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PREFACE

Inverse problems occur wherever a quantity cannot be directly measured but only inferred

through comparing observations to the output of mathematical models. Examples of such

problems are ubiquitous in biomedical imaging, non-destructive testing, and calibration of

�nancial models. The name inverse problem is due to the fact that it contains as a direct
problem the evaluation of the model given an estimate of the sought-for quantity. However,

it is more relevant from a mathematical point of view that such problems are ill-posed and

cannot be treated by standard methods for solving (non)linear equations.
1

The mathematical theory of inverse problems is therefore a part of functional analysis: in the

same way that the latter is concerned with the question when an equation � (G) = H between

in�nite-dimensional vector spaces admits a unique solution G that depends continuously

on H , the former is concerned with conditions under which this is not the case and with

methods to at least obtain a reasonable approximation to G . In �nite dimensions, this

essentially corresponds to the step from regular to inconsistent, under- or overdetermined,

or ill-conditioned systems of linear equations.

Although inverse problems are increasingly studied in Banach spaces, we will restrict our-

selves in these notes to Hilbert spaces as here the theory is essentially complete and allows

for full characterizations in many cases. We will also not consider statistical (frequentist or

Bayesian) inverse problems, which have also become prominent in recent years. For the

former, we refer to [Scherzer et al. 2009; Ito & Jin 2014; Schuster et al. 2012]; the latter is

still missing a broad and elementary exposition aimed at a mathematical audience.

These notes are based on graduate lectures given from 2014–2019 at the University of

Duisburg-Essen. As such, no claim is made of originality (beyond possibly the selection

and arrangement of the material). Rather, like a magpie, I have tried to collect the shiniest

results and proofs I could �nd. Here I mainly followed the seminal work [Engl, Hanke &

Neubauer 1996] (with simpli�cations by considering only compact instead of bounded linear

operators in Hilbert spaces), with additional material from [Hohage 2002; Kindermann 2011;

Andreev et al. 2015; Kirsch 2011; Ito & Jin 2014; Kaltenbacher, Neubauer & Scherzer 2008].

Further literature consulted during the writing of these notes was [Louis 1989; Hofmann

1999; Rieder 2003; von Harrach 2014; Burger 2007].

1
Otherwise there would not be need of a dedicated lecture. In fact, a more �tting title would have been

Ill-posed Problems, but the term inverse problem has become widely accepted, especially in applications.
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Part I

BASIC FUNCTIONAL ANALYSIS

2



1 LINEAR OPERATORS IN NORMED SPACES

In this and the following chapter, we collect the basic concepts and results (and, more

importantly, �x notations) from linear functional analysis that will be used throughout

these notes. For details and proofs, the reader is referred to the standard literature, e.g.,

[Alt 2016; Brezis 2010].

1.1 normed vector spaces

In the following, - will denote a vector space over the �eld K, where we restrict ourselves

to the case K = ℝ. A mapping ‖ · ‖ : - → ℝ+ := [0,∞) is called a norm (on - ) if for all

G ∈ - there holds

(i) ‖_G ‖ = |_ |‖G ‖ for all _ ∈ K,

(ii) ‖G + H ‖ ≤ ‖G ‖ + ‖H ‖ for all H ∈ - ,

(iii) ‖G ‖ = 0 if and only if G = 0 ∈ - .

Example 1.1. (i) Norms on - = ℝ#
are de�ned by

‖G ‖? =
(
#∑
8=1

|G8 |?
)

1/?

, 1 ≤ ? < ∞,

‖G ‖∞ = max

8=1,...,#
|G8 |.

(ii) Norms on- = ℓ? (the space of real-valued sequences for which the corresponding

terms are �nite) are de�ned by

‖G ‖? =
( ∞∑
8=1

|G8 |?
)

1/?
, 1 ≤ ? < ∞,

‖G ‖∞ = sup

8=1,...,∞
|G8 |.
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1 linear operators in normed spaces

(iii) Norms on - = !? (Ω) (the space of real-valued measurable functions on the

domain Ω ⊂ ℝ3
for which the corresponding terms are �nite) are de�ned by

‖D‖? =
(∫

Ω
|D (G) |?

)
1/?
, 1 ≤ ? < ∞,

‖D‖∞ = ess sup

G∈Ω
|D (G) |.

(iv) A norm on - = � (Ω) (the space of continuous functions on Ω) is de�ned by

‖D‖� = sup

G∈Ω
|D (G) |.

Similarly, a norm on the space �: (Ω) of : times continuously di�erentiable

functions is de�ned by ‖D‖�: =
∑:
9=0
‖D ( 9) ‖� .

If ‖ · ‖ is a norm on - , the pair (-, ‖ · ‖) is called a normed vector space, and one frequently

denotes this by writing ‖ · ‖- . If the norm is canonical (as in Example 1.1 (ii)–(iv)), it is often

omitted, and one speaks simply of “the normed vector space - ”.

Two norms ‖ · ‖1, ‖ · ‖2 are called equivalent if there exist constants 21, 22 > 0 such that

21‖G ‖2 ≤ ‖G ‖1 ≤ 22‖G ‖2 for all G ∈ - .

If- is �nite-dimensional, all norms on- are equivalent. However, in this case the constants

21, 22 may depend on the dimension of - ; in particular, it may be the case that 21(# ) → 0

or 22(# ) → ∞ for dim- = # → ∞, making the corresponding inequality useless for

growing dimensions. Avoiding such dimension-dependent constants is therefore one of

the main reasons for studying inverse problems in in�nite-dimensional spaces.

If (-, ‖·‖- ) and (., ‖·‖. ) are normed vector spaces with- ⊂ . , then- is called continuously
embedded in . , denoted by - ↩→ . , if there exists a � > 0 such that

‖G ‖. ≤ � ‖G ‖- for all G ∈ - .

A norm directly induces a notion of convergence, the so-called strong convergence: A

sequence {G=}=∈ℕ ⊂ - converges (strongly in - ) to a G ∈ - , denoted by G= → G , if

lim

=→∞
‖G= − G ‖- = 0.

A set* ⊂ - is called

• closed if for every convergent sequence {G=}=∈ℕ ⊂ * the limit G ∈ - lies in * as

well;
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1 linear operators in normed spaces

• compact if every sequence {G=}=∈ℕ ⊂ * contains a convergent subsequence {G=: }:∈ℕ
with limit G ∈ * ;

• dense in - if for all G ∈ - there exists a sequence {G=}=∈ℕ ⊂ * with G= → G .

The union of* with the set of all limits of convergent sequences in* is called the closure
* of* ; obviously,* is dense in* .

A normed vector space - is called complete, if every Cauchy sequence in - converges; in

this case, - is called a Banach space. All spaces in Example 1.1 are Banach spaces. If - is an

incomplete normed space, we denote by - the completion of - (with respect to the norm

‖ · ‖- ).

Finally, we de�ne for later use for given G ∈ - and A > 0

• the open ball *A (G) := {I ∈ - | ‖G − I‖- < A } and

• the closed ball �A (G) := {I ∈ - | ‖G − I‖- ≤ A }.

The closed ball around G = 0 with radius A = 1 is also referred to as the unit ball �- . A set

* ⊂ - is called

• open if for all G ∈ * there exists an A > 0 such that *A (G) ⊂ * (i.e., all G ∈ * are

interior points of* );

• bounded if it is contained in a closed ball �A (0) for an A > 0;

• convex if for all G, H ∈ * and _ ∈ [0, 1] also _G + (1 − _)H ∈ * .

In normed spaces, the complement of an open set is also closed and vice versa (i.e., the

closed sets in the sense of topology are exactly the (sequentially) closed sets in the sense of

the above de�nition). The de�nition of a norm directly implies that open and closed balls

are convex. On the other hand, the unit ball is compact if and only if - is �nite-dimensional;

this will be of fundamental importance throughout these notes.

1.2 bounded operators

We now consider mappings between normed vector spaces. In the following, let (-, ‖ · ‖- )
and (., ‖ · ‖. ) be normed vector spaces,* ⊂ - , and � : * → . be a mapping. We denote

by

• D(� ) := * the domain of � ;

• N(� ) := {G ∈ * | � (G) = 0} the “kernel” or “null space” of � ;

• R(� ) := {� (G) ∈ . | G ∈ * } the “range” of � .

We call � : * → .

5



1 linear operators in normed spaces

• continuous in G ∈ * if for all Y > 0 there exists a X > 0 with

‖� (G) − � (I)‖. ≤ Y for all I ∈ * with ‖G − I‖- ≤ X ;

• Lipschitz continuous if there exists a Lipschitz constant ! > 0 with

‖� (G1) − � (G2)‖. ≤ !‖G1 − G2‖- for all G1, G2 ∈ * .

A mapping � : - → . is thus continuous if and only if G= → G implies � (G=) → � (G); it is

closed if both G= → G and � (G=) → H imply � (G) = H .

If � : - → . is linear (i.e., � (_1G1 + _2G2) = _1� (G1) + _2� (G2) for all _1, _2 ∈ ℝ and

G1, G2 ∈ - ), continuity of � is equivalent to the existence of a � > 0 such that

‖� (G)‖. ≤ � ‖G ‖- for all G ∈ - .

For this reason, continuous linear mappings are called bounded; one also speaks of a

bounded linear operator. (In the following, we generically denote these by ) and omit

the parentheses around the argument to indicate this.) If . is complete, the vector space

L(-,. ) of bounded linear operators becomes a Banach space when endowed with the

operator norm

‖) ‖L(-,. ) = sup

G∈-\{0}

‖)G ‖.
‖G ‖-

= sup

‖G ‖-≤1

‖)G ‖. = sup

‖G ‖-=1

‖)G ‖. ,

which is equal to the minimal constant � in the de�nition of continuity. This immediately

implies that

‖)G ‖. ≤ ‖) ‖L(-,. ) ‖G ‖- for all G ∈ - .

As in linear algebra, we call )

• injective if N() ) = {0};

• surjective if R() ) = . ;

• bijective if ) is injective and surjective.

If ) ∈ L(-,. ) is bijective, the inverse ) −1
: . → - , )G ↦→ G , is continuous if and only if

there exists a 2 > 0 with

(1.1) 2 ‖G ‖- ≤ ‖)G ‖. for all G ∈ - ;

in this case, ‖) −1‖L(.,- ) = 2−1
holds for the maximal 2 satisfying (1.1). The question of when

this is the case is answered by the following three main theorems of functional analysis

(that all are more or less direct consequences of the Open Mapping Theorem).
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1 linear operators in normed spaces

Theorem 1.2 (continuous inverse). If -,. are Banach spaces and ) ∈ L(-,. ) is bijective,
then ) −1

: . → - is continuous.

Of particular relevance for inverse problems is the situation that ) is injective but not

surjective; in this case, one would like to at least have a continuous inverse on the range

of ) . However, this does not hold in general, which is one of the fundamental issues in

in�nite-dimensional inverse problems.

Theorem 1.3 (closed range). If -,. are Banach spaces and ) ∈ L(-,. ) is injective, then
) −1

: R() ) → - is continuous if and only if R() ) is closed.

The following theorem completes the trio.

Theorem 1.4 (closed graph). Let -,. be Banach spaces. Then) : - → . is continuous if and
only if ) is closed.

We now consider sequences of linear operators. Here we distinguish two notions of con-

vergence: A sequence {)=}=∈ℕ ⊂ L(-,. ) converges to ) ∈ L(-,. )

(i) pointwise if )=G → )G (strongly in . ) for all G ∈ - ;

(ii) uniformly if )= → ) (strongly in L(-,. )).

Obviously, uniform convergence implies pointwise convergence; weaker conditions are

provided by another main theorem of functional analysis.

Theorem 1.5 (Banach–Steinhaus). Let - be a Banach space, . be a normed vector space, and
{)8}8∈� ⊂ L(-,. ) be a family of pointwise bounded operators, i.e., for all G ∈ - there exists
an"G > 0 with sup8∈� ‖)8G ‖. ≤ "G . Then

sup

8∈�
‖)8 ‖L(-,. ) < ∞.

Corollary 1.6. Let -,. be Banach spaces and {)=}=∈ℕ ⊂ L(-,. ). Then the following state-
ments are equivalent:

(i) {)=}=∈ℕ converges uniformly on compact subsets of - ;

(ii) {)=}=∈ℕ converges pointwise on - ;

(iii) {)=}=∈ℕ converges pointwise on a dense subset* ⊂ - and

sup

=∈ℕ
‖)=‖L(-,. ) < ∞.

Corollary 1.7. Let -,. be Banach spaces and {)=}=∈ℕ ⊂ L(-,. ). If)= converges pointwise to
a ) : - → . , then ) is bounded.
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2 COMPACT OPERATORS IN HILBERT SPACES

As mentioned in the preface, the theory of linear inverse problems can be stated most fully

in Hilbert spaces. There, the analogy to ill-conditioned linear systems of equations is also

particularly evident.

2.1 inner products and weak convergence

Hilbert spaces are characterized by an additional structure: a mapping (· | ·) : - × - → ℝ

on a normed vector space - over the �eld ℝ is called inner product if

(i) (UG + VH | I) = U (G | I) + V (H | I) for all G, H, I ∈ - and U, V ∈ ℝ;

(ii) (G | H) = (H | G) for all G, H ∈ - ;

(iii) (G | G) ≥ 0 for all G ∈ - with (G | G) = 0 if and only if G = 0.

An inner product induces a norm

‖G ‖- :=
√
(G | G)-

which satis�es the Cauchy–Schwarz inequality

| (G | H)- | ≤ ‖G ‖- ‖H ‖- .

(If one argument is �xed, the inner product is hence continuous in the other with respect

to the induced norm.) If - is complete with respect to the induced norm (i.e., (-, ‖ · ‖- ) is a

Banach space), then - is called a Hilbert space; if the inner product and hence the induced

norm is canonical, it is frequently omitted.

Example 2.1. Example 1.1 (i–iii) for ? = 2 are Hilbert spaces, where the inner product is

de�ned by

(i) for - = ℝ#
: (G | H)- =

#∑
8=1

G8H8 ,

(ii) for - = ℓ2
: (G | H)- =

∞∑
8=1

G8H8 ,
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2 compact operators in hilbert spaces

(iii) for - = !2(Ω): (D | E)- =

∫
Ω
D (G)E (G) 3G .

In all cases, the inner product induces the canonical norm.

The inner product induces an additional notion of convergence: the weak convergence. A

sequence {G=}=∈ℕ ⊂ - converges weakly (in - ) to G ∈ - , denoted by G= ⇀ G , if

(G= | I)- → (G | I)- for all I ∈ - .

This notion generalizes the componentwise convergence in ℝ#
(choose I = 48 , the 8th

unit vector); hence weak and strong convergence coincide in �nite dimensions. In in�nite-

dimensional spaces, strong convergence implies weak convergence but not vice versa.

However, if a sequence {G=}=∈ℕ converges weakly to G ∈ - and additionally ‖G=‖- → ‖G ‖- ,

then G= converges even strongly to G . Furthermore, the norm is weakly lower semicontinuous:
If G= ⇀ G , then

(2.1) ‖G ‖- ≤ lim inf

=→∞
‖G=‖- .

This notion of convergence is useful in particular because the Bolzano–Weierstraß The-

orem holds for it (in contrast to the strong convergence) even in in�nite dimensions:

Every bounded sequence in a Hilbert space contains a weakly convergent subsequence.

Conversely, every weakly convergent sequence is bounded.

We now consider linear operators) ∈ L(-,. ) between Hilbert spaces- and. . Of particular

importance is the special case . = ℝ, i.e., the space L(-,ℝ) of bounded linear functionals
on - . These can be identi�ed with elements of - .

Theorem 2.2 (Fréchet–Riesz). Let - be a Hilbert space and _ ∈ L(-,ℝ). Then there exist a
unique I_ ∈ - with ‖_‖L(-,ℝ) = ‖I_‖- and

_(G) = (I_ | G)- for all G ∈ - .

This theorem allows to de�ne for any linear operator ) ∈ L(-,. ) an adjoint operator
) ∗ ∈ L(.,- ) via

() ∗H | G)- = ()G | H). for all G ∈ -, H ∈ .,

which satis�es

(i) () ∗)∗ = ) ;

(ii) ‖) ∗‖L(.,- ) = ‖) ‖L(-,. ) ;

(iii) ‖) ∗) ‖L(-,- ) = ‖) ‖2L(-,. ) .

If ) ∗ = ) , then ) is called selfadjoint.
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2 compact operators in hilbert spaces

2.2 orthogonality and orthonormal systems

An inner product induces the notion of orthogonality: If - is a Hilbert space, then G, H ∈ -
are called orthogonal if (G | H)- = 0. For a set* ⊂ - ,

* ⊥ := {G ∈ - | (G |D)- = 0 for all D ∈ * }

is called the orthogonal complement of* in - ; the de�nition immediately implies that * ⊥

is a closed subspace. In particular, -⊥ = {0}. Furthermore, * ⊂ (* ⊥)⊥. If * is a closed

subspace, it even holds that * = (* ⊥)⊥ (and hence {0}⊥ = - ). In this case, we have the

orthogonal decomposition
- = * ⊕ * ⊥,

i.e., every element G ∈ - can be represented uniquely as

G = D + D⊥ with D ∈ * , D⊥ ∈ * ⊥.

The mapping G ↦→ D de�nes a linear operator %* ∈ L(-,- ), called the orthogonal projection
on* , which has the following properties:

(i) %* is selfadjoint;

(ii) ‖%* ‖L(-,* ) = 1;

(iii) Id−%* = %*⊥ ;

(iv) ‖G − %*G ‖- = minD∈* ‖G − D‖- ;

(v) I = %*G if and only if I ∈ * and I − G ∈ * ⊥.

If * is not a closed subset, only (* ⊥)⊥ = * ⊃ * holds. Hence, for any ) ∈ L(-,. ) we

have

(i) R() )⊥ = N() ∗) and hence N() ∗)⊥ = R() );

(ii) R() ∗)⊥ = N() ) and hence N() )⊥ = R() ∗).

In particular, the null space of a bounded linear operator is always closed; furthermore, )

is injective if and only if R() ∗) is dense in - .

A set* ⊂ - whose elements are pairwise orthogonal is called an orthogonal system. If in

addition

(G | H)- =

{
1 if G = H,

0 else,

10



2 compact operators in hilbert spaces

for all G, H ∈ * , then * is called an orthonormal system; an orthonormal system is called

complete, if there is no orthonormal system+ ⊂ - with* ( + . Every orthonormal system

* ⊂ - satis�es the Bessel inequality

(2.2)

∑
D∈*
| (G |D)- |2 ≤ ‖G ‖2- for all G ∈ -,

where at most countably many terms are not equal to zero. If equality holds in (2.2), then

* is called an orthonormal basis; in this case,* is complete and

(2.3) G =
∑
D∈*
(G |D)- D for all G ∈ - .

Every Hilbert space contains an orthonormal basis. If one of them is at most countable,

the Hilbert space is called separable. The Bessel inequality then implies that the sequence

{D=}=∈ℕ = * converges weakly to 0 (but not strongly due to ‖D=‖- = 1!)

Example 2.3. For - = !2((0, 1)), an orthonormal basis is given by {D=}=∈ℤ for

D= (G) =


√

2 sin(2c = G) = > 0,√
2 cos(2c = G) = < 0,

1 = = 0.

Finally, every closed subspace* ⊂ - contains an orthonormal basis {D=}=∈ℕ for which the

orthogonal projection on* can be written as

%*G =
∞∑
9=1

(
G
��D 9 )- D 9 .

2.3 the spectral theorem for compact operators

Just as Hilbert spaces can be considered as generalizations of �nite-dimensional vector

spaces, compact operators furnish an analog to matrices. Here a linear operator) : - → . is

called compact if the image of every bounded sequence {G=}=∈ℕ ⊂ - contains a convergent

subsequence {)G=: }:∈ℕ ⊂ . . A linear operator ) is compact if and only if ) maps weakly

convergent sequences in - to strongly convergent sequences in . . (This property is also

called complete continuity.) We will generically denote compact operators by  .

Obviously, every linear operator with �nite-dimensional range is compact. In particular, the

identity Id : - → - – like the unit ball �- – is compact if and only if - is �nite-dimensional.

Furthermore, the spaceK(-,. ) of linear compact operators from- to. is a closed subspace

of L(-,. ) (and hence a Banach space when endowed with the operator norm). This implies

11



2 compact operators in hilbert spaces

that the limit of any sequence of linear operators with �nite-dimensional range is compact.

If) ∈ L(-,. ) and ( ∈ L(., / ) and at least one of the two is compact, then ( ◦) is compact

as well. Furthermore, ) ∗ is compact if and only if ) is compact (which is known as the

Schauder Theorem).

Example 2.4. Canonical examples of compact operators are integral operators. We

consider for - = . = !2(Ω) with Ω = (0, 1) and for a given kernel : ∈ !2(Ω × Ω) the

operator  : !2(Ω) → !2(Ω) de�ned pointwise via

[ G] (C) =
∫

1

0

: (B, C)G (B) 3B for almost every C ∈ Ω

(where G ∈ !2(Ω) by Fubini’s Theorem). The Cauchy–Schwarz inequality and Fubini’s

Theorem immediately yield

‖ ‖L(-,- ) ≤ ‖: ‖!2 (Ω2),

which also imply that  is a bounded operator from !2(Ω) to !2(Ω).

Since : ∈ !2(Ω2) is in particular measurable, there is a sequence {:=}=∈ℕ of simple

functions (i.e., attaining only �nitely many di�erent values) with := → : in !2(Ω2).
These can be written as

:= (B, C) =
=∑

8, 9=1

U8 91�8 (B)1� 9 (C),

where 1� is the characteristic function of the measurable interval � ⊂ Ω and �8 are a

�nite disjoint decomposition of Ω. The corresponding integral operators  = with kernel

:= by linearity of the integral therefore satisfy

‖ = −  ‖L(-,- ) ≤ ‖:= − : ‖!2 (Ω2) → 0,

i.e.,  = →  . Furthermore,

[ =G] (C) =
∫

1

0

:= (B, C)G (B) 3B =
=∑
9=1

(
=∑
8=1

U8 9

∫
�8

G (B) 3B
)
1� 9 (C)

and hence  =G is a linear combination of the {1� 9 }1≤ 9≤= . This implies that  is the

limit of the sequence { =}=∈ℕ of operators with �nite-dimensional range and therefore

compact.

12



2 compact operators in hilbert spaces

For the adjoint operator  ∗ ∈ L(-,- ), one can use the de�nition of the inner product

on !2(Ω) together with Fubini’s Theorem to show that

[ ∗H] (B) =
∫

1

0

: (B, C)H (C) 3C for almost every B ∈ Ω.

Hence an integral operator is selfadjoint if and only if the kernel is symmetric, i.e.,

: (B, C) = : (C, B) for almost every B, C ∈ Ω.

For example, solution operators to (partial) di�erential equations or convolution opera-

tors – and thus a large class of practically relevant operators – can be represented as

integral operators and thus shown to be compact.

The central analogy between compact operators and matrices consists in the fact that

compact linear operators have at most countably many eigenvalues (which is not necessarily

the case for bounded linear operators). Correspondingly, we have the following variant for

the Schur factorization, which will be the crucial tool allowing the thorough investigation

of linear inverse problems in Hilbert spaces.

Theorem 2.5 (spectral theorem). Let - be a Hilbert space and  ∈ K(-,- ) be selfadjoint.
Then there exists a (possibly �nite) orthonormal system {D=}=∈ℕ ⊂ - and a (in this case also
�nite) null sequence {_=}=∈ℕ ⊂ ℝ \ {0} with

 G =
∑
=∈ℕ

_= (G |D=)- D= for all G ∈ - .

Furthermore, {D=}=∈ℕ forms an orthonormal basis of R( ).

Setting G = D= immediately implies that D= is an eigenvector for the eigenvalue _= , i.e.,

 D= = _=D= . By convention, the eigenvalues are sorted by decreasing magnitude, i.e.,

|_1 | ≥ |_2 | ≥ · · · > 0.

With this ordering, the eigenvalues can also be characterized by the Courant–Fischer min–
max principle

(2.4) _= = min

+⊂-
max

G∈+

{
( G | G)-

�� ‖G ‖- = 1, dim+⊥ = = − 1

}
= max

+⊂-
min

G∈+

{
( G | G)-

�� ‖G ‖- = 1, dim+ = =
}
.

In particular, ‖ ‖!(-,- ) = |_1 |.
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3 ILL-POSED OPERATOR EQUATIONS

We now start our study of operator equations that cannot be solved by standard methods.

We �rst consider a linear operator) between two normed vector spaces- and. . Following

Jacques Hadamard, we call the equation )G = H well-posed, if for all H ∈ .

(i) there exists an G ∈ - with )G = H ;

(ii) this solution is unique, i.e., I ≠ G implies )I ≠ H ;

(iii) this solution depends continuously on H , i.e., for all {G=}=∈ℕ with )G= → H we also

have G= → G .

If one of these conditions is violated, the equation is called ill-posed.

In practice, a violation of the �rst two conditions often occurs due to insu�cient knowl-

edge of reality and can be handled by extending the mathematical model giving rise to

the equation. It can also be handled by extending the concept of a solution such that a

generalized solution exists for arbitrary H ∈ . ; if this is not unique, one can use additional

information on the sought-for G to select a speci�c solution. For �nite-dimensional Hilbert

spaces, this leads to the well-known least squares method; since then all linear operators are

continuous, the problem is then solved in principle (even if the details and in particular the

e�cient numerical implementation may still take signi�cant e�ort). However, in in�nite

dimensions this is not the case, as the following example illustrates.

Example 3.1. We want to compute for given H ∈ . := �1( [0, 1]) the derivative G := H′ ∈
� ( [0, 1]), where we assume that the function H to be di�erentiated is only given by

measurements subject to additive noise, i.e., we only have at our disposal

H̃ = H + [.

In general, we cannot assume that the measurement error [ is continuously di�eren-

tiable; but for the sake of simplicity, we assume that it is at least continuous. In this

case, H̃ ∈ � ( [0, 1]) as well, and we have to consider the mapping G = H′ ↦→ H as a

(linear) operator ) : � ( [0, 1]) → � ( [0, 1]). Obviously, condition (i) is then violated.

But the problem is not well-posed even if the error is continuously di�erentiable by

15
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3 ill-posed operator equations

coincidence: Consider a sequence {X=}=∈ℕ with X= → 0, choose : ∈ ℕ arbitrary, and set

[= (C) := X= sin

(
:C
X=

)
as well as H̃= := H + [= . Then, [= ∈ �1( [0, 1]) and

‖H̃= − H ‖� = ‖[=‖� = X= → 0,

but

G̃= (C) := H̃′= (C) = H′(C) + : cos

(
:C
X=

)
,

i.e., G := H′ satis�es

‖G − G̃=‖� = ‖[′=‖� = : for all = ∈ ℕ.

Hence the error in the derivative G can (depending on :) be arbitrarily large, even if

the error in H is arbitrarily small.

(In contrast, the problem is of course well-posed for ) : � ( [0, 1]) → �1( [0, 1]), since

then ‖[=‖�1 → 0 implies by de�nition that ‖Ḡ − G=‖� ≤ ‖[=‖�1 → 0. The occurring

norms thus decide the well-posedness of the problem; these are however usually given

by the problem setting. In our example, taking �1( [0, 1]) as image space implies that

besides H also H′ is measured – and that is precisely the quantity we are interested in,

so that we are no longer considering an inverse problem.)

Note that the three conditions for well-posedness are not completely independent. For

example, if ) ∈ L(-,. ) satis�es the �rst two conditions, and - and . are Banach spaces,

then ) is bijective and thus has by Theorem 1.2 a continuous inverse, satisfying also the

third condition.

3.1 generalized inverses

We now try to handle the �rst two conditions for linear operators between Hilbert spaces

by generalizing the concept of solution in analogy to the least squares method in ℝ#
.

Let - and . be Hilbert spaces (which we always assume from now on) and consider for

) ∈ L(-,. ) the equation)G = H . If H ∉ R() ), this equation has no solution. In this case it

is reasonable to look for an G ∈ - that minimizes the distance ‖)G − H ‖. . On the other

hand, if N() ) ≠ {0}, then there exist in�nitely many solutions; in this case, we chose the

one with minimal norm. This leads to the following de�nition.

16



3 ill-posed operator equations

Definition 3.2. An element G† ∈ - is called

(i) least squares solution of )G = H if

‖)G† − H ‖. = min

I∈-
‖)I − H ‖. ;

(ii) minimum norm solution of )G = H if

‖G†‖- = min {‖I‖- | I is least squares solution of )G = H} .

If ) is bijective, G = ) −1H is obviously the only least squares and hence minimum norm

solution. A least squares solution need not exist, however, if R() ) is not closed (since in this

case, the minimum in the de�nition need not be attained). To answer the question for which

H ∈ . a minimum norm solution exists, we introduce an operator – called generalized
inverse or pseudoinverse – mapping H to the corresponding minimum norm solution. We

do this by �rst restriction the domain and range of ) such that the operator is invertible

and then extending the inverse of the restricted operator to its maximal domain.

Theorem 3.3. Let ) ∈ L(-,. ) and set

˜) := ) |N() )⊥ : N() )⊥ → R() ) .

Then there exists a unique linear extension ) †, called Moore–Penrose inverse, of ˜) −1 with

D() †) = R() ) ⊕ R() )⊥,(3.1)

N() †) = R() )⊥.(3.2)

Proof. Due to the restriction toN() )⊥ and R() ), the operator
˜) is injective and surjective,

and hence there exists a (linear) inverse
˜) −1

. Thus) † is well-de�ned and linear on R() ). For

any H ∈ D() †), we obtain by orthogonal decomposition unique H1 ∈ R() ) and H2 ∈ R() )⊥
with H = H1 + H2. Since N() †) = R() )⊥,

(3.3) ) †H := ) †H1 +) †H2 = )
†H1 = ˜) −1H1

de�nes a unique linear extension. Hence) † is well-de�ned on its whole domainD() †). �

If ) is bijective, we obviously have ) † = ) −1
. However, it is important to note that ) † need

not be a continuous extension.

In the following, we will need the following properties of the Moore–Penrose inverse.

Lemma 3.4. The Moore–Penrose inverse ) † satis�es R() †) = N() )⊥ as well as the Moore–

Penrose equations

17



3 ill-posed operator equations

(i) )) †) = ) ,

(ii) ) †)) † = ) †,

(iii) ) †) = Id−%N ,

(iv) )) † = (%R) |D() †) ,

where %N and %R denote the orthogonal projections on N() ) and R() ), respectively.

Proof. We �rst show that R() †) = N() )⊥. By the de�nition of ) † and (3.3), we have for

all H ∈ D() †) that

(3.4) ) †H = ˜) −1%RH = ) †%RH

since H ∈ D() †) = R() ) ⊕ R() )⊥ implies that %RH ∈ R() ) (and not only in R() ) – this

fundamental property will be used repeatedly in the following). Hence ) †H ∈ R( ˜) −1) =
N() )⊥, i.e., R() †) ⊂ N () )⊥. Conversely, ) †)G = ˜) −1 ˜)G = G for all G ∈ N () )⊥, i.e.,

G ∈ R() †). This shows that R() †) = N() )⊥ as claimed.

Ad (iv): For H ∈ D() †), we have from (3.4) and R() †) = N() )⊥ that

)) †H = ) ˜) −1%RH = ˜) ˜) −1%RH = %RH

since
˜) −1%RH ∈ N () )

⊥
and ) = ˜) auf N() )⊥.

