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Multi-bang control refers to optimal control problems for partial differential equa-
tions where a distributed control should only take on values from a discrete set of
allowed states. This property can be promoted by a combination of L? and L°-type
control costs. Although the resulting functional is nonconvex and lacks weak lower-
semicontinuity, application of Fenchel duality yields a formal primal-dual optimality
system that admits a unique solution. This solution is in general only suboptimal,
but the optimality gap can be characterized and shown to be zero under appropriate
conditions. Furthermore, in certain situations it is possible to derive a generalized
multi-bang principle, i.e., to prove that the control almost everywhere takes on allowed
values except on sets where the corresponding state reaches the target. A regularized
semismooth Newton method allows the numerical computation of (sub)optimal
controls. Numerical examples illustrate the effectiveness of the proposed approach as
well as the structural properties of multi-bang controls.

1 INTRODUCTION

This work is concerned with the problem

1 5 5 f d
min — -z + —\u + 5 | | U\Xx)—u; dx
0,y 2 ”)’ ||L2 2 ” ||L2 pl | ( ) l|0

s.t. Ay=u, w <u(x)<uy foralmost every x € Q

(1.1)

for given a > 0, B > 0, real numbers u; < -+- < ug, d > 2, and a target z € L*(Q). We assume
that A: V — V* is an isomorphism for a Hilbert space V with continuous, compact and dense
embeddings V < L?(Q) = V* (typically, an elliptic partial differential operator). The binary term

0 ift=0,
|tlo = .
1 ift+0,
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is related to Donoho’s counting measure. Problem (1.1) is motivated by optimal control problems
where it is only possible or desired for the control to take on values from a discrete set of given
control states u; (e.g., velocities or voltages), preferably those of smallest possible magnitude. In
analogy to bang-bang controls, which (under suitable conditions) attain their control constraints
almost everywhere, we refer to such controls as multi-bang controls.

Let us remark on some related control problems. For d =1, u; = 0, and no control constraints,
problem (1.1) was investigated in [Ito and Kunisch 2012], where the choice of the cost was motivated
by obtaining sparsity in the structure of the optimal controls. Sparsity can also be promoted by L-
type and measure-space functionals; see, e.g. [Stadler 2009; Casas et al. 2012; Clason and Kunisch
2011] and the references given there. We point out that although the desired controls are piecewise
constant, problem (1.1) differs fundamentally from control problems with a total-variation-type
penalty as considered in [Clason and Kunisch 2011], since here the constants are fixed a priori.
Ford =2 and a = 8 = 0, problem (1.1) is a classical bang-bang control problem, where optimal
controls satisty a generalized bang-bang-principle, i.e., the control constraints u; and u; are attained
almost everywhere outside a set where the optimal state reaches the target; see, e.g., [Troltzsch
1979; Tiba 1990; Bergounioux and Tiba 1996; Bergounioux and Troltzsch 1996]. The case d = 3 and
u; < uy = 0 < u3 has been treated as a “bang-sparse-bang” control problem in [Ito and Kunisch
2012, section 4]. In the context of time-dependent systems, controls taken pointwise in time from
a discrete set of states are referred to as switching controls and have been treated in the literature
mainly with respect to feedback control for ordinary differential equations and exact controllability.
Regarding the former we refer to [Fu and Barmish 1986; Liberzon 2003; Shorten et al. 2007], where
feedback controls and compensators are constructed that switch between a discrete set of gain
operators; typically with the goal of stability of the closed loop system. In [Lii and Zuazua to appear;
Zuazua 2011], controllability of ordinary differential equations and of the heat equation is analyzed
for control actuators with switching structure.

Problem (1.1) is challenging since the penalty term is neither convex nor lower semicontinuous.
We thus cannot apply the standard approach in optimal control, which consists in arguing existence
of a solution via limits of a minimizing sequence and deriving necessary optimality conditions
using separation theorems from convex analysis. Recall that for Fréchet-differentiable F and
convex G, a minimizer u of

(1.2) muin}"(u) +G(u)

satisfies the following necessary optimality conditions: there exists a p = —F'(#) such that p €
0G (1), which holds if and only if # € 0G*(p); see, e.g., [Schirotzek 2007, Proposition 4.4.4].
Here, G* denotes the Fenchel conjugate of the convex functional G, and dG* denotes its convex
subdifferential. We thus obtain the primal-dual optimality system

- ‘-
—p =7 (u),
i€dG*(p).
Note that since Fenchel conjugates are always convex, this system is well-defined even for nonconvex
G, although one cannot derive it as a necessary optimality condition for minimizers of (1.2).! We

(13)

"This “formal convex analysis” approach should be compared to the formal Lagrangian approach for deriving explicit
optimality conditions in optimal control of partial differential equations.



thus follow the approach from [Ito and Kunisch 2012], in that we show existence of a solution to (1.3)
and verify that (under some conditions) it is a minimizer of (1.1). This approach is based on deriving
an explicit, pointwise characterization of the subdifferential 0G*, which also yields that under some
assumptions on «, f3, A and z, the solution will attain the values vy, . .., uy almost everywhere (i.e.,
it satisfies a generalized multi-bang principle). This characterization is also instrumental for the
numerical solution of (1.3) using a semismooth Newton method.

This paper is organized as follows. The next section is concerned with the formal optimality
system (1.3), where an explicit form is derived in § 2.1, existence and stability of a unique solution is
shownin § 2.2, and the structure of the resulting controls - in particular, conditions for a generalized
multi-bang principle - is investigated in § 2.3. Suboptimality of controls is characterized in section
3, and conditions for optimality are given. Section 4 addresses the computation of solutions by
introducing a regularization of (1.3) for which a semismooth Newton method is applicable. Finally,
section 5 illustrates the structure of multi-bang controls with numerical examples.

2 FORMAL OPTIMALITY SYSTEM
In this section we consider the system (1.3) with

1
F () >R, w42l

— o d
G:L*(Q) - R, U fQ (5|u(x)|2 +ﬂl} |u(x) - u,-|0) dx + 8y (u),

where &y is the indicator function of the admissible set

U:={uel®(Q):u <u(x) <uy foralmosteveryxeQ}.

2.1 FENCHEL CONJUGATE AND SUBDIFFERENTIAL
We begin by computing the Fenchel conjugate G* of G, which is defined as
G"(p)= sup (u,p)2~G(u),
uel?(Q)
where (-,-);2 denotes the inner product in L?(Q). Since G is the integral of the function
g:R->R, V'_)EV +ﬁH|V_ui|0+8[u1,ud](V)’
i=1

the Fenchel conjugate can be computed pointwise as well; see, e.g., [Ekeland and Témam 1999,
Proposition IV.1.2]. Hence,

G (p)= [ & (p(x))dx,

where

(2.1) g R->R, q+~ sup vqg—g(v)



is the Fenchel conjugate of g. To compute ¢g*(g), we assume that the supremum in (2.1) for given
q is attained at v. Then we discriminate the following cases:

(i) ¥=u;foranie {1,...,d}. Then,

and hence

. a
g (q) = qui - 5”?‘

(ii) v # u; forany i € {1,...,d}. Then, v — |v — u;|p = 1 is differentiable at v and hence the
supremum in (2.1) is attained if the necessary condition
|
v——q=0
o
is satisfied. Hence in this case,
* 1 2
g(@)=oa-p
o
It remains to decide which of these cases is attained based on the value of g. For this purpose, it
will be convenient to define the functions
“(q) = qui - $uj if1<i<d,
814 >q>—p ifi=0.

Firstly, case (i) together with the box constraints on v imply that for g < au, the supremum is
attained at v = u, and similarly, for g > auy, at v = u,. Hence we have that

. ((q) ifq <au,
g(g) =180 :
g;(q) ifg>auy.

In fact, for g < au; wehave v ¢ {uy, ..., uy} since otherwise av = q < au; and hence v < u;, which
is impossible. Hence v € {uy,...,u }. Since for all j € {2,...,d} we have

((x(uj+u1)

> ‘q)(”j—“1)>(WUI—Q)(“J'—WPO»

it follows that

* (x *
g (q) = qu = Sui > quj— Zu; = g7 (q).

