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BOULIGAND—LEVENBERG—MARQUARDT ITERATION FOR A
NON-SMOOTH ILL-POSED INVERSE PROBLEM

Christian Clason® Vu Huu Nhu'

Abstract  In this paper, we consider a modified Levenberg—Marquardt method for solving an
ill-posed inverse problem where the forward mapping is not Gateaux differentiable. By relaxing the
standard assumptions for the classical smooth setting, we derive asymptotic stability estimates that
are then used to prove the convergence of the proposed method. This method can be applied to an
inverse source problem for a non-smooth semilinear elliptic PDE where a Bouligand subdifferential
can be used in place of the non-existing Fréchet derivative, and we show that the correspond-
ing Bouligand-Levenberg—Marquardt iteration is an iterative regularization scheme. Numerical
examples illustrate the advantage over the corresponding Bouligand-Landweber iteration.

1 INTRODUCTION

We consider the inverse problems of the form

(1.1) F(u) = y°,

where F : D(F) Cc U — Y is a non-smooth (i.e., not necessarily Gateaux differentiable) nonlinear opera-
tor between Hilbert spaces and the available data y® are some approximations of the corresponding
true data y* := F(u"). Furthermore, D(F) denotes the domain of F and u" is the unknown true solution
that needs to be reconstructed.

A typical example of problem (1.1) is the case where U = Y := L?(Q) and F is the solution operator
of the non-smooth semilinear elliptic equation

(1.2) -Ay +max(0,y)=u inQ, yeH(Q)

with u € L?(Q) and a bounded domain Q ¢ R?, d € {2, 3}. In this case, F is not Gateaux differentiable
at u' if the set of x € Q such that y7(x) = 0 has positive measure; see [3, Prop. 3.4]. Moreover, F is
completely continuous (see [3, Lem. 3.2]), and (1.1) is therefore ill-posed in the sense that the solution
to (1.1) does not depend continuously on the data. A stable solution of (1.1) thus needs regularization
techniques. Here we consider iterative regularization techniques, which construct a sequence {u0} of
approximations to u' and ensure stability by early stopping at an iteration index N(&, y°) chosen, e.g.,
according to Morozov’s discrepancy principle; see, e.g., [4, 15]. Iterative methods have the advantage
over variational methods such as Tikhonov regularization that the selection of the regularization
parameter (in this case, the stopping index) is part of the method and does not have to be performed
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by, e.g., checking a sequence of candidates or using additional information on the smoothness of the
forward operator that is often not available. An iterative regularization method for (1.2) of Landweber
type (which can be interpreted as a generalized gradient descent) was proposed and analyzed in [3].
However, like any first-order scheme, it usually requires a large number of iterations to satisfy the
discrepancy principle, especially for small noise. This motivates considering iterative regularization
methods of Newton type.

Recall that the Newton method for the smooth version of (1.1) with a continuously Fréchet differen-
tiable operator F reads as

F(up)(uh,y —up) = y° = Flup),

n+l
where F/(u) : U — Y denotes the Gateaux derivative of F at u € D(F). However, if (1.1) is ill-posed, this

equation is generally ill-posed as well and needs to be regularized. Applying Tikhonov regularization
leads to the Levenberg—Marquardt method

(13) uS,, = argming ey I1F @) - ul) = y° = F@d)I + anllu - ulll?,

or, equivalently,

(10 Wy =l + (aal + PO F@D) ) (v~ Fd).

where a, > 0 is the Tikhonov parameter. For a linear operator, this method coincides with the non-
stationary iterated Tikhonov method studied in, e.g., [1, 7]. As noted above, for noisy data the iteration
has to be terminated at a stopping index Nj := N(8,y%) < co in order to be stable. Assuming that
l¥® = y™|ly < & and that the Tikhonov parameters a,, are chosen via a Morozov discrepancy principle,
[6] showed the regularization property u]‘z](s — u' as § — 0 as well as the logarithmic estimate

(15) Ns =0(1+[log(d)D),
provided that
(1.6) |F(u1) = F(uz) — F'(ug)(uy — u)lly < cllug — uzllu || F(ur) — F(uz)lly

for all uy, u; € By(u', p) and for some constants c, p > 0. In [9], the regularization property as well
as the logarithmic estimate (1.5) of the Levenberg—Marquardt method was shown under the a priori
choice

(1.7) ap =apr”, n=0,1,...

with @ > 0 and r € (0,1) and under the assumption that for any u;, u, € By (u', p), there exists a
bounded linear operator Q(uy, u) : Y — Y satisfying

(1.8) F'(u1) = Quy, uz)F'(uz) and  |IT = Qur, u2)ll(y) < Lllus — wellu

for some constant L > 0. It is noted that the convergence analysis in [6, 9] requires the stability of the
method, that is, there holds

u,‘z —u, asd — 0 foralln SN(S,y‘S)

with § small enough, where u® and u,, are generated by the method corresponding to the noisy
(8 > 0) and the noise-free (§ = 0) situations, respectively. The continuity of the derivative F’ (or more
specifically, of the linear operator in the right-hand side of (1.4)) with respect to u is therefore essential.

The purpose of this work is to present a modified Levenberg—Marquardt method for solving (1.1) in
the spirit of [24, 3], where we replace the — possibly nonexistent — Fréchet derivative F/(u) in (1.4) by
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another suitable bounded linear operator G,. Our main aim is to show the regularization property
of the proposed algorithm under the choice (1.7) of Tikhonov parameters and conditions that relax
(1.6) and (1.8). We also prove the logarithmic estimate (1.5) of the stopping index. However, unlike the
situation in [6, 9], we lack the continuity of the mapping D(F) > u — G, € L(U, Y). To overcome this
essential difficulty, we shall combine a technique from [9] with the approach in 3] to prove asymptotic
stability estimates of iterates u%; see Section 2.3 and Proposition 2.19 in place of the missing stability of
the method. The proposed method is then applied to a non-smooth ill-posed inverse problem where
the forward operator is the solution mapping of (1.2). In this case, the operator G, can be taken from
the Bouligand subdifferential of the forward mapping and explicitly characterized by the solution
of a suitable linearized PDE, see Proposition 3.1 below. We refer to this special case of the modified
Levenberg—Marquardt method as Bouligand—Levenberg—Marquardt iteration.

Let us briefly comment on related literature. Newton-type methods, and in particular the Levenberg—
Marquardt method, for approximately solving smooth nonlinear ill-posed problems have been exten-
sively investigated in Hilbert spaces; see, e.g. [4, 6, 15, 25, 18, 23, 22, 21] and the references therein. More
recently, inverse problems in Banach spaces have attracted increasing attention, and corresponding
iterative regularization methods of Newton-type have been developed, e.g., in [10, 13, 11, 12, 20, 19, 16, 14].
Considering (1.3) in Banach spaces (in particular, L' or the space of functions of bounded variation) or
including additional constraints can lead to non-smooth optimization problems; however, none of the
works so far has focused on inverse problems for non-smooth forward operators.

Organization. This paper is organized as follows. After briefly summarizing basic notation, we present
the convergence analysis of the modified Levenberg—Marquardt method in Section 2: Section 2.1 is
devoted to its well-posedness and the logarithmic estimate of the stopping index Ns; in Section 2.2, we
prove its convergence in the noise-free case; in Section 2.3 we verify its asymptotic stability estimates,
which are crucial for the proof of the regularization property of the iterative method in Section 2.4.
Section 3 introduces an application of the modified Levenberg—Marquardt method to the non-smooth
ill-posed inverse source problem for (1.2). Finally, some numerical examples are provided in Section 4.

Notation. For a Hilbert space X, we denote by (-,-)x and || - ||x, respectively, the inner product and
the norm on X. For a given z belonging to a Banach space Z and p > 0, by Bz(z, p) and Bz(z, p) we
denote, respectively, the open and closed balls in Z of radius p centered at z. For each measurable
function u on Q and a subset T C R, the notation {u € T} stands for the sets of almost every x € Q at
which u(x) € T. Similarly, given measurable functions u, v on Q and subsets T, T, C R, we denote the
set of a.e. x € Q such that u(x) € T; and v(x) € T, by {u € T, v € T,}. For a measurable set S in R¢,
we write |S| for the d-dimensional Lebesgue measure of S and denote by 15 the characteristic function
of the set S, ie., T5(s) =1if s € Sand 15(s) = 0if s ¢ S. The adjoint operator, the null space, and the
range of a linear operator G will be denoted by G*, N(G), and R(G), respectively. Finally, we denote
by L(X) and L(X, Y) the set of all bounded linear operators from Hilbert space X to itself and from X
to another Hilbert space Y, respectively.