Ad (iii): The de�nition of ) † implies that ) †)G = )̃ −1)G for all G ∈ - and hence that

) †)G = )̃ −1) (%NG + (Id−%N )G) = )̃ −1)%NG + )̃ −1)̃ (Id−%N )G = (Id−%N )G .

Ad (ii): Using (iv) and (3.4) yields for H ∈ D() †) that

) †)) †H = ) †%RH = ) †H.

Ad (i): Directly from (iii) follows that

)) †)G = ) (Id−%N )G = )G −)%NG = )G for all G ∈ - . �

(In fact, the Moore–Penrose equations are an equivalent characterization of ) †.)

We can now show that the Moore-Penrose inverse indeed yields the minimum norm

solution; in passing, we also characterize the least squares solutions.

Theorem 3.5. For any H ∈ D() †), the equation )G = H admits

18



3 ill-posed operator equations

(i) least squares solutions, which are exactly the solutions of

(3.5) )G = %RH ;

(ii) a unique minimum norm solution G† ∈ - , which is given by

G† = ) †H.

The set of all least squares solutions is given by G† + N() ).

Proof. First, %RH ∈ R() ) for H ∈ D() †) implies that (3.5) admits at least one solution.

The optimality of the orthogonal projection further implies that any such solution I ∈ -
satis�es

‖)I − H ‖. = ‖%RH − H ‖. = min

F∈R() )
‖F − H ‖. ≤ ‖)G − H ‖. for all G ∈ -,

i.e., all solutions of (3.5) are least squares solutions of)G = H . Conversely, any least squares

solution I ∈ - satis�es

‖%RH − H ‖. ≤ ‖)I − H ‖. = min

G∈-
‖)G − H ‖. = min

F∈R() )
‖F − H ‖. ≤ ‖%RH − H ‖.

since %RH ∈ R() ) and hence )I = %RH . This shows (i).

The least squares solutions are this exactly the solutions of )G = %RH , which can be

uniquely represented as G = Ḡ + G0 with Ḡ ∈ N () )⊥ and G0 ∈ N () ). Since ) is injective

on N() )⊥, the element Ḡ must be independent of G (otherwise )G′ = )Ḡ′ ≠ )Ḡ = %RH for

G′ = Ḡ′ + G0 with Ḡ′ ≠ Ḡ ). It then follows from

‖G ‖2- = ‖Ḡ + G0‖2- = ‖Ḡ ‖2- + 2 (Ḡ | G0)- + ‖G0‖2- = ‖Ḡ ‖2- + ‖G0‖2- ≥ ‖Ḡ ‖
2

-

that G† := Ḡ ∈ N () )⊥ is the unique minimum norm solution.

Finally, G† ∈ N () )⊥ and )G† = %RH together with Lemma 3.4 (iii) and (ii) imply that

G† = %N⊥G
† = (Id−%N )G† = ) †)G† = ) †%RH = ) †)) †H = ) †H,

which shows (ii). �

We can give an alternative characterization that will later be useful.

Corollary 3.6. Let H ∈ D() †). Then G ∈ - is a least squares solution of)G = H if and only if
G satis�es the normal equation

(3.6) ) ∗)G = ) ∗H.

Is additionally G ∈ N () )⊥, then G = G†.
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3 ill-posed operator equations

Proof. Theorem 3.5 (i) states that G ∈ - is a least squares solution if and only if )G = %RH ,

which is equivalent to )G ∈ R() ) and )G − H ∈ R() )⊥ = N() ∗), i.e., ) ∗()G − H) = 0.

Similarly, Theorem 3.5 (ii) implies that a least squares solution G has minimal norm if and

only if G = ) †H ∈ N () )⊥. �

The minimum norm solution G† of )G = H is therefore also the solution – and hence, in

particular, the least squares solution – of (3.6) with minimal norm, i.e.,

(3.7) G† = () ∗) )†) ∗H.

We can therefore characterize G† as the minimum norm solution of (3.6) as well as of

)G = H , which can sometimes be advantageous.

Until now, we have considered the pseudo-inverse of its domain without characterizing

this further; this we now catch up on. First, by constructionD() †) = R() ) ⊕ R() )⊥. Since

orthogonal complements are always closed,

D() †) = R() ) ⊕ R() )⊥ = N() ∗)⊥ ⊕ N() ∗) = .,

i.e., D() †) is dense in . . If R() ) is closed, this implies that D() †) = . (which conversely

implies that R() ) is closed). Furthermore, for H ∈ R() )⊥ = N() †) the minimum norm

solution is always G† = 0. The central question is therefore whether a given H ∈ R() ) is

in fact an element of R() ). If this always holds, ) † is even continuous. Conversely, the

existence of a single H ∈ R() ) \ R() ) already su�ces for ) † not to be continuous.

Theorem 3.7. Let ) ∈ L(-,. ). Then ) † : D() †) → - is continuous if and only if R() ) is
closed.

Proof. We apply the Closed Graph Theorem 1.4, for which we have to show that) † is closed.

Let {H=}=∈ℕ ⊂ D() †) be a sequence with H= → H ∈ . and ) †H= → G ∈ - . Lemma 3.4 (iv)

then implies that

)) †H= = %RH= → %RH

due to the continuity of the orthogonal projection. It follows from this and the continuity

of ) that

(3.8) %RH = lim

=→∞
%RH= = lim

=→∞
)) †H= = )G,

i.e., G is a least squares solution. Furthermore, ) †H= ∈ R() †) = N() )⊥ also implies that

) †H= → G ∈ N () )⊥

since N() )⊥ = R() ∗) is closed. By Theorem 3.5 (ii), G is thus the minimum norm solution

of )G = H , i.e., G = ) †H . Hence ) † is closed.
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3 ill-posed operator equations

If R() ) is now closed, we have thatD() †) = . and thus that) † : . → - is continuous by

Theorem 1.4. Conversely, if ) † is continuous on D() †), the density of D() †) in . ensures

that ) † can be extended continuously to . by

) †H := lim

=→∞
) †H= for a sequence {H=}=∈ℕ ⊂ D() †) with H= → H ∈ . .

(Since ) † is bounded, it maps Cauchy sequences to Cauchy sequences, and hence ) † is

well-de�ned and continuous.) Let now H ∈ R() ) and {H=}=∈ℕ ⊂ R() ) with H= → H . As

for (3.8), we then have

H = %RH = lim

=→∞
%RH= = lim

=→∞
)) †H= = )) †H ∈ R() )

and hence that R() ) = R() ). �

Accordingly, the operator equation )G = H is called ill-posed in the sense of Nashed if R() )
is not closed. Unfortunately, this already excludes many interesting compact operators.

Corollary 3.8. If ∈ K(-,. ) has in�nite-dimensional rangeR( ), then † is not continuous.

Proof. Assume to the contrary that  † is continuous. Then R( ) is closed by Theo-

rem 3.7, and thus the operator
˜ de�ned via Theorem 3.3 has a continuous inverse

˜ −1 ∈ L(R( ),N( )⊥). Now,  and therefore also  ◦ ˜ −1
are compact. By

 ˜ −1H = H for all H ∈ R( ),

this implies that the identity Id : R( ) → R( ) is compact as well, which is only possible

if R( ) is �nite-dimensional. �

For compact operators, the third condition for well-posedness in the sense of Hadamard

therefore has to handled by other methods, which we will study in the following chapters.

3.2 singular value decomposition of compact operators

We now characterize the Moore–Penrose inverse of compact operators  ∈ K(-,. ) via

orthonormal systems. We would like to do this using a spectral decomposition, which

however exists only for selfadjoint operators. But by Corollary 3.6, we can equivalently

consider the Moore–Penrose inverse of  ∗ , which is selfadjoint; this leads to the singular
value decomposition.

Theorem 3.9. For every  ∈ K(-,. ), there exist
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3 ill-posed operator equations

(i) a null sequence {f=}=∈ℕ with f1 ≥ f2 ≥ · · · > 0,

(ii) an orthonormal basis {D=}=∈ℕ ⊂ . of R( ),

(iii) an orthonormal basis {E=}=∈ℕ ⊂ - of R( ∗)

(possibly �nite) with

(3.9)  E= = f=D= and  ∗D= = f=E= for all = ∈ ℕ

and

(3.10)  G =
∑
=∈ℕ

f= (G | E=)- D= for all G ∈ - .

A sequence {(f=, D=, E=)}=∈ℕ satisfying the singular value decomposition (3.10) is called
singular system.

Proof. Since  ∗ : - → - is compact and selfadjoint, the Spectral Theorem 2.5 yields a

null sequence {_=}=∈ℕ ⊂ ℝ \ {0} (ordered by decreasing magnitude) and an orthonormal

system {E=}=∈ℕ ⊂ - of corresponding eigenvectors with

 ∗ G =
∑
=∈ℕ

_= (G | E=)- E= for all G ∈ - .

Since _= = _=‖E=‖2- = (_=E= | E=)- = ( ∗ E= | E=)- = ‖ E=‖2. > 0, we can de�ne for all

= ∈ ℕ
f= :=

√
_= > 0 and D= := f−1

=  E= ∈ . .
The latter form an orthonormal system due to

(
D8

��D 9 ). =
1

f8f 9

(
 E8

�� E 9 ). =
1

f8f 9

(
 ∗ E8

�� E 9 )- =
_8

f8f 9

(
E8

�� E 9 )- =

{
1 if 8 = 9,

0 else.

Furthermore, we have for all = ∈ ℕ that

 ∗D= = f
−1

=  
∗ E= = f

−1

= _=E= = f=E= .

Theorem 2.5 also yields that {E=}=∈ℕ is an orthonormal basis of R( ∗ ). In addition,

R( ∗ ) = R( ∗), since for any G ∈ R( ∗), there exists a sequence {H=}=∈ℕ ⊂ . with

 ∗H= → G ; in particular, we can take H= ∈ N ( ∗)⊥ = R( ), and a diagonal argument

shows G ∈ R( ∗ ). (The other direction is obvious.) Hence, {E=}=∈ℕ is an orthonormal

basis of R( ∗) = N( )⊥, and therefore

 G =  %N⊥G =  

(∑
=∈ℕ
(G | E=)- E=

)
for all G ∈ - .
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3 ill-posed operator equations

From this, we obtain the singular value decomposition (3.10) by “pushing”  through the

series representation. Since we will repeatedly apply such arguments in the following, we

justify this step in detail. First, we set G# :=
∑#
==1
(G | E=)- E= for any G ∈ - and # ∈ ℕ.

Then we clearly have G# → %N⊥G as # →∞ and hence by continuity of  also

(3.11)  G =  (%N⊥G) =  ( lim

#→∞
G# ) = lim

#→∞
 G#

= lim

#→∞

#∑
==1

(G | E=)-  E= =
∑
=∈ℕ
(G | E=)-  E= .

We thus have for all G ∈ - that

 G =
∑
=∈ℕ
(G | E=)-  E= =

∑
=∈ℕ
(G | E=)- f=D= =

∑
=∈ℕ
(G | ∗D=)- D= =

∑
=∈ℕ
( G |D=)- D= .

The �rst equation yields (3.10), while the last implies that {D=}=∈ℕ is an orthonormal basis

of R( ). �

Since the eigenvalues of  ∗ with eigenvector E= are exactly the eigenvalues of   ∗ with

eigenvector D= , this also yields by (3.9) a singular value decomposition of  ∗, i.e.,

(3.12)  ∗H =
∑
=∈ℕ

f= (H |D=). E= for all H ∈ . .

We now use the singular value decomposition of  to characterize the domain D( †) =
R( ) ⊕ R( )⊥ of the Moore–Penrose inverse  †. As was already discussed before Theo-

rem 3.7, this reduces to the question whether H ∈ R( ) is in fact an element of R( ).

Theorem 3.10. Let  ∈ K(-,. ) with singular system {(f=, D=, E=)}=∈ℕ and H ∈ R( ). Then
H ∈ R( ) if and only if the Picard condition

(3.13)

∑
=∈ℕ

f−2

= | (H |D=). |2 < ∞

is satis�ed. In this case,

(3.14)  †H =
∑
=∈ℕ

f−1

= (H |D=). E= .

Proof. Let H ∈ R( ), i.e., there exists G ∈ - with  G = H . Then

(H |D=). = (G | ∗D=)- = f= (G | E=)- for all = ∈ ℕ,

and the Bessel inequality (2.2) yields∑
=∈ℕ

f−2

= | (H |D=). |2 =
∑
=∈ℕ
| (G | E=)- |2 ≤ ‖G ‖2- < ∞.
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3 ill-posed operator equations

Conversely, let H ∈ R( ) satisfy (3.13), which implies that {∑#
==1

f−2

= | (H |D=). |2}#∈ℕ is a

Cauchy sequence. Then {G# }#∈ℕ de�ned by

G# :=
#∑
==1

f−1

= (H |D=). E=

is a Cauchy sequence as well, since {E=}=∈ℕ forms an orthonormal system and thus

‖G# − G" ‖2- = ‖∑"
==#+1f

−1

= (H |D=). E=‖2- =
"∑

==#+1
|f−1

= (H |D=). |2 → 0 as #," →∞.

Furthermore, {E=}=∈ℕ ⊂ R( ∗). Hence, {G# }#∈ℕ ⊂ R( ∗) converges to some

G :=
∑
=∈ℕ

f−1

= (H |D=). E= ∈ R( ∗) = N( )⊥

by the closedness of R( ∗). Now we have as in (3.11) that

 G =
∑
=∈ℕ

f−1

= (H |D=).  E= =
∑
=∈ℕ
(H |D=). D= = %RH = H,

which implies that H ∈ R( ).

Finally,  G = %RH for G ∈ N ( )⊥ is equivalent to G =  †H by Theorem 3.5, which also

shows (3.14). �

The Picard condition states that a minimum norm solution can only exist if the “Fourier

coe�cients” (H |D=). of H decay fast enough compared to the singular values f=. The

representation (3.14) also shows how perturbations of H relate to perturbations of G†: If

HX = H + XD= for some X > 0 and = ∈ ℕ, then

‖ †HX −  †H ‖- = X ‖ †D=‖- = f−1

= X →∞ as = →∞,
and the faster the singular values decay, the more the error is ampli�ed for given =. Hence

one distinguishes

• moderately ill-posed problems, for which there exist 2, A > 0 with f= ≥ 2=−A for all

= ∈ ℕ (i.e., f= decays at most polynomially), and

• severely ill-posed problems, for which this is not the case. If f= ≤ 24−=
A

for all = ∈ ℕ
and 2, A > 0 (i.e., f= decays at least exponentially), the problem is called exponentially
ill-posed.

For exponentially ill-posed problems, one can in general not expect to obtain a solution that

is more than a very rough approximation. On the other hand, if R( ) �nite-dimensional,

then the sequence {f=}=∈ℕ is �nite and the error stays bounded; in this case, † is continuous

as expected.

The singular value decomposition is a valuable analytical tool, but its explicit computation

for a concrete operator is in general quite involved. We again consider di�erentiation as

an elementary example.
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3 ill-posed operator equations

Example 3.11. Let - = !2(Ω) for Ω = (0, 1) and let  ∈ K(-,- ) be an integral operator

de�ned via

[ G] (C) =
∫

1

0

: (B, C)G (B) 3B with : (B, C) =
{

1 if B ≤ C,
0 else.

If G = H′ for some H ∈ �1( [0, 1]) with H (0) = 0, then

[ G] (C) =
∫ C

0

G (B) 3B = H (C) − H (0) = H (C),

i.e., the derivative H of H ∈ �1( [0, 1]) is a solution of the operator equation  G = H

(which is also meaningful for H ∈ !2(Ω) but may not admit a solution then).

The corresponding adjoint operator is given by

[ ∗H] (C) =
∫

1

0

: (C, B)H (B) 3B =
∫

1

C

H (B) 3B,

since : (C, B) = 1 for B ≥ C and 0 else. We now compute the eigenvalues and eigenvectors

of  ∗ , i.e., any _ > 0 and E ∈ !2(Ω) with

(3.15) _E (C) = [ ∗ E] (C) =
∫

1

C

∫ B

0

E (A ) 3A 3B.

We �rst proceed formally. Inserting C = 1 yields _E (1) = 0 and therefore E (1) = 0.

Di�erentiating (3.15) yields

_E′(C) = 3

3C

(
−

∫ C

1

∫ B

0

E (A ) 3A 3B
)
= −

∫ C

0

E (A ) 3A,

which for C = 0 implies that E′(0) = 0. Di�erentiating again now leads to the ordinary

di�erential equation

_E′′(C) + E (C) = 0

which has the general solution

E (C) = 21 sin(f−1C) + 22 cos(f−1C)

for f :=
√
_ and constants 21, 22 that have yet to be determined. For this, we insert the

boundary conditions E′(0) = 0 and E (1) = 0, which yields 21 = 0 and 22 cos(f−1) = 0,

respectively. Since 22 = 0 leads to the trivial solution E = 0 and eigenvectors are by
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3 ill-posed operator equations

de�nition not trivial, we must have cos(f−1) = 0; the only candidates for the singular

values f= are therefore the reciprocal roots of the cosine, i.e.,

f= =
2

(2= − 1)c , = ∈ ℕ.

From this, we obtain the eigenvectors

E= (C) =
√

2 cos

(
(= − 1

2
)c C

)
, = ∈ ℕ,

where the constant 22 =
√

2 is chosen such that ‖E=‖!2 (Ω) = 1. We further compute

D= := f−1

=  E= = (= − 1

2
)c

∫ C

0

√
2 cos

(
(= − 1

2
)c B

)
3B =

√
2 sin

(
(= − 1

2
)c C

)
, = ∈ ℕ.

Now we have E=, D= ∈ !2(Ω), and it is straightforward to verify that f2

= and E= satisfy

the eigenvalue relation (3.15). As in the proof of Theorem 3.9, this yields a singular

value decomposition of  and thus a singular system {(f=, D=, E=)}=∈ℕ.

Since f= = O( 1

=
), this implies that di�erentiation (in this formulation) is a moderately

ill-posed problem. Furthermore, the Picard condition (3.13) for H ∈ !2(Ω) is given by∑
=∈ℕ

1

4

(2= − 1)2c2 | (H |D=)!2 |2 < ∞.

It is now possible to show that {D=}=∈ℕ is an orthonormal basis of !2(Ω) (which are

not unique) and thus satisfy

H =
∑
=∈ℕ
(H |D=)!2 D= .

Formally di�erentiating the Fourier series term by term then yields

I :=
∑
=∈ℕ
(H |D=)!2 D

′
= =

∑
=∈ℕ

(
= − 1

2

)
c (H |D=)!2 E= .

The Picard condition is thus equivalent to the condition that ‖I‖2
-

< ∞ and hence

that the formally di�erentiated series converges (in !2(Ω)); in this case  †H = I. If H

is continuously di�erentiable, this convergence is even uniform and we obtain that

H′ = I =  †H .

The singular value decomposition allows de�ning functions of compact operators, which

will be a fundamental tool in the following chapters. Let i : [0,∞) → ℝ be a piecewise

continuous and locally bounded function. We then de�ne for  ∈ K(-,. ) with singular
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3 ill-posed operator equations

system {(f=, D=, E=)}=∈ℕ the operator i ( ∗ ) : - → - by

(3.16) i ( ∗ )G =
∑
=∈ℕ

i (f2

= ) (G | E=)- E= + i (0)%N( )G for all G ∈ - .

This series converges in - since i is only evaluated on the closed and bounded interval

[0, f2

1
] = [0, ‖ ‖2

L(-,. )]. Furthermore, the Bessel inequality implies that

(3.17) ‖i ( ∗ )‖L(-,- ) ≤ sup

=∈ℕ
|i (f2

= ) | + i (0) ≤ 2 sup

_∈[0,‖ ‖2
L (-,. ) ]

|i (_) | < ∞,

i.e., i ( ∗ ) ∈ L(-,- ).

In particular, we consider here power functions i (C) = CA for A ≥ 0 and especially the

following examples.

Example 3.12. Let  ∈ K(-,. ).

(i) For i (C) = 1 we have i ( ∗ ) = Id since for all G ∈ - ,

i ( ∗ )G =
∑
=∈ℕ
(G | E=)- E= + %N( )G = %R( ∗)G + %N( )G = G

due to R( ∗) = N( )⊥.

(ii) For i (C) = C we have i ( ∗ ) =  ∗ due to i (0) = 0 and the spectral theorem.

(iii) For i (C) =
√
C we call | | := i ( ∗ ) the absolute value of  ; since f= > 0, we

have

| |G =
∑
=∈ℕ

f= (G | E=)- E= for all G ∈ - .

Comparing Example 3.12 (iii) with the singular value decomposition (3.10) shows that | |
essentially has the same behavior as  , the only di�erence being that the former maps to

- instead of . . This is illustrated by the following properties, which will be used later.

Lemma 3.13. Let  ∈ K(-,. ). Then

(i) | |A+B = | |A ◦ | |B for all A, B ≥ 0;

(ii) | |A is selfadjoint for all A ≥ 0;

(iii) ‖| |G ‖- = ‖ G ‖. for all G ∈ - ;

(iv) R(| |) = R( ∗).
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3 ill-posed operator equations

Proof. Ad (i): This follows directly from

| |A+BG =
∑
=∈ℕ

fA+B= (G | E=)- E= =
∑
=∈ℕ

fA=
(
fB= (G | E=)-

)
E=

=
∑
=∈ℕ

fA=

(∑
<∈ℕ

fB< (G | E<)- E<

����� E=
)
-

E=

=
∑
=∈ℕ

fA= ( | |BG | E=)- E= = | |A ( | |BG)

since {E=}=∈ℕ is an orthonormal system.

Ad (ii): For any G, I ∈ - and A ≥ 0, the bilinearity and symmetry of the inner product

implies that

( | |AG | I)- =
∑
=∈ℕ

fA= (G | E=)- (E= | I)- = (G | | |AI)- .

Ad (iii): This follows from (i), (ii), and

‖| |G ‖2- = ( | |G | | |G)- =
(
| |2G

��G )
-
= ( ∗ G | G)- = ( G | G)- = ‖ G ‖2- .

Ad (iv): Let {(f=, D=, E=)}=∈ℕ be a singular system of  . Then {(f=, E=, D=)}=∈ℕ is a singular

system of  ∗, and – by de�nition – {(f=, E=, E=)}=∈ℕ is a singular system of | |. Now G ∈
R( ∗) if and only if G ∈ R(  ∗) and G ∈ N ( )⊥. The Picard condition for G ∈ R(  ∗)
is

∞ >
∑
=∈ℕ

f−4

= | ( G |D=). |2 =
∑
=∈ℕ

f−4

= | (G | ∗D=)- |2 =
∑
=∈ℕ

f−2

= | (G | E=)- |2.

But this is also the Picard condition for G ∈ R(| |) (compare the proof of Theorem 3.10),

which for G ∈ N ( )⊥ is even a necessary condition. �

The proof of Lemma 3.13 (iv) already indicates that we can use | | to formulate a vari-

ant of the Picard condition for G ∈ R( ∗) (instead of H ∈ R( )); we will use this in a

following chapter to characterize minimum norm solutions that can be particularly well

approximated.

We �nally need the following inequality.

Lemma 3.14. Let  ∈ K(-,. ). Then any A > B ≥ 0 and G ∈ - satisfy the interpolation

inequality

(3.18) ‖| |BG ‖- ≤ ‖| |AG ‖
B
A

-
‖G ‖1−

B
A

-
.
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3 ill-posed operator equations

Proof. By de�nition of | |B ,

(3.19) ‖| |BG ‖2- =
∑
=∈ℕ

f2B
= | (G, E=)- |2,

which together with the Bessel inequality immediately yields the claim for B = 0.

For B > 0, we apply the Hölder inequality

∑
=∈ℕ

0=1= ≤
(∑
=∈ℕ

0
?
=

) 1

?
(∑
=∈ℕ

1
@
=

) 1

@

for

1

?
+ 1

@
= 1

to

0= := f2B
= | (G | E=)- |2

B
A , 1= := | (G | E=)- |2−2

B
A , ? =

A

B
, @ =

A

A − B .

Then, (3.19) and the Bessel inequality yield

‖| |BG ‖2- ≤
(∑
=∈ℕ

f2A
= | (G | E=)- |2

) B
A
(∑
=∈ℕ
| (G | E=)- |2

)
1− B

A

≤ ‖| |AG ‖2
B
A

-
‖G ‖2(1−

B
A
)

-
,

and the claim follows after taking the square root. �
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4 REGULARIZATION METHODS

As shown in the last chapter, the ill-posed operator equation )G = H admits for any

H ∈ D() †) a unique minimum norm solution G† = ) †H . In practice, one however usually

does not have access to the “exact data” H but only to a “noisy measurement” HX ∈ �X (H),
i.e., satisfying

‖H − HX ‖. ≤ X,
where X > 0 is the noise level. Since) † is not continuous in general,) †HX is not guaranteed

to be a good approximation of G† even for HX ∈ D() †). The goal is therefore to construct

an approximation GXU that on the one hand depends continuously on HX – and thus on X

– and on the other hand can through the choice of a regularization parameter U > 0 be

brought as close to G† as the noise level X allows. In particular, for X → 0 and an appropriate

choice of U (X), we want to ensure that GX
U (X) → G†. A method which constructs such an

approximation is called regularization method.

4.1 regularization and parameter choice

For linear operators between Hilbert spaces, such constructions can be de�ned through

regularization operators, which can be considered as a continuous replacement for the

unbounded pseudoinverse ) †. This leads to the following de�nition.

Definition 4.1. Let ) ∈ L(-,. ) be a bounded linear operator between the Hilbert spaces -

and . . A family {'U }U>0 of linear operators 'U : . → - is called a regularization (of ) †) if

(i) 'U ∈ L(.,- ) for all U > 0;

(ii) 'UH → ) †H as U → 0 and all H ∈ D() †).

A regularization is therefore a pointwise approximation of the Moore–Penrose inverse by

continuous operators. However, the Banach–Steinhaus Theorem implies that the conver-

gence cannot be unifom if ) † is not continuous.

Theorem 4.2. Let ) ∈ L(-,. ) and {'U }U>0 ⊂ L(.,- ) be a regularization. If ) † is not
continuous, then {'U }U>0 is not uniformly bounded. In particular, then there exists a H ∈ .
and a null sequence {U=}=∈ℕ with ‖'U=H ‖- →∞.
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4 regularization methods

Proof. Assume to the contrary that no such H ∈ . exists. Then the family {'U }U>0 ⊂
L(.,- ) is bounded pointwise and hence uniformly by the Banach–Steinhaus Theorem 1.5.

Thus there exists an" > 0 with ‖'U ‖L(.,- ) ≤ " for all U > 0. Together with the pointwise

convergence 'U → ) † on the dense subset D() †) ⊂ . , Corollary 1.6 yields convergence

on all of D() †) = . . By Corollary 1.7, ) † is then continuous, and the claim follows by

contraposition. �

In fact, under an additional assumption, 'U=H has to diverge for all H ∉ D() †).

Theorem 4.3. Let ) ∈ L(-,. ) be such that ) † is not continuous, and let {'U }U>0 ⊂ L(.,- )
be a regularization of ) †. If

(4.1) sup

U>0

‖)'U ‖L(.,. ) < ∞,

then ‖'UH ‖- →∞ as U → 0 and all H ∉ D() †).

Proof. Let H ∈ . be arbitrary and assume that there exists a null sequence {U=}=∈ℕ for

which {'U=H}=∈ℕ is bounded. Then there exists a subsequence {G:}:∈ℕ, G: := 'U=:
H , with

G: ⇀ G ∈ - . Since bounded linear operators are weakly continuous, this also yields that

)G: ⇀ )G .

On the other hand, the continuity of) and the pointwise convergence 'U → ) † on D() †)
imply together with Lemma 3.4 (iv) that )'UH → )) †H = %RH for all H ∈ D() †). The

assumption (4.1) and Corollary 1.6 then yield the pointwise convergence of )'U= → %R on

all of . . From )G: = )'U=:
H → %RH and )G: ⇀ )G , it now follows by the uniqueness of

the limit that )G = %RH . Hence %RH ∈ R() ) and therefore H ∈ R() ) ⊕ R() )⊥ = D() †),
and the claim follows by contraposition. �

However, we can in general not assume that a given noisy measurement HX ∈ �X (H) is an

element of D() †). We therefore have to consider the regularization error

(4.2) ‖'UHX −) †H ‖- ≤ ‖'UHX − 'UH ‖- + ‖'UH −) †H ‖-
≤ X ‖'U ‖L(.,- ) + ‖'UH −) †H ‖- .

This decomposition is a fundamental tool of regularization theory, and we will meet it

repeatedly throughout the following. Here the �rst term describes the (propagated) data
error, which by Theorem 4.2 cannot be bounded for U → 0 as long as X > 0. The second

term describes the approximation error, which due to the assumed pointwise convergence

for U → 0 does tend to zero. To obtain a reasonable approximation, we thus have to choose

U in a suitable dependence of X such that the total regularization error vanishes as X → 0.
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4 regularization methods

Definition 4.4. A function U : ℝ+ × . → ℝ+, (X, HX ) ↦→ U (X, HX ), is called a parameter
choice rule. We distinguish

(i) a priori choice rules that only depend on X ;

(ii) a posteriori choice rules that depend on X and HX ;

(iii) heuristic choice rules that only depend on HX .

If {'U }U>0 is a regularization of ) † and U is a parameter choice rule, the pair ('U , U) is

called a (convergent) regularization method if

(4.3) lim

X→0

sup

HX∈�X (H)
‖'U (X,HX )HX −) †H ‖- = 0 for all H ∈ D() †).

We thus demand that the regularization error vanishes for all noisy measurements HX that

are compatible with the noise level X → 0.

a priori choice rules

We �rst show that every regularization admits an a priori choice rule and hence leads to a

convergent regularization method.

Theorem 4.5. Let {'U }U>0 be a regularization of ) †. Then there exists an a priori choice rule
U such that ('U , U) is a regularization method.

Proof. Let H ∈ D() †) be arbitrary. Since 'U → ) † pointwise by assumption, there exists

for all Y > 0 a f (Y) > 0 such that

‖'f (Y)H −) †H ‖- ≤
Y

2

.

This de�nes a monotonically increasing function f : ℝ+ → ℝ+ with limY→0 f (Y) = 0.

Similarly, the operator 'f (Y) is continuous for every �xed Y > 0 and hence there exists a

d (Y) > 0 with

‖'f (Y)I − 'f (Y)H ‖- ≤
Y

2

for all I ∈ . with ‖I − H ‖. ≤ d (Y).

Again, this de�nes a function d : ℝ+ → ℝ+ with limY→0 d (Y) = 0, where we can as-

sume without loss of generality that d is strictly increasing and continuous (by choosing

d (Y) maximally in case it is not unique). The Inverse Function Theorem thus ensures

that there exists a strictly monotone and continuous inverse function d−1
on R(d) with

limX→0 d
−1(X) = 0. We extend this function monotonically and continuously to ℝ+ and

de�ne our a priori choice rule

U : ℝ+ → ℝ+, X ↦→ f (d−1(X)) .
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Then we have in particular limX→0 U (X) = 0. Furthermore, for all Y > 0 there exists a

X := d (Y) > 0 such that U (X) = f (Y) and hence

‖'U (X)HX −) †H ‖- ≤ ‖'f (Y)HX − 'f (Y)H ‖- + ‖'f (Y)H −) †H ‖- ≤
Y

2

+ Y
2

= Y

for all HX ∈ �X (H). This implies that ‖'U (X)HX − ) †H ‖- → 0 as X → 0 for any family

{HX }X>0 ⊂ �X (H). Hence ('U , U) is a convergent regularization method. �

We can even give a full characterization of a priori choice rules that lead to convergent

regularization methods.

