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PREFACE

Inverse problems occur wherever a quantity cannot be directly measured but only inferred
through comparing observations to the output of mathematical models. Examples of such
problems are ubiquitous in biomedical imaging, non-destructive testing, and calibration of
financial models. The name inverse problem is due to the fact that it contains as a direct
problem the evaluation of the model given an estimate of the sought-for quantity. However,
it is more relevant from a mathematical point of view that such problems are ill-posed and
cannot be treated by standard methods for solving (non)linear equations.'

The mathematical theory of inverse problems is therefore a part of functional analysis: in the
same way that the latter is concerned with the question when an equation F(x) = y between
infinite-dimensional vector spaces admits a unique solution x that depends continuously
on y, the former is concerned with conditions under which this is not the case and with
methods to at least obtain a reasonable approximation to x. In finite dimensions, this
essentially corresponds to the step from regular to inconsistent, under- or overdetermined,
or ill-conditioned systems of linear equations.

Although inverse problems are increasingly studied in Banach spaces, we will restrict our-
selves in these notes to Hilbert spaces as here the theory is essentially complete and allows
for full characterizations in many cases. We will also not consider statistical (frequentist or
Bayesian) inverse problems, which have also become prominent in recent years. For the
former, we refer to [Scherzer et al. 2009; Ito & Jin 2014; Schuster et al. 2012]; the latter is
still missing a broad and elementary exposition aimed at a mathematical audience.

These notes are based on graduate lectures given from 2014—2019 at the University of
Duisburg-Essen. As such, no claim is made of originality (beyond possibly the selection
and arrangement of the material). Rather, like a magpie, I have tried to collect the shiniest
results and proofs I could find. Here I mainly followed the seminal work [Engl, Hanke &
Neubauer 1996] (with simplifications by considering only compact instead of bounded linear
operators in Hilbert spaces), with additional material from [Hohage 2002; Kindermann 2011;
Andreev et al. 2015; Kirsch 2011; Ito & Jin 2014; Kaltenbacher, Neubauer & Scherzer 2008].
Further literature consulted during the writing of these notes was [Louis 1989; Hofmann
1999; Rieder 2003; von Harrach 2014; Burger 2007].

'Otherwise there would not be need of a dedicated lecture. In fact, a more fitting title would have been
Ill-posed Problems, but the term inverse problem has become widely accepted, especially in applications.
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1 LINEAR OPERATORS IN NORMED SPACES

In this and the following chapter, we collect the basic concepts and results (and, more
importantly, fix notations) from linear functional analysis that will be used throughout
these notes. For details and proofs, the reader is referred to the standard literature, e.g.,
[Alt 2016; Brezis 2010].

1.1 NORMED VECTOR SPACES

In the following, X will denote a vector space over the field K, where we restrict ourselves
to the case K = R. A mapping || - || : X — R* := [0, o) is called a norm (on X) if for all
x € X there holds

(i) ||Ax]| = |A]l|x]| for all A € K,
(i) [lx+ yll < llx[[ + [|y[l for all y € X,
(iii) ||x|| = 0if and only if x = 0 € X.

Example 1.1. (i) Norms on X = R are defined by

i=1

N 1/p
llxllp = (Z |xi|p) , 1sp<oo,

%[l = max_|x;].
i=1,...N

(if) Norms on X = ¢? (the space of real-valued sequences for which the corresponding
terms are finite) are defined by

&9 1/p
Il = (z w) . fzpee
i=1

llxllo = sup |xil.

i=1,...,00
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(iii) Norms on X = LP(Q) (the space of real-valued measurable functions on the
domain Q ¢ R¢ for which the corresponding terms are finite) are defined by

1/p
||u||p=(/Q|u(x>|P) C 1<p<w,

llullo = ess sup |u(x)].
x€Q

(iv) A norm on X = C(Q) (the space of continuous functions on Q) is defined by

llulle = sup |u(x)].
xeQ

Similarly, a norm on the space CK(Q) of k times continuously differentiable
functions is defined by ||u||o+ = Z?:o lu@c.

If || - || is a norm on X, the pair (X, || - ||) is called a normed vector space, and one frequently
denotes this by writing || - ||x. If the norm is canonical (as in Example 1.1 (ii)—(iv)), it is often
omitted, and one speaks simply of “the normed vector space X”.

Two norms || - ||1, || - ||2 are called equivalent if there exist constants ¢y, ¢, > 0 such that
cllxlls < llx[h < callxll forallx € X.

If X is finite-dimensional, all norms on X are equivalent. However, in this case the constants
c1, ¢ may depend on the dimension of X; in particular, it may be the case that ¢c;(N) — 0
or ¢c2(N) — oo for dimX = N — oo, making the corresponding inequality useless for
growing dimensions. Avoiding such dimension-dependent constants is therefore one of
the main reasons for studying inverse problems in infinite-dimensional spaces.

If (X, |||lx) and (Y, ||-|ly) are normed vector spaces with X C Y, then X is called continuously
embedded in Y, denoted by X < Y, if there exists a C > 0 such that

llxlly < Cllx|lx  forallx € X.

A norm directly induces a notion of convergence, the so-called strong convergence: A
sequence {x, }nen C X converges (strongly in X) to a x € X, denoted by x, — x, if

lim ||x, — x||x = 0.
n—>oo

A set U C X is called

« closed if for every convergent sequence {x,}nen C U the limit x € X lies in U as
well;
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« compact if every sequence {xy},en C U contains a convergent subsequence {xp, }ren
with limit x € U;

« dense in X if for all x € X there exists a sequence {x,},en C U with x, — x.

The union of U with the set of all limits of convergent sequences in U is called the closure
U of U; obviously, U is dense in U.

A normed vector space X is called complete, if every Cauchy sequence in X converges; in
this case, X is called a Banach space. All spaces in Example 1.1 are Banach spaces. If X is an
incomplete normed space, we denote by X the completion of X (with respect to the norm

Il Ix)-

Finally, we define for later use for given x € X andr > 0
o the open ball U,(x) :={ze€ X | ||x — z||[x < r} and
o the closed ball B,(x) :={ze€ X | ||x —z|lx £ r}.

The closed ball around x = 0 with radius r = 1 is also referred to as the unit ball Bx. A set
U c X is called

« open if for all x € U there exists an r > 0 such that U,(x) c U (i.e, all x € U are
interior points of U);

« bounded if it is contained in a closed ball B, (0) for an r > 0;
« convex ifforallx,y e Uand A € [0,1] alsoAx+ (1-A)y € U.

In normed spaces, the complement of an open set is also closed and vice versa (i.e., the
closed sets in the sense of topology are exactly the (sequentially) closed sets in the sense of
the above definition). The definition of a norm directly implies that open and closed balls
are convex. On the other hand, the unit ball is compact if and only if X is finite-dimensional;
this will be of fundamental importance throughout these notes.

1.2 BOUNDED OPERATORS

We now consider mappings between normed vector spaces. In the following, let (X, || - ||x)
and (Y, | - |ly) be normed vector spaces, U C X, and F : U — Y be a mapping. We denote

by
e D(F) :=U the domain of F;
« N(F):={x € U | F(x) = 0} the “kernel” or “null space” of F;
« R(F) :=={F(x) € Y | x € U} the “range” of F.

Wecal F: U - Y
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o continuous in x € U if for all ¢ > 0 there exists a § > 0 with

|F(x) = F(2)|ly <e  forallz € U with ||x — z|[x < §;

« Lipschitz continuous if there exists a Lipschitz constant L > 0 with

IIF(x1) = F(x2)lly < Lllx — x2]lx for all x;, x, € U.

A mapping F : X — Y is thus continuous if and only if x,, — x implies F(x,) — F(x); itis
closed if both x, — x and F(x,) — y imply F(x) = y.

If F: X — Y is linear (i.e., F(/hxl + /12?(2) = )LlF(xl) + /12F(X2) for all /11, )Lz € R and
x1, x2 € X), continuity of F is equivalent to the existence of a C > 0 such that

IF(lly < Clixllx  forallx € X.

For this reason, continuous linear mappings are called bounded; one also speaks of a
bounded linear operator. (In the following, we generically denote these by T and omit
the parentheses around the argument to indicate this.) If Y is complete, the vector space
L(X,Y) of bounded linear operators becomes a Banach space when endowed with the
operator norm

I Tx|ly
Tl (x,y) = sup = sup ||Tx|ly = sup ||Tx|ly,
xex\(oy I1¥lx st lxllx=1

which is equal to the minimal constant C in the definition of continuity. This immediately
implies that
ITxlly < ITllexllxllx  forallx € X.
As in linear algebra, we call T
« injective it N(T) = {0};
o surjective if R(T) =Y;
« bijective if T is injective and surjective.

If T € L(X,Y) is bijective, the inverse T™! : Y — X, Tx + x, is continuous if and only if
there exists a ¢ > 0 with

(1.1) cllxllx < ITx|ly for all x € X;

in this case, ||T (| (v,x) = ¢”* holds for the maximal ¢ satisfying (1.1). The question of when
this is the case is answered by the following three main theorems of functional analysis
(that all are more or less direct consequences of the Open Mapping Theorem).
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Theorem 1.2 (continuous inverse). If X, Y are Banach spaces and T € L(X,Y) is bijective,
then T!: Y — X is continuous.

Of particular relevance for inverse problems is the situation that T is injective but not
surjective; in this case, one would like to at least have a continuous inverse on the range
of T. However, this does not hold in general, which is one of the fundamental issues in
infinite-dimensional inverse problems.

Theorem 1.3 (closed range). If X, Y are Banach spaces and T € L(X,Y) is injective, then
T™': R(T) — X is continuous if and only if R(T) is closed.

The following theorem completes the trio.

Theorem 1.4 (closed graph). Let X, Y be Banach spaces. Then T : X — Y is continuous if and
only if T is closed.

We now consider sequences of linear operators. Here we distinguish two notions of con-
vergence: A sequence {1, },en C L(X,Y) convergestoT € L(X,Y)

(i) pointwise if T,x — Tx (strongly in Y) for all x € X;
(ii) uniformlyif T, — T (strongly in L (X, Y)).
Obviously, uniform convergence implies pointwise convergence; weaker conditions are

provided by another main theorem of functional analysis.

Theorem 1.5 (Banach-Steinhaus). Let X be a Banach space, Y be a normed vector space, and
{Ti}ier € L(X,Y) be a family of pointwise bounded operators, i.e., for all x € X there exists
an My > 0 with sup,; ||Tix|ly < My. Then

sup || Tillux,y) < oo.
iel

Corollary 1.6. Let X, Y be Banach spaces and {T,}nen C L(X,Y). Then the following state-
ments are equivalent:

(i) {T,}nen converges uniformly on compact subsets of X;

(ii) {T,}nen converges pointwise on X;

(iii) {T,}nen converges pointwise on a dense subset U C X and

sup ”Tn”[L(X,Y) < 00,
neN

Corollary 1.7. Let X, Y be Banach spaces and {T,}nen C L(X,Y). If T, converges pointwise to
aT: X — Y, thenT is bounded.



2 COMPACT OPERATORS IN HILBERT SPACES

As mentioned in the preface, the theory of linear inverse problems can be stated most fully
in Hilbert spaces. There, the analogy to ill-conditioned linear systems of equations is also
particularly evident.

2.1 INNER PRODUCTS AND WEAK CONVERGENCE

Hilbert spaces are characterized by an additional structure: a mapping (- |-) : X X X —» R
on a normed vector space X over the field R is called inner product if

(i) (ax+Pylz)=a(x|z)+p(y|z) forallx,y,z € Xand o, f € R;
(ii) (x]y) =(y|x)forallx,yeX;
(iii) (x|x) > 0 for all x € X with (x| x) = 0 if and only if x = 0.
An inner product induces a norm
lxllx = v(x[x)x
which satisfies the Cauchy—Schwarz inequality

| ([ y)x | < llxllxllyllx-

(If one argument is fixed, the inner product is hence continuous in the other with respect
to the induced norm.) If X is complete with respect to the induced norm (i.e., (X, || - ||x) is a
Banach space), then X is called a Hilbert space; if the inner product and hence the induced
norm is canonical, it is frequently omitted.

Example 2.1. Example 1.1 (i-iii) for p = 2 are Hilbert spaces, where the inner product is

defined by

N
(i) for X =RN: (x|y)x = iny,-,
i=1

(ii) for X = €% (x| y)y = in)h',
i=1
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(iii) for X = L2(Q): (u|v)y = / u(x)o(x) dx.
Q

In all cases, the inner product induces the canonical norm.

The inner product induces an additional notion of convergence: the weak convergence. A
sequence {x,}nen C X converges weakly (in X) to x € X, denoted by x, — x, if

(xn|2)x = (x]2)x forall z € X.

This notion generalizes the componentwise convergence in RN (choose z = e;, the ith
unit vector); hence weak and strong convergence coincide in finite dimensions. In infinite-
dimensional spaces, strong convergence implies weak convergence but not vice versa.
However, if a sequence {x, },en converges weakly to x € X and additionally ||x,|lx — ||x]lx,
then x, converges even strongly to x. Furthermore, the norm is weakly lower semicontinuous:
If x, — x, then

(2.1) llxllx < liminf [[x||x.
n—oo

This notion of convergence is useful in particular because the Bolzano—Weierstrafy The-
orem holds for it (in contrast to the strong convergence) even in infinite dimensions:
Every bounded sequence in a Hilbert space contains a weakly convergent subsequence.
Conversely, every weakly convergent sequence is bounded.

We now consider linear operators T € L (X, Y) between Hilbert spaces X and Y. Of particular
importance is the special case Y = R, i.e., the space L(X, R) of bounded linear functionals
on X. These can be identified with elements of X.

Theorem 2.2 (Fréchet—Riesz). Let X be a Hilbert space and A € L(X, R). Then there exist a
unique z; € X with |||l xr) = llz2llx and
Ax) =(z) | x)x forallx € X.
This theorem allows to define for any linear operator T € L(X,Y) an adjoint operator
T* € L(Y,X) via
(T*ylx)x = (Tx|y)y forallx e X,y €Y,
which satisfies
@) (T =T;

1) 1Ty = 1Tl x,v)s

(i) 17Tl = ITIE v,
If T* =T, then T is called selfadjoint.
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2.2 ORTHOGONALITY AND ORTHONORMAL SYSTEMS

An inner product induces the notion of orthogonality: If X is a Hilbert space, then x, y € X
are called orthogonal if (x| y)y = 0. Foraset U C X,

Ut ={xeX|(x|uy=0forallue U}

is called the orthogonal complement of U in X; the definition immediately implies that U+
is a closed subspace. In particular, X* = {0}. Furthermore, U C (U*)*. If U is a closed
subspace, it even holds that U = (U*)* (and hence {0}* = X). In this case, we have the
orthogonal decomposition

X=Ue&U",

i.e., every element x € X can be represented uniquely as
X=u+u, with ueU, u eU™.
The mapping x — u defines a linear operator Py € L (X, X), called the orthogonal projection
on U, which has the following properties:
(i) Py is selfadjoint;

() I1Pullxv)y =1

(111) Id _PU = PUJ_;

(iv) llx = Pux|lx = mingeu [|x — ullx;

(v) z=Pyxifandonlyifz € Uand z—x € Ut.

If U is not a closed subset, only (U*)* = U > U holds. Hence, for any T € L(X,Y) we
have

(i) R(T)* = N(T*) and hence N (T*)* = R(T);

(i) R(T*)* = N(T) and hence N (T)*+ = R(T*).
In particular, the null space of a bounded linear operator is always closed; furthermore, T
is injective if and only if R(T™) is dense in X.

A set U ¢ X whose elements are pairwise orthogonal is called an orthogonal system. If in

addition
1 ifx=y,
(x| y)x = { g

0 else,

10



2 COMPACT OPERATORS IN HILBERT SPACES

for all x, y € U, then U is called an orthonormal system; an orthonormal system is called
complete, if there is no orthonormal system V ¢ X with U C V. Every orthonormal system
U C X satisfies the Bessel inequality

(2.2) Z | (x|u)y|? < ||x||)2( for all x € X,

ueU

where at most countably many terms are not equal to zero. If equality holds in (2.2), then
U is called an orthonormal basis; in this case, U is complete and

(2.3) x:Z(x|u)Xu for all x € X.

uelU

Every Hilbert space contains an orthonormal basis. If one of them is at most countable,
the Hilbert space is called separable. The Bessel inequality then implies that the sequence
{un}nen = U converges weakly to 0 (but not strongly due to ||u,||x = 1!)

Example 2.3. For X = L?((0,1)), an orthonormal basis is given by {u,},cz for

\/isin(27rnx) n> 0,
un(x) ={V2cos(2rnx) n<o,
1 n=0.

Finally, every closed subspace U C X contains an orthonormal basis {u, },en for which the
orthogonal projection on U can be written as

Pyx = le (x|uj)X uj.
=

2.3 THE SPECTRAL THEOREM FOR COMPACT OPERATORS

Just as Hilbert spaces can be considered as generalizations of finite-dimensional vector
spaces, compact operators furnish an analog to matrices. Here a linear operator T : X — Y'is
called compact if the image of every bounded sequence {x, },en C X contains a convergent
subsequence {Txy, }xen C Y. A linear operator T is compact if and only if T maps weakly
convergent sequences in X to strongly convergent sequences in Y. (This property is also
called complete continuity.) We will generically denote compact operators by K.

Obviously, every linear operator with finite-dimensional range is compact. In particular, the
identity Id : X — X - like the unit ball By - is compact if and only if X is finite-dimensional.
Furthermore, the space K'(X, Y) of linear compact operators from X to Y is a closed subspace
of L(X,Y) (and hence a Banach space when endowed with the operator norm). This implies

11



2 COMPACT OPERATORS IN HILBERT SPACES

that the limit of any sequence of linear operators with finite-dimensional range is compact.
T elL(X,Y)andS € L(Y,Z) and at least one of the two is compact, then S o T is compact
as well. Furthermore, T* is compact if and only if T is compact (which is known as the
Schauder Theorem).

Example 2.4. Canonical examples of compact operators are integral operators. We
consider for X = Y = L?(Q) with Q = (0,1) and for a given kernel k € L*(Q x Q) the
operator K : L?(Q) — L?(Q) defined pointwise via

1
[Kx](t) = / k(s,t)x(s)ds for almost every t € Q
0

(where Kx € L?(Q) by Fubini’s Theorem). The Cauchy-Schwarz inequality and Fubini’s
Theorem immediately yield

1K) < llkllzz(2),
which also imply that K is a bounded operator from L?(Q) to L?(Q).

Since k € L?(Q?) is in particular measurable, there is a sequence {k;,}nen of simple
functions (i.e., attaining only finitely many different values) with k, — k in L2(Q?).
These can be written as

k() = 3y 15,(5) 15, (0,

ij=1

where 1 is the characteristic function of the measurable interval E C Q and E; are a
finite disjoint decomposition of Q. The corresponding integral operators K, with kernel
k, by linearity of the integral therefore satisfy

1Ky — KllLxx) < llkn = kllzz(2) — 0,

ie., K, — K. Furthermore,
1 n n
[Kux](t) = / ku(s,t)x(s)ds = Z (Z 0(,-]-/ x(s) ds) g (t)
0 j=1 \i=1 E;

and hence K,x is a linear combination of the {1 E; hi<j<n. This implies that K is the
limit of the sequence {K), },en of operators with finite-dimensional range and therefore
compact.

12
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For the adjoint operator K* € (X, X), one can use the definition of the inner product
on L?(Q) together with Fubini’s Theorem to show that

1
[K*y](s) = / k(s,t)y(t)dt for almost every s € Q.
0

Hence an integral operator is selfadjoint if and only if the kernel is symmetric, i.e.,
k(s,t) = k(t,s) for almost every s, t € Q.

For example, solution operators to (partial) differential equations or convolution opera-
tors — and thus a large class of practically relevant operators — can be represented as
integral operators and thus shown to be compact.

The central analogy between compact operators and matrices consists in the fact that
compact linear operators have at most countably many eigenvalues (which is not necessarily
the case for bounded linear operators). Correspondingly, we have the following variant for
the Schur factorization, which will be the crucial tool allowing the thorough investigation
of linear inverse problems in Hilbert spaces.

Theorem 2.5 (spectral theorem). Let X be a Hilbert space and K € K (X, X) be selfadjoint.
Then there exists a (possibly finite) orthonormal system {uy}nen C X and a (in this case also
finite) null sequence {A,}nen € R\ {0} with

Kx:Z)Ln(xlun)Xu,, forallx € X.
neN

Furthermore, {uy,},en forms an orthonormal basis of R(K).

Setting x = u, immediately implies that u, is an eigenvector for the eigenvalue 4,, i.e.,
Ku, = A,u,. By convention, the eigenvalues are sorted by decreasing magnitude, i.e.,

Ml 2 Az 2 -+ > 0.

With this ordering, the eigenvalues can also be characterized by the Courant—Fischer min—
max principle

: Ap = mi K =1 dimVt=n-1
(2.4) n = minmax {(Kx [ x)x | [lxx im n—1}

=maxmin j(Kx | x x|lx =1, dimV =ny.
max min {(Kx | 0)x | [lxlx }

In particular, ||K||rx.x) = [Ai].

13
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3 ILL-POSED OPERATOR EQUATIONS

We now start our study of operator equations that cannot be solved by standard methods.
We first consider a linear operator T between two normed vector spaces X and Y. Following
Jacques Hadamard, we call the equation Tx = y well-posed, if for all y € Y

(i) there exists an x € X with Tx = y;
(ii) this solution is unique, i.e., z # x implies Tz # y;

(iii) this solution depends continuously on y, i.e., for all {x, },en With Tx, — y we also
have x, — x.

If one of these conditions is violated, the equation is called ill-posed.

In practice, a violation of the first two conditions often occurs due to insufficient knowl-
edge of reality and can be handled by extending the mathematical model giving rise to
the equation. It can also be handled by extending the concept of a solution such that a
generalized solution exists for arbitrary y € Y; if this is not unique, one can use additional
information on the sought-for x to select a specific solution. For finite-dimensional Hilbert
spaces, this leads to the well-known least squares method; since then all linear operators are
continuous, the problem is then solved in principle (even if the details and in particular the
efficient numerical implementation may still take significant effort). However, in infinite
dimensions this is not the case, as the following example illustrates.

Example 3.1. We want to compute for given y € Y := C'([0,1]) the derivative x := )’ €
C([0,1]), where we assume that the function y to be differentiated is only given by
measurements subject to additive noise, i.e., we only have at our disposal

y=y+n.

In general, we cannot assume that the measurement error 7 is continuously differen-
tiable; but for the sake of simplicity, we assume that it is at least continuous. In this
case, y € C([0,1]) as well, and we have to consider the mapping x = y’ +— y as a
(linear) operator T : C([0,1]) — C([0,1]). Obviously, condition (i) is then violated.
But the problem is not well-posed even if the error is continuously differentiable by

15
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3 ILL-POSED OPERATOR EQUATIONS

coincidence: Consider a sequence {J, },en With §, — 0, choose k € N arbitrary, and set
— . kt
Nn(t) := 8y sin (E)
as well as j, := y + n,. Then, n, € C*([0,1]) and

172 = ¥lic = lnnlle = 62 — 0,

but
%a() = F5(1) = y' (1) + k cos (&),

ie., x := y’ satisfies
llx = Xallc = lImpllc = k forall n € N.

Hence the error in the derivative x can (depending on k) be arbitrarily large, even if
the error in y is arbitrarily small.

(In contrast, the problem is of course well-posed for T : C([0,1]) — C*([0,1]), since
then ||n,llcc — 0 implies by definition that ||X — x,|lc < ||7a]lct — 0. The occurring
norms thus decide the well-posedness of the problem; these are however usually given
by the problem setting. In our example, taking C*([0,1]) as image space implies that
besides y also y’ is measured - and that is precisely the quantity we are interested in,
so that we are no longer considering an inverse problem.)

Note that the three conditions for well-posedness are not completely independent. For
example, if T € L(X,Y) satisfies the first two conditions, and X and Y are Banach spaces,
then T is bijective and thus has by Theorem 1.2 a continuous inverse, satisfying also the
third condition.

3.1 GENERALIZED INVERSES

We now try to handle the first two conditions for linear operators between Hilbert spaces
by generalizing the concept of solution in analogy to the least squares method in R¥.
Let X and Y be Hilbert spaces (which we always assume from now on) and consider for
T € L(X,Y) the equation Tx = y. If y ¢ R(T), this equation has no solution. In this case it
is reasonable to look for an x € X that minimizes the distance ||Tx — y||y. On the other
hand, if N(T) # {0}, then there exist infinitely many solutions; in this case, we chose the
one with minimal norm. This leads to the following definition.
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Definition 3.2. An element x € X is called

(i) least squares solution of Tx = y if

ITx" — ylly = min ||Tz - y|ly;
zeX

(ii) minimum norm solution of Tx = y if

||x%||x = min {||z||x | z is least squares solution of Tx = y}.

If T is bijective, x = T™'y is obviously the only least squares and hence minimum norm
solution. A least squares solution need not exist, however, if R(T) is not closed (since in this
case, the minimum in the definition need not be attained). To answer the question for which
y € Y a minimum norm solution exists, we introduce an operator — called generalized
inverse or pseudoinverse — mapping y to the corresponding minimum norm solution. We
do this by first restriction the domain and range of T such that the operator is invertible
and then extending the inverse of the restricted operator to its maximal domain.

Theorem 3.3. Let T € L(X,Y) and set
T = T|N(T)J_ : N(T)J' — R(T)
Then there exists a unique linear extension T, called Moore-Penrose inverse, of T with

(3.1) D(T) =R(T) @ R(T)™,
(32) N(TH = R(T)".

Proof. Due to the restriction to A'(T)* and R(T), the operator T is injective and surjective,
and hence there exists a (linear) inverse T~". Thus T is well-defined and linear on R (T). For
any y € D(TT), we obtain by orthogonal decomposition unique y; € R(T) and y, € R(T)*
with y = y; + y,. Since N(TT) = R(T)*,

(3.3) Ty =Ty + Ty, =TTy =Ty

defines a unique linear extension. Hence T" is well-defined on its whole domain D (TT). O

If T is bijective, we obviously have TT = T~!. However, it is important to note that T need
not be a continuous extension.

In the following, we will need the following properties of the Moore—Penrose inverse.

Lemma 3.4. The Moore—Penrose inverse T' satisfies R(TT) = N(T)* as well as the Moore—
Penrose equations

17
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() TT'T =T,

(i) T'TT" =TT,
(iii) TTT = 1d =Py,
(iv) TT" = (PR)lp (1),

where Py and Pg denote the orthogonal projections on N(T) and R(T), respectively.