2 A MODIFIED LEVENBERG—MARQUARDT METHOD

Let U and Y be real Hilbert spaces and F a non-smooth mapping from U to Y with its domain D(F) c U.
We consider the non-smooth ill-posed problem

(21) F(u) = 57,
where the noisy data y° satisfy

(2.2) ly? =yflly <8
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with y € R(F). From now on, let u' be an arbitrary, but fixed, solution of (2.1) corresponding to the
exact data y'. For a given number p > 0, we denote by Sp(uT) the set of all solutions in By (u', p) of
(2.1) corresponding the exact data, that is,

Sp(u’) = {u" € D(F) : Fw") = y', lu* - u¥ly < p} .
Throughout this work, we make the following assumptions on F.

(a1) There exists a constant py > 0 such that By(u', po) € D(F). Furthermore, there exists a family
of bounded linear operators {G, : u € By(u', p)} € (U, Y) such that for all p € (0, po] and u, i
in By (u', p), there holds the generalized tangential cone condition

(GTCC) I1F(@) = F(u) = Gu (@ — w)lly < n(p)|IF(@) — F(u)lly

for some non-decreasing function 7 : (0, pg] — (0, o) satisfying

(23) no == n(po) < 1.

Moreover, for any pair uy, us € By (uf, Do), there exists a bounded linear operator Q(uy, uz) € L(Y)
such that

(24) Gul = Q(ul’ uz)Guz

and that for all p € (0, po],

(2.5) 11— Q(u. @)llu(y) < x(p) forallu, i € By(u', p)
and for some non-negative and non-decreasing function k on (0, po] with K¢ := x(po).
(A2) The operator G+ : U — Y is compact.

We will furthermore require that x(p) and n(p) can be made sufficiently small by choosing p small
enough; we will make this more precise during the analysis in this section. In Section 3.2, we will
verify that this is possible for the Bouligand-Levenberg—Marquardt method applied to the non-smooth
PDE (1.2).

Remark 2.1. If (GTCC) is valid, then for all p € (0, po] and u, i € By (u', p), there hold

n(p)

(2.6) |IF(@) — F(u) — Gyu( — u)lly < — Gu(@ — w)lly

and

(2.7) IF(@) — F(w)lly < N ! 1Gu(@ = wlly,
—To

where the last inequality leads to the continuity of F at u and hence on By (u', p). Moreover, if (2.5)
holds, then it holds that

(2.8) 101, uz) |l (y) < Ko +1

for all uy, u, € EU(uT, po)- In addition, if Assumptions (A1) and (A2) are satisfied, then all of Assump-
tions (A1) and (a2) are fulfilled with F and G, replaced, respectively, by tF and tG,, for some positive
number ¢ small enough.
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We shall consider the modified Levenberg—Marquardt method defined as
-1
(2.9) W, =ul+ (anI + ngGug) G.y (y5 - F(ug)) =01

where ug :=ug and {a,} is given by

(2.10) ap=ayr”, n=0,1,...

for some constants ay > 0 and r € (0, 1). We will assume that «q is chosen such that

(2.11) G v < oy,

Note that according to Remark 2.1, this condition can be enforced for any @y > 0 by scaling the problem
(1.1) as well as G, accordingly.
The iteration is terminated via the discrepancy principle

(2.12) ly? - F(ufvé)HY <8<y’ —F(uﬁ)”Y forall 0 < n < N,
where 7 > 1is a given number. Here N5 := N(8, y°) stands for the stopping index of the iterative

method.
By {un,}, we denote the sequence of iterates defined by (2.9) corresponding to the noise free case

(6 =0),ie,
(2.13) Uns1 = Un + (anl + GZ"Gun)_1 G,, (yT - F(un)) , n=0,1,...

For ease of exposition, from now on, we use the notations

el =ul —ul, G =G, AS = GO*GY, BS = G9G?,
en =ty —u, Gn = Gy, Ap = GG, B, = G,G.,
Gt = Gyt A= GG, B := G;G;.

Remark 2.2. If F is smooth and if G, = F’(u), then (2.9) coincides with the classical Levenberg—
Marquardt method; see, e.g., [15, 25, 6, 9].

2.1 WELL-POSEDNESS

We first show the well-posedness of the proposed iterative method as well as the logarithmic estimate
of the stopping index Ns.
The first lemma gives a useful tool to estimate the difference between iterates.

Lemma 2.3 (cf. [9, Lem. 2]). Assume that (2.4) and (2.5) are fulfilled. Let p € (0, po]. For any u,v €
By(u', p), let A, := GG, and A, := G:G,. Then for any a > 0, the following identities hold

(2.14) (al + A = (al + Ay) ™ = (al + Ay) ' GE Ry (u, v)
and
(2.15) (al + Ay GL = (al + Ay) ' GE = (al + Ay) ' GESq(u, ),

where Ry (u,v) : U = Y and S, (u,v) : Y — Y are bounded linear operators satisfying

~1/2

(2.16) IRa(u, )l y) < @ k(p) and  |[Sa(u, v)lly(y) < 3k(p).
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Proof. The proof is analogous to that in [9]. We see from (2.4) that

(al + Au)_1 —(al + Az,)_1
= (al + Ay) ' (Ay — Ay) (al + Ay
= (al + Ay) 7 (GH(Gy — Gy) + (Gl = GL)Gy) (al + Ay) ™
= (al + Ay) ™ (G5(Q(v.u) = Gy + Gy(I = Q(u, v)")Gy) (al + Ay) ™"
= (al + Ay) ' G, (Q(,u) = ) + (I = Q(u,0))) Gy (a] + Ay) ™
= (al + Ay) ' GE Ry (1, v)
with
Re(u,0) := ((Q(v, u) = I) + (I = Q(u, 0)")) Gy (al + Ay) ™,

Easily, (2.5) and Lemma A.4 ensure that R, (u, v) satisfies the first inequality in (2.16). On the other
hand, using (2.4) and the above representation yields

(al + Aw)' G = (al + Ap) ' G}y = (al + Ay) ' (G}, = G3) + [(al + Aw) ™' = (al + Ay) '] G,
= (al + Ay) ' G: (Q(u, v)* = 1) + (al + Ay) ' GE R, (u, v)G
= (al + Ay) ' GESq(u,v)
with
Sa(u,v) := Q(u,v)" — I + Ry(u,v)G,,
= Q(u,0)" = I+ ((Q(v,u) = I) + (I = Q(u, v)")) (al + B,) ™' B,
and B, := G,G;,. From the definition of S,, (2.5) and Lemma A.3 lead to the second inequality in

(2.16). |

To simplify the notation in the following proofs, we introduce the constants

(2.17) 1 1 1 \r 1
2.1 o= —, C:i=——, C(gi= —————, (3:= ——, C4:= ,
! B N R S
as well as
(238) Kolr,v) = —————,  Ky(r,v) = —————
2.1 r,v) = , r,v) =

0 Vr (r2 2 1) ! r(rr12 =)
foro<v< %

Let now N € N be such that
5\ -
(2.19) ag, < ( ) <ap forall0 <n< Ng,
Yolleollr
for a constant
2C()

o A=)

with 7 > 7o > 1. We can now prove a logarithmic estimate for N5, which will later be used to obtain
the corresponding estimate for the actual stopping index Ns.

Lemma 2.4. Let Ns be defined by (2.19). Then there holds

N5 = O(1 + | log(8))).
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Proof. From (2.19) and (2.10), we conclude that

5\ Y

( ) < 0[07'N5_1,
Yolleollu
which, together with the fact that 0 < r < 1, directly gives
Ns <1+ 2log, § — 2log, (yolleollv) — log, ao

and hence the desired estimate. O

We now show a uniform bound on the iterates and the error by, if necessary, further restricting the
radius p of the neighborhood of u.

Lemma 2.5 (cf. [9, Lem. 4]). Let {a,,} be defined by (2.10) and (2.11). Assume that Assumption (A1) holds.
Assume further that there exists a positive constant p; < py such that
Co
1=no
2cy
1=no

C
2k(p1) + (1+3K0)n(py) < ——
262

(2.20)

(c1 +3)x(p1) + (1+ 3Kk0)n(p1) < 1.

Let p € (0, p1] be arbitrary and let uy € U be such that (2 + c1yo)||eollu < p. Then there hold
(i) u € Bu(', p);
(ii) lledllu < (2 + eryo) lleollu < p;
(iii) Gsellly < (co +2¢210) lleoluey”
forall0 < n < 1\75, where the constants c;, i = 0,1, 2, are given by (2.17).

