact that Vy,, — Vy in measure implies that J;,(Vy,) — Jp(Vy) in L"*(Q) for
all m > 1. Letting n — oo in equation (3.35), we arrive at

(3-37)

z

—div[(a(y)Id +],(Vy)) VZ] = div [c2Vy] in Q,
0 on 0Q.
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As in the proof of Theorem 3.6, we can show that (3.37) has at most one solution and hence that
Z = 0. However, by virtue of the second limit in (3.34), we have ||Z||zs1() = 1, which yields a
contradiction.

We have thus shown that sequence {z,} is bounded in H}(Q). From estimate (3.33) and the
choice of s, s2, the upper bound of {”Zn”Hg(Q)} depends only on M, sup{||vn||g-1q)} a0, 2, and
§, s1, 52 and so on N. This shows the a priori estimate (3.30).

Ad (ii): Assume now that v, — v in H™}(Q). Setting z, := z(y, v,), we see from (3.30) and
the compact embedding Hy(Q) € L*(Q) that

(3.38) Zn, — Zin Hy(Q) and 2z, — Zin L%(Q)

for some subsequence {n} C N and some function z € H)(Q). By letting k — oo, the uniqueness
of solutions to (3.23) guarantees Z = z(y, v). On the other hand, z,, and z satisfy the equation

—div [(@()1d+J5(VY)) V(Zn, = 2) + (' (3 2n,) = @' (132)) Vy| = 0p, =0 inQ,
Zn, —2=0 on 09Q.

The same arguments as above yield that

4 z 1 ’ ~ ’ -
IV(Zn, — 2lzz0) < a_o (llon, = V|1 + 1@’ (y; Zn,) — a (J’;Z))VyHLZ(Q))
1 ~ ~
< a_o (ank - U“H—I(Q) + C2M|Q|1/$2 ||an - Z||L31(Q)”Vy||L§(Q)) s

which together with the second limit in (3.38) gives Z,, — Z in Hy(Q) as k — co. Recall that
s1 and s, are defined by (3.22). From this and the uniqueness of solutions to (3.23), we obtain
Z, — Zin Hy(Q) as n — oo.

m}

As a result of the compact embedding LP(Q) € W LP(Q) with p as given in (3.20), Theo-
rems 3.2 and 3.7, we have the following corollary.

Corollary 3.8. Let Assumptions (A1) and (Az) hold true. Assume that U is the open ball given by (3.21)
and that V is a bounded set in H™'(Q). For eachu € U and v € V, let z,,_,, stand for the solution
to (3.23) corresponding to y := y, and v. Then, there exists a constant C3 := C3 (ay, Q, N, p,U, V)
such that

(3-39) ||zu,v||Hé(Q) <C; forall ueUveV.

Theorem 3.9. Assume that Assumptions (A1) and (Az) are valid and that U is the open ball in L (Q)
defined as in (3.21). Then S : U — H}(Q) is directional differentiable. Moreover, for anyu € U and
v € LP(Q), z := S'(u; v) is the unique solution in Hy(Q) of the equation

—div[(a(y) Id+Jp(Vyu) Vz + a'(yu; 2)Vyul = v in Q,
z=0 onoq.
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Yp—Y

Proof. Foranyu € U and v € LP(Q), we set y := S(u), y, := S(u+pv),and z,, := for p > 0.

p
A simple computation shows that
aly + pz,) —a b(Vy + pVz,) - b(V
—div W+ p2p) (Y)Vyp +a(y)Vzp + (Vy +pVzp) ( y)] =v inQ,
(3.40) p p
z, =0 ondQ.

Multiplying the above equation by z,, integrating over Q, and using integration by parts, we
see from Assumption (A1) and the monotonicity of b that

a(y + pz,) — a(y) vy

aollVzllrzo) < lI0llg-1 @) + .

p .
L2(Q)
This together with Assumption (A1) gives
aollVzp iz < oMl + Cu 1251V 50 2

with M := sup{||y||c(§), ||yp||c(§) : p € (0, p)} for p small enough. Holder’s inequality and the
embedding LP(Q) — H™1(Q) yield that

(3.41 aollVzp i) < C(Q Pl + Cotl 1 [Jz o 990l s

with s;, s, defined as in (3.22) and some constant C(Q, p).

We now show the boundedness of {z,} in H)(Q) by an indirect proof that is based on
arguments similar to the ones in the proof of estimate (3.30). Assume that {z,} is not bounded
in Hy(Q). A subsequence {pi} then exists such that pr — 0" and ||Vz,, [|12q) — 0. By virtue
of (3.41), it thus holds that ||z, ||Ls1() — 0.

Again, setting ty := O := ’;—:, and 2y := txz,, yields that

”Zpk ||L51(Q)’

tk =0, Yo =y+0kzZk, and ||Zcllpsiq) = 1.

Due to Theorem 3.2, y,, — ¥ in C(Q) and so in L%(Q). It therefore holds that o — 0*. On the
other hand, Z; satisfies

(3.42)

+ oyky) — b(Vy + 0 Vi) — b(V
_ div | 20+ 9kZk) a(y)Vypk +a(y)Vig + Vy+oV2) = bW | _, o na

Ok Ok

Zk =10 on dQ.

From this, we obtain the boundedness of {2 } in Hj(€2). We can then extract a subsequence, again
denoted by {2}, such that 2, — 2 in Hj(Q), £ — Zin L¥(Q), Zx(x) — Z(x), and |2, (x)| < g(x)
forall k € N, for a.e. x € Q, and for some g € L*(Q). Since a : R — R satisfies Assumption (A1),
we have as a result of Lemma 3.5 that

a(y(x) + oz (x)) — a(y(x))

Ok

— a'(y(x);2(x)) forae. x € Q.
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Furthermore, Assumption (A1) also gives

a(y(x) + oxzi(x) — a(y(x))
Ok

< Cumlzp(x)] < Cpmg(x) forae x € Q.

The Lebesgue dominated convergence theorem thus implies that

a(y + oxzx) — a(y)
Ok

(3-43) —a'(y;2) in L%(Q).