Proof. We first show that R(T") = N (T)*. By the definition of T" and (3.3), we have for
all y € D(T") that

(3-4) T'y =T '"Pzy =T Pgy

since y € D(TT) = R(T) ® R(T)* implies that Pzy € R(T) (and not only in R(T) - this
fundamental property will be used repeatedly in the following). Hence Ty € R(T™!) =
N(T)*, ie, R(TT) ¢ N(T)*. Conversely, TTTx = T™'Tx = x for all x € N(T)", ie.,
x € R(T"). This shows that R(TT) = N(T)* as claimed.

Ad (iv): For y € D(TT), we have from (3.4) and R(T") = N(T)* that
TT'y =TT 'Pzy =TT 'Pgy = Pzy
since f“lPﬂry e N(T)* and T = T auf N(T)*.
Ad (iii): The definition of T* implies that TTx = T"'Tx for all x € X and hence that

T'Tx = T7'T (Pyx + (Id =Pyn)x) = T 'TPyx + T-'T(1d —Py)x = (Id =Py )x.

Ad (ii): Using (iv) and (3.4) yields for y € D(TT) that
T'TT 'y =T'Pzy =T"y.
Ad (i): Directly from (iii) follows that

TT'Tx = T(Ad —Pyn)x = Tx — TPyx = Tx for all x € X. O

(In fact, the Moore-Penrose equations are an equivalent characterization of T7.)

We can now show that the Moore-Penrose inverse indeed yields the minimum norm
solution; in passing, we also characterize the least squares solutions.

Theorem 3.5. For any y € D(T"), the equation Tx = y admits

18
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(i) least squares solutions, which are exactly the solutions of

(3:5) Tx = Pgy;

(ii) a unique minimum norm solution x' € X, which is given by
xT = TTy.

The set of all least squares solutions is given by x* + N (T).

Proof. First, Pzy € R(T) for y € D(T") implies that (3.5) admits at least one solution.
The optimality of the orthogonal projection further implies that any such solution z € X
satisfies

ITz = ylly = [[Pgy — ylly = min_[lw—ylly < |[[Tx-ylly  forallx € X,
weR(T)

i.e., all solutions of (3.5) are least squares solutions of Tx = y. Conversely, any least squares
solution z € X satisfies

IPzy = ylly < [ITz = ylly = min |Tx - ylly = i lw=ylly < IPgy = »lly

since Pzy € R(T) and hence Tz = Pgy. This shows (i).

The least squares solutions are this exactly the solutions of Tx = Pgy, which can be
uniquely represented as x = x + xo with x € N(T)* and x, € N(T). Since T is injective
on N(T)*, the element ¥ must be independent of x (otherwise Tx" = Tx" # Tx = Pxy for
x" = x" + xo with x" # x). It then follows from

Il = 1%+ %ol = 1%/ +2 (% x0)x + lIx0ll§ = I%[I% + %ol > [IX1%
that x™ := ¥ € N(T)* is the unique minimum norm solution.
Finally, x' € N(T)* and Tx" = Pzy together with Lemma 3.4 (iii) and (ii) imply that
x'=Pyix’ = (1d-Py)x" =T'Tx" = T'P5y = T'TTTy = Ty,

which shows (ii). O
We can give an alternative characterization that will later be useful.

Corollary 3.6. Let y € D(T"). Then x € X is a least squares solution of Tx = y if and only if
x satisfies the normal equation

(3.6) T"Tx=T"y.

Is additionally x € N(T)*, then x = x".
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Proof. Theorem 3.5 (i) states that x € X is a least squares solution if and only if Tx = Pzy,
which is equivalent to Tx € R(T) and Tx — y € R(T)* = N(T*), i.e., T*(Tx — y) = 0.
Similarly, Theorem 3.5 (ii) implies that a least squares solution x has minimal norm if and

only if x =TTy € N(T)*. m|

The minimum norm solution x' of Tx = y is therefore also the solution — and hence, in
particular, the least squares solution — of (3.6) with minimal norm, i.e.,

(3.7) X' = (T")'T"y.
We can therefore characterize x as the minimum norm solution of (3.6) as well as of

Tx = y, which can sometimes be advantageous.

Until now, we have considered the pseudo-inverse of its domain without characterizing
this further; this we now catch up on. First, by construction D (TT) = R(T) ® R(T)*. Since
orthogonal complements are always closed,

D(TH =R(T) @ R(T)*" = N(TH @ N(T*) = Y,

ie, D(T") is dense in Y. If R(T) is closed, this implies that D(T") = Y (which conversely
implies that R(T) is closed). Furthermore, for y € R(T)* = N(T7) the minimum norm
solution is always x7 = 0. The central question is therefore whether a given y € R(T) is
in fact an element of R(T). If this always holds, TT is even continuous. Conversely, the

existence of a single y € R(T) \ R(T) already suffices for T" not to be continuous.

Theorem 3.7. Let T € L(X,Y). Then TT : D(T") — X is continuous if and only if R(T) is
closed.

Proof. We apply the Closed Graph Theorem 1.4, for which we have to show that T is closed.
Let {yp}nen € D(TT) be a sequence with y, — y € Yand T'y, — x € X. Lemma 3.4 (iv)
then implies that

TT'y, = Pzy, — Pgy

due to the continuity of the orthogonal projection. It follows from this and the continuity
of T that

(3-8) Pry = lim P&y, = lim TT"y, = Tx,
n—oo n—oo
i.e., x is a least squares solution. Furthermore, T'y, € R(T") = N (T)* also implies that
T'y, — x e N(T)*

since N (T)* = R(T*) is closed. By Theorem 3.5 (ii), x is thus the minimum norm solution
of Tx = y,ie,x= Tt y. Hence T is closed.
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If R(T) is now closed, we have that D (T") = Y and thus that TT : Y — X is continuous by
Theorem 1.4. Conversely, if TT is continuous on D (T7), the density of D(T") in Y ensures
that T can be extended continuously to Y by

Fy .= lim T7y, for asequence {y,}neny € D(TT) with y, — y € Y.
n—oo

(Since T' is bounded, it maps Cauchy sequences to Cauchy sequences, and hence T is
well-defined and continuous.) Let now y € R(T) and {y, }nen € R(T) with y, — y. As
for (3.8), we then have

y = Pgy = lim Pgy, = lim TT'y, = TTTy € R(T)
n—oo n—od
and hence that R(T) = R(T). O

Accordingly, the operator equation Tx = y is called ill-posed in the sense of Nashed if R(T)
is not closed. Unfortunately, this already excludes many interesting compact operators.

Corollary 3.8. IfK € K(X,Y) has infinite-dimensional range R(K), then K" is not continuous.

Proof. Assume to the contrary that KT is continuous. Then R(K) is closed by Theo-
rem 3.7, and thus the operator K defined via Theorem 3.3 has a continuous inverse
K1 eL(R(K), N(K)*). Now, K and therefore also K o K~! are compact. By

KKly=y for all y € R(K),

this implies that the identity Id : R(K) — R(K) is compact as well, which is only possible
if R(K) is finite-dimensional. O

For compact operators, the third condition for well-posedness in the sense of Hadamard
therefore has to handled by other methods, which we will study in the following chapters.

3.2 SINGULAR VALUE DECOMPOSITION OF COMPACT OPERATORS

We now characterize the Moore—Penrose inverse of compact operators K € K(X,Y) via
orthonormal systems. We would like to do this using a spectral decomposition, which
however exists only for selfadjoint operators. But by Corollary 3.6, we can equivalently
consider the Moore—Penrose inverse of K*K, which is selfadjoint; this leads to the singular
value decomposition.

Theorem 3.9. ForeveryK € K(X,Y), there exist
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(i) a null sequence {oy}nen Withoy > 03 > -+ > 0,
(ii) an orthonormal basis {u,}nen C Y of R(K),

(iii) an orthonormal basis {v,}nen C X of R(K*)

(possibly finite) with

(3.9) Kv, = opu, and K'u, = o,0, foralln e N
and

(3.10) Kx = Z on (x| on)x un forallx € X.

neN

A sequence {(0p, Un, Up) tnen Satisfying the singular value decomposition (3.10) is called
singular system.

Proof. Since K*K : X — X is compact and selfadjoint, the Spectral Theorem 2.5 yields a
null sequence {A,}nen € R\ {0} (ordered by decreasing magnitude) and an orthonormal
system {ov, }nen C X of corresponding eigenvectors with

K*Kx:Z)ln (x| vn)x On for all x € X.

neN

Since Ay = Aulloally = (Anon|vn)x = (K*Koy |vp)x = ||Kvn||§, > 0, we can define for all
neN
oy = \//l_n >0 and Uy = agle)n €Y.

The latter form an orthonormal system due to

1 1, A 1 ifi=j,
(wi|uj)y = — (Ko |Koj), = — (K*Kuv; |0), = —— (0i|Uj)x={

0,0 0,0 00 0 else.

Furthermore, we have for all n € N that

K*u, = 0,'"K*Kov, = 0, An0y = 0,0p.

Theorem 2.5 also yields that {v,},en is an orthonormal basis of R(K*K). In addition,
R(K*K) = R(K*), since for any x € R(K*), there exists a sequence {y,}nen C Y with
K*y, — x; in particular, we can take y, € N(K*)* = R(K), and a diagonal argument
shows x € R(K*K). (The other direction is obvious.) Hence, {vy, } ey is an orthonormal
basis of R(K*) = N(K)*, and therefore

Kx =KPyn:x=K

Z(x|0n)xvn) for all x € X.

neN
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From this, we obtain the singular value decomposition (3.10) by “pushing” K through the
series representation. Since we will repeatedly apply such arguments in the following, we
justify this step in detail. First, we set xy := SN (x| v,)x v, forany x € X and N € N.
Then we clearly have xy — Py1x as N — oo and hence by continuity of K also

(3.11) Kx =K (Pyix) = K(}\}im XN) = ]\}im Kxn

N
= A}im Z (x| op)x Ko, = Z (x| vn)x Kop,.
—00 n,zl

neN

We thus have for all x € X that

Kx = Z (x | Un)X Ko, = Z (x | Z)n)X OnplUp = Z (x | K*un)X Up = Z (Kx | un)X Up.

neN neN neN neN

The first equation yields (3.10), while the last implies that {u,},en is an orthonormal basis
of R(K). O

Since the eigenvalues of K*K with eigenvector v, are exactly the eigenvalues of KK* with
eigenvector uy, this also yields by (3.9) a singular value decomposition of K*, i.e.,

(3.12) K*y = Z on (¥ | Un)y on forall y e Y.

neN

We now use the singular value decomposition of K to characterize the domain D (K") =
R(K) ® R(K)* of the Moore-Penrose inverse K'. As was already discussed before Theo-
rem 3.7, this reduces to the question whether y € R(K) is in fact an element of R(K).

Theorem 3.10. Let K € K(X,Y) with singular system {(on, tn, 0p) }nen and y € R(K). Then
y € R(K) if and only if the Picard condition

(3-13) 210 (ylun)y P < o0

neN

is satisfied. In this case,

(314) K'y=>07" (1 un)y v

neN
Proof. Let y € R(K), i.e., there exists x € X with Kx = y. Then
(ylun)y = (x| K un)x = o (x| 0n)x foralln € N,

and the Bessel inequality (2.2) yields
220l D lun)y = 20 1 (x fon)x P < Ilxll < oo

neN neN
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Conversely, let y € R(K) satisfy (3.13), which implies that {ZY . o72| (y | un)y |*}nen is a

n=1-n
Cauchy sequence. Then {xn}nen defined by

N
XN = Z o, (¥ Un)y Un
n=1

is a Cauchy sequence as well, since {0, },en forms an orthonormal system and thus

M
2 — 2 — 2
loen = xully = 12 50w D lun)yoallz = D7 log' (v lua)y P =0 as N,M — oo,
n=N+1

Furthermore, {0, },en € R(K*). Hence, {xn}nen € R(K*) converges to some

x:= D50, (¥ )y v € RIK*) = N(K)*

neN

by the closedness of R(K*). Now we have as in (3.11) that
Kx = ZO';;I (¥ | un)y Kop = Z (¥ un)y un = Pﬁy =Y

neN neN

which implies that y € R(K).

Finally, Kx = Pgy for x € N'(K)* is equivalent to x = K"y by Theorem 3.5, which also
shows (3.14). O

The Picard condition states that a minimum norm solution can only exist if the “Fourier
coefficients” (y |u,)y of y decay fast enough compared to the singular values o,. The
representation (3.14) also shows how perturbations of y relate to perturbations of x': If
1% = y + Su,, for some § > 0 and n € N, then

IKTy? =K yllx = 8|K T unllx = 0,6 = 0 asn — oo,

and the faster the singular values decay, the more the error is amplified for given n. Hence
one distinguishes

+ moderately ill-posed problems, for which there exist ¢,r > 0 with ¢, > cn™" for all
n € N (i.e., 0, decays at most polynomially), and

« severely ill-posed problems, for which this is not the case. If 5, < ce™ foralln € N
and ¢, r > 0 (i.e., o, decays at least exponentially), the problem is called exponentially
ill-posed.

For exponentially ill-posed problems, one can in general not expect to obtain a solution that
is more than a very rough approximation. On the other hand, if R(K) finite-dimensional,
then the sequence {6, },cn is finite and the error stays bounded; in this case, K is continuous
as expected.

The singular value decomposition is a valuable analytical tool, but its explicit computation
for a concrete operator is in general quite involved. We again consider differentiation as
an elementary example.
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Example 3.11. Let X = L?(Q) for Q = (0,1) and let K € K(X, X) be an integral operator
defined via

1 ifs<t,

0 else.

1
[Kx](t) = / k(s,t)x(s)ds  with  k(s,t) = {
0
If x = y’ for some y € C}([0,1]) with y(0) = 0, then

Wﬂm=f:ﬂﬂﬁ=ﬂﬂ—ﬂ®=ﬂ&

i.e., the derivative y of y € C}([0,1]) is a solution of the operator equation Kx = y
(which is also meaningful for y € L?(Q) but may not admit a solution then).

The corresponding adjoint operator is given by

1 1
[Fﬂm=£HMW®&=[y®a

since k(t,s) = 1for s > t and 0 else. We now compute the eigenvalues and eigenvectors
of K*K, i.e.,any A > 0 and v € L?(Q) with

1 S
(3.15) Ao(t) = [K*Ko](t) :/t /0 o(r)drds.

We first proceed formally. Inserting ¢t = 1 yields Av(1) = 0 and therefore v(1) = 0.
Differentiating (3.15) yields

A’ (t) = % (—/lt/()sv(r) drds) = —/Otv(r) dr,

which for ¢t = 0 implies that v’(0) = 0. Differentiating again now leads to the ordinary
differential equation
A" () +o(t) =0

which has the general solution
o(t) = ¢ sin(o't) + ¢ cos(o7't)
for o := VA and constants c1, ¢2 that have yet to be determined. For this, we insert the

boundary conditions v”(0) = 0 and v(1) = 0, which yields ¢; = 0 and ¢, cos(c™!) = 0,
respectively. Since ¢, = 0 leads to the trivial solution v = 0 and eigenvectors are by
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definition not trivial, we must have cos(c™') = 0; the only candidates for the singular
values o, are therefore the reciprocal roots of the cosine, i.e.,

2

= e N.
(2n-1)rm 4

On

From this, we obtain the eigenvectors
va(t) = V2 cos ((n - ), neN,

where the constant ¢, = V2 is chosen such that ||v,|| 12() = 1. We further compute
t
up =0, Ko, = (n— %)ﬂ/ V2 cos ((n - $)ms)ds = V2sin ((n - Drt), neN.
0

Now we have vy, u, € L?(Q), and it is straightforward to verify that o2 and v, satisfy
the eigenvalue relation (3.15). As in the proof of Theorem 3.9, this yields a singular
value decomposition of K and thus a singular system {(oy,, un, v5) }nen-

Since o, = O(%), this implies that differentiation (in this formulation) is a moderately
ill-posed problem. Furthermore, the Picard condition (3.13) for y € L?(Q) is given by

1
> 7@n =0 (3w [ < .

neN

It is now possible to show that {u, },en is an orthonormal basis of L?(Q) (which are
not unique) and thus satisfy

y= Z (¥ | un) 2 un.

neN

Formally differentiating the Fourier series term by term then yields

2= > (ylun) ey =27 (n=3) 7 (¥ )12 0.

neN neN

The Picard condition is thus equivalent to the condition that ||z||)2( < oo and hence

that the formally differentiated series converges (in L?(Q)); in this case Ky = z. If y

is continuously differentiable, this convergence is even uniform and we obtain that
=

y =z=K"y.

The singular value decomposition allows defining functions of compact operators, which
will be a fundamental tool in the following chapters. Let ¢ : [0, 00) — R be a piecewise
continuous and locally bounded function. We then define for K € K(X,Y) with singular
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system {(op, tn, Up) }nen the operator p(K*K) : X — X by

(3.16) o(K*'K)x = Z @(2) (x| vp)yx On + @(0)Pn(x)x for all x € X.

neN
This series converges in X since ¢ is only evaluated on the closed and bounded interval

[0,07] = [0, IK ||[ﬁ ( X’Y)]. Furthermore, the Bessel inequality implies that

(3.17) lo(K*K)llLixx) < suple(on)|+@(0) <2 sup  |p(d)] < oo,
neN AEL0IKIE i ]

ie., p(K'K) € L(X, X).

In particular, we consider here power functions ¢(t) = t" for r > 0 and especially the
following examples.

Example 3.12. Let K € K(X, Y).
(i) For ¢(t) =1 we have ¢(K*K) = 1d since for all x € X,

o(K'K)x = Z (x| vn)x 0n + Pyryx = me +Pnryx = x

neN

due to R(K*) = N(K)* .
(ii) For ¢(t) =t we have ¢(K*K) = K*K due to ¢(0) = 0 and the spectral theorem.

(iii) For (t) = V't we call |K| := ¢(K*K) the absolute value of K; since o, > 0, we
have
|K|x:Zan(x|vn)Xvn for all x € X.

neN

Comparing Example 3.12 (iii) with the singular value decomposition (3.10) shows that |K|
essentially has the same behavior as K, the only difference being that the former maps to
X instead of Y. This is illustrated by the following properties, which will be used later.

Lemma 3.13. Let K € K(X,Y). Then
(i) |[KI"* = |K|" o |[K|® forallr,s > 0;
(ii) |K|" is selfadjoint for allr > 0;
(iii) [[IKlxllx = ||Kxly for allx € X;
(iv) R(IK]) = R(K").
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Proof. Ad (i): This follows directly from

IK|™"x = Z O';Jrs (x|on)x vn = Z o (O'rs, (x| Un)X) On

neN neN

= Z O'; Z O-rsn (x| 0m)x Om|0n] On
neN meN X

= > o (IKPx [on)x vn = |K|"(IK]°x)
neN

since {v, }nen is an orthonormal system.

Ad (ii): For any x,z € X and r > 0, the bilinearity and symmetry of the inner product
implies that

(IKI"x|2)x = D> oy (x|oa)x (on]2)x = (x| [K["2)x -

neN
Ad (iii): This follows from (i), (ii), and

IKIxlIZ = (IKlx [1K|x)x = (IK[*x[x)y = (K'Kx | x)x = (Kx | Kx)x = [|Kx][3.

Ad (iv): Let {( 0y, un, vn) }nen be a singular system of K. Then {(oy, vy, up) }nen is a singular
system of K*, and — by definition — { (0, v, vp) }nen is a singular system of |[K|. Now x €
R(K*) ifand only if Kx € R(KK*) and x € N (K)*. The Picard condition for Kx € R(KK")
is

00 > > op | (Kxlun)y IP = D7 0 | (x | K'un)x [P = D7 0] (x| o) |2

neN neN neN

But this is also the Picard condition for x € R(|K|) (compare the proof of Theorem 3.10),
which for x € N(K)* is even a necessary condition. O

The proof of Lemma 3.13 (iv) already indicates that we can use |K| to formulate a vari-
ant of the Picard condition for x € R(K*) (instead of y € R(K)); we will use this in a
following chapter to characterize minimum norm solutions that can be particularly well
approximated.

We finally need the following inequality.

Lemma 3.14. Let K € K(X,Y). Then anyr > s > 0 and x € X satisfy the interpolation
inequality

s 1-5
(318) IKPxllx < K xllg llxlly ™
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Proof. By definition of |K|°,

(3-19) RGP [N

neN
which together with the Bessel inequality immediately yields the claim for s = 0.
For s > 0, we apply the Holder inequality

, a
Zanbng(zag) (sz) for ll)+$:1

neN neN neN

to
s 23 r r
an:= 0yl (xlonx [, be=l(clox 7 p=n q=

Then, (3.19) and the Bessel inequality yield

S

IKFxg < (Z o | (x| on)x Iz) (Z | (x [on)x Iz)

neN neN

238 2(1-3)
< Kl Nl ™,

and the claim follows after taking the square root.
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4 REGULARIZATION METHODS

As shown in the last chapter, the ill-posed operator equation Tx = y admits for any
y € D(T") a unique minimum norm solution x" = TTy. In practice, one however usually
does not have access to the “exact data” y but only to a “noisy measurement” y° € Bs(y),
i.e., satistying

ly=y’lly <&,

where § > 0 is the noise level. Since T is not continuous in general, T y° is not guaranteed
to be a good approximation of x* even for y° € D(TT). The goal is therefore to construct
an approximation x that on the one hand depends continuously on y° — and thus on §
- and on the other hand can through the choice of a regularization parameter a > 0 be
brought as close to x' as the noise level § allows. In particular, for § — 0 and an appropriate
choice of «(9), we want to ensure that xg( 5 x". A method which constructs such an
approximation is called regularization method.

4.1 REGULARIZATION AND PARAMETER CHOICE

For linear operators between Hilbert spaces, such constructions can be defined through
regularization operators, which can be considered as a continuous replacement for the
unbounded pseudoinverse T". This leads to the following definition.

Definition 4.1. Let T € L(X, Y) be a bounded linear operator between the Hilbert spaces X
and Y. A family {R, }4>0 of linear operators R, : Y — X is called a regularization (of T") if
(i) Ry e L(Y,X) forall @ > 0;
(ii) Ry = TTyasa — 0andall y € D(TT).
A regularization is therefore a pointwise approximation of the Moore—Penrose inverse by

continuous operators. However, the Banach-Steinhaus Theorem implies that the conver-
gence cannot be unifom if T is not continuous.

Theorem 4.2. Let T € L(X,Y) and {Ry}a>0 C L(Y,X) be a regularization. If T' is not

continuous, then {Ry }4>0 is not uniformly bounded. In particular, then there existsay € Y
and a null sequence {at, }nen With ||Ry, y||x — 0.
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Proof. Assume to the contrary that no such y € Y exists. Then the family {Ry}s>0 C
L(Y,X) is bounded pointwise and hence uniformly by the Banach—-Steinhaus Theorem 1.5.
Thus there exists an M > 0 with ||R||p (v, x) < M for all @ > 0. Together with the pointwise
convergence R, — T' on the dense subset D(TT) c Y, Corollary 1.6 yields convergence

on all of D(TT) = Y. By Corollary 1.7, T' is then continuous, and the claim follows by
contraposition. m|

In fact, under an additional assumption, R, y has to diverge for all y ¢ D(T").

Theorem 4.3. Let T € L(X,Y) be such that TT is not continuous, and let {Ry} >0 € L(Y,X)
be a regularization of T'. If

(41) sup [|TRg |l (v,y) < oo,

a>0

then ||Ryy|lx — oo asa — 0 and all y ¢ D(T).

Proof. Let y € Y be arbitrary and assume that there exists a null sequence {a;, },en for
which {Ry, y}nen is bounded. Then there exists a subsequence {xj }ien, Xk = Rank y, with
xx — x € X. Since bounded linear operators are weakly continuous, this also yields that
Tx; — Tx.

On the other hand, the continuity of T and the pointwise convergence R, — TT on D(T")
imply together with Lemma 3.4 (iv) that TR,y — TTTy = Pzyforall y € D(T"). The
assumption (4.1) and Corollary 1.6 then yield the pointwise convergence of TR,, — P on
all of Y. From Txy = TRy, y — Pgy and Txi — Tx, it now follows by the uniqueness of
the limit that Tx = Pxy. Hence Py € R(T) and therefore y € R(T) ® R(T)* = D(TT),
and the claim follows by contraposition. O

However, we can in general not assume that a given noisy measurement y° € Bs(y) is an
element of D(TT). We therefore have to consider the regularization error

(4.2) IRy’ = TTyllx < IRy’ = Rayllx + IRey = T yllx
< 8|IRellivx) + 1Rey = TTyllx.

This decomposition is a fundamental tool of regularization theory, and we will meet it
repeatedly throughout the following. Here the first term describes the (propagated) data
error, which by Theorem 4.2 cannot be bounded for @ — 0 as long as § > 0. The second
term describes the approximation error, which due to the assumed pointwise convergence
for « — 0 does tend to zero. To obtain a reasonable approximation, we thus have to choose
a in a suitable dependence of § such that the total regularization error vanishes as § — 0.
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Definition 4.4. A function a : R* X Y — R*, (6, y‘S) — a(d, y5), is called a parameter
choice rule. We distinguish

(i) a priori choice rules that only depend on ;
(ii) a posteriori choice rules that depend on & and y°;
(iii) heuristic choice rules that only depend on y°.

If {R,}a>0 is a regularization of TT and « is a parameter choice rule, the pair (R, @) is
called a (convergent) regularization method if

(4.3) lim sup ||R0((5’y5)y‘S - TTyllx =0 forall y € D(TH.
0 yoeBs(y)

We thus demand that the regularization error vanishes for all noisy measurements y° that
are compatible with the noise level § — 0.

A PRIORI CHOICE RULES

We first show that every regularization admits an a priori choice rule and hence leads to a
convergent regularization method.

Theorem 4.5. Let {Ry}q>0 be a regularization ofTT. Then there exists an a priori choice rule
a such that (Ry, ) is a regularization method.

Proof. Let y € D(TT) be arbitrary. Since R, — T pointwise by assumption, there exists
for all e > 0 a o(e) > 0 such that

N ™

IRye)y — T yllx <

This defines a monotonically increasing function o : R* — R* with lim,_,¢ o(¢) = 0.
Similarly, the operator R,(,) is continuous for every fixed ¢ > 0 and hence there exists a
p(e) > 0 with

for all z € Y with ||z — y|ly < p(e).