We find that ¢g*(q) = g7 (q) if g < au;. The case g > auy is argued analogously.
We turn to the case g € [au;, auy]. Then the pointwise supremum in (2.1) is attained at

g (q) =max{g;(q). & (q),---.g1(q)}-



From the definition of the g7, we have that g5 (q) > g7 (q) forall j € {1,...,d} ifand only if

(2.2) Zi(q—ocuj)2>/3 forall je{1,...,d}.
o

Hence, for all g € [au, au,] satisfying (2.2), we have that ¢g*(q) = g5 (q). Next consider some g
for which

1
Z—(q—(xuj)2<[3 forsome je{1,...,d},
o
and determine i such that g7 (q) > g7 (q) forall j # i, j > 0. This is the case if and only if
o
(ui—uj)q > 5(”? - u3),
and since the u; are distinct and ordered, this is equivalent to
> v u) if w>u
qz2 E(Lt, +uj) if w2 uj.

This can be written explicitly as

o
au1§q<5(u1+u2) ifi=1,

%(ui+ui_1)<q<g(ui+ui+1) ifl<i<d,

o

E(ud_1+ud)<q§omd ifi=d.

Making use of the fact that the u; are ordered, we introduce the sets

{q:1g-auj|>+\/2ap forallje{l,...,d} and aw<q<aus} ifi=0,

b {q:q—ocu1<\/2oc[3 and q<%(u1+u2)} ifi=1,
T {q:|q—(xu,-|<\/2aﬁ and %(ui,1+ui)<q<%(u,-+u,-+1)} ifl<i<d,
{q:q—omd>\/2(x/3 and %(ud+ud_1)<q} ifi=d.

Summarizing the above calculation and using this definition, we then have

“(a) qui—%u? ifqeﬁ,', 1<i<d,
g \q)= . -
iqz—ﬁ if g € Py.

Note that the P; are pairwise disjoint and that U%, P; = R. Furthermore, g/ (q) = g;(q) for

gePin ﬁj, since in this case equality must hold in place of the corresponding inequalities. This
implies that g* is well-defined, and in particular that g* is (locally Lipschitz) continuous.

We also note that while the sets {P,-}?l:1 are open intervals ordered along R, the set P consists
of several connected components of the form

(\/20c,8+ui,ui+1 -2 /3) = (M —pi,w +,0i),
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Figure 1: Plot of g*(g) (left) and g™ (q) (right) for d = 3, (u1, up, u3) = (-1,1,2), a = 0.5, § = 0.1
if
piz:M_ /3B >0

forie{l,...,d-1}.1fp; <Oforallie{1,...,d -1}, the set P, is empty.

Since the Fenchel conjugate ¢* is locally Lipschitz continuous, its convex subdifferential coincides
with Clarke’s generalized gradient [Schirotzek 2007, Proposition 7.3.9] and hence is given by

(23) og"(q) =E( U {(g?)'(q)})
{i:g*(9)=g (9)}

{Mi} iquPi, 1<i<d,
{1q} if g € Py,
- [ui,uiﬂ] lfq € ﬁ,’ nﬁi+1, 1<i<d,

[min{ui, 2q}, max{u;, éq}] ifge P;nPy, 1<i<d,
where co denotes the closed convex hull. Figure 1 gives an example of ¢*(g) and dg*(q), where
Py only consists of a single connected component between P; and P;.
2.2 EXISTENCE AND STABILITY

We now verify existence of a solution (i, p) to the formal optimality system (1.3), which can be
written as

- A% -1-
(2.4) {—p-A (A u-z),



where using (2.3), the subdifferential of the convex function G* is defined pointwise almost every-
where by

{u;} if p(x) € P;,
" . {zp(x)} if p(x) € Py,
0 x)=0 x))=1 "¢ _ _
G*(p)(x) = 9g"(p(x)) (s i it () € B, B,

[min(u;, 2p(x)), max{u;, ép(x)}] if p(x) € P; n Py
Theorem 2.1. There exists a unique solution (i, p) € L>(Q) x V to (2.4).

Proof. We introduce j = z— A™'iz € L?(Q) and eliminate & and p from (2.4) to obtain the reduced
optimality condition

(2.5) zej+ATAGH (AT P).

Since dG* is the subdifferential of a convex function, it is maximal monotone from L*(Q) to L*(Q);
see [Bauschke and Combettes 2011, Theorem 20.40]. Furthermore, A and thus A* are isomorphisms
by assumption, and hence we have that A™* is a bounded operator with ran(A™) = V - L*(Q).
From dom(9G*) = L*(Q), it follows that

HA (ran(A™*) - dom(9G*)) = L*(Q)

is closed. This implies that A”'9G* (A™*+) is maximal monotone; see [Bauschke and Combettes
2011, Theorem 24.5]. Since the identity is clearly maximal monotone with domain L*(Q), we have
that B:= [ + A7'9G*(A™*-) is maximal monotone from L?(Q) to L>(Q) as well; see [Bauschke
and Combettes 2011, Corollary 24.4].

Now by convexity of G*, we have (3G*(v) — 9G*(0),v) 2 > 0 for all v € L?(Q), and hence

(y+A70G (A y), y)i2 = |yl7 + (0G* (A" y), A" y) 2
> |y7. +(A7'9G* (0), y) 2

- o0

as | y|2 = oo. Hence B is coercive and maximal monotone on L?(Q) and thus surjective on
L*(Q); see [Bauschke and Combettes 2011, Corollary 21.2]. From this, we obtain that for any
z € L*(Q) there exists a j € L?(Q) satisfying (2.5). Furthermore, for any such  we have

2=y e AT (3G (A7),
and hence z — j € ran(A™") = dom(A). We can thus set

i:= Az~ y) €3G (p) < L*(Q),
p=ATy=AT(z-ATa) eV,

and obtain the desired solution of (2.4).



To show uniqueness, assume that j, j, € L*(Q) are two solutions. By inserting both into (2.5)
and subtracting, we obtain

0=(ji~y2+AT9G (A" 1) - A9G" (A" ). jn = )12
= |71 = 72l1: + (9G" (A7 51) = 9G™ (A7 72), A 1 = A o)y
> |51 - 7272
by monotonicity of 9G*, and hence that j; = j,. Next, let (i1, p) € L*(Q) x V solve (2.4). Then,

ji=z- A" = A*p € L*(Q) satisfies (2.5). Since this solution is unique and A is an isomorphism,
the pair (i, p) must be unique as well. O

For later reference, we recall that if (#, p) satisfies it € 0G*(p), we have that pointwise almost
everywhere

{u} if p(x) < min {aw; +\/2ap, (w1 +u3)},
{u;} if max {au; —\/2ap, S(uig + ui)} < p(x)
< min{aum +/2ap, 5 (u; + u,-+1)}, 1<i<d,
{ugq} if p(x) >max{cxud—\/20(/3,%(14,1_1+ud)},
{(1p(x)} if p(x) € (auy, aug) and |p(x) — auj| >/2af forall1< j< d,
[ui,u,u,l] 1f[7(x) = %(ui + u,’+1), 1<i<d,
[1p(x),ui] if p(x) = au; —/2ap, 1< i < d,
[uis 2p(x)] if p(x) = au; +\/2aB, 1< i< d.

(2.6) u(x)e

Continuous dependence of the solution (i, y, p) on the data z is considered next.

Proposition 2.2. Let (ii;, j,, p.) denote the solution to (2.4) for given z € L*(Q). Then, the following
statements hold.

(a) There exists a constant K > 0 such that

|72 = Yz li2 + 1Pz = Pzallv < Kllz1 = 22 12,
forall z; e L*(Q), z, € L*(Q).

(b) Forz, — z in L*(Q) we have (u,,, y.,) — (uz, y,) weakly in V* x V and p,, — p, strongly
inV.

(c) Forz e L*(Q),letS be a compact subset of U, P;. If A is an isomorphism from H*(Q)nH}(Q)
to L*(Q) and Q c R", n < 3, then there exists a neighborhood U(z) in L*(Q) and a constant
K such that

|usz - uz||Hz(QS) <Kg|z-z|2 forallze U(z),

where Qg = {x: p(x) € S}.



Proof. (a) Proceeding as in the second part of the proof of Theorem 2.1 we find that

(b)

(Zl _ZZ>)_}21 _)_/22>L2 2 ”)-}Zl _)-)Zanz’

and hence that || 7, — 72,12 < |21 — 22| %,. The estimate now follows using the first equation
of (2.4).