Rewriting

b(Vy + ok ViR) — b(Vy)  b(Vyp,) = b(Vy)
Ok - Ok
= Jo(Vy + 0k(Vyp, = Vy) Vi, (Ok == O(x) € (0,1)),

using the fact that y,, — y in Wol’g(Q) and the boundedness of J,, we now apply the Lebesgue
dominated convergence theorem for a subsequence, which is denoted in the same way, to obtain

b(Vy + 0k Vzi) — b(Vy)
Ok

= Jo(Vy)VZ inL*(Q)

(3-44)
for any s3 € [1, 2). Letting k — oo in equation (3.42) and using limits (3.43) and (3.44) yields that

—div[(a(y)Id+Jp(Vy)) VZ+a'(y;2)Vy] =0 in Q,
z=0 onodQ.

The uniqueness of solutions implies that Z = 0, a contradiction of the fact that ||Z||zsq) =
limy 00 ||2k||le(Q) =1

Having proved the boundedness of {z,} in H}(Q), we can assume that z, — z in Hy(Q)
and z, — z in L*(Q). From this and standard arguments as above, we obtain the desired
conclusion. O

3.3 REGULARIZATION OF THE CONTROL-TO-STATE OPERATOR

To derive C-stationarity conditions, we apply the adapted penalization method of Barbu [2].
We consider a regularization of the state equation via a classical mollification of the non-
smooth nonlinearity. Let { be a non-negative function in C;°(R) such that supp(y/) C [-1,1],
fR Y(r)dr = 1 and define the family {a,}.~ of functions

(3.45) ae = %a % (o (¢7'1d)),

where f * g stands for the convolution of f and g. Then, a, € C*(R) by a standard result. In
addition, a simple calculation shows that

(3-46) as(t) > ay VreR.
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Moreover, for any M > 0,

(3.47) la-(t) — a(t)| < Crr416 forall 7eR,|t| <M, e€(0,1)
and
(3.48) lae(r1) — ae(r2)| < Cyna|m — 72 forall 7; €R,|n| <M,i=121¢€(0,1)

with Cpr41 given in Assumption (A1). We now consider the regularized equation

(3-49)

—div[a.(y)Vy + b(Vy)l =u in Q,
y=0 ondQ.

Since a, satisfies Assumption (A1), Theorem 3.1 yields that equation (3.49) admits for each
u € LP(Q) with p > N/2 a unique solution y € H}(Q) N c(Q).

In the sequel, for each ¢ > 0, we denote by S, : LP(Q) — Hy(Q) the solution operator of
(3.49), which by Theorem 3.1 satisfies the a priori estimate

(3:50) ISe@llgp ) + 1IS:@lleg) < Coollullire) forallu € LP(Q)

with the constant Cy, defined as in Theorem 3.1 corresponding to p* := p, where p is defined as
in (3.20). The following regularity of solutions is a direct consequence of Theorem 3.2.

Corollary 3.10. Assume that Assumptions (A1) and (Az) hold true. Let U and § be defined as in
(3.21). Then, the following assertions are valid.

(i) Ifu € U, then Sq(u) € W,"*(Q) and
(359 1S (@)lhys g < Ca
for some constant C4 depending only on ay, Q, N, p, and U.
(ii) Ifu, — u in LP(Q) withup,u € U, then S;(u,) — Sc(u) in Wol’g(Q) NC(Q).

We now study the differentiability of S,. For y € WO1 *(Q), we consider the equation

v inQ,
0 onodQ.

(3-52)

{— div [(a:(y) 1d +J5(V)) Vz + a.(y)zVy]
z

The well-posedness of equation (3.52) is proven analogously to Theorems 3.6 and 3.7.

Theorem 3.11. Let Assumptions (A1) and (Az) hold and let § be defined as in (3.21). Assume that

y € Wol’g(Q). Then, for each v € H™(Q), equation (3.52) admits a unique solution z € Hy(Q).
Moreover, if {y,} is bounded in Wol’g(Q) such that Vy, — Vy in L*(Q) for some y € WOI’E(Q),

and {v,} is bounded H™Y(Q), then there exists a constant Cs independent of ¢ and n € N such that

(3.53) IznllgQ) < Cs

for all solutions z,, of (3.52) corresponding to y, and v,,.
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Also, similarly to Theorem 3.9 and Corollary 3.8, we obtain the Gateaux differentiability of S,.

Theorem 3.12. Let Assumptions (A1) and (Az) hold. Assume that U is given as in (3.21). Then,
Se : U — Hy(Q) is Gateaux differentiable. Moreover, for anyu € U and v € LP(Q), the Gateaux
derivative z := S}(u)v is the unique solution in Hé(Q) of the equation

—div [(ag(y) Id+Jp(Vy)) Vz + a;(y)sz] =v inQ,
(3.54)

z=0 ondQ,
where y := S (u).

For later use in Section 4.1 (see Theorem 4.5) we also need the uniform boundedness of
solutions to (3.54). For this purpose, we define the operator T, . : H(Q) — H™(Q) by

T,  w:= —div [(ag(y) Id+J,(Vy)) Vw + a;(y)wa] .

Proposition 3.13. Let § be defined as in (3.21). For any y € Wol’g(Q) and ¢ > 0, the operator
Ty, : HY(Q) —» HY(Q) is an isomorphism. Moreover, if {y.} is bounded in Wol’s(Q) such that
Vye — Vy in LX(Q) for somey € WOI’S(Q), then

(355) sup {IT52 I o,y | € € (0.1 < oo,

Proof. From the definition, we immediately deduce that T), , is continuous. Moreover, Theo-
rem 3.11 yields that T, , is bijective, while the estimate (3.55) follows from (3.53).

It remains to prove that T;}g is continuous. Let v, — v in H }(Q) and set z,, := T;}gvn,
z:= T, v. It is easy to see that z, and z satisfy the equation

(356) {— div [(ac: () 1d+J5(Vy)) V(zn — 2) + @, (¥)(zn = 2)VY] =vp—v inQ,
3.5

Zn—2=0 on 09,

which, together with (3.48), implies that

1
657) IV =~z < o (10w = ol + Cunl @Iz = 2l Wylbs@).

where M := ||y|| c@) and sy, s are defined as in (3.22). The same argument as in Theorem 3.7
then implies that [|V(z, — 2)||12(q) is bounded. We can thus extract a subsequence, also denoted
by {z, — 2}, such that z, —z — z in Hy(Q) and z, —z — Z in L*/(Q) for some Z € Hy(Q). Letting
n — oo in (3.56) yields

—div [(ag(y) Id+J,(Vy)) VZ + a;(y)EVy] =0 inQ,
zZz=0 ondQ,

which together with the uniqueness of solutions indicates that Z = 0. By virtue of this and the

limit z, — z — Z in L%(Q), the estimate (3.57) shows that z, — z in H)(Q). Consequently, T;}g
is continuous. o

21



Since Ty, is isomorphic, so is its adjoint T ,, which immediately yields well-posedness of

the regularized adjoint equation

—div [(ag(y) Id +]b(Vy)T) Vw] +a.(y)Vy-Vw=0v inQ,

w=0 onodQ,

(3-58)

where AT stands for the transpose of matrix A.