DN | ™

IRs(e)z = Ro(e) ¥llx <

Again, this defines a function p : R* — R* with lim,_,o p(¢) = 0, where we can as-
sume without loss of generality that p is strictly increasing and continuous (by choosing
p(¢) maximally in case it is not unique). The Inverse Function Theorem thus ensures
that there exists a strictly monotone and continuous inverse function p~! on R(p) with
lims_,o p~(8) = 0. We extend this function monotonically and continuously to R* and
define our a priori choice rule

a:R" - RY, 5 a(p 1(9)).
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Then we have in particular limgs_,y @(8) = 0. Furthermore, for all ¢ > 0 there exists a
0 := p(€) > 0 such that a(8) = o(¢) and hence

&

+ £
IRe)Y” = T'Ylix < IRa(e)Y” = Rate)llx + IRy = T'yllx < S+ =

[\

for all y° € Bs(y). This implies that IR (5) 30 = TTyllx — 0as § — 0 for any family
{3°}s>0 C Bs(y). Hence (R,, @) is a convergent regularization method. O

We can even give a full characterization of a priori choice rules that lead to convergent
regularization methods.

Theorem 4.6. Let T' no be continuous, {R,}a>0 be a regularization, and a : R* — R* ana
priori choice rule. Then (R, ) is a regularization method if and only if

(i) lim a(9) =0,

(ii) %13(1) S| Ra(s)ll(v,x) = 0.

Proof. The decomposition (4.2) of the regularization error immediately implies that
IRa(9)Y” = T*yllx < 8lIRas)lLx) + IRea)y =T yllx =0 for§ =0

since the first term vanishes by assumption (ii), while the second vanishes due to the
pointwise convergence of regularization operators together with assumption (i).

Conversely, assume that either (i) or (ii) does not hold. If (i) is violated, then R, s) does
not converge pointwise to T'y. Hence, (4.3) cannot hold for the constant sequence y° = y
and § — 0, and therefore (R, @) is not a regularization method. If now (i) holds but (ii)
is violated, there exists a null sequence {8y }neny With ,||Re(s,)llL(v.x) = C > 0. We can
therefore find a sequence {z,},en C Y with ||z,]ly = 1 and 6,(|Ry(s,)znllx = C. Let now
y € D(T7) be arbitrary and set y, := y + §pz,. Then y, € Bs (), but

Ru,)¥n =Ty = (Rus,) ¥ = T'¥) + 6uRe(s,)2n 7= 0

since the first term on the right-hand side is a null sequence by (i) and the pointwise
convergence of R,, but the second term is not a null sequence by construction. Hence, (4.3)
is violated and (R, ) therefore not a regularization method. The claim now follows by
contraposition. |

Since [[Rg |l (v,x) — o0 as @ — 0, assumption (ii) states that & cannot tend to zero too
fast compared to §. An a priori choice rule thus usually has the form a(8§) = §" for some
re (0,1).
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A POSTERIORI CHOICE RULES

As we will see later, the optimal choice of @(J) requires information about the exact
(minimum norm) solution x that is not easily accessible. Such information is not required
for a posteriori choice rules. The main idea behind these is the following: Let again y €
D(T") and y° € Bs(y) and consider the residual

ITR.y® = ¥°lly.

If now y € R(T) and ||y — ¥°||ly = 8, even the (desired) minimum norm solution x satisfies
due to Tx" = y only

17" = 3°lly = lly = »°lly = 6.
It is therefore not reasonable to try to obtain a smaller residual for the regularization R, y°
either. This motivates the Morozov discrepancy principle: For given § > 0 and y° € Bs(y)
choose a = a(8, y°) (as large as possible) such that

(4.4) ITR,y° = y°lly < 76 for some 7 > 1 independent of § and °.

However, this principle may not be satisfiable: If y € R(T)* \ {0}, then even the exact data
y° = y and the minimum norm solution x" only satisfy

ITx" = ylly = ITT"y = ylly = I1Pgy = yliy = Iylly > 76

for some fixed 7 > 1 and § small enough. We therefore have to assume that this situation
cannot occur; for this it is sufficient that R(T) is dense in Y (since in this case R(T)* =

R(T)* = {0}).

The practical realization usually consists in choosing a null sequence {a,},en, computing
successively Ry, y° for n = 1,..., and stopping as soon as the discrepancy principle (4.4) is
satisfied for an a,:. The following theorem justifies this procedure.

Theorem 4.7. Let {Ry}q>0 be a regularization of T" with R(T) dense in Y, {ct, }nen be a
strictly decreasing null sequence, and t > 1. If the family {TR,}4>0 is uniformly bounded,
then for all y € D(TT), § > 0 and y® € Bs(y) there exists an n* € N such that

(4.5) ITRy,.¥° = Y0lly < 76 < |ITRy,y° = ¥°lly ~ foralln < n*.

Proof. We proceed as in the proof of Theorem 4.3. The family {TR, } - converges pointwise
to TT' = Pz on D(TT) and hence, due to the uniform boundedness, on all of Y = D(TT).
This implies that for all y € D(TT) = R(T) and y° € Bs(y),

lim ||TRy,y° = ¥°lly = IPzy° = ¥°lly = 0
since R(T) = Y. From this, the claim follows. O
To show that the discrepancy principle indeed leads to a regularization method, it has to be

considered in combination with a concrete regularization. We will do so in the following
chapters.
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HEURISTIC CHOICE RULES

Heuristic choice rules do not need knowledge of the noise level §, which is often relevant in
practice where this knowledge is not available (sufficiently exactly). However, the following
pivotal result — known in the literature as the Bakushinskii veto, see [Bakushinskii 1985] —
states that this is not possible in general.

Theorem 4.8. Let {Ry}a>0 be a regularization of T'. If there exists a heuristic choice rule o
such that (R, @) is a regularization method, then TT is continuous.

Proof. Assuming to the contrary that such a parameter choice rule @ : Y — R* exists, we
can define the mapping
R:Y - X, Yy Ry y

Letnwo y € D(TT) be arbitrary and consider any sequence { y, }nen € D(TT) with y, — .
On the one hand, then naturally y, € Bs(y,) for all § > 0 and n € N, and the assumption
(4.3) for fixed y° = y = y, and § — 0 yields that Ry, = Ty, for all n € N. On the other
hand, for 6, := ||y, — y|ly we also have y, € Bs (y), and in this case passing to the limit
n — oo in (4.3) shows that

TTyn = Ryn = Ra(yn)yn - TTy;

ie., T" is continuous on D(T). O

In particular for compact operators with infinite-dimensional range, no heuristic choice rule
can lead to a regularization method. Of course, this does not mean that such methods cannot
be used in practice. First, the veto does not rule out choice rules for finite-dimensional
ill-posed problems (such as very ill-conditioned linear systems); however, these rules are
then by necessity dimension-dependent. Second, a sharp look at the proof shows that the
crucial step consists in applying the choice rule to data y° € D(T). The worst case for
the noisy data is therefore y° € R(T) (since only this subspace of D(T") plays a role
due to R(T)* = N(TT)), and in this case convergence cannot be guaranteed. In many
interesting cases, however, T is a compact (i.e., smoothing) operator, while errors have a
more random character and therefore do not typically lie in R(T). Heuristic choice rules
can therefore indeed work in “usual” situations. In fact, it is possible to show under the
additional assumption y° ¢ D (T") that a whole class of popular heuristic choice rules lead
to a regularization method. Here, too, we need to consider the combination with a concrete
regularization operator but already give some examples.

(i) The quasi-optimality principle picks a finite strictly decreasing sequence {ay }ref1,. N}
and chooses a(y°) = a,- as the one satisfying

* . 1) 1)
n"” € arg min [|R - R .
g min |[Re,.y" = Ra,y"llx
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(i) The Hanke—Raus rule chooses

1
5 . L 5 .8
a(y’) € arg min \/&IITRay ¥lly.

(iii) The L-curve criterion' chooses

a(y’) € argmin [|Rey’llxITRey" = °ly-

All of these methods in one way or another work by using the residual to obtain a reasonably
close approximation of the noise level that is then used similarly as in an a priori or a
posteriori choice rules. An extensive numerical comparison of these and other choice rules
can be found in [Bauer & Lukas 2011].

4.2 CONVERGENCE RATES

A central goal in the regularization of inverse problems is to obtain error estimates of the
form

IRy (5,5 7° = T yllx < 9(8)

for an increasing function ¥ : R* — R* with lim;_,o ¢/(¢) = 0. In particular, we are
interested in the worst-case error

(4.6) E(.8) = sup |[Rys,9° - TTyllx
y9€Bs(y)

(which for regularization methods converges to zero as 8 — 0 and any y € D(T") by
(4-3)). Here, ¢ has to depend in some form on y since otherwise it would be possible to
give regularization error estimates independently of y and y° - but since the convergence
of R, — T is merely pointwise but not uniform, such estimates cannot be expected.

Theorem 4.9. Let (Ry, @) be a regularization method. If there exists a y : R* — R* with
lim; o ¥/(t) = 0 and

(4.7) sup  E(¥,6) < ¢(9),
yED(TT)ﬂBY

then T' is continuous.

'The name is due to the practical realization: If one plots the curve & — (|[TRzy® — y°|ly, IR« ¥°|lx) (or,
rather, a finite set of points on it) in a doubly logarithmic scale, it often has — more or less — the form of
an “L”; the chosen parameter is then the one lying closest to the “knee” of the L.
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Proof. Let y € D(T") N By and {y, }nen € D(TT) N By be a sequence with y, — y. Setting
On = |ly — yully — 0, we than have for n — oo that

||TTyn - TT.V”X < ”TTyn - Ra(&,,,yn)yn”X + ||Ra(5n,y,,)Yn - TTy”X
< E(Yn, 6n) + E(¥,6n)
< 20(8,) — 0.

Hence T is continuous on D(T") N By and thus, by linearity of T7, on all of D(T"). O

This implies that the convergence can be arbitrarily slow; knowledge of § alone is therefore
not sufficient to give error estimates — we thus need additional assumptions on the exact
data y or, equivalently, the wanted minimum norm solution x* = Ty. As the proof of
Theorem 4.9 shows, the existence of convergence rates is closely tied to the continuity of
T' on closed subsets. We therefore consider for M c X and § > 0 the quantity

¢(M.,6) :=sup {llx|lx | x e M, |ITx[ly < &},

which can be interpreted as a modulus of conditional continuity of T* : R(T) N 6By — M.
This modulus is in fact a lower bound for the worst-case error. Since both £(M, §) and
&E(y,6) are not finite if M N N (K) # {0} and M are unbounded, we will only consider
the more interesting case that M c N (T)*.

Theorem 4.10. Let (R, @) be a regularization method. Then for all§ > 0 and M c N(T)*,

sup E(y,0) > e(M,9).
yeD(TT),TTyeM

Proof. Let x € M with ||Tx|ly < 8. For y° = 0, we then deduce from x € N'(T)* that

lxllx = ITTTx — Rys.0)0llx < E(Tx, )

and hence
eM,8) =  sup  |Ix|lx < sup  E(Tx, ) < sup E(y,0)
xeM,||Tx|ly <8 xeM,||Tx|ly<d TTye M,yeD(TY)
since D(TT) = R(T) ® R(T)* and R(T)* = N(T). m|

For an appropriate choice of M, we can now derive sharp bounds on (M, §). We consider
here for compact operators K € K(X, Y) subsets of the form

Xp ={IK|"w e X | [lwllx < p} < R(K[").

The definition of |K|"w via the spectral decomposition of K implies in particular that
Xyp CR(K*) = N(K)™ .
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Theorem 4.11. Let K € K(X,Y) and v, p > 0. Then for all § > 0,
e(Xy,p, 0) < 5ﬁp#.

Proof. Let x € X,, and ||[Kx|ly < 8. Then there exists a w € X with x = |K|'w and
|lw|lx < p. The interpolation inequality from Lemma 3.14 for s = v and r = v + 1 together
with the properties from Lemma 3.13 then imply that

1 1

4 4
Lo L S
lxllx = K wllx < K wilg" lwllg™ = IKIK] wlly™ [[wllg"

1

v 1
= |Kx |37 [|wll3 < §¥pwi.

Taking the supremum over all x € X, , with ||Kx|ly < § yields the claim. O

So far this is only an upper bound, but there always exists at least one sequence for which
it is attained.

Theorem 4.12. Let K € K(X,Y) and v, p > 0. Then there exists a null sequence {6, }nen With
R
E(Xv,p, 5n) = 5nv+lp vil,

Proof. Let {(0y, un, vn) }nen be a singular system for K and set §, := po.*! as well as x;, :=

IK|"(pvp). Since singular values form a null sequence, we have §, — 0. Furthermore, by
construction x, € X, ,. It now follows from o, = ( p18,) w1 that
xn = pIK|"0, = polo, = 877 p7io,

since o, is an eigenvalue of |K|" corresponding to the eigenvector v,. Hence, ||x,||x =

5,1 pﬁ. Analogously, we obtain that

v+2

- L e _ L
K*Kxn = 5r;’+lpv+1 o—ﬁon = §r;’+lp v,

and thus that
”Kxn”?/ = (Kxn |Kxn)Y = (K*Kxn | xn)X = 5r21

For all n € N, we therefore have that

s S
E(Xv,p, (Sn) = sup ||x||X > ”xn”X = 5nv+1pv+1’
x€Xyp, [|Kx|ly <6n

which together with Theorem 4.11 yields the claimed equality. m]
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This theorem implies that for a compact operator K with infinite-dimensional range, there
can be no regularization method for which the worst-case error can go to zero faster than

5,1 pﬁ as 6 — 0 — and even this is only possible under the additional assumption that
x' € X, ,. In particular, the regularization error always tends to zero more slowly than the
data error.

We thus call a regularization method optimal (for v and p) if

E(Kx',8) =6wipw  forallx’ € X,,
and order optimal (for v and p) if there exists a constant ¢ = ¢(v) > 1 such that
(4.8) E(KxT,8) < céﬁpﬁ forall x" € Xyp.

If we allow this constant to depend on x' - i.e., we are only interested in convergence rates
- then we set

Xy = UXv,p = R(lKlV)
p>0

und call a regularization method order optimal for v if there exists a ¢ = c¢(x") > 1 such
that
E(Kx',8) <67 forallx’ € X,.

The assumption x' € X, is called a source condition, and the element w € X with |[K|'w =
x' is sometimes referred to as a source representer. Since K is a compact (i.e., smoothing)
operator, source conditions are abstract smoothness conditions; e.g., for the integral operator
K from Example 3.11, the condition x € X; , implies that x = K*Kw = ftl fos w(r) drds has
second derivative w that is bounded by p.

Using the singular value decomposition of K, it is not hard to show that in general the
condition x' € X, corresponds to a strengthened Picard condition, i.e., that the decay of
the Fourier coefficients of y in relation to the singular values of K is faster the larger v is.

Lemma 4.13. Let K € K(X,Y) have the singular system {(op, tn, 0y) tnen and let y € R(K).
Thenx" = K'y € X, if and only if

(4.9) 2202 2 (y lun)y P < oo,

neN

Proof. From the definition and the representation (3.14), it follows that K'y € X, if and
only if there exists a w € X with

St (ylun)yva =K'y = [K["'w= >0 (w]0a)x 0n-

neN neN

39



4 REGULARIZATION METHODS

Since the v, form an orthonormal system, we can equate the corresponding coefficients to
obtain that

(4.10) .t (yun)y = o) (w]on)y foralln e N.

As in the proof of Theorem 3.10, we have that w € X if and only if 3,cn | (W |vp) i |? is
finite. Inserting (4.10) now yields (4.9). O

In fact, order optimality already implies the convergence of a regularization method. This is
useful since it can be easier to show optimality of a methods than its regularization property
(in particular for the discrepancy principle, which motivates the slightly complicated
statement of the following theorem).

Theorem 4.14. Let K € K(X,Y) with R(K) dense in Y, {Ry}s>0 be a regularization, and
a(8,y%) be a parameter choice rule. If there exists a 7y > 1 such that R, together with
a; == a(1d, y°) forall T > 7, satisfies the condition (4.8) for some v > 0 and all p > 0, then
(R, ;) is a regularization method for all t > 1.

Proof. We have to show that the uniform convergence of the worst-case error for all
x' € X, , implies the pointwise convergence for all x" € R(KT). For this, we construct a
suitable xy € X, insert it into the error estimate, and apply the order optimality.

Let therefore y € D(K') = R(K) and x" = KTy (and hence Kx' = y). Furthermore, let
{(on, tn, vy) }nen be a singular system of K. We now define for N € N

N
XN = Z (xJr |vn)X U
n=1

and N N
YN = Kxn = Z (xT |Un) Ku, = Z (x% |v,,) Onliy
n=1 X n=1 X
N N
2

(xT |K*un) Uy = Z (y | un)y tn.
X n=1

I
—_

n

Since {up}nen is an orthonormal basis of R(K) and {vy,},en is an orthonormal basis of
R(K*) = N(K)*, we can represent x' = KTy € N(K)* and y = KxT € R(K) as

xT:Z(x”Un) Uns y:Z(y|un)Yun.

neN X neN

SO

From this we obtain

o0

" = xnllf = 2]

n=N+1

2
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and
00 00 2
2
(41) ly =yl = 33 | luny = > o2 |(x"[on) |
n=N+1 n=N+1 X
<ol 3 |(x"fon) | = e —xxl
n=N+1

since {0y }nen is a decreasing null sequence. In particular, xy — x" and yN — yas N — oo.

By construction, yy € R(K) and xy € N (K)* and therefore xy = K' yn. From Lemma 4.13
we thus deduce that xy € X, for all v > 0, since it follows from (yn | u,)y = 0 forn > N
that the series in (4.9) is finite. Hence there exists an wy € X with xy = |K|"wp, i.e.,

N
> (xT |U")X on = xn = |K["wn = D oy (wn |0n)x On.

n=1 neN

As R(K) is dense in Y, the range of K can not be infinite-dimensional, which implies that
o, > 0 for all n € N. Since the v, form an orthonormal system, we thus obtain that

n”(x”v,,)x n <N,
0 n> N,

N N 2
2 2 -2
lwn I = > 1o Toxl® = > 0% |(x" o0 |
n=1 n=1

2
< O'RIZVZ (xT|Un) ‘ =0 2V||x' 1%
X

neN
This implies that xy € X,,, with p = 0'1:]"||xT Ilx-

oo

(wn [on)x = {

and hence that

Let now y° € Bs(y) and 7 > 7p > 1and choose N () such that

T—170
(412) on)llx" = xne llx < — TO(S < ones)-allx" = xns)-1llx

(which is possible since both {ox }nen and {||xn —xT||x } nen are decreasing null sequences).
We then obtain from (4.11) with N = N(9) that

19° = ynlly < 190 = ylly + ly = ynlly < 8 +onllx™ = xnllx

Hence if y° is a noisy measurement for the exact data y with noise level §, then y° is also
a noisy measurement for yy with noise level §. Setting 7 := %(T + 79) > 79, we thus have

78 = 6 and therefore

a:(5,y°) = a(#8,y°) = (18, y°) = ar(8, y°),
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i.e., the parameter choice rules a; for y and a; for yy coincide for given y°. The order
optimality (4.8) of (R, ;) for xy € X, thus implies that

1
87 (o3 x"llx)

14
S\ 1
—. T
= Cry (O'N) [|x ”)?1.

IA

IRy, 5,597 = xnvllx = IR, (5,09° = K ynllx < E(yw 8)

We thus have that

19 1
IRy, (559 ¥ = %' llx < 1Ry, 5,9)¥° = xn(s)llx + lxns) — x'llx
S \™ .\
<y (—) (||x' ”X) + [lens) = x [l
ON(6)
and it remains to show that both 50';[1( 5)
increasing function of §, we only have to distinguish two cases:

— 0 and xyn(s5) — x" as § — 0. Since N(J) is an

(i) N(6) is bounded and therefore convergent, i.e., there exists an Ny < co with N(§) —
Ny as § — 0. In this case, we obviously have that 50;]1( 5) < (50;]3 — 0. Furthermore,

the choice of N(§) according to (4.12) implies that

F . . T—T
on.|Ix" —x =limo xl—x < lim 6=0
N |l Nollx lim Nl N llx N

and hence that xy(s5) — xn, = x' due to oy, > 0.

(i) N(6) is unbounded, i.e,, N(§) — oo as § — 0. This immediately implies that
XN(5) — x'. Furthermore, we obtain from (4.12) that

o) - T+ 7o ON(8)-1

lxn(s)-1 = x"lx — 0
ON@) T—To ON(S)

since the second factor on the right-hand side stays bounded due to on(5 — 0.

Hence, Rar(&ya)yS — x" forall y € D(K") and y° € Bs(y), and thus (R,, a;) is a regular-
ization method. O

Finally, we remark that it is possible to formulate weaker source conditions using more
general index functions i than powers. One example are logarithmic source conditions of
the form x™ € R(-In|K|) that are appropriate for exponentially ill-posed problems; see,
e.g., [Hohage 2000]. In fact, it is possible to show that for every x € X there exists an
index function ¢ with x™ € R(¢(|K|)) for which the worst-case error can be bounded in
terms of ¢; see [Mathé & Hofmann 2008].
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5 SPECTRAL REGULARIZATION

As we have seen, regularizing an ill-posed operator equation Tx = y consists in replacing
the (unbounded) Moore-Penrose inverse T' by a family {R, }>o of operators that for & > 0
are continuous on Y and for @ — 0 converge pointwise on D(T7) to T. For a compact
operator K € K(X,Y), such regularizations can be constructed using the singular value
decomposition together with the fact that by Corollary 3.6 we have for y € D(K') that

K'y = (K'K)'K*y.

Let therefore {(0y, un, vn) }nen be a singular system of K. By construction, {(0?2, v, vy) }nen
is then a singular system of K*K, and Theorem 3.10 yields that

(K*K)'K*y = > 0,2 (K*y [on)x on = D 07200 (3 | tn)y 0n

neN neN

= Z <P(03)0n (y | un)Y On

neN

for ¢(1) = A7%. The unboundedness of K is thus due to the fact that ¢ is unbounded
on (0, ||[K*K|lp (x.x)] and that {oy},en is a null sequence. To obtain a regularization, we
therefore replace ¢ by a family {¢, },>0 of bounded functions that converge pointwise to ¢.
Here and throughout the following, we set k := ||K ||[|2_ xy) = IK*K || (x,x) for brevity.

Definition 5.1. Let {¢4}q>0 be a family of piecewise continuous and bounded functions
¢g 1 [0,x] = R.If

1
(i) lim @,(A) = - forall A € (0,k] and
a—0 A

(ii) Alge(A)| < C, for some C, > 0 and all A € (0,x] and & > 0,

then {@, }q>0 is called a (regularizing) filter.

The idea is now to take R, := ¢, (K*K)K* as a regularization operator,ie.,tosetfory € Y

Rey = 0a(K'K)K*y = > 0a(02) (K*y | 0p)y 0n + 0a(0) PN K"y

neN

= Z (/’a(ffﬁ)% (¥ | un)y on

neN

since K*y € R(K*) = N(K)*. This approach covers several prototypical regulariza-
tions.
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5 SPECTRAL REGULARIZATION

Example 5.2. (i) The truncated singular value decomposition corresponds to the choice

5 pal) = {% iz

0 else.

Obviously, ¢, is bounded (by %) and piecewise continuous, converges for A > 0 to
% as a — 0,and satisfies the boundedness condition for C, = 1. The corresponding
regularization operator is given by

1
(52) Ryy = Z <Pa(05)0n (¥ un)yvn = Z — (¥ |un)y on,
neN o On

which also explains the name. We will revisit this example throughout this chapter.
(ii) The Tikhonov regularization corresponds to the choice

peV) = T

+a
Again, ¢, is bounded (by é) and continuous, converges for A > 0 to % asa — 0,
and satisfies the boundedness condition for C, = 1. The corresponding regular-
ization operator is given by

On
Ray = Z D (¥ | un)y vn.

neN ~n

However, the regularization ¢, (K*K)K*y can be computed without the aid of a
singular value decomposition; we will treat this in detail in Chapter 6.

(iii) The Landweber regularization corresponds to the choice

1- (1- M)V

Pa ()L) = 1

for a suitable w > 0. If w is small enough, one can show that this choice satisfies
the definition of a regularizing filter. But here as well we can give a (more intuitive)

characterization of the corresponding regularization operator without singular
value decompositions; we therefore postpone its discussion to Chapter 7.

5.1 REGULARIZATION

We first show that if {¢, }4>0 is a regularizing filter, then R, := ¢, (K*K)K* defines indeed
a regularization {R, },>0 of K T. For this we will need the following three fundamental
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5 SPECTRAL REGULARIZATION

lemmas, which will be used throughout this chapter.

Lemma 5.3. Let {@pq}o>0 be a regularizing filter. Then

IKRg |l (v,y) < sup lpa(c2) |02 < Cyp foralla > 0.

neN
Proof. Forall y € Y and @ > 0, we have that (compare (3.11))

(5.3) KRy = Koo (K'K)K*y = > ¢4(07)0n (¥ | tn) , Kop

neN

= Z (Pa(O',Zl)O'g (¥ un)y Up.

neN

Together with the Bessel inequality (2.2), this implies that

IKReYII} = D l9alc2)an (v un), |* < sup loa(op)onl* D1 (v un)y I

neN neN neN
< sup |ga (o) ar Pyl -
neN

The second inequality now follows from the fact that 0 < 62 < o? = ||[K*K|lL(x.x) = K

together with the boundedness condition (ii) of regularizing ﬁlte_rs. m]

Lemma 5.4. Let {¢q}a>0 be a regularizing filter. Then

IRNIL(vx) £ VCp sup Vl|pa(X)|  foralla > 0.
A€ (0]

In particular, R, : Y — X is continuous for all « > 0.

Proof. Forall y € Y and a > 0, it follows from Lemma 5.3 and 0,0, = K*u, that

”szy”)z( = (szy | RaY)X = Z (pa(O',ZI)Gn (y | un)Y (Rocy | Un)x

neN

= Z (pa(O',zl) (y | un)y (KRay | un)y

neN

< sup |§00((0-r21)| (KRa)/|ZneN (y | un)Y un)y

neN

< sup [0a(0?)| | KRayllx 1Pl

neN

< sup |(Pa(o';3)| qu”y”)z/-

neN

Taking the supremum over all y € Y and using the boundedness of ¢, now yields the
claim. m]
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5 SPECTRAL REGULARIZATION

Finally, the third “fundamental lemma of spectral regularization” gives a spectral represen-
tation of the approximation error.

