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Abstract

This paper is concerned with optimal Neumann boundary control for the Westervelt and the Kuznetsov equation,
which are equations of nonlinear acoustics. Specifically, functionals of tracking type with applications in noninvasive
ultrasonic medical treatments are considered. Existence of optimal controls is established and first order necessary
optimality conditions are derived. Stability of the minimizer with respect to perturbations in the data as well as
convergence of the controls when the regularization parameter tends to zero is shown.
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1. Introduction

High intensity focused ultrasound plays a role in several medical and industrial applications such as lithotripsy,
thermotherapy, ultrasound cleaning or welding, and sonochemistry (see, e.g. [1, 2] and the references therein). Typi-
cally, one wishes to induce by boundary excitation an acoustic field such that the acoustic pressure in specified regions
is sufficiently high in order to destroy unwanted inclusions (stones, tumors, deposits) or to create enough heat to initi-
ate desired reactions. Everywhere else, the field should be at a strength well below a prescribed safety threshold. For
the acoustic pressure necessary in these applications, a linear model of wave propagation such as the acoustic wave
equation is no longer valid, and nonlinear effects have to be considered. This leads to boundary control problems for
the Westervelt equation (formulated in terms of the acoustic pressure fluctuation u)

Ba

pc?

D?u — ¢*Au—bA(Du) = =D in (0,T) x Q (D

or the Kuznetsov equation (formulated in terms of the acoustic velocity potential )

ﬂa_l

c2?

D}y — Ay — bA(DW) = Dt( (D) + WF) in (0,7)x Q

modeling nonlinear acoustic wave propagation in a smooth bounded domain Q € R? d € {1,2,3}. Here, ¢ > 0 is

the speed of sound, » > 0 the diffusivity of sound, p > 0 the mass density, and 3, > 1 the parameter of nonlinearity.
Using the relation

led/ =u,

*Preprint corrected after article went in press
Email addresses: christian.clason@uni-graz.at (Christian Clason), barbara.kaltenbacher@mathematik.uni-stuttgart.de
(Barbara Kaltenbacher), veljovic@lse.eei.uni-erlangen.de (Slobodan Veljovic)
The work of the author was supported by the Austrian Science Fund (FWF) under grant SFB F32.
2The work of the author was supported by the Elitenetzwerk Bayern (Elite Network of Bavaria) within the International Doctorate Program
Identification, Optimization and Control with Applications in Modern Technologies.

Preprint submitted to J. Math. Appl. Anal. April 28, 2009



we can formulate the Kuznetsov equation in terms of the acoustic pressure as well:

!
D?u — ¢*Au— bA(D,u) = '8“—_211),%3 + l1),2|V( f udt)> in(0,T)xQ, )
pc p 0
where we have set ¥],—o = 0.

For a derivation of the above models we refer to, e.g., [3, 4, 2, 5, 6]. Whereas the Kuznetsov equation is the more
generally valid model, the Westervelt equation is technically somewhat simpler to treat from a mathematical point of
view and therefore will be discussed first in this paper. However, note that we extend all results to the Kuznetsov case
as well.

Usually, the acoustic waves are excited by a magnetomechanical or by a piezoelectric principle. We here concen-
trate on the latter case, where a two-dimensional array (often called mosaic) composed of a large number of separately
controllable small piezoelectric transducers is used, see e.g., [1, 7]. The normal derivative of the acoustic pressure
at the interface I is prescribed by the normal acceleration of the transducers. This allows to model the controlled
ultrasound excitation by Neumann boundary conditions g in

@zg on (0, T)xTI
on

D,u+c8—u =0 on (O,T)Xf ©)
on

u(0,-) = uy, D;u(0,-) =u; inQ.

The absorbing boundary conditions on the rest I" := dQ\T" of the boundary are used to avoid reflections on the artificial
boundary of the computational domain, that is, to mimic an unbounded domain or rather an unknown outer boundary,
which is actually the boundary of the patient to be treated by high intensity ultrasound.

To the authors’ best knowledge, this is the first work on the practically relevant problem of optimal boundary
control for a fully nonlinear acoustic wave equation. The central aim of the present paper is therefore to answer the
question of existence and derive and rigorously justify first order necessary optimality conditions which can be used
for the numerical computation of the optimal control. The main difficulty here is the proof of the differentiability of the
reduced gradient, which relies on a careful well-posedness analysis of the nonlinear partial differential equations which
describe the state, the adjoint state and the reduced gradient. Related works on optimal control for nonlinear wave
equations include [8, 9] (distributed control), [10] (boundary control of semilinear equations) and [11] on coupled
parabolic-hyperbolic and hyperbolic-hyperbolic systems.

The paper is organized as follows. In Section 2 we establish well-posedness of the problem of Neumann boundary
optimal control for an appropriate class of cost functionals containing especially practically relevant tracking type
functionals. The following Section 3 is devoted to the derivation and justification of necessary first order optimality
conditions. Section 4 briefly discusses stability of the minimizer with respect to perturbations in the data as well as
convergence of the controls when the regularization parameter tends to zero.