Corollary 3.14. Let 5 be defined as in (3.21). Under Assumptions (A1) and (Az), for any y € W()l’g(Q),
v e H(Q), and ¢ > 0, the equation (3.58) admits a unique solution w € Hy(Q).

Finally, we address convergence of S, to S as ¢ — 0.
Proposition 3.15. Ifu, — u in LP(Q) with u.,u € U, then S;(u;) — S(u) in H}(Q) N c(Q).
Proof. Set y, := S.(u.). Then by Corollary 3.10, a constant M > 0 exists such that
(3:59) [1Vellc@ + Ivellyrsy <M forall &>0

with § given in (3.21). On the other hand, we have

—div [a.(ye)Vye + b(Vye)] = u, in Q,
¥e=0 onodQ.

Rewriting this equation as

—div [a(.VE)VyS + b(VYe)] =u; +v, inQ,
Ve =0 on 0Q

with v, := div[(a.(y.) — a(ye)) Vy.], we then have y, = S(u, + v,). In addition, we deduce from
(3.47) that

(3.60)  ||vellw-15(0) = sup {/Q (@:(ye) = a(ye)) Vye - Vodx [ llgllynv ) < 1.5 = —}

< CM+1€||Vy£ ”LQ(Q)
< Cm+iMe.

It follows that v, — 0 in W5(Q) as ¢ — 0*. Since LP(Q) € W #(Q) is compact, we have
ue — uin WP(Q) and 50 ue + v, — u in WH(Q) with sy := min{p, 5} > N. Corollary 3.3
then implies that y, = S(u, + v,) — S(u) = y in Hy(Q) N C(Q), as claimed. O

4 EXISTENCE AND OPTIMALITY CONDITIONS

We now turn to the optimal control problem (P), which we recall is given as

min J(y,u)
uel?(Q),yeHy(Q)

(P) st. —divla(y)Vy +b(Vy)l=u inQ
y=0 onodQ.
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It will frequently be useful to rewrite problem (P) using the control-to-state operator S in the
reduced form

(4.1) . errLl[i,I(lQ)j(u) = J(S(u), u).

We first address the existence of minimizers.

Proposition 4.1. Under Assumptions (A1) to (A3), there exists a minimizer (y,u) € Hy(Q) x LP(Q)

of (P).
Proof. Applying Theorem 3.1 to the case where p* := p with p defined as in (3.20) yields that

15l + 1@l < Ml

for all u € LP(Q) and for some constant M independent of u. By Assumption (A3), there exists
a function gps : [0,00) — R such that lim; . gm(t) = +00 and j(u) > gm(|lullrr(q)) for all
u € LP(Q). This implies that j is coercive. Together with the weak lower semicontinuity of j,
the existence of a minimizer follows by Tonelli’s direct method. O

The remainder of this section is devoted to deriving optimality conditions for (P). The weakest
conditions are the primal stationarity conditions, which are also obtained by standard arguments.

Proposition 4.2 (primal stationarity). Assume that Assumptions (A1) to (A3) are satisfied. Then
any local minimizer (y, ) € Hy(Q) x LP(Q) of (P) satisfies

(4.2) 3y J(3,w)S’(a; h) + 0, J (3, a)h > 0 forall he LP(Q).

Proof. By virtue of Theorem 3.9, the continuous differentiability of the cost functional J, and
[17, Lem. 3.9], the reduced cost functional j : U — R is directionally differentiable with its
directional derivative d,, J(y, )S’(i1; h) + 0, J (3, @)h. The desired result then follows from the
local optimality of @ and a standard argument. O

In the following subsections, we will derive stronger, dual, optimality conditions that involve
Lagrange multipliers for the non-smooth quasilinear equation.

4.1 C-STATIONARY CONDITIONS

We start with C-stationarity conditions, which can be obtained by regularizing problem (P) and
passing to the limit.

Let (y,11) € Hy(Q) x LP(Q) be a local minimizer of (P) and set G(u) := %”uHZ’(Q)' We then
consider the regularized problem

min  Je(y,u) := J(y,u) + G(u — @)
uelf(Q),y EH&(Q)

€ s.t. —dwja, + =u 1n Q,

(Pe) div[a.(y)Vy +b(Vy)] =u inQ
y=0 onodQ,
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with a, defined in (3.45). The reduced cost functional of (P,) is given by
Je(w) := Je(Se(u), u).

In addition, we set

(4-3) Up := {u € LP(Q) | llu - @llre(q) < p},

Note that Uy ¢ U with U given in (3.21).
We first show that any minimizer of (P) can be approximated by minimizers of (P,).

Proposition 4.3. Assume that Assumptions (A1) to (A3) are fulfilled. Let (y,u) € Hy(Q) x LP(Q)
be a local minimizer of problem (P). Then there exists a sequence {(ye, u.)} of local minimizers of
problems (P.) such that u, € Uy, {y.} is bounded in WOI’S(Q) with § given in (3.21), and

(4.4) u, > u inl?(Q) ase — 0%,
(4.5) ye— 7§ inH)Q)NCQ) ase— 0",

Proof. We proceed similarly as in [21]. Since (3, @#) is a local optimal solution to problem (P),
there exists p € (0, p) such that

(4.6) j@) < j(u) for all u € LP(Q) with [lu — @||rq) < p.
We then consider the auxiliary optimal control problem

(P7) _ min je(u),
Brp )@, p)

which by standard arguments admits at least one global minimizer u, € ELP(Q)(Q, p) C Up.
Now let ¢ — 07. Then there exist a subsequence, denoted by the same symbol, and a function
i € Brr(q)(i, p) such that

(4-7) u, — . weakly in L (Q).
Combining this with Proposition 3.15 yields that

(4.8) Ye = S(@) =y in Hy(Q)NC(Q),
where y, := S.(u.). We now show that

(4.9) u=u and u, — uin L’(Q).

