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Abstract  We study the inverse problem of parameter identification in non-coercive varia-
tional problems that commonly appear in applied models. We examine the differentiability
of the set-valued parameter-to-solution map by using the first-order and the second-order
contingent derivatives. We explore the inverse problem by using the output least-squares
and the modified output least-squares objectives. By regularizing the non-coercive vari-
ational problem, we obtain a single-valued regularized parameter-to-solution map and
investigate its smoothness and boundedness. We also consider optimization problems using
the output least-squares and the modified output least-squares objectives for the regular-
ized variational problem. We give a complete convergence analysis showing that for the
output least-squares and the modified output least-squares, the regularized minimization
problems approximate the original optimization problems suitably. We also provide the
first-order and the second-order adjoint method for the computation of the first-order and
the second-order derivatives of the output least-squares objective. We provide discrete
formulas for the gradient and the Hessian calculation and present numerical results.
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1 INTRODUCTION

Non-coercive variational problems frequently emerge from applied models (see [21]). However,
often less general versions of such models are studied under the coercivity assumption so
that useful technical tools can be employed. For instance, in all the available literature on the
inverse problem of identifying a variable parameter in elliptic partial differential equations
using a variational framework, the bilinear form has always been chosen to be coercive. The
coercivity ensures that the variational problem is uniquely solvable and retains stability on
the data perturbation. Under coercivity, the parameter-to-solution map is single-valued, well-
defined, and infinitely differentiable. Furthermore, coercivity also plays a decisive role in local
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stability estimates, see [27]. Although the solvability of a noncoercive variational problem can be
ensured by other tools (see [3]), the parameter-to-solution map, in this case, is a set-valued map.
Therefore, for parameter identification in noncoercive variational problems, to derive optimality
conditions, one has to employ a suitable notion of a derivative of set-valued maps. Therefore,
the known techniques need to be altered significantly to cope with the involvement of such
technical tools. For an overview of the recent developments in the vibrant and expanding field
of inverse problems, the reader is referred to [2, 5, 6, 10, 11, 13, 14, 17, 22, 23, 30, 33, 34, 36—38, 40].

A prototypical example of a non-coercive variational problem is the weak formulation of
pure Neumann boundary value problem (BVP): Given a bounded open domain Q and the unit
outer unit normal n, consider the problem of finding u such that

0
—V-(aVu) = f inQ, 6_u =g on dQ, (11)
n

where % is the outer normal derivative of u on the boundary dQ, and f and g are two given
functions. It is known that the weak form of the above BVP leads to a noncoercive bilinear form.
Moreover, (1.1) is solvable only under the compatibility condition

Ji5+ L=t

whereas, as a consequence of Fredholm alternate, there are infinitely many solutions, with any
two solutions only differing by a constant. Furthermore, among these solutions, there is a unique
solution under the additional constraint fQ u=0.

All the research on the inverse problems of parameter identification in pure Neumann BVP,
the constraint fQ u = 0 and the compatibility condition have been imposed so that the parameter-
to-solution map a — u(a) is well-defined and single-valued.

The primary objective of this work is to conduct a thorough study of the inverse problem
of parameter identification in noncoercive variational problems. However, before going into
the details of the main contribution of this article, we provide a brief review of the existing
approaches for parameter identification in partial differential equations (PDEs) and variational
problems by focusing on the role of coercivity. Let B be a Banach space and let A be a closed, and
convex subset of B with a nonempty interior. Given a Hilbert space V,1let T : BXV XV — R
be a trilinear form with T(a, u, v) symmetric in u, v, and let m be a bounded linear functional
on V. Assume there are constants « > 0 and § > 0 such that the following continuity (cf. (1.2))
and coercivity (cf. (1.3)) conditions hold:

T(a,u,v) < Bllallsllullvllvlly, forallu,v €V, a€B, (1.2)

T(a,u,u) > a|ull}, forallu € V, a € A. (1.3)
Consider the following variational problem: Given a € A, find u = u(a) € V such that
T(a,u,v) = m(v), foreveryv e V. (1.4)

Due to the conditions imposed on the trilinear map T, the Riesz representation theorem ensures
that for any a € A, variational problem (1.4) admits a unique solution u(a) (see [21]). The



inverse problem now seeks the parameter a in (1.4) from a measurement z of u. This inverse
problem is often studied in an optimization framework, either formulating the problem as an
unconstrained optimization problem or treating it as a constrained optimization problem in
which the variational problem itself is the constraint.

Given a Banach space Z 2 V equipped with the norm || - ||z, the most commonly adopted
optimization framework minimizes the following output least-squares (OLS) functional

J(a) = |lu(a) - 2l (15)

where z € Z is the data (the measurement of u) and u(a) solves the variational form (1.4).
For an insight into the abstract framework, consider the boundary value problem (BVP)

-V-(@Vu)=f inQ, u=0 ondQ, (1.6)

where Q is a suitable domain in R? or R® and 4Q is its boundary. BVP (1.6) models useful real-
world problems and has been studied in detail. For example, in (1.6), u = u(x) may represent the
steady-state temperature at a point x of a body; then a would be a variable thermal conductivity
coefficient, and f the external heat source. BVP (1.6) also models underground steady state
aquifers in which the parameter a is the aquifer transmissivity coefficient, u is the hydraulic head,
and f is the recharge. The inverse problem in the context of (1.6) is to estimate the parameter a
from a measurement z of the solution u.
For (1.6) with Z = L,(Q), optimization problem (1.5) reduces to minimizing

Ji(a) = /Q (u(a) - 2, w7)

where z is the measurement of u and u(a) solves the variational form of (1.6) given by

/ aVu - Vo = / fo, forallv € Hy(Q). (1.8)
Q Q
A variant of (1.5) is the following modified OLS functional (MOLS) introduced in [19]

Jo(a) = T(a, u(a) - z,u(a) - 2), (1.9)

where z is the data and u(a) solves (1.4). In [19], the author established that (1.9) is convex and
used it to estimate the Lamé moduli in the equations of isotropic elasticity. Studies related to
MOLS functional and its extensions can be found in [15, 20, 26].

The MOLS functional, given in (1.9), was inspired by Knowles [35] who minimized a coefficient-
dependent norm

Jo(a) = /Q aV(u(a) - z) - V(u(a) - 2), (1.10)

where z is the measurement of u, and u(a) solves (1.8).
Besides the OLS functional and the MOLS functional, there are other approaches. The equation
error method (cf. [1, 28, 29]), for (1.6), consists of minimizing the functional

Js(@) := IV(aVz) + fll g



where H(Q) is the dual of Hy(Q) and z is the data. In [16], the equation error approach was
explored in an abstract framework.
Finally, we recall the following two results from [19] for the parameter-to-solution map.

Lemma 1.1. For any a € A, the solution u(a) of the variational problem (1.4) satisfies ||u(a)|ly <
a”Y||m||y+. Moreover, for any a,b € A, we have

Ju(a) = u(®)lly < min {gnu(a)nv, Lo, %”mﬂv*} 16~ alls. (1)

Lemma 1.2. For each a in the interior of A, the solution u(a) of the variational problem (1.4) is
infinitely differentiable at a. Given u = u(a), the first derivative Du(a)da of u(a) in the direction
da, is the unique solution of the following variational equation

T(a, Du(a)da,v) = -T(8a,u,v), Yo € V. (1.12)

Furthermore, the second derivative D*u(a)(8ay, 5as) of u(a) in the direction (8ay, 8az), is the unique
solution of the following variational equation

T(a, D*u(a)(8ay, ay),v) = =T(Say, Du(a)day, v) — T(8ay, Du(a)das,v), Vv € V. (1.13)

Moreover, the following bounds hold:

IA

ipu@ll < L@ < Ljimi

V*, (1'14)
2

2
[D*u(a)|| < zaizllu(a)llv — mllv-. (115)

IA

In all of the above results, coercivity condition (1.3) played the most crucial role. It gives the
unique solvability of variational problem (1.4), proves bound on the parameter-to-solution map,
establishes its Lipschitz continuity and infinite differentiability. As another useful consequences
of the coercivity, the first-order and the second-order derivatives of the parameter-to-solution
maps are the unique solutions of the variational problems (1.12) and (1.13). Moreover, the useful
bounds (1.14) and (1.15) also hold due to the coercivity.

This work aims to study the inverse problem of parameter identification in noncoercive
variational problems with perturbed data. Our main contributions are as follows:

(i) Assuming that the noncoercive variational problem is solvable, we give a derivative
characterization for the set-valued parameter-to-solution map by using the first-order
and the second-order contingent derivatives. To our knowledge, this is the first use of
such tools from variational analysis in the study of inverse problems.

