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ENTROPIC REGULARIZATION OF CONTINUOUS OPTIMAL
TRANSPORT PROBLEMS

Christian Clason® Dirk A. Lorenz’ Hinrich Mahler* Benedikt Wirth$

Abstract  We analyze continuous optimal transport problems in the so-called Kantorovich form,
where we seek a transport plan between two marginals that are probability measures on compact
subsets of Euclidean space. We consider the case of regularization with the negative entropy with
respect to the Lebesgue measure, which has attracted attention because it can be solved by the very
simple Sinkhorn algorithm. We first analyze the regularized problem in the context of classical
Fenchel duality and derive a strong duality result for a predual problem in the space of continuous
functions. However, this problem may not admit a minimizer, which prevents obtaining primal-dual
optimality conditions. We then show that the primal problem is naturally analyzed in the Orlicz
space of functions with finite entropy in the sense that the entropically regularized problem admits
a minimizer if and only if the marginals have finite entropy. We then derive a dual problem in the
corresponding dual space, for which existence can be shown by purely variational arguments and
primal-dual optimality conditions can be derived. For marginals that do not have finite entropy,
we finally show Gamma-convergence of the regularized problem with smoothed marginals to the
original Kantorovich problem.

1 INTRODUCTION

The Kantorovich formulation of optimal transport is the problem of finding a transport plan that
describes how to move some measure onto another measure of the same mass such that a certain
cost functional is minimal [22]. Specifically, let Q; and Q, be two compact subset of R™ and R"?,
respectively. For given probability measures p on Q; and v on Q, and a continuous cost function
c: QX Qy — [0,00), the goal is to find a measure & on Q; X Q, such that the cost le><Qz cdr is
minimal among all 7 that have p and v as marginals. This problem has been well studied, and we refer
to the recent books [34, 32] for an overview. For example, it is known that the problem has a solution
7 and that the support of 7 is contained in the so-called c-superdifferential of a c-concave function
on Qy, see [2, Thm. 1.13]. (This is sometimes called the fundamental theorem of optimal transport.)
In the case where Q; and Q, are both subsets of R” and where c(xy, x;) = |x; — x3|? is the squared
Euclidean distance, this implies that optimal plans 7 are singular with respect to the Lebesgue measure.
Hence, the optimal plan is not a measurable function, and so standard approximation techniques from
numerical analysis (e.g. by piecewise constant or piecewise linear functions) are not applicable. This
motivates the use of regularization of the continuous problem to obtain approximate solutions that are

*Faculty of Mathematics, University of Duisburg-Essen, 45117 Essen, Germany (christian.clason@uni-due.de, orciD: oooo-
0002-9948-8426)

TInstitute of Analysis and Algebra, TU Braunschweig, 38092 Braunschweig, Germany (d.lorenz@tu-braunschweig.de,
ORCID: 0000-0002-7419-769X)
FInstitute of Analysis and Algebra, TU Braunschweig, 38092 Braunschweig, Germany (h.mahler@tu-braunschweig.de,

ORCID: 0000-0001-9108-549X)

SApplied Mathematics Miinster, University of Miinster, EinsteinstraBe 62, 48149 Miinster, Germany (benedikt.wirth@uni-
muenster.de, ORCID: 0000-0003-0393-1938)


https://arxiv.org/abs/1906.01333v3
mailto:christian.clason@uni-due.de
https://orcid.org/0000-0002-9948-8426
https://orcid.org/0000-0002-9948-8426
mailto:d.lorenz@tu-braunschweig.de
https://orcid.org/0000-0002-7419-769X
mailto:h.mahler@tu-braunschweig.de
https://orcid.org/0000-0001-9108-549X
mailto:benedikt.wirth@uni-muenster.de
mailto:benedikt.wirth@uni-muenster.de
https://orcid.org/0000-0003-0393-1938

ARXIV: 1906.01333V3, 2020-06-15 page 2 of 22

functions instead of measures, which in turn can be treated by classical discretization techniques in
order to solve the regularized problem.

In this work we focus on entropic regularization by adding a multiple of the negative entropy of 7
(with respect to the Lebesgue measure) to the objective function. This forces the optimal plan to be a
measure that has a density with respect to the Lebesgue measure. Furthermore, in the discrete setting,
this allows to solve the problem numerically by the very simple Sinkhorn algorithm [23, 17, 4].

Notation and problem statement. To fully state the regularized optimal transport problem, we
introduce some notation. By M(Q) and £ (Q2) we denote the set of Radon and probability measures
on Q C R”, respectively. The Lebesgue measure will be denoted by L (the set on which it is defined
being clear from the context), and integrals with respect to the Lebesgue measure are simply denoted
by dx with the appropriate integration variable x. We write L? (€, dyu) for the space of p-integrable
functions with respect to the measure y but omit the set Q if it is clear from the context. If no measure
is given, L? always refers to the space with respect to the Lebesgue measure. In the case where the
measure 7 has a density with respect to the Lebesgue measure, we will also use 7 for that density.
For p € M(Q) and g : Q1 — Q,, we denote by g« the pushforward of y by g, i.e., the measure
on Q, defined by g4 (B) = n(g!(B)) for all measurable sets B C Q,. In particular, we will use the
coordinate projections P; : Q1 X Qy — Q;, P;(x1, x2) = x;, and the fact that P;, is the ith marginal
of 1 € M(Q; X Q). The entropically regularized Kantorovich problem of optimal mass transport
between p € P (Q;) and v € P(€3) is then given by

(P) inf / cdr + y/ m(log m — 1) d(xy, x2).
Q1xQy Q1xQy

HEP(legz),
(P)grr=p, (Pp)yrr=v

(Note that we used the negative entropy of 7 with respect to the Lebesgue measure for regularization.
One could also consider regularization by adding y /le Q, (log m — 1) dO for some other measure 6,
e.g., the product measure p ® v [18], but we will not pursue this further.) A purely formal application
of convex duality then yields the predual problem

(D) sup / a(x1) du(xq) +/ B(x2) dv(xy) — y/ exp (_C(xl’x2)+?/(x2)+ﬁ(xl)) d (1, x2).
aeC(Q) 4O Q, QxQy
BeC(Q2)

Having a primal and a dual problem, it is now possible to write down the system of Fenchel-Rockafellar
extremality conditions and derive and analyze algorithms to solve this system; in fact, this is one of
the possible ways of deriving the Sinkhorn algorithm in the discrete case. However, the existence of
solutions to (D) — which is necessary to rigorously obtain extremality conditions - is not obvious in
the continuous case. As it turns out, neither (P) nor (D) may admit a solution in the considered spaces.
As we will show, it is necessary and sufficient to obtain existence of a primal solution for the marginals
to be in the Banach space L log L of functions of finite entropy; correspondingly, a reformulation of the
predual problem in the dual space Leyp, allows showing existence of a maximizer by purely variational
methods. For marginals that are not in L log L, we show I'-convergence of minimizers of regularized
problems with suitably smoothed marginals.