Theorem 4.6. Let ) † no be continuous, {'U }U>0 be a regularization, and U : ℝ+ → ℝ+ an a
priori choice rule. Then ('U , U) is a regularization method if and only if

(i) lim

X→0

U (X) = 0,

(ii) lim

X→0

X ‖'U (X) ‖L(.,- ) = 0.

Proof. The decomposition (4.2) of the regularization error immediately implies that

‖'U (X)HX −) †H ‖- ≤ X ‖'U (X) ‖L(.,- ) + ‖'U (X)H −) †H ‖- → 0 for X → 0

since the �rst term vanishes by assumption (ii), while the second vanishes due to the

pointwise convergence of regularization operators together with assumption (i).

Conversely, assume that either (i) or (ii) does not hold. If (i) is violated, then 'U (X) does

not converge pointwise to ) †H . Hence, (4.3) cannot hold for the constant sequence HX ≡ H
and X → 0, and therefore ('U , U) is not a regularization method. If now (i) holds but (ii)

is violated, there exists a null sequence {X=}=∈ℕ with X=‖'U (X=) ‖L(.,- ) ≥ � > 0. We can

therefore �nd a sequence {I=}=∈ℕ ⊂ . with ‖I=‖. = 1 and X=‖'U (X=)I=‖- ≥ � . Let now

H ∈ D() †) be arbitrary and set H= := H + X=I= . Then H= ∈ �X= (H), but

'U (X=)H= −) †H = ('U (X=)H −) †H) + X='U (X=)I= 6→ 0

since the �rst term on the right-hand side is a null sequence by (i) and the pointwise

convergence of 'U , but the second term is not a null sequence by construction. Hence, (4.3)

is violated and ('U , U) therefore not a regularization method. The claim now follows by

contraposition. �

Since ‖'U ‖L(.,- ) → ∞ as U → 0, assumption (ii) states that U cannot tend to zero too

fast compared to X . An a priori choice rule thus usually has the form U (X) = XA for some

A ∈ (0, 1).
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a posteriori choice rules

As we will see later, the optimal choice of U (X) requires information about the exact

(minimum norm) solution G† that is not easily accessible. Such information is not required

for a posteriori choice rules. The main idea behind these is the following: Let again H ∈
D() †) and HX ∈ �X (H) and consider the residual

‖)'UHX − HX ‖. .
If now H ∈ R() ) and ‖H − HX ‖. = X , even the (desired) minimum norm solution G† satis�es

due to )G† = H only

‖)G† − HX ‖. = ‖H − HX ‖. = X.

It is therefore not reasonable to try to obtain a smaller residual for the regularization 'UH
X

either. This motivates the Morozov discrepancy principle: For given X > 0 and HX ∈ �X (H)
choose U = U (X, HX ) (as large as possible) such that

(4.4) ‖)'UHX − HX ‖. ≤ gX for some g > 1 independent of X and HX .

However, this principle may not be satis�able: If H ∈ R() )⊥ \ {0}, then even the exact data

HX = H and the minimum norm solution G† only satisfy

‖)G† − H ‖. = ‖)) †H − H ‖. = ‖%RH − H ‖. = ‖H ‖. > gX

for some �xed g > 1 and X small enough. We therefore have to assume that this situation

cannot occur; for this it is su�cient that R() ) is dense in . (since in this case R() )⊥ =

R() )⊥ = {0}).

The practical realization usually consists in choosing a null sequence {U=}=∈ℕ, computing

successively 'U=H
X

for = = 1, . . . , and stopping as soon as the discrepancy principle (4.4) is

satis�ed for an U=∗ . The following theorem justi�es this procedure.

Theorem 4.7. Let {'U }U>0 be a regularization of ) † with R() ) dense in . , {U=}=∈ℕ be a
strictly decreasing null sequence, and g > 1. If the family {)'U }U>0 is uniformly bounded,
then for all H ∈ D() †), X > 0 and HX ∈ �X (H) there exists an =∗ ∈ ℕ such that

(4.5) ‖)'U=∗H
X − HX ‖. ≤ gX < ‖)'U=HX − HX ‖. for all = < =∗.

Proof. We proceed as in the proof of Theorem 4.3. The family {)'U }U>0 converges pointwise

to )) † = %R on D() †) and hence, due to the uniform boundedness, on all of . = D() †).
This implies that for all H ∈ D() †) = R() ) and HX ∈ �X (H),

lim

=→∞
‖)'U=HX − HX ‖. = ‖%RH

X − HX ‖. = 0

since R() ) = . . From this, the claim follows. �

To show that the discrepancy principle indeed leads to a regularization method, it has to be

considered in combination with a concrete regularization. We will do so in the following

chapters.
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heuristic choice rules

Heuristic choice rules do not need knowledge of the noise level X , which is often relevant in

practice where this knowledge is not available (su�ciently exactly). However, the following

pivotal result – known in the literature as the Bakushinskiı̆ veto, see [Bakushinskiı̆ 1985] –

states that this is not possible in general.

Theorem 4.8. Let {'U }U>0 be a regularization of ) †. If there exists a heuristic choice rule U
such that ('U , U) is a regularization method, then ) † is continuous.

Proof. Assuming to the contrary that such a parameter choice rule U : . → ℝ+ exists, we

can de�ne the mapping

' : . → -, H ↦→ 'U (H)H

Let nwo H ∈ D() †) be arbitrary and consider any sequence {H=}=∈ℕ ⊂ D() †) with H= → H .

On the one hand, then naturally H= ∈ �X (H=) for all X > 0 and = ∈ ℕ, and the assumption

(4.3) for �xed HX = H = H= and X → 0 yields that 'H= = ) †H= for all = ∈ ℕ. On the other

hand, for X= := ‖H= − H ‖. we also have H= ∈ �X= (H), and in this case passing to the limit

= →∞ in (4.3) shows that

) †H= = 'H= = 'U (H=)H= → ) †H,

i.e., ) † is continuous on D() †). �

In particular for compact operators with in�nite-dimensional range, no heuristic choice rule

can lead to a regularization method. Of course, this does not mean that such methods cannot

be used in practice. First, the veto does not rule out choice rules for �nite-dimensional

ill-posed problems (such as very ill-conditioned linear systems); however, these rules are

then by necessity dimension-dependent. Second, a sharp look at the proof shows that the

crucial step consists in applying the choice rule to data HX ∈ D() †). The worst case for

the noisy data is therefore HX ∈ R() ) (since only this subspace of D() †) plays a role

due to R() )⊥ = N() †)), and in this case convergence cannot be guaranteed. In many

interesting cases, however, ) is a compact (i.e., smoothing) operator, while errors have a

more random character and therefore do not typically lie in R() ). Heuristic choice rules

can therefore indeed work in “usual” situations. In fact, it is possible to show under the

additional assumption HX ∉ D() †) that a whole class of popular heuristic choice rules lead

to a regularization method. Here, too, we need to consider the combination with a concrete

regularization operator but already give some examples.

(i) The quasi-optimality principle picks a �nite strictly decreasing sequence {U=}=∈{1,...,# }
and chooses U (HX ) = U=∗ as the one satisfying

=∗ ∈ arg min

1≤=<#
‖'U=+1HX − 'U=HX ‖- .
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(ii) The Hanke–Raus rule chooses

U (HX ) ∈ arg min

U>0

1

√
U
‖)'UHX − HX ‖. .

(iii) The L-curve criterion1
chooses

U (HX ) ∈ arg min

U>0

‖'UHX ‖- ‖)'UHX − HX ‖. .

All of these methods in one way or another work by using the residual to obtain a reasonably

close approximation of the noise level that is then used similarly as in an a priori or a

posteriori choice rules. An extensive numerical comparison of these and other choice rules

can be found in [Bauer & Lukas 2011].

4.2 convergence rates

A central goal in the regularization of inverse problems is to obtain error estimates of the

form

‖'U (X,HX )HX −) †H ‖- ≤ k (X)
for an increasing function k : ℝ+ → ℝ+ with limC→0k (C) = 0. In particular, we are

interested in the worst-case error

(4.6) E(H, X) := sup

HX∈�X (H)
‖'U (X,HX )HX −) †H ‖-

(which for regularization methods converges to zero as X → 0 and any H ∈ D() †) by

(4.3)). Here, k has to depend in some form on H since otherwise it would be possible to

give regularization error estimates independently of H and HX – but since the convergence

of 'U → ) † is merely pointwise but not uniform, such estimates cannot be expected.

Theorem 4.9. Let ('U , U) be a regularization method. If there exists a k : ℝ+ → ℝ+ with
limC→0k (C) = 0 and

(4.7) sup

H∈D() †)∩�.
E(H, X) ≤ k (X),

then ) † is continuous.

1
The name is due to the practical realization: If one plots the curve U ↦→ (‖)'UHX − HX ‖. , ‖'UHX ‖- ) (or,

rather, a �nite set of points on it) in a doubly logarithmic scale, it often has – more or less – the form of

an “L”; the chosen parameter is then the one lying closest to the “knee” of the L.
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Proof. Let H ∈ D() †) ∩�. and {H=}=∈ℕ ⊂ D() †) ∩�. be a sequence with H= → H . Setting

X= := ‖H − H=‖. → 0, we than have for = →∞ that

‖) †H= −) †H ‖- ≤ ‖) †H= − 'U (X=,H=)H=‖- + ‖'U (X=,H=)H= −) †H ‖-
≤ E(H=, X=) + E(H, X=)
≤ 2k (X=) → 0.

Hence ) † is continuous on D() †) ∩ �. and thus, by linearity of ) †, on all of D() †). �

This implies that the convergence can be arbitrarily slow; knowledge of X alone is therefore

not su�cient to give error estimates – we thus need additional assumptions on the exact

data H or, equivalently, the wanted minimum norm solution G† = ) †H . As the proof of

Theorem 4.9 shows, the existence of convergence rates is closely tied to the continuity of

) † on closed subsets. We therefore consider forM ⊂ - and X > 0 the quantity

Y (M, X) := sup {‖G ‖- | G ∈ M, ‖)G ‖. ≤ X} ,

which can be interpreted as a modulus of conditional continuity of ) † : R() ) ∩ X�. →M.

This modulus is in fact a lower bound for the worst-case error. Since both Y (M, X) and

E(H, X) are not �nite ifM ∩N( ) ≠ {0} andM are unbounded, we will only consider

the more interesting case thatM ⊂ N() )⊥.

Theorem 4.10. Let ('U , U) be a regularization method. Then for all X > 0 andM ⊂ N() )⊥,

sup

H∈D() †),) †H∈M
E(H, X) ≥ Y (M, X) .

Proof. Let G ∈ M with ‖)G ‖. ≤ X . For HX = 0, we then deduce from G ∈ N () )⊥ that

‖G ‖- = ‖) †)G − 'U (X,0)0‖- ≤ E()G, X)

and hence

Y (M, X) = sup

G∈M,‖)G ‖.≤X
‖G ‖- ≤ sup

G∈M,‖)G ‖.≤X
E()G, X) ≤ sup

) †H∈M,H∈D() †)
E(H, X)

since D() †) = R() ) ⊕ R() )⊥ and R() )⊥ = N() †). �

For an appropriate choice ofM, we can now derive sharp bounds on Y (M, X). We consider

here for compact operators  ∈ K(-,. ) subsets of the form

-a,d = {| |aF ∈ - | ‖F ‖- ≤ d} ⊂ R(| |a ).

The de�nition of | |aF via the spectral decomposition of  implies in particular that

-a,d ⊂ R( ∗) = N( )⊥.
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Theorem 4.11. Let  ∈ K(-,. ) and a, d > 0. Then for all X > 0,

Y (-a,d , X) ≤ X
a
a+1 d

1

a+1 .

Proof. Let G ∈ -a,d and ‖ G ‖. ≤ X . Then there exists a F ∈ - with G = | |aF and

‖F ‖- ≤ d . The interpolation inequality from Lemma 3.14 for B = a and A = a + 1 together

with the properties from Lemma 3.13 then imply that

‖G ‖- = ‖| |aF ‖- ≤ ‖| |a+1F ‖
a
a+1
-
‖F ‖

1

a+1
-

= ‖ | |aF ‖
a
a+1
.
‖F ‖

1

a+1
-

= ‖ G ‖
a
a+1
.
‖F ‖

1

a+1
-
≤ X a

a+1 d
1

a+1 .

Taking the supremum over all G ∈ -a,d with ‖ G ‖. ≤ X yields the claim. �

So far this is only an upper bound, but there always exists at least one sequence for which

it is attained.

Theorem 4.12. Let  ∈ K(-,. ) and a, d > 0. Then there exists a null sequence {X=}=∈ℕ with

Y (-a,d , X=) = X
a
a+1
= d

1

a+1 .

Proof. Let {(f=, D=, E=)}=∈ℕ be a singular system for  and set X= := dfa+1= as well as G= :=

| |a (dE=). Since singular values form a null sequence, we have X= → 0. Furthermore, by

construction G= ∈ -a,d . It now follows from f= = (d−1X=)
1

a+1 that

G= = d | |aE= = dfa=E= = X
a
a+1
= d

1

a+1E=

since fa= is an eigenvalue of | |a corresponding to the eigenvector E=. Hence, ‖G=‖- =

X
a
a+1
= d

1

a+1 . Analogously, we obtain that

 ∗ G= = X
a
a+1
= d

1

a+1f2

=E= = X
a+2
a+1
= d−

1

a+1E=

and thus that

‖ G=‖2. = ( G= | G=). = ( ∗ G= | G=)- = X2

= .

For all = ∈ ℕ, we therefore have that

Y (-a,d , X=) = sup

G∈-a,d , ‖ G ‖.≤X=
‖G ‖- ≥ ‖G=‖- = X

a
a+1
= d

1

a+1 ,

which together with Theorem 4.11 yields the claimed equality. �
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This theorem implies that for a compact operator  with in�nite-dimensional range, there

can be no regularization method for which the worst-case error can go to zero faster than

X
a
a+1
= d

1

a+1 as X → 0 – and even this is only possible under the additional assumption that

G† ∈ -a,d . In particular, the regularization error always tends to zero more slowly than the

data error.

We thus call a regularization method optimal (for a and d) if

E( G†, X) = X a
a+1 d

1

a+1 for all G† ∈ -a,d

and order optimal (for a and d) if there exists a constant 2 = 2 (a) ≥ 1 such that

(4.8) E( G†, X) ≤ 2X a
a+1 d

1

a+1 for all G† ∈ -a,d .

If we allow this constant to depend on G† – i.e., we are only interested in convergence rates
– then we set

-a :=
⋃
d>0

-a,d = R(| |a )

und call a regularization method order optimal for a if there exists a 2 = 2 (G†) ≥ 1 such

that

E( G†, X) ≤ 2X a
a+1 for all G† ∈ -a .

The assumption G† ∈ -a,d is called a source condition, and the elementF ∈ - with | |aF =

G† is sometimes referred to as a source representer. Since  is a compact (i.e., smoothing)

operator, source conditions are abstract smoothness conditions; e.g., for the integral operator

 from Example 3.11, the condition G ∈ -2,d implies that G =  ∗ F =
∫

1

C

∫ B

0
F (A ) 3A 3B has

second derivativeF that is bounded by d .

Using the singular value decomposition of  , it is not hard to show that in general the

condition G† ∈ -a corresponds to a strengthened Picard condition, i.e., that the decay of

the Fourier coe�cients of H in relation to the singular values of  is faster the larger a is.

Lemma 4.13. Let  ∈ K(-,. ) have the singular system {(f=, D=, E=)}=∈ℕ and let H ∈ R( ).
Then G† =  †H ∈ -a if and only if

(4.9)

∑
=∈ℕ

f−2−2a
= | (H |D=). |2 < ∞.

Proof. From the de�nition and the representation (3.14), it follows that  †H ∈ -a if and

only if there exists aF ∈ - with∑
=∈ℕ

f−1

= (H |D=). E= =  †H = | |aF =
∑
=∈ℕ

fa= (F | E=)- E= .
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Since the E= form an orthonormal system, we can equate the corresponding coe�cients to

obtain that

(4.10) f−1

= (H |D=). = fa= (F | E=)- for all = ∈ ℕ.

As in the proof of Theorem 3.10, we have that F ∈ - if and only if

∑
=∈ℕ | (F | E=)- |2 is

�nite. Inserting (4.10) now yields (4.9). �

In fact, order optimality already implies the convergence of a regularization method. This is

useful since it can be easier to show optimality of a methods than its regularization property

(in particular for the discrepancy principle, which motivates the slightly complicated

statement of the following theorem).

Theorem 4.14. Let  ∈ K(-,. ) with R( ) dense in . , {'U }U>0 be a regularization, and
U (X, HX ) be a parameter choice rule. If there exists a g0 ≥ 1 such that 'U together with
Ug := U (gX, HX ) for all g > g0 satis�es the condition (4.8) for some a > 0 and all d > 0, then
('U , Ug ) is a regularization method for all g > g0.

Proof. We have to show that the uniform convergence of the worst-case error for all

G† ∈ -a,d implies the pointwise convergence for all G† ∈ R( †). For this, we construct a

suitable G# ∈ -a,d , insert it into the error estimate, and apply the order optimality.

Let therefore H ∈ D( †) = R( ) and G† =  †H (and hence  G† = H). Furthermore, let

{(f=, D=, E=)}=∈ℕ be a singular system of  . We now de�ne for # ∈ ℕ

G# :=
#∑
==1

(
G†

�� E=)
-
E=

and

H# :=  G# =
#∑
==1

(
G†

�� E=)
-
 E= =

#∑
==1

(
G†

�� E=)
-
f=D=

=
#∑
==1

(
G†

�� ∗D=)
-
D= =

#∑
==1

(H |D=)- D= .

Since {D=}=∈ℕ is an orthonormal basis of R( ) and {E=}=∈ℕ is an orthonormal basis of

R( ∗) = N( )⊥, we can represent G† =  †H ∈ N ( )⊥ and H =  G† ∈ R( ) as

G† =
∑
=∈ℕ

(
G†

�� E=)
-
E=, H =

∑
=∈ℕ
(H |D=). D= .

From this we obtain

‖G† − G# ‖2- =
∞∑

==#+1

���(G† �� E=)
-

���2
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and

(4.11) ‖H − H# ‖2. =
∞∑

==#+1

��(H |D=). ��2 = ∞∑
==#+1

f2

=

���(G† �� E=)
-

���2
≤ f2

#

∞∑
==#+1

���(G† �� E=)
-

���2 = f2

# ‖G
† − G# ‖2-

since {f=}=∈ℕ is a decreasing null sequence. In particular, G# → G† and H# → H as # →∞.

By construction, H# ∈ R( ) and G# ∈ N ( )⊥ and therefore G# =  †H# . From Lemma 4.13

we thus deduce that G# ∈ -a for all a > 0, since it follows from (H# |D=). = 0 for = > #

that the series in (4.9) is �nite. Hence there exists anF# ∈ - with G# = | |aF# , i.e.,

#∑
==1

(
G†

�� E=)
-
E= = G# = | |aF# =

∑
=∈ℕ

fa= (F# | E=)- E= .

As R( ) is dense in . , the range of  can not be in�nite-dimensional, which implies that

f= > 0 for all = ∈ ℕ. Since the E= form an orthonormal system, we thus obtain that

(F# | E=)- =

{
f−a=

(
G†

�� E=)- = ≤ #,
0 = > #,

and hence that

‖F# ‖2- =
#∑
==1

| (F# | E=)- |2 =
#∑
==1

f−2a
=

���(G† �� E=)
-

���2
≤ f−2a

#

∑
=∈ℕ

���(G† �� E=)
-

���2 = f−2a
# ‖G

†‖2- .

This implies that G# ∈ -a,d with d = f−a
#
‖G†‖- .

Let now HX ∈ �X (H) and g > g0 ≥ 1 and choose # (X) such that

(4.12) f# (X) ‖G† − G# (X) ‖- ≤
g − g0

g + g0

X < f# (X)−1‖G† − G# (X)−1‖-

(which is possible since both {f# }#∈ℕ and {‖G# −G†‖- }#∈ℕ are decreasing null sequences).

We then obtain from (4.11) with # = # (X) that

‖HX − H# ‖. ≤ ‖HX − H ‖. + ‖H − H# ‖. ≤ X + f# ‖G† − G# ‖-

≤
(
1 + g − g0

g + g0

)
X =:

˜X.

Hence if HX is a noisy measurement for the exact data H with noise level X , then HX is also

a noisy measurement for H# with noise level
˜X . Setting g̃ := 1

2
(g + g0) > g0, we thus have

g̃ ˜X = gX and therefore

Ug̃ ( ˜X, HX ) = U (g̃ ˜X, HX ) = U (gX, HX ) = Ug (X, HX ),
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i.e., the parameter choice rules Ug for H and Ug̃ for H# coincide for given HX . The order

optimality (4.8) of ('U , Ug̃ ) for G# ∈ -a,d thus implies that

‖'Ug (X,HX )H
X − G# ‖- = ‖'

Ug̃ ( ˜X,HX )H
X −  †H# ‖- ≤ E(H# , ˜X) ≤ 2 ˜X

a
a+1

(
f−a# ‖G

†‖-
) 1

a+1

=: 2g,a

(
X

f#

) a
a+1
‖G†‖

1

a+1
-
.

We thus have that

‖'Ug (X,HX )H
X − G†‖- ≤ ‖'Ug (X,HX )H

X − G# (X) ‖- + ‖G# (X) − G†‖-

≤ 2g,a
(
X

f# (X)

) a
a+1 (
‖G†‖-

) 1

a+1 + ‖G# (X) − G†‖- ,

and it remains to show that both Xf−1

# (X) → 0 and G# (X) → G† as X → 0. Since # (X) is an

increasing function of X , we only have to distinguish two cases:

(i) # (X) is bounded and therefore convergent, i.e., there exists an #0 < ∞ with # (X) →
#0 as X → 0. In this case, we obviously have that Xf−1

# (X) ≤ Xf
−1

#0

→ 0. Furthermore,

the choice of # (X) according to (4.12) implies that

f#0
‖G† − G#0

‖- = lim

X→0

f# (X) ‖G† − G# (X) ‖- ≤ lim

X→0

g − g0

g + g0

X = 0

and hence that G# (X) → G#0
= G† due to f#0

> 0.

(ii) # (X) is unbounded, i.e., # (X) → ∞ as X → 0. This immediately implies that

G# (X) → G†. Furthermore, we obtain from (4.12) that

X

f# (X)
<
g + g0

g − g0

f# (X)−1

f# (X)
‖G# (X)−1 − G†‖- → 0

since the second factor on the right-hand side stays bounded due to f# (X) → 0.

Hence, 'Ug (X,HX )H
X → G† for all H ∈ D( †) and HX ∈ �X (H), and thus ('U , Ug ) is a regular-

ization method. �

Finally, we remark that it is possible to formulate weaker source conditions using more

general index functions k than powers. One example are logarithmic source conditions of

the form G† ∈ R(− ln | |) that are appropriate for exponentially ill-posed problems; see,

e.g., [Hohage 2000]. In fact, it is possible to show that for every G† ∈ - there exists an

index functionk with G† ∈ R(k ( | |)) for which the worst-case error can be bounded in

terms ofk ; see [Mathé & Hofmann 2008].
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5 SPECTRAL REGULARIZATION

As we have seen, regularizing an ill-posed operator equation )G = H consists in replacing

the (unbounded) Moore–Penrose inverse) † by a family {'U }U>0 of operators that for U > 0

are continuous on . and for U → 0 converge pointwise on D() †) to ) †. For a compact

operator  ∈ K(-,. ), such regularizations can be constructed using the singular value

decomposition together with the fact that by Corollary 3.6 we have for H ∈ D( †) that

 †H = ( ∗ )† ∗H.
Let therefore {(f=, D=, E=)}=∈ℕ be a singular system of  . By construction, {(f2

= , E=, E=)}=∈ℕ
is then a singular system of  ∗ , and Theorem 3.10 yields that

( ∗ )† ∗H =
∑
=∈ℕ

f−2

= ( ∗H | E=)- E= =
∑
=∈ℕ

f−2

= f= (H |D=). E=

=
∑
=∈ℕ

i (f2

= )f= (H |D=). E=

for i (_) = _−1
. The unboundedness of  † is thus due to the fact that i is unbounded

on (0, ‖ ∗ ‖L(-,- )] and that {f=}=∈ℕ is a null sequence. To obtain a regularization, we

therefore replace i by a family {iU }U>0 of bounded functions that converge pointwise to i .

Here and throughout the following, we set ^ := ‖ ‖2
L(-,. ) = ‖ 

∗ ‖L(-,- ) for brevity.

Definition 5.1. Let {iU }U>0 be a family of piecewise continuous and bounded functions

iU : [0, ^] → ℝ. If

(i) lim

U→0

iU (_) =
1

_
for all _ ∈ (0, ^] and

(ii) _ |iU (_) | ≤ �i for some �i > 0 and all _ ∈ (0, ^] and U > 0,

then {iU }U>0 is called a (regularizing) �lter.

The idea is now to take 'U := iU ( ∗ ) ∗ as a regularization operator, i.e., to set for H ∈ .
'UH = iU ( ∗ ) ∗H =

∑
=∈ℕ

iU (f2

= ) ( ∗H | E=). E= + iU (0)%N ∗H

=
∑
=∈ℕ

iU (f2

= )f= (H |D=). E=

since  ∗H ∈ R( ∗) = N( )⊥. This approach covers several prototypical regulariza-

tions.
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Example 5.2. (i) The truncated singular value decomposition corresponds to the choice

(5.1) iU (_) =
{

1

_
if _ ≥ U,

0 else.

Obviously,iU is bounded (by
1

U
) and piecewise continuous, converges for _ > 0 to

1

_
asU → 0, and satis�es the boundedness condition for�i = 1. The corresponding

regularization operator is given by

(5.2) 'UH =
∑
=∈ℕ

iU (f2

= )f= (H |D=). E= =
∑
f=≥
√
U

1

f=
(H |D=). E=,

which also explains the name. We will revisit this example throughout this chapter.

(ii) The Tikhonov regularization corresponds to the choice

iU (_) =
1

_ + U .

Again, iU is bounded (by
1

U
) and continuous, converges for _ > 0 to

1

_
as U → 0,

and satis�es the boundedness condition for �i = 1. The corresponding regular-

ization operator is given by

'UH =
∑
=∈ℕ

f=

f2

= + U
(H |D=). E= .

However, the regularization iU ( ∗ ) ∗H can be computed without the aid of a

singular value decomposition; we will treat this in detail in Chapter 6.

(iii) The Landweber regularization corresponds to the choice

iU (_) =
1 − (1 − l_)1/U

_

for a suitable l > 0. If l is small enough, one can show that this choice satis�es

the de�nition of a regularizing �lter. But here as well we can give a (more intuitive)

characterization of the corresponding regularization operator without singular

value decompositions; we therefore postpone its discussion to Chapter 7.

5.1 regularization

We �rst show that if {iU }U>0 is a regularizing �lter, then 'U := iU ( ∗ ) ∗ de�nes indeed

a regularization {'U }U>0 of  †. For this we will need the following three fundamental
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lemmas, which will be used throughout this chapter.

Lemma 5.3. Let {iU }U>0 be a regularizing �lter. Then

‖ 'U ‖L(.,. ) ≤ sup

=∈ℕ
|iU (f2

= ) |f2

= ≤ �i for all U > 0.

Proof. For all H ∈ . and U > 0, we have that (compare (3.11))

(5.3)  'UH =  iU ( ∗ ) ∗H =
∑
=∈ℕ

iU (f2

= )f= (H |D=)H  E=

=
∑
=∈ℕ

iU (f2

= )f2

= (H |D=)H D= .

Together with the Bessel inequality (2.2), this implies that

‖ 'UH ‖2. =
∑
=∈ℕ
|iU (f2

= )f2

= (H |D=)H |2 ≤ sup

=∈ℕ
|iU (f2

= )f2

= |2
∑
=∈ℕ
| (H |D=). |2

≤ sup

=∈ℕ
|iU (f2

= )f2

= |2‖H ‖2. .

The second inequality now follows from the fact that 0 < f2

= ≤ f2

1
= ‖ ∗ ‖L(-,- ) = ^

together with the boundedness condition (ii) of regularizing �lters. �

Lemma 5.4. Let {iU }U>0 be a regularizing �lter. Then

‖'U ‖L(.,- ) ≤
√
�i sup

_∈(0,̂ ]

√
|iU (_) | for all U > 0.

In particular, 'U : . → - is continuous for all U > 0.

Proof. For all H ∈ . and U > 0, it follows from Lemma 5.3 and f=E= =  
∗D= that

‖'UH ‖2- = ('UH | 'UH)- =
∑
=∈ℕ

iU (f2

= )f= (H |D=). ('UH | E=)-

=
∑
=∈ℕ

iU (f2

= ) (H |D=). ( 'UH |D=).

≤ sup

=∈ℕ
|iU (f2

= ) |
(
 'UH

�� ∑
=∈ℕ (H |D=). D=

)
.

≤ sup

=∈ℕ
|iU (f2

= ) | ‖ 'UH ‖- ‖%R( ∗)H ‖.

≤ sup

=∈ℕ
|iU (f2

= ) | �i ‖H ‖2. .

Taking the supremum over all H ∈ . and using the boundedness of iU now yields the

claim. �
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Finally, the third “fundamental lemma of spectral regularization” gives a spectral represen-

tation of the approximation error.

Lemma 5.5. Let {iU }U>0 be a regularizing �lter and H ∈ D( †). Then for every G† :=  †H ,

 †H − 'UH =
∑
=∈ℕ

AU (f2

= )
(
G†

�� E=)
-
E=,

where AU (_) := 1 − _iU (_) satis�es

lim

U→0

AU (_) = 0 for all _ ∈ (0, ^],

|AU (_) | ≤ 1 +�i for all _ ∈ (0, ^] and U > 0.

Proof. Since  ∗ G† =  ∗H by Corollary 3.6, we can write

'UH = iU ( ∗ ) ∗H = iU ( ∗ ) ∗ G†,

and the de�nition of AU immediately yields that

 †H − 'UH = (Id−iU ( ∗ ) ∗ )G† = AU ( ∗ )G† =
∑
=∈ℕ

AU (f2

= )
(
G†

�� E=)
-
E= .

The remaining claims follow from the corresponding properties of regularizing �lters. �

We now have everything at hand to show the pointwise convergence and thus the regular-

ization property of {'U }U>0.

Theorem 5.6. Let {iU }U>0 be a regularizing �lter. Then

lim

U→0

'UH =  †H for all H ∈ D( †),

i.e., {'U }U>0 is a regularization.

Furthermore, if  † is not continuous, then limU→0 ‖'UH ‖- = ∞ for all H ∉ D( †).

Proof. Let H ∈ D( †) and G† =  †H . Lemma 5.5 then yields that

‖ †H − 'UH ‖2- =
∑
=∈ℕ

AU (f2

= )2
���(G† �� E=)

-

���2 .
To show that the right-hand side tends to zero as U → 0, we split the series into a �nite

sum, for which we can use the convergence of AU and the boundedness of the Fourier

coe�cients, and a remainder term, for which we argue vice versa.
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Let therefore Y > 0 be arbitrary. Then we �rst obtain from the Bessel inequality an # ∈ ℕ
with

∞∑
==#+1

���(G† �� E=)
-

���2 <
Y2

2(1 +�i )2
.

Furthermore, the pointwise convergence of {AU }U>0 – which is uniform on the �nite set

{f2

1
, . . . , f2

#
} – yields an U0 > 0 with

AU (f2

= )2 <
Y2

2‖G†‖2
-

for all = ≤ # and U < U0.