(if) We study the inverse problem by posing optimization problems using the output least-
squares and the modified output least-squares functionals for the set-valued parameter to
solution map. We regularize the noncoercive variational problem and obtain the single-
valued regularized parameter-to-selection map and explore its smoothness. We consider
optimization problems using the output least-squares and the modified output least-
squares for the regularized variational problem. We prove that the MOLS objective is
convex and give a complete convergence analysis showing that the regularized problems
approximate the original problem suitably.



(iii) To compute the first-order and the second-order derivative of the OLS functional, we give
first-order, and second-order adjoint methods in the continuous setting. We provide a
discretization scheme and give discrete formulas for the OLS and the MOLS functionals and
their gradient and Hessian calculation. As a byproduct of our study, we obtain new insight
into the case when the actual trilinear form is coercive, however, for the computations,
only its contaminated analog is available which is noncoercive. All the conditions imposed
for the convergence analysis are satisfied in this case of practical importance.

We organize the contents of this paper into seven sections. Section 2 introduces the inverse
problem and explores the smoothness of the set-valued parameter-to-solution map. Section 3
investigates the inverse problem by using the output-least squares approach and the modified
output least squares approach. Section 4 is devoted to the first-order and the second-order
adjoint approaches. Section 5 provides a detailed computational framework including the
discrete gradient and Hessian formulae. In Section 6, we report the outcome of some preliminary
numerical experiments. The paper concludes with some remarks.

2 SET-VALUED SOLUTION MAP FOR A NONCOERCIVE VARIATIONAL PROBLEM

For convenience, we recall the general setting once again. Let B be a Banach space, let A C B
be a nonempty, closed, and convex set. Let V be a Hilbert space continuously imbedded in a
Hilbert space Z. Let T : BXV XV — R be a trilinear form with T(a, u, v) symmetric in u, v.
Let m be a bounded linear functional on V. Assume that T satisfies the continuity assumption
(1.2) and the following positivity condition:

T(a,u,u) >0, forallu eV, a € A. (2.2)
Consider the noncoercive variational problem: Given a € A, find u = u(a) € V such that
T(a,u,v) = m(v), foreveryveV. (2.2)

Since we do not impose the coercivity condition (see (1.3)) on T, additional conditions are
necessary to ensure that (2.2) is solvable. For example, recession analysis can be used to ensure
that (2.2) is solvable but such conditions don’t guarantee that the solution is unique (see [21]).
Therefore, it is natural to study the behavior of the set-valued parameter-to-solution map. For
a given parameter a € A, by U(a) we denote the set of all solutions of variational equation
(2.2). In the following, we assume that for each a € A, the set U(a) is nonempty. The following
lemma provides additional information:

Lemma 2.1. For any a € A, the set of all solutions U(a) of (2.2) is closed and convex.

Proof. The proof follows at once from the definition of the set-valued parameter-to-solution
map U : A 3 V. Indeed, let u and w be two arbitrary elements in U(a). Then, for every
v € V, we have T(a,u,v) = m(v) and T(a, w,v) = m(v). We take t € [0,1] and note that for
every v € V, we have T(a, tu,v) = tm(v) and T(a, (1 — t)u,v) = (1 — t)m(v). We combine these
equations to note that for every v € V, we have T(a, tu + (1 — t)w,v) = m(v). Consequently,
tu + (1 — t)w € U(a) confirming the convexity of U(a). The set U(a) is closed due to the
continuity of the trilinear form T. The proof is complete. O



Our goal is to obtain a derivative characterization for the set-valued parameter-to-solution
map. In the literature, a variety of derivative concepts have been employed to differentiate
set-valued maps (see [32]). We will use first-order and second-order contingent derivatives of
the parameter-to-solution set-valued map U : A =3 V. These derivatives are defined by using
the contingent cone and the second-order contingent set which we recall now.

Definition 2.1. Let X be a normed space, let S C X and let z € cl(S) (closure of S).

(i) The contingent cone C(S,z) of S at Z is the set of all z € X such that there are sequences
{th} cP:={teR|t>0}and {z,} ¢ X with ¢, | 0 and z,, — z such that z + t,z,, € S,
for every n € N.

(ii) The second-order contingent set C*(S, z, w) of S at z € cl(S) in the direction w € X is the
set of all z € S such that there are a sequence {z,} C X with z, — z and a sequence
{t,} c P with t, | 0 such that Z + t,w + t2z,/2 € S, for every n € N.

Remark 2.2. It is known that the contingent cone C(S, Z) is a nonempty closed cone. How-
ever, C%(S, zZ, w) is only a closed set (possibly empty), non-connected in general, and it may be
nonempty only if w € C(S, Z). Details of these concepts can be found in [7, 8, 32].

Next we collect some notions for set-valued maps. Given normed spaces X and Y,letF : X 3 Y
be a set-valued map. The (effective) domain and the graph of F are defined by dom(F) := {x €
X| F(x) # 0}, and graph(F) := {(x,y) e X X Y| y € F(x)}.

We now introduce first-order and second-order derivatives of set-valued maps.

Definition 2.2. Let X and Y be normed spaces, let F : X =3 Y be a set-valued map, and let (%, y) €
graph(F). Then the contingent derivative of F at (x, y) is the set-valued map DF(x,7) : X 3 Y
given by

DF(x,y)(x) := {y € Y| (x,y) € C(graph(F), (%, 7))}
Moreover, the second-order contingent derivative of F at (X, y) in the direction (&, 7) is the
set-valued map D*F(%, 3,1, D) : X =3 Y defined by

D*F(x,7,a,0)(x) := {y € Y| (x,y) € C*(graph(F), (%, 7), (@, 0))} .

The above derivatives have been used extensively in nonsmooth and variational analysis,
viability theory, set-valued optimization and numerous other related disciplines, see [32].

We have the following derivative characterization for the parameter-to-solution map:

Theorem 2.3. Fora € A, let i € U(a) be a given point. Assume that the first-order contingent
derivative DU(a, u) : B 3 V of the set-valued parameter-to-solution map U : A 3 V at the point
(a,a) € graph(U) exists. Then for any given direction da € B, any element du € DU(a, 7)(da)
satisfies the following variational problem:

T(a,du,v) = -T(8a,u,v), foreveryveV. (2.3)



Proof. For the given element (a,%) € graph(?) and the given direction da, for any du €
DU(a,a)(da), we have

(8a, 6u) € graph(DU(a, u)) = C(graph(U), (a, @),

and by the definition of the contingent cone, there are sequences {t,} ¢ P and {(a,, u,)} with
t, — 0 and (a,,u,) — (da,du) such that (a + t,a,, 4 + ty,u,) € graph(U), or equivalently
i + tyu, € U(a+ tyay,), which, by the definition of the map U : A 3 V, implies that

T(a+ than, o + tyuy,v) = m(v), foreveryv eV,
and after a rearrangement of this variational problem, we obtain
T(a,a,v) + t,7(a, un, v) + t,T(an, @,v) + tﬁT(an, Up,v) = m(v), foreveryvelV.
The condition (@, #) € graph(U) implies that T(a, #, v) = m(v), for every v € V, and hence
T(a,un,v) = =T(ay, 4,v) — t,T(ap, uy,v), foreveryveV.
By passing the above equation to the limit n — oo, we obtain
T(a,déu,v) = -T(da,a,v), foreveryv eV,
and the desired identity (2.3) is proved. The proof is complete. O

Remark 2.4. If the trilinear form T satisfies coercivity condition (1.3), then for every parameter
a € A, variational problem (2.2) has a unique solution # = u(a), that is, the map a — u(a) is
well-defined and single-valued. Moreover, for any a in the interior of A and any direction da,
the Fréchet derivative du = Dii(a)(da) is the unique solution of the variational problem (1.12)
which is entirely comparable to the characterization (2.3).

The following is the characterization of the second-order contingent derivative:

Theorem 2.5. Foranya € A, letu € U(a) be a given element. Assume that second-order contingent
derivative of the parameter-to-solution set-valued map U : A 3 V at (a,u) in the direction
(8a,5u) € graph(DU(a,)) exists. Then for any given direction 5@ € B, any element §°u €
D*U(a, i, Sa, Su)(5a) satisfies the variational problem:

T(a, 8%u, v) = —2T(8a, Su,v) — T(6a,@,v), foreveryv € V. (2.4)

Proof. For the given (a,i) € graph(U{) and the given (§a, du) € graph(DU(a,)), let §?u €
D*U(a, ii, Sa, Su)(5d). Then, we have

(8a, 6%u) € graph(D*U(a, @, Sa, Su)) = C*(graph(U), a, @, Sa, Su).

Therefore, there are sequences {t,} c P and {(an, u,)} € graph(U) witht,, — 0,and (a,, u,) —
(6d,5%u) so that (a + t,8a + %t,zla,,,ﬂ + %tnéu + t2u,) € graph(). By the definition of the
parameter-to-solution map, we have

1 1
T(a+ tyda + Etflan,ﬁ + tp0u + Etflun, v) = m(v), foreveryvelV.