To simplify notation, let (¢, 4, pn) = (i1z,> ¥z,> Pz, )- By (a) we have that { p,, } ey is bounded
in V, and hence by the compact embedding V < L*(Q), there exists a subsequence (denoted
by the same symbol) such that p,, - p := p, almost everywhere in Q; see, e.g., [Brezis 2010,
Theorem 4.3]. Furthermore, the box constraints on u,, imply that {1, } ,cn is bounded in L*(Q))
and hence that there exists a subsequence of {1, } ,en (also denoted by the same symbol) such
that u, — i weakly in L?(Q) for some it € L?(Q). From (2.6), we deduce that

d
u, - almost everywhere on {x eQ:p(x)el P,-},
i=0
where we use that the sets P; are open and p, — p almost everywhere. Since u,, — & and
Uy = i pn on Py, with p, - p in L>(Q), we conclude that u,, — i = & almost everywhere on
{xeq: p(x) e UL, Pi).
We still need to consider the sets S; ;41 = {x € Q: p(x) € P;n Py} forie{l,...,d -1}
and S;p = {x € Q : p(x) € P;n Py} fori e {1,...,d}; note that these sets can be empty.
Since u,, — @ weakly in L>(Q), from Mazur’s theorem (see, e.g., [Yosida 1980, Theorem V.1.2])
we obtain existence of a convex combination of u, that converges strongly in L>(Q) to a
i € L*(Q). Specifically, there exist coefficients {y} } s ,en and summation bounds {1/, }nen
with Z;{(:? Y =1, and indices nj € {n,n +1,... } such that
In
fiy = Y Yhun, — i strongly in L*(Q),
k=1
see [Brezis 2010, Exercise 3.4]. Taking another subsequence, we have i1, — @ almost everywhere
in L>(Q). To argue that & € 9G* (p) on U S; ;41 U UYL, Si 0, we first consider

S0 = {x €Q:p(x) 61_3101_30} = {x €Q:p(x)= au1+\/20c/5}

(in case it is nonempty). Recall that p,(x) — p(x) for almost every x € Q. Let x € S; o be such
that p,(x) - p(x) and it,(x) — i(x). Then u, (x) € [u1, 2 p,(x)] for all n sufficiently large.
Consequently,

In
in(x) = ZyZunk(x) € [ul,supbn pk(x)].
k=1

Taking the limit as n — oo, we obtain that 7i(x) € [uy, + p(x)] = [u1, auy +\/2aB], and hence
that 7i(x) € 0G* (p)(x) for almost every x € S; . Analogous arguments can be used for the
sets S ;11 and S; o with i € {2,...,d} (if they are nonempty). Altogether we have that

i1€0G*(p) almost everywhere on Q.

Thus (i, j, p) satisfies (2.4). Uniqueness of the solution to (2.4) implies that & = .



(c) Next consider the sets P; associated to the solution (i, ., p,) of (2.4). By the assumptions
on Q and A we have that p; — p, in H*(Q) = C(Q) as Z — z in L?(Q). Hence there exists a
neighborhood U, suchthat {x € Q: p,(x) e SNP;} c {x € Q: ps(x) € P} forie{0,...,d}.
Consequently,

Uy=tz;=u; on {xeQ:p,(x)eSnP} forl<i<d, and
T _
uz—u;}:&(pz—Pg) on {xe€Q:p,(x)eSNnPy}.
These equalities imply the claim. O

2.3 STRUCTURE OF SOLUTION

We now discuss the structure of the solution i to (2.4), and in particular, conditions under which
i only takes on the values uy, . .., u; almost everywhere. First, observe that

d
Q :L:JI{xEQ:a(x) :ui}u{xe Q:u(x) = él_’(x) and (x) ¢ {”1""’”01}}
u{x eQ:u(x)¢ {ul,...,ud,éﬁ(x)}}

d
= JAuFUS.

i=1

In analogy to bang-bang control problems, we refer to A := U, A; as the multi-bang arc, to F as
the free arc, and to S as the singular arc.
Consider first the free arc. From (2.6), we can deduce that

Fc {x € Q:au;++/2af < p(x) < aujy —/2af forall1< i< d} N (auy, auy).
Hence, if & and f are chosen such that
1
(2.7) \/2ﬁ/“2§(”i+1—u1') foralll1<i<d,
then Py = &, and thus there is no free arc. Note that as long as (2.7) is satisfied, the value of f3
does not appear in (2.6), and thus it has no further influence on the structure of 1. Rather than
the values themselves, it is therefore the relations between f and « and between « and u;.; — u;,

1 < i < d, that determine the structural properties of .
Similarly, we have

(2.8) S= {x €eQ): ﬁ(x) € dL_Jl(ﬁ, ﬂﬁi+1) @] Ldj(ﬁ, ﬂﬁo)}
i=1 i=1

d-1 d
c {x €eQ:p(x)e L:JI {%(ui + ui+1)} UL:Jl{cxu,- —\/2ap, au; + \/204[3}}.

10



From this representation it is possible to derive generalized multi-bang principles for 1. A specific
case is given in the following result, where we assume that A is a second order elliptic partial
differential operator of the form

Ay =— Z 8xi(a,-,jaxjy) + Zlaxi(b,-y)
i=

i,j=1
with a;j € Wb (Q) and b; € L*(Q).

Proposition 2.3. If « and f3 are chosen according to (2.7), and A satisfies A* (L*(Q)) c W>1(Q)
in addition to the assumptions above, then

d
(2.9) Q=U{xeQ:a(x)=u}u{xeQ:y(x)=2z(x)}.

i=1

Proof. The choice of a and  ensures that there is no free arc. Assume now that the singular arc S
has positive Lebesgue measure (otherwise we are finished). To show that y = z almost everywhere
on S, we make use of the following result from [Kinderlehrer and Stampacchia 2000, Lemma IT.A.4]:
Let w € WhP(Q) for some 1 < p < oo. Then Vw = 0 almost everywhere on {x € Q : w(x) = t}
for every t € R. Applying this result for w = pand S, := {x €Q:p(x)=5(wm+ uz)}, we deduce
that Vp = 0 almost everywhere on ;. Utilizing this fact, the assumed regularity p € W>!(Q) of
the adjoint state, and the regularity of the coefficients, we can proceed as in [Bergounioux and
Troltzsch 1996, Theorem 5.2] to argue that A* p = 0 almost everywhere on &;. This argument can
be repeated for all components of S. Hence y —z = A*p = 0 on S, and the representation (2.9)
follows. O

We refer to u satisfying (2.9) as a generalized multi-bang control. In particular, if « and f§ are
chosen according to (2.7) and y(x) # z(x) for almost every x € Q, & will only attain values among
the desired control states uy, . . ., uy, and thus it will be a true multi-bang control. Furthermore, for
fixed «, any choice of f satisfying (2.7) leads to the same control.

As noted in the introduction, problem (1.1) for d = 2 represents a bang-bang control problem,
since in this case, if the parameters are chosen to satisfy (2.7),

. w  ifg < E(u +uy),
g(q):{ql . q i( 1 )
quy  if g2 5 (u +uy).

Under the assumptions of Proposition 2.3, i is a generalized bang-bang control, i.e., in the almost
everywhere sense, it will only take on the values of the control constraints u; and u; except on
singular arcs where y = z. Compared to standard bang-bang problems, however, the solution #
will be biased towards either u; or u, based on the value of & (unless 1 = —u5). By setting « = 0 in
(2.6) we (formally) recover the standard optimality conditions for bang-bang controls.

Remark 2.4. The quadratic term §|u(x)|* should not be interpreted as a regularization of the
binary term |u(x) — u;|, but as an equally important part of the “multi-bang penalty” G. Let us first
turn our attention to the fact that the control constraints alone are sufficient to ensure existence of

11



a solution to (2.4) even for a = 0. Following the approach in this section, we find then that the
supremum in the Fenchel conjugate (2.1) is attained at the maximal or minimal bound: For any
d > 2, we have that

§"(q) = max{quy, qua, ..., qu4-1, qua} = {qul Ha<o

qug ifg>0.

Hence, under the assumptions of Proposition 2.3, & will always be a generalized bang-bang control,
independent of the value of 8 and the choice of u;,1 < i < d. The presence of the quadratic term in
G is therefore essential for being able to select from all possible desired control states uy, .. ., ug.
Furthermore, from (2.6) we see that smaller values of « > 0 will allow the control to attain control
states of larger magnitudes. In particular, if 0 is among the control states, the value of « controls
the sparsity of the control #.

We finish this section by remarking on some alternative formulations of the multi-bang penalty
in (1.1).