2. Existence of an optimal control

In this paper we establish well-posedness of an optimal control problem for the Westervelt (1) and the Kuznetsov
(2) equations using a Neumann boundary control g € L*((0,T)xT) onT C Q. So we want to minimize a regularized
tracking type functional of the form

’ 1
T g = ST ) + S T(g)
2 2
with @ > 0 and u? representing a desired pressure distribution, e.g.,
d 1 a
Jo (&) = Sl = wlly, + SigllG @
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with Banach space norms || - |7, || - |Ié or

‘ 1 T
inl(g,u)=—flu(T)—u"Izdx+gff|g|2dl“dt (5)
2 Ja 2 Jo Jr

over the class of admissible controls
ad 6140
G ={geGlligllc < K and g(0,-) = D onTI} (6)

where

G
lgll%

{g € L*((0,T) x D|llgllg < oo},
+|D?

2 2
”g“Hl(O,T;H”Z(F)) g”LZ(O,T;H’l/Z(F))

and u = u(g) is the solution of the Westervelt or the Kuznetsov equation with g as Neumann boundary data.

Remark 1. The definition of the set G* is forced by well-posedness analysis of the state equations, i.e. the bounds on
g are mandatory in order to guarantee existence of a solution. The equality constraint in (6) is a compatibility condition
for the initial and boundary data in (3). In the following we will assume that % is not too large as compared to K so

that

P
WeG: |l <K and 2(0,-) = % onT 9)

which implies not only that G is nonempty but also that the Slater condition is satisfied, which will be required later
on to formulate first order optimality conditions.

With the abbreviation k =
of (1), (2) can be written as:

fc”z for the Westervelt and k = & ;7,6—21 ,Y = /% for the Kuznetsov equation, the weak forms

Find u € W such that

T T T
b
f f (1 = 2ku)D2uw dx dt + f f (AVu + bYDu)Vw dx dt + f f (cDyu + =D2u)w dT dt
0JO 0Jo o Jr ¢

T , Tro (10)
= 2kff(D,u) wdxdt + ff(c g+bDigywdl dt,
0Ja 0Jr

M(O, ) = Up, Dtu(07 ) =up,
holds for all test functions w € L?(0, T; H' (Q)),

and

Find u € W such that

T T T
b

ff(l —2ku)D,2uwdxdt+ff(czVu+bVD,u)dexdt+ff(cD,u+ —thu)wdl"dt
0Jo 0Jo oJr ¢

T T t T 11
=2k f f (Du)*wdxdt  +7y f f (V( f udT)VD,u+|Vu|2)wdxdt+ f f (c*g + bD,g)w dI dt (i
0JQ 0JQ 0 0 Jr

M(O’ ) = Ug, Dtu(()» ) =uy,
holds for all test functions w € L*(0, T; H'(Q)),

respectively. For these weak forms to be well defined, we fix
W ={ueL”(0,T)x Q)|u,Du € H'((0,T) x Q)}
in the Westervelt case and

W ={ue L0, T)xQ)|u, Duec H(0,T)xQ)}NL*0,T; W-'?>(Q))
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in the Kuznetsov case. Moreover, note that the Neumann boundary condition % = g is equivalent to czg—z + bD,% =

c?g + D, g by uniqueness of the solution to the initial value problem for the ordinary differential equation ¢’y + by’ = f
on [0, T'] together with the compatibility condition g(0, -) = % onT.
An analysis of the well-posedness of (1), (2) with (3) gives us existence and uniqueness of solutions to these

initial-boundary value problems (see [12]). More precisely, we define

Mﬁ=@eLﬂmJUxQMWMWMWQSm,

2 —-
ANAullz0.r:120)) < VIQa,

2 -
1D; ull 20,7040 < s

IDsullz=0,1:14) < @ \/T}

and
. 2 2
lleelly 2= max{||Aullz=0,r:r202)> 1D; ull 0. 7:22(02))» I VDsttl| o 0, 7:02(02)) IV Dy ull 120, 7:0202)) }-

and show

Proposition 1. Ler g € G with liglle, ol luilluzq) sufficiently small. Then there exist T > 0, a > 0, m < %{
such that there exists a solution u € ‘W of (1) (or of (2)), which is uniquely determined by (10) (or by (11)) and
satisfies

by < Cllluollizcay + el + lgllo) - (12)

Remark 2. The existence proof is based on the Banach contraction mapping principle as well as appropriate Sobolev
embedding results to preserve strict positivity of the “coefficient” (1 — 2ku) of the second time derivative in order to
avoid degeneracy. Note that the use of monotonicity (in place of contraction) arguments is excluded by the fact that
the nonlinearities are of quadratic type and therefore the correspondig operators would not be monotone. Moreover,
we would also expect compactness arguments to fail because of the lack of smoothing properties of the wave equa-
tion as well as the relatively high order of differentiation on the nonlinearities. As a matter of fact, in view of the
Sobolev smoothness that we need for obtaining the L™ bound on u to control (1 —2ku) and for handling the remaining
nonlinearities, the regularity assumptions we work with seem to be indispensable.

‘We mention in passing that we expect a global in time existence result analogous to Corollary 1 in [12] to hold for
both the Westervelt and the Kuznetsov case, however its proof would be too technical to be presented in this paper.