We simplify the above identity as follows

1
T(a,,v) + t,T(a, du,v) + Et'Z’T(d’ Un,0) + t,T(da,a,v) + tiT(c?a, du,v)
1 1 1 1
+ EtzT(&z, Up, V) + Et,ZlT(an, i,v) + Etf’lT(an,éu, v) + ZtiT(an,un, v) = m(v), (2.5)

which, first by using the fact that (@, %) € graph(¥), and then by dividing both sides of the
resulting identity by f, confirms that

1
T(a,du,v) + EtnT(d, Uy, 0) + T(da,,v) + t,T(6a, du, v)
1, 1 i 1, 1,
+ EtnT(&l’ Up,v) + EtnT(an,u,v) + EtnT(am ou,v) + ZtnT(an,un, v) =0,

We now first use the fact that (§a, du) € graph(DU(a, @), and then divide both sides of the
resulting identity by ¢, to obtain

%T(d, un,v) + T(da,du,v) + %tnT(éa, Uy, V)
+ %T(an,a,v) + %tnT(an, ou,v) + itiT(an,un, v) =0,
which when passed to the limit t, — 0, yields
T(a, 8%u,v) = —2T(8a, Su,v) — T(6a,u,v),
proving (2.4). The proof is complete. O
Note that due to the characterization of the first-order contingent derivative of the set-valued
map U : A 3 V, variational problem (2.4) is equivalent to
T(a, 8%u,v) = —2T(8a, Su,v) + T(a, 8i, v), (2.6)
where du € DU(a, u)(da) and v € V is arbitrary.

Clearly, if T satisfies condition (1.3), then the parameter-to-solution map is single-valued and
infinitely differentiable in the interior of the domain. Moreover, for any a in the interior of A,
and suitable directions (8ay, da,), the second-order derivative D?u(a)(8ay, da,) is the unique
solution of (1.13). In particular, with da = da; = da,, we have

T(a, D*u(a)(da, 8a),v) = —2T(8a, Du(a)da,v), for everyv € V. (2.7)

We also recall that if a single-valued map F : X — Y is twice differentiable, then with DF(x)
and D?F(x) as the first-order and the second-order derivatives, we have (see [41])

Cz(graph(F), (x, F(x), v, DF(x)v)) = {(y, DF(x)y + D*F(x)(v,v)), y € X}.



Consequently, by taking da = da, we have
graph(D*U(a, i, §a, Su)) = {(8a, Di(a)da + D*u(a)(da, Sa)), Sa € B}
and, as a result, under (1.3), the derivative formula yields
T(a, Da(a)da + D*w(a)(8a, Sa), v) = —2T(8a, Di(a)(Sa), v) + T(a, Dii(a)da,v), for allv € V,
implying that
T(a, D*w(a)(8a, Sa),v) = —2T(8a, Da(5)(Sa),v), foreverywv €V,
which is in compliance with the second-order formula (2.7).

Remark 2.6. The results given above only offer characterizations of the first-order and the
second-order contingent derivatives under the critical assumption that these derivatives exist.
This is a natural step as we have not identified conditions under which the variational problem
is solvable. A possible extension of these results is singling out conditions ensuring the existence
of solutions and then using them to verify the contingent differentiability.

3 RECASTING THE INVERSE PROBLEM IN AN OPTIMIZATION FRAMEWORK

3.1 THE OUTPUT LEAST-SQUARES APPROACH

Let U : A 3 V be the set-valued parameter-to-solution map which assigns to each a € A, the
set of all solutions U(a) of the noncoercive variational problem (2.2). We define the set-valued
output least-squares map J : A =3 R which connects to each a € A, the following set

J(a) = {llu(a) - zl|% | u(a) € U(a)},

where z € Z is the measured data.
Using the above set-valued map (and a slight abuse of the notation), we pose the following
OLS-based optimization problem

min J(a). (3.1)

The philosophy of the OLS approach is to minimize the gap between the computed solutions
u(a) € U(a) of (2.2) and the measured data z € Z.
An element a € A is called a minimizer of (3.1), if there exists u(a) € U(a) such that

lu(a) - z||7 < |lu(a) —z||5, for every u(a) € Ula), for every a € A. (3.2)
To emphasize the role of u(a), we sometimes say that (@, u(a)) € graph(/) is a minimizer.

One of our goals is to approximate (3.1) by a sequence of solutions of optimization problems
for which the entire data set of the constraint variational problem is noisy in the sense described
below. Let {€,}, {7n}, {kn}, {On}, and {v,} be sequences of positive reals. Let £ € V* be a given



element. For each n € N, let m,,, € V* and {5, € V* be given elements, and let z5, € Z be the
contaminated data such that the following inequalities hold:

25, = zllz < 6n, (3.32)
Imy, —mllv- < vn, (3.3b)
1€s,, = Cllv+ < 6. (3-3¢)

Furthermore, for eachn € N,let T, : BX V XV — R be a trilinear form such that

T;, (a,u,u) > 0, forallu € V, a € A. (3.4a)
|TTn(a, u,v) — T(a,u,v)| < tullallgllullv|vllv, forallu,v eV, ae B. (3.4b)

Moreover, as n — oo, the sequences {€,}, {rn}, {xn}, {6n}, and {v,} satisfy
Tn On V.
{Tn’ env Kn» an 571’ _n’ _n9_n} - 0 (35)
€n €n €n
Finally, let S : V X V' — R be a symmetric bilinear form such that there are constants ay > 0

and fy > 0 satisfying the following continuity and coercivity conditions

Su,v) < Pollullvllvllv, forallu,v eV, (3.62)
S(u,u) > a0||u||‘2,, forallu e V. (3.6b)

With the above preparation, for each n € N, we now consider the following regularized
variational problem: Given a € A, find u, (a) € V such that

Ty, (a,uc,(a),v) + €,5(ug, (a),v) = m,, (v) + €,€5,(v), foreveryv e V. (3.7)

where €, > 0 is the regularization parameter and for simplicity, we set ¢, := (€p, T, V> On).
In view of the above conditions, for a fixed n € N, and for every a € A, (3.7) has a unique
solution uc, (a). Therefore, the regularized parameter-to-solution map a — uc, (a) is well-defined
and single-valued.
The next result embarks on the smoothness of the regularized parameter-to-solution map:

Theorem 3.1. For anyn € N and any parameter a in the interior of A, the regularized parameter-
to-solution map a — u, (a) is infinitely differentiable at a. Moreover, given u, (a), the first-order
derivative Duc,(a)da in the direction da € B is the unique solution of the variational equation

T.,(a, Duc,(a)da,v) + €,5(Dug,(a)da,v) = -Ty, (da, u,,v), foreveryv €V, (3.8)

and the second-order derivative D*u, (a)(8a1, 8az) in the direction (§a;, §az) € B X B is the unique
solution of the variational equation

Tl'n (a9 Dzugn (a)(5a1$ 5612), U) + EnS(Dzug,. (a)(5a1’ 5612), U)
= ~Ty,(6az, Dug,(a)day,v) — T, (8a1, Dug, (a)daz, v), foreveryv € V. (3.9)
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Proof. The proof follows by similar arguments that were used in the proof of Lemma 1.2. The
crucial role in the proof is played by the ellipticity of T;, + €,S. O

Before any further advancement, in the following result we give necessary conditions ensuring
that the derivative of the regularized parameter-to-solution map remains bounded.

Theorem 3.2. For a parameter a in the interior of A, let u € U(a) be a given point. Assume that
the first-order contingent derivative of the set-valued parameter-to-solution map U : A3V at
the point (a, ) € graph(U) exists. If

llug, (@) — allv = O(en), (3.10)

where uc,(a) is the regularized solution of (3.7) for parameter a, then the first-order derivative
Dug,(a)da of uc,(a) in any direction §a € B is uniformly bounded.

Proof. From Theorem 2.3, for any da € B, and any du € DU(a, #)(da), we have
T(a,déu,v) = -T(da,u,v), foreveryveV. (3.12)

Furthermore, due to Theorem 3.1, we also have

T.,(a, Duc,(a)da,v) + €,5(Dug,(a)da,v) = —Ty, (6a, uc,(a),v), for everyv € V. (3.12)
We subtract (3.11) from (3.12) and rearrange the resulting equation to obtain

T(a, Duc,(a)da — du,v) + €,S(Dug, (a@)da,v) = T(éa, i — uc,(a),v) + T(Sa, uc,(a),v)
- T;,(8a,ug,(a),v) + T(a, Duc,(a)da,v) — Ty, (@, Duc,(a)da, v).