Lemma 5.5. Let {@q }a0 be a regularizing filter and y € D(K). Then for every x™ := K"y,

K'y—Ryy = Z re(c?) (xT |vn) Un,
neN X
where ro(A) :==1— Ap, (1) satisfies
lin}) re(A) =0 forall A € (0,x],
lre(A)] £1+C,  forallA € (0,x] and a > 0.
Proof. Since K*Kx" = K*y by Corollary 3.6, we can write
Ryy = 0a(K*K)K*y = 0 (K*K)K*Kx",

and the definition of r, immediately yields that

K'y - Ryy = 1d—p(K*K)K*K)x" = rg(K*K)x" = > ra(0?) (xT | vn)X Un.

neN
The remaining claims follow from the corresponding properties of regularizing filters. O

We now have everything at hand to show the pointwise convergence and thus the regular-
ization property of {Ry }4>o0-

Theorem 5.6. Let {¢4}a>0 be a regularizing filter. Then
lirr})Ray:KTy forally € D(K"),
a—

i.e., {Ry}a>0 is a regularization.

Furthermore, if K' is not continuous, then lim,_ ||Ry y|lx = o forall y ¢ D(K").
Proof. Let y € D(KT) and xT = K'y. Lemma 5.5 then yields that
2
1K'y = Ryl = 3 rao)?|(x7ou) |
neN

To show that the right-hand side tends to zero as @ — 0, we split the series into a finite
sum, for which we can use the convergence of r, and the boundedness of the Fourier
coefficients, and a remainder term, for which we argue vice versa.
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5 SPECTRAL REGULARIZATION

Let therefore ¢ > 0 be arbitrary. Then we first obtain from the Bessel inequality an N € N
with

(o)

2

n=N+1

+ 2 ¢’
< —.
(x |U")x‘ 2(1+Cy)?

Furthermore, the pointwise convergence of {r,},>0 — which is uniform on the finite set
{of,...,0%} — yields an ag > 0 with

2

€
re(0%)? < e foralln < N and a < «y.
2||xl5
We thus have for all @ < g that
t 2 _ < 22 (.t 2N 22 |( .t ?
1K'y = Reylly = > ra(o)? (" [on) [+ 33 ralod)?|(x"[on) |
n=1 X n=N+1 X
2 N 2 2
£ £
. (' lan) [+ st
2|IxT 1% HZ::‘ | "Ix ¢ 2(1+C,)?
e &,
< —+—=¢£°,
2 2

ie, [KTy —Ryyllx — 0as a — 0. Together with the continuity of R, for « > 0 from
Lemma 5.4, this implies by Definition 4.1 that {R, }4~¢ is a regularization.

Finally, the divergence for y ¢ D(K) follows from Theorem 4.3 and Lemma 5.3. |

In particular, the truncated singular value decomposition, the Tikhonov regularization, and
the Landweber regularization from Example 5.2 define regularizations.

5.2 PARAMETER CHOICE AND CONVERGENCE RATES

We now investigate which parameter choice rules « will for a given filter ¢, lead to a

convergent (and order optimal) regularization method (R, @). To keep the notation concise,

we will in the following write x* := Ky, x, := R,y for y € D(K), and x% := R, y° for
19

y° € Bs(y).

A PRIORI CHOICE RULES
By Theorem 4.6, every a priori choice rule that satisfies a(5) — 0 and ||R |l (y,x) — 0

and § — 0 leads to a regularization method (R, ). Together with Lemma 5.4, this leads
to a condition on ¢, and thus on «.
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5 SPECTRAL REGULARIZATION

Example 5.7 (truncated singular value decomposition). Let K € K(X,Y) have the
singular system {(oy, up, v) }nen. Then we have for ¢, as in (5.1) that

/ 1
|| Ree Il yXx) < VC, sup |(pa(o'%) = —.
0 = Ve va

This yields a condition on the minimal singular value that we can include in (5.2) for
given § > 0: Choosing n(9) with

n(d) — oo, — 0 asd — 0,

On(s)

the truncated singular value decomposition together with the parameter choice rule
a(d) = orzl( 5) becomes a regularization method.

In particular, this holds for the choice a(d) := 0'5( 5 = d> 0'5 which satisfies

1
5 _ 5
o) = 2J —(y

1
On u")yvn_)Z_(yWn)YUn:xT as d — 0.

an\/g neN ~n

(8)+1°

We now consider convergence rates under the source condition x' € X, for v, p > 0. For
this, we proceed as in the proof of Theorem 5.6 and first show that

w,(a) = sup 1"%|ry(})]
2e(0,]

is an upper bound for the approximation error.

Lemmas.8. Lety € D(K') andx' € X,,p for some v, p > 0. Then we have for all a > 0 that

(5.4) lxs — x"|lx < @, (2)p,
(5.5) Kxy — Kx'lly < wysa(a)p.

Proof. By definition, for x* € X, there exists a w € X with x" = [K|"w = (K*K)"*w and
|lw|lx < p. It then follows from Lemma 5.5 that
xT = x4 = ro (K*'K)x" = ro (K*K) (K*K)"?w
= Z ra(US)O',‘: (w | vn)x vn

neN

and hence that

T2 2N\12 2 2
e = %7115 = D Ira(02) 02" (w]on)x |
neN

< wy(@)? D5 1 (wlon)x |* < oy (@)?lwllg < wu(a)®p?.
neN
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5 SPECTRAL REGULARIZATION

Furthermore, Lemma 3.13 (iii) yields
1Kxq = Kx'lly = K (3 = x")ly = IIK] (e = %) lIx
From this together with
K| (x = xa) = (K*K)"2ro (K*K) (K*K) " w

= Z O'nra(O-S)o'rlzj (w] Un)X Un
neN

and |ry (o2)oy "2

" < wy41(@)?, we similarly obtain the second estimate. O

We now have everything at hand to show convergence rates.

Theorem 5.9. Let y € D(K') andx' =K'y € X, ,, for some v, p > 0. Ifa(8) is an a priori
choice rule with

g R
(5.6) c (—) <a(d)<C (—) forC>c¢>0
P P
and the filter {¢p,}o>0 satisfies for some C,, > 0 the conditions
(5-7) sup |§0a()t)| < C(pa_l,
A€(0,x]
(5:8) o(a) < Ca'?,

then (Ry, @) is a (for this v and all p) order optimal regularization method.

Proof. By Theorem 4.14, it suffices to show order optimality. We again use the decomposition
(4.2) into data error and approximation error: For given § > 0 and y° € Bs(y),

155 = % llx < 8lIRa() I (v.x) + 1%a() = x"llx

By Lemma 5.4 and the assumption (5.7), we have that

IRa)llL(rx) < VCor[Coa(8)7F < Cpa(8) 2.
Similarly, it follows from Lemma 5.8 and the assumption (5.8) that
Ixa) = x"llx < 0u(@(8)p < Ca(8)"p.
Together with the parameter choice rule (5.6), we obtain
(59) %55 = xTllx < Cpa(8)™/26 + Coar(8)"*p
< C¢c_1/25_ﬁpﬁ5 +C,CV2 5% p v p
= (Cpc V2 4 C,CVI2) 5 p

and thus the order optimality. O
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5 SPECTRAL REGULARIZATION

Hence, to show for a given filter ¢, the order optimality for some v > 0, it suffices to
verify for this v the condition (5.8) (as well as for ¢, the condition (5.7)). The maximal
vo > 0, for which all v € (0, vo] satisfy the condition (5.8), is called the qualification of the
filter.

Example 5.10 (truncated singular value decomposition). It follows from (5.1) that

sup |ga(D)] < a”,

2e(0,x]

and hence this filter satisfies (5.7) with C, = 1.

Furthermore, for all v > 0 and A € (0, k],

0 ifA>a,

v/2 _ /211 _ _
Py = 2121 A%(An—{w B

Hence for all « € (0, k],

wy(a) = sup A% (1)] < max{0,a"’?} = a"/?,
Ae(0,]

and the condition (5.8) is therefore satisfied for all v > 0 with C, = 1. This shows that
the truncated singular value decomposition is order optimal for all v > 0 and thus has
infinite qualification.

A POSTERIORI CHOICE RULES

We again consider the discrepancy principle: Fix 7 > 1 and choose (8, y°) such that
(5.10) 1K) 5 ) = ¥ lly < 78 < IKxg = ylly  foralla > a(8, y°).

As before, we assume that R(K) is dense in Y. Under additional assumptions on the
continuity of the mapping a > ||[Kx? — °||y, it is then possible to show that such an
a(8, y°) always exists (compare Theorem 4.7 with Lemma 5.3). To show that the discrepancy
principle leads to an order optimal regularization method, we again apply Theorem 4.14,

for which we have to take the discrepancy principle as a parameter choice rule a; =
a(z8, y%).

Theorem s5.11. Let {4 }o>0 be a filter with qualification vy > 0 (i.e., satisfying (5.7) and (5.8)
forallv e (0,v]), and let

(5.11) > sup |ra(M)] =:C,.
a>0,1€(0,x]

Then the discrepancy principle defines for all v € (0, vy — 1] an order optimal regularization
method (Ry, a;).
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5 SPECTRAL REGULARIZATION

Proof. We first observe that due to [r,(1)| < 1+ C, for all « > 0 and A € (0, ], there
always exists a 7 > 1 satisfying (5.11).

Letnow y € R(K),x' =K'y € X, for some v € (0,vo — 1] and p > 0, and y% € Bs(y).
We again use for x0 := xi(a,yﬁ) and xq = X,(5,,%) the decomposition
(5.12) g =il < lle = x"flx + llxe = xgllx
and estimate the terms on the right-and side separately.

For the first term, we again use the representation of the approximation errors from
Lemma 5.5 as well as the source condition x™ = |K|"w to obtain

x - Xo = Z ra(ffﬁ)ﬁrf (w|on)x vn

neN
= Z ra(O',g) (wlon)x [K["0p
neN
= |K|VZ r(x(o-rzz) (w]on)xon = |K["E.
neN

The interpolation inequality (3.18) for r = v and s = v + 1 then yields that

1

" ~
llxe = x"llx = NKI"Ellx < K™ ELGT NENET

Again we estimate the terms separately: For the second factor, we obtain from the definition
of &, the Bessel inequality, the boundedness of r,, and the source condition that

1€ = 2 Ira(o) Pl (wloa)x |* < CHlIwllk < CFp®.

neN

For the first factor, we use Lemma 3.13 (i), (iii), Kx' = y since y € R(K), and the productive
zero to obtain

KT Elx = KK E N = K] (e = xDlIx = 1K (%o = xDly = [|Kxa = ylly
< IKxS = ¥0lly + 1y = ¥° = K(xg = x3) Ily-

Yet again we estimate the terms separately: First, by the choice a(8, y°) according to the
discrepancy principle we have that ||[KxJ — y°|ly < 78. For the second term, we write

y—Kxy =y —KRyy = (Id—K@,(K*'K)K*)y

and analogously for y° — Kx2. Hence,

(5.13) ly = ¥° = K(xa = x)II} = |(1d =Ko (K*K)K*) (y = ) I}
2 2
= Z |l”a(0'3)| )(y - y(S un)y‘
neN
< C28%,
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where we have used for the second equality that (compare (5.3))

Koo (K*K)K*(y = ¥°) = > pu(0?)0? (y —y°

neN

un) Up,.
Y
Together, we obtain for the first term in (5.12) that
v v L 1 v 1
llxo — xT”X < (r+4G)vdvCGH pvit = G v pat,

It remains to estimate the second term (5.12). For this, we use Lemma 5.4 and the condition
(5.7) to obtain

(5.14) 1% — xellx < IRy x)0 < Cp sup V|pa(4)|0
A ]

€(0,x
< Cpa(8, y?) /%8,

To show that the right-hand side is of the optimal order, we need to bound «(8, y°) in
terms of § appropriately. First, its choice according to the discrepancy principle implies in
particular that

78 < |IKxg, = ¥°lly < IKxae = yliv + 1y = ¥° = K(xza = x3,)lly

(where the choice 2a > « was arbitrary and for the sake of simplicity). Since the estimate
(5.13) is uniform in & > 0, we also have that

”y - y5 - K(xZa - xga)”Y < Cr(S
and thus that
IKx2e = ylly > 76 = 1y = ¥° = K(x20 = x3,)ly 2 (7 = C,)8.
Conversely, we obtain from Lemma 5.8 and condition (5.8) for v +1 < v, the estimate
vl
1Koxze = ylly < @1 (20(8,5°))p < Cona (22(8,5°)) 7 p.
Since 7 > C, by assumption, this implies that
- v41 v41 v41

8§ < (t—-C)7'Cria22 a(8,y°) 2 p =: Crae(8, %) 2 p,

e,
1

(5.15) a(8,y) V< 5_%;)%.
Inserting this into (5.14) now yields

T H L
”xg - xa”X < CQDCT"+155 g = C25v+1p vH |

Combining the estimates for the two terms in (5.12), we obtain that
v 1
g = x"llx < (Cr + Co)871 pos

and thus the order optimality. Theorem 4.14 for v = vy — 1 and 7y = C, then shows that
R, together with the discrepancy principle as parameter choice rule a; = (78, y°) for all
7 > C, is a regularization method. O
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Example 5.12 (truncated singular value decomposition). We have

1-A1=0 A>a
A| = A -
ra() {1 e

and hence C, = 1. Since the truncated singular value decomposition has infinite qualifi-
cation, it is also an order optimal regularization method for any v > 0 when combined
with the discrepancy principle for arbitrary 7 > 1.

If a filter only has finite qualification, the Morozov discrepancy principle only leads to
an order optimal regularization method for v > vy — 1; this is the price to pay for the
indirect control of a(8, y°) through the residual (cf. (5.5)). However, there are improved
discrepancy principles that measure the residual in adapted norms and thus lead to order
optimal regularization methods also for v € (vy — 1, vy]; see, e.g., [Engl, Hanke & Neubauer
1996, Chapter 4.4].

HEURISTIC CHOICE RULES

We consider as an example the Hanke-Raus rule: Define for y° € Y the function

IKxq = ¥°lly

¥:(0,x] - R, ¥Y(a) = N7 ,
o

and choose
(5.16) a(y(s) € arg min ¥Y(a).
ae(0,x]

We assume in the following that y € R(K) and ||y|ly > 9. First, we show a conditional
error estimate.

Theorem 5.13. Let {¢4}a>0 e a filter with qualification vy > 0, i.e., satisfying (5.7) as well as
(5.8) for all v € (0, vo]. Furthermore, assume there exists a minimizer a* := a(y°) € (0,x] of
¥ with

(5.17) §* = ||KxS. = y°lly > 0.

Then there exists a ¢ > 0 such that for all v € (0,vo —1] and p > 0 withx' € Xy.ps

5 v 1
%%, —xT|lx < ¢ (1 + §) max{§, 5"} vipv,
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Proof. Once more we start from the error decomposition
el = " llx < e = [l + 112 = 50 lx-

For the first term, we argue as in the proof of Theorem 5.11 using (5.17) in place of the
discrepancy principle to show that

L , ,
(518) Ixee = x"llx < CFT(8" +C,8) ™ pmi < Cymax{8,5*}7ip7.
for some constant C; > 0.

For the second term, we obtain similarly as for (5.14) using (5.17) (in the form of the pro-
ductive 1 = §*/5*) that

1 5 IIKxS. = 0|l S .
XSC¢W5_C¢5* N —C(pa*‘l’(a ).
Again, we need to bound the last factor by the correct power of §, for which we use the
choice rule. In this case, (5.16) states that ¥(a*) < ¥(«) for all « € (0, x]. The idea is now
to compare with a chosen according to the discrepancy principle, which however need not
be feasible (it may be larger than ). Let therefore @ := (8, y°) be chosen such that (5.10)
holds. If @ < «, then (5.15) yields that

||x2* - xG{*

1 1 v
(5.19) Y(a*) < ¥(a) < (£8)(CIR 8 wapwi) = CF g v psi,

On the other hand, if @ > k = ||K||[‘E(X ¥y then by assumption ||Kx,‘3 —0ly < 76 as well.
From
§ < lIylly = IKx"lly = IKIKI"wllx < IIKIl{ (x.y,P

it then follows that
(5.20) ¥(a') < ¥(x) < t8|Kl Ly y, < 7 (&ﬁpﬁ) — £S5 pTH.

In both cases, we thus obtain that

6 v 1
x < C2§5v+1p v+

for some constant C; > 0. Together with (5.18), this shows the claimed estimate. O

Hence the Hanke-Raus rule would be order optimal if §* ~ §. Conversely, the rule would
fail if ¢® = 0 or 6" = 0 occurred. In the later case, y5 € R(K), and the unboundedness of
KT would imply that ||[K"y® — KTy||y could be arbitrarily large. We thus need to exclude
this case in order to show error estimates. For example, we can assume that there exists an
¢ > 0 such that

(5.21) Y eNe={y+neY|Id-Pnlly = ellnliv},

where Pz denotes the orthogonal projection onto R(K). Intuitively, this means that the

noisy data y° cannot be arbitrarily close to R(K). Restricted to such data, the Hanke-Raus
rule indeed leads to a convergent regularization method.
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Theorem 5.14. Let {¢q}o>0 e a filter with qualification vy > 0 satisfying (5.7) as well as (5.8).
Assume further that (5.21) holds. Then for every x' € X, withv € (0,vg —1] and p > 0 and
y = KxT,

lim  sup ||xg* - x"|lx = 0.

070 y9eBs (1NN

Proof. Let y € R(K) and y° € N, with ||y® — y|ly = 8. Since Id —Pg is an orthogonal
projection and therefore has operator norm 1, we have for all « > 0 that

(5.22) IKxS = y°lly > 1(1d —Pg) (Kx = y°)lly = |(1d —PR) y° Iy
= |(1d-PR) (»° = Y)lly = elly° = ylly
=¢ed > 0.

This implies that the numerator of ¥(«) is bounded from below, and hence ¥(«) — oo for
a — 0. The infimum over all (0, k] therefore must be attained for a* > 0. In particular, it
follows from (5.22) that

5 = ||KxS. = yOlly = €6 > 0.

We thus obtain from Theorem 5.13 and the estimate § < ¢7!6* that
w1
g = x"llx < Ce(87) 7ip 7

for some constant C, > 0. It thus suffices to show that 6 — 0 implies that * — 0 as well.
But this follows from a¢* < k and (5.19) or (5.20), since as § — 0, we have that

S S L v 1
8" = ||Kxg. = y°lly = Vor¥ (o) < Vk¥(a*) < Vikmax{l,C;" }r67ipwi — 0. O

Under similar assumptions (and with more effort), it is also possible to show order optimality
of the Hanke—Raus rule as well as of related minimization-based heuristic choice rules; see
[Kindermann 2011].
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6 TIKHONOV REGULARIZATION

Due to its central role in the theory and practice of inverse problems, we again consider in
more detail Tikhonov regularization, which corresponds to the filter

1

«(A) = )
¢a(d) A+a

We get to the point quickly since we are well prepared. As we have already noted in
Example 5.2 (ii), the filter ¢, is continuous, converges to % as @ — 0, is uniformly bounded
by o, and satisfies

A
A+ a

Apg(A) = <1=C, for all & > 0.

By Theorem 5.6, the operator R, = ¢,(K*K)K* is therefore a regularization, satisfies by
Lemma 5.4

1
IRell(vx) £ —=

,ﬁ’
and by Theorem 4.6 leads together with the a priori choice rule a(§) = § to a convergent
regularization method.

To show convergence rates, we apply Theorem 5.9 (for a priori choice rules) and Theorem 5.11
(for the Morozov discrepancy principle). First, since ¢,(1) < a™' = C,a”! for all @ > 0, the
condition (5.7) is satisfied. Furthermore,

a
A+a

ra(A) =1—=Ap,(A) = <1=C, forall @« > 0,4 € (0,x].

To show the second condition (5.8), we have to estimate

AV2g
wy(a) = sup 2P re(N)] = sup = sup hy(A)
Ae(0.x] de(ox] A+ A Je(ox

by C,a"!? for a constant C, > 0. To do this, we consider h, (1) for fixed @ > 0 as a function
of A and compute

NP A+ ) —ad"? gyl (v (V ) /1)

() = A+ a)? T AR
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6 TIKHONOV REGULARIZATION

For v > 2, the function h,(A) is therefore increasing, and the maximum over all A € (0, k]
is attained in A* := k. In this case,
aKv/ 2

wy(a) = hy(k) = . < k" g,

We thus obtain the desired estimate (only) for v = 2.

44
1—

o<

For v € (0, 2), we can compute the root of ), (1) as A" :=
yields for all @ > 0 that

. There, hl;(1*) < 0, which

<

Yy v/2 )
(@) = he(A") = clettodr) < (5 (1- K)_l) "

aragi-yT 20

and hence the desired estimate.

Tikhonov regularization thus has at least (and, as we will show, at most) qualification
vo = 2. The corresponding order optimality for a priori and a posteriori choice rules now
follows easily from Theorem 5.9 and Theorem 5.11, respectively

Corollary 6.1. Forallv € (0, 2], Tikhonov regularization together with the parameter choice
rule

2 2
c (g) "<ald)<C (g) " forC>c>0
is an order optimal regularization method. In particular, for a ~ 83,

||xg(5) - x'lx < e85’ forallx" € R(K*K) and y° € Bs(Kx").

Corollary 6.2. Forallv € (0,1] andt > 1, Tikhonov regularization together with the parameter
choice rule

||Kx2(5’y5) —¥0lly < 78 < |IKx? = y°|ly foralla > a(8, y°)

is an order optimal regularization method. In particular,

[P xlx <67 forallxt € R(K*) and y° € Bs(Kx").

a8y
In fact, the qualification cannot be larger than 2; Tikhonov regularization thus saturates in
contrast to, e.g., the truncated singular value decomposition. To show this, we first derive

the alternative characterization that was promised in Example 5.2 (ii).

Lemma 6.3. Let y € Y and @ > 0. Then x = x, := R,y if and only if

(6.1) (K'K + ald)x, = K" y.
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6 TIKHONOV REGULARIZATION

Proof. We use the singular system { (o, Uy, 05) }nen of K to obtain

axa—Za (y|un)Yvn
neN n
as well as
K*Kxa—z =, (y|u,,)YK Ko,
eN On
On
Z rzl 2 (J/ | un)Y Un-
neN n
This implies that

(K'K + ald)x, = Z on (¥ tn)yon=K"y.

neN

Conversely, let x € X be a solution of (6.1). Inserting the representation

(6.2) x = Z (x| on)x vn + Pyx

neN

into (6.1) then yields

Z(ag +a) (x|og)yon+aPyx = (K'K+ald)x =K'y = Z on (V| tn)y On.

neN neN

Since {vy, }nen is an orthonormal basis of R(K*) = N (K)+, we must have Pyx = 0. Equating
coeflicients then shows that

(x|on)x = (y | un)y for all n € N.

n

Inserting this into (6.2) in turn yields

x= 3 (xloa)xon= >,

neN neN On

(v un)y 0n = Xa,
i.e., x4 is the unique solution of (6.1). O

The practical value of the characterization (6.1) cannot be emphasized enough: Instead of
a singular value decomposition, it suffices to compute the solution of a well-posed linear
equation (for a selfadjoint positive definite operator), which can be done using standard
methods.

We now show that in general there cannot be an a priori choice rule for which the regular-

ization error ||x§ )~ xT||x tends to zero faster than §%/3.
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6 TIKHONOV REGULARIZATION

Theorem 6.4. Let K € K(X,Y) have infinite-dimensional range and let y € R(K). If there
exists an a priori parameter choice rule o with lims_,q a(6) = 0 such that

. _2
(6.3) (%1_r)r(1) 5sup ||xg(5) —x'|x673 =0,
y°€Bs(y)

then x™ = 0.

Proof. Assume to the contrary that x™ # 0. We first show that the given assumptions imply
that (8)d7%/* — 0. For this, we use the characterization (6.1) for x and y° to write

a

(WK+m&MWﬁ@—ﬂ);Wﬁ—KW—awnf

Together with k = || K*K||y (xx) = [IK* this implies that

Iy x)
|a()1Ix"llx < Vied + (@(8) + 1) [1x5 5 = x"llx

Multiplying this with §72/% and using the assumption (6.3) as well as x™ # 0 then yields
that
(@157 < x5 (VRS + (@(8) + 1) x5, = x'1x675) = 0.

We now construct a contradiction. Let { (o, Uy, v5) }nen be a singular system of K and define
Op = 0'2 and  y, := y+ Spup, neN,

such that ||y, — y|ly = 8, — 0 as n — co. Furthermore, setting «, := a(J,), we have that

xg'; —x' = (xg: — Xg,) + (xq, — x")

= Ro(yn — y) + (xq, — xT)
Om .
= Z 2 (5nun|um)YUm+(xan_x})

meN Om T Qn

On0n

Together with the assumption (6.3) for y° = y, as well as for y° = y, this implies that

0,15,11/ 3

2

< ||x§':l - xT||X(5,72/3 + ||xg, — xT||X5,72/3 -0 asn — oo.
os + ap

On the other hand, 0, = 5:,/ * and a,6, 23 0 imply that

1/3 2/3
0,0 o) 1
2"" = 23" = 5 1 asn — oo
ghtan P ra, 1+a,8,Y
and hence the desired contradiction. m]
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6 TIKHONOV REGULARIZATION

Comparing the characterization (6.1) with the normal equations (3.6) suggest that Tikhonov
regularization also has a minimization property. This is indeed the case.

Theorem 6.5. Let y € Y and a > 0. Then x,, := R,y is the unique minimizer of the Tikhonov
functional

1 a
(64 Ja() = 5 1Kx = Y11 + 2l
Proof. A minimizer ¥ € X of J, is defined as satisfying J,(¥) < J,(x) for all x € X. We

therefore take the difference of functional values for arbitrary x € X and for the solution
x, of (6.1) and rearrange the inner products to obtain

Ja (%) = Ju(x2)

1 a
E(KX_Y|KX_)’)Y+E(X|X)X

1 o
_E(Kxa_lexa_y)Y_E(xa|xa)x

1 a .
EHKX _Kxa”12/ + E”x - xa”)Z( + (K" (Kxq — y) +axe|Xx _xa)x

1 a
S K = Kl + e = xal§

>0,

where we have used (6.1) in the last equality. Hence, x, is a minimizer of J,.

Conversely, if J,(x) — J,(¥) > 0 for all x € X, we in particular have for x = X + tz with
arbitrary t > 0 and z € X that

. ot t?a e .
0 < Ju(x+tz) — Ju(x) = ElleHf, + 7||z||§( +t(K'(Kx—y)+ax|z)y.

Dividing by t > 0 and passing to the limit t — 0 then yields
(K*(Kx —y)+ax|z)y = 0.