Proof. 1t is sufficient to show (ii) and (iii) by induction on n with 0 < n < Ns. Obviously, (ii) and (iii)
are fulfilled with n = 0. Now for any fixed 0 < [ < Ng, we assume that (ii) and (iii) hold true for all
0 < n < I. We shall prove these assertions for n = [ + 1. To this end, we set for any 0 < m <[

(2.21) 25 = Ful) —y" = GSel.
Moreover, we see from (2.9) and the identity I = a(al + T)™! + (al + T)™'T that

) _ .0 T
m+1 = Up1 — U

-1
= efn + (anI + A‘fn) an* (y5 - F(ufn))

e

-1 -1 -1
=t (I + 43,) €0, + (aml + 43,) A, ed, + (aml +43,) GO (- F(ufn))

&5+ (
-1 -1
=am (amI + Afn) el + (och + A‘fn) Go* (y‘5 —Ful) + anefn)
-1 -1
= (amI 4 A‘fn) el 4 (amI +43) Ghy (
which together with Lemma 2.3 gives

€001 = tm (] + A) [T+ GiRe,, (uh w1 €]

m

+ (aml + A G; [I + S, (ul, uT)] (y‘s -y - zfn) .
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Consequently, it holds that

(2.22) efnﬂ = (] + A7 €S + (apl + A7 G;fwfn
with
(2.23) Wl = @Ry, (S, u")ed + |1+ S, (ul, uT)] (y‘S -y - zi) .

The definition of w®, and the estimates (2.16) imply that

lwilly < ko)’ lebllo + 1+ 3(p)) (8 + 1123l )

Furthermore, (GTCC) and (2.7) give

(2.24) 122,y < ”(”U) IG:ely-
We thus have
( )
(2.25) Iwilly < x(p)arl?lledll + (1 + 3x(p)) (5 + L -IGreplly
By telescoping (2.22), we obtain
i i i
(2.26) el‘SJrl = n U (] + A) g + Z a,) 1_[ aj (oI +A)” G fn
m=0 m=0 j=m
and thus
(2.27) GT31+1 n U (] + B) " Gieg + Z a, l_l aj (I + B) Bw
j=m

where we have used that identity G; (aI + A)™ = (al + B)™' G;. Applying Lemmas .3 and A.4 to (2.26)
and using (2.25) yields

lefllo < Nleollr + Z (

m=0

] -1/2
S
D ) lwinlly

Jj=m

! ! -1/2
< lleolls + 3 Y et (Z a;l) kel + 0+ 3w (0.4 1 ey .

m=0 Jj=m

We now use the induction hypothesis to deduce that

I 1 -1/2
1
§ -1 -1
lefullo < lleoll + 5 - o (Z % ) k(p)am’ (2 + eryo) lleolu

m=0 Jj=m
L ) -1/2 ()
DI DI I (R ) (5+ T2 ¢y + 262y0) ||eo||Ua},42) :
2 m=0 Jj=m 1- Mo
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From the choice of N, there holds that § < Yolleo ||Ua for all 0 < m < I < Nj. The above estimates
and Lemma A.1 imply that

l

-1/2
lef Il < lleolly + > Z ap’? (Z a;l) x(p) (2 + c1yo) lleoll

J=m

iEeEe)

Jj=m

(1 +3x(p)) (Yo % ”) (co + 2czyo>)] leollu

7(p) (co + 202)’0))]
— o

< lleoll + —Cl||€0||U

K(p) (2 + cryo) + (1 + 3k(p)) (YO +
= llellr |1+ 5 Fa(p) + 501 + Fio(p)|

with

Hi(p) = 2x(p) + (1 3D 2L, Hulp) = (e + () + S22 1+ 3u(p).

Combining this with the monotonic growth of «,  on (0, po], the fact that ¢y/(2¢;) < 2/¢;, and (2.20)
yields

(2.28) lef i llu < lleolly (2 + exyo) -
On the other hand, (2.27) along with Lemmas A.3 and A.4 gives
/ -1/2 -1
IGrerlly < % (Z a;l) leoll + Z (Z ) llwplly-
=0 j=m
From this, Lemma A.1, and (2.25), the induction hypothesis and the choice of Ns satisfying (2.19) lead to

! ! -
1
s -1/2 -1
IGrery, lly ECOO‘1+1”€0”U + lleollu E , &m ! (Z & )

m=0 Jj=m

IA

[K(p)(z + c1y0) + (1 + 3x(p)) (yo + ) (co + 2c2y0))}

IA

”%”U“;ﬁ {;Co + ¢z [k(p)(2 + cryo) + (1 + 3x(p)) ()’ + U(p) (Co + 202)’0))]}

< ||€0||U05

;Co + C2H1(p) + C2%0 (1 + Hz(p))} .

1+1
From this, the monotonic growth of «,  on (0, py| and (2.20), we have that

IGreplly < (co + 2¢210) lleoluey
which together with (2.28) implies that (ii) and (iii) are fulfilled with n = + 1. O

By using a similar argument for {u,} defined by (2.13), we obtain the following result.

Lemma 2.6 (cf. [9, Lem. 5]). Let {a, } be defined by (2.10) and (2.11). Assume that Assumption (A1) and
the first condition in (2.20) hold. Then, for any uy € U such that 2||e|lu < p with p € (0, p1], there hold

(i) un € Bu(u', p);

Clason, Nhu Bouligand-Levenberg-Marquardt iteration for a non-...


https://arxiv.org/abs/1902.10596

ARXIV: 1902.10596, 2019-06-23 page 10 of 40

(ii) llenllu < 2lleoll < p;

2
(iii) |Gienlly < colleolluery
foralln > 0.

The next lemma is a crucial tool in our analysis to prove the well-posedness of the method as well
as the asymptotic stability estimates.

Lemma 2.7. Assume that all assumptions in Lemma 2.5 are satisfied. Then

5
(2.29) ugﬂ —Up1 = oy (an] + A)7! (u,‘z —uy) + Z sg) forallo < n < N,
i=1
where
(2.30) sgf) = (ol + A7 G’;é‘,(f), i=1...,5

with some §,(1i) € Y satisfying

4
@30 D IE Ny < Lio) (@ llenllu + @ *lul - unllo + IGsenlly + 1G+(uf - un)lly)
i=1

and

(2:32) W =00 =y B with 18Dl < Lip)s

for

(2:33) Li(p) := max {3K(p), (1+ 3xo) (2 + 13_’7?70) k(p)s @+ 31K i)(l i KO)U(p)} :
Proof. For any m € N, we define

(2.34) Zm = Fum) =y = Gem.

We thus obtain from (2.9), (2.13), (2.21), and (2.34) that
ul  — gy = ud —u, + (anI + Afl)_1 Go* (y‘s - F(uﬁ)) —(anl + Ap) G (yT - F(un))
=ul —u, + (zxnl +A;51)_1 Go* (y(S —yf—20 = Ggeg)
+ (anl + Ap)7! G, (zn + Gpen)
= ug — Uy + (anl + Afl)_l G,‘z* (y(S - yT) - (anI + Ai)_l Gﬁ*zg

+(anl + Ap) Gz, +

-1
(anl + A Ane, = (@l + Ai) Aie,‘f] .
Furthermore, using the identity (al + T)™'T = I — a(al + T)™! gives
-1
(anl +An)_1Anen - (anl +A‘,51) Afle,‘z

= (anl + An)_1 An(uy, - u,‘z) +

-1
(@l + An) "t Ay — (anI + Ai) Aﬁ} e

= (an] + A" A(u, — ui) + ay [((xnI +A) T = (o] + A)_l] (ug - Uy)

-1
+ ap ((xnI +A‘,S,) — (anI + An)_1 eﬁ
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and thus
-1
(@l + An)~ Anen — (anI + Aﬁ) A8e8 = (anl + A" Aup — ud)

+a

s\ 7! s
(anI + An) —(an,I + A) ] (u, —un) + an

-1
((xnl + Ai) —(anI + An)_l] e,
Defining
M s\~
S, = dy (ocnl +An) —(anl +A)7! (u - Up),

-1
sﬁf) = oy [(anI +A§) — (anl +An)_1] €n

RO

(@l + An) G — (a,,I+A5) Gﬁ*] 2
o= (aul +A;z)‘1 G (an— 23)
(5) : (anI +A‘S) Gi*(y‘S -yh
yields (2.29). We now verify (2.30), (2.31), and (2.32). To this end, we use Lemma 2.3 and obtain that
(1) = ay, (anl +A) Gi Ran(un, uT)(u - Up),
and so (2.30) holds for i = 1 with
511) = tpRy, (uﬁ, uT)(ug - Uy).