By setting v = Du,,(@)da — du and using the positivity of T, we obtain

€nl|Duc, (a)da - 5u||‘2,
< T(a, Dug,(a)da — du, Du, (a)da — Su) + €,5(Duc,,(a)da — du, Du, (a)da — Su)
= T(6a, @ — uc,(a), Duc,(@)da — éu) + T(da, uc,(a), Duc, (a)da — Su)
- Ty, (6a, ug,(a), Dug,(a)da — éu) + T(a, Dug,(a)da, Duc,(a)da — du)
- Ty, (a, Dug,(a)da, Duc,(a)da — éu) — €,5(6u, Dug, (@)da — du),

which, due to the properties of T and S, implies that
énllDug, (@)da — bully < plldallslla - ug,(@llv + zulldallsllug, (@)lv
+ Tullallsl Dug, (@)dally + Poen|Sull,
and hence

Tn i~ _ llug,, (@) —all
(1 - e—IIaIIB) |Dug, (a)6a = Sully < [B + 7] ||5a||3g6—

Tn _
+ —||allsllull
n €n

Tn
+ PollSull + 6—"||a||B||5u||v-

n

11



In view of (3.5) and the assumption that ||u.,(@) — || = O(ey), it follows that there is a constant
¢ > 0 such that
T,
(1 - 6—n||é||3) IDug,,(@)da - Sully <c,

n

and since 22 — 0 as n — oo, for sufficiently large n € N, we have (1 - 2—"||d||B) > 0 and the

boundedness of || Duc, (@)da — ul|y follows. The proof is complete. O

Remark 3.3. The fundamental idea of the elliptic regularization for variational problems is to
combine the variational problem with the regularized analog to ensure that the regularized
solutions remain bounded (see [31]). Then a subsequence can be extracted and shown to converge
weakly to a solution of the variational problem, ensuring its solvability. In the above result, we
use this idea to prove the boundedness of the derivatives. In the present context, the role of the
original variational problem is played by the derivative characterization involving the first-order
contingent derivative. As a consequence, suitable conditions ensuring the boundedness of the
derivatives of the regularized parameter-to-solution map can be used to show the contingent
differentiability of the set-valued parameter-to-solution map. We also note that if the original
trilinear map is elliptic, then (3.10) holds.

To incorporate regularization in the ill-posed inverse problem, we assume:

(i) The Banach space B is continuously embedded in a Banach space L. There is another
Banach space B that is compactly embedded in L. The set A is a subset of BN B, closed
and bounded in B and also closed in L.

(ii) R:B — R is positive, convex, and lower-semicontinuous in || - ||z such that

R(a) > n|lallz — 72, foreverya€ A, forsomer; >0, 7z > 0. (3.13)
(iii) For any {bx} C B with by — 0 in L, any bounded {u;} C V, and fixed v € V, we have
T(bk, ug,v) — 0. (3.14)

The above framework is inspired by the use of total variation regularization in the identifica-
tion of discontinuous coefficients. Recall that the total variation of f € L(Q) reads

TV(f) = sup {‘/Qf(V ‘g): g€ (Cé(Q))N, lg(x)| < 1forall x € Q}

where | - | is the Euclidean norm. Clearly, if f € W'1(Q), then TV(f) = /Q V£l

If f € LX(Q) satisfies TV(f) < oo, then f is said to have bounded variation, and BV(Q) is
defined by BV(Q) = {f e LY(Q) : TV(f) < oo} with norm || f |lsv) = I fllzi @) + TV(f). The
functional TV(-) is a seminorm on BV(Q) and is often called the BV-seminorm, see [39].

We set B = L®(Q), L = LY(Q), B= BV(Q), and R(a) = TV(a), and define

A={ael®|0<c <alx)<cy, ae. inQ, TV(a) < c3 < 0}, (3.15)
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where cj, ¢z, and c3 are positive constants. Clearly, A is bounded in || - [|5 and compact in L. It is

known that L*(Q) is continuously embedded in L}(Q), BV(Q) is compactly embedded in L(Q),
and TV(-) is convex and lower-semicontinuous in L'(Q)-norm. Thus in this setting, assumptions
1and 2 are satisfied.

Remark 3.4. The regularization framework devised above simplifies if we assume that the set A
belongs to a Hilbert space H that is compactly embedded in the space B. An example for this
setting is B = L*(Q) and H = H%(Q), for a suitable domain Q.

Our objective is to approximate (3.1) by the following family of regularized optimization
problems: For n € N, find a.,, € Aby solving

- 1 2
min Ty, (@) = - lue, (@) = 25, 2 + KuR(a), (316)
where u, (a) is the unique solution of (3.7), k, > 0, and R is the regularizer defined above.

The following main result of this section shows that (3.16) approximates (3.1):
Theorem 3.5. Assume that the following conditions hold:

(i) The set A is bounded in E the image set U(A) is a bounded set, and for each a € A, the
solution set U(a) is nonempty.

(ii) Fora € A, either U(a) is a singleton, or Z =V, {5, (v) = (zs,,v)z and S(u,v) = (u,v)z.

Then optimization problem (3.1) has a solution, and for each n € N, optimization problem (3.16)
has a solution a, . Moreover, there is a subsequence {ac, } converging in || - || to a solution of (3.1).
Finally, for any solution a,, of (3.1), there is a unique p.,, € V such that

T, (ac,, pc,> V) + €aS(pe,» v) = (z —uc,(ag,),v)z, foreveryv eV, (3.17)
T;,(a - ag,,uc,(ac,).pe,) = kn(R(ac,) — R(a)), foreverya € A. (3.18)

Proof. We begin by showing that (3.1) has a solution. Since U(a) is nonempty for each a € A,
optimization problem (3.1) is well-defined. Moreover, since for each a € A, J (a) is bounded from
below, there is a minimizing sequence {a,} in A such that lim, e ](an) = inf{ ](a) a € A}.
Since A is bounded, the sequence {a,} is bounded in B, and due to the compact embedding of
Binto L, it hasa subsequence which converges strongly in || - ||.. Keeping the same notation
for subsequences as well, let {a, } be the subsequence converging in || - || to some a € A. Let
up € U(ay,) be arbitrary. Since U(A) is bounded, {u, } is bounded, and hence contains a weakly
convergent subsequence. Let {u,} be the subsequence which converges to some @ € V. We
claim that & € U(a). By the definition of (a,, u,), we have

T(ap,un,v) = m(v), foreveryveV,
which can be rearranged as follows

T(ap — a,un,v) + T(a,u, — 4,v) + T(a,4,v) = m(v), foreveryveV,
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and by passing this equation to the limit n — oo, we obtain
T(a,i,v) = m(v), foreveryv eV,

which means that @ € U(a). The optimality of @ now is direct consequence of the weak-lower-
semicontinuity of || - ||z and the lower-semicontinuity of R.

We now return to (3.16). Evidently, for a fixed n € N, the existence of a solution a,, for (3.16) is
a consequence of the arguments just used. Indeed, for any fixed n € N, (3.7) is uniquely solvable
and the solution is bounded because of the ellipticity of T, + €,S.

For simplicity, we set a, := a, . Since A is bounded, the sequence of solutions {a, } is uniformly
bounded in B. As before, let {a,} be a subsequence that converges strongly to some @ € A in L.
Let {u, }, where u,, := u, (a,), be the corresponding sequence of the solutions of the regularized
variational problem (3.7). That is, we have

T;, (an, un, v) + €,5(up, v) = m,,, (v) + €,s,(v), foreveryv € V.

We shall prove that {u, } is a bounded sequence. By assumption, for every a € A, the solution set
U(a) is nonempty. Let 4, € U(a,) be chosen arbitrarily. Since U (A) is bounded by assumption,
the sequence {i,} is bounded. Moreover, we have

T(an,tp,v) = m(v), foreveryveV.
We combine the above two variational problems and rearrange them to obtain
T;, (@n, tin, v) = T(an, tin, v) + €,5(Uy, v) + m(v) — my, (v) — €,€5, (V) = Ty, (an, tin — Up,v) = 0.
Setting v = 4, — u, and using the fact that T;, (a,, ti, — Un, Uy — u,) > 0, we obtain

€nS(un, Un) < €nS(un, Un) + Tr, (an, tin, Un — un) = T(an, Un, tn — Un) — €nls, (ln — un).
+ m(iin — up) — my, (in — un)
< enfollunllv linlly + mallanllsllinllv lin — unllv + €nllls, lv-llin — unllv
+ Vnllin — unllv,
implying

Tn Vn On + ||€||V*

llan|lllanllv +
0€n QAo€n Q

Bo -~
lunllv < —llanllv +
(24))

[l
llun llv
which confirms the boundedness of {u,}.