Since z € X was arbitrary, this can only hold if K*Kx + ax = K*y. As x, is the unique
solution of (6.1), we obtain X = x,. Hence, x, is in fact the unique minimizer of (6.4). O

The characterization of Tikhonov regularization as minimization of the functional (6.4)
furthermore yields another connection to the minimum norm solution x': Instead of
insisting on a least squares solution, whose norm need not be bounded for y ¢ D (K T), we
look for an approximation that minimizes (squared) residual norm ||Kx — y||12, together with
the (squared) norm ||x|| )2(.1 Here the regularization parameter a determines the trade-oft:

'This is also the form in which this regularization was introduced by Andrei Nikolaevich Tikhonov, a
prominent Russian mathematician of the 20th century; see [Tikhonov 1963a; Tikhonov 1963b].
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6 TIKHONOV REGULARIZATION

the smaller the noise level §, the more importance one can put on the minimization of the
residual (i.e., the smaller a can be chosen). Conversely, a larger noise level requires putting
more weight on minimizing the penalty term ||x||)2( (and hence choosing a larger «) in order
to obtain a stable approximation.

In addition, this characterization can be used to derive monotonicity properties of the value
functions

1 1
fla) = SlIKxg = YII7, gla) = Sllxglly.
and

J(@) = Jo(xg) = f(@) + ag(@) = Ju(xg).
Lemma 6.6. The value functions f and g are monotone in the sense that for all oy, ay > 0,

(6.5) (f(e1) = faz)) (o1 — az) 2 0,
(6.6) (9(a1) = g(az)) (1 — az) < 0.

Proof. The minimization property of xgl for J,, and of xiz for J,, imply that

fla) + aug(an) < f(az) + ng(az),
f(az) + aag(az) < far) + azg(ar).

Adding these inequalities and rearranging immediately yields (6.6). Dividing the first
inequality by a; > 0, the second by a; > 0, and adding both yields

1 1
— (f(e) = f(@2)) < — (fa) = f(a2)) .
o a2
Multiplying by ey > 0 and rearranging then yields (6.5). O

As expected, the residual norm is decreasing and the norm of x? is increasing as & — 0.
We next consider for the value function j the one-sided difference quotients

_Jla+t) - j(a)
m

DYj(a) = li ,
t—0* t
. A
b0ty M=)

Lemma 6.7. Foralla > 0,

D™ j(a),
j(a) — aD™ ().

D*j(a) < g(a)
jla) —aD7j(a) < f(a)

IAIA
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6 TIKHONOV REGULARIZATION

Proof. For any a, a > 0, the minimization property for j yields that

J(@) = f(@) + ag(a) < f(a) +ag(a).
Hence,
j(@) = j(@) = f(a) + ag(a) - f(a) - ag(a)
2 f(a) + ag(a) - f(a) — ag(a)
= (e - a)g(a),
which implies for @ := a +t > a with ¢t > 0 that

jla+t) —j(a)
t

< g(a).
Passing to the limit t — 0 thus shows that D*j(a) < g(«). The corresponding inequality
for D™ j(a) follows analogously with ¢ < 0.

The remaining inequalities follow from this together with the definition of j; for example,
using
j(@) = f(a) +ag(a) < f(a) + aD™ j(a),

and rearranging. m]

By one of Lebesgue’s theorems (see [Hewitt & Stromberg 1975, Theorem V.17.12]), a mono-
tone function is differentiable almost everywhere (i.e., D™f # D*f on at most a set of
Lebesgue measure zero). Hence, f and g and therefore also j = f + ag are differentiable
almost everywhere, and we obtain the following expression for the derivative of the latter.

Corollary 6.8. For almost all & > 0, the value function j is differentiable with
J(@) = g(a).

This characterization can be useful for example when implementing minimization-based
heuristic parameter choice rules.

Furthermore, Theorem 6.5 suggests a new interpretation of the simplest source condition
x" € X; = R(K*). Since the minimizer of (6.4) does not change when dividing the Tikhonov
functional by & > 0, the minimizer xg is also a minimizer of

.1 sz . Loz
6. min —||Kx — + —||x]||5.
(67) min —[Kx — [} + 2 Ixll%

Now we want x0 — x as § — 0 and @ — 0. Formally passing to the limits in (6.7), i.e.,
first replacing y° with y € R(K) and then letting & — 0, we see that the limit functional
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6 TIKHONOV REGULARIZATION

can only have a finite minimum in some x if Kx = y. The limit functional is therefore
given by

R
6.8 iz,
6 i g
We again proceed formally. Introducing the Lagrange multiplier p € Y, we can write (6.8)
as the unconstrained saddle-point problem

inmax x| - (p| Kx — y)
minmax — || X - X — .
xeX peY 2 x P Yy

For (%, p) € X X Y to be a saddle point, the partial derivatives with respect to both x and p
have to vanish, leading to the conditions

x=K'p,
Kx =y.

But for y € R(K), the solution of (6.8) describes exactly the minimum norm solution x,
i.e, ¥ = x'. The existence of a Lagrange multiplier p with x” = K*p is therefore equivalent
to the source condition x* € R(K*). (Since K* need not be surjective, this is a non-trivial
assumption.) Intuitively, this makes sense: If we want to approximate x by a sequence of
minimizers x2, the limit xT should itself be a minimizer (of an appropriate limit problem).

Finally, the interpretation of Tikhonov regularization as minimizing a functional can - in
contrast to the construction via the singular value decomposition — be extended to nonlinear
operator equations as well as to equations in Banach spaces. It can further be generalized
by replacing the squared norms by other discrepancy and penalty functionals. Of course,
this also entails generalized source conditions. We will return to this in Chapter 10.
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7 LANDWEBER REGULARIZATION

The usual starting point for deriving Landweber regularization is the characterization
from Corollary 3.6 of the minimum norm solution as the solution x € N (K)* of the
normal equations (3.6). These can be written equivalently for any w > 0 as the fixed point
equation

x=x-w(K'Kx —K'y) =x+wK"(y — Kx).

The corresponding fixed-point iteration — also known as Richardson iteration'- is
(7.1) Xpn = Xp—1 + 0K (y — Kxp_1), neN,

for some xy € X. Here we only consider x, = 0 for the sake of simplicity. The Banach
Fixed-Point Theorem ensures that this iteration converges to a solution of the normal
equations if y € R(K) and || Id ~wK*K]|| (x,x) < 1. Since xo = 0 € R(K"), an induction
argument shows that x, € R(K*) ¢ N(K)* for all n € N, and therefore x, — x'. If
1% ¢ R(K), however, no convergence can be expected. The ideas is therefore to stop the
iteration early, i.e., take x,, for an appropriate m € N as the regularized approximation.
The stopping index m € N thus plays the role of the regularization parameter here, which
fits into the framework of Chapter 5 if we set a = % > 0.

Performing m steps of the iteration (7.1) can be formulated as a spectral regularization. For
this, we first derive a recursion-free characterization of the final iterate x,,.

Lemma 7.1. Ifxo = 0, then
m—1

Xm = Z(Id —wK*K)"K*y  forallm € N.

n=0

'This method for the solution of linear systems of equations traces back to Lewis Fry Richardson. He also
proposed in 1922 the modern method of weather prediction by numerical simulation. (His own first
attempt in 1910 — by hand! — was correct in principle but gave wrong results due to noisy input data.
Weather prediction is an ill-posed problem!)

>This method was first proposed for the solution of ill-posed operator equations by Lawrence Landweber. In
[Landweber 1951], he shows the convergence for y € R(K); otherwise, he then writes, “such a sequence
may give useful successive approximations”.
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7 LANDWEBER REGULARIZATION

Proof. We proceed by induction. For m =1,
x; = wK*y = 0(Id —wK*K)°K*y.
Let now m € N be arbitrary, and let the claim hold for x,,. Then

Xm+1 = Xm + wK*(y - me)
= (Id —wK*K)xp + 0K*y
m—1
= (Id-0K'K) @ > (1d—oK*K)"K*y | + K"y
n=0
m-1
=0 > (Id-wK*K)™K*y + w(Id —wK*K)°K*y

n=0

=w > (Id-wK*K)"K*y. O

n=0

Performing m steps of the Landweber iteration (7.1) is thus equivalent to applying a linear
operator, i.e.,
xm = om(K"K)K™y
for
-(1-A)" 1-(01-owl)"
~(1-wl) A '

m—1 1
m(A) = 1-wl)" =
on(h) =0 351 01)" = 0

Apart from the notation ¢y, instead of ¢, for @ = = (i.e., considering m — oo instead of
a — 0), this is exactly the filter from Example 5.2 (iii).

Theorem 7.2. For any w € (0,k™"), the family {@m}men defines a regularization {Ry}men
with Ry, = gm(K*K)K*.

Proof. We only have to show that ¢,,(1) — % as m — oo and that A¢,, (A1) is uniformly
bounded for all m € N. By the assumption on w, we have 0 <1—-wA < 1for all A € (0,«],
which yields (1 — wA)™ — 0 as m — oo as well as

ANomM| =1-(1-wA)™"| <1=:C, forallm € Nand A € (0, x].

Hence {¢; }men is a regularizing filter, and the claim follows from Theorem 5.6. m]

Hence the Landweber iteration converges to a minimum norm solution x' as m — oo if and
only if y € D(KT); otherwise it diverges. It therefore suggest itself to choose the stopping
index by the discrepancy principle: Pick 7 > 1 and take m(8, y°) such that x° = R, y°
satisfies

(7.2) 1K, 545 = ¥ lly < 78 < [|[Kxp, = °lly - for all m < m(8, y°).
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7 LANDWEBER REGULARIZATION

(This does not require any additional effort since the residual y° — Kx? is computed as
part of the iteration (7.1).) The existence of such an m(8, y°) is guaranteed by Theorem 4.7
together with Lemma 5.3.

We now address convergence rates, where from now on we assume that o € (0, k).

Theorem 7.3. For allv > 0 and t > 1, the Landweber iteration (7.1) together with the
discrepancy principle (7.2) is an order optimal regularization method.

Proof. We apply Theorem 5.11, for which we verify the necessary conditions (following the
convention ¢ := %) First, due to wA < 1 Bernoulli’s inequality yields that

1-(1-0wl)™ - I1-1+mowld| 4
i < 7 =om = oa

and hence that (5.7) holds. (Clearly for o < 1; otherwise we can follow the proof of

lom ()| = for all A € (0, k]

Theorem 5.11 and see that the additional constant w only leads to a larger constant C,.)

Bernoulli’s inequality further implies that (1+ x) < e* and hence that
rm() =1-Apm(A) = (1—0A)™" <e ™™ <1=C, forallmeN,Ae (0,«].

We now consider for fixed v > 0 and m € N the function A, (1) := 1"/2e~“4™ and compute

W (A) — KAV/Z—le—wAm _ wmAV/Ze—w)Lm — Av/Z—le—a)Amwm v -2).
" 2 20m

The root A* = 5 of this derivative satisfies h;,(1*) < 0, and hence

v/2
sup APra(Q) < sup hyu(A) = hy ( Y ) =eV/? (L) m™? = C,a"?
2€(0,x] 2€(0,00) 2com 20

This shows that (5.8) holds for all v > 0. Landweber regularization thus has infinite
qualification, and the claim follows for 7 > C, = 1 from Theorem 5.11. m]

We next study the monotonicity of the Landweber iteration.

Theorem 7.4. Letm € N. IfKx% — y° # 0, then

K = 3°lly < 1Kxp, = Iy
Proof. The iteration (7.1) implies that
Kx’, -y’ =K ((Id ~wK'K)x + a)K*y(s) —y°
= (Id —wKK")Kx® — (Id +oKK*)y°
= (Id —wKK*) (Kx2 — y7)
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7 LANDWEBER REGULARIZATION

and hence due to < k™! = 072 < 0,2 for all n € N that

2
s = 0 = 31— o) [(xh — 37 )
neN Y
2
< 3 |(Kxh = 37 ) || < 1K, = 712 0
neN

The residual therefore always decreases as m — oo (even though a least squares solution
minimizing the residual will not exist for y ¢ D (K")). For the error, this can be guaranteed
only up to a certain step.

Theorem 7.5. Let m € N. If
1Ky, = ¥°lly > 26,
then

$

5 ot
10 1 = xTllx < [1xd, = xTlx.

Proof. We use the iteration to write with & = y° — Kx% and y = Kx'

m+l m =
S 2 S| 6 211 * £0 112
= llxh, = x11% - 20 (Kx" = Kxh | 8] +oPIK" €I

m_

= llxh, = "I + o (£, - 29+ 2K [ )+ o (oK EMIE - 1E0IE)

é 2 1 %00 S\112
X = x "M% = Il = X7 + K" (y° = Kxp) I

We now have to show that the last two terms are negative. For the first term, we use the
definition of £ and obtain by inserting & = 2£% — £ =29 — 2Kx% — £ that

(& -2y+2kx |&n) =2(y"-y|8) -8
2801 & lly - I1E5,112

(26 = 1K, = 37l ) 1Edlly < 0

IA

since the term in parentheses is negative by assumption and ||€ ||y > 25 > 0.

For the second term, we use @ < k! and therefore that

S 12 2 S 12 S 112 S 12
o|IK*Ellx < @K iy x) 1Emlly = @xllEnll” < &Ik

and hence
(73 o (@K &% - 123112) < 0.
Hence both terms are negative, and the claim follows. m]
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Hence the Landweber iteration reduces the error until the residual norm drops below twice
the noise level. (This implies that for the discrepancy principle, 7 should always be chosen
less than 2 since otherwise the iteration is guaranteed to terminate too early.) From this
point on, the error will start to increase again for y° ¢ R(K) by Theorem 5.6. This behavior
is called semiconvergence and is typical for iterative methods when applied to ill-posed
problems. The discrepancy principle then prevents that the error increases arbitrarily. (A
slight increase is accepted — how much, depends on the choice of 7 € (1, 2).)

An important question relating to the efficiency of the Landweber method is the number
of steps required for the discrepancy principle to terminate the iteration. The following
theorem gives an upper bound.

Theorem 7.6. Let 7 > 1 and y° € Bs(Kx"). Then the discrepancy principle (7.2) terminates
the Landweber iteration (7.1) in step

m(8,y°) < C572 for some C > 0.

Proof. We first derive a convergence rate for the residual norm in terms of m. For this, we
consider for n > 0 the iterate x, produced by the Landweber iteration applied to the exact
data y := Kx® € R(K) and denote the corresponding residual by &, := y — Kx,,. We now
proceed similarly to the proof of Theorem 7.5. Using the iteration (7.1) and (7.3) shows that

T xpall = Ix" = xllk = lIx" = 30 — 0K &%

=2w (KxT — Kxy | fn)y - K&}

= o (1&lF - 0lIK*&lly) + wlléally

> l|éally-

It = xall = Il

Summing over all n = 0, ..., m — 1 and using the monotonicity of the residual from Theo-
rem 7.4 then yields

m—1

" = xollf = 1" = snllg = 3 (I = xallE = ot = )
n

—_

=0
m—

D& > omll&nll-

n=0

>

S

In particular,
1y = Kxmll3 < (0m) 7 lx" = xo]l%.

As in the proof of Theorem 7.4, we now have due to xy = 0 that

£ =% —Kx? = (Id —wKK*)(y° = Kx? ) =--- = (Id —wKK*)™y°
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7 LANDWEBER REGULARIZATION

and similarly for &, = (Id —wKK*)™y. This yields using w < k™! < 0,2 the estimate

2
|(Id—0KK")™(y° = )| = > (1- wo?)™" ‘(y‘s -y un)Y( <y’ - ylIy

neN

and hence that
IKxS, = ylly = [|(1d —KK*)™ |y
< 1(1d —wKK*)™y|ly + [|(1d —wKK*)™(y° = y)ly
< |y = Kxnlly +11y° = ylly

< (0m) ™ x" = xolx + 6.

The discrepancy principle now chooses the stopping index m(§, y°) as the first index for

which ||Kxfn 6% " 19|ly < 6. Due to the monotonicity of the residual norm, this is the

case at the latest for the first m € N with
(0m)™V2||Ix" = xo|lx + 8 < 76;
in other words, for which

Ix" = xoll} _,

m > wm >m-—1.
This implies that
m(8,y°) <m-1<C5?2+1
with C := 0™(7 = 1) 7?||x" — xo||% + max{1, §%}. o

It is not surprising that this estimate can be improved under the usual source condition

x" € X,. Specifically, the estimate (5.15) in the proof of Theorem 5.1 implies for a = =

the bound m < C&~wi. Still, Landweber regularization in practice often requires too
many iterations, which motivates accelerated variants such as the one described in [Engl,
Hanke & Neubauer 1996, Chapter 6.2, 6.3]. Furthermore, regularization by early stopping
can be applied to other iterative methods for solving the normal equation; a particularly
popular choice is the conjugate gradient (CG) method; see [Engl, Hanke & Neubauer 1996,
Chapter 7].
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8 DISCRETIZATION AS REGULARIZATION

And now for something completely different. We have seen that the fundamental difficulty
in inverse problems is due to the unboundedness of the pseudoinverse for compact operators
K : X — Y with infinite-dimensional range. It thus suggests itself to construct a sequence
{Ky }nen of operators with finite-dimensional ranges and approximate the wanted minimum
norm solution K’y using the (now continuous) pseudoinverses (K,)'. This is indeed
possible — up to a point. Such finite-dimensional operators can be constructed by either of
the following approaches:

(i) We restrict the domain of K to a finite-dimensional subspace X;, ¢ X and define

K, : X,, — Y, which has finite-dimensional range because if {xy, ..., x,} is a basis of
X, then R(K},) = span{Kxy, ..., Kx,}. This approach is referred to as least-squares
projection.

(ii) We directly restrict the range of K to a finite-dimensional subspace Y,, C Y and define
K, : X — Y,,. This approach is referred to as dual least-squares projection.

(Of course, we could also restrict domain and range and define K, : X;, — Y;,, but this will
not add anything useful from the point of regularization theory.) In this chapter, we will
study both approaches, where the second will be seen to have advantages. Since we do not
require any spectral theory for this, we will consider again an arbitrary bounded operator
Tel(X,Y).

8.1 LEAST-SQUARES PROJECTION

Let {X,,}nen be a sequence of nested subspaces, i.e.,
XxicX,Cc---CX,

with dimX,, = n and U,en X, = X. Furthermore, let P, := Px, denote the orthogonal
projection onto X, and set T, := TP, € L(X,Y). Since T, has finite-dimensional range,
T,,T := (T,,)" is continuous. We thus define for y € Y the regularization x, := TJ y, i.e., the
minimum norm solution of TP,x = y. By Lemma 3.4, we then have

Xp € R(T)) = N(T,)* = R(T;) = R(P,T*) C Xy
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8 DISCRETIZATION AS REGULARIZATION

since X, is finite-dimensional and therefore closed and P, is selfadjoint. (We are thus only
looking for a minimum norm solution in X, instead of in all of X.) To show that T,j isa
regularization in the sense of Definition 4.1, we have to show that y € D(T") implies that
T, y — TTy as n — oo. This requires an additional assumption.*

Lemma 8.1. Let y € D(TT). Then x, — x' if and only iflim sup, e llxnllx < [1x7|lx.

Proof. If x, — x', the triangle inequality directly yields that

xallx <l = xFllx + 1T [lx = f1x"llx.

Conversely, if the lim sup assumption holds, the sequence {||x,||x } nen and thus also {x, }nen
is bounded in X. Hence there exists a subsequence {xp, }ren and a x € X with xg := x,, — X
and Tx; — Tx. By the definition of x; as a least squares solution of Tyx = y (of minimal
norm) and by Tx" = Pzy due to Lemma 3.4 (iv) and R(T) = N(T)*, we now have

I Tixie = T I3 + |0 =PR) yII? = ITexic — yII7 < | Tex — ylI}
= ||Tix - Tx"||} + [(Id—PZ)yll>  forallx € X.

Since xj. € Xk, we have x; = Prxg, and thus x = Prx’ satisfies

(8.1) ITxe = Tx"lly = | Texe = Tx|ly < 1 TePex™ = TxTlly = ITPex™ = TxT|ly
< Tl 1T = Po)xTlx.

By the assumptions on {X,},en, the last term converges to zero as k — oo, and hence
we have that Tx; — Tx'. This implies that ¥ — x' € N(T). Now we always have that
x" € N(T)*, and hence the weak lower semicontinuity of the norm together with the
lim sup assumption yields that

12 =% + 1xT1E = %1% < lilfr;i(gfllmlli < limsup [lxl§ < IIx" I3,

k— o0

which implies that ¥ = xT. This shows that every weakly convergent subsequence has the
same limit x', and therefore the full sequence has to converge weakly to x'. Finally, the
lower semicontinuity Combining the weak lower semicontinuity of the norm with the
lim sup assumption finally yields that ||x,|lx — ||x||x as well, and hence the sequence
even converges strongly in the Hilbert space X. m]

Unfortunately, it is possible to construct examples where {||x,||x }nen is not bounded; see,
e.g., [Engl, Hanke & Neubauer 1996, Example 3.19]. A sufficient condition for convergence
is given in the following theorem.

'Here we follow [Kindermann 2016]; the proof in [Engl, Hanke & Neubauer 1996] using a similar equivalence
for weak convergence requires an additional assumption, as was pointed out in [Du 2008].
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8 DISCRETIZATION AS REGULARIZATION

Theorem 8.2. Let y € D(TT). If

(8.2) limsup || (T) %, lly = limsup [|(T])*x,ly < oo,

n—oo n—oo

then x, — x" asn — oo.
Proof. Since

el = (s = x )+ (x o) < (00 =2 0) o+ bl
X X X

it suffices to show that the first term on the right-hand side tends to zero as n — oo.
For this, we set w,, := (T,,T)*xn and use that T;w, = x, since R(T,)) C X, and therefore
Xp € 7€(TnT ) = R(T;). This allows us to estimate

(8.3) (xn —xT xn) = (xn —x' | T:wn) = (Tnxn - T,,x‘b | wn)
X X Y

= (Tnxn — Tx' |wn)Y + (TxJf - TnxT |w,,)y
< (IToea = T lly + IT@A=P)x y ) llwlly
< 2| Tl xy) 1A =Po)x[Ix [ waly,

where in the last step we have again used (8.1). The last term is now bounded by the
assumption (8.2), while the second term and thus the whole right-hand side tend to zero.
We can therefore apply Lemma 8.1 to obtain the claim. m]

This shows that the least-squares projection only defines a convergent regularization if the
subspaces X, are chosen appropriately for the operator T. Before moving on to the dual
least-squares projection (which does not require such a condition), we consider the special
case of compact operators.

Theorem 8.3. IfK € K(X,Y) and x" € X satisfy the condition (8.2), then x' € R(K*).

Proof. Setting again w), := (K} )*xp, the condition (8.2) implies that {wj, } ,en is bounded and
therefore contains a weakly convergent subsequence wy — w € Y. Since K and therefore
also K* is compact, K*wy — K*w. On the other hand, it follows from (KH)* = (KT =
(P,K*)" that

K*Wk = PkK*Wk + (Id —Pk)K*Wk = Xr + (Id —Pk)K*Wk.

Passing to the limit on both sides of the equation and appealing to Theorem 8.2, the
boundedness of wy, and || Id =Py || (x,x) — 0, we deduce that K*w = xMie,x" e R(K¥). O

Hence the condition (8.2) already implies a source condition. It is therefore not surprising
that we can give an estimate for the convergence x, — x.
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8 DISCRETIZATION AS REGULARIZATION

Theorem 8.4. IfK € K(X,Y) and x' € X satisfy the condition (8.2) and y € D(K"), then
there exists a constant C > 0 such that

s = x"|lx < CIlAd =P)K* |l (vx)  foralln € N.
Proof. By Theorem 8.3 there exists a w € Y with x* = K*w. Hence, (8.1) implies that
(0 =" [x) < 1K = Kyl < (B, = 1)yl
It follows from this together with (8.3) and the boundedness of the w,, := (KJ )*x,, that

|l — lel)z( = (xn —xT |xn) - (xn —x' |xT)
X b
< 2[|K(1d =Py)x" Iyl wally + IK(Id =Py)x" [ly |l wlly
< C|IK(1d =Py)x"[ly = C[|[K(Id =P,) (1d —Po) K*wlly
< ClIId=P)K Iy Iy,

where we have used in the last step that orthogonal projections are selfadjoint and thus
that (K(Id -P,))* = (Id —P,)K". |

8.2 DUAL LEAST-SQUARES PROJECTION

Here we directly discretize the range of T. We thus consider a sequence {Y,},en of nested
subspaces, i.e.,

icY,c---cR(T)=N(TH* Y,

with dimY, = n and Upeny Yo = N(T*)*. Let now Q, := Py, denote the orthogonal
projection onto Y, and set T, := Q,T € L(X,Y,). Again, TJ and hence also TJQH are
continuous, and we can take x, := T,,TQ,, y —i.e., the minimum norm solution of 0, Tx = Q, y
- as a candidate for our regularization. To show that this indeed defines a regularization,
we introduce the orthogonal projection P, := Px, onto

Xy =TY, ={T"y | yeY,}.
We then have the following useful characterization.

Lemma 8.5. Let y € D(TT). Then x, = P,x'.

Proof. We first note that by definition of the pseudoinverse and of X,,, we have that

R(TT) = N(T)* = R(T;) = R(T*Qp) = T*Y, = X,

73



8 DISCRETIZATION AS REGULARIZATION

(where the second equation follows from the fact that R(T,") = X, is finite-dimensional)
and hence that x, € X, as well as X;- = N'(T,). This also implies that

T,(Id=P,)x =0 for all x € X,

i.e., that T,P, = T,. Furthermore, it follows from the fact that Y, ¢ N (T*)* = R(T) (and
hence that R(T)* c N(Q,)) together with Lemma 3.4 (iv) that

Ony = QuPreyy = QuTT'y = QuTx" = T
We thus obtain for any x € X that
[ Thx = Onylly = | Thx — TnxT”Y = ||Tux - TnanT”Y = || Tn(x — andr)”Y-

Now x, is defined as the minimum norm solution of T,x = Q,y, i.e., as the one x €
N(T,)* = X, minimizing ||T,x — Q,y|ly — which is obviously minimal for x = P,x" € X,,.
Since the minimum norm solution is unique, we have that x, = Px'. O

Theorem 8.6. Let y € D(TT). Then x, — x.

Proof. The construction of Y, implies that X, C X,4; and hence that

UUXa =TV =T Yo = T*N(TH)*+ = R(T*) = N(T)*.

neN neN neN

Using x' € R(TT) = N(T)*, we deduce that x,, — x. O
Under a source condition, we can show a similar error estimate as in Theorem 8.4.

Theorem 8.7. Let T € L(X,Y) and y € D(T). IfxT = TTy € R(T*), then there exists a
constant C > 0 such that

%, — x"|lx < C|l(1d —Po) T [ (v,x) foralln € N.