Proor. Consider, like in [12], the fixed point operator 7 mapping v € ‘W to the solution u of

(1 = 2kv)D?u — *Au— bA(Dyu) = 2kD,uDv  in (0, T) X Q

6_u =g on (0, T)xTI
on
ou (13)
Du+c— =0 on(O,T)Xf
on
u(0,-) = uy, Du(0,-) =u; in Q
in the Westervelt case and of
2 2 2 2 ' .
(1 = 2kv)D;u — ¢*Au — bA(Dwu) = 2kD;uDw + =VyVu + =V( | vdt)VDu in(0,T) X Q
Y P 0
Mo on(O.T)xT
on ¢ : (14)
0 N
Du+c =0  on(0,T)xf
on
M(O, ) = Uop, D[U(O, ) =up in Q
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in the Kuznetsov case, respectively. Testing (13) and (14) with Au and —AD,u, we get

b
2 2 2
max {C ||Au||L2(0,T;L2(Q))’ 5 ”Au”L“’(O,T;LZ(Q))}

2
<+ ka)”Dz M||L2(0,T;L2(Q)) ' ||AM||L2(0,T;L2(Q))

+ 2kIID | 20, 7:24)) * 1Dt 0,714y * AUl 20,7212
b 2
+ E”AMOHLZ(Q) s

and

2
¢ 2 2
max {3 ”Au”L‘”(O)T;LZ(Q))’ b”ADtM”LZ(O’T;LZ(Q))}

<+ 2km)||D,21/t||L2(0,T;L2(Q)) NADull ;20,7122

+ 2k Dl 2 0,7:24)) * 1Dsttll 0. 7:14()) * 1ADull 20 7:02(2)
C2 )

+ E”AMOHLZ(Q)

+ VIVl 20,74 * 1VUllo0,7:04) - 1AD | 200,7,0202))

+ Y VTV 20 1202 - IVDattll 20714 - IAD Ul 20 7212625

respectively. Differentiating (13), (14) with respect to ¢ as well as testing the resulting partial differential equation
with D?u, yields

. _ b
bIV(Diib)l; cllDyil; 2%

1-2km  _,
max§ — ”Dtu“Loo L2(0,T;L2(CY) LZ(O,T;LZ(f))’Z

2

2 . .
< 2klDvll 20,720 * Nl 0,734y * WDl 20,714 2))

C2 2
7||Vu||1‘oo W(O,T;Lz(f))}

(0.7:L2(Q))’ (0.7:L2(Q))’

~112
+ 3k||DtV||L°°(O,T;L2(Q)) ! ||Dtu||L2(0,T;L4(Q))
2

1+ 2km c
———ID*u(0)ll 2 () + S IVl

2
P -
+ Dl 0,182 pIDedill 2 0,7; 5120y

> -
+ bl|D; gll 20,152y IDsitll 20, 7; 1120y

and

1-2km _ _ , 2 0 . 2 b 9
max { ) ”Dtu”L‘”(O,T;LZ(Q))’ E”VM”L“’(O,T;LZ(Q))’ bl|V(Dtu)||L2(0’T;LZ(Q))7 CHDZMHLZ(O,T;LZ(f‘)Y Z”Dtu”L""(O,T;LZ(f‘))
o) ~ ~
< 2klDl 2 0,7:02¢02)) * Nl 073242y * WDl 20,7142y

=12
+ 3klIIDV|z=0,7:22(02)) - ||Dtu||Lz(0,T;L4(Q))
2

1+ 2km c
+ ———ID?u(O)l 20y + SVl

2
+ 29IVl 20,704 * Vil o0, 7:22¢02)) * 1Dyt 20,7042y

+ 7||DtV||L°°(0,T;L4(Q))(||AM||L2(0,T;L2(Q))||Dtb7||L2(0,T;L4(Q)) +IVull2 0,704 ) ||VDt’7||L2(o,T;L2(Q)))
+y \/T”VV”LZ(O,T;L“(Q)) WV D:itll 207,120 - 1Drill 20, 7:24)

2 .
+ Dl 20,52y IDidill 20, 7: 1120y

2 ~
+ bID; gll 20,1512 apIDdil 20, 7; 1120y



respectively for # = D,u. Using the following Sobolev embeddings, trace theorem, and elliptic estimates

Ifllxe < Killflpe, feH'(Q)
Iflis < Kllflliee, fe€H(Q)
Ilmeey, < Kallfllme, feH'(Q)
N 0
Iz < K4(||Af”L2(Q)+||f||L2(Q)+||a_£||H1/2(OQ) , feHQ),

we can therefore conclude that 7~ is a self-mapping on ‘W provided ||gllg, lluollm2(q), l41llm2@) and T are sufficiently
small.

In the contractivity estimates of 7~ on ‘W, we only get additional nonnegative terms on the left-hand side due to
the absorbing boundary conditions as compared to [12], so that the estimates stated there remain valid.

Uniqueness follows similarly to the contractivity proofs for the fixed point operators in the proofs of Theorems 3,
5in [12], so we only show it for the Westervelt case here and refer to the proof of Theorem 5 in [12] for the Kuznetsov
case: Let u", u® be solutions of (10), then it = u" — u® satisfies

Find &t € W such that

T T T
b
f f D}((1 = k@™ + u®))t)w dx dr + f f (c*Vii + bVD, ) Vw dx dt + f f (eDit + ~D2ywdT dr = 0,
0 Jo 0 Jo 0 Jr c (19)

4(0,-) =0, D u0,-)=0,
holds for all test functions w € L2(0, T; H'(Q)).