In fact, due to @ € ELP(Q)(L_{, p), we have from Proposition 3.15 that

(4.10) Je(ue) < Jje(@) = J(Se(n), n) — J(S(@), u) = j(@).
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Using the limits (4.7) and (4.8) as well as the weak lower semicontinuity of J and of the norm
on LP(Q), we arrive at

(4.12) j(@) > lim sup j (u.) > lim %)r}fjg(ug)

e—0t E—

p

. . 1 7
= hgrg})r}f J(Ye, ue) + ;llug - u“LP(Q)

T
Zj(y’u)+;||u_u||€p(g)

P
LP(Q)

1
> j(a) + —|la — ull
p
Here we have just used (4.6) to obtain the last inequality in (4.11). We thus obtain @ = @ and
je(ug) — j(i1). We then have

. 1 _ : .
lim sup —|u, — u”ip(g) = lim sup (je(ue) — J(Ve ue)) < 0.
e—07" £—07
Consequently, (4.9) holds. Moreover, the boundedness of {y.} in WO1 5(Q) follows from the
boundedness of {u,} in LP(Q2) and the a priori estimate (3.51).
It remains to show that (y,, u.) is a local minimizer of (P,) for sufficiently small ¢ > 0. To
this end, let u € LP(Q) be arbitrary with [lu — u,||rr(q) < %. For ¢ small enough, we obtain

= oy < llu = uellny + lla = uelloy < £+ £ = p,

which implies that u is a feasible point of problem (P%). The global optimality of u, for (P%) thus
implies that j.(u.) < j.(u). Hence (y,, u.) is a local minimizer of problem (P,). O

By standard arguments using the continuous differentiability of J, the Fréchet differentiability
of G, the Gateaux differentiability of S., and Corollary 3.14, we obtain necessary optimality
conditions for the regularized problem (P,).

Proposition 4.4. Assume that Assumptions (A1) to (Az) hold true and that the cost functional J is
continuously Fréchet differentiable. Then, any local minimizer (y., u.), u. € Uy, of problem (P,)
fulfills together with the unique adjoint w, € Hy(Q) the optimality system

—div [(as(ys) Id +Jb(VyS)T) VWE] + a;(y.e)vys -Vw, = ay](ys, us) inQ,
w, =0 on 0QQ,

(4.12a)

(4.12b)  we + 0, (Ve ue) + G'(ue — @) = 0.

We now wish to pass to the limit in (4.12). While this is straightforward for (4.12b), it is
difficult to do this in (4.12a) directly since we have only the boundedness of sequences {a(y.)}
and {Vw,}, respectively, in L*(Q) and L?(Q). Instead, we shall pass to the limit in the adjoint
equation of (4.12a) — which coincides with the linearized equation (3.54) — and apply a duality
argument. The presence of Clarke’s generalized gradient d¢ in the following conditions justifies
the term C-stationarity conditions.
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Theorem 4.5 (C-stationarity conditions). Let Assumptions (A1) to (A3) hold and (3, %) € H}(Q) X
LP(Q) be a local minimizer of (P). Then there exist w € Hy(Q) and y € L*(Q) such that

_ div [(a(j/) 1d + ]b(Vy)T) VW] +xVy Vw =3y J(Ga) inQ,

(4.132)

w=0 on 0Q,
(4.13b) x(x) € dca(y(x)) forae x € Q,
(4.13¢) w+0,J(y,u) = 0.

Proof. We first address (4.13¢). Let y,, u. and w, be given as in Propositions 4.3 and 4.4. From
(4.12a), we have w, = (T;j’g)*(?y](yg, u.). As a result of Proposition 4.3 and estimate (3.55), we
obtain a constant C > 0 such that ||w,|| HiQ) S C for all € > 0. Then there exists a subsequence,

denoted in the same way, satisfying w, — w in Hy(Q) as ¢ — 0" for some w € H(Q). Now,
letting ¢ — 0" in (4.12b) and using limits (4.4) and (4.5), the continuity of d,,J gives (4.13c).

To show (4.13b), we first see that there exists a constant M > 0 such that
IIyEIIC@, ||37||C(5) <M forall &>0.

Since a, is Lipschitz continuous on [-M, M] with Lipschitz constant Cy;.1, we have |a,(t)| <
Cpma forall t € [-M, M] and so

la,(ye(x))] < Cpy1 forae. x € Q.

Furthermore, since a, is continuously differentiable, a..(y.(x)) € dca.(y.(x)) for almost every
x € Q. We can therefore extract a subsequence, denoted in the same way, such that

(4.14) ap(ye) =" x inL¥(Q) ase— 0"

for some y € L*(Q). Combining this with the limit (4.5), we obtain from [25, Chap. I, Thm. 3.14]
that y(x) € dca(y(x)) for a.e. x € Q. This proves (4.13b).

It remains to show (4.13a). First, for any ¢ € H™/(Q), we have from the fact that w, =
(T_gl, 6)*83/]()’5, ug) that

(4.15) (@, we) = <5y](J/£’ ue), T;El,g(p> .

Thus, z, := T, ¢ satisfies

—div [(as(ys) Id +]b(V)’£)) Vz, + a(/g(yg)zevye] =¢ InQ,
(4.16)

z. =0 onodQ.

The a priori estimate (3.53) (see also (3.55)) guarantees the boundedness of {z.} in Hé(Q). We
can thus extract a subsequence, named also by {z.}, such that

(4.17) ze = zp inHy(Q) and z, —zy inL%(Q).
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Letting ¢ — 0" in (4.16) and using the fact that a.(y,) — a(j) in C(Q), Vy, — Vj in L*(Q),
Jo(Vye) = Jp(Vy) in L™(Q) for all m > 1, as well as the limit (4.14), we obtain

—div [(a()1d +]5(VY)) Vzo + xz20Vi] = ¢ inQ,
zo=0 onodQ.

We now define the operator T : H\(Q) — H™(Q) by
(z) = - div [(a(3) Id +J5(V)) Vz + y2VF], z € HYQ).