Related work. The continuous optimal transport problem has been analyzed in the survey paper
[24] where the relation to the so-called dynamic Schrédinger problem is made. Another survey [20]
presents an existence proof for a reparameterized optimality system based on the convergence analysis
for a continuous variant of Sinkhorn’s algorithm (and attributes the proof and the algorithm to Fortet
[21]). A detailed overview of the connections between optimal transport, the Schrodinger problem, and
the Sinkhorn algorithm from a stochastic control viewpoint is given in the even more recent survey
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[14]. In [11], primal existence has been shown in the subset of the space of measures which have a
density of finite entropy with respect to the Lebesgue measure. Furthermore, [15] analyzes the problem
(for unbalanced transport, i.e., for marginals with different mass) in L' and derives a dual formulation
in L. However, the question of existence of a solution of the respective dual problem is not answered.
In [9], this gap was closed through a contraction argument using the Hilbert metric. More precisely,
[9, Thm. 3.1] guarantees the existence of dual solutions in L* provided that the feasible set of the dual
problem is not empty. Moreover, if a certain constraint qualification holds, the dual optimizers x and y
can be shown to satisfy x(s) + y(t) =logug(s,t) a.e., where u, denotes the optimal primal solution.
Here uy, x, and y correspond to 7, «, f of (P) and (D) via ug = v, x = aly,and y = f/y. A similar
result is also stated in the more recent work [13, Thm. 6], which shows the existence of dual optimizers
if the marginals are absolutely contmuous probability measures. (The relation of g and v in [13] to our
notationis g =e ¥ and v = 7rer .) Another approach to prove the existence of unique solutions (even
in the multi-marginal case) is presented in [12, Thm 4.3]. The authors show that a certain map is a
bijection, which yields existence of dual solutions & and § in L™ if the marginals are functions in L*
as well. Moreover, in [6] a compactness argument is used to show the existence of a fixed point of the
Sinkhorn iteration; in contrast to our work, the entropy penalization there is considered with respect
to the product measure of the marginals.

Previous works [6, 9, 12, 13] tackle the problem of existence of dual solutions under various conditions
in standard Lebesgue spaces. For marginals of finite entropy, [16, Cor. 3.2] already states that dual
solutlons exist and satlsfy a e L (Ql, u) and f € Ll(Qz, v) (in our notation; the notation there uses

Q= 7e v ,Pi=pa=e ¥ ,R=¢ev L Py=v,and b = e v'). Note that while the primal solution Q is in
Llog L(Q, L), the analysis takes place in Llog L(Q, e L). Moreover, as the authors of [9] note, [16]
fails to elaborate a crucial step of the argumentation. This gap was closed only later in [8]. None of the
mentioned works considered necessary conditions for existence. Finally, [25] analyzes regularization
with the L? norm of 7 and derives existence of solutions of the dual problem.

The notion of Orlicz spaces in the context of convex integral functionals has previously been used
in [26], where existence of both primal and dual optimizers are covered in a more general setting.
More precisely, the spaces used in [26], which are also known as Musielak—-Orlicz spaces [28], are a
generalization of the Orlicz spaces used here. The setting considered here can be recovered in two

different ways: In section 7.3 (a), the above referenced results of [16] are recovered as a special case
—c(z)
(where again our case corresponds to choosing R = e v v L). Moreover, choosing m(z) =e v in the

second example (titled a variant of the Boltzmann entropy) in section 7.1 gives a problem very similar to
the one considered here. The difference lies in the fact that the cost function c is part of the definition
of the relevant Musielak—Orlicz spaces in this case, and hence the analysis takes place in different
spaces. As the aim of [26] is to weaken the necessary assumptions as much as possible, the overall
setting is more abstract, and the proofs rely heavily on the authors previous work [27]. Here we aim
for a self-contained, more elementary, treatment of (P).

Regarding I'-convergence, the limit for y — 0 and fixed marginals with densities with finite entropy
was considered recently in [11].

Organization. The next Section 2 recalls statements about functions of finite entropy and the duality
of the respective Orlicz space Llog L. In Section 3, we collect and prove (for the sake of completeness)
results on the regularized optimal transport problem (P) in the context of duality of continuous functions
and measures. In particular, Theorem 3.3 shows that primal solutions exist if and only if the marginals
are in the space L log L. Hence, we analyze the problem in Section 4 in the context of Llog L and Leyy.
We show existence and uniqueness of the primal problem in L log L, derive the dual problem and show
existence of solutions for the dual problem in Ley,. We finally show a result on I'-convergence for the
combined regularization and smoothing of marginals that do not have finite entropy in Section 5.
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2 REVIEW OF FUNCTIONS OF FINITE ENTROPY AND THE SPACE LlogL

Entropic regularization deals with positive integrable functions of finite entropy. These functions
are closely connected to the space Llog L, a special case of (Birnbaum-)Orlicz spaces, and hence we
collect some facts about this space which are mainly taken from [30, 5, 1]; see also [33]. We consider a
compact domain Q ¢ R” and denote the neg-entropy of a measurable function f : Q@ — R by

E(f) = /Q (o) og(1F 0 d.

where we set 0log0 = 0 as usual. Note that since slogs > —1/e for every s > 0, the neg-entropy

always lies in the interval [-L£(Q)/e, oo]. We say that f has finite entropy if E(f) < 0. Following [5],
we define

LlogL(Q) := {f : Q — R measurable : '/Q [f ()| log™ (|f(x)]) dx < oo},

where log* (x) = max(log(x), 0).
Proposition 2.1 ([29, Thm. 1.2]). A nonnegative measurable function f on a set with finite measure has
finite entropy if and only if f € Llog L(Q).

It turns out that L log L(Q2) can be normed such that it becomes a Banach space and that its dual has
a natural characterization. In the following, we recall the central constructions and main results based
on so-called Young functions.

Definition 2.2 (Young functions). Let ¢ : [0,00) — [0, o] be increasing and lower semi-continuous
with ¢(0) = 0. Suppose that ¢ is neither identically zero nor identically infinite on (0, o). Then the
function @, defined by

t
d(t) := / @(s)ds,
0
is said to be a Young function. Moreover, the function ¥ defined by
¥ (s) := max{st — ®(t)}
>0

is called the complementary Young function of ®.

Any Young function is continuous and convex on its domain, and the complementary Young function
¥ is again a Young function. The notion of Young functions gives rise to a generalization of L? spaces
through the definition of the so-called Luxemburg norm.

Definition 2.3 (Luxemburg norm and Orlicz spaces). Let ® be a Young function. The Luxemburg norm
of a measurable function f : Q — R is defined as

(2.1) ||f||q>:inf{y>0:/Q<D(%)de1}.

The space of all measurable functions with finite Luxemburg norm is called Orlicz space and denoted
by L*(Q).

Remark 2.4. General Orlicz norms do not scale in a simple way with the size of the set Q. Writing
14 for the characteristic function of the set A C Q, i.e, 14(x) = 1if x € A and 0 else, the p-norm
(corresponding to the Young function ®(t) = tP) of 1q equals [[1q]l, = L(Q)VP. For a strictly
increasing Young function ®, we obtain the more complicated result ||1g|le = (®71(L(Q)™1)™. Asa
consequence, some results in the following depend on the size of the domain. One could get rid of this
dependence by adapting the definition of the norm to, e.g.,

. 1 If1
||f||<p—mf{y>o.—L(Q) Q(D(y)dxﬁl}.
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However, since this definition would be nonstandard, we refrain from doing so.

Moreover, note that
[ ) aess
o \lflle

is always true, but equality may fail to hold. For a counterexample, see, e.g., [33, Example 2.8].