The reflexivity of V ensures that {u,} has a weakly convergent subsequence. Keeping the
same notation for subsequences, let {u,} be a subsequence converging weakly to some #. We
shall show that & € U(a). Since a,, is a minimizer of (3.16), we have

T, (an, Un, V) + €,5(up, v) = my, (V) + €xls, (v) foreveryv eV,
and by using the rearrangement

T, (an, un, v) = T(an, un,v) + T, (an, un, v) = T(an, un, v)
=T(a, — a,u,,v) +T(a,u, —a,v)+ T(a,i,v)

+ T‘L'n (ana Up, U) - T(ana Up, U)a
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we obtain the following equation

T(a, — a,un,v) + T(a,u, — 4,v) + 1T(a, 4, v) + Ty, (an, un, v) — T(apn, tn, v)

+ enS(un’ U) =my, (’U) + 61155”(0)’
which due to the imposed conditions, when passed to the limit n — oo, implies that
T(a,u,v) = m(v),

and because of the fact that v € V was chosen arbitrary, confirms that @ € U(a).
The optimality of a, € A for (3.16) means that for n € N and each a € A, we have

~ 1 1
Jea(an) = llug, (an) = ze, 17 + xnR(an) < S llug, (@) — 26, 17 + xnR(a), (3-19)

where u, (a) is the solution of regularized optimization problem (3.7).
Let (4, &) be a solution of (3.1). Before any further advancement, we first analyze the behavior
of u¢,(@). By the definition of u., (d), we have

T.,(4,uc,(a),v) + €,5(uc,(d),v) = m,, (v) + €,l5,(v), foreveryveV. (3.20)

As in earlier part of this proof, it can be shown that {u,,(d)} is uniformly bounded. Therefore,
there is a subsequence {u,(a)} converging weakly to some #(d) € U(a).

Recalling that the set U(a) is closed and convex, we consider the following variational
inequality: Find @(d) € U(a) such that

S(a(a), w —a(a)) = €(w — u(a)), for every w € U(a). (3.21)

Due to the ellipticity of S(-,-), the above variational inequality has a unique solution #(4).
Furthermore, since u(d) € U(a), we have

T(a,u(a),v) = m(v), foreveryvelV. (3.22)
We combine (3.20) and (3.22) to obtain

T(4, uc,(a) — u(a),v) + T, (a4, uc,(d),v) — T(4, uc, (4), v) + €,5(uc, (@), v)

=m,,(v) —m(v) + exls, (V)

and by setting v = u(d) — u,,(d), and using the positivity of T, we get

Tn N A Vn ~C A I ~7 A A
— llalisllug, @llv + =+ 6n | l2(a) = ug, (D)llv - £(@(@) = ug, (2))
2 S(ug,(a), ug, (a) — u(a)) 2 S(u(a), ug,(a) —u(a)) (3.23)
Since the bilinear form S is positive, we have

S(@(@), #(@)) < liminf S(ug, (@), ug, (@),
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which, by taking (3.23) into account, implies that
S(a(a), u(a) — u(a)) = £(u(a) — u(a)). (3-24)
We set w = @(4d) in (3.21) to obtain
S(u(a), u(a) — u(a)) = L(a(a) - u(a)),
which when combined with (3.24) yields S(@(a) — 4(a), i(a) — u(a)) > 0, implying
0 > S(a(a) - u(a), #(a) - a(a)) = aolla(a) - w@ll,

and hence (@) = u(a). Since #(d) is unique, the whole sequence u.,(d) converges weakly to
#(d). The convergence is in fact strong due to (3.23). Indeed, by the coercivity of S, we have

aollug, (@) = a(@)IIy, < S(ug, (@), ug, (@) - a(@)) - S(@(a), ug, (a) - a(a)),

where S(u, (4), uc, (@) — @(d)) — 0 as n — oo by using (3.23) and S(#(4d), u, (@) — @(d)) — 0 as
n — oo by the linearity of S. Hence the strong convergence of {u,,(4)} to é(d) follows.

The above observations are valid when U is a set-valued map. We now prove the final assertion
by assuming that Z = V, for any v € V, we have €s,(v) = (zs,, v)v and S(u, v) = (u, v)y. Then,
it follows from (3.21) that for an arbitrary (a) € U(a), we have

(@(a) — z, 1t — a(d))y > 0
which implies that
(@) - zllz < [lu(a) - zllz,
and hence @(a) is the closest element to z among all the elements #(a) € U(a).
Therefore, as before, we have
llu(a) - 2|l < lim inf {llug, (@) = 25,117 + knR(@)}

_ . 2
< limsup [luc, (@) - zl|7

n—oo

A 2
= |la(a) - z||7

oA 2
< [la(a) - z||7,

where 11(a) € U(a) is arbitrary. In other words, the above inequality confirms the existence of
an element (@, u(a)) € graph(U) such that for every (a, u) € graph(U), we have

lu(@) -zl < llu - zllz

and hence a € A is a minimizer of (3.1). Evidently, if ¢/(a) is singleton for each a € A, then the
supplied arguments remain valid for any S and ¢.

Finally, we proceed to prove (3.17) and (3.18). Note that a necessary optimality condition for
ac, to be a solution of (3.16) is the following variational inequality

Dﬂn (ag,)a—ag,) > kn(R(ag,) — R(a)), foreverya € A, (3.25)
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where Ji,,(ac,) = }llug, (ag,) = 25,115 and D], (a)(b) = (Dug, (@)(b). ug, (@) - 25,)z.
For n € N, we define the adjoint equation: Find p,,, € V, such that

T, (ac,:Pc, v) + €.5(pc,,, v) = <25n - ug,(ag,), U>Z , foreveryveV. (3.26)

Evidently, (3.26) has a unique solution p.,. Taking v = Du, (ac,)(a — a, ), we get

<D”§n (ag,)(a - ag,),ug,(ac,) - 25n>z = -Tp,(ag,. ps,» Dug, (ag,)(a — ag,))
- €,5(pg,, Dug, (ac,)(a—ag,))
=-T, (agn, Dug, (agn)(a - agn)apgn)
- GnS(Dugn (agn )a - agn)’Pgn)
=Ty, (a - ag,, ug,(ag, ). e, ),

by (3.8) and (3.18) follows by using the above expression in (3.25). The proof is complete. O

Remark 3.6. Since (d, ) is a minimizer of (3.1), we have ||i(d) — z||z < ||lu — z||z, for each
(a,u) € graph(U). Since ||@(a) — z||z > ||a(a) — z||z is possible, we can’t use (d, 1) to show that
(a,u) is optimal. We circumvented this difficulty by showing ||@#(a) — z||z < ||4(d) — z||z. A
practical implication of the condition Z = V is that typically more regular data is required.

Remark 3.7. For Z =V, {5, () = (zs,,-)v and S(-,-) = (-, -)v, (3.7) reduces to
T, (a,uc,(a),v) + €xug,(a) — zs,,v)y = m,,(v), foreveryv eV,

which steers the regularized solutions towards the solution of (2.2) thatis closest to z. If {5, (-) = 0,
then the regularized solutions converge to a minimum norm solution of (2.2). We also note that
if the sequence of adjoint solutions {p., } is bounded, then by passing (3.17) and (3.18) to limit,
we shall derive optimality conditions for (3.1). Because an optimality condition for (3.1) would
involve the derivative of the set-valued parameter-to-solution map, such convergence result
could shed some light on its contingent differentiability.

3.2 THE MODIFIED OLS APPROACH

We shall now focus on the following MOLS-based constrained optimization problem

min (@) i= > T(a,u(a) - 7, u(@) - 2), (3.27)

which aims to minimize the energy associated to underlying noncoercive variational problem
(2.2). Here u(a) € U(a) and z € V is the measured data. Studies related to the MOLS functional
and its extensions can be found in [15, 18, 20, 26].

We continue to assume that {e,}, {z,}, {kn}, {Sn}, and {v,} are sequence of positive reals,
¢t € V*,and for eachn € N, m,, € V*, {5, € V*, and z5, € V satisfying (3.3). Furthermore,
the trilinear form T;, : BX V X V — R satisfies (3.4) and the bilinear and symmetric form
S:V XV — R satisfies (3.6).
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We again consider the regularized problem: Given a € A, find u, (a) € V such that
Ty, (a,uc,(a),v) + €,5(ug, (a),v) = m,, (v) + €,€5,(v), foreveryv eV, (3.28)

where €, > 0 is a regularization parameter and ¢, := (€5, Tn, Vn, Op). For a fixed n € N, let u, (a)
be the unique solution of (3.28).
We first consider the following analogue of the MOLS objective with perturbed data:

1 €
Jer(@) 1= T, (04, (@) = 25,10, (@) = 28,) + (g, (@) = 25,4, (@) = 25,). (320
We have the following result:
Theorem 3.8. For each n € N, the modified output least-squares functional (3.29) is convex in A.