Arguing as in the proof of Proposition 3.13 shows that T is an isomorphism. In addition, we
have zy = T7(¢). Letting ¢ — 0%, the right hand side of (4.15) tends to

(419) (0,0, . 20) = (0,]G.0.T0) = (o (1) (05T, )).

Here we have used the fact that 9, J(y,, u,) — 8, J(7,%) in H~(Q). On the other hand, the left
hand side of (4.15) converges to (¢, w) as ¢ — 0*. We thus have

o) = (0. (1) (0, )).
Since ¢ is arbitrary in H™(Q), we obtain w = (f‘l)* (ay](y, i1)), which yields (4.13a). |

Note that the multiplier y € L*(Q) is not uniquely determined by (4.13), which is an obstacle
for solving the latter using a Newton-type method. However, under additional assumptions on
a, we can derive an equivalent optimality system for which this is possible; see Section 5.

4.2 STRONG STATIONARITY

The conditions (4.13) can be strengthened by including a pointwise generalized sign condition
on the Lagrange multiplier w, which are typically referred to as strong stationarity conditions.

Theorem 4.6 (strong stationarity). Let Assumptions (A1) to (A3) hold and (3, 1) € Hé(Q) X LP(Q)
be a local minimizer of (P). Then there exist w € Hy(Q) and xy € L*(Q) such that

— div [(a(j/) 1d+ ]b(Vj/)T) VW] + XV Vw =, )0 inQ,

(4.192)
w=0 on 0Q,
(4.19b) x(x) € dca(y(x)) forae x € Q,
(4.19¢0) w+0,J(y,a) =0,
(4.19d) (@’ ((x); k) — x(x)K) Vy(x) - Vw(x) <0 forae x € Q,k € R.

Proof. Due to Theorem 4.5, it only remains to show that (4.19d) holds. As a first step, we show
that

(4.20) /Q(a'(j/;z) —x2)Vy-Vwdx <0 Vz e L¥(Q)
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by considering in turn the case of z € Hy(Q) with z := S’(i; h) for some h € LP(Q), followed by
the case of z € H}(Q) arbitrary, and finally the case of z € L*(Q).

(i) z = S’(a; h) with h € LP(Q). In this case, z satisfies the equation

—div[(a(7)1d +]5(V5) V2 + @' (3:2)V5] = h in Q,
z=0 ondQ.

Multiplying the above equation by w, integrating over Q, and using integration by parts, we
deduce that

/ (a(®)1d +Jp(VY)) Vz - Vwdx + / a'(y;z)Vy - Vwdx = / hwdx,
Q Q Q

which is equivalent to

<— div [(a(j)) Id +]b(Vj/)T) Vw] ,z> + / a'(y;z)Vy - Vwdx = / hwdx.
Q Q

Combining this with (4.19a) yields

/ (@'(332) — xz) Vy - Vwdx = = (0, J(3,4), z) + / hwdx.
Q Q

From this and relation (4.19c) as well as the fact that z = S’(@; h), we arrive at

(4.21) /Q (@'(732) = x2) Vy - Vwdx = = (8, J (3, @), S'(@; h)) = (8. (7, @), h) < 0,

where the last inequality follows from Proposition 4.2.

(ii)z € H(l)(Q). Note that y € Wol’g(Q) — C(ﬁ), z € L(Q), and so da’(y;z) € L*(Q) and
a(y;2)Vy € (L2(Q))N. Recall that § and s; are defined as in (3.21) and (3.22), respectively.
Setting h := —div [(a($)I1d +J,(V$)) Vz + a’(3; 2)Vy], it holds that h € H™}(Q). Since LP(Q) is
dense in H™1(Q) with p > N/2, there exists a subsequence {h,} C LP(Q) such that h, — hin
H™(Q). This together with Theorem 3.7 implies that S"(@; h,) — z in Hj(Q). Combining this
with (4.21), we obtain that (4.20) holds for z € H)(Q).

(i) z € L*(Q). In this case, (4.20) is a direct consequence of (ii) and the density of H)(Q) in
L2(Q).

To conclude the proof, we show that (4.20) implies (4.19d). To this end, we assume in contrast
that there exist a measurable set Qy C Q with |[Q¢| > 0 and a number x € R such that

(4.22) (@’ (P(x); k) = x(x)k) Vy(x) - Vw(x) > 0 Vx € Q.

Setting
Z(x) - {K if x € Qo

0 otherwise,
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we have that z € L?(Q) and a’(j(x); z(x)) = 0 for a.e. x € Q \ Q. Estimate (4.20) therefore leads
to
(@' (y;6) = xx) Vy - Vwdx = / (@' (3;2) — xz) Vy - Vwdx < 0,
Qo Q
in contradiction to (4.22). Hence, (4.19d) holds. O

Obtaining more explicit sign conditions on the Lagrange multiplier requires additional as-
sumptions on a (e.g., convexity, which implies regularity of a and hence that yx < a’(y(x); k)
for all k € R, cf. [12, Thm. 4.12]) However, as we will show in Proposition 5.2 below, for a quite
general and reasonable class of functions, condition (4.19d) holds with equality anyway.

5 PIECEWISE DIFFERENTIABLE NONLINEARITIES

We now consider the special case that the non-smooth nonlinearity a is differentiable apart
from countably many points, where it is possible to reformulate the C-stationarity conditions
(4.13) in a form that can be solved by a semi-smooth Newton method.