We thus have for all U < U0 that

‖ †H − 'UH ‖2- =
#∑
==1

AU (f2

= )2
���(G† �� E=)

-

���2 + ∞∑
==#+1

AU (f2

= )2
���(G† �� E=)

-

���2
≤ Y2

2‖G†‖2
-

#∑
==1

���(G† �� E=)
-

���2 + (1 +�i )2 Y2

2(1 +�i )2

≤ Y
2

2

+ Y
2

2

= Y2,

i.e., ‖ †H − 'UH ‖- → 0 as U → 0. Together with the continuity of 'U for U > 0 from

Lemma 5.4, this implies by De�nition 4.1 that {'U }U>0 is a regularization.

Finally, the divergence for H ∉ D( †) follows from Theorem 4.3 and Lemma 5.3. �

In particular, the truncated singular value decomposition, the Tikhonov regularization, and

the Landweber regularization from Example 5.2 de�ne regularizations.

5.2 parameter choice and convergence rates

We now investigate which parameter choice rules U will for a given �lter iU lead to a

convergent (and order optimal) regularization method ('U , U). To keep the notation concise,

we will in the following write G† :=  †H , GU := 'UH for H ∈ D( †), and GXU := 'UH
X

for

HX ∈ �X (H).

a priori choice rules

By Theorem 4.6, every a priori choice rule that satis�es U (X) → 0 and X ‖'U ‖L(.,- ) → 0

and X → 0 leads to a regularization method ('U , U). Together with Lemma 5.4, this leads

to a condition on iU and thus on U .

47



5 spectral regularization

Example 5.7 (truncated singular value decomposition). Let  ∈ K(-,. ) have the

singular system {(f=, D=, E=)}=∈ℕ. Then we have for iU as in (5.1) that

‖'U ‖L(.,- ) ≤
√
�i sup

=∈ℕ

√
|iU (f2

= ) | =
1

√
U
.

This yields a condition on the minimal singular value that we can include in (5.2) for

given X > 0: Choosing =(X) with

=(X) → ∞, X

f=(X)
→ 0 as X → 0,

the truncated singular value decomposition together with the parameter choice rule

U (X) := f2

=(X) becomes a regularization method.

In particular, this holds for the choice U (X) := f2

=(X) ≥ X > f2

=(X)+1, which satis�es

GX
U (X) =

∑
f=≥
√
X

1

f=

(
HX

���D=)
.
E= →

∑
=∈ℕ

1

f=
(H |D=). E= = G† as X → 0.

We now consider convergence rates under the source condition G† ∈ -a,d for a, d > 0. For

this, we proceed as in the proof of Theorem 5.6 and �rst show that

la (U) := sup

_∈(0,̂ ]
_a/2 |AU (_) |

is an upper bound for the approximation error.

Lemma 5.8. Let H ∈ D( †) and G† ∈ -a,d for some a, d > 0. Then we have for all U > 0 that

‖GU − G†‖- ≤ la (U)d,(5.4)

‖ GU −  G†‖. ≤ la+1(U)d.(5.5)

Proof. By de�nition, for G† ∈ -a,d there exists aF ∈ - with G† = | |aF = ( ∗ )a/2F and

‖F ‖- ≤ d . It then follows from Lemma 5.5 that

G† − GU = AU ( ∗ )G† = AU ( ∗ ) ( ∗ )a/2F
=

∑
=∈ℕ

AU (f2

= )fa= (F | E=)- E=

and hence that

‖GU − G†‖2- =
∑
=∈ℕ
|AU (f2

= ) |2f2a
= | (F | E=)- |2

≤ la (U)2
∑
=∈ℕ
| (F | E=)- |2 ≤ la (U)2‖F ‖2- ≤ la (U)

2d2.
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Furthermore, Lemma 3.13 (iii) yields

‖ GU −  G†‖. = ‖ (GU − G†)‖. = ‖| | (GU − G†)‖- .

From this together with

| | (G† − GU ) = ( ∗ )1/2AU ( ∗ ) ( ∗ )a/2F
=

∑
=∈ℕ

f=AU (f2

= )fa= (F | E=)- E=

and |AU (f2

= )fa+1= |2 ≤ la+1(U)2, we similarly obtain the second estimate. �

We now have everything at hand to show convergence rates.

Theorem 5.9. Let H ∈ D( †) and G† =  †H ∈ -a,d for some a, d > 0. If U (X) is an a priori
choice rule with

(5.6) 2

(
X

d

) 2

a+1
≤ U (X) ≤ �

(
X

d

) 2

a+1
for � > 2 > 0

and the �lter {iU }U>0 satis�es for some �a > 0 the conditions

sup

_∈(0,̂ ]
|iU (_) | ≤ �iU−1,(5.7)

la (U) ≤ �aUa/2,(5.8)

then ('U , U) is a (for this a and all d) order optimal regularization method.

Proof. By Theorem 4.14, it su�ces to show order optimality. We again use the decomposition

(4.2) into data error and approximation error: For given X > 0 and HX ∈ �X (H),

‖GX
U (X) − G

†‖- ≤ X ‖'U (X) ‖L(.,- ) + ‖GU (X) − G†‖- .

By Lemma 5.4 and the assumption (5.7), we have that

‖'U (X) ‖L(.,- ) ≤
√
�i

√
�iU (X)−1 ≤ �iU (X)−1/2.

Similarly, it follows from Lemma 5.8 and the assumption (5.8) that

‖GU (X) − G†‖- ≤ la (U (X))d ≤ �aU (X)a/2d.

Together with the parameter choice rule (5.6), we obtain

(5.9) ‖GX
U (X) − G

†‖- ≤ �iU (X)−1/2X +�aU (X)a/2d

≤ �i2−1/2X−
1

a+1 d
1

a+1X +�a�a/2X
a
a+1 d−

a
a+1 d

= (�i2−1/2 +�a�a/2)X
a
a+1 d

1

a+1

and thus the order optimality. �
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Hence, to show for a given �lter iU the order optimality for some a > 0, it su�ces to

verify for this a the condition (5.8) (as well as for iU the condition (5.7)). The maximal

a0 > 0, for which all a ∈ (0, a0] satisfy the condition (5.8), is called the quali�cation of the

�lter.

Example 5.10 (truncated singular value decomposition). It follows from (5.1) that

sup

_∈(0,̂ ]
|iU (_) | ≤ U−1,

and hence this �lter satis�es (5.7) with �i = 1.

Furthermore, for all a > 0 and _ ∈ (0, ^],

_a/2 |AU (_) | = _a/2 |1 − _iU (_) | =
{

0 if _ ≥ U,
_a/2 if _ < U.

Hence for all U ∈ (0, ^],

la (U) = sup

_∈(0,̂ ]
_a/2 |AU (_) | ≤ max{0, Ua/2} = Ua/2,

and the condition (5.8) is therefore satis�ed for all a > 0 with �a = 1. This shows that

the truncated singular value decomposition is order optimal for all a > 0 and thus has

in�nite quali�cation.

a posteriori choice rules

We again consider the discrepancy principle: Fix g > 1 and choose U (X, HX ) such that

(5.10) ‖ GX
U (X,HX ) − H

X ‖. ≤ gX < ‖ GXU − HX ‖. for all U > U (X, HX ).

As before, we assume that R( ) is dense in . . Under additional assumptions on the

continuity of the mapping U ↦→ ‖ GXU − HX ‖. , it is then possible to show that such an

U (X, HX ) always exists (compare Theorem 4.7 with Lemma 5.3). To show that the discrepancy

principle leads to an order optimal regularization method, we again apply Theorem 4.14,

for which we have to take the discrepancy principle as a parameter choice rule Ug =

U (gX, HX ).

Theorem 5.11. Let {iU }U>0 be a �lter with quali�cation a0 > 0 (i.e., satisfying (5.7) and (5.8)

for all a ∈ (0, a0]), and let
(5.11) g > sup

U>0, _∈(0,̂ ]
|AU (_) | =: �A .

Then the discrepancy principle de�nes for all a ∈ (0, a0 − 1] an order optimal regularization
method ('U , Ug ).

50



5 spectral regularization

Proof. We �rst observe that due to |AU (_) | ≤ 1 + �i for all U > 0 and _ ∈ (0, ^], there

always exists a g > 1 satisfying (5.11).

Let now H ∈ R( ), G† =  †H ∈ -a,d for some a ∈ (0, a0 − 1] and d > 0, and HX ∈ �X (H).
We again use for GXU := GX

U (X,HX ) and GU := GU (X,HX ) the decomposition

(5.12) ‖GXU − G†‖- ≤ ‖GU − G†‖- + ‖GU − GXU ‖-

and estimate the terms on the right-and side separately.

For the �rst term, we again use the representation of the approximation errors from

Lemma 5.5 as well as the source condition G† = | |aF to obtain

G† − GU =
∑
=∈ℕ

AU (f2

= )fa= (F | E=)- E=

=
∑
=∈ℕ

AU (f2

= ) (F | E=)- | |aE=

= | |a
∑
=∈ℕ

AU (f2

= ) (F | E=)- E= =: | |ab .

The interpolation inequality (3.18) for A = a and B = a + 1 then yields that

‖GU − G†‖- = ‖| |ab ‖- ≤ ‖| |a+1b ‖
a
a+1
-
‖b ‖

1

a+1
-
.

Again we estimate the terms separately: For the second factor, we obtain from the de�nition

of b , the Bessel inequality, the boundedness of AU , and the source condition that

‖b ‖2- =
∑
=∈ℕ
|AU (f2

= ) |2 | (F | E=)- |2 ≤ �2

A ‖F ‖2- ≤ �
2

A d
2.

For the �rst factor, we use Lemma 3.13 (i), (iii),  G† = H since H ∈ R( ), and the productive

zero to obtain

‖| |a+1b ‖- = ‖| | ( | |ab)‖- = ‖| | (GU − G†)‖- = ‖ (GU − G†)‖. = ‖ GU − H ‖.
≤ ‖ GXU − HX ‖. + ‖H − HX −  (GU − GXU )‖. .

Yet again we estimate the terms separately: First, by the choice U (X, HX ) according to the

discrepancy principle we have that ‖ GXU − HX ‖. ≤ gX . For the second term, we write

H −  GU = H −  'UH = (Id− iU ( ∗ ) ∗)H

and analogously for HX −  GXU . Hence,

(5.13) ‖H − HX −  (GU − GXU )‖2. = ‖(Id− iU ( ∗ ) ∗) (H − HX )‖2.
=

∑
=∈ℕ

��AU (f2

= )
��2 ���(H − HX ���D=)

.

���2
≤ �2

A X
2,

51



5 spectral regularization

where we have used for the second equality that (compare (5.3))

 iU ( ∗ ) ∗(H − HX ) =
∑
=∈ℕ

iU (f2

= )f2

=

(
H − HX

���D=)
.
D= .

Together, we obtain for the �rst term in (5.12) that

‖GU − G†‖- ≤ (g +�A )
a
a+1X

a
a+1�

1

a+1
A d

1

a+1 =: �1X
a
a+1 d

1

a+1 .

It remains to estimate the second term (5.12). For this, we use Lemma 5.4 and the condition

(5.7) to obtain

(5.14) ‖GXU − GU ‖- ≤ ‖'U ‖L(.,- )X ≤
√
�i sup

_∈(0,̂ ]

√
|iU (_) |X

≤ �iU (X, HX )−1/2X.

To show that the right-hand side is of the optimal order, we need to bound U (X, HX ) in

terms of X appropriately. First, its choice according to the discrepancy principle implies in

particular that

gX < ‖ GX
2U − HX ‖. ≤ ‖ G2U − H ‖. + ‖H − HX −  (G2U − GX2U )‖.

(where the choice 2U > U was arbitrary and for the sake of simplicity). Since the estimate

(5.13) is uniform in U > 0, we also have that

‖H − HX −  (G2U − GX2U )‖. ≤ �AX
and thus that

‖ G2U − H ‖. > gX − ‖H − HX −  (G2U − GX2U )‖. ≥ (g −�A )X.
Conversely, we obtain from Lemma 5.8 and condition (5.8) for a + 1 ≤ a0 the estimate

‖ G2U − H ‖. ≤ la+1(2U (X, HX ))d ≤ �a+1(2U (X, HX ))
a+1
2 d.

Since g > �A by assumption, this implies that

X ≤ (g −�A )−1�a+12
a+1
2 U (X, HX ) a+12 d =: �gU (X, HX )

a+1
2 d,

i.e.,

(5.15) U (X, HX )−1/2 ≤ �
1

a+1
g X−

1

a+1 d
1

a+1 .

Inserting this into (5.14) now yields

‖GXU − GU ‖- ≤ �i�
1

a+1
g XX−

1

a+1 d
1

a+1 =: �2X
a
a+1 d

1

a+1 .

Combining the estimates for the two terms in (5.12), we obtain that

‖GXU − G†‖- ≤ (�1 +�2)X
a
a+1 d

1

a+1

and thus the order optimality. Theorem 4.14 for a = a0 − 1 and g0 = �A then shows that

'U together with the discrepancy principle as parameter choice rule Ug = U (gX, HX ) for all

g > �A is a regularization method. �
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Example 5.12 (truncated singular value decomposition). We have

|AU (_) | =
{

1 − _ 1

_
= 0 _ ≥ U

1 _ < U

and hence �A = 1. Since the truncated singular value decomposition has in�nite quali�-

cation, it is also an order optimal regularization method for any a > 0 when combined

with the discrepancy principle for arbitrary g > 1.

If a �lter only has �nite quali�cation, the Morozov discrepancy principle only leads to

an order optimal regularization method for a > a0 − 1; this is the price to pay for the

indirect control of U (X, HX ) through the residual (cf. (5.5)). However, there are improved

discrepancy principles that measure the residual in adapted norms and thus lead to order

optimal regularization methods also for a ∈ (a0 − 1, a0]; see, e.g., [Engl, Hanke & Neubauer

1996, Chapter 4.4].

heuristic choice rules

We consider as an example the Hanke–Raus rule: De�ne for HX ∈ . the function

Ψ : (0, ^] → ℝ, Ψ(U) =
‖ GXU − HX ‖.√

U
,

and choose

(5.16) U (HX ) ∈ arg min

U∈(0,̂ ]
Ψ(U).

We assume in the following that H ∈ R( ) and ‖H ‖. > X . First, we show a conditional

error estimate.

Theorem 5.13. Let {iU }U>0 be a �lter with quali�cation a0 > 0, i.e., satisfying (5.7) as well as
(5.8) for all a ∈ (0, a0]. Furthermore, assume there exists a minimizer U∗ := U (HX ) ∈ (0, ^] of
Ψ with

(5.17) X∗ := ‖ GXU∗ − HX ‖. > 0.

Then there exists a 2 > 0 such that for all a ∈ (0, a0 − 1] and d ≥ 0 with G† ∈ -a,d ,

‖GXU∗ − G†‖- ≤ 2
(
1 + X

X∗

)
max{X, X∗} a

a+1 d
1

a+1 .
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Proof. Once more we start from the error decomposition

‖GXU∗ − G†‖- ≤ ‖GU∗ − G†‖- + ‖GXU∗ − GU∗ ‖- .
For the �rst term, we argue as in the proof of Theorem 5.11 using (5.17) in place of the

discrepancy principle to show that

(5.18) ‖GU∗ − G†‖- ≤ �
1

a+1
A (X∗ +�AX)

a
a+1 d

1

a+1 ≤ �1 max{X, X∗} a
a+1 d

1

a+1 .

for some constant �1 > 0.

For the second term, we obtain similarly as for (5.14) using (5.17) (in the form of the pro-

ductive 1 = X∗/X∗) that

‖GXU∗ − GU∗ ‖- ≤ �i
1

√
U∗
X = �i

X

X∗
‖ GX

U∗ − HX ‖.√
U∗

= �i
X

X∗
Ψ(U∗).

Again, we need to bound the last factor by the correct power of X , for which we use the

choice rule. In this case, (5.16) states that Ψ(U∗) ≤ Ψ(U) for all U ∈ (0, ^]. The idea is now

to compare with U chosen according to the discrepancy principle, which however need not

be feasible (it may be larger than ^). Let therefore Ū := U (X, HX ) be chosen such that (5.10)

holds. If Ū ≤ ^, then (5.15) yields that

(5.19) Ψ(U∗) ≤ Ψ(Ū) ≤ (gX) (�
1

a+1
g X−

1

a+1 d
1

a+1 ) = �
1

a+1
g gX

a
a+1 d

1

a+1 .

On the other hand, if Ū > ^ = ‖ ‖2
L(-,. ) , then by assumption ‖ GX^ − HX ‖. ≤ gX as well.

From

X < ‖H ‖. = ‖ G†‖. = ‖ | |aF ‖- ≤ ‖ ‖a+1L(-,. )d

it then follows that

(5.20) Ψ(U∗) ≤ Ψ(^) ≤ gX ‖ ‖−1

L(-,. ) < gX
(
X−

1

a+1 d
1

a+1
)
= gX

a
a+1 d

1

a+1 .

In both cases, we thus obtain that

‖GXU∗ − GU∗ ‖- ≤ �2

X

X∗
X

a
a+1 d

1

a+1

for some constant �2 > 0. Together with (5.18), this shows the claimed estimate. �

Hence the Hanke–Raus rule would be order optimal if X∗ ≈ X . Conversely, the rule would

fail if U∗ = 0 or X∗ = 0 occurred. In the later case, HX ∈ R( ), and the unboundedness of

 † would imply that ‖ †HX −  †H ‖. could be arbitrarily large. We thus need to exclude

this case in order to show error estimates. For example, we can assume that there exists an

Y > 0 such that

(5.21) HX ∈ NY :=
{
H + [ ∈ .

�� ‖(Id−%R)[‖. ≥ Y‖[‖. } ,
where %R denotes the orthogonal projection onto R( ). Intuitively, this means that the

noisy data HX cannot be arbitrarily close to R( ). Restricted to such data, the Hanke–Raus

rule indeed leads to a convergent regularization method.
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Theorem 5.14. Let {iU }U>0 be a �lter with quali�cation a0 > 0 satisfying (5.7) as well as (5.8).
Assume further that (5.21) holds. Then for every G† ∈ -a,d with a ∈ (0, a0 − 1] and d > 0 and
H =  G†,

lim

X→0

sup

HX∈�X (H)∩NY

‖GXU∗ − G†‖- = 0.

Proof. Let H ∈ R( ) and HX ∈ NY with ‖HX − H ‖. = X . Since Id−%R is an orthogonal

projection and therefore has operator norm 1, we have for all U > 0 that

(5.22) ‖ GXU − HX ‖. ≥ ‖(Id−%R) ( G
X
U − HX )‖. = ‖(Id−%R)H

X ‖.
= ‖(Id−%R) (H

X − H)‖. ≥ Y‖HX − H ‖.
= YX > 0.

This implies that the numerator of Ψ(U) is bounded from below, and hence Ψ(U) → ∞ for

U → 0. The in�mum over all (0, ^] therefore must be attained for U∗ > 0. In particular, it

follows from (5.22) that

X∗ = ‖ GXU∗ − HX ‖. ≥ YX > 0.

We thus obtain from Theorem 5.13 and the estimate X ≤ Y−1X∗ that

‖GXU∗ − G†‖- ≤ �Y (X∗)
a
a+1 d

1

a+1

for some constant �Y > 0. It thus su�ces to show that X → 0 implies that X∗ → 0 as well.

But this follows from U∗ ≤ ^ and (5.19) or (5.20), since as X → 0, we have that

X∗ = ‖ GXU∗ − HX ‖. =
√
U∗Ψ(U∗) ≤

√
^Ψ(U∗) ≤

√
^ max{1,�

1

a+1
g }gX

a
a+1 d

1

a+1 → 0. �

Under similar assumptions (and with more e�ort), it is also possible to show order optimality

of the Hanke–Raus rule as well as of related minimization-based heuristic choice rules; see

[Kindermann 2011].
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6 TIKHONOV REGULARIZATION

Due to its central role in the theory and practice of inverse problems, we again consider in

more detail Tikhonov regularization, which corresponds to the �lter

iU (_) =
1

_ + U .

We get to the point quickly since we are well prepared. As we have already noted in

Example 5.2 (ii), the �lter iU is continuous, converges to
1

_
as U → 0, is uniformly bounded

by U−1
, and satis�es

_iU (_) =
_

_ + U < 1 =: �i for all U > 0.

By Theorem 5.6, the operator 'U = iU ( ∗ ) ∗ is therefore a regularization, satis�es by

Lemma 5.4

‖'U ‖L(.,- ) ≤
1

√
U
,

and by Theorem 4.6 leads together with the a priori choice rule U (X) = X to a convergent

regularization method.

To show convergence rates, we apply Theorem 5.9 (for a priori choice rules) and Theorem 5.11

(for the Morozov discrepancy principle). First, since iU (_) ≤ U−1 = �iU
−1

for all U > 0, the

condition (5.7) is satis�ed. Furthermore,

AU (_) = 1 − _iU (_) =
U

_ + U ≤ 1 =: �A for all U > 0, _ ∈ (0, ^] .

To show the second condition (5.8), we have to estimate

la (U) = sup

_∈(0,̂ ]
_a/2 |AU (_) | = sup

_∈(0,̂ ]

_a/2U

_ + U =: sup

_∈(0,̂ ]
ℎU (_)

by�aU
a/2

for a constant�a > 0. To do this, we consider ℎU (_) for �xed U > 0 as a function

of _ and compute

ℎ′U (_) =
U a

2
_a/2−1(_ + U) − U_a/2

(_ + U)2 =
U_a/2−1

(_ + U)2
(a
2

U +
(a
2

− 1

)
_

)
.
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6 tikhonov regularization

For a ≥ 2, the function ℎU (_) is therefore increasing, and the maximum over all _ ∈ (0, ^]
is attained in _∗ := ^. In this case,

la (U) = ℎU (^) =
U^a/2

^ + U ≤ ^
a/2−1U.

We thus obtain the desired estimate (only) for a = 2.

For a ∈ (0, 2), we can compute the root of ℎ′U (_) as _∗ :=
U a

2

1− a
2

. There, ℎ′′U (_∗) < 0, which

yields for all U > 0 that

la (U) = ℎU (_∗) =
U

(
U a

2

(
1 − a

2

)−1

)a/2
U + U a

2

(
1 − a

2

)−1
≤

(
a

2

(
1 − a

2

)−1

)a/2
Ua/2

and hence the desired estimate.

Tikhonov regularization thus has at least (and, as we will show, at most) quali�cation

a0 = 2. The corresponding order optimality for a priori and a posteriori choice rules now

follows easily from Theorem 5.9 and Theorem 5.11, respectively

Corollary 6.1. For all a ∈ (0, 2], Tikhonov regularization together with the parameter choice
rule

2

(
X
d

) 2

a+1 ≤ U (X) ≤ �
(
X
d

) 2

a+1
for � > 2 > 0

is an order optimal regularization method. In particular, for U ∼ X2/3,

‖GX
U (X) − G

†‖- ≤ 2X
2

3 for all G† ∈ R( ∗ ) and HX ∈ �X ( G†).

Corollary 6.2. For alla ∈ (0, 1] and g > 1, Tikhonov regularization together with the parameter
choice rule

‖ GX
U (X,HX ) − H

X ‖. ≤ gX < ‖ GXU − HX ‖. for all U > U (X, HX )

is an order optimal regularization method. In particular,

‖GX
U (X,HX ) − G

†‖- ≤ 2X
1

2 for all G† ∈ R( ∗) and HX ∈ �X ( G†).

In fact, the quali�cation cannot be larger than 2; Tikhonov regularization thus saturates in

contrast to, e.g., the truncated singular value decomposition. To show this, we �rst derive

the alternative characterization that was promised in Example 5.2 (ii).

Lemma 6.3. Let H ∈ . and U > 0. Then G = GU := 'UH if and only if

(6.1) ( ∗ + U Id)GU =  ∗H.
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6 tikhonov regularization

Proof. We use the singular system {(f=, D=, E=)}=∈ℕ of  to obtain

UGU =
∑
=∈ℕ

U
f=

f2

= + U
(H |D=). E=

as well as

 ∗ GU =
∑
=∈ℕ

f=

f2

= + U
(H |D=).  ∗ E=

=
∑
=∈ℕ

f2

=

f=

f2

= + U
(H |D=). E= .

This implies that

( ∗ + U Id)GU =
∑
=∈ℕ

f= (H |D=). E= =  ∗H.

Conversely, let G ∈ - be a solution of (6.1). Inserting the representation

(6.2) G =
∑
=∈ℕ
(G | E=)- E= + %NG

into (6.1) then yields∑
=∈ℕ
(f2

= + U) (G | E=)- E= + U%NG = ( ∗ + U Id)G =  ∗H =
∑
=∈ℕ

f= (H |D=). E= .

Since {E=}=∈ℕ is an orthonormal basis ofR( ∗) = N( )⊥, we must have %NG = 0. Equating

coe�cients then shows that

(G | E=)- =
f=

f2

= + U
(H |D=). for all = ∈ ℕ.

Inserting this into (6.2) in turn yields

G =
∑
=∈ℕ
(G | E=)- E= =

∑
=∈ℕ

f=

f2

= + U
(H |D=). E= = GU ,

i.e., GU is the unique solution of (6.1). �

The practical value of the characterization (6.1) cannot be emphasized enough: Instead of

a singular value decomposition, it su�ces to compute the solution of a well-posed linear

equation (for a selfadjoint positive de�nite operator), which can be done using standard

methods.

We now show that in general there cannot be an a priori choice rule for which the regular-

ization error ‖GX
U (X) − G

†‖- tends to zero faster than X2/3
.
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Theorem 6.4. Let  ∈ K(-,. ) have in�nite-dimensional range and let H ∈ R( ). If there
exists an a priori parameter choice rule U with limX→0 U (X) = 0 such that

(6.3) lim

X→0

sup

HX∈�X (H)
‖GX
U (X) − G

†‖-X−
2

3 = 0,

then G† = 0.

Proof. Assume to the contrary that G† ≠ 0. We �rst show that the given assumptions imply

that U (X)X−2/3 → 0. For this, we use the characterization (6.1) for GXU and HX to write

( ∗ + U (X) Id)
(
GX
U (X) − G

†
)
=  ∗HX −  ∗H − U (X)G†.

Together with ^ = ‖ ∗ ‖L(-,- ) = ‖ ∗‖2L(.,- ) , this implies that

|U (X) |‖G†‖- ≤
√
^X + (U (X) + ^)‖GX

U (X) − G
†‖- .

Multiplying this with X−2/3
and using the assumption (6.3) as well as G† ≠ 0 then yields

that

|U (X) |X−2/3 ≤ ‖G†‖−1

-

(√
^X

1

3 + (U (X) + ^)‖GX
U (X) − G

†‖-X−
2

3

)
→ 0.

We now construct a contradiction. Let {(f=, D=, E=)}=∈ℕ be a singular system of and de�ne

X= := f3

= and H= := H + X=D=, = ∈ ℕ,

such that ‖H= − H ‖. = X= → 0 as = →∞. Furthermore, setting U= := U (X=), we have that

GX=U= − G
† = (GX=U= − GU= ) + (GU= − G

†)
= 'U (H= − H) + (GU= − G†)

=
∑
<∈ℕ

f<

f2

< + U=
(X=D= |D<). E< + (GU= − G†)

=
X=f=

f2

= + U=
E= + (GU= − G†).

Together with the assumption (6.3) for HX = H= as well as for HX = H , this implies that

f=X
1/3
=

f2

= + U=
≤ ‖GX=U= − G

†‖-X−2/3
= + ‖GU= − G†‖-X

−2/3
= → 0 as = →∞.

On the other hand, f= = X
1/3
= and U=X

−2/3
= → 0 imply that

f=X
1/3
=

f2

= + U=
=

X
2/3
=

X
2/3
= + U=

=
1

1 + U=X−2/3
=

→ 1 as = →∞

and hence the desired contradiction. �
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Comparing the characterization (6.1) with the normal equations (3.6) suggest that Tikhonov

regularization also has a minimization property. This is indeed the case.

Theorem 6.5. Let H ∈ . and U > 0. Then GU := 'UH is the unique minimizer of the Tikhonov

functional

(6.4) �U (G) :=
1

2

‖ G − H ‖2. +
U

2

‖G ‖2- .

Proof. A minimizer Ḡ ∈ - of �U is de�ned as satisfying �U (Ḡ) ≤ �U (G) for all G ∈ - . We

therefore take the di�erence of functional values for arbitrary G ∈ - and for the solution

GU of (6.1) and rearrange the inner products to obtain

�U (G) − �U (GU ) =
1

2

( G − H | G − H). +
U

2

(G | G)-

− 1

2

( GU − H | GU − H). −
U

2

(GU | GU )-

=
1

2

‖ G −  GU ‖2. +
U

2

‖G − GU ‖2- + ( 
∗( GU − H) + UGU | G − GU )-

=
1

2

‖ G −  GU ‖2. +
U

2

‖G − GU ‖2-
≥ 0,

where we have used (6.1) in the last equality. Hence, GU is a minimizer of �U .

Conversely, if �U (G) − �U (Ḡ) ≥ 0 for all G ∈ - , we in particular have for G = Ḡ + CI with

arbitrary C > 0 and I ∈ - that

0 ≤ �U (Ḡ + CI) − �U (Ḡ) =
C2

2

‖ I‖2. +
C2U

2

‖I‖2- + C ( 
∗( Ḡ − H) + UḠ | I)- .

Dividing by C > 0 and passing to the limit C → 0 then yields

( ∗( Ḡ − H) + UḠ | I)- ≥ 0.

Since I ∈ - was arbitrary, this can only hold if  ∗ Ḡ + UḠ =  ∗H . As GU is the unique

solution of (6.1), we obtain Ḡ = GU . Hence, GU is in fact the unique minimizer of (6.4). �

The characterization of Tikhonov regularization as minimization of the functional (6.4)

furthermore yields another connection to the minimum norm solution G†: Instead of

insisting on a least squares solution, whose norm need not be bounded for H ∉ D( †), we

look for an approximation that minimizes (squared) residual norm ‖ G − H ‖2
.
together with

the (squared) norm ‖G ‖2
-

.
1

Here the regularization parameter U determines the trade-o�:

1
This is also the form in which this regularization was introduced by Andreı̆ Nikolaevich Tikhonov, a

prominent Russian mathematician of the 20th century; see [Tikhonov 1963a; Tikhonov 1963b].
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the smaller the noise level X , the more importance one can put on the minimization of the

residual (i.e., the smaller U can be chosen). Conversely, a larger noise level requires putting

more weight on minimizing the penalty term ‖G ‖2
-

(and hence choosing a larger U) in order

to obtain a stable approximation.

In addition, this characterization can be used to derive monotonicity properties of the value
functions

5 (U) :=
1

2

‖ GXU − HX ‖2. , 6(U) :=
1

2

‖GXU ‖2- ,
and

9 (U) := �U (GXU ) = 5 (U) + U6(U) = �U (GXU ) .

Lemma 6.6. The value functions 5 and 6 are monotone in the sense that for all U1, U2 > 0,

(5 (U1) − 5 (U2)) (U1 − U2) ≥ 0,(6.5)

(6(U1) − 6(U2)) (U1 − U2) ≤ 0.(6.6)

Proof. The minimization property of GXU1

for �U1
and of GXU2

for �U2
imply that

5 (U1) + U16(U1) ≤ 5 (U2) + U16(U2),
5 (U2) + U26(U2) ≤ 5 (U1) + U26(U1).