Proof. The source condition x” = T*w for some w € Y and Lemma 8.5 immediately yield
that

lIxn = x"llx = 1Pax” = x"llx = |(1d =P)) T*wllx < [[(1d =Pa) T*[lucv.x) 1wy O

The dual least-squares projection thus defines a regularization operator as well. By Theo-
rem 4.5, there thus exists (at least for compact operators) an a priori choice rule that turns
the dual least-squares projection into a convergence regularization method. Characterizing
this choice rule requires estimating the norm of T, for which we can use that T, has
finite-dimensional range and is therefore compact. Hence there exists a (finite) singular
system {(p, Uik, Ok Yke{s,..,n); in particular, we can use that y, is the smallest (by magnitude)
singular value of T,,.
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8 DISCRETIZATION AS REGULARIZATION

Theorem 8.8. Let y € D(T") and for y° € Bs(y) set x0 = TnTQny. Ifn(9) is chosen such that

0
Hn(5)

n() — oo, — 0 foré — 0,

thenx® . — x"asé — 0.
n(8)

Proof. We proceed as in the proof of Theorem 4.6 and use the standard error decomposition

5 S
155 5 = xllx < Ilxag) = %" llx + 105, = Xna)llx-
By Theorem 8.7, the first term tends to zero as n — co.

For the second term, we use the singular value decomposition of T, and (3.14) to obtain for
any n € N that

n
ITIvIE = D0 il (yld)y 1P < m2llylle forally ey,
k=1

with equality for y = i, € Y. This implies that ||TnT lL(v.x) = py- Since Qp, is an orthogonal
projection, we have that

Fo)
%2 = xallx = 1T On(3° = WIx < T ey lly® = wlly < =

n

The claim now follows from the assumptions on n(J). O

Under the source condition from Theorem 8.7, we can in this way also obtain convergence
rates as in Theorem 5.9. (Similar results also hold for the least-squares projection under
the additional assumption (8.2).)

We can now ask how to choose Y, for given n € N in order to minimize the regularization
error, which by Theorem 8.8 entails minimizing yi,. This question can be answered explicitly
for compact operators.

Theorem 8.9. Let K € K(X,Y) have the singular system {(oy,, Uy, 0y) tnen. If Y, C Y with
dimY, = n, then p, < o,.

Proof. If y1, is a singular value of K, then ,u,zl is an eigenvalue of K, K, = Q,KK*Q,; similarly,
o is an eigenvalue of KK*. Set now Uy := span{u, ..., ux} € R(K*) for all k € N. Since
dimY, = n, there exists j € U~ NY, with ||ylly = 1 (otherwise U;-, C Y;-, but this
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8 DISCRETIZATION AS REGULARIZATION

is impossible since the codimension U,_; is too small). The Courant-Fischer min-max
principle (2.4) thus implies that
i = max min {(QnKK*Qny 1), ‘ Iylly=1 yeV, dimV = n}
= min {KK y 19y [lIylly =1 y € Ya} < (KK 7] 9)y

< max {(KK'y | )y | Iylly =1, y € Ui} = o
since the maximum is attained for y = u, € U, ,. O

The proof also shows that equality of the singular values holds for Y, = U,, because
then y = u, is the only vector that is a candidate for minimization or maximization.
But this choice corresponds exactly to the truncated singular value decomposition from
Example 5.2 (i). In fact, the choice Y, = U, is optimal with respect to the approximation
error as well.

Theorem 8.10. Let K € K(X,Y) have the singular system {(oy, up, vp) }nen. If Y, C Y with
dimY, = n, then
|(Id =Pp) K™ |l (v,x) = Ons1,

with equality for Y, = U,.

Proof. We again use the Courant-Fischer min-max principle, this time for the eigenvalue
o2 of K*K. Setting X,, := K*Y, and P, := Px,, we then have that

o2, = min max {(K"Kx | x)x | llxllx =1} x € V c X, dimV* =n
< max {(K"Kx [x)x | [Ix|lx =1} x € X

= max {(K"K(I = Pp)x | (I = Pa)x)x | Ilxllx = 1}

= max {|[K(I - P)x]ly | llxllx =1}

= |K(1d =PI} x vy = I1(1d =P)K"IIE 1y x)-

If Y, = U, then X;, = K*U, = span{vy,...,0,}, and the minimum in the inequality is
attained for this subspace. ]

Hence the best possible convergence rate (under the source condition from Theorem 8.7)
for the dual least-squares projection is

o)
1 — ¥l < C (a . —) |
On

and this rate is attained for the truncated singular value decomposition.
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8 DISCRETIZATION AS REGULARIZATION

Without knowledge of a singular system, however, it is necessary in practice to choose n
very small in order to ensure the condition on . But this leads to a very coarse discretiza-
tion that does not sufficiently capture the behavior of the infinite-dimensional operator.
The usual approach is therefore to combine a much finer discretization with one of the reg-
ularization methods discussed in the previous chapters. To obtain an optimal convergence
rate and to avoid needless computational effort, one should then appropriately choose the
regularization parameter in dependence of § as well as of n (or, vice versa, choose n in

dependence of a(9)).
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NONLINEAR INVERSE PROBLEMS
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9 NONLINEAR ILL-POSED PROBLEMS

We now consider nonlinear operators F : U — Y for U C X and Hilbert spaces X and
Y. The corresponding nonlinear inverse problem then consists in solving the operator
equation F(x) = y. Such problems occur in many areas; in particular, trying to reconstruct
the coefficients of a partial differential equations from a solution for given data (right-
hand sides, initial or boundary conditions), e.g., in electrical impedance tomography;, is
a nonlinear ill-posed problem. Here we will characterize this ill-posedness in an abstract
setting; concrete examples would require results on partial differential equations that would
go far beyond the scope of these notes.

A fundamental difference between linear and nonlinear operators is that the latter can
act very differently on different subsets of X. The global characterization of well- or ill-
posedness in the sense of Hadamard is hence too restrictive. We therefore call the operator
F :U — y locally well-posed in x € U if there exists an r > 0 such that for all sequences
{xn}tnen C B,(x) N U with F(x,) — F(x), we also have that x, — x. Otherwise the
operator is called locally ill-posed (in x). In this case, there exists for all > 0 a sequence
{xn}nen C By(x) NU with F(x,) — F(x) such that x,, does not converge to x. A linear
operator T : X — Y is either locally well-posed for all x € X or locally ill-posed for all
x € X. The latter holds if and only if T is not injective or R(T) is not closed (e.g., for
compact operators with infinite-dimensional range)." For nonlinear operators, the situation
is a bit more involved. As in the linear case, we call F : U — Y compact, if every bounded
sequence {x,}nen C U admits a convergent subsequence of {F(x,)},en C Y. However,
nonlinear compact operators need not be continuous and hence completely continuous
(consider, e.g., an arbitrary bounded operator with finite-dimensional range); the latter
is therefore an additional assumption. In fact, a weaker assumption suffices: an operator
F:U — X is called weakly closed, if x, = x € U and F(x,) — y imply that F(x) = y.

Lemmag.1i. Let F: U — Y be compact and weakly closed. Then F is completely continuous,
i.e., maps weakly convergent sequences in X to strongly convergent sequences in Y.

Proof. Let {x,}nen C U be a weakly converging sequence with x, — x € U. Then {x, },en
is bounded, and hence {F(x,)}»en contains a convergent subsequence {F(xy, ) }ren With
F(xp, ) — y € Y. Since strongly convergent sequences also converge weakly (to the same

"The local ill-posedness thus generalizes the (global) ill-posedness in the sense of Nashed, not of Hadamard.
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limit), the weak closedness yields that y = F(x). Hence the limit is independent of the
subsequence, which implies that the whole sequence converges. m]

For such operators, we can show an analogous result to Corollary 3.8.

Theorem 9.2. Let X be an infinite-dimensional separable Hilbert space and U Cc X. If F :
U — Y is completely continuous, then F is locally ill-posed in all interior points of U.

Proof. Since X is separable, there exists an (infinite) orthonormal basis {u, },en. Let now
x € U be an interior point and define for r > 0 with B,(x) C U the points x, := x + Su, €
B,(x). Then [|x, — x||x = 3, but the fact that u, — 0 for any orthonormal basis implies that
xn — x and hence that F(x,) — F(x) due to the complete continuity of F. O

As in the linear case we now define minimum norm solutions and regularizations. Since
0 € X can now longer be taken as a generic point, we denote for given y € R(F) and
xo € X any point x' € U with F(x") = y and

llx" = xollx = min {||x — xollx | F(x) = y}

as xo-minimum norm solution. For nonlinear inverse problems, these need not be unique
in contrast to the linear case. Their existence also requires that F(x) = y actually admits
a solution. A regularization of F(x) = y is now a family {R,},~0 of continuous (possibly
nonlinear) operators R, : X X Y — X such that R,(xo, y) converges to an xo-minimum
norm solution as @ — 0. In combination with a parameter choice rule for a, we define
(convergent) regularization methods as before. For nonlinear inverse problems, these
operators can in general not be given explicitly; most regularizations are instead based on
an (iterative) linearization of the problem.

This requires a suitable notion of derivatives for operators between normed vector spaces.
Let X, Y be normed vector spaces, F : U — Y be an operator with U ¢ X and x € U, and
h € X be arbitrary.

o If the one-sided limit

F(x;h) = lim P+ tht) “F) y
t—0t

5

exists, it is called the directional derivative of F in x in direction h.

o If F/(x;h) exists for all h € X and
DF(x) : X — Y,h+ F'(x;h)

defines a bounded linear operator, we call F Gdteaux differentiable (in x) and DF €
L(X,Y) its Gateaux derivative.
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« If additionally
|F(x+h) = F(x) = DFGORIl _

lim ,
lIAllx—0 lIAllx
then F is called Fréchet differentiable (in x) and F’'(x) := DF(x) € L(X,Y) its Fréchet

derivative.

o If the mapping F' : U — L(X,Y), x — F'(x), is (Lipschitz) continuous, we call F
(Lipschitz) continuously differentiable.

The difference between Gateaux and Fréchet differentiable lies in the approximation error
of F near x by F(x) + DF(x)h: While it only has to be bounded in ||h||x - i.e., linear in
||h|lx — for a Gateaux differentiable function, it has to be superlinear in ||h||x if F is Fréchet
differentiable. (For a fixed direction h, this of course also the case for Gateaux differentiable
functions; Fréchet differentiability thus additionally requires a uniformity in h.)

If F is Gateaux differentiable, the Gateaux derivative can be computed via

DF(x)h = (%F(x + th))

t=0

(However, the existence and linearity of this limit does not show the Gateaux differentiability
of F since it doesn’t imply that DF(x) is continuous with respect to the right norms.)
Bounded linear operators F € L(X,Y) are obviously Fréchet differentiable with derivative
F'(x) = F € L(X,Y) for all x € X. Note that the Gateaux derivative of a functional
F : X — R is an element of the dual space X* = L(X,R) and thus cannot be added
to elements in X. However, in Hilbert spaces (and in particular in R"), we can use the
Fréchet—-Riesz Theorem 2.2 to identify DF(x) € X* with an element VF(x) € X, called
gradient of F, in a canonical way via

DF(x)h = (VF(x) | h)x forall h € X.

As an example, let us consider the functional F(x) = %llxll )2( where the norm is induced by
the inner product. Then we have for all x, h € X that

%(x+th|x+th)x—%(x|x)x

F'(x;h) = lim

lim t = (x|h)x = DF(x)h

since the inner product is linear in h for fixed x. Hence, the squared norm is Gateaux
differentiable in x with derivative DF(x) = h + (x| h)y € X* and gradient VF(x) = x € X;
it is even Fréchet differentiable since

e RE - bR - (x| 1
lim = lim -

lIkllx—0 l|Allx  lAllx—0 2

[IAllx = 0.

If the same mapping is now considered on a smaller Hilbert space X’ < X (e.g., X = L*(Q)
and X’ = H'(Q)), then the derivative DF(x) € (X’)* is still given by DF(x)h = (x| h)y
(now only for all h € X’), but the gradient VF € X’ is now characterized by

DF(x)h = (VF(x) | h)y forall h € X'.
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Different inner products thus lead to different gradients.

Further derivatives can be obtained through the usual calculus, whose proof in Banach
spaces is exactly as in R". As an example, we prove a chain rule.

Theorem 9.3. Let X, Y, and Z be Banach spaces, and let F : X — Y be Fréchet differentiable
inx € X and G : Y — Z be Fréchet differentiable in y := F(x) € Y. Then, G o F is Fréchet
differentiable in x and
(GoF) (x) = G'(F(x)) o F'(x).

Proof. For h € X with x + h € dom F we have

(GoF)(x+h) - (GoF)(x) =G(F(x+h)) -G(F(x)) =G(y +9) - G(y)
with g := F(x + h) — F(x). The Fréchet differentiability of G thus implies that

(G o F)(x +h) = (G o F)(x) = G"(y)gllz = r:(llglly)
with r1(¢t)/t — 0 for t — 0. The Fréchet differentiability of F further implies
llg = F'(x)hlly = r2(Ilhllx)

with ry(t)/t — 0 for t — 0. In particular,
(9.1) lglly < [IF"Go)hlly + r2(lIAllx).
Hence, with ¢ := ||G'(F(x)) |l (v,z) we have

(G o F)(x +h) = (G o F)(x) = G'(F(x))F'(x)hllz < ri(llglly) + ¢ r2(llAllx)-

If ||h|lx — 0, we obtain from (9.1) and F'(x) € L(X,Y) that ||g|ly — 0 as well, and the
claim follows. o

A similar rule for Gateaux derivatives does not hold, however.

We will also need the following variant of the mean value theorem. Let [a,b] C R be a
bounded interval and f : [a,b] — X be continuous. We then define the Bochner integral

fab f(t)dt € X using the Fréchet-Riesz Theorem 2.2 via

b
62) ( / £ty dt

since by the continuity of ¢t — || f(#)||x on the compact interval [a, b], the right-hand side
defines a continuous linear functional on X. The construction then directly implies that

/abf(t)dt

b
z) :/ (f(t)|2)y dt forall z € X,
X a

(9-3)

b
< If ()llx dt.
=
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Theorem 9.4. Let F : U — Y be Fréchet differentiable, and let x € U and h € Y be given with
x+theU forallt € [0,1]. Then

F(x+h) - F(x) = /OlF’(x+ th)hdt.

Proof. Consider for arbitrary y € Y the function
f:10,1] - R, t—= (F(x+th)|y)y.

From Theorem 9.3 we obtain that f (as a composition of operators between normed vector
spaces) is differentiable with

f(t) = (F(x+thh]|y)y,

and the fundamental theorem of calculus in R yields that

1 1
(Fx+ ) = F(0) | y)y = £(1) = £(0) = /0 f’(t)dt:( /0 F(x+ thyhdt

).
Y
where the last equality follows from (9.2). Since y € Y was arbitrary, the claim follows. O

If the Fréchet derivative is locally Lipschitz continuous, i.e., if there exist L > 0 and § > 0
such that

(9.4) ||F’(x1) - F/(XZ)”[L(X,Y) < L||x; = x2lx for all x1, x; € Bs(x),

the linearization error can even be estimated quadratically.

Lemma 9.5. Let F : U — Y Lipschitz continuously differentiable in a neighborhood V C U of
x € U. Then forallh € X withx+th eV fort € [0,1],

, L
IF(x +h) = F(x) = F'(x)hlly < Ellhlli-
Proof. Theorem 9.4 together with (9.3) and (9.4) directly yield that

IF(x +h) — F(x) — F'(x)hlly = /01 F'(x + thh — F'(x)h dt

Y

1
s/ I’ (x + thyh — F' (x)h|| dt
0

! 2 L 2
< | Lillhl dt = S [1hll. O
0
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A natural question is now about the relationship between the local ill-posedness of F :
U — Y in x and of its linearization F’(x) € L(X,Y). The following result suggests that
at least for completely continuous operators, the latter inherits the ill-posedness of the
former.

Theorem 9.6. IfF : U — Y is completely continuous and Fréchet differentiable in x € U, then
F'(x) € L(X,Y) is compact.

Proof. Let x € U be arbitrary and assume to the contrary that F’(x) is not compact and
therefore not completely continuous. Then there exists a sequence {h, },en With b, — 0 as
well as an ¢ > 0 such that

|F' (x)hally = ¢ for all n € N.

Since weak convergence implies boundedness, we can assume without loss of generality
(by proper scaling of h, and ¢) that ||h,||x < 1for all n € N. By definition of the Fréchet
derivative, there then exists a § > 0 such that

IF(x+h) = F(x) = F'(x)hlly < gllhllx for all ||hllx < 6.

Since {h,}nen is bounded, there exists a 7 > 0 sufficiently small that ||zh,|lx < é and
x +thy, € U for all n € N (otherwise F would not be differentiable in x). Then we have that
x + th, — x; however, foralln € N,

|F(x + thy) = F(x)lly = [IF"(x)(thn) + F(x + thy) = F(x) = F'(x) (tha) lly

|F'(x) (zha) lly = [IF (x + hy) — F(x) = F'(x)(thy)[ly
€ £
TE — T||hn||X5 > S

\%

\%

Hence F is not completely continuous. O

Note that this does not necessarily imply that F'(x)h = y — F(x + h) is ill-posed, as F’(x)
may happen to have finite-dimensional range. Conversely, a locally well-posed problem
may have an ill-posed linearization; see [Engl, Kunisch & Neubauer 1989, Example A.1, A.2].
This naturally has consequences to any regularization that relies on linearization. The
reason for this discrepancy is the fact that although the linearization error tends to zero
superlinearly as ||h||x — 0, for fixed h € X the error may be much larger than either the
nonlinear residual y — F(x) or the linear residual y — F(x + h) — F’(x)h. To obtain stronger
results, we thus have to impose conditions on the nonlinearity of F.

One possibility is to require more smoothness of F, e.g., local Lipschitz continuity of the
derivative around x € U. Under this assumption, the linearization indeed inherits the local
ill-posedness.
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O NONLINEAR ILL-POSED PROBLEMS

Theorem 9.7. Let F : U — Y be Fréchet differentiable with locally Lipschitz continuous
derivative. If F is locally ill-posed in x € U, then F'(x) is locally ill-posed in allh € N (F'(x)).

Proof. Assume to the contrary that the nonlinear operator is locally ill-posed but its lin-
earization is locally well-posed. The latter is equivalent to F’(x) being injective and
having closed range. Hence by Theorem 3.7 there exists a continuous pseudoinverse
F'(x)T € L(Y,X). Now if F’(x)" is continuous, so is (F'(x)*)T = (F'(x)")*, and we can

thus find for all h € X a w := (F'(x)*)"h € Y with ||w|ly < C||h||x. Letting i € (0,1) and

setting & := %, we then have in particular that |w|ly < 2 for all ||h||x < 8. Furthermore,

Lemma 3.4 (iv) together with R(F’(x)*) = R(F’(x)*) = N (F'(x))* = X (since if (F’(x)*)"
is continuous, F’(x)* has closed range as well) implies that

F'(x)*w = F(x)*(F'(x)")h=h.

We now bound the linearization error with the help of this “linearized source condition”
and Lemma 9.5: For all h € X with ||h||x < 8, we have that

/ L L / * L ’ / *
IF(x +h) = F(x) = F'(x)hlly < Ellhlli = SIF (x) wllg = 5 FOF (x) W [w)y
L / 4 *®
< SIFG)F ) wllylwlly
< pllF (x)hlly.
The triangle inequality then yields that

IF"(x)hlly = IF(x + k) = F(x) = F'(x)h = F(x + h) + F(x)lly
< pllIF" ()hlly + |F(x + h) = F(x)|ly

and hence that

1
(9:5) IF"(x)hlly < EIIF(X +h) - F(x)lly  forall[[hllx <.

Since we have assumed that F is locally ill-posed, there has to exist a sequence {hy}nen
with ||x + h, — x||x = ||hallx = g but F(x + h,) — F(x). But from (9.5), we then obtain that
F'(x)(x + h, — x) = F'(x)h, — 0, in contradiction to the assumed local well-posedness of
the linearization. ]

An alternative to (9.4) is the so-called tangential cone condition: For given x € U, there exist
n <1land é > 0 such that

(96)  [IF(x+h) = F(x) - F'(x)hlly < gllF(x+h) - F(x)lly ~ forall ||hllx <.

In other words, the linearization error should be uniformly bounded by the nonlinear
residual. Here we can even show equivalence.
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O NONLINEAR ILL-POSED PROBLEMS

Theorem 9.8. Let F : U — Y be Fréchet differentiable and satisfy the tangential cone condition
(9.6) inx € U. Then Fy is locally ill-posed in x € U if and only if F'(x) is locally ill-posed (in
any h € X).

Proof. From the tangential cone condition together with the (standard and reverse) triangle
inequalities, we obtain that

(9.7) A=mIF(x+h) = Fx)lly < IF'(x)hlly < @+ n)|[F(x +h) = F(x)lly

for all ||hl|x < . The second inequality coincides with (9.5), which we have already shown
to imply the local ill-posedness of the linearization of a locally ill-posed nonlinear operator.
We can argue similarly for the first inequality: Assume that F’(x) is locally ill-posed. Then
there exists a sequence {h,}nen With ||x + b, — x||x = [|hn|] = ‘% but F’(x)h, — 0, which
together with (9.7) implies that F(x + h,) — F(x) as well. Hence, F is also ill-posed. O

In combination with a weak source condition, the tangential cone condition even implies
local uniqueness of the x;-minimum norm solution.

Theorem 9.9. Let F : U — Y be Fréchet differentiable and y € Y and xy € X be given. If the
tangential cone condition (9.6) holds in x' € U with F(x") = y and x™ — x, € N(F'(x"))*,
then x' is the unique xo-minimum norm solution in Bs(x") for the § > 0 from (9.6).

Proof. Let x € Bs(x") \ {x} with F(x) = y be arbitrary. Then (9.6) for h := x — x| implies
that F/(x")(x — x7) = 0, i.e., that x — xT € N(F'(x")) \ {0}. It follows that

lx = xoll% = llx" = x0 +x - xT|1%
= ||x" —x0||)2( +2 (xT - X |x —xT)X + ||x —lel)z(
> |Ix" = xoll%

since the inner product vanishes due to orthogonality and we have assumed that x # x.
Hence x" is the (locally) unique xo-minimum norm solution. ]

It should be admitted that it is often very difficult to verify these abstract conditions for
concrete nonlinear inverse problems; there are even examples where these can be show not
to hold. Thus one often uses strongly problem-specific approaches instead of an abstract
theory for nonlinear problems.” Still, the abstract perspective can be useful by showing
limits and possibilities.

26T - . . . . . . . . 5
Linear inverse problems are all alike; every nonlinear inverse problem is nonlinear in its own way.
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10 TIKHONOV REGULARIZATION

The starting point of Tikhonov regularization of nonlinear inverse problems F(x) = y
is Theorem 6.5: For given @ > 0, xo € X, and y € Y, we choose x, as minimizer of the
Tikhonov functional

1
(10.) Ja(x) 1= SIFG) = YIIf + S llx = ol

If F is not linear, we cannot express this choice through an explicit regularization operator R,.
We thus have to proceed differently to show existence of a solution, continuous dependence
of x, on y, and convergence to an x, minimum norm solution as @ — 0. On the other hand,
this is possible under weaker assumptions: It suffices to require that F is weakly closed
with non-empty and weakly closed domain dom F =: U (which we always assume from
here on). These assumptions also ensure for y € R(F) the existence of a (not necessarily
unique) xo-minimum norm solution x' € U.

We first show existence of a minimizer. The proof is a classical application of Tonelli’s
direct method of the calculus of variations, which generalizes the Weierstraf Theorem
(every continuous function attains its minimum and maximum on a finite-dimensional
compact set) to infinite-dimensional vector spaces.

Theorem 10.1. Let F : U — Y be weakly closed, « > 0, xy € X, and y € Y. Then there exists
a minimizer x, € U of J,.

Proof. We first note that J,(x) > 0 for all x € U. Hence the set {J,(x) | x e U} c R is
bounded from below and thus has a finite infimum. This implies that there exists a sequence
{xn}nen C U such that

Jo(xn) = m:=inf {J,(x) | x € U}.

Such a sequence is called a minimizing sequence. Note that the convergence {J,(x,) }nen
does not imply the convergence of {x, }nen-

However, since convergent sequences are bounded, there exists an M > 0 such that

1 a
(10.2) 5||F(xn) - y||12, + E||xn - x0||)2( = Ju(xy) <M forall n € N.
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10 TIKHONOV REGULARIZATION

It follows that o
2 (llxnllx = l1xollx)? < §||Xn —xoll% < Jo(xn) < M,

i.e.,, the sequence {x, },en is bounded and thus contains a weakly convergent subsequence
- which we again denote by {x }ren for simplicity — with limit X € U (since U is assumed
to be weakly closed). This limit is a candidate for a minimizer.

Similarly, (10.2) implies that { F(xy) }xen is bounded in Y. By passing to a further subsequence
(which we still denote by {xj }xen), we thus obtain that F(x;) — y € Y, and the weak
closedness of F yields that y = F(x). Together with the weak lower semicontinuity of
norms, we obtain that

1 a 1 a
SIEG) =y + S 1% = xoll§ < liminf 2 1F(x) ~ ylf} + liminf - [l - x[[§

. 1 a
< timsup [ 21Fue) = ylIE + 5 e = woll |
k—oo

By definition of the minimizing sequence, J,(xx) — m for any subsequence as well, and
hence

1r€1Lf] Ju(x) < Jo(%) < limsup Jo(xx) =m = 1rellf] Ja(x).

k—o0

The infimum is thus attained in x, i.e., J, (%) = minyey J,(x). O

Due to the nonlinearity of F, we can in general not expect the minimizer to be unique, so
that we cannot introduce a well-defined mapping y — x, as a regularization operator. In
place of the continuity of R,, we can therefore only show the following weaker stability
result.

Theorem 10.2. Let F : U — Y be weakly closed, @ > 0,xy € X, and y € Y. Let { yn}nen be
a sequence with y, — y and let {x,}n,en be a sequence of minimizers of J, for y, in place
of y. Then the sequence {x, },en contains a weakly convergent subsequence, and every weak
cluster point of {xp}nen is a minimizer of .

If ] has for y a unique minimizer, then the whole sequence converges strongly.

Proof. First, Theorem 10.1 ensures that for every y, € Y there exists a minimizer x, € U.
The minimizing property of x, then implies for all n € N and any x € U that

1 a 1 a
SIFGa) = yullf + Sl = xoll} < ZIFG) = yallf + S llx =l

Since y, — y, the right-hand side is bounded in n € N, and hence both {x,},en and
{F(x1) — Yn}nen are bounded as well. We can thus find a weakly convergent subsequence
{xr}ken and a X € U such that (possibly after passing to a further subsequence)

Xk — X, F(xi) =y — 3.
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10 TIKHONOV REGULARIZATION

The convergence of yy — y and the weak closedness of F then imply that F(x;) — F(x).