(i) Instead of the product, we can penalize the sum of the binary terms, i.e., consider

d
. o
8) = S+ B Yyl + (1)

We then obtain

oQ

#(q) = qui—Sui—(n-1)p ifgeP;, 1<i<d,
iqz—nﬁ if g € Py,
i.e., the Fenchel conjugate is the same up to the additive constant —(n — 1) 8, and hence its

subdifferential coincides with dg*.

(ii) The L? penalty is sufficient to ensure existence of a solution to problem (1.1) even without
control constraints. In this case, we obtain that *(g) = gj (q) if

zi(q_ auj)?>p  forall je{l,...,d},
(04
and hence
Po={q:lq-auj|>\/2ap forallje{1,...,d}}.

The free arc will thus always contain the two components (—oo, au; — /2af3) and (auy +

\/2af3, 00). In general, this will prevent the generalized multi-bang principle in Theorem 2.3
to hold even with the choice (2.7).

(iii) Finally, if the control constraints take the form a < u(x) < b with a < u; and b > uy, and
« = 0, a similar argument as above shows that

; B
qa-p if q<-;=,

a
quy if - £ <g<0,

ui—a

§'(q) = max{qa-p,qui,...,qus,qb - B} =

qug if 0<g< b

b—ud ?

gb-p if £ <q.

b—u1 -

12



Although # may now take on the two bounds a and b besides the states u; and u, the
multi-bang arc will not contain the control states u5, . .., 1 _;.

3 DUALITY GAP AND (SUB)OPTIMALITY

We now investigate in which cases the system (1.3) represents sufficient optimality conditions for
problem (1.1). Let (i, p) satisfy (1.3). Since F is convex and Fréchet differentiable, the first relation
of (1.3) implies that for any u,

F(u) - F(a) - (-p,u—ut) > 0.
If we could similarly argue that
(3.1) G(u)-G(a) - (p,u—au) >0,

we would obtain that # is a minimizer of J(u) := F(u) + G(u). For convex functionals, this
inequality follows from the characterization of the subdifferential together with the Fenchel-Young
inequality. However, since G is not convex, inequality (3.1) cannot hold in general and hence we
can only expect that (i1, p) is suboptimal. This manifests itself in a duality gap in the Fenchel
extremality relations, i.e., there is an & > 0 such that

G(u)+G*(p) <(p,u)+e,

which in our case arises due to the set-valued nature of the subdifferential 0G*. To estimate the
gap ¢, we therefore introduce the critical set

C:={xeQ:p(x) eP;nP; and i(x) ¢ {(gf)’(x),(g]-*)’(x)} for some i < j€ {0,...,d}}.

The geometrical interpretation of the condition x € C is that #(x) is not an extremal point of
[ti, uin ] if p(x) € P; N Pjyy for some i € {1,...,d -1}, respectively #1(x) is not an extremal point
of [min{u;, 2 p(x)}, max{u;, L p(x)}]if p(x) € P; n Py for some i € {1,...,d}.

Lemma 3.1. Let (i1, p) satisfy ti € 0G* (p), i.e., (2.6). Then we have
G(u) +G"(p) - (p-u) < BICI,
where |C| denotes the Lebesgue measure of the critical set.
Proof. We discriminate pointwise based on the value of p(x) for almost every x € Q.
(i) p(x) e P;forsomei € {l,...,d}.In this case, the relation (2.6) yields it(x) = u; and thus

2

8(a(x)) + " (p(x)) = p(x)i(x) = Tut + plx)us St = p(x)u; = 0.
(ii) p(x) € Py and thus i1(x) = 1 p(x), yielding

Qi) + ¢ () = p()ix) = 5 (2 p(x)) + B+ 5 pl)* = B = - p(x)? 0.

13



(iii) p(x) € Pin Py = {5 (ui +uip)} for some i € {1I,...,d —1} and hence i(x) € [u;, U]
Assume first that u; < #(x) < t;4. Then we have

g(a(x)) + g (p(x)) - B(x)ia(x) = Sa(x)” + B+ 5 (us + i)y = Juf = 5 (i + i )i(x)
= 2 (@) ~ ) (@(x) ~ win) + B
<p

for all it(x) € (u;, uis1) since the first term is negative there.

For i1(x) € {u;, u;+1}, we argue as in case (i) to find that
g(a(x)) +g" (p(x)) - p(x)a(x) = 0.
(iv) p(x) € Py n P;. This implies

{au; + \/m} ifi=1,
p(x) € {au; —\/2aB, au; +\/2af} ifl<i<d,
{aug —~/2ap} ifi=d.

Consider first the case p(x) = au; + \/2af for some i € {1,...,d — 1}, which implies that
u(x) € [u;, ép(x)] Assume that u; < u1(x) < ép(x) (otherwise argue as in case (i) or (ii)).
Then

2

g(8(x)) +g"(p(x)) - p(x)(x) = Ta(x)” + B+ plx)u; = Juf = px)a(x).

A simple calculus argument shows that the right-hand side is a monotonically decreasing
function of #(x) on (u;, ~p(x)) and hence attains its supremum for #(x) = u;, which
implies that

g(a(x)) + g (p(x)) - p(x)ia(x) < B
for all i (x) € (u;, ép(x))
We argue similarly for p(x) = au; — \/2ap for some i € {2,...,d}.
Integrating over () yields the claim. O

Having computed the duality gap, we can now characterize (sub)optimality of solutions to the
formal optimality system (1.3) by similar arguments as in the convex case.

Theorem 3.2. Let (i, p) satisfy (1.3). Then for any u € L*(Q),
J(i) < J(u) + BIC|.

In particular, if C is a set of Lebesgue measure zero, i is a solution to (1.1).

14



Proof. Assume that (i1, p) is a solution to (1.3) and let u € L?(Q) be arbitrary. Recall that the first
relation of (1.3) then implies that

F(u) - F(a) - (-p,u—1i) > 0.

Furthermore, Lemma 3.1 and the Fenchel-Young inequality (which holds for any proper G) imply
that

G(u) =G(a) = (pu—u)2G(u) - (pu) +G7(p) - BIC|

> -BIC|.
Hence,
J(u) = J () = (F(u) +G(u)) - (F(a) + G(a))
= (F(u) - F(a) = (-p,u—u)) +(G(u) -G(u) - (p,u—u))
> -p|C|
as claimed. O

Since the critical set C is contained in the singular arc S, see (2.8), we immediately obtain the
following optimality result.

Corollary 3.3. If the solution ii to (2.4) is a true multi-bang control (in particular, if |S| = 0), then i
is a solution to (1.1).

4 SOLUTION OF OPTIMALITY SYSTEM

We now address the computation of solutions to the formal optimality system (1.3), which after
introduction of the optimal state y := A~ can be written as

Aj =1,
(4.1) A'p=z-7,
i€dG*(p).

The main difficulty here lies in the set-valued nature of the subdifferential in (4.1). We therefore
introduce a single-valued regularization of (4.1) for which a semismooth Newton method can be
applied.

4.1 REGULARIZATION

We consider a continuous, piecewise linear regularization of dG*. Constructing this regularization
is complicated by the possible presence of free arcs; see section 2.3 and Figure 2. We thus need to
introduce the following sets:

Pf:{q:qg(xul+\/m—s and qé%(uﬁruz)_f}’
Pi={q:lg—aui|<\/2ap—¢ and §(uisi+ui)+e<q<§(ui+uia)-eh
sz{q:anud—m+s and qZ%(ud—1+ud)+€}’
Péz{q:|q—ocuj|2\/m+€ forall je{l,...,d} and qe (au,auy)},
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S(ui+uin)

au; ++\/2apf - ¢
auj +\/2ap
au; ++\/2ap +¢

S(ui+uin) - ¢
S(ui+uin) +e
g~/ 2ap - ¢

(a) no free arc (b) free arc

Figure 2: Possible situations for dg*(q) and its regularization h(q). Left: P; n P;;; # @; right:
P;nP;,; = and hence P; n Pior #3,PiyinNPiy1o- #+ O

and if %(um —u;) <+/2ap (ie., there is no free arc),
ii+1:{q:|q_%(”i+”i+l)| <5}’ Py =Py, =9,

else

fo- = {4 1q - (aui —\/2aB)| < e},
io+:{q:|q—(o¢ui+\/2a[3’)|<s}, Piin=2.

In both cases, P{,_ and P] . are always defined as empty. To guarantee that the sets P} are well-
defined, we need to assume that

(3.2) & < min {\/2 ﬂ,%(ui+1—ui_1)}.