Theorem 2.5 ([1, Thm. 8.10]). L*(Q) is a Banach space with respect to the Luxemburg norm.
We will also need the following estimate.

Lemma 2.6. Let L*(Q) denote the Orlicz space with convex Young function ® and u € L*(Q) with
llullo > 1. Then/Q<13(|u|) dx > ||ulo.

Proof. Forany 1 < y < ||u||g, it holds that fQ CD('%/') dx > 1. It then follows from the convexity of ®
and ®(0) = 0 that

%/g)@(|u|)dx=/9¢d>(lul)+(1—%)q’(o)dx

2‘/gzd>()l/|u|+(1—)l/)0)dx:‘/gd>(%) dx > 1.

Letting y — ||u||e, the claim follows. |

Note that by Remark 2.4, Lemma 2.6 does not hold for ||ul|¢ = 1.
Using @jog(s) = slog™s as Young function now immediately yields Llog L(Q) = LP0:(Q). The
complementary Young function

S if0<s<1,

e oifs>1

(2.2 Pexp (5) = {

of @y, now provides a natural way to define the Orlicz space L (Q) = Lexp(Q2). In fact, Leyp () is
the dual space of Llog L(Q).

Proposition 2.7 ([5, Thm. IV.6.5]). If Q has finite Lebesgue measure, then L1og L(Q)* = Lexp(Q) (up to
equivalence of norms). Moreover, for all 1 < p < oo, the following embeddings hold

L®(Q) < Lexp(Q) <> LP(Q) <> Llog L(Q) — LY(Q).

The Luxemburg norms (2.1) on L*(Q) are equivalent to the norms defined in [5, Def. IV.6.3] (in [5,
Def. IV.6.3], the norms for Llog L(Q) and Lex, (Q2) are dual to each other). The constants in this norm
equivalence will in the following generically be denoted by cg. Note that [5, Thm. IV.6.5] is stated
for domains with unit Lebesgue measure, but the case of general finite measure follows by a simple
rescaling.

We also have the following properties, which follow from Theorem 8.21b and Theorem 8.19 in [1],
respectively, by observing that @y, is so-called A-regular (c.f. [1, Def. 8.7]) but ®cy;, is not.

Lemma 2.8.
(i) The space Llog L(Q) is separable.
(ii) The spaces Llog L(Q) and Lex,(Q2) are not reflexive.

The following example shows that the desired optimality conditions cannot be derived by simply
setting the Gateaux derivative to zero.
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Example 2.9. E is not Gateaux-differentiable on L log L((0,1)). Indeed, consider f(x) = exp(—1/+/x).
Then it holds that f € LlogL((0,1)) (since f is bounded) and hence that E(f) < oo, but note
that the formal Gateaux derivative E’'(f) = log(f) + 1is not in Lex, ((0,1)). To see this, note that

log(f)+1=1- \/% is not in L?((0,1)) and thus by Proposition 2.7 is not in Lexy ((0, 1)).

We next derive a few facts that will be useful for the analysis of the primal and dual regularized
optimal transport problems. For the first lemma, we use the elementary fact that for all a,b > 0 we
have log* (ab) < log*(a) +log* (b).

Lemma 2.10. If g € LlogL(Q), v € LlogL(Q3), and w = p ® v (i.e, m(x1,x2) := p(x1)v(xz)), then
/S LlogL(§21 X Qz)

Proof. We simply estimate

/Q (o) og” vl o x)
< /Q el og” o)l /Q ()l + /Q il /Q Ve 1og” v

and use that all terms on the right-hand side are finite since Llog L(Q) c L(Q). O

Next, we consider a function 7 € Llog L(€; X Q,) and its pushforwards under the coordinate
projections

(P1)y7(x1) =/ 7 (%1, Xx2) dx, (P2)y7(x2) =/ 7 (x1, X7) dxy.

Qz Q1
The following result states that these marginals are also in Llog L.
Lemma 2.11. If 7 € Llog L(Q; X Q3), then (P;),m € Llog L(Q;) fori € {1,2} with

I (Po)erlly,, <max(1L, L(Qs-:)l7lla,-

Proof. Using the convexity of ®(s) = slog*(s) and Jensen’s inequality, we obtain

lzl L [ |z|
'/5;1><Qz (D( Y )d(xl, %2) = L{E) ‘/Qz q)(L(Ql) ‘/Ql Y dXI) dx; = ‘/QZ ®(~/£)1 ymax (1, L(Q)) dxl) dxy

where we used ¢®(s/f) > ®(s) for £ < 1and £P(s/t) > ®(s/¢) otherwise. Thus we obtain

”””‘ng = min {Y 20: / (D(%) dx; dx, < 1}
Q1XQy
Zmi“{” 0:/ ‘D(/ oy dn ) dx. < 1}
Q, (ON
: P.
“minfy>0: [ of ) o <1
2

: . (Py) 7
me{yZO‘/Qd)(m)dszl}
2

.l
" max(L, £(Q)’

The claim for (P;),s follows similarly. O

As a corollary, we obtain a characterization of Ley, (€2) on tensor product spaces.
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Corollary 2.12. It holds that & € Lexp(Q1) and B € Lexp(Q2) if and only if o @ B € Lexp(Q1 X Q3), where
(a ® p)(x1,x2) = a(x1) + f(x2).
Proof. The mapping (@, f) — a @ f is the adjoint of 7 +— ((Py)47, (P2)47), and hence one implication

follows from the fact that LIog L(Q)" = Lexp (Q).
For the other implication, we use the Luxemburg norm and Jensen’s inequality with ® = @y, to

observe that
a0 [ o) g an <1
X0y Y

o (1) doxy+f3(x2)
min {y >0:L(2) (p(£<m> /9105 Yl 1+ (x2 )dxz < 1}
Q

\%

lla @ Bllo,, = mi

=

v

oo (1) dxr+ (x2)
> min {y >0: / CD(min(l,L(Ql)) ) fgla ;cl x1+f (2 )dx2 < 1}
Qy

= min(L, L)) |[f+ 77 f, @ dxi

(I)exp

This shows that 8 plus a constant is in Lex, (Q2) and hence that f itself is in Leyp (€2). Arguing similarly
for a, we obtain the claim. m]

3 FENCHEL DUALITY IN M AND C

In this section, we study the primal and dual problems for entropically regularized mass transport, i.e.,

P inf / cdmr + / m(logm —1)d(x, x
®) TEP (UXQy), Q1xQy y Q1xQy (log ) (s x2)

(P)y=p, (P2)ym=v

and

©  sw [atdueo s [ poordrm -y [ ep (i) iy x,)
aEC(Ql) (o} Q, QXQy
BeC(Q2)

using Fenchel duality in the canonical spaces M(Q; X Q) and C(Q;) X C(Q;). Most of the results in
this section are classical [16, 9], but we include the results with proofs for the sake of completeness.
We use the general framework as outlined in, e.g., [19, Sec. IIL.4] or [3, Chap. 9]. All throughout the
following, we assume that u € P(Q;), v € P(Qz),c € C(Q; X Q3), y > 0, and that Q; and Q, are
compact.
We begin with a strong duality result for (P) and (D). A similar result in L!(Q) instead of M(Q) is
[15, Thm. 3.2], but we state the theorem and its proof because we use a slightly different setting.