From the weak lower semicontinuity of norms, we obtain from this that

(04 (4
(10.3) —|I% = xol} < liminf —[lxc — xoll%,
2 k—oo 2

1 ..o 1
(10.4) SIFG) =y < lim inf J11FCxe) ~ yelf

Using again the minimization property of the x,, this implies that for any x € U,
I ST a,
(105) Jal®) = SIFG) = vl + Sl = ol
o 1 2 @ 2
< liminf (2 [IFGu) = yelld + 5 e = xoll

i 1 fod
< limsup (§||F(xk) - yk||12/ + EHXk - x0||)2<)

k—o0

) 1 a
< lim sup (EllF(x) - yk||12/ + EHX - xo||;2<)

k—o0

1 a
= lim —||F(x) — 24+ Zlx = xo|?
lim Z[1F(o) = il + Sl =l

1 o
= SIFG) =yl + S llx = xoll§ = Jul).

Hence x is a minimizer of J,. Since this argument can be applied to any weakly convergent
subsequence of {x;, },en, We also obtain the second claim.

If now the minimizer x, of J, is unique, then every weakly convergent subsequence has
the same limit, and hence the whole sequence must converge weakly to x,. To show that
this convergence is in fact strong, it suffices by (2.1) to show that limsup,_, ||xn|[x <
||x«|lx. Assume to the contrary that this inequality does not hold. Then there must exist a
subsequence {xy }reny With xx — x, and F(xx) — F(x,) but

lim [Jxx = xollx = M > ||x4 = Xo][x-
k—o0
But (10.5) for x = X = x,, implies that
. 1 a 1 a
lim | ~[F () = yelly + = llxe = xollx | = SIF(xa) = ylI§ + = l1xe = xollx-
k—oo \ 2 2 2 2
Together with the calculus for convergent sequences, this shows that
1 1 a o
lim =||F(xx) — yell2 = lim | =||F(xx) = yell? + =|lxe — xoll2 | = lim = || — x0]]2
Jim ~IF () - il k%(zn (o) = el + Sl = xolly | = Tim e =
1 2 & 2 &,
= EHF(xa) - y”y + E”xa - xOHX - EM
1
< SlIF(xa) = ylIy

in contradiction to (10.4) and X = x,,. O
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It remains to show that x, converges to an xo-minimum norm solution as « — 0. In contrast
to the linear case, we do this already in combination with an a priori choice rule, i.e., we
prove that this combination leads to a convergent regularization method. In analogy to the
Section 5.2, we denote by x9 a minimizer of J, for fixed & > 0 and noisy data y° € Y.

Theorem 10.3. Let F : U — Y be weakly closed, y € R(F), and y° € Bs(y). Ifa(5) is a
parameter choice rule such that

52
a(6) > 0 and W—)O ford — 0,

On . .
then every sequence {xa( 5n)}”EN with 8, — 0 contains a strongly convergent subsequence,
and every cluster point is an xo-minimum norm solution of F(x) = y. If the xo-minimum

norm solution x' € U is unique, then the whole sequence converges strongly to x".

Proof. Set a, = a(,) and x, = xﬁ; , and let x™ be an xp-minimum norm solution of
F(x) = y. Then the minimization property of x, implies that for all n € N,

1 5 (24 1 5 (24
G08) NG — Yl + ey —xally < TIFGE) -y I+ it
2

O.’n 2
S—"+—xT—x .
2+ - ol

In particular,

52
(10.7) ||, — x0||32( < a—" + ||xT - xolli forall k e N,
n

2
and the right-hand side is bounded due to the convergence - 5" — 0. Hence there exists a

weakly convergent subsequence {x }xen and an ¥ € U with xk — x. Similarly, we obtain
from (10.6) that

1 5
(10.8) SIFGo) = y™I1F < 5+ ZElx = xoll,  forallneN.
This implies that {F(xx) — y%}ren in turn contains a weakly convergent subsequence
(which we do not further distinguish) with limit y € Y. The weak closedness of F and the
strong convergence y% — y then again yield that j = F(x) — y, i.e., that F(x;) — F(%).

We now obtain from the weak lower semicontinuity of the norm together with (10.7) that

(109) i~ ol < liminf 1, ~ o, < Tim sup o1
k—co k—o0
2

< lim = ) £ et = xol2 = [1x" = xoll2,
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and similarly from (10.8) that
IFG) = Y} < liminf [F(x0) =y < lim (62 + axllx’ = xol2) =0.
Hence, F(x) = y and
1% = xollx < [lx" = xollx = min {|lx = xollx | F(x) = y} < [1£ = xollx.

i.e., X is an xy-minimum norm solution.

It remains to show that the subsequence {x }ren converges strongly. We start from the
Pythagoras identity

[l = %[l = llxx = xollg = 2 (e = %0 | X = x0)x + 1% = xollx.
The weak convergence x; — x then implies that

lim 2 (xg — xo | X — x0)x = 2 (% — X0 | ¥ — x0)x = 2]|% — x0]|°.
k—o0

Furthermore, (10.9) and the fact that both £ and x™ are xo-minimum norm solutions imply
that

lim [lxx — xollx = [1% — xollx = IIx" = xollx.
k— o0
Together, we obtain that

0 < limsup [lx — %[|5 < 1% = xoll¥ — 2[1% = x01* + [|% — X0l = 0,
k— o0

i.e, that x; — x. The claim for a unique xo-minimum norm solution again follows from a
subsequence-subsequence argument. o

We now derive error estimates under a source conditions, where we restrict ourselves
to the simplest case that corresponds to the choice v = 1 for linear inverse problems. As
a motivation, we again consider the formal limit problem (6.8) for « = 0, which in the
nonlinear case becomes

i Llx - xoll2
min —1IX — X
xeU,F(x)=y 2 ollx

and again characterizes the xo-minimum norm solutions. As before, we introduce a La-
grange multiplier p € Y for the equality constraint to obtain the saddle-point problem

. = ez _
rglelgr;lea};(L(x,p), L(x,p) = 2||x xolly = (p|F(x) = y)y -

Setting the partial Fréchet derivative L;, (X, p) of L with respect to p to zero again yields
the necessary condition F(x) = y for a saddle point (x,p) € U x Y. If we assume for

91



10 TIKHONOV REGULARIZATION

simplicity that the xo-minimum norm solution x" is an interior point of U, then we can
also set the Fréchet derivative L’.(x", p*) of L with respect to x in the corresponding saddle
point (x7, p7) to zero; this implies for all h € X that

0=L.(x",pHh = (xT — 0| h)X - (pT |F’(x"')h)y = (xT —xo — F'(x")*p" | h)y,
i.e., the existence of a pT € Y with
x"—xo=F(x")"p.

This is our source condition in the nonlinear setting. However, as in the last chapter we
require an additional nonlinearity condition for F in the xy-minimum norm solution; here
we assume the Lipschitz condition (9.4).

Theorem 10.4. Let F : U — Y be Fréchet differentiable with convex domain dom F = U. Let
further y € R(F) and y° € Bs(y), and let x be an xo-minimum norm solution such that
(i) F' is Lipschitz continuous near x' with Lipschitz constant L;
(ii) there existsaw € Y withx' —xo = F/(x")*w and L||w|ly < L
If a(6) is a parameter choice rule with
cd <a(d) <CS fore,C >0,
then there exist constants c1, cz > 0 such that for all & > 0 small enough,
e V8,
c20.

IA

(10.10) ||xg(5) —xT||x

IA

(10.11) ||F(x2(5)) - y(S”Y

Proof. First, the minimizing property of x2 for a := () again implies that

1 5 5 (4 5 52 (04
(1012) TIFGD) = Y1+ Tl = ol < O + 2l ~ ol

To obtain from this an estimate of xg — xT, we use the productive zero x" = x¥ on the
left-hand side and the Pythagoras identity, which yields the inequality

I

2 S 2 1) X 2
2= xolld = lxd = x4 2 (5 - x| %" = xo) o+l = woll.

Inserting this into (10.12) and using the source condition (ii) then shows that

1 s sz L %8 , O -5
(10.13) —|[F(x3) = ¥°lly + = llxg —xT||X < —+a (xJr - X ‘x1 —xa)

2 2 2 X
2

5
_9 YT (T _ 10
=3 +a(w‘F(x )(x xa))y

2
< 5 +alwlyllF D& = x)lly.
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S

Since x2, x™ € U and is U convex, the condition (i) allows us to apply Lemma 9.5 for x = x2

and h = x" — xJ € U to obtain
Fixe™ — ) — F (N (= 5 < Ellet — 50112
IFGx") = Fxg) = F'(x)(x" = xg)lly < Zllx" = xglly-
Together with the triangle inequalities, we arrive at

, L
(10:14) I G (" = xlly < Sl = 220 + IFGed) = FG)lly

L
< Sl = G+ IFGeg) = ¥l + 6.

Inserting this into (10.13) then yields that
IFGD) = I+l = 1 < 8% + allwlly (Lllx” = 21 + 20IF(x) - 5 lly +25)
We now add o? ||w||12/ to both sides and rearrange to obtain the inequality

2 KR
(IFG) = ¥l = allwlly) + a1 = LIl = <1 < 5+ allwln)?.

Dropping one of the two terms on the left-hand side and applying the parameter choice
rule ¢é < a < CJ then yields

IF(x3) = ¥lly < 8+ 2alwlly < (1+2C[|wlly)8

as well as (since L||w|ly < 1by assumption)

. d+allw 1+Cllw
1 — x iy < lwlly  _ [[wlly
Va(i=Llwlly)  ye(1-Llwly)
respectively, and hence the claim. ]

Note that condition (ii) entails a smallness condition on x* — x,: To obtain the claimed
convergence rate, x already has to be a sufficiently good approximation of the desired
solution x7. Conversely, the condition indicates which xy-minimum norm solution the
minimizers converge to if x is not unique.

With a bit more effort, one can show analogously to Corollary 6.1 the higher rate §*/("+)
under the stronger source condition xT — x° € R((F'(x")*F’(x"))"/?) and the correspond-
ing choice of a(J), up to the qualification vy = 2; see [Engl, Hanke & Neubauer 1996,
Theorem 10.7].

We next consider the a posteriori choice of a according to the discrepancy principle: Set
7 > 1and choose a = a(d, y°) such that

(10.15) §< ||F(xg) —°lly < 78.
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Theorem 10.5. Let F : U — Y be Fréchet differentiable with convex domain dom F = U. Let
further y € R(F) and y° € Bs(y), and let x be an xo-minimum norm solution such that
conditions (i) and (i) from Theorem 10.4 are satisfied. If a := a(8, y°) is chosen according to
(10.15), then there exists a constant ¢ > 0 such that

%% — xT|Ix < cV6.

Proof. From (10.15) and the minimizing property of xg, we directly obtain that
8 a s 2 1 5 sz, Xy , 0«
+ 2
> + §||xa —xolly < §||F(xa) - y°lly + E”xa - x0llx < o + E”x - xollx

and hence that u “
5 2 2
E”x“ - x0llx < EHXT - Xollx-

As for (10.13) and (10.14), we can then use the conditions (i) and (ii) together with the
parameter choice (10.15) to show that

$ $ 1) )
I =1 < llwlly (2112 = 11 + 21FGe2) = 71l +2)

< Ilwly (Ll = <1 + 201+ 2)8)

Since L||w||x < 1, we can again rearrange this to

2(1+17)||lw
”xg _xT”)Z( < M i
1= Lljwlly
which yields the desired estimate. m]

In contrast to Tikhonov regularization of linear problems, it is however not guaranteed
that an « satisfying (10.15) exists; this requires (strong) assumptions on the nonlinearity of
F. Another sufficient — and more general — assumption is the uniqueness of minimizers of
J« together with a condition on x.

Theorem 10.6. Assume that for fixed y° € Bs(y) and arbitrary a > 0, the minimizer x5 of J,

is unique. Ifxo € U and t > 1 satisfy ||F(xo) — y°|ly > 70, then there exists an @ > 0 such
that (10.15) holds.

Proof. We first show the continuity of the value function f(a) = ||F(x?) — y°|ly. Let a > 0
be arbitrary and {a, },en be a sequence with @, — « as n — oo. Then there exist ¢ > 0
and N € Nsuchthat 0 < @ — ¢ < @, < a + ¢ for all n > N. Let further x% be the unique

94



10 TIKHONOV REGULARIZATION

minimizer of J, and x,, := xgn for n € N be the minimizer of J,,. The minimizing property
of x, for J,, for all n > N then yields that

1 Sz , ¥~ € 2 1 sz, @ 2
EllF(xn) -y + llxn — xolly < EllF(xn) -Ylly + ?"llxn - xolly
1 s sz L 9nys 2
< SIPGS) - I + 2k - xoll
1 5 5 a+ € 5
< EIIF(xa) -yl + — x5 — xol|%

which implies that both {x,},-n and {F(x;,) }»>n are bounded. As in the proof of Theo-
rem 10.2, we obtain from this that

. 1 sp2 , @n 2 1 5 sn2 L %8 2
(1016 Tim {SIFGe) = Y1 + 2y = o} | = SIF D) = 3211 + 118 = woll

as well as that (using the uniqueness of the minimizers) x, — x°. Hence a > x9 is
continuous. Together with the continuity of the norm, this implies the continuity of g :

a > 4||x5 - xo||% and thus by (10.16) also of f.

As in Lemma 6.6, we can now use the minimizing property of x% to show the monotonicity
of f, which implies that

lim [IF(x0) = y°lly = [IF(x0) = ¥°lly > 78,

lim ||F(x3) = y°lly = inf [[F(0) =y lly < IFGT) = y°lly < 6.

Hence, the continuous function f(«) attains all values in (6, 7d]; in particular, there exists
an «a such that (10.15) holds. O
Since under our assumptions J, is a differentiable nonlinear functional, the minimizer xg
can be computed by standard methods from nonlinear optimization such as gradient or
(quasi-)Newton methods. Here again the possible non-uniqueness of minimizers leads to
practical difficulties. Note in particular that all claims have been about global minimizers
of the Tikhonov functional, while (gradient-based) numerical methods in general can only
produce (approximations of) local minimizers. This gap between theory and practice is
still an open problem in inverse problems.

In the proof of Theorem 10.4, we have used the source and nonlinearity conditions to bound
the right-hand side of (10.13) by suitable function of the terms on the left-hand side. It is
possible to take this estimate directly as a source condition without introducing source
representations or Lipschitz constants. In recent years, such variational source conditions
have attracted increasing interest. In our context, they have the following form: There
exist f; € [0,1) and B, > 0 such that

1
(10.17) (xT —xo|xT - x)X < B (5||x - xT||§<) + BollF(x) — F(xDly forallx e U,
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10 TIKHONOV REGULARIZATION

where U is a sufficiently large neighborhood of x' (in particular, containing all minimizers
xS of J,). Note the different powers on the left- and right-hand sides, which are supposed
to account for the different convergence speeds of error and residual.

Theorem 10.7. Let y € R(F), y° € Bs(y), and x" be a xo-minimum norm solution satisfying
the variational source condition (10.17) for some p; < 1. If a (&) is a parameter choice rule with

cd <a(d) <Co fore,C >0,

then there exist constants ci, ¢, > 0 such that

IA

Cl\/g,
C25.

(10.18) 15,5 = x"llx

IA

(10.19) IF(x0s) = ¥°llx

Proof. From the minimizing property of x%, we again obtain the first inequality of (10.13).
We now estimate this further using the variational source condition, the triangle inequality,
the generalized Young inequality ab < 5-a* + £b* for ¢ = 7, and the parameter choice to
obtain that

1 5 suz L Xy s iz O ¥ s
EllF(xa)—y ||Y+E||xa—x Iy < ?+a(x —xo‘x _x“)x
2

5 .
< S+ afi (Sl - xE) + ol F (<) = FG<Dly

8 a
< S+ SRl = I + by (1FGD) - 5l + )
52 a 1
< o+ bl = xI% + @B+ LIIF () =y
+ (Zﬁ25

1 a
< (5 +C' +Cﬁz) 8%+ = fillg = "I
1
+ 7 IFG) = Iy

Due to the assumption that ff; < 1, we can absorb the last two terms on the right-hand side
into the left-hand side, which yields

1+ 2Cp, +2C2p2
: o x|y < 28
(10.20) i = "Il < \/ ARG
as well as
IF(x2) = ¥°lly < \/2 +4CPy +4C2f2 5. o
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10 TIKHONOV REGULARIZATION

We finally study the connection between variational and classical source conditions.
Lemma 10.8. Let F : U — Y be Fréchet differentiable and x' be an xy-minimum norm
solution. If there exists aw € Y with x" — xo = F'(x")*w and either

(i) F' is Lipschitz continuous with constant L||w|ly <1 or

(ii) the tangential cone condition (9.6) is satisfied,
then the variational source condition (10.17) holds.

Proof. We first apply the classical source condition to the left-hand side of (10.17) and
estimate

(xT - X |xT - x)X = (F'(xT)*w |xT - x)X
= (w|F'(xT)(xT - x))Y
< IwllyIlF (") (" =) [l

< [lwlly (IIF(X) —F(x") = F'(x") (<" = x)lly + IF(x) - F(XT)Ily) -

If now assumption (i) holds, we can apply Lemma 9.5 to obtain the inequality

L
(x" = xo |x" =x)_<liwlls (EnxT —xl + IF ) —F(x*)ny),

ie., (10.17) with ; = L||w|ly < 1and S, = ||w]y.

On the other hand, if assumption (ii) holds, we can directly estimate

(x" = xo|x" = x)._ < Wl + DIFG) = Py
which implies (10.17) with f; = 0 and B, = (1+ n)||w|ly > 0. O

For a linear operator T € L(X,Y), we of course do not need any nonlinearity condition;
in this case the variational source condition (10.17) is equivalent to the classical source
condition xT € R(T*), see [Andreev et al. 2015, Lemma 2]. For nonlinear operators, however,
it is a weaker (albeit even more abstract) condition. The main advantage of this type of
condition is that it does not involve the Fréchet derivative of F and hence can also be
applied for non-differentiable F; furthermore, it can be applied to generalized Tikhonov
regularization, in particular in Banach spaces; see, e.g., [Hofmann et al. 2007; Scherzer et al.
20009; Schuster et al. 2012].
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11 ITERATIVE REGULARIZATION

There also exist iterative methods for nonlinear inverse problems that, like the Landweber
iteration, construct a sequence of approximations and can be combined with a suitable
termination criterion to obtain a regularization method. Specifically, a (convergent) iterative
regularization method refers to a procedure that constructs for given y° € Y and xo € U a
sequence {x%},cn C U together with a stopping index N (&, y°), such that for all y € R(F)
and all x, = xg sufficiently close to an isolated solution x™ € U of F(x) = y, we have
that'

(111a)  N(0,y) <00, XNn(0y) = x' or N(0,y) =00, x,— x' for n — oo,

(11.1b) lim sup xlx = o.

1)
|| -
N(6,y%)
00 y%€B;s(y)

The first condition states that for exact data (i.e., § = 0), the sequence either converges to a
solution or reaches one after finitely many steps. The second condition corresponds to the
definition of a convergent regularization method in the linear setting.

We again terminate by the Morozov discrepancy principle: Set 7 > 1 and choose N =
N (8, y°) such that
(11.2) IF(x3) = ¥Olly < 6 < |[F(x0) = y°lly  foralln < N.

In this case, a sufficient condition for (11.1b) is the monotonicity and stability of the method.
Here and in the following, we again denote by x, the elements of the sequence generated
for the exact data y € R(F) and by x the elements for the noisy data y° € Bs(y).

Lemma 11.1. Let N(8, y°) be chosen by the discrepancy principle (11.2). If an iterative method
for a continuous operator F : U — Y satisfies the condition (11.1a) as well as

(11.32) x5 = xFllx < 120, = x"llx foralln e {1,...,N(5,y°)},

n-1

(11.3b) %im ||xfl —Xullx =0 for every fixedn € N,
—0

then the condition (11.1b) is also satisfied.

'In contrast to the previous chapters, we denote here by x* not an (x,-)minimum norm solution, but any
solution of F(x) = y.
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11 ITERATIVE REGULARIZATION

Proof. Let F : U — Y be continuous, {9% }een with y% € Bs,.(y) and 8 — 0 as k — oo,
and set Ny := N (6, y5’<). We first consider the case that { N }ren is bounded and hence
that the set {Ny | k € N} c N is finite. After passing to a subsequence if necessary, we can
therefore assume that N = N for all k € N. It then follows from (11.3b) that xg‘ — Xy as
k — oo. Since all Ny are chosen according to the discrepancy principle (11.2), we have that

IFG) = y™lly < o8 forallk € N.

Passing to the limit on both sides and using the continuity of F then yields that F(xyg) = y,

ie., xi,f converges to a solution of F(x) = y and the condition (11.1b) is thus satisfied.

Otherwise, there exists a subsequence with Ny — co. We can assume (possibly after passing
to a further subsequence) that Ny is increasing. Then (11.3a) yields that for all I < k,

S 1 1)
% — e < 1% = xTllx < [l = sl + fleng = 7

Let now ¢ > 0 be arbitrary. Since we have assumed that condition (11.1a) holds, there exists
an L > 0 such that ||xy, — x7|lx < 5. Similarly, (11.3b) for n = Ni shows the existence of a

K > 0 such that ||xi]"L —xn;|lx < 5 for all k > K. Hence, the condition (11.1b) holds in this
case as well. O

A sequence {x, }qen satisfying (11.3a) is called Féjer monotone; this property is fundamental
for the convergence proof of many iterative methods.

In general, iterative methods for nonlinear inverse problems rely on a linearization of F,
with different methods applying the linearization at different points in the iteration.

11.1 LANDWEBER REGULARIZATION

Analogously to the linear Landweber regularization, we start from the characterization
of the wanted solution x' as a minimizer of the functional Jy(x) = %llF (x) — yll% If F is
Fréchet differentiable, the chain rule yields the necessary optimality condition

0=JiHh= (F&N) =y |[FaiYh) = (P (FGH =y |h) - forallheX.

This is now a nonlinear equation for x', which as in the linear case can be written as a
fixed-point equation. This leads to the nonlinear Richardson iteration

Xn+1 = Xp — @nF/(xn)*(F(xn) - Y)s

for which we can expect convergence if w,||F’(x,)* ||[E vx) <1 (Alternatively, (11.1) can be
interpreted as a steepest descent method with step size w, for the minimization of J;.) For
simplicity, we assume in the following that ||F’(x)||p(x,y) < 1for all x sufficiently close to
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11 ITERATIVE REGULARIZATION

x", so that we can take w, = 1. (This is not a significant restriction since can always scale F
and y appropriately without changing the solution of F(x) = y.) Furthermore, we assume
that F is continuously Fréchet differentiable and satisfies the tangential cone condition
(9.6) in a neighborhood of x'. Specifically, we make the following assumption:

Assumption 11.2. Let F : U — Y be continuously differentiable and x, € U. Assume that
there exists an r > 0 such that
(i) Bzr(xo) C U;
(ii) there exists a solution x € B,(xq);
(iii) for all x, x € By, (xp),

(11.4) IF" (Ol xyy <1
(11.5) IF(x) = F(%) = F'(x)(x = O)lly < nllF(x) = F®)|ly ~ withy < 3.

Under these assumptions, the nonlinear Landweber iteration (11.1) is well-posed and Féjer
monotone even for noisy data y° € Bs(y).

Lemma 11.3. Let Assumption 11.2 hold. Ifx? € B,(x") for some § > 0 and satisfies

1+
(11.6) IF(x0) = y0lly > 2— L3,
1-2n
then
(11.7) 12, = x"llx < [1x0 = xTlx

and thus x,fﬂ € B,(x") € By (x0).

Proof. The iteration (11.1) together with (11.4) for x? € B,(x") C By, (x) lead to the estimate

1) 2 1) 2 1) 1
Iy = 11 =l = 711 = 2 (34, =

1 1 1)
0y =)+l -
=2 (P (5" = F) |5 =)

+HIF (x)* (¥° = F(ed) 1%
) =xD) + 1y = FGdIE
Y = FGe) + F () (<) - 1))

—[ly? = F(xd)|2
< 19 = FGD)ly (201y° = F(xd) + F'(x0) (x — x|l

~[ly® = F(xD)ly)-

<2 (y5 CF(x0)

=2 (y‘s — F(x9)
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11 ITERATIVE REGULARIZATION

Inserting the productive zero F(x") — y in the first norm inside the parentheses and applying
the triangle inequality as well as the tangential cone condition (11.5) then yields that

1y° = F(%) + F (%) (x® — xT)|ly < 8+ ||IF(x%) = F(x") = F/(x%) (x? = x) Iy
< 8 +nlIF(xd) - F(x)ly
< (L+mS+nlF(x0) - ylly
and hence that
(11.8) [1x0, = xTN1Z = lIxd = xTN1Z < ly° = FG) Iy (2(1+ )8 = (1 =2 [1y° = F(x) |ly).

By (11.6), the term in parentheses is non-positive, from which the desired monotonicity
follows. =

By induction, this shows that x,‘f € Byr(x9) € U as long as (11.6) holds. If we choose 7 for
the discrepancy principle (11.2) such that

1+7n
1-2n

(11.9) T>2 > 2,

then this is the case for all n < N(8, y°). This choice also guarantees that the stopping
index N (4, y°) is finite.

Theorem 11.4. Let Assumption 11.2 hold. IFN (8, y°) is chosen according to the discrepancy
principle (11.2) with t satisfying (11.9) then

(11.10) N (6, y5) < o2 for some C > 0.

For exact data (i.e., 6 = 0),
(11.11) DUIF(xn) =yl < e
n=0

Proof. Since xg = Xo € Byr(x9) and by the choice of 7, we can apply Lemma 11.3 for all

n < N = N(6,y°). In particular, it follows from (11.8) and (11.9) that

n+l n

2
%2, = x"|% = 1128 = xT|1Z < ly° = F(x))|2 (—(1 +1)+2n - 1) foralln < N.
T

Summing from n = 0 to N — 1 and telescoping thus yields
N-1

2 5 5 + 5
(1 —-2n- ;(1 + ’7)) DUNEGRD) = y0ly < llxo — x"IZ = [l — XTI < lxo — |12
n=0
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Since N is chosen according to the discrepancy principle, we have that ||[F(x%) — y°|ly > 76
for all n < N. Together we thus obtain that

N-1
— -1
Nz*6® < 3O NIF(xy) = y°ly < (1=2n =271+ 1)) llxo — xTII%

n=0

and hence (11.10) for C == ((1-2p)7? — 2(1+ 77)1')_1 l[x0 — xT||)2( > 0.