Adding these inequalities and rearranging immediately yields (6.6). Dividing the �rst

inequality by U1 > 0, the second by U2 > 0, and adding both yields

1

U1

(5 (U1) − 5 (U2)) ≤
1

U2

(5 (U1) − 5 (U2)) .

Multiplying by U1U2 > 0 and rearranging then yields (6.5). �

As expected, the residual norm is decreasing and the norm of GXU is increasing as U → 0.

We next consider for the value function 9 the one-sided di�erence quotients

�+ 9 (U) := lim

C→0
+

9 (U + C) − 9 (U)
C

,

�− 9 (U) := lim

C→0
−

9 (U + C) − 9 (U)
C

.

Lemma 6.7. For all U > 0,

�+ 9 (U) ≤ 6(U) ≤ �− 9 (U),
9 (U) − U�− 9 (U) ≤ 5 (U) ≤ 9 (U) − U�+(U).
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Proof. For any U, Ũ > 0, the minimization property for 9 yields that

9 (Ũ) = 5 (Ũ) + Ũ6(Ũ) ≤ 5 (U) + Ũ6(U).

Hence,

9 (U) − 9 (Ũ) = 5 (U) + U6(U) − 5 (Ũ) − Ũ6(Ũ)
≥ 5 (U) + U6(U) − 5 (U) − Ũ6(U)
= (U − Ũ)6(U),

which implies for Ũ := U + C > U with C > 0 that

9 (U + C) − 9 (U)
C

≤ 6(U).

Passing to the limit C → 0 thus shows that �+ 9 (U) ≤ 6(U). The corresponding inequality

for �− 9 (U) follows analogously with C < 0.

The remaining inequalities follow from this together with the de�nition of 9 ; for example,

using

9 (U) = 5 (U) + U6(U) ≤ 5 (U) + U�− 9 (U),
and rearranging. �

By one of Lebesgue’s theorems (see [Hewitt & Stromberg 1975, Theorem V.17.12]), a mono-

tone function is di�erentiable almost everywhere (i.e., �−5 ≠ �+5 on at most a set of

Lebesgue measure zero). Hence, 5 and 6 and therefore also 9 = 5 + U6 are di�erentiable

almost everywhere, and we obtain the following expression for the derivative of the latter.

Corollary 6.8. For almost all U > 0, the value function 9 is di�erentiable with

9 ′(U) = 6(U).

This characterization can be useful for example when implementing minimization-based

heuristic parameter choice rules.

Furthermore, Theorem 6.5 suggests a new interpretation of the simplest source condition

G† ∈ -1 = R( ∗). Since the minimizer of (6.4) does not change when dividing the Tikhonov

functional by U > 0, the minimizer GXU is also a minimizer of

(6.7) min

G∈-

1

2U
‖ G − HX ‖2. +

1

2

‖G ‖2- .

Now we want GXU → G† as X → 0 and U → 0. Formally passing to the limits in (6.7), i.e.,

�rst replacing HX with H ∈ R( ) and then letting U → 0, we see that the limit functional
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can only have a �nite minimum in some Ḡ if  Ḡ = H . The limit functional is therefore

given by

(6.8) min

G∈-,  G=H

1

2

‖G ‖2- .

We again proceed formally. Introducing the Lagrange multiplier ? ∈ . , we can write (6.8)

as the unconstrained saddle-point problem

min

G∈-
max

?∈.

1

2

‖G ‖2- − (? | G − H). .

For (Ḡ, ?̄) ∈ - × . to be a saddle point, the partial derivatives with respect to both G and ?

have to vanish, leading to the conditions{
Ḡ =  ∗?̄,

 Ḡ = H.

But for H ∈ R( ), the solution of (6.8) describes exactly the minimum norm solution G†,
i.e., Ḡ = G†. The existence of a Lagrange multiplier ?̄ with G† =  ∗?̄ is therefore equivalent

to the source condition G† ∈ R( ∗). (Since  ∗ need not be surjective, this is a non-trivial

assumption.) Intuitively, this makes sense: If we want to approximate G† by a sequence of

minimizers GXU , the limit G† should itself be a minimizer (of an appropriate limit problem).

Finally, the interpretation of Tikhonov regularization as minimizing a functional can – in

contrast to the construction via the singular value decomposition – be extended to nonlinear
operator equations as well as to equations in Banach spaces. It can further be generalized

by replacing the squared norms by other discrepancy and penalty functionals. Of course,

this also entails generalized source conditions. We will return to this in Chapter 10.
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7 LANDWEBER REGULARIZATION

The usual starting point for deriving Landweber regularization is the characterization

from Corollary 3.6 of the minimum norm solution as the solution G ∈ N ( )⊥ of the

normal equations (3.6). These can be written equivalently for any l > 0 as the �xed point

equation

G = G − l ( ∗ G −  ∗H) = G + l ∗(H −  G).
The corresponding �xed-point iteration – also known as Richardson iteration1

– is

(7.1) G= = G=−1 + l ∗(H −  G=−1), = ∈ ℕ,

for some G0 ∈ - . Here we only consider G0 = 0 for the sake of simplicity. The Banach

Fixed-Point Theorem ensures that this iteration converges to a solution of the normal

equations if H ∈ R( ) and ‖ Id−l ∗ ‖L(-,- ) < 1. Since G0 = 0 ∈ R( ∗), an induction

argument shows that G= ∈ R( ∗) ⊂ N ( )⊥ for all = ∈ ℕ, and therefore G= → G†. If

HX ∉ R( ), however, no convergence can be expected. The ideas is therefore to stop the

iteration early, i.e., take G< for an appropriate< ∈ ℕ as the regularized approximation.

The stopping index < ∈ ℕ thus plays the role of the regularization parameter here, which

�ts into the framework of Chapter 5 if we set U = 1

<
> 0.

2

Performing< steps of the iteration (7.1) can be formulated as a spectral regularization. For

this, we �rst derive a recursion-free characterization of the �nal iterate G< .

Lemma 7.1. If G0 = 0, then

G< = l
<−1∑
==0

(Id−l ∗ )= ∗H for all< ∈ ℕ.

1
This method for the solution of linear systems of equations traces back to Lewis Fry Richardson. He also

proposed in 1922 the modern method of weather prediction by numerical simulation. (His own �rst

attempt in 1910 – by hand! – was correct in principle but gave wrong results due to noisy input data.

Weather prediction is an ill-posed problem!)

2
This method was �rst proposed for the solution of ill-posed operator equations by Lawrence Landweber. In

[Landweber 1951], he shows the convergence for H ∈ R( ); otherwise, he then writes, “such a sequence

may give useful successive approximations”.
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7 landweber regularization

Proof. We proceed by induction. For< = 1,

G1 = l 
∗H = l (Id−l ∗ )0 ∗H.

Let now< ∈ ℕ be arbitrary, and let the claim hold for G< . Then

G<+1 = G< + l ∗(H −  G<)
= (Id−l ∗ )G< + l ∗H

= (Id−l ∗ )
(
l
<−1∑
==0

(Id−l ∗ )= ∗H
)
+ l ∗H

= l
<−1∑
==0

(Id−l ∗ )=+1 ∗H + l (Id−l ∗ )0 ∗H

= l
<∑
==0

(Id−l ∗ )= ∗H. �

Performing< steps of the Landweber iteration (7.1) is thus equivalent to applying a linear

operator, i.e.,

G< = i< ( ∗ ) ∗H
for

i< (_) = l
<−1∑
==0

(1 − l_)= = l 1 − (1 − l_)<
1 − (1 − l_) =

1 − (1 − l_)<
_

.

Apart from the notation i< instead of iU for U = 1

<
(i.e., considering< → ∞ instead of

U → 0), this is exactly the �lter from Example 5.2 (iii).

Theorem 7.2. For any l ∈ (0, ^−1), the family {i<}<∈ℕ de�nes a regularization {'<}<∈ℕ
with '< := i< ( ∗ ) ∗.

Proof. We only have to show that i< (_) → 1

_
as< → ∞ and that _i< (_) is uniformly

bounded for all< ∈ ℕ. By the assumption on l , we have 0 < 1 − l_ < 1 for all _ ∈ (0, ^],
which yields (1 − l_)< → 0 as< →∞ as well as

_ |i< (_) | = |1 − (1 − l_)< | ≤ 1 =: �i for all< ∈ ℕ and _ ∈ (0, ^] .

Hence {i<}<∈ℕ is a regularizing �lter, and the claim follows from Theorem 5.6. �

Hence the Landweber iteration converges to a minimum norm solution G† as< →∞ if and

only if H ∈ D( †); otherwise it diverges. It therefore suggest itself to choose the stopping

index by the discrepancy principle: Pick g > 1 and take <(X, HX ) such that GX< := '<H
X

satis�es

(7.2) ‖ GX
<(X,HX ) − H

X ‖. ≤ gX < ‖ GX< − HX ‖. for all< < <(X, HX ).
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(This does not require any additional e�ort since the residual HX −  GX< is computed as

part of the iteration (7.1).) The existence of such an<(X, HX ) is guaranteed by Theorem 4.7

together with Lemma 5.3.

We now address convergence rates, where from now on we assume that l ∈ (0, ^−1).

Theorem 7.3. For all a > 0 and g > 1, the Landweber iteration (7.1) together with the
discrepancy principle (7.2) is an order optimal regularization method.

Proof. We apply Theorem 5.11, for which we verify the necessary conditions (following the

convention U := 1

<
). First, due to l_ < 1 Bernoulli’s inequality yields that

|i< (_) | =
|1 − (1 − l_)< |

_
≤ |1 − 1 +<l_ |

_
= l< = lU−1

for all _ ∈ (0, ^]

and hence that (5.7) holds. (Clearly for l ≤ 1; otherwise we can follow the proof of

Theorem 5.11 and see that the additional constant l only leads to a larger constant �2.)

Bernoulli’s inequality further implies that (1 + G) ≤ 4G and hence that

A< (_) = 1 − _i< (_) = (1 − l_)< ≤ 4−l_< ≤ 1 =: �A for all< ∈ ℕ, _ ∈ (0, ^] .

We now consider for �xed a > 0 and< ∈ ℕ the function ℎ< (_) := _a/24−l_< and compute

ℎ′< (_) =
a

2

_a/2−14−l_< − l<_a/24−l_< = _a/2−14−l_<l<
( a

2l<
− _

)
.

The root _∗ = a
2l<

of this derivative satis�es ℎ′′< (_∗) < 0, and hence

sup

_∈(0,̂ ]
_a/2A< (_) ≤ sup

_∈(0,∞)
ℎ< (_) = ℎ<

( a

2l<

)
= 4−a/2

( a
2l

)a/2
<−a/2 =: �aU

a/2.

This shows that (5.8) holds for all a > 0. Landweber regularization thus has in�nite

quali�cation, and the claim follows for g > �A = 1 from Theorem 5.11. �

We next study the monotonicity of the Landweber iteration.

Theorem 7.4. Let< ∈ ℕ. If  GX< − HX ≠ 0, then

‖ GX<+1 − HX ‖. < ‖ GX< − HX ‖. .

Proof. The iteration (7.1) implies that

 GX<+1 − HX =  
(
(Id−l ∗ )GX< + l ∗HX

)
− HX

= (Id−l  ∗) GX< − (Id+l  ∗)HX

= (Id−l  ∗) ( GX< − HX )
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and hence due to l < ^−1 = f−2

1
≤ f−2

= for all = ∈ ℕ that

‖ GX<+1 − HX ‖2. =
∑
=∈ℕ
(1 − lf2

= )2
���( GX< − HX ���D=)

.

���2
<

∑
=∈ℕ

���( GX< − HX ���D=)
.

���2 ≤ ‖ GX< − HX ‖2. . �

The residual therefore always decreases as< →∞ (even though a least squares solution

minimizing the residual will not exist for H ∉ D( †)). For the error, this can be guaranteed

only up to a certain step.

Theorem 7.5. Let< ∈ ℕ. If
‖ GX< − HX ‖. > 2X,

then
‖GX<+1 − G†‖- < ‖GX< − G†‖- .

Proof. We use the iteration to write with bX< = HX −  GX< and H =  G†

‖GX<+1 − G†‖2- = ‖GX< − G† + l ∗(HX −  GX<)‖2-
= ‖GX< − G†‖2- − 2l

(
 G† −  GX<

��� bX<)
.
+ l2‖ ∗bX<‖2-

= ‖GX< − G†‖2- + l
(
bX< − 2H + 2 GX<

��� bX<)
.
+ l

(
l ‖ ∗bX<‖2- − ‖b

X
<‖2.

)
.

We now have to show that the last two terms are negative. For the �rst term, we use the

de�nition of bX< and obtain by inserting bX< = 2bX< − bX< = 2HX − 2 GX< − bX< that(
bX< − 2H + 2 GX<

��� bX<)
.
= 2

(
HX − H

��� bX<)
.
− ‖bX<‖2.

≤ 2X ‖bX<‖. − ‖bX<‖2.
=

(
2X − ‖ GX< − HX ‖.

)
‖bX<‖. < 0

since the term in parentheses is negative by assumption and ‖bX<‖. > 2X > 0.

For the second term, we use l < ^−1
and therefore that

l ‖ ∗bX<‖2- ≤ l ‖ 
∗‖2L(.,- ) ‖b

X
<‖2. = l^‖bX<‖2 < ‖bX<‖2-

and hence

(7.3) l

(
l ‖ ∗bX<‖2- − ‖b

X
<‖2.

)
< 0.

Hence both terms are negative, and the claim follows. �
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Hence the Landweber iteration reduces the error until the residual norm drops below twice

the noise level. (This implies that for the discrepancy principle, g should always be chosen

less than 2 since otherwise the iteration is guaranteed to terminate too early.) From this

point on, the error will start to increase again for HX ∉ R( ) by Theorem 5.6. This behavior

is called semiconvergence and is typical for iterative methods when applied to ill-posed

problems. The discrepancy principle then prevents that the error increases arbitrarily. (A

slight increase is accepted – how much, depends on the choice of g ∈ (1, 2).)

An important question relating to the e�ciency of the Landweber method is the number

of steps required for the discrepancy principle to terminate the iteration. The following

theorem gives an upper bound.

Theorem 7.6. Let g > 1 and HX ∈ �X ( G†). Then the discrepancy principle (7.2) terminates
the Landweber iteration (7.1) in step

<(X, HX ) ≤ �X−2 for some � > 0.

Proof. We �rst derive a convergence rate for the residual norm in terms of<. For this, we

consider for = ≥ 0 the iterate G= produced by the Landweber iteration applied to the exact

data H :=  GX ∈ R( ) and denote the corresponding residual by b= := H −  G=. We now

proceed similarly to the proof of Theorem 7.5. Using the iteration (7.1) and (7.3) shows that

‖G† − G=‖2- − ‖G
† − G=+1‖2- = ‖G† − G=‖2- − ‖G

† − G= − l ∗b=‖2-
= 2l

(
 G† −  G=

�� b=)
.
− l2‖ ∗b=‖2-

= l
(
‖b=‖2. − l ‖ 

∗b=‖2-
)
+ l ‖b=‖2.

> l ‖b=‖2. .

Summing over all = = 0, . . . ,< − 1 and using the monotonicity of the residual from Theo-

rem 7.4 then yields

‖G† − G0‖2- − ‖G
† − G<‖2- =

<−1∑
==0

(
‖G† − G=‖2- − ‖G

† − G=+1‖2-
)

> l
<−1∑
==0

‖b=‖2. > l<‖b<‖2- .

In particular,

‖H −  G<‖2. < (l<)−1‖G† − G0‖2- .

As in the proof of Theorem 7.4, we now have due to G0 = 0 that

bX< = HX −  GX< = (Id−l  ∗) (HX −  GX<−1
) = · · · = (Id−l  ∗)<HX
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and similarly for b< = (Id−l  ∗)<H . This yields using l < ^−1 < f−2

= the estimate

‖(Id−l  ∗)< (HX − H)‖2. =
∑
=∈ℕ
(1 − lf2

= )2<
���(HX − H ���D=)

.

���2 ≤ ‖HX − H ‖2.
and hence that

‖ GX< − HX ‖. = ‖(Id−l  ∗)<HX ‖.
≤ ‖(Id−l  ∗)<H ‖. + ‖(Id−l  ∗)< (HX − H)‖.
≤ ‖H −  G<‖. + ‖HX − H ‖.
≤ (l<)−1/2‖G† − G0‖- + X.

The discrepancy principle now chooses the stopping index<(X, HX ) as the �rst index for

which ‖ GX
<(X,HX ) − H

X ‖. ≤ gX . Due to the monotonicity of the residual norm, this is the

case at the latest for the �rst <̄ ∈ ℕ with

(l<̄)−1/2‖G† − G0‖- + X ≤ gX ;

in other words, for which

<̄ ≥ l
‖G† − G0‖2-
l2(g − 1)2 X

−2 ≥ <̄ − 1.

This implies that

<(X, HX ) ≤ <̄ − 1 ≤ �X−2 + 1

with � := l−1(g − 1)−2‖G† − G0‖2- +max{1, X2}. �

It is not surprising that this estimate can be improved under the usual source condition

G† ∈ -a . Speci�cally, the estimate (5.15) in the proof of Theorem 5.11 implies for U = 1

<

the bound < ≤ �X−
2

a+1 . Still, Landweber regularization in practice often requires too

many iterations, which motivates accelerated variants such as the one described in [Engl,

Hanke & Neubauer 1996, Chapter 6.2, 6.3]. Furthermore, regularization by early stopping

can be applied to other iterative methods for solving the normal equation; a particularly

popular choice is the conjugate gradient (CG) method; see [Engl, Hanke & Neubauer 1996,

Chapter 7].
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8 DISCRETIZATION AS REGULARIZATION

And now for something completely di�erent. We have seen that the fundamental di�culty

in inverse problems is due to the unboundedness of the pseudoinverse for compact operators

 : - → . with in�nite-dimensional range. It thus suggests itself to construct a sequence

{ =}=∈ℕ of operators with �nite-dimensional ranges and approximate the wanted minimum

norm solution  †H using the (now continuous) pseudoinverses ( =)†. This is indeed

possible – up to a point. Such �nite-dimensional operators can be constructed by either of

the following approaches:

(i) We restrict the domain of  to a �nite-dimensional subspace -= ⊂ - and de�ne

 = : -= → . , which has �nite-dimensional range because if {G1, . . . , G=} is a basis of

-= , then R( =) = span{ G1, . . . ,  G=}. This approach is referred to as least-squares
projection.

(ii) We directly restrict the range of to a �nite-dimensional subspace.= ⊂ . and de�ne

 = : - → .= . This approach is referred to as dual least-squares projection.

(Of course, we could also restrict domain and range and de�ne  = : -= → .= , but this will

not add anything useful from the point of regularization theory.) In this chapter, we will

study both approaches, where the second will be seen to have advantages. Since we do not

require any spectral theory for this, we will consider again an arbitrary bounded operator

) ∈ L(-,. ).

8.1 least-squares projection

Let {-=}=∈ℕ be a sequence of nested subspaces, i.e.,

-1 ⊂ -2 ⊂ · · · ⊂ -,

with dim-= = = and

⋃
=∈ℕ-= = - . Furthermore, let %= := %-=

denote the orthogonal

projection onto -= and set )= := )%= ∈ L(-,. ). Since )= has �nite-dimensional range,

)
†
= := ()=)† is continuous. We thus de�ne for H ∈ . the regularization G= := )

†
= H , i.e., the

minimum norm solution of )%=G = H . By Lemma 3.4, we then have

G= ∈ R() †= ) = N()=)⊥ = R() ∗= ) = R(%=) ∗) ⊂ -=
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8 discretization as regularization

since -= is �nite-dimensional and therefore closed and %= is selfadjoint. (We are thus only

looking for a minimum norm solution in -= instead of in all of - .) To show that )
†
= is a

regularization in the sense of De�nition 4.1, we have to show that H ∈ D() †) implies that

)
†
= H → ) †H as = →∞. This requires an additional assumption.

1

Lemma 8.1. Let H ∈ D() †). Then G= → G† if and only if lim sup=→∞ ‖G=‖- ≤ ‖G†‖- .

Proof. If G= → G†, the triangle inequality directly yields that

‖G=‖- ≤ ‖G= − G†‖- + ‖G†‖- → ‖G†‖- .

Conversely, if the lim sup assumption holds, the sequence {‖G=‖- }=∈ℕ and thus also {G=}=∈ℕ
is bounded in- . Hence there exists a subsequence {G=: }:∈ℕ and a Ḡ ∈ - with G: := G=: ⇀ Ḡ

and )G: ⇀ )Ḡ . By the de�nition of G: as a least squares solution of ):G = H (of minimal

norm) and by )G† = %RH due to Lemma 3.4 (iv) and R() ) = N() )⊥, we now have

‖):G: −)G†‖2. + ‖(Id−%R)H ‖
2

. = ‖):G: − H ‖2. ≤ ‖):G − H ‖
2

.

= ‖):G −)G†‖2. + ‖(Id−%R)H ‖
2

. for all G ∈ - .

Since G: ∈ -: , we have G: = %:G: , and thus G = %:G
†

satis�es

(8.1) ‖)G: −)G†‖. = ‖):G: −)G†‖. ≤ ‖):%:G† −)G†‖. = ‖)%:G† −)G†‖.
≤ ‖) ‖L(-,. ) ‖(� − %:)G†‖- .

By the assumptions on {-=}=∈ℕ, the last term converges to zero as : → ∞, and hence

we have that )G: → )G†. This implies that Ḡ − G† ∈ N () ). Now we always have that

G† ∈ N () )⊥, and hence the weak lower semicontinuity of the norm together with the

lim sup assumption yields that

‖Ḡ − G†‖2- + ‖G
†‖2- = ‖Ḡ ‖2- ≤ lim inf

:→∞
‖G: ‖2- ≤ lim sup

:→∞
‖G: ‖2- ≤ ‖G

†‖2- ,

which implies that Ḡ = G†. This shows that every weakly convergent subsequence has the

same limit G†, and therefore the full sequence has to converge weakly to G†. Finally, the

lower semicontinuity Combining the weak lower semicontinuity of the norm with the

lim sup assumption �nally yields that ‖G=‖- → ‖G†‖- as well, and hence the sequence

even converges strongly in the Hilbert space - . �

Unfortunately, it is possible to construct examples where {‖G=‖- }=∈ℕ is not bounded; see,

e.g., [Engl, Hanke & Neubauer 1996, Example 3.19]. A su�cient condition for convergence

is given in the following theorem.

1
Here we follow [Kindermann 2016]; the proof in [Engl, Hanke & Neubauer 1996] using a similar equivalence

for weak convergence requires an additional assumption, as was pointed out in [Du 2008].
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8 discretization as regularization

Theorem 8.2. Let H ∈ D() †). If

(8.2) lim sup

=→∞
‖() ∗= )†G=‖. = lim sup

=→∞
‖() †= )∗G=‖. < ∞,

then G= → G† as = →∞.

Proof. Since

‖G=‖2- =

(
G= − G†

��G=)
-
+

(
G†

��G=)
-
≤

(
G= − G†

��G=)
-
+ ‖G†‖- ‖G=‖- ,

it su�ces to show that the �rst term on the right-hand side tends to zero as = → ∞.

For this, we set F= := () †= )∗G= and use that ) ∗=F= = G= since R() ∗= ) ⊂ -= and therefore

G= ∈ R() †= ) = R() ∗= ). This allows us to estimate

(8.3)

(
G= − G†

��G=)
-
=

(
G= − G†

��) ∗=F=)
-
=

(
)=G= −)=G†

��F=)
.

=

(
)=G= −)G†

��F=)
.
+

(
)G† −)=G†

��F=)
.

≤
(
‖)=G= −)G†‖. + ‖) (Id−%=)G†‖.

)
‖F=‖.

≤ 2‖) ‖L(-,. ) ‖(Id−%=)G†‖- ‖F=‖. ,

where in the last step we have again used (8.1). The last term is now bounded by the

assumption (8.2), while the second term and thus the whole right-hand side tend to zero.

We can therefore apply Lemma 8.1 to obtain the claim. �

This shows that the least-squares projection only de�nes a convergent regularization if the

subspaces -= are chosen appropriately for the operator ) . Before moving on to the dual

least-squares projection (which does not require such a condition), we consider the special

case of compact operators.

Theorem 8.3. If  ∈ K(-,. ) and G† ∈ - satisfy the condition (8.2), then G† ∈ R( ∗).

Proof. Setting againF= := ( †= )∗G= , the condition (8.2) implies that {F=}=∈ℕ is bounded and

therefore contains a weakly convergent subsequenceF: ⇀ F̄ ∈ . . Since  and therefore

also  ∗ is compact,  ∗F: →  ∗F̄ . On the other hand, it follows from ( †= )∗ = ( ∗= )† =
(%= ∗)† that

 ∗F: = %: 
∗F: + (Id−%:) ∗F: = G: + (Id−%:) ∗F: .

Passing to the limit on both sides of the equation and appealing to Theorem 8.2, the

boundedness ofF: , and ‖ Id−%: ‖L(-,- ) → 0, we deduce that ∗F̄ = G†, i.e.,G† ∈ R( ∗). �

Hence the condition (8.2) already implies a source condition. It is therefore not surprising

that we can give an estimate for the convergence G= → G†.
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8 discretization as regularization

Theorem 8.4. If  ∈ K(-,. ) and G† ∈ - satisfy the condition (8.2) and H ∈ D( †), then
there exists a constant � > 0 such that

‖G= − G†‖- ≤ � ‖(Id−%=) ∗‖L(.,- ) for all = ∈ ℕ.

Proof. By Theorem 8.3 there exists aF ∈ . with G† =  ∗F . Hence, (8.1) implies that(
G= − G†

��G†)
-
≤ ‖ G= −  G†‖. ‖F ‖. ≤ ‖ (%= − Id)G†‖. ‖F ‖. .

It follows from this together with (8.3) and the boundedness of theF= := ( †= )∗G= that

‖G= − G†‖2- =

(
G= − G†

��G=)
-
−

(
G= − G†

��G†)
-

≤ 2‖ (Id−%=)G†‖. ‖F=‖. + ‖ (Id−%=)G†‖. ‖F ‖.
≤ � ‖ (Id−%=)G†‖. = � ‖ (Id−%=) (Id−%=) ∗F ‖.
≤ � ‖(Id−%=) ∗‖2L(.,- ) ‖F ‖. ,

where we have used in the last step that orthogonal projections are selfadjoint and thus

that ( (Id−%=))∗ = (Id−%=) ∗. �

8.2 dual least-squares projection

Here we directly discretize the range of ) . We thus consider a sequence {.=}=∈ℕ of nested

subspaces, i.e.,

.1 ⊂ .2 ⊂ · · · ⊂ R() ) = N() ∗)⊥ ⊂ .,
with dim.= = = and

⋃
=∈ℕ.= = N() ∗)⊥. Let now &= := %.= denote the orthogonal

projection onto .= and set )= := &=) ∈ L(-,.=). Again, )
†
= and hence also )

†
=&= are

continuous, and we can take G= := )
†
=&=H – i.e., the minimum norm solution of&=)G = &=H

– as a candidate for our regularization. To show that this indeed de�nes a regularization,

we introduce the orthogonal projection %= := %-=
onto

-= := ) ∗.= := {) ∗H | H ∈ .=} .

We then have the following useful characterization.

Lemma 8.5. Let H ∈ D() †). Then G= = %=G†.

Proof. We �rst note that by de�nition of the pseudoinverse and of -= , we have that

R() †= ) = N()=)⊥ = R() ∗= ) = R() ∗&=) = ) ∗.= = -=
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8 discretization as regularization

(where the second equation follows from the fact that R() ∗= ) = -= is �nite-dimensional)

and hence that G= ∈ -= as well as -⊥= = N()=). This also implies that

)= (Id−%=)G = 0 for all G ∈ -,

i.e., that )=%= = )=. Furthermore, it follows from the fact that .= ⊂ N() ∗)⊥ = R() ) (and

hence that R() )⊥ ⊂ N(&=)) together with Lemma 3.4 (iv) that

&=H = &=%R() )H = &=))
†H = &=)G

† = )=G
†.

We thus obtain for any G ∈ - that

‖)=G −&=H ‖. = ‖)=G −)=G†‖. = ‖)=G −)=%=G†‖. = ‖)= (G − %=G†)‖. .

Now G= is de�ned as the minimum norm solution of )=G = &=H , i.e., as the one G ∈
N ()=)⊥ = -= minimizing ‖)=G −&=H ‖. – which is obviously minimal for G = %=G

† ∈ -= .

Since the minimum norm solution is unique, we have that G= = %=G
†
. �

Theorem 8.6. Let H ∈ D() †). Then G= → G†.

Proof. The construction of .= implies that -= ⊂ -=+1 and hence that⋃
=∈ℕ

-= =
⋃
=∈ℕ

) ∗.= = ) ∗
⋃
=∈ℕ

.= = )
∗N() ∗)⊥ = R() ∗) = N() )⊥.

Using G† ∈ R() †) = N() )⊥, we deduce that G= → G†. �

Under a source condition, we can show a similar error estimate as in Theorem 8.4.

Theorem 8.7. Let ) ∈ L(-,. ) and H ∈ D() †). If G† = ) †H ∈ R() ∗), then there exists a
constant � > 0 such that

‖G= − G†‖- ≤ � ‖(Id−%=)) ∗‖L(.,- ) for all = ∈ ℕ.

Proof. The source condition G† = ) ∗F for someF ∈ . and Lemma 8.5 immediately yield

that

‖G= − G†‖- = ‖%=G† − G†‖- = ‖(Id−%=)) ∗F ‖- ≤ ‖(Id−%=)) ∗‖L(.,- ) ‖F ‖. . �

The dual least-squares projection thus de�nes a regularization operator as well. By Theo-

rem 4.5, there thus exists (at least for compact operators) an a priori choice rule that turns

the dual least-squares projection into a convergence regularization method. Characterizing

this choice rule requires estimating the norm of )
†
= , for which we can use that )= has

�nite-dimensional range and is therefore compact. Hence there exists a (�nite) singular

system {(`: , D̃: , Ẽ:}:∈{1,...,=}; in particular, we can use that `= is the smallest (by magnitude)

singular value of )= .
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8 discretization as regularization

Theorem 8.8. Let H ∈ D() †) and for HX ∈ �X (H) set GX= := )
†
=&=H . If =(X) is chosen such that

=(X) → ∞, X

`=(X)
→ 0 for X → 0,

then GX
=(X) → G† as X → 0.

Proof. We proceed as in the proof of Theorem 4.6 and use the standard error decomposition

‖GX
=(X) − G

†‖- ≤ ‖G=(X) − G†‖- + ‖GX=(X) − G=(X) ‖- .

By Theorem 8.7, the �rst term tends to zero as = →∞.

For the second term, we use the singular value decomposition of )= and (3.14) to obtain for

any = ∈ ℕ that

‖) †= H ‖2- =
=∑
:=1

`−2

:
| (H | D̃:). |2 ≤ `−2

= ‖H ‖2. for all H ∈ .,

with equality for H = D̃= ∈ . . This implies that ‖) †= ‖L(.,- ) = `−1

= . Since &= is an orthogonal

projection, we have that

‖GX= − G=‖- = ‖) †=&= (HX − H)‖- ≤ ‖) †= ‖L(.,- ) ‖HX − H ‖. ≤
X

`=
.

The claim now follows from the assumptions on =(X). �

Under the source condition from Theorem 8.7, we can in this way also obtain convergence

rates as in Theorem 5.9. (Similar results also hold for the least-squares projection under

the additional assumption (8.2).)