We first recall the following definition from, e.g. [24, Chap. 4] or [26, Def. 2.19]. Let V be an
open subset of R. A continuous function g : V. — R is said to be a PC'-function if for each
point ¢y € V there exist a neighborhood W C V and a finite set of C!-functions g; : W — R,
i=12,...,m,such that

g9(t) € {qi(t), go(t), . . ., gm(t)} forall teW.
For any continuous function g : V. — R, we define the set
Dy := {t € V| g is not differentiable at t} .
We shall say that a PC' function g is countably PC" if the set Dy is countable, i.e., it can be
represented as Dy = {t; | i € I;} with a countable set I;.
5.1 OPTIMALITY CONDITIONS

Under the additional assumption that a is a countably PC! function, we can show that (4.13a)
holds for any y € L*(Q) satisfying (4.13b). For this purpose, we introduce for any y € Hy(Q)
the measurable set

(5.1) Q) :={y €Dy} ={y=tii€l,}.
Theorem 5.1 (relaxed optimality system). Assume that Assumptions (A1) to (A3) are satisfied and
that a is a countably PC' function. Let (,4) € Hy(Q) X LP(Q) be a local minimizer of (P). Then
there exists a unique w € Hy(Q) satisfying
— div [(a(j/) 1d+ Jb(ij)T) Vw] +xVy - Vw=0,)(5.0) inQ,

w=0 on oQ,

(5.2a)

(5.2b) w+ 0,J(7,) = 0
forany y € L*(Q) with y(x) € dca (j(x)) a.e. x € Q.
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Proof. In view of Theorem 4.5, there exist w € Hy(Q) and y, € L*(Q) with yo(x) € dca (3(x))
for a.e. x € Q satisfying (5.2b) and

— div [(a(y) 1d+ ];,(Vj/)T) VW] + 0V Vw =0, J(F.a) inQ,
w=0 on 0Q.

(5:3)

It therefore suffices to prove that (5.3) holds for arbitrary y € L*(Q) with y(x) € dca (y(x)) for
almost every x € Q.
We now proceed by pointwise almost everywhere inspection.

Case 1: x € Q\ Qj. Then by definition, a is differentiable and hence even continuously dif-
ferentiable in j(x) and hence dca(y(x)) = {a’(y(x))}, which implies that y(x) = a’(y(x)) =
Xo(x).

Case 2: x € Qy. Thenx € Q; := {y = t;} for some i € I,. Since y € Hé(Q), this implies
that Vy(x) = 0 for almost every x € Qj; see, e.g., [11, Rem. 2.6]. Hence,

X(X)Vy(x) - Vw(x) = 0 = 3o Vy(x) - Vw(x).

In both cases, we see that the left-hand side of (5.3) equals that of (5.2a), which yields the
claim. O

The benefit of (5.2) is that we can fix and then eliminate y from these optimality conditions
such that the reduced system in (j, @, w) has a unique solution, allowing application of a Newton-
type method.

Before we turn to this, we note that a similar argument as in the proof of Theorem 5.1 shows
that under this additional assumption on a, strong stationarity is in fact not stronger than C
stationarity.

Proposition 5.2 (strong stationarity reduces to C-stationarity). Assume that a is countably PC'.
Then, the system (4.19) is equivalent to the system (4.13).

Proof. Clearly, (4.19) implies (4.13). It is therefore sufficient to show that if (4.13) holds, the
sign condition (4.19d) is always satisfied. We again proceed by pointwise almost everywhere
inspection.

Case 1: x € Q\ Qy. Then by definition, a is differentiable and hence even continuously
differentiable in y(x) and hence dca(y(x)) = {a’(y(x))}, which implies that y(x)z(x) =
a'(y(x))z(x) = a’(y(x); 2(x)).

Case 2: x € Q3. Then Vj(x) = 0 as above.

In both cases, we obtain that (4.19d) holds with equality. O
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5.2 SEMI-SMOOTH NEWTON METHOD

For the sake of presentation, we consider problem (P) for a(y) := 1+ |y|, b = 0, and

1 2 a2
](y, u) = 5”)’ - yd”LZ(Q) + E”uHLZ(Q)’

where Q is a bounded convex domain in RN, N € {2, 3}, y, is a given desired function in L*(Q),
and a > 0.

Let (3, 4) € Hy(Q) X L*(Q) be a local minimizer for this instance of problem (P), and let
¥ € L=(Q) with y(x) € dca(y(x)) = sign(y(x)) for a.e. x € Q be arbitrary but fixed, e.g.,

o(x) = 1 ify(x) >0,
=14 ik <o

We then consider the system

—div[(1+|y)) Vy] =u in Q, y=0 ondQ,
(5.4) —div[(1+ ) Vw]+ fVy - Vw =35 -y inQ, w=0 ondQ,
w+ai =0,

which by Theorem 5.1 admits a solution (, 4, w) € Hy(Q)XL?(Q)xH;(Q). By virtue of Lemma A.2,
it holds that y € H%(Q) N H}(Q), which implies that 1+ |j| € W-*(Q) and yVy € L*(Q)N. From
this and [7, Thm. 2.6], we deduce that w € H*(Q) N H}(Q) as well. The second equation in (5.4)
is then equivalent to

-2 _ g ing,
(5-5) 1+l
w=0 ondQ.
Setting ¥ := j + %, a simple computation shows that

(5.6) y = (—1 +4/1+ 21,0) ﬂ{l//ZO} + (1 —41- 2¢) ﬂ{l/,<0}.

By eliminating the control # using the third equation in (5.4) and using (5.5) together with (5.6),
we see that (5.4) is equivalent to

1
-AY+—-w=0 1inQ, Yy=0 ondQ,
a

(5.7)
A = [AW) = yaf2(¥)] =0 inQ, w=0 ondQ,
for
—1++/1+2¢ 1—+1-2¢ —1++/1+2|¢| |
=Ty —— Ty = —— \
@) 2 (y=0} + N (¥<0} o] sign(y)
1 1 1
= Teys ——Tyco) = —.
L= g tven t =gt = e

31



(Note that f1(0) = 0 and hence is single-valued in spite of the occurrence of the set-valued
sign.) Since f; and f; are globally Lipschitz continuous and PC'-functions and y; € L®(Q), the
corresponding superposition operators are semi-smooth as functions from Hé(Q) to L%(Q); see,
e.g., [26, Thm. 3.49]. From this and the continuous embedding L*(Q) — H~'(Q), we conclude
that the system (5.7) is semi-smooth as an equation from Hj(Q) X Hy(Q) to H/(Q) x H(Q)
Introducing for k € N the pointwise multiplication operator Dy : Hy(Q) — H(Q) with

(5.8) d* = 1 3T (yrsoy(L+ya) +

a semi-smooth Newton step thus consists in solving

o) (éld —A)((Sw)__( —AYF + Sk )
5.9 —A D) \8y) T T\ =AWk — [AWF) - yafuy)]

and setting (wk*!, y/5*1) := (wk, ¥/%) + (8w, 8¢). To show the local superlinear convergence of
this iteration, it is sufficient to prove the uniformly bounded invertibility of (5.9). To this end,
we employ a technique as in [13].