With w = y(0,nD:it € L*(0,T; H'(Q)) and
1 3
D}((1 = k(u® + u®)a)D;it = ED,((l — k(@™ + u)) (D)) - k(D7 ™ + uyit + ED,(M(') +u®)D,it) Dyt

we get
1 !
5 f D, f ((1 = k@™ + u®))(D,iv?) dx dt
2 0 Q

2 ! ! 13 b 13
+C—fD,f|Vﬁ|2dxdt+bf fIVD,ﬁ|2dxdt+cf f(D,ﬁ)zdl"dt+—fD,f(D,ﬁ)zdl"dt
2 Jo Q 0 Ja 0 JI ¢ Jo I

3
3
=k f f (D@ + uyaDji + 5D, + u®)(D,@)) dx di
0JQ 2
hence, by taking the supremum over ¢ € [0, T] and making use of the fact that ", u® € W, we get

max 1 —2km
2

T A - A2 - A2
< 2K} g 7200y WPl 2 0.7:2500) + 3k NTVIQIAND AU 7.4y < SEVTNIQIANDsU G 130y (20D

: 2 ip,ae
20,1220 20 " L0, L2 (1)

2
C A A A
5||Vu||im bIIVD, 2, cllD,all

~112
||D’u||L°°(0.T;L2(Q))’ (0,T;L2(Q))’ (0,T3L2(Q))’

and therewith by ||Dydill ;20 7.12(0)) < \/T||D,ﬁ||Lm(0,T;Lz(Q)) and max{csA, cgB} > % min{ca, cg}(A + B)

1 . (1-=2km R 5 A
= mm{ T b} DG 0 a1y < Sk VTVIQRTIDAT ¢ 7.111 )

2

which implies & = 0 for T sufficiently small so that

N 1 -2k
10k VTV|Qlak? < min{ 57 m,b} .
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For the Kuznetsov case the main necessary technical modifications as compared to [12] arise due to the fact that
we consider Neumann instead of Dirichlet boundary conditions here, so that we have

1 a @) < k1||f||Hl(Q) in place of  ||flls <KillVflli2q
. of .
[1fllz=@) < Ko A2 + 12y + ”%”H‘/Z(F) in place of || fllz=) <K |IA fllz2 2D

N 0 .
VAl < Ks (||Af||L2(Q) + /2 + ||a—£||H1/2(r)) in place of ||V fll 4@ <K5lAfll 2 -

The additional ||f|;2(q) terms in (21) with () inserted in place of f can be dominated by means of the obtained
estimates for ||D,212||LW(O’T;L2(Q), using the fact that [|f]| .~ r:12q) < 4T2||Dt2ﬁ||,_m(01T;Lz(Q». O

Therewith the control-to-state mapping
S:G“ > W, g S(g)=u=u(g)solving (10)/(11) (22)

is well defined and we can write the boundary optimal control problem either as

@

Find (¢*,u") € M st. J“(g",u*) = inf J“(g.u)
) (g:weM
with
M = {(g,u) € G x W |u solves (10)/(11)}
or in its reduced form with [
J©) =J; (8.5(2)
as
Find g* € G st. j(g") = inf j(g)
gEG“d

In order to be able to prove existence of a minimizer, we first of all show weak sequential closedness of the
mapping S:
Lemma 2. Let U and G be Banach spaces such that

G“is closed with respect to the weak” topology on G . (23)

Then S is weakly sequentially closed as a mapping from G to U in the sense that for any sequence {gu}meny S G4
(gm BN ginG A Sgn) N in(Ll) = (g* €eG A S(g) = u*)

Proor. The implication g, N g* = g* € G follows directly from the assumption (23). To show S(g*) = u*, we
use the fact that {g,,} ey and {u,,} ey are uniformly bounded in G and U (denoting the Banach space induced by the
norm || - || from (12)) by the constant K from (6) and — according to (12) — some C, respectively. According to
the Banach Alaoglu Theorem, Bx(0)° x B(0)V is weak* compact in G x U since the latter is the dual of a normed
vector space, see, e.g., Theorem 8.18.3 in [13]. Hence, there exists a subsequence, denoted by {g,},en, {#n}nen, and



g" € G u* € Bx(0)Y, such that

U, — u* in L0, T; L*(Q))

Dy, — Dt in L¥(0, T; L2(Q))

D?u, — D*u” in L*((0,T) X Q))

D?un uniformly bounded in L2(0,T; LY(Q))

Vu, — Vu* in L*((0,T) x Q)

VD, — VD" in L*((0,T) x Q)

(Dyuy)* = (Da)? in L2((0,T) X Q)

! 5
V( f u, dv) = V( f u* dr)in L*((0,T) x Q)
0 0
Vu, — Vu* in L*((0,T) x Q)
gn — g in L*(0, T; H™V*())
Digy — D,g* in L*(0, T; H™ (),

where we have used continuity and compactness of the embedding H'((0, T) X Q) — LY(0,T) x Q) together with the
estimate