We then define
" ifqeP;,
éq if g e P,
i [u,-(%(ui +tui) +e—q) +uin(g— 5(ui+uin)+ 5)] ifgeP;,
he(q) = 4 L [L(aui - \/2af - &) (a; - \/20B + £ - q)
+ui(q - au; ++/2ap+e)|  ifqeP:,

L [ui(au; +/2aP +e—q)

+y(aui+\/2aB +)(q - aui /20 + )] ifqe Py,
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The regularization H, of the subdifferential dG* is then defined pointwise almost everywhere as

He(p)(x) = he(p(x)).

Since h, : R — R is (by construction) a continuous and monotone function, the corresponding
superposition operator H, : L>(Q) — L*(Q) is maximal monotone; see [Brezis 1973, Exemple
2.3.3]. The regularized system

A}’e = U,
(4.3) A'pe =2z -y,
Ue = Hs(p£)>

thus has a unique solution (u, y., p.) by the same arguments as in the proof of Theorem 2.1.
Note that P; is strictly contained in P; for all i € {0,...,d}. Therefore, if p.(x) € P} for some
i €{0,...,d} and almost all x € Q, we obtain by comparing the definitions of H, and dG* that

Ue = He(ps) € ag*(FS)’

and hence that (u,, y., p¢) satisfies (4.1). Furthermore, there is no singular arc in this case, and
sO U, is a true multi-bang control and thus optimal. Otherwise, solutions to (4.3) converge to a
solution to (4.1) in the following sense.

Theorem 4.1. As & — 0, the sequence {(ue, ye, pe) }eso converges weakly in L*(Q)) x V x V to the
solution (i1, y, p) to (4.1). If the critical set C has Lebesgue measure zero, u, — it pointwise almost
everywhere.

Proof. Using (4.3) and eliminating u, and p,, we have
ye + ATTH (A y,) = 2,
and hence
ye+ AT H (A" y,) = A7 H(0) = z — A" H,(0).
Since H, is maximal monotone for every ¢ > 0, we obtain by taking the inner product with y, that

lyelze < lzlizlyelz + (He(0), A ye) 2
< zlzzllyelze + [ He(O) |2 A™ yell 2
< Cllyele,

where we have used that A~ is an isomorphism and that H, (p) is bounded pointwise almost every-
where independently of e by max{|u], |ug|}. Together with (4.3), this implies that { (i, ye, pe) Fes0
is bounded in L?(Q) x V x V. Therefore, there exists a sequence {&, } eny With lim,, . €, = 0 such
that (ue,, ye,» pe,) — (iL, 9, p) weakly in L*(Q) x V x V. Since V = L?(Q) compactly and after
extracting a subsequence, we have in addition that p,, — p pointwise almost everywhere in Q.
We can thus pass to the limit in (the weak formulation of) the first two equations in (4.3) to obtain
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Arguing as in the proof of Proposition 2.2, we find coefficients {y} }, ,ery and summation bounds
{1} nen with Zi”zl yp =1, and indices &,, € {€,,&n415... } such that
In
e, = Y YiUe,, — U strongly in L*(Q).
k=1

Hence, after extracting a further subsequence, #i,, — # almost everywhere in (). We then discrim-
inate pointwise almost everywhere for p:

(i) p(x) € P;forsomei € {0,...,d}: Since the P; are open sets, by definition of the regularization
we have h,, (p(x)) = (g)'(p(x)) for all n sufficiently large. Pointwise convergence of p,,
thus implies that lim, e he, (pe, (X)) = (¢7)'(p(x)),and since u,(x) = he(p:(x)) we have

lim 4., (x) = it(x) = (&7)"(p(x)).
(ii) p(x)eP;n Py forsomel< i< d: Again by definition, we have

u; <he(p(x)) < ujsr.

Since limy, o0 Pe, (x) = p(x), we have using the definition of h, that

u;j < he,(pe, (x)) < iy

for all n sufficiently large. Since

Iy In
asn (x) = Z yzusnk = Z ))Zhsnk (psnk ('x)) >
k=1 k=1
we obtain that
u; < lim i, (x) = i(x) < 4.
(iii) p(x) € P;n Py for some 1< i < d. We argue similarly as in (ii) that
A N . 1 1
lim &, (x) =i(x) € [mm {ui, —p(x)} ,max{ui, —p(x)}] .
n—o0 o o
These calculations imply that pointwise almost everywhere,

i(x) € 9g" (p(x)),

from which we deduce that (i, j, p) satisfies (4.1). Since this solution is unique, the full sequence
converges weakly in L*(Q) x V x V to (i, j, p).

Finally, if |C| = 0, the convergence u, — # is pointwise almost everywhere since only case (i)
needs to be considered. O]

18



; . I L

(a)e~2.7-1077 (b)e~2.3-107° (c)e~19-107"

Figure 3: Controls u, showing weak but not pointwise convergence

Remark 4.2. In the case that the singular arc S is not a set of measure zero, the weak but not
pointwise convergence can be observed numerically. An example for Q = (0,1), A = -0y, with
homogeneous Dirichlet conditions, and (uy, 4;) = (-1,1) can be constructed as follows: Choose

1\2 . 1
~x(x~-3) if 0<x<3,
5 1 2
p=10 1f3<x<3,

(1—x)(x—%)2 if%<x<1,

-1 if0<x<3,
o1 2
0 1f§<x<§,

1 if§<x<1,

<
I

which satisfy it € 0G* (p). The corresponding state is

1,2_2 ; 1
SXT—5x 1f0<x<3,
-_ )1 1 o1 2
y= §X—E 1f3<x<§,
1,2, 7. 5 02
SXTHgx -3 1f3<x<1,

Setting z = y + (—dxxp), this choice of (i, y, p) is a solution to (4.1). However, the sequence
{(tte> ye» Pe) }e>0 does not converge pointwise on the singular arc [, 2] but for smaller ¢ begins
to oscillate between —1 and 1 with increasing frequency; see Figure 3 (where a = = 5-107"). This
phenomenon is also known in the context of bang-bang optimal control of ordinary differential
equations; see, e.g., [Silva and Trélat 2010].

4.2 SEMISMOOTH NEWTON METHOD

We now wish to apply a semismooth Newton method to (4.3). Since h, is Lipschitz continuous
and piecewise differentiable, the corresponding superposition operator H, is semismooth from
V < L"(Q) to L*(Q) for any r > 2; see, e.g., [Ulbrich 2011]. Its Newton derivative at p in direction
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0p is defined pointwise almost everywhere by

0 if p(x) € P},
290p(x) if p(x) € Pg,
(4.4) [DNH:(p)dp](x) = { “520p(x)  ifp(x) € P,
V2P 5p(x) if px) € P,
VB sp(x) if plx) € P

After eliminating u,, a semismooth Newton step then amounts to solving for (dy, dp) in

Sy +A*dp =z - y*— A pk,
(4.5) ) : .
Ady - DNH.(p")dp = —Ay" + He(p"),
and setting y**! = y* + 8y and p**! = pk + &p.

To show local superlinear convergence of the semismooth Newton method, it remains to show
uniform boundedness of the inverse Newton matrix in (4.5), which we take as an equation from
VxVo>V*xV*

Proposition 4.3. For any (wy,w;) € V* x V* and any p € V, there exists a unique solution
(8y,8p) e VxVio

{ dy+A*Sp=w,
A(Sy - DNHs(p)6P = W2,
satisfying

[8yllv +16plv < C(Iwilvs +[w2llv-),
where the constant C > 0 depends on a, €, and u;, but not on p.

Proof. Firstnote that definition (4.4) implies that [ Dy H.(p)dp](x) < CSp(x) almost everywhere,
with a constant C > 0 depending only on the values stated above. Now, eliminating §p using the
second equation and applying A~ yields

8y + A'DyH(p)(A*8y) = A”'wy + AT DN H(p) A *ws.

Taking the inner product with §y and using that A and A™* are isomorphisms from V* to V as
well as the continuous embedding V' — L*(Q) = V*, we obtain that

(4.6) 18y]72 < 18y [72 + (DNHe(p)A™* 8y, A 8y) 12
< |A™'wi| 28y 12 + C|DNHe(p) A~ wa 12| A~ 8y 12
<A Wi 2]y 2 + ClA™* wa| 2| A8y 2

<C([wilve+Iwalv+) 8y 12,

the second term in the first line being nonnegative almost everywhere.
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The assumption that A* : V' — V™ is an isomorphism implies coercivity of A* and hence, using
the first equation, that

(4.7) [opllv < C(Iwillv-+[8y]12) -
Similarly, the first equation and the pointwise almost everywhere bound on Dy H,(p) implies that
(4.8) [oxllv < C(Iwallv+ + 16p]12) -
Combining (4.6), (4.7), and (4.8) yields the claimed estimate. a

As a consequence of Newton differentiability of H, and Proposition 4.3, we obtain the following
result; see, e.g., [Ito and Kunisch 2008; Ulbrich 2011].