We can now ask how to choose .= for given = ∈ ℕ in order to minimize the regularization

error, which by Theorem 8.8 entails minimizing `= . This question can be answered explicitly

for compact operators.

Theorem 8.9. Let  ∈ K(-,. ) have the singular system {(f=, D=, E=)}=∈ℕ. If .= ⊂ . with
dim.= = =, then `= ≤ f= .

Proof. If `= is a singular value of = , then `2

= is an eigenvalue of = 
∗
= = &=  

∗&=; similarly,

f2

= is an eigenvalue of   ∗. Set now *: := span{D1, . . . , D:} ⊂ R( ∗) for all : ∈ ℕ. Since

dim.= = =, there exists H̄ ∈ * ⊥=−1
∩ .= with ‖H̄ ‖. = 1 (otherwise * ⊥=−1

⊂ .⊥= , but this
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8 discretization as regularization

is impossible since the codimension *=−1 is too small). The Courant–Fischer min–max

principle (2.4) thus implies that

`2

= = max

+
min

H

{
(&=  ∗&=H | H)H

��� ‖H ‖. = 1, H ∈ + , dim+ = =

}
= min

H

{
(  ∗H | H).

�� ‖H ‖. = 1, H ∈ .=
}
≤ (  ∗H̄ | H̄).

≤ max

H

{
(  ∗H | H).

�� ‖H ‖. = 1, H ∈ * ⊥=−1

}
= f2

=

since the maximum is attained for H = D= ∈ * ⊥=−1
. �

The proof also shows that equality of the singular values holds for .= = *= , because

then H̄ = D= is the only vector that is a candidate for minimization or maximization.

But this choice corresponds exactly to the truncated singular value decomposition from

Example 5.2 (i). In fact, the choice .= = *= is optimal with respect to the approximation

error as well.

Theorem 8.10. Let  ∈ K(-,. ) have the singular system {(f=, D=, E=)}=∈ℕ. If .= ⊂ . with
dim.= = =, then

‖(Id−%=) ∗‖L(.,- ) ≥ f=+1,
with equality for .= = *= .

Proof. We again use the Courant–Fischer min–max principle, this time for the eigenvalue

f2

= of  ∗ . Setting -= :=  ∗.= and %= := %-=
, we then have that

f2

=+1 = min

+
max

G
{( ∗ G | G)- | ‖G ‖- = 1} G ∈ + ⊂ -, dim+⊥ = =

≤ max

G
{( ∗ G | G)- | ‖G ‖- = 1} G ∈ -⊥=

= max

G
{( ∗ (� − %=)G | (� − %=)G)- | ‖G ‖- = 1}

= max

G

{
‖ (� − %=)G ‖2.

�� ‖G ‖- = 1

}
= ‖ (Id−%=)‖2L(-,. ) = ‖(Id−%=) 

∗‖2L(.,- ) .

If .= = *=, then -= =  ∗*= = span{E1, . . . , E=}, and the minimum in the inequality is

attained for this subspace. �

Hence the best possible convergence rate (under the source condition from Theorem 8.7)

for the dual least-squares projection is

‖GX= − G†‖- ≤ �
(
f=+1 +

X

f=

)
,

and this rate is attained for the truncated singular value decomposition.

76



8 discretization as regularization

Without knowledge of a singular system, however, it is necessary in practice to choose =

very small in order to ensure the condition on `= . But this leads to a very coarse discretiza-

tion that does not su�ciently capture the behavior of the in�nite-dimensional operator.

The usual approach is therefore to combine a much �ner discretization with one of the reg-

ularization methods discussed in the previous chapters. To obtain an optimal convergence

rate and to avoid needless computational e�ort, one should then appropriately choose the

regularization parameter in dependence of X as well as of = (or, vice versa, choose = in

dependence of U (X)).
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Part III

NONLINEAR INVERSE PROBLEMS
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9 NONLINEAR ILL-POSED PROBLEMS

We now consider nonlinear operators � : * → . for * ⊂ - and Hilbert spaces - and

. . The corresponding nonlinear inverse problem then consists in solving the operator

equation � (G) = H . Such problems occur in many areas; in particular, trying to reconstruct

the coe�cients of a partial di�erential equations from a solution for given data (right-

hand sides, initial or boundary conditions), e.g., in electrical impedance tomography, is

a nonlinear ill-posed problem. Here we will characterize this ill-posedness in an abstract

setting; concrete examples would require results on partial di�erential equations that would

go far beyond the scope of these notes.

A fundamental di�erence between linear and nonlinear operators is that the latter can

act very di�erently on di�erent subsets of - . The global characterization of well- or ill-

posedness in the sense of Hadamard is hence too restrictive. We therefore call the operator

� : * → H locally well-posed in G ∈ * if there exists an A > 0 such that for all sequences

{G=}=∈ℕ ⊂ �A (G) ∩ * with � (G=) → � (G), we also have that G= → G . Otherwise the

operator is called locally ill-posed (in G). In this case, there exists for all A > 0 a sequence

{G=}=∈ℕ ⊂ �A (G) ∩ * with � (G=) → � (G) such that G= does not converge to G . A linear

operator ) : - → . is either locally well-posed for all G ∈ - or locally ill-posed for all

G ∈ - . The latter holds if and only if ) is not injective or R() ) is not closed (e.g., for

compact operators with in�nite-dimensional range).
1

For nonlinear operators, the situation

is a bit more involved. As in the linear case, we call � : * → . compact, if every bounded

sequence {G=}=∈ℕ ⊂ * admits a convergent subsequence of {� (G=)}=∈ℕ ⊂ . . However,

nonlinear compact operators need not be continuous and hence completely continuous

(consider, e.g., an arbitrary bounded operator with �nite-dimensional range); the latter

is therefore an additional assumption. In fact, a weaker assumption su�ces: an operator

� : * → - is called weakly closed, if G= ⇀ G ∈ * and � (G=) ⇀ H imply that � (G) = H .

Lemma 9.1. Let � : * → . be compact and weakly closed. Then � is completely continuous,
i.e., maps weakly convergent sequences in - to strongly convergent sequences in . .

Proof. Let {G=}=∈ℕ ⊂ * be a weakly converging sequence with G= ⇀ G ∈ * . Then {G=}=∈ℕ
is bounded, and hence {� (G=)}=∈ℕ contains a convergent subsequence {� (G=: )}:∈ℕ with

� (G=: ) → H ∈ . . Since strongly convergent sequences also converge weakly (to the same

1
The local ill-posedness thus generalizes the (global) ill-posedness in the sense of Nashed, not of Hadamard.
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9 nonlinear ill-posed problems

limit), the weak closedness yields that H = � (G). Hence the limit is independent of the

subsequence, which implies that the whole sequence converges. �

For such operators, we can show an analogous result to Corollary 3.8.

Theorem 9.2. Let - be an in�nite-dimensional separable Hilbert space and * ⊂ - . If � :

* → . is completely continuous, then � is locally ill-posed in all interior points of* .

Proof. Since - is separable, there exists an (in�nite) orthonormal basis {D=}=∈ℕ. Let now

G ∈ * be an interior point and de�ne for A > 0 with �A (G) ⊂ * the points G= := G + A
2
D= ∈

�A (G). Then ‖G= − G ‖- = A
2
, but the fact that D= ⇀ 0 for any orthonormal basis implies that

G= ⇀ G and hence that � (G=) → � (G) due to the complete continuity of � . �

As in the linear case we now de�ne minimum norm solutions and regularizations. Since

0 ∈ - can now longer be taken as a generic point, we denote for given H ∈ R(� ) and

G0 ∈ - any point G† ∈ * with � (G†) = H and

‖G† − G0‖- = min {‖G − G0‖- | � (G) = H}

as G0-minimum norm solution. For nonlinear inverse problems, these need not be unique

in contrast to the linear case. Their existence also requires that � (G) = H actually admits

a solution. A regularization of � (G) = H is now a family {'U }U>0 of continuous (possibly

nonlinear) operators 'U : - × . → - such that 'U (G0, H) converges to an G0-minimum

norm solution as U → 0. In combination with a parameter choice rule for U , we de�ne

(convergent) regularization methods as before. For nonlinear inverse problems, these

operators can in general not be given explicitly; most regularizations are instead based on

an (iterative) linearization of the problem.

This requires a suitable notion of derivatives for operators between normed vector spaces.

Let -,. be normed vector spaces, � : * → . be an operator with* ⊂ - and G ∈ * , and

ℎ ∈ - be arbitrary.

• If the one-sided limit

� ′(G ;ℎ) := lim

C→0
+

� (G + Cℎ) − � (G)
C

∈ .,

exists, it is called the directional derivative of � in G in direction ℎ.

• If � ′(G ;ℎ) exists for all ℎ ∈ - and

�� (G) : - → .,ℎ ↦→ � ′(G ;ℎ)

de�nes a bounded linear operator, we call � Gâteaux di�erentiable (in G) and �� ∈
L(-,. ) its Gâteaux derivative.
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9 nonlinear ill-posed problems

• If additionally

lim

‖ℎ‖-→0

‖� (G + ℎ) − � (G) − �� (G)ℎ‖.
‖ℎ‖-

= 0,

then � is called Fréchet di�erentiable (in G ) and � ′(G) := �� (G) ∈ L(-,. ) its Fréchet
derivative.

• If the mapping � ′ : * → L(-,. ), G ↦→ � ′(G), is (Lipschitz) continuous, we call �

(Lipschitz) continuously di�erentiable.

The di�erence between Gâteaux and Fréchet di�erentiable lies in the approximation error

of � near G by � (G) + �� (G)ℎ: While it only has to be bounded in ‖ℎ‖- – i.e., linear in

‖ℎ‖- – for a Gâteaux di�erentiable function, it has to be superlinear in ‖ℎ‖- if � is Fréchet

di�erentiable. (For a �xed direction ℎ, this of course also the case for Gâteaux di�erentiable

functions; Fréchet di�erentiability thus additionally requires a uniformity in ℎ.)

If � is Gâteaux di�erentiable, the Gâteaux derivative can be computed via

�� (G)ℎ =

(
3
3C
� (G + Cℎ)

) ���
C=0

.

(However, the existence and linearity of this limit does not show the Gâteaux di�erentiability

of � since it doesn’t imply that �� (G) is continuous with respect to the right norms.)

Bounded linear operators � ∈ L(-,. ) are obviously Fréchet di�erentiable with derivative

� ′(G) = � ∈ L(-,. ) for all G ∈ - . Note that the Gâteaux derivative of a functional

� : - → ℝ is an element of the dual space - ∗ = L(-,ℝ) and thus cannot be added

to elements in - . However, in Hilbert spaces (and in particular in ℝ=
), we can use the

Fréchet–Riesz Theorem 2.2 to identify �� (G) ∈ - ∗ with an element ∇� (G) ∈ - , called

gradient of � , in a canonical way via

�� (G)ℎ = (∇� (G) | ℎ)- for all ℎ ∈ - .

As an example, let us consider the functional � (G) = 1

2
‖G ‖2

-
, where the norm is induced by

the inner product. Then we have for all G, ℎ ∈ - that

� ′(G ;ℎ) = lim

C→0
+

1

2
(G + Cℎ | G + Cℎ)- − 1

2
(G | G)-

C
= (G | ℎ)- = �� (G)ℎ,

since the inner product is linear in ℎ for �xed G . Hence, the squared norm is Gâteaux

di�erentiable in G with derivative�� (G) = ℎ ↦→ (G | ℎ)- ∈ - ∗ and gradient∇� (G) = G ∈ - ;

it is even Fréchet di�erentiable since

lim

‖ℎ‖-→0

�� 1

2
‖G + ℎ‖2

-
− 1

2
‖G ‖2

-
− (G | ℎ)-

��
‖ℎ‖-

= lim

‖ℎ‖-→0

1

2

‖ℎ‖- = 0.

If the same mapping is now considered on a smaller Hilbert space- ′ ↩→ - (e.g.,- = !2(Ω)
and - ′ = � 1(Ω)), then the derivative �� (G) ∈ (- ′)∗ is still given by �� (G)ℎ = (G | ℎ)-
(now only for all ℎ ∈ - ′), but the gradient ∇� ∈ - ′ is now characterized by

�� (G)ℎ = (∇� (G) | ℎ)- ′ for all ℎ ∈ - ′.
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9 nonlinear ill-posed problems

Di�erent inner products thus lead to di�erent gradients.

Further derivatives can be obtained through the usual calculus, whose proof in Banach

spaces is exactly as in ℝ=
. As an example, we prove a chain rule.

Theorem 9.3. Let - , . , and / be Banach spaces, and let � : - → . be Fréchet di�erentiable
in G ∈ - and � : . → / be Fréchet di�erentiable in H := � (G) ∈ . . Then, � ◦ � is Fréchet
di�erentiable in G and

(� ◦ � )′(G) = �′(� (G)) ◦ � ′(G).

Proof. For ℎ ∈ - with G + ℎ ∈ dom � we have

(� ◦ � ) (G + ℎ) − (� ◦ � ) (G) = � (� (G + ℎ)) −� (� (G)) = � (H + 6) −� (H)

with 6 := � (G + ℎ) − � (G). The Fréchet di�erentiability of � thus implies that

‖(� ◦ � ) (G + ℎ) − (� ◦ � ) (G) −�′(H)6‖/ = A1(‖6‖. )

with A1(C)/C → 0 for C → 0. The Fréchet di�erentiability of � further implies

‖6 − � ′(G)ℎ‖. = A2(‖ℎ‖- )

with A2(C)/C → 0 for C → 0. In particular,

(9.1) ‖6‖. ≤ ‖� ′(G)ℎ‖. + A2(‖ℎ‖- ).

Hence, with 2 := ‖�′(� (G))‖L(.,/ ) we have

‖(� ◦ � ) (G + ℎ) − (� ◦ � ) (G) −�′(� (G))� ′(G)ℎ‖/ ≤ A1(‖6‖. ) + 2 A2(‖ℎ‖- ) .

If ‖ℎ‖- → 0, we obtain from (9.1) and � ′(G) ∈ L(-,. ) that ‖6‖. → 0 as well, and the

claim follows. �

A similar rule for Gâteaux derivatives does not hold, however.

We will also need the following variant of the mean value theorem. Let [0, 1] ⊂ ℝ be a

bounded interval and 5 : [0, 1] → - be continuous. We then de�ne the Bochner integral∫ 1

0
5 (C) 3C ∈ - using the Fréchet–Riesz Theorem 2.2 via

(9.2)

(∫ 1

0

5 (C) 3C
����� I)

-

=

∫ 1

0

(5 (C) | I)- 3C for all I ∈ -,

since by the continuity of C ↦→ ‖ 5 (C)‖- on the compact interval [0, 1], the right-hand side

de�nes a continuous linear functional on - . The construction then directly implies that

(9.3)






∫ 1

0

5 (C) 3C






-

≤
∫ 1

0

‖ 5 (C)‖- 3C .
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9 nonlinear ill-posed problems

Theorem 9.4. Let � : * → . be Fréchet di�erentiable, and let G ∈ * and ℎ ∈ . be given with
G + Cℎ ∈ * for all C ∈ [0, 1]. Then

� (G + ℎ) − � (G) =
∫

1

0

� ′(G + Cℎ)ℎ 3C .

Proof. Consider for arbitrary H ∈ . the function

5 : [0, 1] → ℝ, C ↦→ (� (G + Cℎ) | H). .

From Theorem 9.3 we obtain that 5 (as a composition of operators between normed vector

spaces) is di�erentiable with

5 ′(C) = (� ′(G + Cℎ)ℎ | H). ,

and the fundamental theorem of calculus in ℝ yields that

(� (G + ℎ) − � (G) | H). = 5 (1) − 5 (0) =
∫

1

0

5 ′(C) 3C =
(∫

1

0

� ′(G + Cℎ)ℎ 3C
���� H)

.

,

where the last equality follows from (9.2). Since H ∈ . was arbitrary, the claim follows. �

If the Fréchet derivative is locally Lipschitz continuous, i.e., if there exist ! > 0 and X > 0

such that

(9.4) ‖� ′(G1) − � ′(G2)‖L(-,. ) ≤ !‖G1 − G2‖- for all G1, G2 ∈ �X (G),

the linearization error can even be estimated quadratically.

Lemma 9.5. Let � : * → . Lipschitz continuously di�erentiable in a neighborhood+ ⊂ * of
G ∈ * . Then for all ℎ ∈ - with G + Cℎ ∈ + for C ∈ [0, 1],

‖� (G + ℎ) − � (G) − � ′(G)ℎ‖. ≤
!

2

‖ℎ‖2- .

Proof. Theorem 9.4 together with (9.3) and (9.4) directly yield that

‖� (G + ℎ) − � (G) − � ′(G)ℎ‖. =





∫ 1

0

� ′(G + Cℎ)ℎ − � ′(G)ℎ 3C





.

≤
∫

1

0

‖� ′(G + Cℎ)ℎ − � ′(G)ℎ‖ 3C

≤
∫

1

0

!C ‖ℎ‖2- 3C =
!

2

‖ℎ‖2- . �
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9 nonlinear ill-posed problems

A natural question is now about the relationship between the local ill-posedness of � :

* → . in G and of its linearization � ′(G) ∈ L(-,. ). The following result suggests that

at least for completely continuous operators, the latter inherits the ill-posedness of the

former.

Theorem 9.6. If � : * → . is completely continuous and Fréchet di�erentiable in G ∈ * , then
� ′(G) ∈ L(-,. ) is compact.

Proof. Let G ∈ * be arbitrary and assume to the contrary that � ′(G) is not compact and

therefore not completely continuous. Then there exists a sequence {ℎ=}=∈ℕ with ℎ= ⇀ 0 as

well as an Y > 0 such that

‖� ′(G)ℎ=‖. ≥ Y for all = ∈ ℕ.

Since weak convergence implies boundedness, we can assume without loss of generality

(by proper scaling of ℎ= and Y) that ‖ℎ=‖- ≤ 1 for all = ∈ ℕ. By de�nition of the Fréchet

derivative, there then exists a X > 0 such that

‖� (G + ℎ) − � (G) − � ′(G)ℎ‖. ≤
Y

2

‖ℎ‖- for all ‖ℎ‖- ≤ X.

Since {ℎ=}=∈ℕ is bounded, there exists a g > 0 su�ciently small that ‖gℎ=‖- ≤ X and

G + gℎ= ∈ * for all = ∈ ℕ (otherwise � would not be di�erentiable in G ). Then we have that

G + gℎ= ⇀ G ; however, for all = ∈ ℕ,

‖� (G + gℎ=) − � (G)‖. = ‖� ′(G) (gℎ=) + � (G + gℎ=) − � (G) − � ′(G) (gℎ=)‖.
≥ ‖� ′(G) (gℎ=)‖. − ‖� (G + gℎ=) − � (G) − � ′(G) (gℎ=)‖.
≥ gY − g ‖ℎ=‖-

Y

2

≥ g Y
2

.

Hence � is not completely continuous. �

Note that this does not necessarily imply that � ′(G)ℎ = H − � (G + ℎ) is ill-posed, as � ′(G)
may happen to have �nite-dimensional range. Conversely, a locally well-posed problem

may have an ill-posed linearization; see [Engl, Kunisch & Neubauer 1989, Example a.1, a.2].

This naturally has consequences to any regularization that relies on linearization. The

reason for this discrepancy is the fact that although the linearization error tends to zero

superlinearly as ‖ℎ‖- → 0, for �xed ℎ ∈ - the error may be much larger than either the

nonlinear residual H − � (G) or the linear residual H − � (G +ℎ) − � ′(G)ℎ. To obtain stronger

results, we thus have to impose conditions on the nonlinearity of � .

One possibility is to require more smoothness of � , e.g., local Lipschitz continuity of the

derivative around G ∈ * . Under this assumption, the linearization indeed inherits the local

ill-posedness.
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9 nonlinear ill-posed problems

Theorem 9.7. Let � : * → . be Fréchet di�erentiable with locally Lipschitz continuous
derivative. If � is locally ill-posed in G ∈ * , then � ′(G) is locally ill-posed in all ℎ ∈ N (� ′(G)).

Proof. Assume to the contrary that the nonlinear operator is locally ill-posed but its lin-

earization is locally well-posed. The latter is equivalent to � ′(G) being injective and

having closed range. Hence by Theorem 3.7 there exists a continuous pseudoinverse

� ′(G)† ∈ L(.,- ). Now if � ′(G)† is continuous, so is (� ′(G)∗)† = (� ′(G)†)∗, and we can

thus �nd for all ℎ ∈ - a F := (� ′(G)∗)†ℎ ∈ . with ‖F ‖. ≤ � ‖ℎ‖- . Letting ` ∈ (0, 1) and

setting X :=
2`

�!
, we then have in particular that ‖F ‖. ≤ 2`

!
for all ‖ℎ‖- ≤ X . Furthermore,

Lemma 3.4 (iv) together with R(� ′(G)∗) = R(� ′(G)∗) = N(� ′(G))⊥ = - (since if (� ′(G)∗)†
is continuous, � ′(G)∗ has closed range as well) implies that

� ′(G)∗F = � ′(G)∗(� ′(G)∗)†ℎ = ℎ.

We now bound the linearization error with the help of this “linearized source condition”

and Lemma 9.5: For all ℎ ∈ - with ‖ℎ‖- ≤ X , we have that

‖� (G + ℎ) − � (G) − � ′(G)ℎ‖. ≤
!

2

‖ℎ‖2- =
!

2

‖� ′(G)∗F ‖2- =
!

2

(� ′(G)� ′(G)∗F |F).

≤ !
2

‖� ′(G)� ′(G)∗F ‖. ‖F ‖.
≤ `‖� ′(G)ℎ‖. .

The triangle inequality then yields that

‖� ′(G)ℎ‖. = ‖� (G + ℎ) − � (G) − � ′(G)ℎ − � (G + ℎ) + � (G)‖.
≤ `‖� ′(G)ℎ‖. + ‖� (G + ℎ) − � (G)‖.

and hence that

(9.5) ‖� ′(G)ℎ‖. ≤
1

1 − ` ‖� (G + ℎ) − � (G)‖. for all ‖ℎ‖- ≤ X.

Since we have assumed that � is locally ill-posed, there has to exist a sequence {ℎ=}=∈ℕ
with ‖G +ℎ= − G ‖- = ‖ℎ=‖- = X

2
but � (G +ℎ=) → � (G). But from (9.5), we then obtain that

� ′(G) (G + ℎ= − G) = � ′(G)ℎ= → 0, in contradiction to the assumed local well-posedness of

the linearization. �

An alternative to (9.4) is the so-called tangential cone condition: For given G ∈ * , there exist

[ < 1 and X > 0 such that

(9.6) ‖� (G + ℎ) − � (G) − � ′(G)ℎ‖. ≤ [‖� (G + ℎ) − � (G)‖. for all ‖ℎ‖- ≤ X.

In other words, the linearization error should be uniformly bounded by the nonlinear

residual. Here we can even show equivalence.
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Theorem 9.8. Let � : * → . be Fréchet di�erentiable and satisfy the tangential cone condition
(9.6) in G ∈ * . Then �H is locally ill-posed in G ∈ * if and only if � ′(G) is locally ill-posed (in
any ℎ ∈ - ).

Proof. From the tangential cone condition together with the (standard and reverse) triangle

inequalities, we obtain that

(9.7) (1 − [)‖� (G + ℎ) − � (G)‖. ≤ ‖� ′(G)ℎ‖. ≤ (1 + [)‖� (G + ℎ) − � (G)‖.

for all ‖ℎ‖- ≤ X . The second inequality coincides with (9.5), which we have already shown

to imply the local ill-posedness of the linearization of a locally ill-posed nonlinear operator.

We can argue similarly for the �rst inequality: Assume that � ′(G) is locally ill-posed. Then

there exists a sequence {ℎ=}=∈ℕ with ‖G + ℎ= − G ‖- = ‖ℎ=‖ = X
2

but � ′(G)ℎ= → 0, which

together with (9.7) implies that � (G + ℎ=) → � (G) as well. Hence, � is also ill-posed. �

In combination with a weak source condition, the tangential cone condition even implies

local uniqueness of the G0-minimum norm solution.

Theorem 9.9. Let � : * → . be Fréchet di�erentiable and H ∈ . and G0 ∈ - be given. If the
tangential cone condition (9.6) holds in G† ∈ * with � (G†) = H and G† − G0 ∈ N (� ′(G†))⊥,
then G† is the unique G0-minimum norm solution in �X (G†) for the X > 0 from (9.6).

Proof. Let G ∈ �X (G†) \ {G†} with � (G) = H be arbitrary. Then (9.6) for ℎ := G − G† implies

that � ′(G†) (G − G†) = 0, i.e., that G − G† ∈ N (� ′(G†)) \ {0}. It follows that

‖G − G0‖2- = ‖G† − G0 + G − G†‖2-
= ‖G† − G0‖2- + 2

(
G† − G0

��G − G†)
-
+ ‖G − G†‖2-

> ‖G† − G0‖2-

since the inner product vanishes due to orthogonality and we have assumed that G ≠ G†.
Hence G† is the (locally) unique G0-minimum norm solution. �

It should be admitted that it is often very di�cult to verify these abstract conditions for

concrete nonlinear inverse problems; there are even examples where these can be show not
to hold. Thus one often uses strongly problem-speci�c approaches instead of an abstract

theory for nonlinear problems.
2

Still, the abstract perspective can be useful by showing

limits and possibilities.

2
“Linear inverse problems are all alike; every nonlinear inverse problem is nonlinear in its own way.”
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10 TIKHONOV REGULARIZATION

The starting point of Tikhonov regularization of nonlinear inverse problems � (G) = H

is Theorem 6.5: For given U > 0, G0 ∈ - , and H ∈ . , we choose GU as minimizer of the

Tikhonov functional

(10.1) �U (G) :=
1

2

‖� (G) − H ‖2. +
U

2

‖G − G0‖2- .

If � is not linear, we cannot express this choice through an explicit regularization operator'U .

We thus have to proceed di�erently to show existence of a solution, continuous dependence

of GU on H , and convergence to an G0 minimum norm solution as U → 0. On the other hand,

this is possible under weaker assumptions: It su�ces to require that � is weakly closed

with non-empty and weakly closed domain dom � =: * (which we always assume from

here on). These assumptions also ensure for H ∈ R(� ) the existence of a (not necessarily

unique) G0-minimum norm solution G† ∈ * .

We �rst show existence of a minimizer. The proof is a classical application of Tonelli’s

direct method of the calculus of variations, which generalizes the Weierstraß Theorem

(every continuous function attains its minimum and maximum on a �nite-dimensional

compact set) to in�nite-dimensional vector spaces.

Theorem 10.1. Let � : * → . be weakly closed, U > 0, G0 ∈ - , and H ∈ . . Then there exists
a minimizer GU ∈ * of �U .

Proof. We �rst note that �U (G) ≥ 0 for all G ∈ * . Hence the set {�U (G) | G ∈ * } ⊂ ℝ is

bounded from below and thus has a �nite in�mum. This implies that there exists a sequence

{G=}=∈ℕ ⊂ * such that

�U (G=) →< := inf {�U (G) | G ∈ * } .

Such a sequence is called a minimizing sequence. Note that the convergence {�U (G=)}=∈ℕ
does not imply the convergence of {G=}=∈ℕ.

However, since convergent sequences are bounded, there exists an " > 0 such that

(10.2)

1

2

‖� (G=) − H ‖2. +
U

2

‖G= − G0‖2- = �U (G=) ≤ " for all = ∈ ℕ.
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It follows that
U

2

(‖G=‖- − ‖G0‖- )2 ≤
U

2

‖G= − G0‖2- ≤ �U (G=) ≤ ",

i.e., the sequence {G=}=∈ℕ is bounded and thus contains a weakly convergent subsequence

– which we again denote by {G:}:∈ℕ for simplicity – with limit Ḡ ∈ * (since * is assumed

to be weakly closed). This limit is a candidate for a minimizer.

Similarly, (10.2) implies that {� (G:)}:∈ℕ is bounded in. . By passing to a further subsequence

(which we still denote by {G:}:∈ℕ), we thus obtain that � (G:) ⇀ H̄ ∈ . , and the weak

closedness of � yields that H̄ = � (Ḡ). Together with the weak lower semicontinuity of

norms, we obtain that

1

2

‖� (Ḡ) − H ‖2. +
U

2

‖Ḡ − G0‖2- ≤ lim inf

:→∞

1

2

‖� (G:) − H ‖2. + lim inf

:→∞

U

2

‖G: − G0‖2-

≤ lim sup

:→∞

(
1

2

‖� (G:) − H ‖2. +
U

2

‖G: − G0‖2-
)
.

By de�nition of the minimizing sequence, �U (G:) →< for any subsequence as well, and

hence

inf

G∈*
�U (G) ≤ �U (Ḡ) ≤ lim sup

:→∞
�U (G:) =< = inf

G∈*
�U (G).

The in�mum is thus attained in Ḡ , i.e., �U (Ḡ) = minG∈* �U (G). �

Due to the nonlinearity of � , we can in general not expect the minimizer to be unique, so

that we cannot introduce a well-de�ned mapping H ↦→ GU as a regularization operator. In

place of the continuity of 'U , we can therefore only show the following weaker stability

result.

Theorem 10.2. Let � : * → . be weakly closed, U > 0, G0 ∈ - , and H ∈ . . Let {H=}=∈ℕ be
a sequence with H= → H and let {G=}=∈ℕ be a sequence of minimizers of �U for H= in place
of H . Then the sequence {G=}=∈ℕ contains a weakly convergent subsequence, and every weak
cluster point of {G=}=∈ℕ is a minimizer of �U .

If �U has for H a unique minimizer, then the whole sequence converges strongly.

Proof. First, Theorem 10.1 ensures that for every H= ∈ . there exists a minimizer G= ∈ * .

The minimizing property of G= then implies for all = ∈ ℕ and any G ∈ * that

1

2

‖� (G=) − H=‖2. +
U

2

‖G= − G0‖2- ≤
1

2

‖� (G) − H=‖2. +
U

2

‖G − G0‖2- .

Since H= → H , the right-hand side is bounded in = ∈ ℕ, and hence both {G=}=∈ℕ and

{� (G=) − H=}=∈ℕ are bounded as well. We can thus �nd a weakly convergent subsequence

{G:}:∈ℕ and a Ḡ ∈ * such that (possibly after passing to a further subsequence)

G: ⇀ Ḡ, � (G:) − H: ⇀ H̄ .
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The convergence of H: → H and the weak closedness of � then imply that � (G:) ⇀ � (Ḡ).

From the weak lower semicontinuity of norms, we obtain from this that

U

2

‖Ḡ − G0‖2- ≤ lim inf

:→∞

U

2

‖G: − G0‖2- ,(10.3)

1

2

‖� (Ḡ) − H ‖2. ≤ lim inf

:→∞

1

2

‖� (G:) − H: ‖2. .(10.4)

Using again the minimization property of the G= , this implies that for any G ∈ * ,

(10.5) �U (Ḡ) =
1

2

‖� (Ḡ) − H ‖2. +
U

2

‖Ḡ − G0‖2-

≤ lim inf

:→∞

(
1

2

‖� (G:) − H: ‖2. +
U

2

‖G: − G0‖2-
)

≤ lim sup

:→∞

(
1

2

‖� (G:) − H: ‖2. +
U

2

‖G: − G0‖2-
)

≤ lim sup

:→∞

(
1

2

‖� (G) − H: ‖2. +
U

2

‖G − G0‖2-
)

= lim

:→∞

1

2

‖� (G) − H: ‖2. +
U

2

‖G − G0‖2-

=
1

2

‖� (G) − H ‖2. +
U

2

‖G − G0‖2- = �U (G).