Note that u®, u, € B(u', p), according to Lemmas 2.5 and 2.6. We thus deduce from (2.16) that

(2.35) 1EP Iy < x(p)an!*[ul = unllu-

Similarly, we obtain

r(IZ) = oy [I + San(un, uT)] Ran(ug’ u")en’
- 5 = 10 St St
23

= 1+ Syl uh)] (20 — 29),

6 = [1+ Sa, S, uh)] (4% = y7)

and (2.30) then follows. Obviously, (2.32) is verified with 5(5) = S (ud,u’)(y° — yT). It remains to
prove the estimate (2.31). First, it is easy to see from (2.16) and the definition of 5“,(,2) in (2.36) that

1/2

(2.37) 1EP Iy < (14 3x(p)x(p)ety llenllo-

As a result of (GTCC), we have
n(p)

lzally < IIG enlly,

which together with (2.16) and the definition of f,, yields

(2.38) IED Ny <

3K(p)n(f>_(l 0+ 360,16 enlly.
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Furthermore, we can conclude from the definitions of z¢ and z,, (GTCC), (2.4), and (2.5) that

125 = znlly < [IF(un) = F(uf) = G (un = up)lly + (Gn = Go)enllY

< 1’7(p) G (un — up)lly + 1Q(un, u") = Q(ud, u")ll(y) || Grenlly
< 1"(’) 10, )Gt — uly + 1Qn, ') = QS wl I Gremlly
< 221 wlp) Gy =l + 26(p)Gre

This, the definition of f,(f) , and (2.16) therefore imply that

(p)

1Dy < 1+ 3x(p)) | - =1(PIG:un = uplly + zx(p)nGTennY]

From this, (2.35), (2.37), (2.38), and the monotonic growth of x on (0, py], we obtain (2.31). O

Lemma 2.8. Let all assumptions of Lemma 2.7 be satisfied. Then there hold

-1/2
L) v %
(2:39) ||ul+1 urnllu < —03 (1+ Li(p)) ﬁ : p ,;) ! (]Zm a; 1) Om
and
! -1
(2.40) G+l — u1) = ¥° +¥'lly < 81+ caLi(p)) + Lip) Z - (Z a; )
j=m

forall0 <1< N5 with Li(p) defined as (2.33) and

1/2

Om = llemll + am l1udy, = umlly + 1Gsemlly + G+ (ud, = um)lly-

Proof. Telescoping (2.29) and (2.30) gives

(2.41) ufﬂ — Uy = Z (x;f l—[ a; (ajI + A)_1 G; Z 5#1)

and thus

(2.42) Gy(ud, —upsn) — (»° —y")

l 1 4 l l
= ay | |« (eI +B) B Z §(l) (5)] +|I- Z a,; ]—l aj(ajI+B) B o =%
m=0 j=m m=0 j=m
l 1 l
= > a, | |a(ejl+B) Z ED 4 8| 4 l_[ aj (;I+B)” (' —°)
m=0 j=m Jj=0

where we have used the identity

I—Zl:amlli[aj (a;I+B)~ 'B= ﬁa] a]I+B
Jj=0

m=0 Jj=m
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to obtain the last equality. Applying Lemma A.4 to (2.41) and exploiting the estimates (2.31) as well as
(2.32) yields

lud,, = upllu

L d ! /2 5
<5 D (Z a;l) 2 1Elly
m=0 Jj=m i=1
I ( ) 1 i -1/2
1p _ _
<= e (Z % ) (e llemllu + @i llud, = umllo + 1Gremlly + 1G5 (@, = um)ly |
m=0 Jj=m
. ! I -1/2
+50(+Lip) ) ay (Z aj—l) .
m=0 Jj=m

The estimate (2.39) then follows from the above estimate and Lemma A.1. Similarly, applying Lemma A.3
to (2.42), using Lemma A.1, and exploiting the estimates (2.31) as well as (2.32) yield

G+ (ud,, —ue) = ¥° + ¥ lly
! N X
35+Za;}( a;l) l2||§£2||y+||§§?n4
m=0

i=1
1 ! -1
— — 1/2 1/2 o) 5
< Li(p) ) oy (Z % ) (anllemlls + e llup, = wnlls + 1Gsemlly + G (uh, = um)ly
m=0 Jj=m

l
J=m

+ 6 (1+ c4L1(p)),
which gives (2.40). O
Corollary 2.9. Under the assumptions in Lemma 2.8, there hold that
(243 11G:@ = w) = y® +y lly < 81+ eala(p)) + Lilp)es [(6 + 3co) + yoler + 2¢0)] lleolur)’?
and
1/2

(2.44) IFW?) - Fau) = y° + ylly < 61+ cli(p)) + (La(p) + voLs(p)) lleolu e

forallo <1< N with

La(p) o= a6+ 30)atp) + 2 [ (o) ()|
(2.45) 1+ KO )
L3(p) := ca(cr + 2¢2)Li(p) + 2¢2 1= T]Z n(p) + K(P)] .

Proof. 1t suffices to prove (2.43) and (2.44) forall1 < [ < N;. According to (2.40), Lemmas 2.5 and 2.6,
we have

IG+(up =) = y° + ¥ lly < 81+ cala(p))

I-1 I-1 !
+ Li(p) [(6 + 3co) + yoler + 2¢2)] [leo |l Z o (Z “]1) ’

m=0 Jj=m
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which along with Lemma A.1 gives (2.43). On the other hand, we can deduce from Assumption (A1)
and (2.8) that

IF) = F(up) = y° +y'lly < IGH@d —w) = y° + y'lly
+ 1F®) = F(uy) — Gi(ud —up)lly + (Gy — Gy)wd — up)lly
< G+ —up) = y° +y'lly

LG = uplly -+ 16Q0u, ')~ DG} = w)ly

< NGHwd —ur) = y° + ¥ Iy

p 2L ”(”) 201161 — il + KNG —

+

<||G+<ul )=y ol
(1 - Qx50 o)+ ko) 16 w2 = w)ly-

From this, (2.43), Lemmas 2.5 and 2.6, and the monotonic growth of x, a simple computation verifies
(2.44). i

We finish this subsection by providing the logarithmic estimate of the stopping index Ny, where we
again may have to further restrict the radius p of the neighborhood of u.

Lemma 2.10. Let Assumption (A1) and (2.20) be fulfilled and let {a,} be defined by (2.10) and (2.11).
Assume thatt > 19 > 1, yo > (1_,702)% Assume further that there exists a positive constant p; < py,
with p; given as in Lemma 2.5, such that

I
(2.46) cqli(p2) + L3(p2) <19 —1 and Lay(pz) < =y
—No

with L;, 1 < i < 3, defined as in (2.33) and (2.45). Let p € (0, p2] and uy € U be arbitrary such that
2+ cly())||eo||U < p. Then the modified Levenberg—Marquardt iteration (2.9)—(2.12) terminates after N
steps with

Nj = O(1 + | log(8))).

Proof. As a result of Lemma 2.4, it suffices to prove N5 < N5. If Ng = 0, then by definition we have
océ/ZHeollU < %. The estimate (2.7) thus gives

IF(uo) = y°lly < lly" = ¥°lly + IF(uo) - y'lly

1
<6+ IGseolly
1-n0 f

1 1/2
<6+ eollva
——leolloa}
1
< 5(1+—)
(1-n0)yo
< 76.

In the following we shall assume N5 > 0. We deduce from (2.44) forl = N that

12, ) = Flug,) = ¥° + ¥ lly < 81+ cala(p)) + (Lalp) + voLa(p) lleollu ey’
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Using (2.7), Lemma 2.6, and noting that (x ||e lu < yé we derive

ly® = Flug lly < IFGuy, ) = Flug,) = y° + y'lly + [ Fug,) = ¥ lly

1
< Py, ) = Flug,) = y” +y'lly + — lGeg, I
< 8 (1+ esLu(p)) + (La(p) + yoLs(p)) lleollu el + ——lleoluay’
) 1-— ’70 Ns

5 1+(C4L1(p)+L3(p))+i( 0 +L2(P))
Yo \1—no

Combining this with (2.46), the definitions of L;, 1 < i < 3, and the monotonic growth of k, n, we obtain

1 2
Iy - F? >||y<5(ro+— % )g&.
Yol—1no

From this and the definition of Ns, we have N5 < N5. m|

2.2 CONVERGENCE IN THE NOISE FREE SETTING

In this subsection we will show the convergence of the sequence {u,} defined via (2.13), provided that
eo € N(G;)* and that the parameter 5(p) and k(p) are small enough if the radius p can be chosen
accordingly.