Proposition 3.1 (strong duality). The predual problem to (P) is (D), and strong duality holds. Furthermore,
if the supremum in (D) is finite, (P) admits a minimizer.

Proof. First, by the Riesz—Markov representation theorem, M(Q) is the dual space of C(Q) for compact
Q. Furthermore, Slater’s condition is fulfilled with «, f = 0 so that strong duality holds and — assuming
a finite supremum - the primal problem (P) possesses a minimizer. In addition, the integrand of the
last integral in (D) is normal so that it can be conjugated pointwise [31]. Carrying out the conjugation,
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we obtain

sup / ady+ fdv— y/ exp (_c(xl’xZ)m(xZ)Jrﬁ(xl)) d(x, x7)
aec(Q) Jo Q, QxQ; Y

ﬂEC(Qz)

= sup / ady +/ pdv +/ min(c(xy, x2) — a(x) — B(x2))w(x1, x2) + yr(log w — 1) d(xy, x2)
aeC(Q) J O Q, QxQ, 720
BeC(Q)

= sup min ‘/QXQ’ e+ yr(log m — 1) d(xq, x2) +‘/Q ad(pu—(Py)ar) +/Q Ld(v—(Pz)ur)

aeC(Qy) Te M(Q1xQ2)
ﬁGC(Qz) >0

= min cdr + y/ r(logwr —1) d(xy, x2),
TEP (QuxQ) ./legz Q1xQy
(Pr)sm=p, (P2)ymr=v

which is (P). O

Remark 3.2. Note that Proposition 3.1 does not claim that the supremum is attained, i.e., that the predual
problem (D) admits a solution. The proposition should also be compared to [15, Thm. 3.2], which
similarly characterizes solutions under the condition that the dual problem attains a maximizer.

In addition, solutions to (D) cannot be unique since we can add and subtract constants to « and f,
respectively, without changing the functional value. On the other hand, up to such a constant, the
functional in (D) is strictly concave, and therefore any solution is uniquely determined by this constant.

We can use this duality argument in combination with the results of Section 2 to address the question
of existence of a solution to (P). (Naturally, existence under the stated condition can also be shown
using Tonelli’s direct method; here we give a proof based on the already shown convex duality for the
sake of conciseness.)

Theorem 3.3. Problem (P) admits a minimizer 7 if and only if p € Llog L(€4) and v € Llog L(Q;). In
this case, the minimizer is unique and lies in Llog L(Q; X Q).

Proof. By Proposition 2.1, the energy is bounded if and only if 7 € Llog L(Q; X Q). However, by
Lemma 2.11, this is the case only if u = (P;),7 € Llog L(©) and similarly for v. This shows that the
conditions are necessary to have a finite energy. For sufficiency, we first note that for y € Llog L(€)
and v € LlogL(Q;), the tensor product 7 = p ® v is a feasible candidate with finite energy by
Lemma 2.10. Thus, the infimum in (P) is finite, and weak duality — which always holds due to the
properties of supremum and infimum - shows that the supremum in (D) is finite as well. Existence of
a solution for (P) now follows from Proposition 3.1.

Uniqueness and regularity of the minimizer then are a direct consequence of the strict convexity of
the entropy and Proposition 2.1. m|

In case a minimizer exists, we can characterize its support. Here and throughout the rest of the paper,
we use the usual shorthand {f > A} for the set {x € Q : f(x) > A}. We also recall from Remark 2.4
that 14 refers to the characteristic function of the set A. The following result can also be found in [9,
Thm. 2.7], but the proof there needs a constraint qualification for the primal problem which we do not
need in this formulation. We present a full proof for the sake of completeness.

Proposition 3.4. A minimizer 7 € Llog L(Q; X Q3) of (P) satisfies supp 7 = supp y X supp v.

Proof. The fact that supp 7 C supp p X supp v follows from the marginal constraints and the nonnega-
tivity of 7. It remains to show that supp 7 D supp u X supp v. For a contradiction, assume there is some
X € (supp p X suppv) \ supp 7, then there exists a radius r > 0 such that 7 = 0 on each ball B,(%)
with s < r, but p(P;(Bs(x))) > 0 and v(P,(Bs(x))) > 0. In particular, there exist w; C Py(B,2(x)) and
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wy C Py(B,/2(X)) such that p(w;) > 0 and L(w;) > 0 for i = 1,2, but 7(w; X wy) = 0. We may choose
w1, w2 small enough and ¢ > 0 small enough such that there are &; C Q; \ w; and &; C Q; \ w, with
nonzero Lebesgue measure and with 7 > ¢ on (01 X w;) U (w1 X @3).

Let now k; = fgzg fori=1,2,k = L(w) - L(w3), and

T=7+t [ﬂwlxwz (21, %2) + Kle]]d)lxd)z (21, x2) — Klﬂd)lxwz (x1, x7) — Kzﬂwlxdz (x1, xz)]

for 0 < t < e¢/min{ky, k2}. Then 7 is feasible. We will now argue that for small enough ¢ we have

/cﬁ'd(xl,xz)+y/ 7 log 77 d(x, x3) < / cﬁd(xl,x2)+y/ 7 log 7 d(x1, x2),
M M M M

where M := (w1 U @1) X (w3 U @3). Note that 7 = 7 on Q; X Q5 \ M.
First, consider /M ¢t d(xq, x2). Since ¢ is continuous and finite, /M e d(xg, x3) — /M et d(xy, x3) is
finite and hence

/cﬁd(xl,xz)zf et d(xy, x2) +tCy
M M

for some constant Cy. Now, consider the entropy of 7. Since 7 = 0 on w; X w,, we have

/ 7 log 7t d(xy, x2) = / tlogt d(xy, x2) = xtlogt.
W1 XwW3

W1XW3

Using the inequality f(y) = f(x) + f'(x)(y — x) for convex and differentiable f, we can estimate
/ 7 log 7w d(xy, x2) = / (7 — Kkot) log(7 — xot) d(2xq, x2)
WX WX

< / 7 log 7 d(xy, x3) — Kzt/ log(7 — xat) d(xy, x2) — Kt,
W1XD3 WXy

and similarly for fw s 7 log 7 d(x1, x2). Again using the above inequality we have

/ 7 log 77 d(xy, x2) < / 7 log 7 d(x1, x2) + Kikat / log(7 + x1x2t) d(xy, x2) + Kt
01XD2 (01XD2 O1XD3

< / 7 log @ d(xy, x3) + Kikat / 7T+ ticyks d(xg, x2).
L:)1XL:)2 (Z)lX&)Z

We obtain

/ 7 log 7w d(xy, x3) — / 7 log 7 d(xy, %) < xtlogt — th/ log( — xat) d(xq, x2) — Kt
M M

WX D2

- Klt/ log(7 — x1t) d(xy, x2) — Kt + lezt/ 7T + tkiky d(x, X3).
1 Xws WD1X W3
The right-hand side is of the form g(t) = xtlogt + h(t) with h differentiable at 0. We can therefore
estimate

g(t) < ktlogt+Cit = t(klogt + Cy)

for some C; > 0 big enough and small ¢.
Combining the estimates for cost and entropy yields

/cfrd(xl,xz)+y/ 7 log 7t d (1, x7)
M M

< / et d(xy, x2) +/ 7 log 7 d(xy, x2) + t(yxlogt + Cy + yCy)
M M

for ¢t small enough. However, the last term will be negative for ¢ small enough, which shows that 7 is
not optimal in contradiction to the assumption. O
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Figure 1: Young functions for Llog L and Leyp

Theorem 3.3 shows that the natural setting for the entropically regularized problem (P) is in fact
Llog L(Q) rather than M(Q). In the next section, we will prove existence of solutions for a suitable
modified dual problem of (P) and justify a pointwise almost everywhere optimality system that can be
used as a basis for deriving the Sinkhorn algorithm.