Proof. For eachn € N, the functional J, is evidently infinitely differentiable. The first derivative
is derived by the using the chain rule:

1
DJe,(a)da = ETT" (6a,uc,(a) — zs,,uc,(a) — zs,) + T, (a, Dug, (a)da,uc,(a) — z5,)

+ €,5(Dug, (a)da, ug, — zs,).
By using (3.8), we have
T;,(a,Duc,(a)da,uc,(a) — zs,) + €xS(Du, (a)da, uc, (a) — z5,) = —Tr,(8a, uc,, uc,(a) — zs,),
and hence
DJe, (a)da = %Tfn (6a,uc,(a) - zs,,uc,(a) — z5,) — Tr, (8a, uc, (a), uc,(a) — zs,)
= —%Trn (6a,ug,(a) + zs,,uc,(a) — z5,). (3.30)
It now follows that

1 1
Dzjen (a)(8a,da) = _ETT” (6a, Duc,(a)da,uc,(a) - zs,) — ETT” (6a,u¢,(a) + zs,, Dug, (a)da)

= -Ty,(6a,u¢,(a), Dug, (a)da)
= T,,(a, Duc,(a)da, Du,(a)da) + €,S(Duc, (a)da, Du, (a)da),

where in the last step, we used
T;,(a, Duc,(a)da, Duc,(a)da) + €,S(Duc,(a)da, Duc,(a)da) = ~Ty,(éa, uc,, Duc, (a)da),

which follows from (3.8). We notice, in particular, that the following inequality holds for all a in
the interior of A:

D?J.,(a)(8a, 8a) = €nfo||Dug, (a)3allj;. (3.31)

Thus J,, is a smooth and convex functional. |
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Our objective is to approximate (3.27) by the following family of regularized MOLS based
optimization problems: For n € N, find a., € A by solving

. 1 €
min Jen(a) = ETrn (a,ug,(a)—zs,,uc,(a)—zs,) + ?ns(ugn (a)-zs,,uc,(a) - zs,) + kpR(a),
(3-32)

where u, (a) is the unique solution of the regularized variational problem (3.28).
We have the following result:

Theorem 3.9. Assume that the following conditions hold:

(i) The set A is bounded in B, for each a € A, the solution set U(a) is nonempty, and the image
set U(A) is a bounded set.

(ii) For each a € A, either U(a) is a singleton, or {5, (v) = (zs,,v)v and S(u,v) = (u, v)y.

(iii) For everya € A, and anyu,w € V, |lu — z|ly < ||lw — z|lv implies T(a,u — z,u — z) <
T(a,w—z,w—2).

Then, the optimization problem (3.27) has a solution, and for each n € N, optimization problem
(3.32) has a solution. Moreover, there is a subsequence {a., } C A converging in || - || to a solution
of (3.27). Furthermore, a necessary and sufficient optimality condition for any solution a,, of (3.27)
is the following variational inequality:

1
- ETT" (a—ag,,uc,(ag,) + zs,,uc,(ac,) — zs5,) = kn[R(ag,) — R(a)], foreverya € A. (3.33)

Finally, (3.33), when passed to the limit n — oo, results in the following variational inequality
1
- ET(a —a,u(a)+z,u(@)—z) =0, foreveryac A. (3.34)

Proof. It follows by standard arguments that for each n € N, (3.32) has a solution. By assumption
{a,} is abounded sequence, and due to the compact imbedding of B into L, it possesses a strongly
convergent subsequence. Let {a,} be the subsequence which converges strongly to some a € A.
Let {u,,} be the corresponding sequence of the solutions of the regularized variational problems.
As in the proof of Theorem 3.5, we can show that {u,} is bounded, and there is a subsequence
{u,} converging weakly to some @ = u(a).
The only new step is to show that for a, — a and u, := u,(a,) — u(a), we have

Tr, (@n, un — zs,, Uun — zs,) — T(a,u(a) — z,u(a) - z). (3.35)

Indeed, to prove this convergence, we note that for every v € V, we have
T‘rn (ana Up, 'U) + enS(un, U) =my, (U) + 6n€5n (U),

which, for the choice v = u, — z5,, can be rearranged as follows

T(an,un — 25, Un — 25,) = —1(an, 25,, Un — 25,) + M(up — zs,) = Tz, (an, Un, Un — 25,)
+ T(an, un, U — 25,) — €nS(Un, un — 25,) + €nls,(Un — zs,)

+ mv,,(un - Zﬁn) - m(un - 25,,),
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and since the right-hand side of the above equation converges to T(a, —z,4 — z) + m(d — z),
which, due to the fact @ € U(a), equals to T(a, i — z, @ — z), the desired convergence follows.
Let (4, #) be a solution of (3.27). Then, by using (3.35), we have

T(a,u(a) - z,u(a) — z) = nlggo Tz, (an, un(an) - 25, un(an) — 25,,)
< li’grl)i;}f {Tfn(a,,, un(an) — zs,, un(an) — zs,) + K,,R(an)}
< liminf {TTH (a,un(a) — z5,, un(a) — zs,) + KnR(d)}
n—oo

< limsup T(a, u,(a) — z, uy(ad) — z)
n—oo

= T(a, u(d) — z,u(d) - 2), (3:36)

which, as for the case of the OLS objective ensures that g is a solution of (3.36) and the proof is
complete. Note that when U(a), for a € A is not singleton, we need additionally condition (3)
on the trilinear form.

Due to the convexity of the MOLS functional, a necessary and sufficient optimality condition
for a., to be a solution of (3.32) is the variational inequality of second-kind

DJi,(ac,)(a— ac,) > kn(R(ac,) — R(a)), foreverya € A, (3.37)

where J, is defined in (3.32). Condition (3.33) is then follows from the derivative characterization
(3.30). Variational inequality (3.34) is a consequence of the properties of T and the facts that
ac, — ain|| - ||r, ug, — @ := u(a), and zs, — z. The proof is complete. O

4 FIRST-ORDER AND SECOND-ORDER ADJOINT APPROACH FOR OLS

We now describe the first-order and the second-order adjoint approaches to compute the first-
order and the second-order derivatives of the regularized OLS functional. These formulae can
be discretized to derive an efficient scheme for the computation of the gradient and the Hessian
of regularized OLS objective. The gradient computation by the adjoint approach avoids a direct
computation of the first-order derivative of the regularized parameter-to-solution map whereas
the Hessian computation by the second-order adjoint approach avoids a direct computation
of the second-order derivative of the regularized parameter-to-solution map. Adjoint methods
have been used extensively in the literature and some of the recent developments can be found
in [9, 25]) and the cited references therein.
Recall that for a fixed n € N, the regularized output least-squares functional is given by

= 1
(@) = S lug, (@) - zs, IZ + knR(ug,),

where R is a smooth regularizer and u,,(a) is the unique solution of the regularized problem
(3.7), that is,

T, (a,uc,(a),v) + €,5(ug,(a),v) = m,, (v) + €xls,(v), foreveryov e V. (4.1)
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Here {€,}, {tn}, {kn}, {On}, and {v,} are sequence of positive reals, £ € V*, and for each n € N,
m,, € V*, {5, € V* and zs, € Z satisfies (3.3). Moreover, T;, : BX V XV — R satisfies (3.4)
and the bilinear and symmetric form S : V X V — R satisfies (3.6).

By using the chain rule, the derivative of jc,, at a € Ain any direction da is given by

Dj;n (a)(8a) = (Dugn (a)(ba),uc,(a) - 25n>Z + x,DR(a)(6a),

where Dug, (a)(da) is the derivative of the regularized parameter-to-solution map u., and
DR(a)(da) is the derivative of the regularizer R, both computed at a in the direction da.
For an arbitrary v € V, we define the functional L., : BXV — R by

Ly, (@,0) = Ji, (@) + Tr, (@, g, (@), 0) + €,S(ug, (@), 0) = my,, (v) = €nls, (0).

Since u,(a) solves (4.1), for every v € V, we have L, ,(a,v) = Ji,(a), and consequently, for
every v € V and for every direction da, we have

daLx, (a,v) (8a) = DJy, (a) (5a) .