Hence Ḡ is a minimizer of �U . Since this argument can be applied to any weakly convergent

subsequence of {G=}=∈ℕ, we also obtain the second claim.

If now the minimizer GU of �U is unique, then every weakly convergent subsequence has

the same limit, and hence the whole sequence must converge weakly to GU . To show that

this convergence is in fact strong, it su�ces by (2.1) to show that lim sup=→∞ ‖G=‖- ≤
‖GU ‖- . Assume to the contrary that this inequality does not hold. Then there must exist a

subsequence {G:}:∈ℕ with G: ⇀ GU and � (G:) ⇀ � (GU ) but

lim

:→∞
‖G: − G0‖- =: " > ‖GU − G0‖- .

But (10.5) for G = Ḡ = GU implies that

lim

:→∞

(
1

2

‖� (G:) − H: ‖2. +
U

2

‖G: − G0‖2-
)
=

1

2

‖� (GU ) − H ‖2. +
U

2

‖GU − G0‖2- .

Together with the calculus for convergent sequences, this shows that

lim

:→∞

1

2

‖� (G:) − H: ‖2. = lim

:→∞

(
1

2

‖� (G:) − H: ‖2. +
U

2

‖G: − G0‖2-
)
− lim

:→∞

U

2

‖G: − G0‖2-

=
1

2

‖� (GU ) − H ‖2. +
U

2

‖GU − G0‖2- −
U

2

"2

<
1

2

‖� (GU ) − H ‖2.
in contradiction to (10.4) and Ḡ = GU . �
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It remains to show that GU converges to an G0-minimum norm solution as U → 0. In contrast

to the linear case, we do this already in combination with an a priori choice rule, i.e., we

prove that this combination leads to a convergent regularization method. In analogy to the

Section 5.2, we denote by GXU a minimizer of �U for �xed U > 0 and noisy data HX ∈ . .

Theorem 10.3. Let � : * → . be weakly closed, H ∈ R(� ), and HX ∈ �X (H). If U (X) is a
parameter choice rule such that

U (X) → 0 and
X2

U (X) → 0 for X → 0,

then every sequence {GX=
U (X=)}=∈ℕ with X= → 0 contains a strongly convergent subsequence,

and every cluster point is an G0-minimum norm solution of � (G) = H . If the G0-minimum
norm solution G† ∈ * is unique, then the whole sequence converges strongly to G†.

Proof. Set U= := U (X=) and G= := G
X=
U= , and let G† be an G0-minimum norm solution of

� (G) = H . Then the minimization property of G= implies that for all = ∈ ℕ,

(10.6)

1

2

‖� (G=) − HX= ‖2. +
U=

2

‖G= − G0‖2- ≤
1

2

‖� (G†) − HX= ‖2. +
U=

2

‖G† − G0‖2-

≤ X
2

=

2

+ U=
2

‖G† − G0‖2- .

In particular,

(10.7) ‖G= − G0‖2- ≤
X2

=

U=
+ ‖G† − G0‖2- for all : ∈ ℕ,

and the right-hand side is bounded due to the convergence
X2

=

U=
→ 0. Hence there exists a

weakly convergent subsequence {G:}:∈ℕ and an Ḡ ∈ * with G: ⇀ Ḡ . Similarly, we obtain

from (10.6) that

(10.8)

1

2

‖� (G:) − HX: ‖2. ≤
X2

:

2

+ U:
2

‖G† − G0‖2- for all = ∈ ℕ.

This implies that {� (G:) − HX: }:∈ℕ in turn contains a weakly convergent subsequence

(which we do not further distinguish) with limit H̄ ∈ . . The weak closedness of � and the

strong convergence HX= → H then again yield that H̄ = � (Ḡ) − H , i.e., that � (G:) ⇀ � (Ḡ).

We now obtain from the weak lower semicontinuity of the norm together with (10.7) that

(10.9) ‖Ḡ − G0‖2- ≤ lim inf

:→∞
‖G: − G0‖2- ≤ lim sup

:→∞
‖G: − G0‖2-

≤ lim

:→∞

X2

:

U:
+ ‖G† − G0‖2- = ‖G† − G0‖2- ,
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and similarly from (10.8) that

‖� (Ḡ) − H ‖2. ≤ lim inf

:→∞
‖� (G:) − HX: ‖2. ≤ lim

:→∞

(
X2

:
+ U: ‖G† − G0‖2-

)
= 0.

Hence, � (Ḡ) = H and

‖Ḡ − G0‖- ≤ ‖G† − G0‖- = min {‖G − G0‖- | � (G) = H} ≤ ‖Ḡ − G0‖- ,

i.e., Ḡ is an G0-minimum norm solution.

It remains to show that the subsequence {G:}:∈ℕ converges strongly. We start from the

Pythagoras identity

‖G: − Ḡ ‖2- = ‖G: − G0‖2- − 2 (G: − G0 | Ḡ − G0)- + ‖Ḡ − G0‖2- .

The weak convergence G: ⇀ Ḡ then implies that

lim

:→∞
2 (G: − G0 | Ḡ − G0)- = 2 (Ḡ − G0 | Ḡ − G0)- = 2‖Ḡ − G0‖2.

Furthermore, (10.9) and the fact that both Ḡ and G† are G0-minimum norm solutions imply

that

lim

:→∞
‖G: − G0‖- = ‖Ḡ − G0‖- = ‖G† − G0‖- .

Together, we obtain that

0 ≤ lim sup

:→∞
‖G: − Ḡ ‖2- ≤ ‖Ḡ − G0‖2- − 2‖Ḡ − G0‖2 + ‖Ḡ − G0‖2- = 0,

i.e., that G: → Ḡ . The claim for a unique G0-minimum norm solution again follows from a

subsequence-subsequence argument. �

We now derive error estimates under a source conditions, where we restrict ourselves

to the simplest case that corresponds to the choice a = 1 for linear inverse problems. As

a motivation, we again consider the formal limit problem (6.8) for U = 0, which in the

nonlinear case becomes

min

G∈* , � (G)=H

1

2

‖G − G0‖2-

and again characterizes the G0-minimum norm solutions. As before, we introduce a La-

grange multiplier ? ∈ . for the equality constraint to obtain the saddle-point problem

min

G∈*
max

?∈.
!(G, ?), !(G, ?) :=

1

2

‖G − G0‖2- − (? | � (G) − H). .

Setting the partial Fréchet derivative !′? (Ḡ, ?̄) of ! with respect to ? to zero again yields

the necessary condition � (Ḡ) = H for a saddle point (Ḡ, ?̄) ∈ * × . . If we assume for
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simplicity that the G0-minimum norm solution G† is an interior point of * , then we can

also set the Fréchet derivative !′G (G†, ?†) of ! with respect to G in the corresponding saddle

point (G†, ?†) to zero; this implies for all ℎ ∈ - that

0 = !′G (G†, ?†)ℎ =

(
G† − G0

��ℎ)
-
−

(
?†

�� � ′(G†)ℎ)
.
=

(
G† − G0 − � ′(G†)∗?†

��ℎ)
.
,

i.e., the existence of a ?† ∈ . with

G† − G0 = � ′(G†)∗?†.

This is our source condition in the nonlinear setting. However, as in the last chapter we

require an additional nonlinearity condition for � in the G0-minimum norm solution; here

we assume the Lipschitz condition (9.4).

Theorem 10.4. Let � : * → . be Fréchet di�erentiable with convex domain dom � = * . Let
further H ∈ R(� ) and HX ∈ �X (H), and let G† be an G0-minimum norm solution such that

(i) � ′ is Lipschitz continuous near G† with Lipschitz constant !;

(ii) there exists aF ∈ . with G† − G0 = � ′(G†)∗F and !‖F ‖. < 1.

If U (X) is a parameter choice rule with

2X ≤ U (X) ≤ �X for 2,� > 0,

then there exist constants 21, 22 > 0 such that for all X > 0 small enough,

‖GX
U (X) − G

†‖- ≤ 21

√
X,(10.10)

‖� (GX
U (X)) − H

X ‖. ≤ 22X.(10.11)

Proof. First, the minimizing property of GXU for U := U (X) again implies that

(10.12)

1

2

‖� (GXU ) − HX ‖2. +
U

2

‖GXU − G0‖2- ≤
X2

2

+ U
2

‖G† − G0‖2- .

To obtain from this an estimate of GXU − G†, we use the productive zero G† − G† on the

left-hand side and the Pythagoras identity, which yields the inequality

‖GXU − G0‖2- = ‖GXU − G†‖2- + 2

(
GXU − G†

���G† − G0

)
-
+ ‖G† − G0‖2- .

Inserting this into (10.12) and using the source condition (ii) then shows that

(10.13)

1

2

‖� (GXU ) − HX ‖2. +
U

2

‖GXU − G†‖2- ≤
X2

2

+ U
(
G† − G0

���G† − GXU )
-

=
X2

2

+ U
(
F

��� � ′(G†) (G† − GXU ))
.

≤ X
2

2

+ U ‖F ‖. ‖� ′(G†) (G† − GXU )‖. .
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Since GXU , G
† ∈ * and is* convex, the condition (i) allows us to apply Lemma 9.5 for G = GXU

and ℎ = G† − GXU ∈ * to obtain

‖� (G†) − � (GXU ) − � ′(G†) (G† − GXU )‖. ≤
!

2

‖G† − GXU ‖2- .

Together with the triangle inequalities, we arrive at

(10.14) ‖� ′(G†) (G† − GXU )‖. ≤
!

2

‖G† − GXU ‖2- + ‖� (G
X
U ) − � (G†)‖.

≤ !
2

‖G† − GXU ‖2- + ‖� (G
X
U ) − HX ‖. + X.

Inserting this into (10.13) then yields that

‖� (GXU ) − HX ‖2. + U ‖G
X
U − G†‖2- ≤ X

2 + U ‖F ‖.
(
!‖G† − GXU ‖2- + 2‖� (GXU ) − HX ‖. + 2X

)
.

We now add U2‖F ‖2
.

to both sides and rearrange to obtain the inequality(
‖� (GXU ) − HX ‖. − U ‖F ‖.

)
2

+ U (1 − !‖F ‖. )‖GXU − G†‖2- ≤ (X + U ‖F ‖. )
2 .

Dropping one of the two terms on the left-hand side and applying the parameter choice

rule 2X ≤ U ≤ �X then yields

‖� (GXU ) − HX ‖. ≤ X + 2U ‖F ‖. ≤ (1 + 2� ‖F ‖. )X

as well as (since !‖F ‖. < 1 by assumption)

‖GXU − G†‖- ≤
X + U ‖F ‖.√
U (1 − !‖F ‖. )

≤ 1 +� ‖F ‖.√
2 (1 − !‖F ‖. )

√
X,

respectively, and hence the claim. �

Note that condition (ii) entails a smallness condition on G† − G0: To obtain the claimed

convergence rate, G0 already has to be a su�ciently good approximation of the desired

solution G†. Conversely, the condition indicates which G0-minimum norm solution the

minimizers converge to if G† is not unique.

With a bit more e�ort, one can show analogously to Corollary 6.1 the higher rate Xa/(a+1)

under the stronger source condition G† − G0 ∈ R((� ′(G†)∗� ′(G†))a/2) and the correspond-

ing choice of U (X), up to the quali�cation a0 = 2; see [Engl, Hanke & Neubauer 1996,

Theorem 10.7].

We next consider the a posteriori choice of U according to the discrepancy principle: Set

g > 1 and choose U = U (X, HX ) such that

(10.15) X < ‖� (GXU ) − HX ‖. ≤ gX .
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Theorem 10.5. Let � : * → . be Fréchet di�erentiable with convex domain dom � = * . Let
further H ∈ R(� ) and HX ∈ �X (H), and let G† be an G0-minimum norm solution such that
conditions (i) and (ii) from Theorem 10.4 are satis�ed. If U := U (X, HX ) is chosen according to
(10.15), then there exists a constant 2 > 0 such that

‖GXU − G†‖- ≤ 2
√
X.

Proof. From (10.15) and the minimizing property of GXU , we directly obtain that

X2

2

+ U
2

‖GXU − G0‖2- <
1

2

‖� (GXU ) − HX ‖2. +
U

2

‖GXU − G0‖2- ≤
X2

2

+ U
2

‖G† − G0‖2-

and hence that
U

2

‖GXU − G0‖2- ≤
U

2

‖G† − G0‖2- .

As for (10.13) and (10.14), we can then use the conditions (i) and (ii) together with the

parameter choice (10.15) to show that

‖GXU − G†‖2- ≤ ‖F ‖.
(
!‖GXU − G†‖2- + 2‖� (GXU ) − HX ‖. + 2X

)
≤ ‖F ‖.

(
!‖GXU − G†‖2- + 2(1 + g)X

)
.

Since !‖F ‖- < 1, we can again rearrange this to

‖GXU − G†‖2- ≤
2(1 + g)‖F ‖.

1 − !‖F ‖.
X,

which yields the desired estimate. �

In contrast to Tikhonov regularization of linear problems, it is however not guaranteed

that an U satisfying (10.15) exists; this requires (strong) assumptions on the nonlinearity of

� . Another su�cient – and more general – assumption is the uniqueness of minimizers of

�U together with a condition on G0.

Theorem 10.6. Assume that for �xed HX ∈ �X (H) and arbitrary U > 0, the minimizer GXU of �U
is unique. If G0 ∈ * and g > 1 satisfy ‖� (G0) − HX ‖. > gX , then there exists an U > 0 such
that (10.15) holds.

Proof. We �rst show the continuity of the value function 5 (U) := ‖� (GXU ) − HX ‖. . Let U > 0

be arbitrary and {U=}=∈ℕ be a sequence with U= → U as = → ∞. Then there exist Y > 0

and # ∈ ℕ such that 0 < U − Y ≤ U= ≤ U + Y for all = > # . Let further GXU be the unique
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minimizer of �U and G= := GXU= for = ∈ ℕ be the minimizer of �U= . The minimizing property

of G= for �U= for all = > # then yields that

1

2

‖� (G=) − HX ‖2. +
U − Y

2

‖G= − G0‖2- ≤
1

2

‖� (G=) − HX ‖2. +
U=

2

‖G= − G0‖2-

≤ 1

2

‖� (GXU ) − HX ‖2. +
U=

2

‖GXU − G0‖2-

≤ 1

2

‖� (GXU ) − HX ‖2. +
U + Y

2

‖GXU − G0‖2- ,

which implies that both {G=}=># and {� (G=)}=># are bounded. As in the proof of Theo-

rem 10.2, we obtain from this that

(10.16) lim

=→∞

(
1

2

‖� (G=) − HX ‖2. +
U=

2

‖G= − G0‖2-
)
=

1

2

‖� (GXU ) − HX ‖2. +
U

2

‖GXU − G0‖2-

as well as that (using the uniqueness of the minimizers) G= → GXU . Hence U ↦→ GXU is

continuous. Together with the continuity of the norm, this implies the continuity of 6 :

U ↦→ U
2
‖GXU − G0‖2- and thus by (10.16) also of 5 .

As in Lemma 6.6, we can now use the minimizing property of GXU to show the monotonicity

of 5 , which implies that

lim

U→∞
‖� (GXU ) − HX ‖. = ‖� (G0) − HX ‖. > gX,

lim

U→0

‖� (GXU ) − HX ‖. = inf

G∈*
‖� (G) − HX ‖. ≤ ‖� (G†) − HX ‖. ≤ X.

Hence, the continuous function 5 (U) attains all values in (X, gX]; in particular, there exists

an U such that (10.15) holds. �

Since under our assumptions �U is a di�erentiable nonlinear functional, the minimizer GXU
can be computed by standard methods from nonlinear optimization such as gradient or

(quasi-)Newton methods. Here again the possible non-uniqueness of minimizers leads to

practical di�culties. Note in particular that all claims have been about global minimizers

of the Tikhonov functional, while (gradient-based) numerical methods in general can only

produce (approximations of) local minimizers. This gap between theory and practice is

still an open problem in inverse problems.

In the proof of Theorem 10.4, we have used the source and nonlinearity conditions to bound

the right-hand side of (10.13) by suitable function of the terms on the left-hand side. It is

possible to take this estimate directly as a source condition without introducing source

representations or Lipschitz constants. In recent years, such variational source conditions
have attracted increasing interest. In our context, they have the following form: There

exist V1 ∈ [0, 1) and V2 ≥ 0 such that

(10.17)

(
G† − G0

��G† − G )
-
≤ V1

(
1

2

‖G − G†‖2-
)
+ V2‖� (G) − � (G†)‖. for all G ∈ * ,
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where* is a su�ciently large neighborhood of G† (in particular, containing all minimizers

GXU of �U ). Note the di�erent powers on the left- and right-hand sides, which are supposed

to account for the di�erent convergence speeds of error and residual.

Theorem 10.7. Let H ∈ R(� ), HX ∈ �X (H), and G† be a G0-minimum norm solution satisfying
the variational source condition (10.17) for some V1 < 1. If U (X) is a parameter choice rule with

2X ≤ U (X) ≤ �X for 2,� > 0,

then there exist constants 21, 22 > 0 such that

‖GX
U (X) − G

†‖- ≤ 21

√
X,(10.18)

‖� (GX
U (X)) − H

X ‖- ≤ 22X.(10.19)

Proof. From the minimizing property of GXU , we again obtain the �rst inequality of (10.13).

We now estimate this further using the variational source condition, the triangle inequality,

the generalized Young inequality 01 ≤ 1

2Y
02 + Y

2
12

for Y = 1

2
, and the parameter choice to

obtain that

1

2

‖� (GXU ) − HX ‖2. +
U

2

‖GXU − G†‖2- ≤
X2

2

+ U
(
G† − G0

���G† − GXU )
-

≤ X
2

2

+ UV1

(
1

2
‖GXU − G†‖2-

)
+ UV2‖� (GXU ) − � (G†)‖.

≤ X
2

2

+ U
2

V1‖GXU − G†‖2- + UV2

(
‖� (GXU ) − HX ‖. + X

)
≤ X

2

2

+ U
2

V1‖GXU − G†‖2- + U
2V2

2
+ 1

4

‖� (GXU ) − HX ‖2.
+ UV2X

≤
(

1

2

+�2V2

2
+�V2

)
X2 + U

2

V1‖GXU − G†‖2-

+ 1

4

‖� (GXU ) − HX ‖2. .

Due to the assumption that V1 < 1, we can absorb the last two terms on the right-hand side

into the left-hand side, which yields

‖GXU − G†‖- ≤

√
1 + 2�V2 + 2�2V2

2

2 (1 − V1)
√
X(10.20)

as well as

‖� (GXU ) − HX ‖. ≤
√

2 + 4�V2 + 4�2V2

2
X. �

96



10 tikhonov regularization

We �nally study the connection between variational and classical source conditions.

Lemma 10.8. Let � : * → . be Fréchet di�erentiable and G† be an G0-minimum norm
solution. If there exists aF ∈ . with G† − G0 = � ′(G†)∗F and either

(i) � ′ is Lipschitz continuous with constant !‖F ‖. < 1 or

(ii) the tangential cone condition (9.6) is satis�ed,

then the variational source condition (10.17) holds.

Proof. We �rst apply the classical source condition to the left-hand side of (10.17) and

estimate(
G† − G0

��G† − G )
-
=

(
� ′(G†)∗F

��G† − G )
-

=

(
F

�� � ′(G†) (G† − G))
.

≤ ‖F ‖. ‖� ′(G†) (G† − G)‖.
≤ ‖F ‖.

(
‖� (G) − � (G†) − � ′(G†) (G† − G)‖. + ‖� (G) − � (G†)‖.

)
.

If now assumption (i) holds, we can apply Lemma 9.5 to obtain the inequality(
G† − G0

��G† − G )
-
≤ ‖F ‖.

(
!

2

‖G† − G ‖2- + ‖� (G) − � (G
†)‖.

)
,

i.e., (10.17) with V1 = !‖F ‖. < 1 and V2 = ‖F ‖. .

On the other hand, if assumption (ii) holds, we can directly estimate(
G† − G0

��G† − G )
-
≤ ‖F ‖. ([ + 1)‖� (G) − � (G†)‖. ,

which implies (10.17) with V1 = 0 and V2 = (1 + [)‖F ‖. > 0. �

For a linear operator ) ∈ L(-,. ), we of course do not need any nonlinearity condition;

in this case the variational source condition (10.17) is equivalent to the classical source

condition G† ∈ R() ∗), see [Andreev et al. 2015, Lemma 2]. For nonlinear operators, however,

it is a weaker (albeit even more abstract) condition. The main advantage of this type of

condition is that it does not involve the Fréchet derivative of � and hence can also be

applied for non-di�erentiable � ; furthermore, it can be applied to generalized Tikhonov

regularization, in particular in Banach spaces; see, e.g., [Hofmann et al. 2007; Scherzer et al.

2009; Schuster et al. 2012].

97



11 ITERATIVE REGULARIZATION

There also exist iterative methods for nonlinear inverse problems that, like the Landweber

iteration, construct a sequence of approximations and can be combined with a suitable

termination criterion to obtain a regularization method. Speci�cally, a (convergent) iterative
regularization method refers to a procedure that constructs for given HX ∈ . and G0 ∈ * a

sequence {GX= }=∈ℕ ⊂ * together with a stopping index # (X, HX ), such that for all H ∈ R(� )
and all G0 = GX

0
su�ciently close to an isolated solution G† ∈ * of � (G) = H , we have

that
1

# (0, H) < ∞, G# (0,H) = G
†

or # (0, H) = ∞, G= → G† for = →∞,(11.1a)

lim

X→0

sup

HX∈�X (H)
‖GX

# (X,HX ) − G
†‖- = 0.(11.1b)

The �rst condition states that for exact data (i.e., X = 0), the sequence either converges to a

solution or reaches one after �nitely many steps. The second condition corresponds to the

de�nition of a convergent regularization method in the linear setting.

We again terminate by the Morozov discrepancy principle: Set g > 1 and choose # =

# (X, HX ) such that

(11.2) ‖� (GX# ) − H
X ‖. ≤ gX < ‖� (GX= ) − HX ‖. for all = < # .

In this case, a su�cient condition for (11.1b) is the monotonicity and stability of the method.

Here and in the following, we again denote by G= the elements of the sequence generated

for the exact data H ∈ R(� ) and by GX= the elements for the noisy data HX ∈ �X (H).

Lemma 11.1. Let # (X, HX ) be chosen by the discrepancy principle (11.2). If an iterative method
for a continuous operator � : * → . satis�es the condition (11.1a) as well as

‖GX= − G†‖- ≤ ‖GX=−1
− G†‖- for all = ∈ {1, . . . , # (X, HX )},(11.3a)

lim

X→0

‖GX= − G=‖- = 0 for every �xed = ∈ ℕ,(11.3b)

then the condition (11.1b) is also satis�ed.

1
In contrast to the previous chapters, we denote here by G† not an (G0-)minimum norm solution, but any

solution of � (G) = H .
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Proof. Let � : * → . be continuous, {HX: }:∈ℕ with HX: ∈ �X: (H) and X: → 0 as : → ∞,

and set #: := # (X: , HX: ). We �rst consider the case that {#:}:∈ℕ is bounded and hence

that the set {#: | : ∈ ℕ} ⊂ ℕ is �nite. After passing to a subsequence if necessary, we can

therefore assume that #: = #̄ for all : ∈ ℕ. It then follows from (11.3b) that G
X:
¯#
→ G ¯# as

: →∞. Since all #: are chosen according to the discrepancy principle (11.2), we have that

‖� (GX:
#̄
) − HX: ‖. ≤ gX: for all : ∈ ℕ.

Passing to the limit on both sides and using the continuity of � then yields that � (G ¯# ) = H ,

i.e., G
X:
¯#

converges to a solution of � (G) = H and the condition (11.1b) is thus satis�ed.

Otherwise, there exists a subsequence with#: →∞. We can assume (possibly after passing

to a further subsequence) that #: is increasing. Then (11.3a) yields that for all ; ≤ : ,

‖GX:
#:
− G†‖- ≤ ‖GX:#;

− G†‖- ≤ ‖GX:#;
− G#;

‖- + ‖G#;
− G†‖- .

Let now Y > 0 be arbitrary. Since we have assumed that condition (11.1a) holds, there exists

an ! > 0 such that ‖G#!
− G†‖- ≤ Y

2
. Similarly, (11.3b) for = = #! shows the existence of a

 > 0 such that ‖GX:
#!
− G#!

‖- ≤ Y
2

for all : ≥  . Hence, the condition (11.1b) holds in this

case as well. �

A sequence {G=}=∈ℕ satisfying (11.3a) is called Féjer monotone; this property is fundamental

for the convergence proof of many iterative methods.

In general, iterative methods for nonlinear inverse problems rely on a linearization of � ,

with di�erent methods applying the linearization at di�erent points in the iteration.

11.1 landweber regularization

Analogously to the linear Landweber regularization, we start from the characterization

of the wanted solution G† as a minimizer of the functional �0(G) = 1

2
‖� (G) − H ‖2

.
. If � is

Fréchet di�erentiable, the chain rule yields the necessary optimality condition

0 = � ′
0
(G†)ℎ =

(
� (G†) − H

�� � (G†)′ℎ)
.
=

(
� ′(G†)∗(� (G†) − H)

��ℎ)
-

for all ℎ ∈ - .

This is now a nonlinear equation for G†, which as in the linear case can be written as a

�xed-point equation. This leads to the nonlinear Richardson iteration

G=+1 = G= − l=� ′(G=)∗(� (G=) − H),

for which we can expect convergence if l=‖� ′(G=)∗‖2L(.,- ) < 1. (Alternatively, (11.1) can be

interpreted as a steepest descent method with step size l= for the minimization of �0.) For

simplicity, we assume in the following that ‖� ′(G)‖L(-,. ) < 1 for all G su�ciently close to
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G†, so that we can take l= = 1. (This is not a signi�cant restriction since can always scale �

and H appropriately without changing the solution of � (G) = H .) Furthermore, we assume

that � is continuously Fréchet di�erentiable and satis�es the tangential cone condition

(9.6) in a neighborhood of G†. Speci�cally, we make the following assumption:

Assumption 11.2. Let � : * → . be continuously di�erentiable and G0 ∈ * . Assume that

there exists an A > 0 such that

(i) �2A (G0) ⊂ * ;

(ii) there exists a solution G† ∈ �A (G0);

(iii) for all G, G̃ ∈ �2A (G0),

‖� ′(G)‖L(-,. ) ≤ 1,(11.4)

‖� (G) − � (G̃) − � ′(G) (G − G̃)‖. ≤ [‖� (G) − � (G̃)‖. with [ < 1

2
.(11.5)

Under these assumptions, the nonlinear Landweber iteration (11.1) is well-posed and Féjer

monotone even for noisy data HX ∈ �X (H).

Lemma 11.3. Let Assumption 11.2 hold. If GX= ∈ �A (G†) for some X ≥ 0 and satis�es

‖� (GX= ) − HX ‖. ≥ 2

1 + [
1 − 2[

X,(11.6)

then

‖GX=+1 − G†‖- ≤ ‖GX= − G†‖-(11.7)

and thus GX
=+1 ∈ �A (G†) ⊂ �2A (G0).

Proof. The iteration (11.1) together with (11.4) for GX= ∈ �A (G†) ⊂ �2A (G0) lead to the estimate

‖GX=+1 − G†‖2- − ‖G
X
= − G†‖2- = 2

(
GX=+1 − GX=

���GX= − G†)
-
+ ‖GX=+1 − GX= ‖2-

= 2

(
� ′(GX= )∗(HX − � (GX= ))

���GX= − G†)
-

+‖� ′(GX= )∗(HX − � (GX= ))‖2-
≤ 2

(
HX − � (GX= )

��� � ′(GX= ) (GX= − G†))
.
+ ‖HX − � (GX= )‖2.

= 2

(
HX − � (GX= )

��� HX − � (GX= ) + � ′(GX= ) (GX= − G†))
.

−‖HX − � (GX= )‖2.
≤ ‖HX − � (GX= )‖.

(
2‖HX − � (GX= ) + � ′(GX= ) (GX= − G†)‖.

−‖HX − � (GX= )‖.
)
.
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Inserting the productive zero � (G†)−H in the �rst norm inside the parentheses and applying

the triangle inequality as well as the tangential cone condition (11.5) then yields that

‖HX − � (GX= ) + � ′(GX= ) (GX= − G†)‖. ≤ X + ‖� (GX= ) − � (G†) − � ′(GX= ) (GX= − G†)‖.
≤ X + [‖� (GX= ) − � (G†)‖.
≤ (1 + [)X + [‖� (GX= ) − HX ‖.

and hence that

(11.8) ‖GX=+1 − G†‖2- − ‖G
X
= − G†‖2- ≤ ‖H

X − � (GX= )‖.
(
2(1 + [)X − (1 − 2[)‖HX − � (GX= )‖.

)
.

By (11.6), the term in parentheses is non-positive, from which the desired monotonicity

follows. �

By induction, this shows that GX= ∈ �2A (G0) ⊂ * as long as (11.6) holds. If we choose g for

the discrepancy principle (11.2) such that

(11.9) g > 2

1 + [
1 − 2[

> 2,

then this is the case for all = ≤ # (X, HX ). This choice also guarantees that the stopping

index # (X, HX ) is �nite.

Theorem 11.4. Let Assumption 11.2 hold. If # (X, HX ) is chosen according to the discrepancy
principle (11.2) with g satisfying (11.9) then

(11.10) # (X, HX ) < �X−2 for some � > 0.

For exact data (i.e., X = 0),

(11.11)

∞∑
==0

‖� (G=) − H ‖2. < ∞.

Proof. Since GX
0
= G0 ∈ �2A (G0) and by the choice of g , we can apply Lemma 11.3 for all

= < # = # (X, HX ). In particular, it follows from (11.8) and (11.9) that

‖GX=+1 − G†‖2- − ‖G
X
= − G†‖2- < ‖HX − � (GX= )‖2.

(
2

g
(1 + [) + 2[ − 1

)
for all = < # .

Summing from = = 0 to # − 1 and telescoping thus yields(
1 − 2[ − 2

g
(1 + [)

)
#−1∑
==0

‖� (GX= ) − HX ‖2. < ‖G0 − G†‖2- − ‖G
X
# − G

†‖2- ≤ ‖G0 − G†‖2- .
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Since # is chosen according to the discrepancy principle, we have that ‖� (GX= ) − HX ‖. > gX

for all = < # . Together we thus obtain that

#g2X2 <
#−1∑
==0

‖� (GX= ) − HX ‖2. <
(
1 − 2[ − 2g−1(1 + [)

)−1 ‖G0 − G†‖2-

and hence (11.10) for � :=
(
(1 − 2[)g2 − 2(1 + [)g

)−1 ‖G0 − G†‖2- > 0.

For X = 0, (11.6) is satis�ed for all = ∈ ℕ, and obtain directly from (11.8) by summing and

telescoping that

(1 − 2[)
#−1∑
==0

‖� (G=) − H ‖2. ≤ ‖G0 − G†‖2- for all # ∈ ℕ.

Passing to the limit # →∞ then yields (11.11). �

Although (11.11) implies that � (G=) → H for exact data H ∈ R(� ), we cannot yet conclude

that the G= converge. This we show next.

Theorem 11.5. Let Assumption 11.2 hold. Then G= → Ḡ with � (Ḡ) = H as = →∞.

Proof. We show that {4=}=∈ℕ with 4= := G= − G† is a Cauchy sequence. Let<,= ∈ ℕ with

< ≥ = be given and choose : ∈ ℕ with< ≥ : ≥ = such that

(11.12) ‖H − � (G:)‖. ≤ ‖H − � (G 9 )‖. for all = ≤ 9 ≤ <.