4 DUALITY IN LlogL AND Ley,

In this section, we consider (P) in the space Llog L(€; X Q). To derive a dual problem in Ly, (€) X
Lexp(Q2), we shall perform the variable substitution

00 ifs <0, -0 ifs <0,
D(s) =14s if s € [0,1], and ¥(s) =log®(s) = {logs ifs e (0,1),
es! else, s—1 else,

see Figure 1. Note that ® is convex and ¥ concave and that the function ® coincides with the Young
function @y, from (2.2), which is associated with Leyp.
We now substitute e/ = ®(u;) and ef/V = d(u), ie.,

(4) eV ifa <0, ePly if f <0,
1 = Ur =
4 ! % +1 else, 2 g—f +1 else,

which conversely implies that ¢ = ylog(®(u;)) = y¥(u;) and f = ylog(®(uz)) = y¥(uz). Using this
substitution, we obtain that

[ atdute+ [ poavin) -y [ exp(slumtantto) i )
Q Q Q1XQy

==Y v/QlXﬁz D (uy (x1)) D (uy (Xz))e_@ d(xy, x2) + )’/Q

\I’(ul)ydx1+y/ \P(UZ)VdXQ.

1 Q

Instead of the predual problem (D), we thus consider the reformulated problem

_clxxp)
O s oy [ @G0t T o)
uIELeXp(Ql) Q1XQy
uZELexp(QZ)
u1,u220

+y'/Q ‘I’(ul)ydx1+y/ Y (uy)vdxs.
1 Q
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This substitution renders the problem nonconvex but, as we will see, allows to prove existence of
solutions.

In the following, we assume that y, v € Llog L(Q) — as required for existence for the primal problem
~ and that ¢ € C(Q; X Q). We also recall that the Luxemburg norms ||-||s,,, and ||-||a,,, are equivalent
norms on Lex, (Q) and Llog L(Q), respectively. Our aim is to apply Tonelli’s direct method to (Dexp)
by showing that the functional

(4-2)  B(u, up) :=/Q . Dy () D(ur(x2))e” T dlx, ) — ; ‘P(ul)ﬂdxl—/Q ¥ (uz)v dx;

is radially unbounded and lower semi-continuous in the right topology. We first need the following
lemma.

Lemma 4.1. If |07 (s> 0} |0, > max(1, L(Q)), then
o7 (oo llo.. < log [ — /cp(( £ 1)T(p0y) dx] /1 ¢
v og | —— v x| /log ————.
{v>0} Deyp = g L(Q) o {v>0} g mln(l,L(Q))
Proof. Set ye = [[01 (1>0} |0, — € for some ¢ > 0 such that still ye > max(1, £(Q2)). Then it holds that

]] u>
Jo ®(FZ2) dx > 10T {20y lla., > max(L, £(Q)).
By ]ensen s inequality we have

min(1, £(Q)) [ 1 % min(1, £(Q) [ 1 o\
p (L(Q)L©((U+1)ﬂ{v>0})dx) . (‘E(Q)‘/Qﬂ{wo}e dx)

min(1, ;) L
——C) /ﬂ{wo}(ev)” dx
Q

e

v
. -1
IIlln(l,ﬁ)/ﬂ{zDo}eYe dx

> min(1, L(Q))/ uﬂ(u>o} dox
> min(1, m) max(1, L(Q)) =1

Taking logarithms, we deduce that y, < log (ﬁ fQ O((0+1)T(y50y) dx) /log m and letting
¢ — 0 yields the claim. O

We next capture the invariance inherited from (D) as described in Remark 3.2.

Lemma 4.2. Let u; € Lexp(Q;), i = 1,2, with B(uy, up) < oo. If for an arbitrary K € R we set ti; =
Y1 (¥(uy) - K) and iy = ¥Y1(¥(wy) + K), then B(iy, tiz) = B(uy,uy). In particular, by choosing K
appropriately, we can always achieve /Ql O(uy) dxy = 1.

Proof. Note that u; > 0 p-a.e. and uy > 0 v-a.e. as B(uy, uz) < oco. By construction, the same holds for
i1 and uy. The first statement is now a direct consequence of the invariance of the cost functional in
(D) under the mapping (a, f) — (a — K, f + K). For the second statement, first note that le O(uy) dxy
is continuous in K. Moreover,
/ ®(t1y)dx; - 0, for K — oo and
Q
/ ®(ty) dx; — o0, for K — —c0
Q

so that the assertion follows by the intermediate value theorem. O
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<1 in

exp —

Remark 4.3. While ||#]|g,,, = 1 implies le ®(2i1) dx; < 1and le @ (i) dx; = 1implies |||,
general we cannot achieve both equalities simultaneously due to Remark 2.4.

Modulo this invariance we now obtain coercivity.
Lemma 4.4. Let ul', n = 1,2,..., be a sequence in Lexp (L) such that le ®(u’) = 1 for all n. Then

U3 l|@, — o0 forn — oo implies B(uf,uy) — o0 asn — oo,

Proof. Without loss of generality we may assume the u} to be nonnegative, since replacing u; with
its absolute value decreases B(uy, uy) without changing [|u||¢,,,- Due to /91 ®(uy’) dx; = 1 we have
luflle, <1and thus

/ W) pdv < | @ = Dpd; < collu g, lllay, — 1 < collulle,, — 1
Ql Ql

where cg denotes the generic equivalence constant for the duality from Proposition 2.7. Analogously
we obtain

/ L4 (ug) vdxy < max(uy —1,0)vdx; < co|lmax(u; —1, 0)||<I>exp||v||<1>1ag'
QZ QZ

Hence for C = exp(—maxgq,xq, ¢/y), we have
B(u{,uy) > C/ D(uy') dx1/ D (uy) dx, —/ ¥ (u}') pdxy —/ ¥ (uy) vdx,
o Q, o Q
> C/ D (uy) dxz — collpllo,, +1— collmax(uy —1,0)[lo., 1VIle,,-
Q;

Since ||u}||¢., — oo and uj is nonnegative, we also have ||max(uj —1,0)llg,, — o0 asn — co and
therefore

D (uy) dxz) /log ( for n large enough

[max(uy - 1,0)le,, < log( M)

1
L(Q) Jo,

by Lemma 4.1. Now Lemma 2.6 implies that /Qz ®(uy) dx — oo for n — co and therefore that

log (75 Jp, @) dxe)
Bufu) > C [ @) dx ~ collllay, +1- co— "
e
o2 log (min(l,L(Qz)))

Vllay, — oo,

which yields the desired contradiction. O
Lemma 4.5. B is sequentially weakly-+ lower semi-continuous on Lexp(Q1) X Lexp(€22).