2 _ 2 2 2 2
”Dtu”“Hl((O,T)XQ) - ”Dz M””Lz(((),T)XQ) + ”VDtu””LZ((O,T)XQ) + ”Dtun”LZ((Q,T)XQ)
2 2 2 ~
< 2T||D[ u"”L‘”(O,T;LZ(Q)) + T”VDtun” *(0,T;L2(Q)) + ||u1||L2(Q) < C’
IVl < C(IVDuI} + 11w, |7 + Vil 7 )<¢C
nHI((0,T)xQ) = t#nllp20,1)xQ) nHL2((0,T)xQ) nlr20,71yxQ)) = ’

and similarly for ||V( fot Uy d‘r)llfql Oy 8 well as compactness of the embedding H?((0,T) x ) — L*((0,T) x Q)
with

<c (o7

2 2 2 2 ~
”Mn”Hz((O,T)XQ) —= + ”VDtun” +||AM,,|| + ||u”||L2((0,T)><Q)) S C9

2
”n”LZ((o,T)xQ) L2((0,T)xQ) L2((0,T)xQ)

by (12). Therewith, in the weak forms of the state equations (10), (11) with u replaced by u, and in the initial
conditions u,(0, ) = uyg, D,u,(0,-) = u;, we can pass to the limit to obtain u* = S(g*). Note that for the convergence
of the first term on the left-hand side we can estimate

T
f f ((1 — 2ku,)D?u, — (1 —2ku*)D?u*)wdxdr
0JQ

T
fka(u*—u,,)thunwdxdt
0Ja

. 2
< 2kllu” = upll o0, 7:12)1D; nll 20,7504 @) Wl 20,704 2
+ |(D,2u,, - thu*, (1 — 2ku*)W>L2((0’T)XQ)| - 0.

< +

T
f f (1 = 2ku*)(D?u, — D?u*)w dx dt
0JQ

Convergence of the additional terms in the Kuznetsov case can be seen as follows:

T i t
f f (V(f u, dv)VD,u, — V(f u* dT)VDrM*) wdxdt
0 Ja 0 0

13
< ||VDtMn||L2((o,T)xQ)) ||V(f (up — u") dT)||L4(0,T)xQ) ||W||L2(0,T;L4(Q))
— 0
<VTC

-0

N -0, (24)

15
(VD(u, —u"), V(f u dTIW) 200.1)x0)
0




T
[ [ (9 <=9 warad] < 19 + 0l 960 = Ollzorase Wieore = 0. @)
0JQ

<2TC+2|Vugl 200, -0

O
Now we state and prove the main result of this section.

Theorem 3. Let Jf;d be bounded from below and lower semicontinuous with respect to the weak” topology on G X U.
Then there exists an optimal control g* € G which minimizes the cost functional Jf;d (g,5(g)) over g € G,

Note that in case of (4) with Banach space norms ||.|lg, ||.|llz/, continuity of the embeddings U — U, G — G is
sufficient for the assumptions of Theorem 3. It is readily checked that (5) satisfies the assumptions of Theorem 3 as
well.

Proor. Let {g,}nen € G“bea minimizing sequence such that
lim J' (g, u,) = inf J¥ (3.5(2),
n—oo geG“d
where u, = S(g,).
By (6), (12), there exists a constant C such that for all n
lually < C.
Hence, by weak* compactness of G XBein GXU, there exist weak™ GX U convergent subsequences {8, }men, {t4m}men

with limits g*, u* in G and B, respectively. By Lemma 2 we have S(g*) = u*. Now, having lower-semicontinuity
of the cost functional, we conclude that g* is an optimal control. O

3. Optimality system
In this section, we derive the first order necessary optimality conditions for the optimal boundary control problem
min J“ (g, u) s.t. (10)/(11) and g € G
Using the control-to-state map S defined by (22), we again consider the reduced control problem

min j(g) = J* (g,5(g)) s.t. g € G, (26)

which has linear equality constraints

f(g*(x, 0) - %)MT -0 Ve HT)
r on

and convex inequality constraints
llglle; = K> <0

so that the Slater condition can be used as a constraint qualification, which in our context reads as (9). Therewith, by
taking variations (i, ) of (g, ¢) in GX H~'/>(T") we can formally state the first order optimality or Karush-Kuhn-Tucker
conditions (see, e.g. [14]): There exists 1* € R and y* € H~'/2(T") such that

J(gh) + f h(x,0)0" dT +20°(g* )6 =0 YheG
r

f(g*(x, 0) - %)wdl" =0 VYyeH'*D) 27
r on

g2 — K> <0, A">0, A(lg"lZ - K> =0.

In order to rigorously establish the existence of the Lagrange multipliers and justify the choice of function spaces,
we first have to show the differentiability of j with respect to the control g and since J;; depends on the state variable
u we need differentiability of u# with respect to g.

9



Remark 3. It is of course possible to treat the Westervelt (respectively the Kuznetsov) equation as an additional con-
straint, and prove existence of the corresponding Lagrange multiplier by a well-posedness argument for a linearized
equation; this would eliminate the need to show differentiability of j with respect to g. On the other hand, we believe
that this result (Proposition 5) is of independent interest, e.g., for establishing the convergence of numerical methods
or for directly applying additional rates results from [15].