For § = 0, (11.6) is satisfied for all n € N, and obtain directly from (11.8) by summing and
telescoping that

N-1
(1—2n) D IIF(xn) = yllf < llxo—xT|;  forall N e N.
n=0

Passing to the limit N — oo then yields (11.11). O

Although (11.11) implies that F(x,) — y for exact data y € R(F), we cannot yet conclude
that the x,, converge. This we show next.

Theorem 11.5. Let Assumption 11.2 hold. Then x, — X with F(X) = y asn — oo.

Proof. We show that {e,},en With e, == x, — xTisa Cauchy sequence. Let m,n € N with
m > n be given and choose k € N with m > k > n such that

(11.12) ly = F(xi)lly < lly = F(xj)lly foralln < j < m.

(Le., we chose k € {n, ..., m} such that the residual — which need not be monotone in the
nonlinear case — is minimal in this range.) We now estimate

”em - en”X < ”em - ek”X + ”ek - en”X

and consider each term separately. First,

llem — exlly = 2 (ex — em | ex)x + llemllx = llexllx,

2 2 2
llex —enlly =2 (ex —en | ex)x + llenlly — llexlly-

It follows from Lemma 11.3 that ||e,||x > 0 is decreasing and thus converges to some ¢ > 0.
Hence, both differences on the right-hand side converge to zero as n — oo, and it remains
to look at the inner products. Here, inserting the definition of e, telescoping the sum, and
using the iteration (11.1) yields that

m—1 m—1
em — € = Xm — X = ijﬂ —-Xj= ZF’(xj)*(y —F(Xj)).
j:k _]=k
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Inserting this into the inner product, generously adding productive zeros, and using the
tangential cone condition (11.5) then leads to

m—1

(ex = eml ey = 2= (¥ = Fxp) | /() (e = 5

Py

~

ly = FGe Iy IIF () (e = xj +x; = x7)lly

ME

<

~

< 2ully- FCeplly (ly = FCxp) = F/(x) (" = x)lly + |y = F(x)lly

- A

3

j=k
+HIF(x)) = F(x) = F'(x)) (x = xi0)lly)
m-1 m-1
< (+m) 2 lly = Feepllvlly = Faolly +2n 2 lly = F(xplly
j=k j=k

m-—1
< (1+3n) D lly - F(x)ll},
=k

where we have used the definition (11.12) of k in the last estimate. Similarly we obtain that

k-1
(e —enlex)x < (1+3n) D lly — F(x)) I3

Jj=n

Due to Theorem 11.4, both remainder terms converge to zero as n — oo. Hence {ey, },en and
therefore also {x, },en are Cauchy sequences, which implies that x, — x with F(x) = y
(due to (11.11)). O

It remains to show the convergence condition (11.1b) for noisy data.
Theorem 11.6. Let Assumption 11.2 hold. Then xy s 5y — X with F(X) =y asé — 0.

Proof. We apply Lemma 11.1, for which we have already shown condition (11.1a) in The-
orem 11.5. Since F and F’ are by assumption continuous, the right-hand side of (11.1) for
fixed n € N depends continuously on x,,. Hence for all k < n, the right-hand side of (11.1)
for x,fﬂ converges to that for xi4; as § — 0, which implies the stability condition (11.3b).
Finally, the monotonicity condition (11.3a) follows from Lemma 11.3, and hence Lemma 11.1

yields (11.1b). O

Under the usual source condition x™ —x, € R(F’(x")*) - together with additional, technical,
assumptions on the nonlinearity of F - it is possible to show the expected convergence rate
of O(V$), see [Hanke, Neubauer & Scherzer 1995, Theorem 3.2], [Kaltenbacher, Neubauer
& Scherzer 2008, Theorem 2.13].
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11.2 LEVENBERG—MARQUARDT METHOD

As in the linear case, one drawback of the Landweber iteration is that (11.10) shows that
N(8, y%) = O(67?) may be necessary to satisfy the discrepancy principle, which in practice
can be too many. Faster iterations can be built on Newton-type methods. For the origi-
nal equation F(x) = y, one step of Newton’s method consists in solving the linearized
equation

(11.13) F'(xn)hn = =(F(xa) = y)

and setting x4, := x, + h,. However, if F is completely continuous, the Fréchet derivative
F’(xy,) is compact by Theorem 9.6, and hence (11.13) is in general ill-posed as well. The idea
is now to apply Tikhonov regularization to the Newton step (11.13), i.e., to compute h, as
the solution of the minimization problem

1 a
(11.14) min —|[F'(xn)h + F(xp) —y||§+?n||h||§(

for suitable @, > 0. Using Lemma 6.3 and h, = x,41 — X, this leads to an explicit scheme
that is known as the Levenberg—Marquardt method:

(11.15) Xns1 = Xn + (F (30) ' F' (x) + 2 1d) ™ F' (%) (y = F ().

We now show similarly to the Landweber iteration that (11.15) leads to an iterative regular-
ization method even for noisy data y° € Bs(y). This requires choosing , appropriately;
we do this such that the corresponding minimizer h,, satisfies for some o € (0,1) the
equation

(11.16) IF"(x2) he, + F(x3) = ¥0lly = ollF(x3) = y°lly.

Note that this is a heuristic choice rule; we thus require additional assumptions.

Assumption 11.7. Let F : U — Y be continuously differentiable and x, € U. Assume that
there exists an r > 0 such that

(1) B2r(x0) cU;
(ii) there exists a solution x' € B,(x);

(iii) there exists a y > 1 such that

17) P GD G —x) + Fd) = lly < ZIFG) —y0lly  foralln e N.
Y

Theorem 11.8. If Assumption 11.7 holds, then there exists an a, > 0 satisfying (11.16).
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Proof. Set fy(a) = ||F"(x2)hy + F(x%) — y°|ly. Since F’(x?) is linear, the minimizer h, of
(11.14) is unique for all « > 0. As in the proof of Theorem 10.6, this implies the continuity
of f, as well as that

lim fu(@) = IFG) = 5y,

lim £,(a) = inf [IF'Gep)h + F(x) = ¥°lly < 1P () (" = x0) + F ) = 37l
By assumption, we now have that

. o .
Jim fu(@) < ZIFG) =yl < allFGe) =y lly < I1FGey) =l = lim fi (),

which together with the continuity of f;(«) implies the existence of a solution «, > 0 of
fil@) = allF(xp) = Iy =

For this choice of of a,, we can again show the Féjer monotonicity property (11.3a).

Lemma 11.9. Let Assumption 11.7 hold. If x € B,(x"), then

2(y —1)o?

) 2 1) 2 1) 5112 ) 5112
(11.18) 1 = x 1% = Nl = x N3 > l1xd,, = xN% + e IF () = ¥°lly-
n
In particular,
) T )
(11.19) 0, = xTllx < I1xS = xT[lx

and hence xSH € B,(x") € By (x0).

Proof. We proceed as for Lemma 11.3 by using the iteration (11.15) to estimate the error
difference, this time applying the parameter choice (11.16) in place of the discrepancy
principle. For the sake of legibility, we set T, := F'(x?), h, = xSH —x%,and , == y° - F(x9).
First, we rewrite (11.15) as ap,h, = T, y, — T,; T,h,, which implies that

(11.20) (xfl+1 e xT)X =a, ()7,1 — Tyhy | T (x° - xT))Y
and similarly that
(11.21) (xfl+1 —x3|x0, - xﬁ)x =, (Y — Tyhn | Tohn)y -
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Together with the productive zero y, — y,, this shows that

$

1 112 2 o 1) 1
s = 21 =l = 213 =2 (384, — 2

T 5112
xp =)+ lxdy - #1E

I+ To(x) - )
+ 20‘;1 (Yn — Tnhn | Tuhy — )7n)y - ||xs+1 - x§||;2<
= 20(;1 ()7n — Thhy | Yn — Tn(xJr - x,‘f))y

1 ~ 2 1 12
- 2a, | 9n — Tnhnlly - ||xn+1 - xn”X

= 20{;1 ()7;1 - T,h,

< 20,119 = Tohally |5 = Tn(x™ = x9) Iy

)

1y 5
- zanln)/n - Tnhn||12/ - ||xn+1 - xnll)z(-

For the terms with h,, we can directly insert the parameter choice rule (11.16). For the terms
with x, we apply the assumption (11.17) together with (11.16) to obtain that
~ 5 o, . 1 .
”yn - Tn(xJr - xn)”Y < ;”W”Y = ;”yn — Thhally.

Inserting this, rearranging, and multiplying with —1 now yields (11.18). m]

We next show that for noisy data y° € Bs(y), the discrepancy principle (11.2) yields a
finite stopping criterion N (&, y°). This requires a stronger version of the tangential cone
condition (11.5).

Assumption 11.10. Let Assumption 11.7 hold with (iii) replaced by
(iii") there exist M > 0 and ¢ > 0 such that for all x, x € B, (xy),

(11.22) IF" () llxy) < M,
(11.23) IF(x) = F(%) = F'(x) (x = ©)lly < cllx = xIx[|F(x) = F(®)lly-

Theorem 11.11. Let Assumption 11.10 hold. If N (8, y°) is chosen according to the discrepancy
principle (11.2) with 7 > o' and if ||xo — x"||x is sufficiently small, then

N (6, y(s) < C(1+ |logél) for some C > 0.

Proof. We first show that under these assumptions, the error decreases up to the stopping
index. Assume that N := N (8, y°) > 1 (otherwise there is nothing to show) and that

o . . . ot —1
11.2 Xo— X < mingr,ry, r = .
(11.24) lxo = x"llx < min{r, 7} 0T
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From (11.23) with x = x; and ¥ = x7, we then obtain by inserting y — y that

IF" (x0) (x = x0) + F(x0) = y°lly < 8+ [|F(x0) — y = F'(x0) (x50 — x") Iy
< §+cllxo — xIx|IF (x0) = ylly
< (1+cllxo = x"[Ix)8 + cllxo — xT[Ix|IF (x0) = ¥° Iy
Since x, by assumption does not satisfy the discrepancy principle, § < 77|F(xo) — ¥°|ly.

Inserting this thus yields (11.17) with y := o7(1+ c(1+ 7)|lxo — x"[|x) ™ > 1 for ||xo — xT|lx
sufficiently small. Hence Lemma 11.9 implies that

llx? = x"llx < llxo — x[lx < min{r, 7}
and therefore in particular that xf € By, (x9) € U.If now N > 1, we obtain as above that

1" (x0) (x" = x%) + F(x%) = y°lly < (1 +c||x® = xT|lx)6 + el|xd — xTlx |F(x?) = ¥°ly

< (1+cllxo = x"[1x)8 + ellxo = xT[IxIF (=) = ¥°ly-

By induction, the iteration (11.15) is thus well-defined for all n < N, and (11.18) holds.

Proceeding as for the Landweber iteration by summing the residuals now requires a uniform
bound on «,,. For this, we use that with T,, h, and y, as in the proof of Lemma 11.9,

(TnTn* + ap Id) (yn - Tnhn) =T, (T::)N/n - T:Tnhn - anhn) + anj/n = (Xn,f/n:

where we have used the iteration (11.15) in the last step. Using the assumption || T, [l (x,y) <
M and the parameter choice (11.16) then implies that

(11.25) onl| nlly = (o T, + an Id) (3n — Tohn) lly
< (Mz + an)”3~/n = Thhnlly
= (M2 + an)o—”)?n”Y-

Solving (11.25) for a, now yields that a;,, < TNQZ which together with (11.18) leads to

5 2(y-1)(1-o0)o

s
llxy = %1% = llxgy, = xT% >

1)(
VAT ||F(x2) - y5||12, foralln < N.
Since N was chosen according to discrepancy principle (11.2), we can sum this inequality
from n = 0 to N — 1 to obtain the estimate

2

Y
2(y-1)(1-o0)o

N-1
N(z8)* < DV IF(x) = I} < 1o — x|l
n=0

This implies that N is finite for all § > 0.
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11 ITERATIVE REGULARIZATION

For the logarithmic estimate, we use the parameter choice (11.16) together with the assump-
tion (11.23) to show that for arbitrary n < N,

lIF(x) = yOlly = IF (x)hn + F(x3) = ¥°ly
> ||F(x,) = Y lly = |F'(x2)hn + F(x0) = F(x, ) lly
> |IF(x,) = ¥ lly = ellhallx IF(x3,1) = F(x)lly
> (1= cllhall)IIF(x0,y) = ¥ lly = cllhnllxIF () = ylly.

We now obtain from (11.18) that
il <l = xTllx < flxo = x"|lx,
which together with the discrepancy principle yields for n = N — 2 that

0 + cllxo — xT|lx

w8 < |F(x_) = y°lly < IF(x%_,) = lly

1—cllxg —xT||x

(U+C||Xo _XT”X
1—cllxo — xT|x

N-1
) IF(x0) = y°lly-

For ||xo — x'||x sufficiently small, the term in parentheses is strictly less than 1, and taking
the logarithm shows the desired bound on N. O

If the noise level & is small, O(1 + | log §|) is a significantly smaller bound than O(57?%)
(for comparable constants, which however cannot be assumed in general), and therefore
the Levenberg—Marquardt method can be expected to terminate much earlier than the
Landweber iteration. On the other hand, each step is more involved since it requires the
solution of a linear system. Which of the two methods is faster in practice (as measured by
actual time) depends on the individual inverse problem.

We now consider (local) convergence for noisy data.

Theorem 11.12. Let Assumption 11.10 hold. If ||xo — x"||x is sufficiently small, then x, — X
with F(X) = y asn — oo.

Proof. From (11.23) for x = x; and & = x', we directly obtain that

IF (x0) = y = F(x0) (x0 = x") Iy < ellxo = x"lIx/IF(x0) = lly-

For ||xo — x"||x sufficiently small we then have that y := o(c|lxo — x'|lx) ™ > 1 and thus
that (11.17) holds. We can thus apply Lemma 11.9 to deduce that ||x; — xT||x < [|xo — xT|lx.
Hence, x; € By, (x0) and thus ||x; — x||x is sufficiently small as well. By induction, we then

108



11 ITERATIVE REGULARIZATION

obtain the well-posedness of the iteration and the monotonicity of the error for all n € N.
As in the proof of Theorem 11.11, rearranging and summing yields that

SUIE(xa) = ylI2 <
n=0

2

Y
2(/-D(-o0)o

|0 — XT”X < oo

and hence that F(x,) — y asn — oo.

The remainder of the proof proceeds analogously to that of Theorem 11.5. We set e, := x,—x"
and consider

llem — enllx < llem — exllx + llex — enllx
forany m > nand k € {n,...,m} chosen according to (11.12). The Féjer monotonicity from
Lemma 11.9 again shows that ||e,|[x — ¢ for some ¢ > 0 as n — oo, requiring us to only
look at the mixed terms. Using (11.20) and the parameter choice (11.16), we obtain that

—_

(ex —emlex)x = _(xj+1_xj|xk_xT)X

3

~.
=~

—_

3

> " (= PG) = ') g =) [P/ o =),

~.
—

< >0 a5y = F(x) = F(x) Gejaa = x) I I (o) (e = D) lly

3

~.
=~

—_

= > 00 IF(x) = ylivIlF () (i = x ) Iy

3

~.
==~

For the second term, we use (11.23) and set 1 := ¢||xg — xtllx > cllxj — x"||x forall j > 0 to
arrive at

IF () Ger = x D)l < IF(xi) = ylly + 1y = F(x)) = F/(x) (xF = x)) Iy
+[|F(x;) = F(xx) = F(x;) () — i) lly
< IF(xi) = ylly + ellx; = xTIxlIF (x;) = ylly
+cllxj — xiellx [1F (x;) = F(xo) lly
< @+5mIF(xj) = vl
where we have again used multiple productive zeros as well as (11.12).

We can now apply (11.18) to obtain that

m—

(ex —em|ex)x < 2(1 +5n)oa; |F(x;) = ylly
J:

= y(1+5n)
< ]Zk 200 =) (llejllx — llejsll%)

_ y(1+5n)

= %=1 (lexllk = llemllz) — 0
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11 ITERATIVE REGULARIZATION

as n — oo due to the convergence of ||e,||[x — ¢. We similarly deduce that

y(1+5n) 2 2
(ex —enlex)x < m (Ilenllx — llexllx) — 0
as n — oo, which again implies that {e, },en and hence that {x, },en is a Cauchy sequence.
The claim now follows since F(x,) — y. O

We now have almost everything at hand to apply Lemma 11.1 and show the convergence of
the Levenberg—Marquardt method for noisy data y' € Y.

Theorem 11.13. Let Assumption 11.10 hold. If ||xo — x" ||x is sufficiently small, then x? x

o >
N(8,y%)
with F(x) = yasd — 0.

Proof. It remains to verify the continuity condition (11.3b). Since F is assumed to be contin-
uous differentiable, F/(x")*F’(x") + a1d is continuous. By the Inverse Function Theorem
(e.g., [Renardy & Rogers 2004, Theorem 10.4]), there thus exists a sufficiently small neigh-
borhood of x* where (F/(x)*F’'(x) + aId)™! is continuous as well. For fixed n € N, the
right-hand side of (11.15) is therefore continuous in x,, which implies the condition (11.3b)
and hence the claimed convergence. m]

Under a source condition and with a suitable a priori choice of @, and N = N(J), it is
possible to show (logarithmic) convergence rate as & — 0; see [Kaltenbacher, Neubauer &
Scherzer 2008, Theorem 4.7].

11.3 ITERATIVELY REGULARIZED GAUSS—NEWTON METHOD

We finally consider the following version of the Levenberg-Marquardt method which was
proposed in [Bakushinskii 1992]: Set x,41 = x, + h, where now h, is the solution of the
minimization problem

1 a
(11.26) min —||F’ (x,)h + F(x,) — y||12, + == ||h+x, — xoll)z(.
heX 2 2

By Lemma 6.3, this is equivalent to the explicit iteration known as the iteratively regularized
GaufS—Newton method:

(11-27) Xn+1 = Xp + (F/(xn)*F,(xn) +ap Id)_l (F,(xn)*(y - F(xn)) +an (xo - xn)) .

Note that the only difference to the Levenberg—Marquardt method is the additional term
on the right-hand side. Similarly, comparing (11.26) to (11.14), the former has x, + h, — x¢ =

110



11 ITERATIVE REGULARIZATION

Xn+1 — Xo in the regularization term. The point is that this allows interpreting x4, directly
as the minimizer of the linearized Tikhonov functional

1 a
min —||F’ (x,) (x = xn) + F(xn) — yll§ + = llx — xoll3,
xeX 2 2

and hence to use the properties of linear Tikhonov regularization for the analysis. In
practice, this method also shows better stability since the explicit regularization of x4
prevents unchecked growth through the constant addition of (bounded) increments h,,.

As for the Levenberg—-Marquardt method, one can now show (under some conditions on
the nonlinearity) that this iteration is well-defined and converges for exact as well as noisy
data; see [Kaltenbacher, Neubauer & Scherzer 2008, Theorem 4.2]. Instead, we will only
show convergence rates for an a priori choice of a,, and N (J). To make use of the results for
linear Tikhonov regularization from Chapter 6, we assume that F is Fréchet differentiable
and completely continuous such that F’(x) is compact for all x by Theorem 9.6. Specifically,
we make the following assumptions.

Assumption 11.14. Let F : U — Y be continuously differentiable and completely continuous,
and let x" be an x,-minimum norm solution. Assume further that

(i) F’ is Lipschitz continuous with constant L;
(ii) there exists a w € X with x — xg = |F'(x")|"w and ||w||x < p for some v € [1,2]
and p > 0;

We first show that the regularization error satisfies a quadratic recursion.

Lemma 11.15. Let Assumption 11.14 hold. If the stopping index N(J) and a,, 1 < n < nN(6),
are chosen such that

(11.28) ag;;;/ 2<5<al™?  foralln < N(6)

and somet > 0,

2 = 7l < (Cop+ ) @ + Lp (Coat ™ + I (I ey, ) Hd = 2l
L

1/2
an/

+

||x,f - lel}z( foralln < N(6).

Proof. Using the iteration and rearranging appropriately, we split the regularization error
Xn41 — x| into three components that we then estimate separately. We set K,, := F'(x?) as
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11 ITERATIVE REGULARIZATION

well as K := F'(x") and write

o —xt =8 x4+ (KK, + ay1d) ™ (K;;( Y0 = F(x%)) + an(x0 - x;f))
= (K:Ky + oy 1d) ™! (a,,(xo Nk (y5 — F(x%) + Kp(x® — xT)))
= [an (KK + @, 1d) ™ (xp — x7)] + [(K;;K,, + o, 1d) K (P - y)]
+ [ (K:Ky + oy 1d) ' K (F(x*) — F(x%) + K (x0 — xT))
+ aty (KiKn + @, 1d) 7 (KPKy — K*K) (KK + a0, 1d) ™ (39 — xT)]
=: [e1] + [e2] + [e3q + e3p].

We first estimate the “approximation error” e;. Since K is compact, we obtain from Lemma 6.3
the representation (K*K + aId)'x = ¢, (K*K)x for ¢,(1) = (A + a) ™. Together with the
source condition, this implies for all v < vy = 2 that
ledllx = llaw (K*K + et 1d) ™ (x0 — x7) [Ix
= llawpa, (K"K (K'K) " wllx

v/2
< sup ——|lwllx = sup w,(an)llwllx
Ae(ox] A+ an Ae(0x]
< Cva;/zp

as shown in Chapter 6.

For the “data error” e,, we also use the estimates from Chapter 6 together with the a priori
choice of a, to obtain for all n < N(9) that

leallx = | (K Ky + an 1d) K2 (5° = ) IIx

< e (KKK v 0 1Y% = plly
1

<
NG

1 v/2
SSTla,V,/.

The “nonlinearity error” es, + e3, is again estimated separately. For the first term, we use
the Lipschitz condition and Lemma 9.5 to bound

3k _1 3k
lesallx = Il (KK + @ 1d) ™ K (FGrt) = Fxd) + Ko (3 = x1) I

< 0w, (KKK L (v IF(xT) = F(xS) = F'(x2) (x" = x9) Iy
1 L

S —_
Van 2

For the second term, we use the identity

é 2
Iy = x" 1%

KK, - K*K = K} (K, - K) + (K = K"K
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11 ITERATIVE REGULARIZATION

as well as the Lipschitz continuity of F’(x) and the source condition to estimate similarly
as above

lespllx = llan (KK + an 1d) " (K3 Ky = K*K) (KK + @ 1d) ™" (0 — x7) I
< a, (K Kn) Kl (v K = Kall .y ll@n@oa, (K*K) (K*K) 2wl

OnQPa, LKy Bp) [IL(X X) [|[8n — BLX,Y) 1 Pa, L(X,Y)
+l (K Kl 1K — K| 1K e, (K*K) (K*K)"2|
K K) D 2w

IA

1 . a
Lllx" - xillx Coan?p + sup —

Von Ae(0x] On A

-1)/2 -
< Lp (ot 4 K oy ) 1] = .

Ll = x| IKIY .y, p

where we have used | K*[|_ (v, x) = [IK|lL(x,y) and - applying Lemma 3.13 (iii) - the inequality

* * % * % A
K pa (K*K) (K*K)?|lLxy) = I(K*K) 20, (K*K) (K*K) 2|l (xx) < sup <1
mmﬂﬂ+a

Combining the separate estimates yields the claim. m]

If the initial error is small enough, we obtain from this the desired error estimate.

Theorem 11.16. Let Assumption 11.14 hold for p > 0 sufficiently small and T > 0 sufficiently
large. Assume further that oy < 1 and

1<

<q for some g > 1.
An+1

Then we have for exact data (i.e., § = 0) that

v/2

(11.29) lxa — x"|lx < 1, foralln e N
and for noisy data that
(11.30) ||x§](5) ~x'lx < Cy 874 asd — 0.

Proof. Lemma 11.15 shows that &, := a,, v/ 2||xg — xT||x satisfies the quadratic recursion

£l < a+ bé, + &

with

v - v ’ y— v L
a=q"(Cp+r)  b=q"Lp(CHIFEDIG,).  c=a5p

113



11 ITERATIVE REGULARIZATION

where we have used that v > 1 and hence that «, V2 < a, "2 and a,t/ 2 < 0{5/ ‘<1 Clearly

we can make a, b and c arbitrarily small by choosing p sufficiently small and 7 sufficiently
large. Let now ty, t; be the solutions of the fixed-point equation a + bt + ct? =t ie.,

2a _1-b++/(1-b)? —4dac

= ) Iz

1-b++(1-b)? - 4ac 2¢
For ¢ sufficiently small, ¢, can be made arbitrarily large; in particular, we can assume that
t, > &. Furthermore, the source condition yields ||xo — x"||x < [|F'(x")]| )P and hence

h

v
L(X,Y
we can guarantee that x € B,(x") ¢ U for some r > 0 by choosing p sufficiently small.

We now show by induction that
(11.31) &n < max{t, &} =: C¢ for all n < N(9).

For n = 0, this claim follows straight from the definition; we thus assume that (11.31) holds
for some fixed n < N(6). Then we have in particular that &, < &, and the definition of &,
together with the assumptions that @, < @y <1and v > 1imply that

o Pllxo - xTllx < r

%8 = xTllx < @

and hence that xﬁ € B,(x") c U. This shows that the iteration (11.27) is well-defined and
that we can apply Lemma 11.15. We now distinguish two cases in (11.31):

(i) &, < t1: Then we have by a, b, ¢ > 0 and the definition of #; that
b1 S a+béy+cE: <a+bh+btl =t
(if) f; < &, < &: Since we have assumed that t, > &, it follows that &, € (#, t;], and
a+ (b—1t+ct? <0fort € [t,t;] due to ¢ > 0 implies that

b S a+bé+c2 <& <&,

In both cases, we have obtained (11.31) for n + 1.
For § = 0 we have N(0) = oo, and (11.31) implies that
3, — xT|lx < aZ/ZCér foralln € N,

yielding (11.29) with ¢; := C¢. For § > 0, (11.31) for n = N(6) together with the parameter
choice (11.28) implies that

llxns) — xTx < ajvv/(z&cg < (75)#@,

yielding (11.30) with ¢ := C,grﬁ. ]
In a similar way (albeit with a bit more effort), it is also possible to derive convergence rates

(up to the saturation vy —1 = 1) if the stopping index is chosen according to the discrepancy
principle, see [Kaltenbacher, Neubauer & Scherzer 2008, Theorem 4.13].
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