Proof. Let (uf',uy) —* (u1,uz) in Lexp(Q1) X Lexp(Q2). Then we have in particular (uf, uy) — (u, uz)
in LP(Qq) X LP(Q,) for any 1 < p < oo. Since —¥ is a lower semi-continuous and convex integrand, it
thus follows, e.g., by [3, Thm. 13.1.1] that

liminf/ —‘P(uf)ydxlzf =¥ (uy) p dxy, liminf/ —‘If(u;l),udxlzf = (u) p dxy,
o o3 n—oo Q,

n—oo QZ

and hence that these functionals are weak-* sequentially lower semicontinuous on Lexp (Q1) X Lexp (€22).
_clxxp)
It remains to show weak-* lower semi-continuity of leX a, D(uy(x1))P(uz2(x2))e” v d(xy, x2). For

fixed N > 0, decompose Q; and Q, into a finite number of subsets Q;‘ with L ( Qf) < ﬁ We further
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assume that the decompositions (Qf)k and (Q’g )k for N + 1 are obtained from the decompositions for
N by refinement. Defining ¢y = min, ) cotxql e (1)/¥ we then have
> 1

X1

c(x1,x7)
liminf [ @ G)e e T den)
QxQy

n—oo

n—oo

> lim inf / O(ul (x1)) D () (x2)) Z ekl gt (1, %2)
Q1xQy k,l
= liminf )" ¢y / ®(uf (1)) D (x2)) T o (1) 1 1 (32) 31, )
n—eo k,l Q1XQy

> Z cx lim inf/ D (uy (x1)) 1ok (x1) dxy lim inf/ D(uy (x2)) 11 (x2) dxy .
o n—oo Q 1 n—oo Q, 2

Similarly as above, it follows from the lower semi-continuity and convexity of ® that u +— /Qk ®(u) dx
1

and v — /Ql ®(v) dx, are sequentially weakly-* lower semi-continuous on LBXP(Q{‘) and Lexp(Qé),
2

respectively. Hence

Z Ckl hrl;ri)iorolf /

(I>(1,¢f(x1))1]Q{C (1) dxq lim inf/ d)(u;’(xg))ﬂgé (x2) dx
1 n—oo QZ

k.l @

> Yo [ @) gt dn [ @)l () dr
k.l Q Qp

— [ @) Y gt (50 dCxi o)
Q1XQy K, ! 2

c(x1,x9)
= [ m)euz(e)e 7 dinx) asN - o
QxQy
by the monotone convergence theorem, since >34 ; cx;1 k0l /" e~¢/Y monotonically. O

Theorem 4.6 (dual existence). Problem (Dcyp,) possesses a maximizer (i, i) € Lexp(Q1) X Lexp(Q2).

Proof. We show that B possesses a minimizer. The energy B is finite at, e.g., u; = 1 = u,. We thus may
consider a minimizing sequence (uy’, u) in Lexp(Q21) X Lexp(Q2), where by Lemma 4.2 we may assume
/Ql Dexp (u') dxy = 1 without loss of generality. Lemma 4.4 now implies boundedness of ||u}||4,,, so that
by the Banach-Alaoglu theorem we may extract a weakly-* convergent subsequence from (uf, u})
(recalling that Llog L(Q; X Q) is separable by Lemma 2.8). The claim now follows from the lower
semi-continuity of B along that subsequence by Lemma 4.5. O

From dual solutions @; and iy, we obtain by backsubstitution @ := y¥ (@) and f := y¥(iiy) as
a candidate for a solution of the original predual problem (D). However, these are in general not
admissible since i € Lexp(Q1) and @y € Leyp (Q2) does not imply the needed regularity of @ € C(£)
and i € C(Q,): The positive parts of @ and  (which equal the positive parts of @; + 1 and @, + 1,
respectively) are in Ley,, but the negative parts need not even be functions as they could be —co
everywhere.

Nevertheless, from (De,) one sees that it; > 0 p-almost everywhere and @i; > 0 v-almost everywhere,
and hence #; and 7, are at least y- and v-measurable, respectively. We will derive more information on
@ and f from the necessary optimality conditions.

First, we have again a strong duality result relating (Deyp) to (P).
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Proposition 4.7 (strong duality). Let p € Llog L(€4), v € Llog L(Q3), and ¢ € C(4 X Q3). Then, both
(P) and (Dexp) admit a solution, and their optimal values coincide.

Proof. Existence for both problems follows from Theorems 3.3 and 4.6. To show their equality, by

Proposition 3.1 it suffices to show that the value of (D) equals that of (Dep). First, let & € C(€;) and
B € C(Q,) be arbitrary and set u; := ¥~!(a/y) and u, := ¥7}(B/y). By substitution, we see that

[andes [ prac -y [ enp(=CREEEZIN) g5, )
Q Qa Q1XQy

14
< —
< max yB(u1, up),
and taking the supremum over all «, f8 yields that the value of (D) is at most that of (Deyp).

It thus remains to show that the value of (Deyp) can be achieved by (D). Let iiy, il; be optimal. By the
monotone convergence theorem, B(i, éi2) = lim,_,o, B(max{d;, %}, max{y, %}) and also

B (max {al, %},max {al, %}) = A}iinooB (min {max {al, %},N},min {max {al, %},N}) .

Hence B(dy, ii;) can be arbitrarily well approximated by B(uy, up) with ¥(u;) € L™ (Qq) and ¥ (uy) €
L®(Q,). Now let @, € C(Qy) and B, € C(Qy) with a, — y¥(wy) in L2(Q;) and B, — y¥(u3) in
L2(Q,). Here we may assume ay, f3, to be uniformly bounded so that (upon restricting to a subsequence)
we additionally have a, —* y¥(w) and , =" y¥(u,) in L*(Q). Now

/ appdx; + Bavdx, >y [/ \If(ul)pdx1+/ \P(UZ)Vd.X2:|
[9)] Q, Q Q

an (x1)+Bn (x)
due to the weak-* convergence. Finally, as ay, B, converge in L?, e Y converges a.e. (after

passing to a subsequence). Using uniform boundedness of &y, ,,, the dominated convergence theorem
yields

c(x1.x7)

)d(xlaXZ)_> D(u1(x1))P(uz(x2))e v d(xp, x2) .

Q1xQ,

/ (an (1) + PBn(x2) — c(x1, x2)
exp
Q1xQy Y

O

Having established primal and dual existence, we can now show how the solution of the dual problem
can be used to solve the primal problem.

Theorem 4.8 (optimality conditions). Let 1 € Llog L(Q1), v € Llog L(Q3), and c € C(Q X Q3). Then
solutions (i, tlz) € Lexp (1) X Lexp(Q2) of (Dexp) satisfy

x1,X2)

(4.32) /Q (g (e2))e T dey B (1)) = ().