We first derive some estimates on e, and Gye, under the generalized source condition

(2.47) eg = A'w

for some v € (0, 1) and some w € U, where A = G:Gy. Again, we may have to restrict p further.

Lemma 2.11. Let all assumptions in Lemma 2.6 hold. Assume further that there exists a constant p; €
(0, p1], with p; given as in Lemma 2.5, satisfying

(2.48) K(py) + Co ’7( 01) < m

for some constant v € (0, %) Let p € (0, p1] be arbitrary and letuy € U satisfy 2||eo|lu < p andey = A”w
for some w € U. Then there hold

1/2
(2.49) leallu < 2coalllwlly and [|Grenlly < 2¢2ay™*|lwlly

foralln > 0.

Proof. We shall prove the lemma by induction on n. Obviously, (2.49) is valid for n = 0. We now assume
that (2.49) holds for all 0 < n < I and prove it is also true for n = [ + 1. An argument similar to the one
used to obtain (2.26) and (2.27) yields

1 ) 1
(2.50) = n U (] + A) L eg + Z a,) 1_[ aj (oI + A)~ szm
m=0 m=0 j=m
and
1 1
_ _ -1
(2.51) Giepy = 1—[ U (I + B) " Gieg + Z aml l_l aj (ajI + B) Bwy,,
m=0 m=0 j=m
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where, analogous to (2.23),

Wm = amRam(um, u%)em - [I + Sam(um’ uT)] Zm

for all 0 < m < [ with z,,, defined via (2.34). Similarly to (2.25), we have

( )

Iwmlly < k() lemllu + (1+ 3(p)) T2~ 7P - lGrenlly.
This and the induction hypothesis yield
(2.52) [whlly < Qu(p)an?|lwlly

forall 0 < m < [ with

Q1(p) = 2¢co(p) + ch

1+ 3k(p)
T n(p)-

Inserting ey = A”w into (2.50) and then applying Lemmas A.3 and A.4, we deduce

I -v . I I -1/2
letally < lIwlly (Z a;l) +5 D (Z a;l) [

Jj=m m=0 Jj=m
! -1/2
2 1/2 -1
< ¢ ey lIwll + Ql(mnwny Z o (Z o )
Jj=m
14 1 14
< o Iwlly + 5 Qup)Ko(r, Va1 wlo,

where we used (2.52) and Lemma A.1 to obtain the second inequality and exploited Lemma A.2 to obtain
the last inequality. By virtue of (2.48), the fact that ¢y/(2Ki(r, v)) < 1/Ky(r, v), and the monotonic
growth of k and 7, it holds that

(2.53) lerillu < 2coa),,llwllu-

Moreover, by inserting ey = A”w into (2.51), Corollary A.5 and Lemma A.3 and (2.52) reveal that

I -v-1/2 I -1
||Gfez+1||ys||w||u(2a;l) + ) (Z ) 1wl

j=0 m=0
-1
2 +1/2 1/2 —
< ") wllu + Qup)lIwllu Z o (Z o; )
m=0 Jj=m
< 2 v+1/2 v+1/2

oy Nwllo + Qi(p)Ki(r, viey " llwllu.

Here the second estimate is derived using Lemma A.1 while the last estimate is obtained using Lemma A.2.
Then there holds

(2:54) IGrerslly < 2¢§eyllwll
From (2.53) and (2.54), we conclude that (2.49) is fulfilled with n = [ + 1. O

We now take %y € U to be a perturbation of uy € U and denote by {ii, } the iterates given by (2.13)
with ug replaced by i, that is,

-1
(2.55) Upe1 = Up + ((x,,I + GznGﬁn) Gz’;n (yT _ F(ﬁn)) , n=0,1,...
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For ease of exposition, from now on, we use the notations

N

6, =1, —u', G, = Ga,» A, = G;Gn, B, = G,G Z, = F(iy,) — yT — Gpé,.

*
n°
The next lemma is analogous to Lemma 2.7.

Lemma 2.12. Let all assumptions in Lemma 2.6 be fulfilled and let p; € (0, p1] and v € (0, %) satisfy
(2.48). Assume that p € (0, 51| and that ugy, iy € U satisfy min{2||eo||u, 2||éollu} < p and é, = A¥w for
somew € U. Then for all k > 0, there holds

4
(2.56) Upr — g = g (el + A7 (ugp — dx) + Z t1(<l>’
i=1
where
(i) _ -1 A~ (D) .
(2.57) ) = (al +A)GRY, 1=1,23,4

with some hgj) € Y satisfying

4
(2:58) DE Ny < Co) [Iwlloay ™ + e - delloe” + G - )y
i=1
for
3c 1+«
(2.59) C(p) := (1+3Ko>max{zco (1 °’;° +1+200(1+K0)) x(p), (1 q")n(p)}.
— 10 — 10

Proof. Analogous to (2.29), we see from (2.13), (2.55), (2.34), and the definition of Z; that (2.56) is satisfied
with

tl(cl) = g [(Olkf + Ak)_l — (oI + A)_l] (ug — g,

tl(cZ) =

. -1
(OtkI +Ak)_1 - (Otkl +Ak) } ék,
(O = | (ad + 4r) G- NAE
e = lek + Ag k (O{kI + Ak) Gk Zies
W = (el + Ap) " GE(GGg —
v o= (el + Ap)™ Gr(Zk — zk).
We now prove (2.57) and (2.58). To verify these relations, we use Lemma 2.3 to obtain
@ _ -1 ~* + oA
t," = ax (axl + A)" GiRy, (uk, u')(ug — 1)
and thus hgy = ayRe, (ug, u")(uy — dix) verifies (2.57) for i = 1. The estimate (2.16) then implies that
(2.60) By < k(o) = dxlloa”.

Furthermore, we have

A -1,
1 = o (“kl + Ak) GpeReyy (uk, )k

= o (el + A G [I+ S (i, )] Reyy (e, di)é
and so (2.57) is valid for i = 2 with

hg{z) = o [I + Sak(ﬁk, uT)] Rak(uk, ﬁk)ék.
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This and (2.16) yield

15l < @+ 3e(e)r(p)er 1l

< 2¢0(1 + 3x0)x(p) lwllyay ™%,

(2.61)

where we have used Lemma 2.11 and the monotonic growth of k to obtain the last estimate. Noting
that ug, i € B(u', p), according to Lemma 2.6, we have

(3) = (ol + A" G [I + Se (Ug, u )] Sy (U, Uk ) Zk
and therefore h( ) = [I + Se (U, u )] ax (UK, ug)Zk. The estimate (2.16) then yields
1RO lly < 31+ 3K0)x(p) 12y

On the other hand, as a result of (GTCC) and Lemma 2.11, we have

: (p) (p)
Il < 724Gkl < 2677 Il ™

The two estimates above show that hg) satisfies

(2.62) 1KV lly < 6c3(1+ 3K0)K(P)L” a2,

Finally,
t,(f) = (o] + A) ' G} [T+ Sy (wieo u™)] (B — 1)

= (o + A GiAY
with h(4) [I + Se (U, u )] (Zx — zx). From this and (2.16), we obtain
(2.63) 1Ny < 1+ 30) 126 — 2l
From the definitions of z; and Z, it follows that

2k = zelly = 1F(@x) — F(ug) — Gi (it — ug) + (Gx — Gr)éklly
| F(iix) — Flug) — Gi (i — wi)lly + |Gk — Gr)éxlly

2L Gy = wlly + (G = Gl

IA

Here we used (2.6). Combining this with (2.4), (2.5), and (2.8), we obtain

R (p) R R
I = zilly < 7250+ )G @k = wlly + 2e(p)1+ )Gréily
—No
< ’7( ) v+1/2
(1+ xo) ”GT(uk —u)ly + 4cgr(p)llwllv e, ,

where we have used (2.49) to get the last inequality. This together with (2.63) shows that

(264 1y < (1 360) 1+ K0) [(—jnG«uk —ue)lly + 4cox<p>||w||UaV“/2] .