We will make use of the following auxiliary result:
Proposition 4. For h € H*(0, T; H™'/*(I")), there exists a unique solution h of
D?h— *Ah—=bADA =0 in(0,T)xQ

g—h =h on(0,T)xT
Dh+c— =0 on(O,T)xf
on

h(0,) =0, D/a0,)=0 inQ
and
max {||D,2/_1||L2(0,T;L2(Q)), IV Dshll = 0.7:12(0)5 1Al Lo 0.7:22¢62))s ”ADIBHLZ(O,T;LZ(Q))} < C|lc*D;h + thzh”Lz(O,T;H’l/Z(I‘)) (29)

Proor. First of all, we will derive energy estimates for 4. Multiplying the equation by A/ and integrating over Q we
get

_ b _ _
c2||Ah||i2(Q)+ED,IIAhlliz(Q)= fg D?hAh dx dt

which after integration over (0, 7) and taking sup,¢o 7| together with the Cauchy-Schwarz inequality reduces to
2\ AT bz 27 7
max § ARl 720 §||Ah|| w12 [ < 1P A0 72 - 1AAl20,7;120)-

Using an inequality of the type a8 < -a? + g%, with 0 < & < ¢?, we can conclude
max{[|ARl 20,712 1Al L= 071200} < C||D,2}_l||L2(o,T;L2(Q))

where C denotes the generic constant (i.e., with changing values), which will also be used in the following estimates.
In the same fashion, if we replace Ah by AD,h in the previous analysis, we obtain

_ _ -
max{||Ah||zeo.7:12()> IAD:Al 2 0.1: 120} < CIID; Al 20,1120

so we need an estimate on the second order time derivative of / in an appropriate norm. To obtain it, we proceed as
follows: Differentiate (28) with respect to time, multiply it by D,h, where h = D,h, and integrate over ( to get

f D?hD;hdx — c* f AhDhdx — b f ADDhdx =0.
Q Q Q

Integration by parts, taking into account the boundary conditions, yields

1 - c? ~ ~ ~ b _,- -~ -
ED,llD,hlliz(Q) + ?D,IIVhIIiZ(Q) + BIIVDAIG g, + f (thh + Zth) D/hdl = f (CZD,h + bth) D,hadr,
r r

hence

[ c? 712 27112 27112 b o0
max {EIID, o 120 5 IV P 1200 IV DT 0113 DT D2

L20.1:L2(0) 9 L=(0,T;L2(D))

2 2 27
< Klle”Dih + bD; bl 20,7112y - 1D hllzz20,7:01 )
10



by the trace theorem (||fllg12r) £ K|l fllg1()). Now, the same argument as before (a8 < a + gB? with this time
O<e< m1n{ b}) enables us to deduce

27 7 27 27 27
max {[ID7All 0,722 IV Delll 0,220 1V D All20.i2200) 1D Al 20 g2y WD All oo a2 |
2 2
< C”C Dt/’l + th h”LZ(O,T;H“/Z(r))

and altogether we get (29). Now the existence and uniqueness proof can be carried out analogously to, e.g., Theorem
3.1 and Proposition 3.7 in [16]. U

Still weaker forms of the state equations (10), (11) can be achieved by integration by parts also with respect to
time:

Find u € V such that

f f -D,((1 = ku)u)D,w dxdt + f f (*Vu + bVD,u)Vwdx dt + f f (cD,u+[302u)wdrdz

=ff(c2g+bD,g)wdth+fu1(1—2ku0)w(0,-)dx,
0Jr Q

u(0,-) = u,
holds for all test functions w € V with w(T,-) = 0

(30)

and .
Find u € V such that

T T
ff—Dt((l —ku)u)D,wdxdt+ff(CZVu+bVD,u)dexdt

ff(cD,u+ Dzu)wdrdt+yffV(f udt)VuD,w dx dt G1)

ff(c g+bD,g)wdth+fu1(l—2ku0)w(0 dx,
Q

u(0, ) = uo,
holds for all test functions w € V with w(T,-) = 0

respectively, where
V={veLl*0,T:H' (V)| D € L*0, T; L*(V)} ,
V={veL*((0,T)x Q)| Dy e L*0,T; H(Q))}.
Proposition 5. Let T be sufficiently small so that the assumptions of Proposition 3 are satisfied.

Then the mapping S according to (22) is directionally differentiable with respect to the H*(0, T; H™'/*(T')) topology

in preimage space and the weak V topology in image space in the sense that for all g € G*
S(g+eh)-S .
Sreh) =5@) | inv vhe B, T: H-V2T)) with g + sh € G
&

where
s{ > 1 in case of the Westervelt equation

>2 incase of the Kuznetsov equation

and z solves

D?z — Az — bA(D;7) = 2kD*(zu)

+yD; (V( f udr) - V( f zdr))] in(0,T)xQ
0 0
0z

—=h on(0,T)xT
on

0 .
D,z+c—z=0 on (0, T)xTI
on

(32)

72(0,) =D;z(0,)=0 inQ
11



in the weaker sense, i.e.,

Find z € V such that
T T T b
f f —D,((l - 2ku)z)D,w dxdt + f f (c*Vz + bVD,z)Vwdxdt + f f (cDyz + =D?7)wdr dt
0JQ 0JaQ 0 JrI c
T I3 3
+y ff (V(f udr)Vz + V(f ZdT)Vu) D,wdx dt]
0JQ 0 0 (33)

T
= f f (c*h + bD,hywdr dt,
0Jr

z(0,-) =0,
holds for all test functions w € V with w(T, -) = 0,

where the terms in brackets are to be omitted (i.e., y := 0) in the Westervelt case.