1.X2)

(4.3b) /Q (i (x)e T d Bz (x2)) = v(xs),

for p-almost every x; € Q; and v-almost every x; € Q. Furthermore, 7 defined by

clx1.x2)

(4.4) 7 (o1, X2) = D (it (31)) @ (i (32) )€~ ¥

is the solution of (P).
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Proof. Let #y, 1i; be solutions of the dual problem. We start with deriving the necessary conditions
(4.3). First, note that {@; > 0} D {u > 0} and {@i; > 0} D {v > 0} (up to a Lebesgue-negligible set)
since otherwise fQ ¥ (ay)pdx; + sz ¥ (i13)vdxy = —oc0. Let now ¢ > 0 be arbitrary and consider any
@ € Lexp(Q1) NLT(Qy) with ¢ = 0 on {@; < £}. We next argue that the dual functional B given in (4.2)
is directionally differentiable in (@, #,) with respect to its first argument in direction ¢. Since both
s — O(s) and s — ¥(s) are differentiable at s > 0, so are the integrands pointwise almost everywhere
on {a; > e} X Q,. It therefore suffices to show that the pointwise directional derivatives are integrable
in order to differentiate under the integral. For the first term in B, we have almost everywhere on
{i; > €} X Q, that

(i) p®(ix)e v @ > 1,

q), iy; O(u e_§ = c

(15 0)D(12) {(p(b(ﬂz)e_y else,
1 _c

< ~llpll®@)d(ae .

which is integrable on {ii; > £} X Q; since #; and 7, are feasible for (D.p). An integrable lower bound
is obtained similarly using ¢ € L™ ().

For the second term in B, the chain rule and differentiability of ® yields almost everywhere on
{@t; > ¢} X Q, that

¥ (i3 90) = ——@' ()@ = (@] Vg<ry + Va1)@ < N@lloo (67 T a<ty + Tm1})

q)()

where the right-hand side is integrable with respect to dy.
From the dominated convergence theorem, it thus follows that the partial directional derivative of B
in the first direction is given by

B{ (i, tig; @) = —/ V' (1 ) p dxy
{a>e}
+/ & (i (x1): (e B ()T d ()
{@12e}xQ;,

1.X2)

X1 _ _clxpxp)
:—/{ }maX{CD(ﬂl(m)),l}(P(m) [(D(l;(l(;l)) —'/Q D(i1y(x5))e” v dxy| dxy,
=€ ,

where we have again used the integrability of the integrand to apply Fubini’s Theorem in order to
iterate the double integrals and used ®’(s) = max{®(s), 1} and ¥’ (s) = ®(s)~1®’(s).
By the specific choice of ¢, we have @; + t¢ > 0 for all ¢+ > 0 sufficiently small. The optimality of
(@11, o) thus implies that
0 = B (i1, tiz; @),
and since ¢ was arbitrary on {@#; > ¢} and max{®(#), 1} > 0, we must therefore have that

X1.X,

0=pu(x) — CI>(u1(x1))/ (D(uz(xz))e v dxsy for p-almost all x; € Q; with @;(x;) > ¢.

Furthermore, since ¢ > 0 was arbitrary and p(x;) = 0 whenever ;(x;) = 0, this equation even holds
for p-almost all x; € Q;, which yields (4.3a). Equation (4.3b) is derived analogously.

Now we show that 7 defined by (4.4) is a solution of the primal problem. First note that by construc-
tion, 7 is feasible (i.e., is non-negative and has the correct marginals). Since strong duality holds by
Proposition 4.7, it thus suffices to show that the primal objective functional evaluated in 7 is equal to
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the dual optimal objective value (Dcyp). To that end, we insert (4.4) into the objective functional in (P)
and obtain (using again the convention that 0log 0 = 0)

/ e+ ya(logw — 1) d(xy, x3) = / cq>(a1)<1>(a2)e‘5 d(xy, x2)
Q1XQy Q1xXQy

+ y (i) D(z)e ¥ (\P(ao + W (itp) — ; —1) d(x1, x2)
-y /Q o) o)
vy / () 0(@) 0 (a)e S d(x,x2)
Q1xQy
vy / (1) () D)5 A, xs)
Q1xQ,

Since @#; > 0 and hence ®(@;) > 0, we have that ¥(@;)®(4;) = log(®(a;))P(@;) > —%. Furthermore,
we have assumed £(Q;) < oo and can thus shift the integrand to allow applying Tonelli’s Theorem in
the second and third integral. Inserting (4.3), the right-hand side now coincides with B(dy, @,). Hence
strong duality holds for (@, 7i;) and 7, and thus the latter is a solution to (P). O

Remark 4.9. The optimality system (4.3) can be used to derive the Sinkhorn algorithm. First, note
that one only needs to find #; and 7, that solve (4.3a) and (4.3b); an optimal plan 7 is then obtained
from (4.4). The Sinkhorn method now solves the nonlinear system (4.3) by alternatingly solving the
equations: Given u}, compute u"*! by solving (4.3a), i.e., setting

p(x1)
Jo, @5 () exp (~<222 ) iy

u{l+1(x1) — (D_l

H]

and then solve (4.3b) with u}*! to obtain

v(x7)

n+l _ sl
uy (x2) = f o o p
oy @ () exp (-2 ) dyy

Formulating this iteration directly in ®(u;) and ®(u;), we obtain the original Sinkhorn algorithm,
cf. [20, Sec. 5.3.1].

Remark 4.10. The optimality system (4.3) also corresponds to the so-called Schrodinger system [14, Eq.
(4.12)—(4.13) or (4.14)], i.e., the system of equations which characterizes the solution to the so-called
Schrédinger bridge problem (essentially, the most likely transition path of a hot gas between the initial
and final gas distribution p and v). Existence of solutions to that system was typically shown based on
iterative approximation schemes (analogous to but predating the Sinkhorn algorithm; see the discussion
in [14]). There are also alternative proofs exploiting the variational nature of the problem; however,
these are not as straightforward as identifying (4.3) as the optimality conditions to an optimization
problem which has a solution. In [7], for example, a minimizing sequence for the dual problem (D) is
used to construct a sequence of measures of the type (4.4) that is then shown to converge to a solution

of the Schrodinger bridge problem.
Finally, the optimality conditions (4.32) and (4.3b) allow us to conclude which problem is solved by

(@ p).
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Corollary g.11. Let i € Llog L(Q1), v € LlogL(€Qy), and ¢ € C(Q X Q3). Let (i, fly) € Lexp(€y) X
Lexp(Q2) be a solution of (Dexp). Then @ == y¥ (it1) € L'(Qy, p) and f := y¥ (i) € L'(Qq, v) are solutions
of

(Dp1) sup / adu+ [ pdv-— y/ exp (7c(xl’x2)+‘;(x2)+ﬁ(xl)) d(xy, x2),
aelN(Qp) Y1 Qp Q1x€Q;
BEL (Qs,v)

and the values of (Dy1) and (Deyp) coincide.

_ clxpxp)
Proof. First, note that the mapping x; — sz ®(dy(x2))e” v dxy is continuous and thus attains a
minimum ¢ > 0 and a maximum ¢ > 0 on the (assumed to be) compact set Q;. From the optimality
condition (4.3a), we thus obtain that

ce®lY = cd(iy) < p < TD(iy) = ce®!V

This implies that log p — K < @/y < log p + K for some K > 0. We thus have

%/ |d|ydx15K/ ,udx1+/ | log p|p dx;.
O Q Q

Since p € Llog L(Q;), we deduce that the right-hand side is finite and hence that & is integrable with
respect to 1, i.e., @ € L}(Qy, y1). The result for f follows analogously. Finally, it follows from a density
argument that (Dy1) cannot exceed (Deyp). Indeed, assume there are a € L'(Qy, p) and f € L1(Q3, v)
with an objective functional value C strictly larger than (Dcy;,). By invoking the monotone convergence
theorem as in the proof of Proposition 4.7, we may assume without loss of generality that « and f are
bounded. Defining now u; = ‘If_l(%) € L®(Q1) C Lexp(Qy) and up = ‘I’_l(é) € L®(Q;) C Lexp(Q2)
shows that (Dcyp) is no smaller than C, the desired contradiction. m]

Remark 4.12. As for (D) and as formalized in Lemma 4.2, solutions to (Deyp) are not unique.