Summing up from (2.60)—(2.62) to (2.64) yields (2.58). O
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Lemma 2.13. Let all assumptions in Lemma 2.6 be fulfilled and let p, v be defined as in Lemma 2.11.
Assume that there exists a constant py € (0, p1] satisfying

_ . Co 1
(2.65) C(p2) < min { 2¢5(2 + ¢o)” Ko(r,v) + 2Ky(r, v)} ’

where C(p) is defined by (2.59). Let p € (0, p2] be arbitrary. Assume in addition that uy, iy € U are such
that min{2||é||y, 2||éllu} < p and éy = A¥w for some w € U. Then there hold

(2.66) lun — tnllu < 2|luo — dollv + m(p)llwllua,
and

R 1/2
(2.67) G (un — i)l < coa*lluo — dollu + m(p)|wllvay ™

foralln > 0. Here
”1(/0) = C(P)KO(”’ V)’ 77:2(/0) = ZC([))K](F, V)'

Proof. We show (2.66) and (2.67) by induction on n. Easily, these estimates hold for n = 0. Assume that
(2.66) and (2.67) are satisfied for all 0 < n < [. We shall prove these estimates also hold for n = [ + 1.
To that purpose, we apply Lemma 2.12 to obtain

l 1

1
(2.68) Uppq — Upyq = 1_[ U (@] + A (g — 1) + Z a,) l_[ aj (oI +A)” Gy Z h(l)

m=0 m=0 j=m

and

1 l

1
(269)  Gi (i = tira) = | | ctm (tml + B)" Giug — o) + Y eyt [ | o (;1+ B) ™' B Z B

m=0 m=0 j=m i=1

Applying Lemma A.3 and Lemma A.4 to (2.68) and using Lemma 2.12, we obtain

L ! AN
lutss = drally < lluo = dolly + 5 D ! (Z a;l) DIk
i=1

m=0 Jj=m

] —1/2
< luo = dollu + C(P) Z (Z j_l)

j=m
1/2 1/2 ~ N
o™ il + @l = il + G+ = @)l |

which together with the induction hypothesis as well as Lemmas A.1 and A.2 shows that

! 1/2
g1 = all < lluo = dollu + C(p)(z + o)l — ol Z o (Z a,-l)

m=0 Jj=m

; -1/2
+ C(p)(l + m(p) + m(p) Iwllu Z oy (Z a; )

m=0 Jj=m

R 1
< luo = dolly |1+ EC(P)(Z + co)c1

+ EC(P)KO(F, V)1 + m(p) + m(p)lwllvay,,.

Thanks to (2.65), the definition of C(p), the fact that ¢y/(2¢;) < 2/¢;, and the monotonic growth of k, 7,
we obtain
lurs1 = drallu < 2llue — dolly + C(p)Ko(r, VIIwllue],,.
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This verifies (2.66) for n = I + 1. It remains to prove (2.67) for n = [ + 1. To this end, using similar
argument as above, we obtain from (2.69), (2.58), Lemmas A.3 and A.4 that

I -1/2 I ! -1y
N 1 - N - - j
1Gsurss = )y < - (Z o l) g = dolly + ) (Z o; 1) DIy
m=0 i=1

<
Jj=0 = Jj=m
1 1/2 N l -1 l -1 -
< Seoo3lluo —dolly +C(p) Y ! | 3 o
m=0 Jj=m

1/2 1/2 ~ ~
[ 1wl + @l = il + 1G1atm — )y |

The induction hypothesis as well as Lemmas A.1 and A.2 then imply that

o)

J=m

1
N I 1p . . -1/2
1G(wi = ar)lly < eoay lluo ~ dolly + Cp)(2 + co)lluo ~ dollyr ), o’

m=0

l l !
+CP)A+ mlp) + mp))Iwly D a2 (Z o )

m=0 Jj=m

A

N 1/2 | 1
< lluo - 110||U051J/r1 FG+ C(p)(2 + co)cz

v+1/2

+ C(p)Ki(r,v)(A + m(p) + m(p)lIwllve,,

v+1/2

N 2
collug — dgllva’” + 2C(p)Ka(r, v)llwllya) 2,

I1+1

IA

where the last inequality follows from (2.65), the definition of C(p), and the monotonic growth of x, 7.
We thus obtain the desired conclusion. O

The following corollary is a direct consequence of Lemmas 2.11 and 2.13.

Corollary 2.14. Under the assumptions of Lemma 2.13, there hold

(2.70) llenllu < 2||luo — dollu + (2¢co + m(p)) e, l|wllu
and

1/2 A 1/2
(2.71) Grenlly < coasf*lluo — dolly + (2¢2 + m2(p)) ™| wllw
foralln > 0.

In the remainder of this subsection, we show the convergence to u" of the sequence {u,}.

Theorem 2.15. Let {a,} be defined by (2.10) and (2.11). Assume that Assumption (A1) holds and that
there exists a constant p, satisfying (2.65) corresponding to v = ;11. Let p € (0, p2] and uy € U satisfy
4|leollu < p and ey € N(G+)*. Then, there holds

HGTen“Y
Van

Proof. Let ¢ > 0 be such that 4¢ < p. Since ey € N(G3)* and

(2.72) llexlly — 0 and — 0 asn— oo.

N(Gi)*" = R(GY) = R(AY?) € R(AYY),

there exists an element i € U such that ||ily — || < £ and iy — u’ = AY*w for some w € U. Obviously,
2||élly < p with é&y := iy — u'. Applying Corollary 2.14 to the case v = 1/4 leads to the estimates

(2.73) leally < 2lluo — dollr + (2c0 + m(p) el Wl
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and

1/2 . 3/4
(2.74) IGrenlly < coas!lluo = diollu + (265 + ma(p)) ez *lIwllu
are satisfied. Since a;, — 0 as n — oo, there exists a number ng := ny(e, ||w||y) such that
(2¢9 + ﬂl(p))a Hiwlly <& foralln > ny.

This and (2.73) give ||e, ||y < 3¢ for all n > ny. The first limit in (2.72) then follows. The second limit in
(2.72) is similarly obtained from (2.74). O

2.3 ASYMPTOTIC STABILITY ESTIMATES
This subsection provides some estimates on ||uﬁ — uy||ly and ||GT(u,‘z — uy,)|ly with 0 < n < Ny that are
crucial to prove the regularization property of the modified Levenberg-Marquardt method.

Proposition 2.16. Let all assumptions in Lemma 2.13 hold true. Assume furthermore that a positive con-
stant p3 < min{p,, P, } exists such that

Ti(p3) + Ta(p3) < 2 + co,
mi(ps) + m2(p3) + Ti(ps) + To(p3) < 2¢o(1 + co),

Li(p3)(3 + ¢35 + T3(ps)) < 1,
T3(p3) < 3 +c3

(2.75)

with
Ti(p) = (2co + 2¢})Ko(r, v)Li(p), Ta(p) := dco(1 + co)Ki(r, v)Li(p), Ts(p) := 2ca(3 + c3)Li(p),

Li(p) defined as in Lemma 2.7, and my(p) and m,(p) given in Lemma 2.13. Let p < p3 and ug, tiy € U be
such that min{2||ey||y, 2||éllu} < p and éy = AYw for somew € U. Then there hold

. 6
(2.76) Iz = wnllo < Ti(p) (Il = olly + ayliwlo) + es-—==
and
(2.77) 16wl = un)lly < To(p) (1luo = dolluac? + ™ llwllyr) + (2 + Ty(p)S.

Proof. We show (2.76) and (2.77) by inductionon 0 < n < Nj. It is easy to see that these estimates
are valid for n = 0. Now for any fixed 0 < | < N5 we assume that (2.76) and (2.77) are fulfilled for
all 0 < n < I and show that these estimates also hold true for n = [ + 1. To this end, using (2.39), the
induction hypothesis, and Corollary 2.14, we estimate

[

Ll(p ZI: -1 (

m=0

'M~

_1/2
af_l) lluo — dholluam’ (2 + o + Ti(p) + T2(p))

MNS

J

L1<p> i -

2e(3
»

~1/2
a; ) Il aVH/Z (2o + 2¢3 + m(p) + ma(p) + Tu(p) + Tx(p))

3

Ll(P) ol

m=0

+

m

~1/2
1 6

Sose T. —c3(1+L :

& ) (2+c3+T3(p) + 203( + 1(/3))@

J=
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which together with Lemmas A.1 and A.2 leads to
1 .
||u15+1 —ully < ELl(P)”uo —dollu (2 +co + Talp) + T2(p)) 1

1
+ ELl(p)lleU (2¢o + 2c(2) + m(p) + m(p) + Ti(p) + Tg(p)) Ko(r,v)e;,,

+ %Ll(p)(Z + s+ Ty(p)esda 1 + %% (1+ Li(p) \/%,
or, equivalently,
s 1 5
luy,y — wrnllu < 263 [1+ Li(p)(3 + ¢35 + T3(p))] N

1 .
+ 5Lap)lluo —tolly (2 + o + Ti(p) + T2(p)) 1

1
+ EL1(P)||W||U (2¢o + 2¢§ + m(p) + m2(p) + Ti(p) + Ta(p)) Ko(r, v)ar/ .