Theorem 4.4. The semismooth Newton iteration (4.5) converges locally superlinearly in V x V.

Since the right-hand side of the Newton system (4.5) is linear apart from the term H( pk ), we
have the following termination criterion for the Newton iteration: If all active sets

Af(p)={xeQ:p(x)ePi},0<i<d
Aiia(p) ={xeQ:p(x) e P}, 1<i<d,
Ao (p)={xeQip(x)e Py }, 1<is<d,
Aigi(p) = {xeQ:p(x) ePip, }, 1<i<d,

coincide for p* and p**!, and the regularized control is computed as u**! = H,(p**!), then

(uk+1, yk+1, pk“) satisfies (4.3); see, e.g., [Ito and Kunisch 2008, Remark 7.1.1].

This can be used as part of a continuation strategy to compute a (possibly) optimal control:
Starting with an &° satisfying (4.2) and starting values (°, p°) = (0, 0), we solve the regularized
optimality system (4.3) using the semismooth Newton iteration (4.5). If the iteration converged
for some &” (in the sense that all active sets coincide) and the active sets Af"; +i(Pem)s .Af-jg_ (pem)

and Af-;ﬂ) . (pem) are all empty, we assume that the corresponding control u. is optimal and stop

the continuation. If they are not empty, we reduce gmtl = %em and solve (4.3) again with the

solution for ¢ as the starting point. If the Newton iteration fails to converge within 10 steps for
&, we terminate the continuation and return the last iterate u,»-1. In any case, the continuation is
stopped when & < 1072 is reached.

5 NUMERICAL EXAMPLES

We now illustrate the structure of the (sub)optimal controls with numerical examples for Q = [0, 1]?
and A = —A together with homogeneous Dirichlet conditions. The target for all examples is

3
z(x1,x2) = 5(4 - 6961)2‘3_(6361_3)2_(6“_2)2

- (§(6x1 -3)—(6x1 - 3)3 - (6xy — 1)5) e*(6x1*3)2*(6x273)2

_ L (enm2)~(6x:-3)
30 ’
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Figure 4: Target z for numerical examples

i.e.,ascaled version of Matlab’s peaks function; see Figure 4. The state y and adjoint p are discretized
using piecewise linear finite elements based on a uniform triangulation 7}, of the domain Q with
N}, = 256x256 nodes. Integration over the piecewise defined functions H,(py,) and Dy H(py,)Spn
in the weak formulation of (4.5) is approximated by applying the mass matrix to the vector of
nodal values. Specifically, let V}, denote the space of piecewise linear finite elements based on the
interior nodes {xj}fihl of Tp, and let v € RN* denote the vector of expansion coefficients of v}, € V,

with respect to the nodal basis of Vs i.e., ¥; = vj,(x;) for 1 < i < Nj,. Then we define H,(p) € R
and DH,(p) € RN via

[He(p)]j = he(p(x})),  [DHe(p)]j = DnHe(pi)(xj), 1< j< Ny
The variational equation
(VOyi Vvi)i2 — (DNHe(P)8pmvi)1z = ~(Vyjp Vi) 2 + (He(py).va)12 - forallvy € Vi,
in (4.5) is then approximated by
Aydy - My (DH.(p) © 0p) = ~Ayy* + MyH.(5"),

where Aj and M, are, respectively, the stiffness and mass matrices corresponding to Vj,, and ©
denotes the Hadamard (i.e., componentwise) product of two vectors. Implementations of the
described algorithm in Matlab and Python (using the DOLFIN module from the finite element
package FEniCS [Logg and Wells 2010; Logg, Mardal, et al. 2012]) can be downloaded from http:
//www.uni-graz.at/~clason/publications.html;> the results presented in this section were
obtained using the former.

We begin by illustrating the effects of the values of & and  on the structure of the resulting
controls. We fix the d = 5 control states (uy,...,us) = (=2,-1,0,1,2) and first choose @ = 5-107>
and B = 107>, Here, the continuation terminated at & = 1.25-10~® with all nodes having values in one

*They have also been embedded into this PDF and can be extracted by most PDF readers.
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02 e 02

(@ a=5-107%p8=10" b)a=10"8=10"°

()a=5-107=10"* (da=10"p=10""

Figure 5: Effect of &, B on structure of control u, (top: no free arcs, bottom: free arcs)

of the sets P, 0 < i < d, and the resulting (optimal) control & = u, is shown in Figure 5a; since in
this case \/2/a = v/10 > 1 = maxj<;cs(ui+1 — ), there are no free arcs, and # is a true multi-bang
control. For the choice & = 107> and B= 1073, the continuation terminated at £ = 2.25-1077 with

21 out of N, = 65536 nodes having values in one of the “regularized” sets P;,,;, 1 < i < d. Since

in this case \/2f3/a = \/2 > 1 as well, there are again no free arcs, but the smaller value of @ now
leads to control states of larger magnitude. In particular, #; = -2 is now attained on a subdomain;
see Figure sb. We repeat these tests for the smaller value 8 = 10, Figure sc shows the (optimal)
control i = u, for « = 5-1073 (where the continuation terminated at £ = 9 - 107 with no nodes
having values in regularized sets), and Figure 5d shows the control u, for a = 1107 (where the
continuation terminated at ¢ = 2.25 - 10~8 with 7 nodes having values in one of the regularized
sets Pio_, Pi 04> 1 i < d). Inboth cases, condition (2.7) is violated, and there are free arcs around
u(x) € {-1.5,-0.5,0.5,1.5} whose size decreases with decreasing «.

Table 1 shows the convergence history for the example in Figure 5a by giving the total number of
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nodes that changed in one of the active sets after each step k (i.e., the number of indices j for which,
e.g. [X A sen i # X A 5+)]js nodes changing between active sets are counted separately for each
set). The residual norm in (4.3) behaves very similarly and is thus not shown. The first iteration
with €° = 1.25107° and starting from (»°, p°) = (0,0) demonstrates the typical behavior of a
converging semismooth Newton method: After some initial steps of relatively constant decrease,
the iteration enters a superlinear phase (here, after step 3) in which convergence is achieved within
a few steps. Due to the continuation, the following iterations already start in the superlinear phase
and require successively fewer steps. The shown behavior is representative of the other examples
as well, as long as the Newton iterations converged. If an iteration failed to converge, it entered a
cycle where a small number of nodes (typically 2-6) alternated between two active sets.

Let us next address the feasibility of the approach with respect to the number of control states.
We again take d uniformly spaced control states between —2 and 2, set « =5-107 and 8 = 1072
to avoid free arcs, and compute the resulting controls for d = 15 (Figure 6a, for ¢ = 3.21 - 107
with no nodes remaining in regularized active sets), d = 101 (Figure 6b, for & = 4.5 -107° with 2
nodes remaining in regularized active sets) and d = 1001 (Figure 6c, for & = 4.5-10~" with 2 nodes
remaining in regularized active sets). As d grows, the controls approach in shape the solution of
the standard quadratic optimal control problem (i.e., with § = 0, shown for comparison in Figure
6d), although they differ in magnitude due to the choice of desired states and do not coincide with
controls obtained by rounding the quadratic control appropriately. We remark that the number of
steps in the semismooth Newton iterations is almost independent of d. Furthermore, the size of
the system matrices do not depend on d; and since the u; are ordered, the number of active sets
grows only linearly with d. Hence, the presented approach has linear asymptotic complexity in d.

Finally, we illustrate the relation to (generalized) bang-bang controls. We take the d = 2 control
states (u1, uz) = (—1,2) and compare the control for a = 1072 to the control for a = 0, choosing
B = 2-107? sufficiently large in both cases to prevent free arcs. The control for & > 0 is shown in
Figure 7a (for ¢ = 6.75 - 1078 with 1 node in regularized active sets), and the control for « = 0 is
shown in Figure 7b (for & = 1077 with 1024 nodes in regularized active sets). It can be observed
that the control for a = 1072 is biased towards the control state u; = —1 with smaller magnitude, as
opposed to the control for & = 0 which shows no such bias.