5 T-LIMIT

We now turn to I'-convergence of the regularized problem. Recall from, e.g., [10], that a sequence
{F,} of functionals F, : X — R on a metric space X is said to I'-converge to a functional F : X — R,
written F = I'-lim, e Fy, if

(i) for every sequence {x,} C X with x, — x,

F(x) < liminf F,(x,),
n—oo

(i) for every x € X, there is a sequence {x,} ¢ X with x, — x and

F(x) > limsup F,,(x,).

n—oo

It is a straightforward consequence of this definition that if F,, I'-converges to F and x,, is a minimizer
of F,, for every n € N, then every cluster point of the sequence {x,} is a minimizer to F. Furthermore,
I'-convergence is stable under perturbations by continuous functionals.

Here we aim to approximate optimal transport plans 7 of the unregularized problem for marginals
p and v which are not required to be in Llog L(Q), i.e., we allow arbitrary measures as marginals. In
this case we cannot use these marginals for the regularized problems as well, since these will admit
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no solutions by Theorem 3.3. We therefore consider smoothed marginals y, and v, in Llog L(Q)
converging to yu and v, respectively, and show that the regularized problem with these marginals
I'-converges to the unregularized problem with the original marginals. The conceptually different case
of I'-convergence for fixed, non-mollified marginals (which then, however, need to be of finite entropy)
has been treated in [11, Thm. 2.7]. Our setting with smoothed marginals allows simpler constructions in
the lim sup-inequality since a given transport plan is merely approximated via mollification. A further
difference to [11, Thm. 2.7] is that we work on a compact set Q instead of R" and need to couple the
smoothing parameter to the regularization parameter to obtain I'-convergence.

Let B be a smooth, compactly supported, nonnegative kernel with unit integral, and for § > 0 and
n € N set

Bi(x) = $:B(3),  Golxx2) = By (a)BE ().

Since we will smooth the marginals and the transport plans by convolutions, we will need to slightly
extend the domains Q; and Q; to avoid boundary effects. Hence, let Q; and Q, be compact supersets
of Q; and Qy, respectively, such that

Q; +suppB C Qi, i=12,

and which are large enough to contain the supports of ps := p * Bgl and vs == v * Bgz for § < 1. (Here
and in the following, we assume that the width of the convolution kernels will be small enough.) For a
function or measure f on Q;, we denote by f the extension of f to Q; by zero (and analogously for
functions and measures on Q, and Q; X Q,). Let ¢ be a continuous extension of ¢ onto Q; x Q, and set

F,[n] ::/Q ) éd7r+y/Q 5 m(log m — 1) d(xy, x2),
1X822

1XQ2

e {Fy[ﬂ] if 7€ P(Q x ), (P =, (P)ym=v,
S else.

Using smoothed marginals ys, vs and coupling y and § in an appropriate way, we can then show
I'-convergence of Ef*" to Ei*" asy,6 — 0.

Theorem 5.1. Let u € P(Qq), v € P(Q3), andy,d > 0 be such that
y — 0, 5§ —0, ylog(8) — 0,
which is denoted in the following by (y, ) — 0. Define yis = Bgl * [ and vs = Bgz * V. Then it holds that

I-lim EL®" = EPY
(1.5)—0 ¥ 0

with respect to weak-+ convergence in M(Q; x Qy).

On the other hand, ify, & — 0 are chosen such that y||us|e,,, — o ory|lvs|le,, — oo, then E,>" does
not have a finite I'-limit. More precisely, even for a family of feasible ns (i.e., with marginals us and vs) it
holds that

lim EY>"[7s5] = oo.
1,50 Y [ 5]
Proof. For the first statement, we verify the two conditions in the definition of I'-convergence.

(i): Let ks —* 7, then lims_,q Fy[7s] = Fo[7] since ¢ is continuous and bounded. Since t(logt —1) >
—1, we also have that

/ _ ms(logms —1) d(xp, x2) 2 —1Qy x Q|
Q1xQy
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and thus that
Fo[#] = yg}) Fy[rs] - ;13% y|Qi x Q| < 1(%1)13% Fy[7s] .

Finally, the condition on the marginals is continuous with respect to weak-* convergence of 75, s,
and vs (note that us, vs —=* [, V).

(ii): Tt suffices to consider a recovery sequence for & € P (Q; X Q,), because the marginal conditions
for ;1 and v can never be satisfied for 7 € P(Q; x Qy) \ P(Q1 X Q). Ing’v[ﬁ'] = oo, then the lim sup
condition holds trivially. Let therefore Eg’v [7] be finite. We set 75 := G5 * . Then n5 —* 7 as well
as (Py) 475 = ps, (P2)s7s = vs. Since by Young’s convolution inequality 75 < ||Gs||r||7]|1 < 6%’ for
some constant C > 0 and N := ny + ny and we have

/ s d(xy %) = / % Gsd(xx) = / Crdeax) [ Ged(ax) =1,
Q1XQ, QxQy Q1XQy

Q1XQy

we conclude that

C
y/ - ms(logms —1) d(xy,x2) <y (log (S_N) - 1) / - msd(x, x2) = —y(1+ Nlogéd —logC) .
Q1XQy QX
The right-hand side vanishes for (y, §) — 0 by the assumption on the (coupled) convergences of y and
é. Hence,
EF[#] = lim [Fy[ns] — y(1+ Nlogs —1logC)] > lim sup F,[75].
(y,6)—0 (y,0)—0

For the second statement, recall from Lemma 2.11 that

Vlsllay, < max(L LQ@DYImsloy,  Vlvslle, < max(, £Q)yllzslle,

so that y||75lle,, — oo. By Lemma 2.6, this immediately yields yff?lezg 75 log™ ms d(xq, x2) — o0,
which implies

y /  rs(log s — 1) d(x, x2) = /  rslog s d(xy x3) — y — o0
Q1XQy Q1xQy

and thus F, [75] — oo so that the assertion follows. |

The conditions on y and § are in particular satisfied for § = cy for some ¢ > 0.

6 CONCLUSION

In contrast to the original Kantorovich formulation of optimal transport problems, their entropic
regularization is well-posed only for marginals with finite entropy. Restricting the regularized problem
to such functions and applying Fenchel duality in the space Llog L(Q) allows deriving primal-dual
optimality conditions that can be interpreted pointwise almost everywhere and used to derive a
continuous version of the popular Sinkhorn algorithm. For marginals that do not have finite entropy, a
combined regularization and smoothing approach leads to a family of well-posed approximations that
I'-converge to the original Kantorovich formulation if the regularization and smoothing parameters
are coupled in an appropriate way.

This work can be extended in several directions. For example, we have considered the usual setting
where the entropic penalty is taken with respect to Lebesgue density. More general penalties have
been considered in a different framework in [26], and other choices (such as the product measure of
the marginals) are possible in the approach considered here as well and may lead to well-posedness
and duality for a larger class of marginals. Naturally, a challenging but worthwhile issue would be
a convergence analysis of the Sinkhorn algorithm in the considered Orlicz spaces Llog L(Q2) and

Lexp(Q)-
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