From this and (2.75), the monotonic growth of x and 5 gives

S N
4y, = winillo < Tilp) (lluo = dollu + &), llwlly) + cs l
+1

The estimate (2.76) is thus verified for n = [ + 1. Similarly, from (2.40), the induction hypothesis, and
Corollary 2.14, we obtain

S S
”GT(ulH —U) -y +yT||Y
1

. -1
< Li(p) Z U (Z ij_l) lluo = dollen’ (2 + co + Ti(p) + Tu(p))
m=0

Jj=m

i I -1
+ Li(p) Z a, (Z ajl) Wil * (2¢o + 2¢2 + m(p) + m2(p) + Ti(p) + Ta(p))

! ! !
+Lip) Y ay! (Z a;l) 5(2 + e+ Ty(p) + 8 (1 + esLulp))
which together with Lemmas A.1 and A.2 leads to

G+ (up,, = w1) = y° +¥Tlly
< 81+ Li(p)ea(3 + 3 + Ts(p))] + Li(p)lluo — thollu (2 + co + Ti(p) + T3(p)) Czallizl

+ Li(p)llwllu (20 + 2¢5 + m(p) + ma(p) + Ti(p) + Ta(p)) Ki(r, V)Of;/:/z

By virtue of (2.75) and the monotonicity of k¥ and 5, we have that

(2.78) 1G+ (Wl = uis) = y° + yFlly < Li(p)lluo — dolly (4 + 2¢0) cae))”

+ Li(p)llwllu (4co + 4ch) Ki(r, v)a
+ 61+ 2L1(p)ca(3 + c3)]

v+1/2
I+1

< Talp) (lluo = dolluayl’ + Iwllu ;"% + 61 + (o).

Noting that L;(p)(4 + 2cg)cz < Li(p)(4co + 40(2))K1(r, v) =: T5(p), the estimate (2.77) is therefore satisfied
forn=1+1 O
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As aresult of (2.78) and Proposition 2.16, we have the following corollary, whose proof is similar to
that of (2.44).

Corollary 2.17. Let all assumptions of Proposition 2.16 be satisfied. Then there holds
1) ~ Flu) =y + 3 lly < Talp) (o ~ dolluall® + Iwloay ™) + 51+ Ts(p))

forall0 < n < Ng, where

o) = T (14 K0)+ 1200 o) o= Tlp) + (o) + 12000 @ + Tt

and T;(p) and T5(p) are defined as in Proposition 2.16.

2.4 REGULARIZATION PROPERTY

This subsection is concerned with the convergence of the sequence {u } as 6 — 0, provided that

eo € N(Gy)* and that uy is sufficiently close to u'. Let {5;} be a positive zero sequence. To simplify
the notation, from now on we write Ny := N, . The next lemma will be used to show the convergence

of subsequences of {ui,kk} for the case where {N} is bounded.

Lemma 2.18. Assume that all assumptions of Lemma 2.5 are satisfied. Let N € N be arbitrary but fixed
and let {8} be a positive zero sequence such that Ns, > N for all k > 1. Assume in addition that
Assumption (Az) holds. Then for any subsequence of {5y} there exist a subsequence {Jk,} and elements
uj € By(u', p) for0 < j < N such that

(2.79) u; ' o>y oas i oo
forallo <j < N.

Proof. We shall show by induction on j the existence of a subsequence {x, } and elements ii; € By(u', p)
for 0 < j < N that satisfy (2.79).
First, (2.79) holds for j = 0 with i, := uo. By a slight abuse of notation, we assume {d, } itself is a
Ok, - ~ = e . .
subsequence satisfying u; " — @i; as i — oo for some i; € By(u', p) and some 0 < j < N. To simplify
the notation, we write
IO @ ._ % AD . 4%

() ._ Ok
L=y Uj = U Go= A and G, =G,

It follows from (2.9) and Lemma 2.3 that

ufl = + (o I+A(’)) G (v - P
= uj@ + (el +A) G; [I + S, ( @y )] (y‘ski - F(u(.i)))
; -1
=u + (o +4) 7 Gy 1+ 80, ()| (v - @)

+(l+A)" G [1 +5q, (u ( @ )] (y5ki ~F) -y + F(ﬁj))
and thus

(2.80) 51)1 = u(l) +a; + b;,
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where
a; ;= (ijl +A)_1 G;hi,
by = (T + A) 7 Gy [T+ S, (47, u7)] (% = Fl™) -y + Fi@y)
with '
h; = [I +Sq; (u](.l),uT)] (yT - F(ﬁj)) )
Applying Lemma A.4 with m = [ and using (2.16) gives
1

\/a_j

Ibilly < 5—— @+ 3x(p)) ly* — F@) = y" + F(@ply-

Letting i — oo and employing the continuity of F yields
(2.81) b >0 as i— oo,

Furthermore, (2.16) ensures the boundedness of sequence {h;} in Y. Moreover, as a result of Assump-
tion (a2), the operator (a;I + A)™" G} is compact. This implies that {a;} is compact in U. There thus
exist a subsequence of {a;}, denoted by the same symbol, and an element a € U such that

(2.82) ai—a as i— oo,

. . . (i)
From (2.80), (2.81), (2.82), and the induction hypothesm, we deduce U,
(2.79) holds for j + 1. From Lemma 2.5, we have ”;:)1 € B(u', p) for all i > 0 and so Uj1 € B(u', p). The
proof is complete. O

| — Uj+a =:ij;;. Consequently,

Before representing our main theorem, we give a result on the asymptotic stability of the modified
Levenberg—Marquardt method. The definition of this notion in the following proposition generalizes
that in [3, Def. 2.1].

Proposition 2.19. Let Assumptions (A1) and (A2) be fulfilled. Assume that there exists a constant ps satis-
fying (2.75) in Proposition 2.16 corresponding to v = ;11. Let p € (0, p3] and uy € U satisfy ey € N(G3)*
and 2(2 + c1yo)lleollu < p. Then the modified Levenberg—Marquardt method (2.9)—(2.12) is asymptoti-
cally stable in the following sense: For any subsequence of a positive zero sequence {3y}, there exist a
subsequence {5y, } and elements ii, € By(u', p) forall0 < n < N := lim N, (where the last inequality

i—o0

is strict if N = co) such that

Ok ~
(2.83) lim |lim sup llu, " — u,,||U) =0
n—N i—o0
and
(2.84) ip > u* as n— N

for some u* € Sp(uT).

Proof. Let {8} } itself be a subsequence. Since { Ny } is a sequence of integers, there exists a subsequence
{Ni,} such that either it is a constant sequence or it tends to infinity. For the first case where Ny, = N for
some integer N and for all i > 0, Lemma 2.18 and the discrepancy principle (2.12) give the conclusion of
the proposition. For the second case where N, — oo, we shall show that the elements i, := u,, n > 0,
any subsequence {x, }, and u* := u' satisfy (2.83) and (2.84). To this end, we first see that Theorem 2.15
implies (2.84). Let ¢ > 0 be arbitrary small but fixed such that 2(2 + ¢;y9)e < p. Since ey € N(G;)*
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and N(G;)* = R(G;) = R(AY2) c R(AY*), there is an element 4 € U such that ||y — uy|| < € and
éo := g — u’ = AV*w for some w € U. Obviously, we have (2 + ¢1y)||é|lu < p. From this and the
choice of p, we thus can apply Proposition 2.16 to obtain the estimate

Ok ~ 1/4 6
= wnll < TiGp) (llto — ol + /¥ Iwllu ) + cs

ki
V&n
forall 0 < n < Nj, and for all i > 0. By letting i — oo and then n — oo, we therefore have

lim sup (lim sup ||u,5lk" - un||U) < Ti(p)e.

n—oo i—o0

The limit (2.83) then follows. O

We are now well prepared to derive the main result of the paper, where some lines in the proof
follow the ones in [8].