The key idea for the first-order adjoint method is to choose v to bypass a direct computation of
Dug,(a)(6a).n To understand a choice of v, we compute

0aLy, (a,v)(da) = <Du€n (a)(ba),uc, — zs, >Z + k,DR(a)(da)
+ Ty, (6a, ug,,v) + Tr, (a, Dug, (a)(6a), v) + €,5(Dug,,(a)(Sa),v). (4.2)
For a € A, and u,, satisfying (3.7), let w,,,(a) be the unique solution of the adjoint problem
T, (a, wg,, v) + €aS(we,, v) = (zs, — ug,, v>Z , foreveryvelV. (4.3)
We set v = Dug,(a)(da) in the above equation and use the symmetry of T;, and S to obtain
T;,(a, Duc,(a)(da), we,) + €,S(Duc, (a)(da), w,) + <“gn - zs,,Dug, (a)(5a)>Z =0. (4.4)
By plugging v = w,, in (4.2), using (4.4), we obtain

OaLy,(a, we,) (8a) = (Dug,(a)(8a), ug, — z5,) , + knDR(a)(Sa)
+ Ty, (8a,uc,, we,) + T, (a, Duc, (a)(da), we,) + €,S(Duc,, (a)(da), wg,)
= kpDR(a)(6a) + Ty, (6a, uc,,, we, ),

which gives the following formula for the first-order derivative of J,,:
Dj;n (a)(6a) = knDR(a)(a) + T;,(8a,uc,, we,). (4.5)
In summary, the following scheme computes Dﬂn (a) (8a) for the given direction da:

1. Compute uc,(a) by using (4.1).
2. Compute w,,(a) by using (4.3).
3. Compute Dj;n (a) (8a) by using (4.5).
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We will now derive a second-order adjoint method for the evaluation of the second-order
derivative of the regularized OLS functional. The goal is to derive a formula for the second-order
derivative that does not require the second-order derivative of the regularized parameter-
to-solution map. The central idea is to compute du,, directly by using (3.8) and bypass the
computation of §%u, by an adjoint approach.

Given a fixed direction da, and an arbitrary v € V, we define

Ly, (a,v) = D];n (a)(az) + T, (a, Dug, (a)daz, v) + €,S(Du, (a)daz, v) + Tr, (Saz, uc,, v)
= <Du§n (a)(baz),uc, — zs, >Z + knDR(a)(8ap) + T, (a, Du, (a)daz, v)

+ €,S(Dug, (a)daz, v) + Tr,(daz, uc,,, v).
Since Ly, (a,v) = Dj;n (a)(day), for any v € V, and hence for any §a;, we have
daLy,(a,0)(8ar) = D*Jy,,(a)(8a, Saz).
We compute the derivative of L,, in the direction a4, as follows

0aLy, (a,v)(day) = (Dzugn (a)(ba1,daz),uc, — z)Z + <Du€n (a)(daz), Duc,, (a)(5a1)>Z
+ k,D*R(a)(8ay, 8az) + T, (Say, Dug, (a)day,v)
+T,,(a, Dzugn (a)(bay, baz), v)
+€p (Dzugn(a)(Sal, day),v)z + Tr,(8az, Duc, (a)day, v).

Let w,,(a) be the solution of the adjoint problem (4.3). We set v = D*u, (a)(8ay, §az) in (4.3)
and use the symmetry of T;, and S to obtain

T, (a, Dzugn (a)(bay,daz), we,) + enS(Dzugn (a)(ba1,6az), w,)
+ (ug - 25",D2ugn(a)(5a1, 5a2)>Z =0. (4.6)

Using (4.6), we have

OaLy,(a, wg,)(8ar) = (D*ug, (a)(Sar, 8az), ug, — z) , + (Dug,(a)(Saz), Dug, (a)(Sar)) ,
+ x,D*R(a)(8ay, Saz) + T, (Say, Dug, (a)day, w,)
+T,,(a, Dzugn (a)(bay,6az), we,)
+ e,,S(Dzugn (a)(bay,daz), we,) + Ty, (8az, Dug, (a)day, we,)
= k,D*R(a)(8ay, Say) + <Dugn (a)(az), Dug, (a)(5a1)>Z
+ Ty, (a1, Dug,, (a)daz, we,) + Ty, (8az, Dug, (a)day, we,),

and consequently, we have

szc" (a)(bay, bas) = KnDzR(a)(éal, daz) + <Du§n (a)(az), Dug,, (a)(5a1)>z
+ Ty, (6a1, Dug,, (a)daz, we,) + Ty, (6az, Dug, (a)day, we,,).
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In particular,

Dzj;n (a)(8a,8a) = k,D*R(a)(Sa, ba) + (Dugn (a)(8a), Dug,, (a)5a>Z
+ 2T;,(6a, Dug,(a)da, we, ). (4.7)

In summary, the following scheme computes Dzj;n (a)(8a, da) for any direction da:

1. Compute u,,(a) by (4.1).

2. Compute Dug, (a)(8a) by (3.8).

3. Compute w, (a) by (4.3).

4. Compute Dzj;" (a)(ba, da) by (4.7).

The above schemes yield efficient formulas for gradient and Hessian computation.

5 COMPUTATIONAL FRAMEWORK

In this section, we develop a finite element method based discretization framework for the direct
and the inverse problems. Let 7x be a triangulation of the domain Q. We define A to be the space
of all continuous piecewise polynomials of degree d, relative to 7. Similarly, Uy will be the
space of all continuous piecewise polynomials of degree d,, relative to 7. Bases for Ay and Uy
will be represented by {1, {2, ..., ¥m} and {¢1, @s, . . ., n}, respectively. The space Ay is then
isomorphic to R™, and for any a € Ay, we define A € R™ by A; := a(x;), i =1,2,...,m, where
{¥1, Y2, ..., ¥m} is a nodal basis corresponding to the nodes {x, x3, . . ., xp, }. Conversely, each
A € R™ corresponds to a € Ay defined by a := 32, A;1;. Similarly, u € Uy will correspond to
U € R", where U; := u(y;), i =1,2,...,nand u = 2., U;p;. Here y1, s, . . ., yn are the nodes
of the mesh defining Uj. Note that although both Ay and U are defined relative to the same
triangles, the nodes are different.
For a fixed ¢,, we define [, : R™ — R" to be the finite element solution operator assigning
a coefficient a € Ay to the approximate solution v € Uy. Then ., (A) = V,, where V. is
defined by
[K:,(A) + e, W]V, = P;s, (5.1)

and K, (A) € R™" is the stiffness matrix, W is the matrix generated by S, and Ps, € R" is the
load vector:

KTn(A)ij = T‘L'n(aa Qi, (P])’ l,J = 1, 2’ ...,n,
M/ij:S((Pi,(Pj), i,j=12,...,n,
Pén = mVn(qoi) + engt?n((/’i)’ l = 1, 2, R (B

For future reference, it will be useful to notice that K, (A);; = T;jx Ak, where the summation
convention is used and T is the tensor defined by

Tijk = Tr,,(Yk, @i 0j),  1,j=12,...,n, k=12,...,m.
The derivative of the regularized parameter-to-solution map is easily computed as

DF,,(A)(SA) i= §V,, = — [K.,(A) + e,W]| " Ky, (SAV,,.
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To write the formula for 8V, in a tractable form, we define the matrix L, (V) by the condition
L, (VA=K (A)YV forall A e R",V e R".
Using this notation,

8V = = [Ken(A) + W] ' Ly, (V, )SA.

5.1 DISCRETE OLS

In the following, for simplicity, we ignore a discretization of the the regularization term. Using
the same notation as above, we can define the L?-output least-squares objective function by

Ta(A) = 5(Ve, = 28, T MV, = Zs,) 52)

where V., solves (5.1) and M is the mass matrix.
The gradient of j;cn can be computed as follows

DJn(A)SA = SVEM(V,, - Zs,)
= ([Kfn (A) + e, W] LTn(Vgn)(SA)T M(V,, — Zs,)
= —8ATL,, (Vo) [Ken(A) + e, W] ™ M(V,., - Zs,),

and hence N
VIn(A) = =Lo, (Vo) [Ken (&) + W] M(V,, - Zs,).

We shall now proceed to compute the Hessian. First, we observe that
D?J(A)(84, 5A) = SAT (<L, (8V.,)T) [Ke, (A) + €W ] M(V,,, - Zs,)
+ 8A L, (V)T [Ko(A) + €aW] 7 Ky (84) [Koy (A) + €, W] ™ M(V,, - Zs,)
—8ATL,,, (V)" [Koy(A) + €,W] 7 MSV,),
where we use the formula
D [Ke, (A) + W] 84 = — [Ko,(A) + ,W] 7 DK, (A)SA Ko, (A) + e, W]
= — [Ke, (&) + W] 7 Ky, (BA) [Koy (A) + e,W]

We will simplify all the the terms involved in the formula for the second-order derivative. First
of all, we have

Lo, (Vo) [Ken(A) + €,W] ™ DKo, (A)(SA) [Ko, (A) + W] M(V,, - Zs,)
= Lo, (Vo) [Kep(A) + €, W] Ko, (SA) [Kor, (A) + €W M(V,, - Z5,)
= Lo, (Ve,)" [Ke,(A) + €aW] ™ L ([Kr, (A) + W] M(V,,, = Zs,))0A,
which, by using the fact that

L, (W)U =L, (U)"V, forallU,V eR"
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gives
Ly (8Ve,)T [Key(A) + €, W] 7 M(V,, - Zs,)
= Ly ([Ken(A) + W] Loy, (Ve )SA) [Ko, (A) + €W ] M(V,, - Zs,)
= Loy ([Ken(A) + W] MV, = Z5, )7 [Ke(A) + €aW] " Ly, (V, )SA.
Finally,
— Loy (V)T [Krn(A) + €,W] 7 MOV,
= Loy (Ve)T [Ken(A) + €W] 7 M Ko, (A) + W] ' Ly, (V, )SA.
Combining the above results, we obtain that
Ve, (A) = Le, (Ve, )T [Kr, (A) + €aW] ™ Lo, ([Kr, (A) + eaW] ™ M(Ve, - Zs,)
+ Lo ([Kep (A) + €W] 7 M(V,, = Zs )T [Kin(A) + €W ' Lo, (V)
+ Lo, (Vo) [Key(A) + W] M [Kor, (A) + €, W] 7 Loy (Vo).