Proor. Again the estimates used in this proof are similar to those derived for showing contractivity of the self-mapping
used in the existence proof for the solution of the state equations, so we show the details here only for the Westervelt
case. For the full details, we again refer to [12].

Let u, = S(g + €h) and u = S(g). Then the quotient “=*

&

=: v, satisfies the following initial-boundary value

problem:
D?v, — *Av, — bA(Dv,) = kD*(v(u + u)) in (0,T) x Q
‘9;8 —h on(0,T)xT
0;1 A (34)
Dyv.,+c— =0 on(0,T)xT
on

ve(0,9) = De(0,) =0 inQ,

whose weak form is just (19) with u", 4®, & and the zero right-hand side replaced by u,, u, v, and fOT fr(czh +
bD:h)w dI dt, respectively. Therewith, analogously to (20) we obtain

2
max 4 225D w2 < 2 BIVD I APy DR
2 tVellfeo 2 & Lw(O,T;LZ(Q))’ tVe LZ(O’T;LZ(Q))? tVe LZ(O,T;LZ(T)’ 2C tVe L

(0,T;L2(Q))° W(O,T;Lz(f))}

— 2 2
< SkNTVIQIAID el 7.5 + IR + BDihll 20 ot 2y IDvell 2o e

hence
1 . 1 -2km 2 4 - 2 2
5 min {T b} IDVelly2 070y < Sk VTNIQUARTID el 0 71012

+ Kslle*h + bDihl 2 71y IDVell 2 7211 )
which implies
Ksllc®h + bD,hll 20 7.1
L min {122 p] — sk VTVIQak?
i.e., uniform boundedness of (Ve)eso in V, which in turn implies weak V convergence along a subsequence {Ve, Jnen

with €, — 0. For any weak V convergent subsequence {v,, }nen With &, — 0 and weak limit Z now passing to the limit
n — oo in the weaker form of (34)

IDvellz20,m:m51 @) <

Find v, € V such that

T T T
f f —D,((l — k(u + ug))v$>D,wdxdt+ f f (*Vv, + bYDw,)Vwdxdt = f f (c*h + bD,h)w dT dt
0 Ja 0 Jo o Jr (35)

ve(0,) =0

holds for all test functions w € V with w(T,-) = 0,
12



we can conclude that Z solves (33) with y = 0. To see this for the first term—for all other terms it is straightforward—
consider the estimate

T T
f f Dy((1 = k(u + ug, ))ve, = (1 = 2ku)z)Dyw dx | = f f Dy(—kev}, + (1 = 2ku)(vs, —2))Dyw dxdt
0JQ 0JQ

T
f f (—2kevs, Dyvs, = 2kDyuu(vs, = 2) + (1 = 2ku)Dy(vy, — 2))Dyw dx dt
0JQ

< 2kelve, Nl o,7:04 ) 1Pive, l20,7:4 @) IDWl 12¢0.7)x02)

T T
+ 2k f (Ve, = 2) DwuDyw  dxdt| + ff Dy(ve, — 2) (1 = 2ku)D,w dxdt| .
0 Jo—— — 0Jo ~—n———o ————
—~0in V €L2(0,T;LH(Q)*)cV* —0in L2(0,T;H"(Q)) €LX((0,T)XQ)CL?(0,T;H' ()"

By derivation of an energy estimate analogous to the one for v, above, it is readily checked that the solution of
(32) is unique, which by a subsequence-subsequence argument implies weak convergence as stated in the theorem.
In the Kuznetsov case (34) gets an additional term

+yD; (V( f Ve dT)V( f (g + 1) dT)) dxdt]
0 0

on the right- hand side. We proceed analogously to the contractivity proof in Theorem 5 of [12] with the replacements
Up © Ug, V] © Ug, Uy © U, V) & U, Il & Vg, V & v, The inhomogeneous Neumann boundary conditions are taken
into account by considering v := v, — h, where & solves (28), so that V" satisfies homogeneous Neumann boundary
conditions, and making use of Proposition 4 to estimate the terms on the right-hand side of the state equations ap-
pearing due to the subtraction of . (Note that a direct use of the Neumann boundary conditions of v, as arising from
spatial integration by parts is not possible due to the lack of a trace theorem for the trace operator from L*(Q) into
H~'2(6Q).) Therewith we can proceed analogously to the (quite technical) contractivity proof of Theorem 5 in [12]
(see especially the left-hand sides of (68), (70) there) to arrive at

. 2
velll := max{||D; vellr2 0,72 IVDivelloo,7:12@))
||AVs||L°°(o,T;L2(Q)), ||ADzVe||L2(o,T;L2(Q))} (36)

< WAllgzo,r;5-12y)

by Proposition 4 provided T is sufficiently small. Note that the absorbing boundary conditions again pose no difficul-
ties, and that the difference (21) to the Dirichlet case in [12] can be treated as in the proof of Proposition 1. Using
the uniform boundedness (36), convergence of the additional Kuznetsov term on the left hand side of (35) can be seen
analogously to (24), (25). O