6 CONCLUSION

Control problems where the control is desired to take values only from a discrete set of control states
can be formulated using a combination of L? and L°-type penalties. Although the resulting problem
(1.1) is nonconvex and lacks weak lower-semicontinuity, Fenchel duality allows the derivation of a

Table 1: Convergence history for example in Figure 5a (shown are the number of nodes n (k) that
changed in the active sets after step k)

€ 1.25€-3 1.25e-4 1.25€-5 1.25¢-6 1.25€-7 1.25e-8

k 1 2 3 4 s 1 2 3 1 2 3 1 2 3 1 2 3 1 2

n(k) 65353 65386 35218 130 O 36014 88 O 3396 2 O 324 4 O 36 2 O 2 O
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Figure 6: Control u, for d control states uniformly distributed in [-2, 2]

primal-dual optimality system that admits a unique solution and and can be solved numerically
using a regularized semismooth Newton method. The formulation (1.1) also has the potential to be
an effective approach for inverse problems where the true solution can be assumed to take values
only from a known discrete set of parameters (e.g., tissue types). It can be an attractive alternative to
methods based on, e.g., topological derivatives, since the computational effort grows only linearly
with the number d of possible parameter values. We point out in this context that the presented
approach does not rely fundamentally on linearity of the state equation; all arguments can be
extended (under suitable assumptions) to nonlinear control-to-state (or parameter-to-observation)
mappings. In addition, the control states u; are not required to be constant; since the derivations
involving the multi-bang penalty G are pointwise in nature, they apply in a straightforward manner
to distributed u;(x) as well. Finally, problem (1.1) can be seen as a prototype for nonconvex
relaxations of other hybrid discrete—continuous problems.
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function multibangcontrol
% This function solves the multibang control problem
%  min 1/2 \|y-yd\|^2 + alpha/2 \int |u|^2 + beta \prod_{i=1}^d |u-u_i|_0
%      s.t. -\Delta y = u,  u_1 <= u(x) <= u_d
% using the approach described in the paper
%    "Multibang control of elliptic systems"
% by Christian Clason and Karl Kunisch, see
% http://math.uni-graz.at/mobis/publications/SFB-Report-2013-006.pdf.
%
% March 27, 2013            Christian Clason <christian.clason@uni-graz.at>
%                                            http://www.uni-graz.at/~clason

%% setup
% problem parameters
N     = 128;                           % number of nodes per dimension
maxit = 10;                            % max number of Newton steps
alpha = 5e-3;                          % control cost parameter (L^2)
beta  = 1e-3;                          % control cost parameter (N^0)
ub = linspace(-2,2,5)';                % vector of control states
d  = length(ub);                       % number of control states

% setup grid, assemble stiffness and mass matrix
[A,M,xx,yy] = assembleFEM(N);
tplot = @(n,f,s) tplot_(n,f,s,N,xx,yy);

% setup target
z = peaks(N)/10;
tplot(1,z,'target');

% precompute some terms
Mz = M*z(:);    AT = A';    N2 = N*N;    sqab = sqrt(2*alpha*beta);

%% compute control
% initialize iterates
y  = zeros(N2,1);                      % state variable
p  = zeros(N2,1);                      % dual variable
as = zeros(4*d-2,N2);                  % active sets

% continuation: start with sufficiently eps^0
eps  = min(sqrt(2*alpha*beta),min(alpha/4*(ub(2:end)-ub(1:d-1))))*0.9;
while eps > 1e-12
    fprintf('\nCompute solution for epsilon = %1.3e:\n',eps);
    for it = 1:maxit
        % update active sets
        as_old = as;
        % P_i^eps
        as(1,:) = (p <= alpha*ub(1) + sqab - eps) & ...
                  (p <= (alpha/2*(ub(1)+ub(2)) - eps));
        for i = 2:d-1
            as(i,:) = (abs(p-alpha*ub(i)) <= (sqab - eps)) & ...
                      (p >= (alpha/2*(ub(i-1)+ub(i)) + eps)) & ...
                      (p <= alpha/2*(ub(i)+ub(i+1)) - eps);
        end
        as(d,:) =  (p >= alpha*ub(d) - sqab + eps) & ...
                   (p >= (alpha/2*(ub(d-1)+ub(d)) + eps));
        He = as(1:d,:)'*ub;
        % P_i,i+1^eps
        for i = 1:d-1
            ind = d+1+i;
            if alpha/2*(ub(i+1)-ub(i)) <= sqab
                as(ind,:) = (abs(p-alpha/2*(ub(i)+ub(i+1))) < eps);
                He  = He + (ub(i)*(alpha/2*(ub(i)+ub(i+1))+eps-p) + ...
                    ub(i+1)*(p-alpha/2*(ub(i)+ub(i+1))+eps)).*as(ind,:)'/(2*eps);
            end
        end
        DHe = as(d+2:2*d,:)'*diff(ub)/(2*eps);
        % P_i,0-^eps, P_i,0+^eps (P_1,0-^eps, P_d,0+^eps always empty!)
        for i = 2:d-1
            ind = 2*d+2*(i-1)-1;
            if  alpha/2*(ub(i)-ub(i-1)) > sqab
                as(ind,:) = (abs(p-alpha*ub(i)+sqab) < eps);
                He  = He + ((alpha*ub(i)-sqab-eps).*(alpha*ub(i)-sqab+eps-p)/alpha +...
                    ub(i)*(p-alpha*ub(i)+sqab+eps)).*as(ind,:)'/(2*eps);
            end
            if alpha/2*(ub(i+1)-ub(i)) > sqab
                as(ind+1,:) = (abs(p-alpha*ub(i)-sqab) < eps);
                He  = He + (ub(i).*(alpha*ub(i)+sqab+eps-p) + ...
                    (alpha*ub(i)+sqab+eps)*(p-alpha*ub(i)-sqab+eps)/alpha).*as(ind+1,:)'/(2*eps);
            end
        end
        DHe = DHe + (sqab+eps)/(2*eps*alpha)*sum(as(2*d+1:end,:))';
        % P_0^eps: all remaining nodes
        as(d+1,:) = 1-sum(as(1:d,:))-sum(as(d+2:end,:));
        He  = He + p.*as(d+1,:)'/alpha;
        DHe = DHe + as(d+1,:)'/alpha;

        % system matrix, right hand side
        C   = [M AT; A -M*spdiags(DHe,0,N2,N2)];
        rhs = [Mz-M*y-AT*p; -A*y + M*He];
        nr  = norm(rhs(:));

        update = nnz((as-as_old));
        fprintf('It# %i: update = %i,\t residual = %1.3e\n',it,update,nr);
        if update == 0; 
            break; 
        end

        % semismooth Newton step
        dx = C\rhs;
        y = y+dx(1:N2);
        p = p+dx(1+N2:end);        
    end
       
    % check convergence
    if it < maxit                      % converged: accept iterate
        u = He;                  
        regnodes = nnz(as(d+2:end,:));
        fprintf('Solution has %i node(s) in regularized active sets\n',regnodes);
        if regnodes == 0               % solution optimal: terminate
            break;
        else                           % reduce eps, continue
            eps = eps/10;
        end
    else                               % not converged: reject, terminate
        fprintf('Iterate rejected, returning u_eps for eps = %1.3e\n',eps*10);
        break;
    end 
    
end 

%% plot control
tplot(2,u,'control')
end % main function


function [K,M,xx,yy] = assembleFEM(n)
a   = 0;    b = 1;       % computational domain [a,b]^2
nel = 2*(n-1)^2;         % number of nodes
h2  = ((b-a)/(n-1))^2;   % Jacobi determinant of transformation (2*area(T))

% nodes
[xx,yy] = meshgrid(linspace(0,1,n));

% triangulation
tri = zeros(nel,3);
ind = 1;
for i = 1:n-1
    for j = 1:n-1
        node         = (i-1)*n+j+1;              % two triangles at node
        tri(ind,:)   = [node node-1 node+n];     % triangle 1 (lower left)
        tri(ind+1,:) = [node+n-1 node+n node-1]; % triangle 2 (upper right)
        ind = ind+2;
    end
end