We emphasize that, after a discretization, the first-order and second-order adjoint formulae
discussed in the previous section would lead to an alternative scheme for computing the gradient
and the Hessian of the OLS objective.

5.2 DISCRETE MOLS

The discrete MOLS function J, : R™ — R is given by

n Z(sn)T w (Vgn - Zan) >

1 €
In(A) = 2 (Ve, = Z6,) Ko, (A)Ve, = Zs,) + - (Ve
where V,, solves (5.1), W is the symmetric matrix generated by the bilinear form S, and Zs,, is
the discrete data.

We can now compute the gradient as follows
DJn(A)SA := 8V, K., (A)V,, — Zs,) + %(V —Zs,)' DK, (A)SA(V,, — Zs,)

+en8VI W(Vg, — Zs,,)

= 6V] [Ke,(A) + e W] (V, — Zs,) + %(Vn ~Zs ) K., (8ANV,, — Zs,)

- [— (K., (A4) + e,w] ™ L,n(vgn)aA]T (K., (A) + W] (Ve, — Zs,)
+ Ve, = 25, TKGANV,, - Zs,)

=-8A"L,, (V.) (Ve, — Zs,) + %(Vﬂ ~Zs ) L., (Ve, — Z5,)5A

=—8ATL,, (V. ) (Ve — Zs,) + %5ATLT"(V = Zs ) (V. —Zs)

1
- _EéATLTn(VEn + Z5n)T(Vn - Z‘Sn)’
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which yields
VInA) = =5 Ly (Ve + 20, Ve, = Z8,) = =3 Ly (Ve Ve + 2 Lo (Z8,)7 2,
For the second-order derivative, from
DJ.(A)SA = —%5ATL,,1(V§")TV§” + %5ATLTn(25n)T25n

we evaluate

D?J,(A)(5A, 5A) = —%5ATLTH(5Vgn)TV5n - %5ATLTn(Vgn)T5Vn.
Since L., (U)TV =L, (V)TU for all U,V € R", and hence,

Lo, (8Ve) Ve, = Loy (Ve )TV, = =Ly (Ve )T [Ken(A) + €W ] 7 Lo, (V)SA.

Consequently,

D?J,(A)(SA, 6A) = —8AT L, (V) 6V,

= 6A Ly, (Vo) [Ken(A) + €, W] ' Lo, (V) )54,

which shows that
V2Ju(A) = Lo, (Vo)™ [Ken(A) + W] Loy (V).

Summarizing, the necessary formulas are
1
J(A) = E(V = Zs) ' [Ke(A) + W] (Vg — Zs,).
1 1
V]n(A) = _ELTH(Vgn)TVgn + ELTn(Z(Sn)TZ(Sn,

V2Ju(A) = Lo, (Vo) [Ke(A) + aW] ' Loy (V).

6 COMPUTATIONAL EXPERIMENTS

We now report preliminary numerical experiments to demonstrate the feasibility of the proposed
framework. We will identify the coefficient a in the Neumann boundary value problem (1.1). Our
experiments are of synthetic nature, and hence the data vectors are computed, not measured. We
solve numerically the regularized problems (3.16) and (3.29) by using the piecewise linear finite
elements. We used the finite element library FreeFem++ [24]. For simplicity, we used the H'(Q)
norm as the regularizer. The choose the regularization parameters k, and ¢, by trial and error.
The elliptic regularization of the variational problem was crucial in the identification process. As
expected, the reconstruction process failed for ¢, = 0 (see Figure 3). Finding a stable numerical
solution of a pure Neumann problem is quite challenging (see [4, 12]) and our computations
show that the elliptic regularization does a remarkable job in giving a stable solution.

The (normalized) unique solution is @(xy, xz) = cos(nxlz)cos(ang) and a(x;,x;) = 1. In
our experiment, both the OLS objective and the MOLS objective gave quite a satisfactory
reconstruction, see Tables 1 and 2 and Figures 1 and 2. To study the influence of noise, we
considered contaminated data zs, = z + 8,7(t), with n(t) uniformly distributed in [0, 1]. The
reconstruction is again quite stable, as seen in Table 3 and Figure 4.
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Table 1: Reconstruction error for the OLS for different discretization level and k = € = 0.0001.

h ”ah_lhéOHLz(Q) ”uh_“él”LZ(Q) ||“h_1h‘70“L°°(Q) ”uh_u(;l”Lw(Q)
naoll 20, ||uh|| 2 nao [l oo () ||uh||
¢ o llL2(Q) 0 L)
0.0471405 1.13 - 1072 2.13 -1073 3.34-1072 9.61-1073
0.0353553 6.96 -1073 1.27-1073 1.91 - 1072 6.66 1073
0.0282843  5.05-1073 8.90-107* 1.38 - 1072 4.87-1073
0.0235702 4.03-1073 7.19 -1074 9.76 - 1073 3.83-1073
0.0202031 3.34-1073 6.11 - 107* 8.24-1073 2.98-1073
0.0176777 3.23-1073 6.07 - 107* 8.65-1073 2.43-1073

Table 2: Reconstruction error for the MOLS for different discretization level and x = 0.01, ¢ =

0.0001.
h ”ah_lhéOHLz(Q) ””h‘“él“LZ(Q) ||ah_1hd0”L°°(Q) ””h‘“g”m(m

Tnaoll 2(q) ||u(§l||L2(Q) o ll oo ||u(§1||L°°(Q)
0.0471405 9.54-1073 4.37 -1073 4.32-1072 1.16 - 1072
0.0353553 5.83-1073 2.50-1073 2.50 - 1072 7.50 - 1073
0.0282843  4.24-1073 1.66 - 1073 1.70 - 1072 5.49-1073
0.0235702 3.34-1073 1.22-1073 1.23-1072 4.16 - 1073
0.0202031  2.82-1073 1.04-1073 9.77 - 1073 3.54-1073
0.0176777 2.36-1073 9.21-107* 8.18 - 1073 3.24-1073

Table 3: Reconstruction error for the OLS for different noise levels 8, for h = 0.0176777, k = € =
0.0001.

||ah_1hd||L2(Q) ””h‘”h“LZ(Q) ||ah_1ha“L°°(Q) ||”h_”h||L°°(Q)

Thale [ Mnallz=) [ o)

Sn

1-100'  9.22-1073 9.01-1072 3.53 - 1072 5.69 - 1072
1-107%  3.37-1073 9.03-1073 9.61-1073 6.87 - 1073
1-1073  3.23-1073 1.09-1073 8.70 - 1073 2.28-1073
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(a) data z (b) estimated u (c) estimated a

Figure 1: Reconstruction with no noise for h = 0.0176777, k = ¢ = 0.0001 by OLS approach.

L556555656568
S8g88RERe

(a) data z (b) estimated u (c) estimated a

Figure 2: Reconstruction with no noise for h = 0.0176777, k. = 0.01, ¢ = 0.0001 by MOLS
approach.

(a) data z (b) estimated u (c) estimated a

Figure 3: Failed reconstruction for A = 0.0235702, ¥ = 0.0001,¢ = 0 by the OLS approach.
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(a) data z (b) estimated u (c) estimated a

Figure 4: Reconstruction for h = 0.0176777, k = ¢ = 0.0001, and noise level §,, = 0.1 by the OLS
approach.
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7 CONCLUDING REMARKS

We explored the inverse problem of parameter identification in non-elliptic variational problems
by posing optimization problems using the OLS and the MOLS functionals. We regularized the
underlying non-elliptic variational problem and studied the features of the regularized parameter-
to-solution map. For the set-valued parameter-to-solution map, we relied on the notion of the
first-order and the second-order contingent derivatives. To the best of our knowledge, this
is the first work where tools from set-valued optimization have been employed to assist the
study of inverse problems of parameter identification. It would be of interest to explore what
derivatives of set-valued maps are most convenient for this kind of research. Detailed numerical
experimentation, taking into account the data perturbation, is of paramount importance and
will be done in future work. An extension of the present approach to inverse problems in
noncoercive variational inequalities also seems to be a promising topic to explore.
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