(I.e., we chose : ∈ {=, . . . ,<} such that the residual – which need not be monotone in the

nonlinear case – is minimal in this range.) We now estimate

‖4< − 4=‖- ≤ ‖4< − 4: ‖- + ‖4: − 4=‖-

and consider each term separately. First,

‖4< − 4: ‖2- = 2 (4: − 4< | 4:)- + ‖4<‖2- − ‖4: ‖
2

- ,

‖4: − 4=‖2- = 2 (4: − 4= | 4:)- + ‖4=‖2- − ‖4: ‖
2

- .

It follows from Lemma 11.3 that ‖4=‖- ≥ 0 is decreasing and thus converges to some Y ≥ 0.

Hence, both di�erences on the right-hand side converge to zero as = →∞, and it remains

to look at the inner products. Here, inserting the de�nition of 4= , telescoping the sum, and

using the iteration (11.1) yields that

4< − 4: = G< − G: =
<−1∑
9=:

G 9+1 − G 9 =
<−1∑
9=:

� ′(G 9 )∗(H − � (G 9 )) .
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Inserting this into the inner product, generously adding productive zeros, and using the

tangential cone condition (11.5) then leads to

(4: − 4< | 4:)- =
<−1∑
9=:

−
(
H − � (G 9 )

�� � ′(G 9 ) (G: − G†))
.

≤
<−1∑
9=:

‖H − � (G 9 )‖. ‖� ′(G 9 ) (G: − G 9 + G 9 − G†)‖.

≤
<−1∑
9=:

‖H − � (G 9 )‖.
(
‖H − � (G 9 ) − � ′(G 9 ) (G† − G 9 )‖. + ‖H − � (G:)‖.

+‖� (G 9 ) − � (G:) − � ′(G 9 ) (G 9 − G:)‖.
)

≤ (1 + [)
<−1∑
9=:

‖H − � (G 9 )‖. ‖H − � (G:)‖. + 2[
<−1∑
9=:

‖H − � (G 9 )‖2.

≤ (1 + 3[)
<−1∑
9=:

‖H − � (G 9 )‖2. ,

where we have used the de�nition (11.12) of : in the last estimate. Similarly we obtain that

(4: − 4= | 4:)- ≤ (1 + 3[)
:−1∑
9==

‖H − � (G 9 )‖2. .

Due to Theorem 11.4, both remainder terms converge to zero as = →∞. Hence {4=}=∈ℕ and

therefore also {G=}=∈ℕ are Cauchy sequences, which implies that G= → Ḡ with � (Ḡ) = H
(due to (11.11)). �

It remains to show the convergence condition (11.1b) for noisy data.

Theorem 11.6. Let Assumption 11.2 hold. Then G# (X,HX ) → Ḡ with � (Ḡ) = H as X → 0.

Proof. We apply Lemma 11.1, for which we have already shown condition (11.1a) in The-

orem 11.5. Since � and � ′ are by assumption continuous, the right-hand side of (11.1) for

�xed = ∈ ℕ depends continuously on G= . Hence for all : ≤ =, the right-hand side of (11.1)

for GX
:+1 converges to that for G:+1 as X → 0, which implies the stability condition (11.3b).

Finally, the monotonicity condition (11.3a) follows from Lemma 11.3, and hence Lemma 11.1

yields (11.1b). �

Under the usual source condition G†−G0 ∈ R(� ′(G†)∗) – together with additional, technical,

assumptions on the nonlinearity of � – it is possible to show the expected convergence rate

of O(
√
X), see [Hanke, Neubauer & Scherzer 1995, Theorem 3.2], [Kaltenbacher, Neubauer

& Scherzer 2008, Theorem 2.13].
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11.2 levenberg–marquardt method

As in the linear case, one drawback of the Landweber iteration is that (11.10) shows that

# (X, HX ) = O(X−2) may be necessary to satisfy the discrepancy principle, which in practice

can be too many. Faster iterations can be built on Newton-type methods. For the origi-

nal equation � (G) = H , one step of Newton’s method consists in solving the linearized

equation

(11.13) � ′(G=)ℎ= = −(� (G=) − H)

and setting G=+1 := G= + ℎ= . However, if � is completely continuous, the Fréchet derivative

� ′(G=) is compact by Theorem 9.6, and hence (11.13) is in general ill-posed as well. The idea

is now to apply Tikhonov regularization to the Newton step (11.13), i.e., to compute ℎ= as

the solution of the minimization problem

(11.14) min

ℎ∈-

1

2

‖� ′(G=)ℎ + � (G=) − H ‖2. +
U=

2

‖ℎ‖2-

for suitable U= > 0. Using Lemma 6.3 and ℎ= = G=+1 − G= , this leads to an explicit scheme

that is known as the Levenberg–Marquardt method:

(11.15) G=+1 = G= + (� ′(G=)∗� ′(G=) + U= Id)−1

� ′(G=)∗(H − � (G=)) .

We now show similarly to the Landweber iteration that (11.15) leads to an iterative regular-

ization method even for noisy data HX ∈ �X (H). This requires choosing U= appropriately;

we do this such that the corresponding minimizer ℎU= satis�es for some f ∈ (0, 1) the

equation

(11.16) ‖� ′(GX= )ℎU= + � (GX= ) − HX ‖. = f ‖� (GX= ) − HX ‖. .

Note that this is a heuristic choice rule; we thus require additional assumptions.

Assumption 11.7. Let � : * → . be continuously di�erentiable and G0 ∈ * . Assume that

there exists an A > 0 such that

(i) �2A (G0) ⊂ * ;

(ii) there exists a solution G† ∈ �A (G0);

(iii) there exists a W > 1 such that

(11.17) ‖� ′(GX= ) (G† − GX= ) + � (GX= ) − HX ‖. ≤
f

W
‖� (GX= ) − HX ‖. for all = ∈ ℕ.

Theorem 11.8. If Assumption 11.7 holds, then there exists an U= > 0 satisfying (11.16).
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Proof. Set 5= (U) := ‖� ′(GX= )ℎU + � (GX= ) − HX ‖. . Since � ′(GX= ) is linear, the minimizer ℎU of

(11.14) is unique for all U > 0. As in the proof of Theorem 10.6, this implies the continuity

of 5= as well as that

lim

U→∞
5= (U) = ‖� (GX= ) − HX ‖. ,

lim

U→0

5= (U) = inf

ℎ∈-
‖� ′(GX= )ℎ + � (GX= ) − HX ‖. ≤ ‖� ′(GX= ) (G† − GX= ) + � (GX= ) − HX ‖. .

By assumption, we now have that

lim

U→0

5= (U) ≤
f

W
‖� (GX= ) − HX ‖. < f ‖� (GX= ) − HX ‖. < ‖� (GX= ) − HX ‖. = lim

U→∞
5= (U),

which together with the continuity of 5= (U) implies the existence of a solution U= > 0 of

5= (U) = f ‖� (GX= ) − HX ‖. . �

For this choice of of U= , we can again show the Féjer monotonicity property (11.3a).

Lemma 11.9. Let Assumption 11.7 hold. If GX= ∈ �A (G†), then

(11.18) ‖GX= − G†‖2- − ‖G
X
=+1 − G†‖2- ≥ ‖G

X
=+1 − GX= ‖2- +

2(W − 1)f2

WU=
‖� (GX= ) − HX ‖2. .

In particular,

(11.19) ‖GX=+1 − G†‖- ≤ ‖GX= − G†‖-

and hence GX
=+1 ∈ �A (G†) ⊂ �2A (G0).

Proof. We proceed as for Lemma 11.3 by using the iteration (11.15) to estimate the error

di�erence, this time applying the parameter choice (11.16) in place of the discrepancy

principle. For the sake of legibility, we set)= := � ′(GX= ),ℎ= := GX
=+1−GX= , and H̃= := HX −� (GX= ).

First, we rewrite (11.15) as U=ℎ= = )
∗
= H̃= −) ∗=)=ℎ= , which implies that(

GX=+1 − GX=
���GX= − G†)

-
= U−1

=

(
H̃= −)=ℎ=

���)= (GX= − G†))
.

(11.20)

and similarly that(
GX=+1 − GX=

���GX=+1 − GX= )
-
= U−1

= (H̃= −)=ℎ= |)=ℎ=). .(11.21)
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Together with the productive zero H̃= − H̃= , this shows that

‖GX=+1 − G†‖2- − ‖G= − G
†‖2- = 2

(
GX=+1 − GX=

���GX= − G†)
-
+ ‖GX=+1 − GX= ‖2-

= 2U−1

=

(
H̃= −)=ℎ=

��� H̃= +)= (GX= − G†))
.

+ 2U−1

= (H̃= −)=ℎ= |)=ℎ= − H̃=). − ‖GX=+1 − GX= ‖2-
= 2U−1

=

(
H̃= −)=ℎ=

��� H̃= −)= (G† − GX= ))
.

− 2U−1

= ‖H̃= −)=ℎ=‖2. − ‖G
X
=+1 − GX= ‖2-

≤ 2U−1

= ‖H̃= −)=ℎ=‖. ‖H̃= −)= (G† − GX= )‖.
− 2U−1

= ‖H̃= −)=ℎ=‖2. − ‖G
X
=+1 − GX= ‖2- .

For the terms with ℎ= , we can directly insert the parameter choice rule (11.16). For the terms

with G†, we apply the assumption (11.17) together with (11.16) to obtain that

‖H̃= −)= (G† − GX= )‖. ≤
f

W
‖H̃=‖. =

1

W
‖H̃= −)=ℎ=‖. .

Inserting this, rearranging, and multiplying with −1 now yields (11.18). �

We next show that for noisy data HX ∈ �X (H), the discrepancy principle (11.2) yields a

�nite stopping criterion # (X, HX ). This requires a stronger version of the tangential cone

condition (11.5).

Assumption 11.10. Let Assumption 11.7 hold with (iii) replaced by

(iii
′
) there exist " > 0 and 2 > 0 such that for all G, G̃ ∈ �2A (G0),

‖� ′(G)‖L(-,. ) ≤ ",(11.22)

‖� (G) − � (G̃) − � ′(G) (G − G̃)‖. ≤ 2 ‖G − G̃ ‖- ‖� (G) − � (G̃)‖. .(11.23)

Theorem 11.11. Let Assumption 11.10 hold. If # (X, HX ) is chosen according to the discrepancy
principle (11.2) with g > f−1 and if ‖G0 − G†‖- is su�ciently small, then

# (X, HX ) < � (1 + | logX |) for some � > 0.

Proof. We �rst show that under these assumptions, the error decreases up to the stopping

index. Assume that # := # (X, HX ) ≥ 1 (otherwise there is nothing to show) and that

(11.24) ‖G0 − G†‖- ≤ min{A, Ã }, Ã :=
fg − 1

2 (1 + g) .
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From (11.23) with G = G0 and G̃ = G†, we then obtain by inserting H − H that

‖� ′(G0) (G† − G0) + � (G0) − HX ‖. ≤ X + ‖� (G0) − H − � ′(G0) (G0 − G†)‖.
≤ X + 2 ‖G0 − G†‖- ‖� (G0) − H ‖.
≤ (1 + 2 ‖G0 − G†‖- )X + 2 ‖G0 − G†‖- ‖� (G0) − HX ‖. .

Since G0 by assumption does not satisfy the discrepancy principle, X < g−1‖� (G0) − HX ‖. .

Inserting this thus yields (11.17) with W := fg (1 + 2 (1 + g)‖G0 − G†‖- )−1 > 1 for ‖G0 − G†‖-
su�ciently small. Hence Lemma 11.9 implies that

‖GX
1
− G†‖- ≤ ‖G0 − G†‖- ≤ min{A, Ã }

and therefore in particular that GX
1
∈ �2A (G0) ⊂ * . If now # > 1, we obtain as above that

‖� ′(GX
1
) (G† − GX

1
) + � (GX

1
) − HX ‖. ≤ (1 + 2 ‖GX1 − G†‖- )X + 2 ‖GX1 − G†‖- ‖� (GX1 ) − HX ‖.

≤ (1 + 2 ‖G0 − G†‖- )X + 2 ‖G0 − G†‖- ‖� (GX1 ) − HX ‖. .

By induction, the iteration (11.15) is thus well-de�ned for all = < # , and (11.18) holds.

Proceeding as for the Landweber iteration by summing the residuals now requires a uniform

bound on U= . For this, we use that with )= , ℎ= and H̃= as in the proof of Lemma 11.9,

()=) ∗= + U= Id) (H̃= −)=ℎ=) = )=
(
) ∗= H̃= −) ∗=)=ℎ= − U=ℎ=

)
+ U= H̃= = U= H̃=,

where we have used the iteration (11.15) in the last step. Using the assumption ‖)=‖L(-,. ) ≤
" and the parameter choice (11.16) then implies that

(11.25) U=‖H̃=‖. = ‖()=) ∗= + U= Id) (H̃= −)=ℎ=)‖.
≤ ("2 + U=)‖H̃= −)=ℎ=‖.
= ("2 + U=)f ‖H̃=‖. .

Solving (11.25) for U= now yields that U= ≤ f"2

1−f , which together with (11.18) leads to

‖GX= − G†‖2- − ‖G
X
=+1 − G†‖2- ≥

2(W − 1) (1 − f)f
W"2

‖� (GX= ) − HX ‖2. for all = < # .

Since # was chosen according to discrepancy principle (11.2), we can sum this inequality

from = = 0 to # − 1 to obtain the estimate

# (gX)2 ≤
#−1∑
==0

‖� (GX= ) − HX ‖2. ≤
W"2

2(W − 1) (1 − f)f ‖G0 − G†‖- .

This implies that # is �nite for all X > 0.
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For the logarithmic estimate, we use the parameter choice (11.16) together with the assump-

tion (11.23) to show that for arbitrary = < # ,

f ‖� (GX= ) − HX ‖. = ‖� ′(GX= )ℎ= + � (GX= ) − HX ‖.
≥ ‖� (GX=+1) − HX ‖. − ‖� ′(GX= )ℎ= + � (GX= ) − � (GX=+1)‖.
≥ ‖� (GX=+1) − HX ‖. − 2 ‖ℎ=‖- ‖� (GX=+1) − � (GX= )‖.
≥ (1 − 2 ‖ℎ=‖- )‖� (GX=+1) − HX ‖. − 2 ‖ℎ=‖- ‖� (GX= ) − HX ‖. .

We now obtain from (11.18) that

‖ℎ=‖- ≤ ‖GX= − G†‖- ≤ ‖G0 − G†‖- ,

which together with the discrepancy principle yields for = = # − 2 that

gX ≤ ‖� (GX#−1
) − HX ‖. ≤

f + 2 ‖G0 − G†‖-
1 − 2 ‖G0 − G†‖-

‖� (GX#−2
) − HX ‖.

≤
(
f + 2 ‖G0 − G†‖-
1 − 2 ‖G0 − G†‖-

)#−1

‖� (G0) − HX ‖. .

For ‖G0 − G†‖- su�ciently small, the term in parentheses is strictly less than 1, and taking

the logarithm shows the desired bound on # . �

If the noise level X is small, O(1 + | logX |) is a signi�cantly smaller bound than O(X−2)
(for comparable constants, which however cannot be assumed in general), and therefore

the Levenberg–Marquardt method can be expected to terminate much earlier than the

Landweber iteration. On the other hand, each step is more involved since it requires the

solution of a linear system. Which of the two methods is faster in practice (as measured by

actual time) depends on the individual inverse problem.

We now consider (local) convergence for noisy data.

Theorem 11.12. Let Assumption 11.10 hold. If ‖G0 − G†‖- is su�ciently small, then G= → Ḡ

with � (Ḡ) = H as = →∞.

Proof. From (11.23) for G = G0 and G̃ = G†, we directly obtain that

‖� (G0) − H − � ′(G0) (G0 − G†)‖. ≤ 2 ‖G0 − G†‖- ‖� (G0) − H ‖. .

For ‖G0 − G†‖- su�ciently small we then have that W := f (2 ‖G0 − G†‖- )−1 > 1 and thus

that (11.17) holds. We can thus apply Lemma 11.9 to deduce that ‖G1 − G†‖- ≤ ‖G0 − G†‖- .

Hence, G1 ∈ �2A (G0) and thus ‖G1 − G†‖- is su�ciently small as well. By induction, we then
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obtain the well-posedness of the iteration and the monotonicity of the error for all = ∈ ℕ.

As in the proof of Theorem 11.11, rearranging and summing yields that

∞∑
==0

‖� (G=) − H ‖2. ≤
W"2

2(W − 1) (1 − f)f ‖G0 − G†‖- < ∞

and hence that � (G=) → H as = →∞.

The remainder of the proof proceeds analogously to that of Theorem 11.5. We set 4= := G=−G†
and consider

‖4< − 4=‖- ≤ ‖4< − 4: ‖- + ‖4: − 4=‖-
for any< ≥ = and : ∈ {=, . . . ,<} chosen according to (11.12). The Féjer monotonicity from

Lemma 11.9 again shows that ‖4=‖- → Y for some Y ≥ 0 as = → ∞, requiring us to only

look at the mixed terms. Using (11.20) and the parameter choice (11.16), we obtain that

(4: − 4< | 4:)- =
<−1∑
9=:

−
(
G 9+1 − G 9

��G: − G†)
-

=
<−1∑
9=:

−U−1

9

(
H − � (G 9 ) − � ′(G 9 ) (G 9+1 − G 9 )

�� � ′(G 9 ) (G: − G†))
.

≤
<−1∑
9=:

U−1

9 ‖H − � (G 9 ) − � ′(G 9 ) (G 9+1 − G 9 )‖. ‖� ′(G 9 ) (G: − G†)‖.

=
<−1∑
9=:

fU−1

9 ‖� (G 9 ) − H ‖. ‖� ′(G 9 ) (G: − G†)‖. .

For the second term, we use (11.23) and set [ := 2 ‖G0 − G†‖- ≥ 2 ‖G 9 − G†‖- for all 9 ≥ 0 to

arrive at

‖� ′(G 9 ) (G: − G†)‖. ≤ ‖� (G:) − H ‖. + ‖H − � (G 9 ) − � ′(G 9 ) (G† − G 9 )‖.
+ ‖� (G 9 ) − � (G:) − � ′(G 9 ) (G 9 − G:)‖.

≤ ‖� (G:) − H ‖. + 2 ‖G 9 − G†‖- ‖� (G 9 ) − H ‖.
+ 2 ‖G 9 − G: ‖- ‖� (G 9 ) − � (G:)‖.

≤ (1 + 5[)‖� (G 9 ) − H ‖. ,
where we have again used multiple productive zeros as well as (11.12).

We can now apply (11.18) to obtain that

(4: − 4< | 4:)- ≤
<−1∑
9=:

(1 + 5[)fU−1

9 ‖� (G 9 ) − H ‖2.

≤
<−1∑
9=:

W (1 + 5[)
2f (W − 1)

(
‖4 9 ‖2- − ‖4 9+1‖

2

-

)
=
W (1 + 5[)
2f (W − 1)

(
‖4: ‖2- − ‖4<‖

2

-

)
→ 0
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as = →∞ due to the convergence of ‖4=‖- → Y. We similarly deduce that

(4: − 4= | 4:)- ≤
W (1 + 5[)
2f (W − 1)

(
‖4=‖2- − ‖4: ‖

2

-

)
→ 0

as = →∞, which again implies that {4=}=∈ℕ and hence that {G=}=∈ℕ is a Cauchy sequence.

The claim now follows since � (G=) → H . �

We now have almost everything at hand to apply Lemma 11.1 and show the convergence of

the Levenberg–Marquardt method for noisy data H† ∈ . .

Theorem 11.13. Let Assumption 11.10 hold. If ‖G0−G†‖- is su�ciently small, then GX
# (X,HX ) → Ḡ

with � (Ḡ) = H as X → 0.

Proof. It remains to verify the continuity condition (11.3b). Since � is assumed to be contin-

uous di�erentiable, � ′(G†)∗� ′(G†) + U Id is continuous. By the Inverse Function Theorem

(e.g., [Renardy & Rogers 2004, Theorem 10.4]), there thus exists a su�ciently small neigh-

borhood of G† where (� ′(G)∗� ′(G) + U Id)−1
is continuous as well. For �xed = ∈ ℕ, the

right-hand side of (11.15) is therefore continuous in G= , which implies the condition (11.3b)

and hence the claimed convergence. �

Under a source condition and with a suitable a priori choice of U= and # = # (X), it is

possible to show (logarithmic) convergence rate as X → 0; see [Kaltenbacher, Neubauer &

Scherzer 2008, Theorem 4.7].

11.3 iteratively regularized gauss–newton method

We �nally consider the following version of the Levenberg–Marquardt method which was

proposed in [Bakushinskiı̆ 1992]: Set G=+1 = G= + ℎ= where now ℎ= is the solution of the

minimization problem

(11.26) min

ℎ∈-

1

2

‖� ′(G=)ℎ + � (G=) − H ‖2. +
U=

2

‖ℎ + G= − G0‖2- .

By Lemma 6.3, this is equivalent to the explicit iteration known as the iteratively regularized
Gauß–Newton method:

(11.27) G=+1 = G= + (� ′(G=)∗� ′(G=) + U= Id)−1 (� ′(G=)∗(H − � (G=)) + U= (G0 − G=)) .

Note that the only di�erence to the Levenberg–Marquardt method is the additional term

on the right-hand side. Similarly, comparing (11.26) to (11.14), the former has G= + ℎ= − G0 =
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G=+1 − G0 in the regularization term. The point is that this allows interpreting G=+1 directly

as the minimizer of the linearized Tikhonov functional

min

G∈-

1

2

‖� ′(G=) (G − G=) + � (G=) − H ‖2. +
U=

2

‖G − G0‖2- ,

and hence to use the properties of linear Tikhonov regularization for the analysis. In

practice, this method also shows better stability since the explicit regularization of G=+1
prevents unchecked growth through the constant addition of (bounded) increments ℎ= .

As for the Levenberg–Marquardt method, one can now show (under some conditions on

the nonlinearity) that this iteration is well-de�ned and converges for exact as well as noisy

data; see [Kaltenbacher, Neubauer & Scherzer 2008, Theorem 4.2]. Instead, we will only

show convergence rates for an a priori choice of U= and # (X). To make use of the results for

linear Tikhonov regularization from Chapter 6, we assume that � is Fréchet di�erentiable

and completely continuous such that � ′(G) is compact for all G by Theorem 9.6. Speci�cally,

we make the following assumptions.

Assumption 11.14. Let � : * → . be continuously di�erentiable and completely continuous,

and let G† be an G0-minimum norm solution. Assume further that

(i) � ′ is Lipschitz continuous with constant !;

(ii) there exists a F ∈ - with G† − G0 = |� ′(G†) |aF and ‖F ‖- ≤ d for some a ∈ [1, 2]
and d > 0;

We �rst show that the regularization error satis�es a quadratic recursion.

Lemma 11.15. Let Assumption 11.14 hold. If the stopping index # (X) and U= , 1 ≤ = ≤ =# (X),
are chosen such that

(11.28) U
(a+1)/2
# (X) ≤ gX ≤ U

(a+1)/2
= for all = < # (X)

and some g > 0,

‖GX=+1 − G†‖- ≤
(
�ad + g−1

)
U
a/2
= + !d

(
�aU

(a−1)/2
= + ‖� ′(G†)‖a−1

L(-,. )

)
‖GX= − G†‖-

+ !

2U
1/2
=

‖GX= − G†‖2- for all = < # (X).

Proof. Using the iteration and rearranging appropriately, we split the regularization error

G=+1 − G† into three components that we then estimate separately. We set  = := � ′(GX= ) as
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well as  := � ′(G†) and write

GX=+1 − G† = GX= − G† +
(
 ∗= = + U= Id

)−1

(
 ∗= (HX − � (GX= )) + U= (G0 − GX= )

)
=

(
 ∗= = + U= Id

)−1

(
U= (G0 − G†) +  ∗=

(
HX − � (GX= ) +  = (GX= − G†)

))
=

[
U= ( ∗ + U= Id)−1 (G0 − G†)

]
+

[ (
 ∗= = + U= Id

)−1

 ∗= (HX − H)
]

+
[ (
 ∗= = + U= Id

)−1

 ∗=

(
� (G†) − � (GX= ) +  = (GX= − G†)

)
+ U=

(
 ∗= = + U= Id

)−1 ( ∗= = −  ∗ ) ( ∗ + U= Id)−1 (G0 − G†)
]

=: [41] + [42] + [430 + 431] .

We �rst estimate the “approximation error” 41. Since is compact, we obtain from Lemma 6.3

the representation ( ∗ + U Id)−1G = iU ( ∗ )G for iU (_) = (_ + U)−1
. Together with the

source condition, this implies for all a ≤ a0 = 2 that

‖41‖- = ‖U= ( ∗ + U= Id)−1 (G0 − G†)‖-
= ‖U=iU= ( ∗ ) ( ∗ )a/2F ‖-

≤ sup

_∈(0,̂ ]

U=_
a/2

_ + U=
‖F ‖- = sup

_∈(0,̂ ]
la (U=)‖F ‖-

≤ �aUa/2= d

as shown in Chapter 6.

For the “data error” 42, we also use the estimates from Chapter 6 together with the a priori

choice of U= to obtain for all = < # (X) that

‖42‖- = ‖
(
 ∗= = + U= Id

)−1

 ∗= (HX − H)‖-
≤ ‖iU= ( ∗= =) ∗= ‖L(.,- ) ‖HX − H ‖.

≤ 1

√
U=
X ≤ g−1U

a/2
= .

The “nonlinearity error” 430 + 431 is again estimated separately. For the �rst term, we use

the Lipschitz condition and Lemma 9.5 to bound

‖430‖- := ‖
(
 ∗= = + U= Id

)−1

 ∗=

(
� (G†) − � (GX= ) +  = (GX= − G†)

)
‖-

≤ ‖iU= ( ∗= =) ∗= ‖L(.,- ) ‖� (G†) − � (GX= ) − � ′(GX= ) (G† − GX= )‖.

≤ 1

√
U=

!

2

‖GX= − G†‖2- .

For the second term, we use the identity

 ∗= = −  ∗ =  ∗= ( = −  ) + ( ∗= −  ∗) 
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as well as the Lipschitz continuity of � ′(G) and the source condition to estimate similarly

as above

‖431 ‖- := ‖U=
(
 ∗= = + U= Id

)−1 ( ∗= = −  ∗ ) ( ∗ + U= Id)−1 (G0 − G†)‖-
≤ ‖iU= ( ∗= =) ∗= ‖L(.,- ) ‖ −  =‖L(-,. ) ‖U=iU= ( ∗ ) ( ∗ )a/2F ‖-
+ ‖U=iU= ( ∗= =)‖L(-,- ) ‖ = −  ‖L(-,. ) ‖ iU= ( ∗ ) ( ∗ )1/2‖L(-,. )

·‖ ( ∗ ) (a−1)/2F ‖-

≤ 1

√
U=

!‖G† − GX= ‖- �aU
a/2
= d + sup

_∈(0,̂ ]

U=

U= + _
!‖GX= − G†‖ ‖ ‖a−1

L(-,. )d

≤ !d
(
�aU

(a−1)/2
= + ‖ ‖a−1

L(-,. )

)
‖GX= − G†‖- ,

where we have used ‖ ∗‖L(.,- ) = ‖ ‖L(-,. ) and – applying Lemma 3.13 (iii) – the inequality

‖ iU ( ∗ ) ( ∗ )1/2‖L(-,. ) = ‖( ∗ )1/2iU ( ∗ ) ( ∗ )1/2‖L(-,- ) ≤ sup

_∈(0,̂ ]

_

_ + U ≤ 1.

Combining the separate estimates yields the claim. �

If the initial error is small enough, we obtain from this the desired error estimate.

Theorem 11.16. Let Assumption 11.14 hold for d > 0 su�ciently small and g > 0 su�ciently
large. Assume further that U0 ≤ 1 and

1 <
U=

U=+1
≤ @ for some @ > 1.

Then we have for exact data (i.e., X = 0) that

‖G= − G†‖- ≤ 21U
a/2
= for all = ∈ ℕ(11.29)

and for noisy data that

‖GX
# (X) − G

†‖- ≤ 22X
a
a+1 as X → 0.(11.30)

Proof. Lemma 11.15 shows that b= := U
−a/2
= ‖GX= − G†‖- satis�es the quadratic recursion

b=+1 ≤ 0 + 1b= + 2b2

=

with

0 := @a/2(�ad + g−1), 1 := @a/2!d
(
�a + ‖� ′(G†)‖a−1

L(-,. )

)
, 2 := @a/2

!

2

d,
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where we have used that a ≥ 1 and hence that U
−1/2
= ≤ U−a/2= and U

a/2
= < U

a/2
0
≤ 1. Clearly

we can make 0, 1 and 2 arbitrarily small by choosing d su�ciently small and g su�ciently

large. Let now C1, C2 be the solutions of the �xed-point equation 0 + 1C + 2C2 = C , i.e.,

C1 =
20

1 − 1 +
√
(1 − 1)2 − 402

, C2 =
1 − 1 +

√
(1 − 1)2 − 402

22
.

For 2 su�ciently small, C2 can be made arbitrarily large; in particular, we can assume that

C2 ≥ b0. Furthermore, the source condition yields ‖G0 − G†‖- ≤ ‖� ′(G†)‖aL(-,. )d , and hence

we can guarantee that G0 ∈ �A (G†) ⊂ * for some A > 0 by choosing d su�ciently small.

We now show by induction that

(11.31) b= ≤ max{C1, b0} =: �b for all = ≤ # (X) .

For = = 0, this claim follows straight from the de�nition; we thus assume that (11.31) holds

for some �xed = < # (X). Then we have in particular that b= ≤ b0, and the de�nition of b=
together with the assumptions that U= ≤ U0 ≤ 1 and a ≥ 1 imply that

‖GX= − G†‖- ≤ U
a/2
= U

−a/2
0
‖G0 − G†‖- ≤ A

and hence that GX= ∈ �A (G†) ⊂ * . This shows that the iteration (11.27) is well-de�ned and

that we can apply Lemma 11.15. We now distinguish two cases in (11.31):

(i) b= ≤ C1: Then we have by 0, 1, 2 ≥ 0 and the de�nition of C1 that

b=+1 ≤ 0 + 1b= + 2b2

= ≤ 0 + 1C1 + 1C2

1
= C1.

(ii) C1 < b= ≤ b0: Since we have assumed that C2 ≥ b0, it follows that b= ∈ (C1, C2], and

0 + (1 − 1)C + 2C2 ≤ 0 for C ∈ [C1, C2] due to 2 ≥ 0 implies that

b=+1 ≤ 0 + 1b= + 2b2

= ≤ b= ≤ b0.

In both cases, we have obtained (11.31) for = + 1.

For X = 0 we have # (0) = ∞, and (11.31) implies that

‖G= − G†‖- ≤ Ua/2= �b for all = ∈ ℕ,

yielding (11.29) with 21 := �b . For X > 0, (11.31) for = = # (X) together with the parameter

choice (11.28) implies that

‖G# (X) − G†‖- ≤ Ua/2# (X)�b ≤ (gX)
a
a+1�b ,

yielding (11.30) with 22 := �bg
a
a+1 . �

In a similar way (albeit with a bit more e�ort), it is also possible to derive convergence rates

(up to the saturation a0− 1 = 1) if the stopping index is chosen according to the discrepancy

principle, see [Kaltenbacher, Neubauer & Scherzer 2008, Theorem 4.13].
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