3V yr<o} (1= ya)s

Lemma 5.3. Assume thatd € L™(Q) such that ||d|| =) < M for some M > 0. If eitherd > 0 a.e.
ora > 0 is large enough, then the operator B : Hy(Q)* =: E — F := H™(Q)? given by

1
~Id -A
—
B: ( -A —D) ’
where D is the pointwise multiplication operator with d, is uniformly invertible and satisfies
1B~

1||£(F,E) <C

for some constant C depending only on a and M.

Proof. Let r; and r, be arbitrary in H1(Q) and consider the equation B( g;,”) = (1), ie,

1
-ASYy + —dw=r inQ, Sy =0 ondQ

(5.10) a
—Adw —déy =r, inQ, dw=0 onodQ.

Obviously, —A is isomorphic as an operator from H}(Q) to H™(Q), and (-A)™' : L*(Q) — L*(Q)
is self-adjoint. We now consider the continuous bilinear form e : L2(Q) x L?(Q) — R defined
via

e(w,v) = (W, 0)12q) + é (d(=A)"'w, (—A)_lv)Lz(Q), for all w,v € L3(Q),
where (-, -)12(q) stands for the inner product in L?(Q). We now show that e is coercive, i.e., there
exists a constant A > 0 such that

(5.12) e(w, w) > /1||w||i2(Q) for all w € L*(Q).
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If d > 0 almost everywhere, then (5.11) holds with A = 1. It therefore remains to prove (5.11) for
the case where « is large enough. To this end, we observe for any w € L?(Q) that

1
2 -1, 112
e(w, w) 2 Wi q) = 2 ldllze@I(=2)"wllL g
CiM
> [|wll?, 0, [1- =
I 1 2
with Co := [[(=A)7"|| £(z2(q))- This yields (5.11) provided that a > C;M.

The Lax-Milgram theorem now implies that there exist a unique w € L%(Q) and a constant
C = C(a, M) > 0 such that

(5.12) e(w,v) = ((=A)(rz + d(=A)"ry), ’U)LZ(Q) forall v e L*Q)
and
(5.13) lWllr2@) < C (||r1||H-1(Q) + ||Vz||H—1(Q)) .

Let 5 € Hy(Q) be the solution to
1

(5.14) -ASYy+—w=r inQ, §Yy=0 ondQ,
a

and let 5w € H}(Q) be the corresponding solution to the second equation in (5.10). Then it
follows from (5.13) that

||5W||Hé(Q) + ||5¢||H5(Q) <C (||r1||H-1(Q) + ||’”2||H-1(Q)) .
Finally, it follows from (5.14), the second equation in (5.10), and (5.12)
Sw = (=A)[ry + dSy]

= (=0 |rp + d(=0) (r1 - 1@)]
a

= (-8 [y + d-A) ] = ~(-0) [d(-) ]
= W,
which concludes the proof. O
We now arrive at the local convergence of the semi-smooth Newton iteration.

Theorem 5.4. Let yg € L*(Q) and & > 0 be such that either ||y,||L~q) < 1 or « is large enough.
Assume that (w, ) is a solution to (5.7). Then there exists a constant p > 0 such that for w° €
B Hé(Q)(w, p) andy°® € BHS(Q)(I//, p), the semi-smooth Newton iteration (5.9) converges superlinearly

in Hy(Q) x Hy(Q) to (w, ).

Proof. From (5.8), we obtain that ||dk||Loo(Q) < 1+ ||ydllze(q) and dk > 0 ae. if lyallze@) < 1.
The claim then follows from Lemma 5.3 together with [18, Thm. 8.16]. |
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Figure 1: constructed exact solution for & = 1077, f = 0.85

6 NUMERICAL EXPERIMENTS

We now illustrate the solvability of the relaxed optimality system (5.2) using the semi-smooth
Newton method presented in Section 5.2 using a numerical example.

Specifically, we consider Q = (0, 1)? ¢ R? and create a uniform triangular Friedrichs-Keller
triangulation with nj, X nj, vertices which is the basis for a finite element discretization of the
two elliptic equations in (5.7). We then compute a solution (wy, {,) from (5.7) by the presented
semi-smooth Newton iteration, starting with (w°, /%) = (0, 0) and terminating whenever the
number of iterations reaches 25 or the active sets {1/* > 0} corresponding to two consecutive
steps coincide. If the iteration is successful, we recover yy, via (5.6) and uy, via the third equation
of (5.4). The Python implementation using DOLFIN [19, 20] that was used to generate the
following results can be downloaded from https://github.com/clason/nonsmoothquasilinear.

We choose the target function y; based on a constructed example, setting

g =xi [ = B)* + 2(x1 = B)°] sin(xz) U o, g1(x1),

i =—(1+ |y)Ay - sign(y) [Vy|,
w = —Ql,

_ ~ 1 _

y=y(1+ Elyl ,

ya =y + 1 +[y)Aw,
for a parameter 8 € [0.5,1]; see Figure 1 for @ = 1077 and B = 0.85. We point out that for
B € (0.5,1), the sets on which the value of y is positive, negative, and zero all have positive
measure. Moreover,
{y=0}=[{g=0}[=1-5

and ||y4llr=(q) < 1for any a small enough and for any $ € [0.5, 1]. From this and Theorem 5.4,
we can deduce that the semi-smooth Newton method for solving (5.7) will converge locally
superlinearly.
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The results for different values of ny, «, and § are given in Table 1, where we list the relative
H} errors for the computed state y;, and adjoint wy, as well as the number of semi-smooth
Newton iterations. For the sake of completeness, we also give the L™ norm of y; for the chosen
parameters, verifying that ||ys[/r=) < 1in all cases. We first address the dependence on ny,.
As can be seen from Table 1a, the relative errors decrease linearly with increasing ny, which
matches the expected O(h) convergence of the piecewise linear finite element approximation.
Also, the number of semi-smooth Newton iterations (2-4) stays constant, demonstrating the
mesh independence that is usually the consequence of an infinite-dimensional convergence
result like Theorem 5.4. The dependence on « is shown in Table 1b. We point out that the
Newton method is relatively robust with respect to this parameter with the required number
of iterations only starting to increase from 3 to 25 for & < 107°. Finally, we comment on the
dependence of  shown in Table 1c. Since meas{y = 0} — 0 for f — 1, it is not surprising that
the relative errors for y decrease quickly as f increases. Here we observe only a slight increase
in the number of semi-smooth Newton iterations from 3 to 6.