The first equation in (27) can be simplified by introducing p € V as the variational solution of the adjoint equation

T T T

b
ff—Dt((1—2ku)v)D,pdxdt+ff(CZVv+bVD[v)Vpdxdt+ff(cD,v+—D,2v)dedl
0Ja 0Ja 0 JI ¢

T t t
+y fo fﬂ (V( fo udt)Vv + V( fo vdT)Vu)D,pdxdt} =D, J (g u;v), (37)

for all test functions v € V with v(0,-) = 0, which satisfies the end condition p(T,-) = 0. The well-posedness of this
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equation can be shown with Proposition 5. Using (32) and (37), with u = S(g), we have that

J(g:h) = DT (3,5 (g); ) + DT (3,8 (8); S"(g: b))

T
- D, .5+ [ [ ~D(1 - 245 @S @ h)Dip e
0JQ
T T b
+ f f (VS (g:h) + bVD,S' (g: W)V p dxdr + f f (D:S"(g:h) + ~ DS’ (g: h))p dT dt
0Jo o Jr 4

T ! t
+y f f (V( f S(g)dr)VS’(g; h) + V( f S’(g;h)d‘r)VS(g))Dtpdxdt]
0JQ 0 0

T
= D,J"(g.5(g): h) + fo fr (c*h + bD,h)p dT dt

by (33) for z = S’(g; h).
Using standard results from optimization theory (see, e.g., the review article [14] and the references therein) we
thus get the following result:

Theorem 6. Let g* € G“ be a solution to the minimization problem (26) and let (9) hold.
Then there exist I* € R, ¢* € HV*('), u € ‘W, p € V such that

T
DgJ(’jd(g*, u; h) + ff(czh + bD.h)pdl dt + fh(x, O dU +21(g", )¢ =0 VYheG
0Jr r
* Aug -1/2
(& (x,0) - a—)lﬂdr =0 Yy eH °(I)
r n
lg"lls; = K> <0, A">0, A(gllg - K> =0

as well as the state equation (30) or (31) and the adjoint equation (37) hold.

Proor. The result follows from Proposition 3.2 in [14] in the special setting of (3.7) in [14], which with

G ={g € GIF(g) = 0, Fx(g) € (00,01},

Fi:G — H060) F,:G - R
g+ gn0)- G g gz -K?
becomes Flo): G — H0)
18 - h e h(x0) } is onto (38)
and
dheG: Fi(9h=0, Fig)+ Fi(g)h € (-,0) 39)

Condition (38) is trivially satisfied, since for any hy € H'/?(0Q) we can easily find a function 7 € G such that
h(t = 0) = hy, e.g. the function constant in time with value /. As far as condition (39) is concerned, it is readily
checked that with Fa(g) + F}(g)h = llg + AllZ — K* = ||hll%, & := g + h, it is implied by (9). O

4. Stability and Convergence as @ — 0

Finally, we consider stability of a minimizer with respect to perturbations in u¢ as well as convergence as & — 0.

For simplicity of exposition we make use of the results in Hilbert spaces from [15] and mention in passing that a
generalization to Banach spaces can be done according to, e.g., [17], see also [14] for a more general setting.
An application of Theorem 2.1 in [15] together with Lemma 2 immediately yields
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Corollary 7. Let U, G be Hilbert spaces with U — U, G — G, let (23) hold, and let J;d be defined by (4).
Md
Ifuz — u? in U then the corresponding minimizers g of 1, (-, S(-)) over G (according to Theorem 3) have a G
convergent subsequence and the limit of each G convergent subsequence is a minimizer of J. (’f/(-, S(-)) over G“.

Likewise, we can apply Theorem 2.3 in [15] to conclude
Corollary 8. Let U, G be Hilbert spaces, with U — U, G — G, let (23) hold, let, for ug eU, Jgf’ be given by (4),
d
and g, be defined as an approximate minimizer of J,* in the sense that
i (80) < Ji() + (@) forall g € G

Moreover assume that u® is attainable, i.e., there exists a gT € G such that S (gT) =u

(@)ken With

. Then for any sequence

a >0, |l —ullly = o(vay), nlax) = olw)

the sequence (g4, )ken has a G convergent subsequence and the limit § of every G convergent subsequence satisfies
S(@ = u.

5. Conclusions and Remarks

In this paper, we study boundary optimal control problems with regularized tracking type functionals in nonlinear
acoustics, modeled by the Westervelt or by the Kuznetsov equation. We establish existence of an optimal control,
derive and justify first order optimality conditions, and shortly discuss stability as well as convergence with vanishing
regularization.

Future research will be devoted to deriving second order optimality conditions and establishing local unique-
ness. Also of interest is a closely related shape optimization problem in nonlinear acoustics, where the optimal
control to a desired pressure distribution is to be done by shape design of an acoustic lens. This leads to a coupled
acoustic—acoustic or acoustic—elastic field problem, for which the well-posedness of the forward problem already
poses interesting challenges.

Finally, it would be worthwhile to derive efficient schemes for the numerical solution of the optimal control
problem (cf. Remark 3).
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