% Mass and stiffness matrices
Ke = 1/2 * [2 -1 -1 -1 1 0 -1 0 1]';   % elemental stiffness matrix
Me = h2/24 * [2 1 1 1 2 1 1 1 2]';     % elemental mass matrix

ent = 9*nel;
row = zeros(ent,1);
col = zeros(ent,1);
valk = zeros(ent,1);
valm = zeros(ent,1);

ind = 1;
for el=1:nel
    ll       = ind:(ind+8);            % local node indices
    gl       = tri(el,:);              % global node indices
    row(ll)  = gl([1;1;1],:); rg = gl';
    col(ll)  = rg(:,[1 1 1]);
    valk(ll) = Ke;
    valm(ll) = Me;
    ind      = ind+9;
end
M = sparse(row,col,valm);
K = sparse(row,col,valk);

% modify matrices for homogenenous Dirichlet conditions
bdnod = [find(abs(xx-a) < eps); find(abs(yy-a) < eps); ...
         find(abs(xx-b) < eps); find(abs(yy-b) < eps)];
M(bdnod,:) = 0;
K(bdnod,:) = 0;  K(:,bdnod) = 0;
for j = bdnod'
    K(j,j) = 1; %#ok<SPRIX>
end
end


function tplot_(n,f,s,N,x,y)
figure(n); surf(x,y,reshape(f,N,N));
shading interp; camlight headlight; lighting gouraud; alpha(0.8);
title(s); xlabel('x_1'); ylabel('x_2');
set(gca,'FontSize',12); drawnow;
end % tplot_ function



"""
This module solves the solves the multibang control problem
  min 1/2 \|y-yd\|^2 + alpha/2 \int |u|^2 + beta \prod_{i=1}^d |u-u_i|_0
      s.t. -\Delta y = u,  u_1 <= u(x) <= u_d
using the approach described in the paper
    "Multibang control of elliptic systems"
by Christian Clason, and Karl Kunisch, see
http://math.uni-graz.at/mobis/publications/SFB-Report-2013-006.pdf.
Besides NumPy and SciPy, it requires the 'dolfin' module from the
open source FEniCS Project (http://fenicsproject.org/).
"""

__author__ = "Christian Clason <christian.clason@uni-graz.at>"
__date__ = "March 27, 2013"

import numpy as np
import scipy.sparse as sp
from scipy.sparse.linalg import spsolve
from dolfin import *

# problem parameters
N     = 128                            # number of nodes per dimension
maxit = 10                             # max number of Newton steps
alpha = 5e-3                           # penalty parameter (L2)
beta  = 1e-3                           # penalty parameter (L0)
ui    = np.linspace(-2,2,5)            # vector of control states

# construct scipy matrix from bilinear form a, boundary condition bc
parameters['linear_algebra_backend'] = 'uBLAS'
def assemble_csr(a,bc):
    row,col,val = assemble(a,bcs=bc).data()
    return sp.csr_matrix((val,col,row))

# setup grid, target, differential equation
mesh = UnitSquareMesh(N,N)
V = FunctionSpace(mesh,'CG',1)
u = TrialFunction(V)
v = TestFunction(V)

# target
yd = Expression('3/10.*pow(1-(6*x[0]-3),2)*exp(-pow((6*x[0]-3),2)\
        - pow((6*x[1]-3)+1,2)) - (1./5*(6*x[0]-3) - pow((6*x[0]-3),3)\
        - pow((6*x[1]-3),5))*exp(-pow((6*x[0]-3),2)-pow((6*x[1]-3),2))\
        - 1./30*exp(-pow((6*x[1]-3)+1,2) - pow((6*x[1]-3),2))')
plot(yd,mesh=mesh,title='target')

# Laplace equation with homogeneous Dirichlet conditions
a  = dot(grad(u),grad(v))*dx
bc = DirichletBC(V, Constant(0.0), lambda x,on_boundary: on_boundary)

A  = assemble_csr(a,bc)                # stiffness matrix
AT = assemble_csr(adjoint(a),bc)       # stiffness matrix (adjoint)
M  = assemble_csr(u*v*dx,bc)           # mass matrix
z  = assemble(yd*v*dx,bcs=bc)          # load vector
n  = V.dim()                           # number of nodes
d  = ui.shape[0]                       # number of control states

# initialization and preallocation
y,p     = np.zeros(n), np.zeros(n)     # state, adjoint state
He, DHe = np.zeros(n), np.zeros(n)     # H_eps(p^k), D_N H_eps(p^k)
As      = np.zeros([n,4*d-2])          # active sets
As_old  = np.zeros([n,4*d-2])
sqab    = sqrt(2*alpha*beta)

# continuation: start with sufficiently small eps^0
eps = min(sqab,np.min(alpha/4*(ui[1:]-ui[:d-1])))*0.9
while eps > 1e-12:
    print '\nCompute solution for epsilon = %1.3e' % (eps)
    for it in xrange(maxit):
        # update active sets
        As_old[:] = As
        # P_i^eps
        As[:,0] = (p <= (alpha*ui[0] + sqab-eps)) & \
                  (p <= (alpha/2*(ui[0]+ui[1])-eps))
        for i in xrange(1,d-1):     
            As[:,i] = (abs(p-alpha*ui[i]) <= (sqab-eps)) & \
                      (p <= (alpha/2*(ui[i]+ui[i+1])-eps)) & \
                      (p >= (alpha/2*(ui[i-1]+ui[i])+eps))    
        As[:,d-1] = (p >= (alpha*ui[d-1] - sqab+eps)) & \
                    (p >= (alpha/2*(ui[d-2]+ui[d-1])+eps))
        He[:] = np.dot(As[:,:d],ui)
        # P_i,i+1^eps
        for i in xrange(d-1):   
            ind = d+1+i
            if (alpha/2*(ui[i+1]-ui[i]) <= sqab):
                As[:,ind] = abs(p-alpha/2*(ui[i]+ui[i+1])) < eps
                He += As[:,ind]/(2*eps)*(ui[i]*(alpha/2*(ui[i]+ui[i+1])+eps-p)+
                       ui[i+1]*(p-alpha/2*(ui[i]+ui[i+1])+eps))
        DHe[:] = np.dot(As[:,d+1:2*d],np.diff(ui))/(2*eps)
        # P_i,0-^eps, P_i,0+^eps
        for i in xrange(1,d-1):    
            ind = 2*d + 2*i-2
            if (alpha/2*(ui[i]-ui[i-1]) > sqab):
                As[:,ind] = abs(p-alpha*ui[i]+sqab) < eps 
                He += ((alpha*ui[i]-sqab-eps)*(alpha*ui[i]-sqab+eps-p)/alpha +
                        ui[i]*(p-alpha*ui[i]+sqab+eps))*As[:,ind]/(2*eps)
            if (alpha/2*(ui[i+1]-ui[i]) > sqab):
                As[:,ind+1] = abs(p-alpha*ui[i]-sqab) < eps
                He += As[:,ind+1]/(2*eps)*(ui[i]*(alpha*ui[i]+sqab+eps-p) +\
                      (alpha*ui[i]+sqab+eps)*(p-alpha*ui[i]-sqab+eps)/alpha)
        DHe += (sqab+eps)/(2*eps*alpha)*np.sum(As[:,2*d:],1)
        # P_0^eps: all remaining points
        As[:,d] = 1-np.sum(As[:,:d],1)-np.sum(As[:,d+1:],1)
        He  += As[:,d]*p/alpha
        DHe += As[:,d]/alpha

        # setup Newton matrix, right hand side
        IS = sp.spdiags(DHe,0,n,n,format='csr')
        H  = sp.bmat([[M,AT],[A,-M*IS]],format='csr')
        g  = np.hstack([z-M*y-AT*p,-A*y+M*He])
        nr = np.linalg.norm(g)

        change = As-As_old
        update = len(change[change.nonzero()])
        print 'It# %d: update = %i,\t residual = %1.3e' % (it+1,update,nr)
        if update == 0: break

        # semismooth Newton step
        dy,dp = np.split(spsolve(H,g),2)
        y += dy
        p += dp

    # check convergence
    if it < maxit-1:                   # converged: accept iterate
        uvec = He
        regnodes = len(As[As[:,d+1:].nonzero()])
        print 'Solution has %i node(s) in regularized active sets' % (regnodes)
        if regnodes == 0: break        # solution optimal: terminate
        else: eps/=10.                 # reduce eps, continue Newton
    else:                              # not converged: reject, terminate
        print 'Iterate rejected, returning u_eps for eps = %1.3e' %(eps*10)
        break

# plot control
ufun = Function(V)                 
ufun.vector()[:] = uvec
plot(ufun,title='control')
interactive()