7 CONCLUSIONS

We have considered optimal control problems for a quasilinear elliptic differential equation
with a nonlinear coefficient in the leading term that is Lipschitz continuous and directionally
but not Géteaux differentiable. By passing to the limit in a regularized equation, C- and strong
stationarity conditions can be derived. If the nonlinear coefficient is a piecewise differentiable
apart from a countable set of points, both stationarity conditions coincide and are equivalent to
a relaxed optimality system that is amenable to numerical solution by a semi-smooth Newton
method. This is illustrated by a numerical example.

This work can be extended in several directions. First, second-order sufficient optimality
conditions can be considered based on the approach in [5] for an optimal control problem of non-
smooth, semilinear parabolic equations. Furthermore, a practically relevant issue would be to
derive error estimates for the finite element approximation of (P) as in the case of smooth settings
[8, 10]. Finally, the results derived in this work can be used to study the Tikhonov regularization
of parameter identification problems for non-smooth quasilinear elliptic equations.

APPENDIX A AUXILIARY LEMMAS

The first lemma about monotonicity of an auxiliary problem is needed in Theorem 3.2 to show
higher regularity of the state equation (3.1).

Lemma A.1. Assume that Assumption (Az) is fulfilled and A > 0. Then the operator
(a) B:Hy(Q) - H(Q), B(z) := —div[AVz + b(Vz)],
is maximally monotone.

Proof. Obviously, B is monotone since b is monotone. We now show that B is hemicontinuous,
i.e, the mapping [0,1] 3 t > (B(z1 + tz;), z3) € R is continuous for all zy, 2z, z3 € Hy(Q). To
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”yh_}_/”Hé(Q) ”Wh_w”Hé(Q)

np (¢4 B 5 Tt 0 P #SSN “J/d||L°°(Q)
0 0

100 1-107° 0.8 3.27-107% 2.92-1072 2 2.07-107%

200 1-10° 0.8 1.66-1073 1.54-1072 4  2.07-107%

400 1-10° 0.8 8.36-107% 7.92-.1073 3 2.07 -107*

800 1-10° 0.8 4.19-107* 4.03-1073 3 2.07 -107*

1000 1-10° 0.8 3.36-107% 3.24-1073 3 2.07 -107*

(a) dependence on ny,

=9l Iwa=Wlg
0 0

Nh a B [ T3 #SSN [lyallr=(a)
800 1-1072 0.8 6.36-1072 1.36-1072 4  9.83-1072
800 1-107* 0.8 8.76-103 7.32-1073 3 9.83-107*
800 1-107° 0.8 4.19-107* 4.03-1073 3 2.07-107%
800 1-107% 0.8 2.32-10° 2.19-1073 25 2.03-107%

(b) dependence on «

=9l Iwa=Wlg
0 0

meooo@ b TR Pl ToON  Iyalli=o)
800 1-10 0.5 7.03-1073  1.20-1072 3 1.50 - 107
800 1-10 0.7 2.68-1073 7.1 -1073 3 1.07 - 1074
800 1-10 0.9 1.41-1073 4.27-1073 4 507-107*
800 1-10 1.0 8.65-10° 3.39-1073 6 9.50-107*

(c) dependence on 8

Table 1: numerical results: number of Newton iterations and relative errors for state y and adjoint
w in dependence of nj, , and f

this end, observe that for any zj, z5, z3 € Hé(Q) and any t € [0,1],
(B(z1 + tz5),z3) = /1/ (Vz1 + tVzy) - Vzzdx + / b(Vz; +tVz,) - Vzsdx.
Q Q

Together with the continuity of b, this implies the hemicontinuity of B. The maximal mono-
tonicity of B then follows from [28, Prop. 32.7]. O

The next lemma shows H?-regularity of the solutions to the state equation with a PC' non-
linearity and is needed in Section 5.2 to show Newton differentiability of the relaxed optimality

system (5.4).

Lemma A.2. Let Q be a convex domain in RN with N € {2,3}. Assume that Assumption (A1) is
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valid. Assume furthermore that a is a PC'-function. Then, for each u € L*(Q), the equation

{— divla(y)Vy]l =u inQ,

A.
(12) y=0 ondQ

has a unique solution y € H*(Q) N Hy(Q).

Proof. In view of Theorem 3.1, it suffices to prove the H?-regularity of the unique solution
y € Hy(Q) N C(Q) of (A.2). Setting

0 :=K(y) = ‘/Oy a(t)dt,

equation (A.2) reduces to
-A0=u inQ,
0=0 ondQ.

The regularity of solutions to Poisson’s equation guarantees that € H%(Q); see e.g., [16,
Thm. 3.2.1.2]. Since y = K™1(), we have that

dy 1 90 1 90

ox;  K'(K0)dx;  aly) dx;’
which implies that || y|| HiQ) S aio 161l Hi(Q)- We furthermore have that

0%y 1 0% 1 90 da(y)

dx;0x;  a(y) 0x;0x; - az(y)(?_xi oxj

Note that, since y € C(Q), there exists a constant M > 0 such that |y(x)| < M for all x € Q.
Defining a PC!-function

a(2M) ift > 2M,
ay R - R, ap(t) = qal(t) if [t| < 2M,
a(=2M) ift < -2M.
Assumption (A1) implies that ay is Lipschitz continuous with Lipschitz constant Cyp. We then

have ||Vay||r~r) < Com, where Vay, is the weak derivative of ay. From this and the chain rule
(see, e.g. [15, Thm. 7.8]), we arrive at a(y) € H(Q) and

da(y) . [d()NFL() if y(x) ¢ Da,
—(x) = 7

Ox; otherwise.

Consequently, we have
d%y 1 9% _ Vay(y) 96 60

ox;0x;  a(y) 0x;0x;  a(y) Ox; 0x; *P

and hence
0%y
an (?xi

< 1 %0 Com
0x;0x; 12(Q) ag

This together with the fact that § € H%(Q) — W%(Q) — W1*(Q) yields that y € H*(Q). O

7
(?x,-

a0
6Xj

2 9o 14(©Q) Q)
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