Theorem 2.20 (regularization property). Let {a, } be defined by (2.10) and (2.11) and let {5y} be a positive
zero sequence. Assume that Assumptions (A1) and (Az) hold and thatt > 19 > 1,y > (1_’702)% Assume

. . . _1
further that a constant p3 < py exists and satisfies (2.75) corresponding tov = ; as well as

(2.85) T5(p3) <rt-1

with Ts(p) defined as in Corollary 2.17.
Let p € (0, ps] and uy € U satisfy 2(2 + c1yo)||luo — u'|lu < p. Then the method (2.9)—(2.12) is well-
defined and the integer N5, defined by the discrepancy principle (2.12) satisfies

(2.86) Ns, = O(1+ |log(6k)l) -
Moreover, ifug —u' € N(Gy)*, then

) k t

(2.87) Uy, U as k — oo.

Proof. Under the assumptions, the well-posedness of the method follows from Lemma 2.5, while the
logarithmic estimate (2.86) is shown in Lemma 2.10. It is therefore sufficient to prove (2.87).

To this end, we first assume that there exists a subsequence Jy, such that Ny, = N foralli > 0.
By virtue of Lemma 2.18, there exist a subsequence {k,,} of {k;} and elements i, € By(u', p) with
j=0,1,.. ., N such that

(2.88) ufk’" —U; as m-—
for all 0 < j < N. Moreover, from the discrepancy principle (2.12), we obtain

S
IFGiz™) =y lly < 26,

Letting m — oo and using the continuity of F yields

F(ii) = y',
which together with (2.88) yields that
Skem ~
(2.89) uﬁk — Uy asm — oo
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with i € Sp(uT). We now show that iy = u. According to (2.9), it holds for all 0 < n < N — 1 and
m > 0 that

Skm Ok
un+l ~Yn

% % -1
m = GOkm (a,,1+G§ka,‘f’<m ) (yOm — Fudm)) c R( Gom* )

Combining this with (2.4), we have uiﬂ - uﬁk"‘ C R(G;) C N(Gi)* foralm>0and0<n<N-1
Consequently, using uy — u’ € N(G+)*, there holds u%’” -u' ¢ R(G}) < N(G¢)*. From this and
the limit (2.89), we have iy — u' € N(G+)*. On the other hand, as a result of (GTCC) and the fact
that u”, iy € S,(u’), it holds that Uy — u' € N(Gy). We thus have iy — u’ € N(Gy) N N(Gy)*+ = {0}.
Therefore, a subsequence-subsequence argument can conclude that

S,
(2.90) uﬁk’ —Su' asi— .

We next assume that there exists a subsequence Ji, such that Ny, — oo as i — oo. In this case, let
¢ > 0 be arbitrary but fixed such that 0 < 2(2 + ¢1yg)e < p. Since ey € N(G;)* and N(G¢)*+ = R(G*) =
R(A2) c R(AV4), there exists an element 4 € U such that ||ily — uo|| < € and 6y — u" = AYV*w for
some w € U. Easily, 2||é|lu < (2 + ciyo)lléolly < p with éy := @iy — u'. From Proposition 2.16 and
Corollary 2.17, we have

Ok; ) N 1/4 5ki
) 457 =l < Ttp) (a0 = dolly + 5wl + eo-22
and
Sk, N
(92)  IIF@;™) = Fluy) =y + yHlly < Talp) (Il = dollut)”® + @ llwllo) + (0 + Ts(o)a,

forall 0 < j < Ni, and forall i > 0. On the other hand, we can conclude from the discrepancy principle
(2.12) and the estimate (2.7) for all 0 < j < N, that

[
w8k, < |F(;) = yPkly
5ki _ ) Ok T ) — T
< IF@u;™) = Fw)) = y% + 3T lly + IF ) = y'lly

Ok; +
< IFG™) = F(uy) =y +ylly +

—[Grey

eilly.
~ 7 T Y
Combining this with (2.92) yields for all 0 < j < N, that

8¢, (7 = (1+ T5(p) < Ta(p) (lluo — dollua”® + 1wl ) +

and thus

1 IG+en, <1lly
(r - (1+ T5(p)) 0w ||U) L

A + +
< Tu(p) ( 172 lluo = dtollu 3/4 378 O, 1TV Vr(l=mn0) AN, -1

Letting i — oo, employing (2.85), and using the second limit in (2.72) gives

N,

Ok; T T
(r — (1 + Ts5(p))) lim sup a—]:; < :1(//;) [|uo — diolly < :1(/[2)),5.
i—soo A/ ki
Noting that Ny, — oo as i — oo, this implies that
lim sup —— = 0.
i—o00 VaNki
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This and (2.91) yield

. Ok; N
lim sup ||u1\fk" —uny, llu < Ti(p)lluo — dollu < Ta(p)e

1—00

and hence, since ¢ > 0 was arbitrary,

. .
lim sup ||uNk‘i — UN,, lu = o.

i—o00
Together with (2.72), this implies that

Sk,
Uy,

i

4

—u' asi— oo,

From this, (2.90), and a subsequence-subsequence argument, we obtain (2.87). O

3 ITERATIVE REGULARIZATION FOR A NON-SMOOTH FORWARD OPERATOR

In this section, we study the solution operator to (1.2) based on previous results from [2, 3]. In particular,
we show that this operator together with one of its Bouligand subderivatives satisfies the assumptions
in Section 2.

3.1 WELL-POSEDNESS AND DIRECTIONAL DIFFERENTIABILITY

Let Q c R%, 2 < d < 3, be a bounded domain with Lipschitz boundary dQ. For u € L?(Q), we consider
the equation

u in Q,

(3) 0 ondQ,

-Ay +y"
y

where y*(x) := max(y(x), 0) for all x € Q. From [27, Thm. 4.7], we obtain for each u € L%(Q) a unique
weak solution y, belonging to Hy(Q) N C(Q) and satisfying the a priori estimate

1Vl + 1Vulle@) < coollulliaa)

for some constant ce, > 0 independent of u.

Let us denote by F : L*(Q) — Hy(Q) N C(Q) — L*(Q) the solution operator of (3.1). As shown in [3,
Prop. 3.1] (see also [2, Prop. 2.1]), F is Lipschitz continuous as a function from L*(Q) to Hy(Q) N c(Q),
that is,

(3-2) 1F(w) = F()llgq) + IIF(w) = F)lleg) < Crllu = vllraq)

for all u, v € L?(Q) and for some constant Cr. Moreover, F is completely continuous as a function from
L*(Q) to Hy(Q) and from L*(Q) to itself. However, F is in general not Gateaux differentiable, but it is
Gateaux differentiable at u if and only if [{F(u) = 0}| = 0.

Similarly to [3], we shall use as a replacement for the Fréchet derivative a Bouligand subderivative
of F as the operator G, in Section 2. We first define the set of Gateaux points of F as

D:={ve L2(Q) . F: LZ(Q) — Hé(Q) is Gateaux differentiable in v}.

Denoting the Gateaux derivative of F atu € D by F'(u) € L(L*(Q), Hy(Q)) by F'(u), the (strong-strong)
Bouligand subdifferential at u € L*(Q) is then defined as

dpF(u) := {G, € I(L*(Q), Hy(Q)) : there exists {u, }nen C D such that
up — uin L*(Q) and F'(up)h — G,h in Hy(Q) for all h € L*(Q)}.

We have the following convenient characterization of a specific Bouligand subderivative of F.
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Proposition 3.1 ([2, Prop. 3.16]). Given u € L*(Q), let G, : L*(Q) — H}(Q) < L*(Q) be the solution
operator mapping h € L*(Q) to the unique solution { € H)(Q) of

(3-3)

—Ag + ﬂ{yu>0}§ =h inQ,
(=0 onoQ,

where y,, := F(u). Then G, € dgF(u).
In general, for a given h € L*(Q), the mapping L%(Q) 5> u — G,h € L*(Q) is not continuous (see,

e.g., [3, Exam. 3.8]), and the mapping L(Q) > u — G, € L(L%(Q)) is thus not continuous.
3.2 VERIFICATION OF ASSUMPTIONS

We now verify that the solution mapping for our example together with the mapping G,, defined as in
Proposition 3.1 satisfies Assumption (A1) as well as allowing p to be taken sufficiently small to satisfy
the conditions of Theorems 2.15 and 2.20. We begin with the verification of the generalized tangential
cone condition (GTCC).

Proposition 3.2. Let it € L*(Q), y := F(a), and p > 0. Then there holds
I1F@@) = F(u) = Gu(@ — w)llrz) < n(p)IF@) — F(u)llrzq)
forallu, € ELz(Q)(IZ, p) with
(3.4) 1(p) = Ca {171 < Crp}"™
for some constant Cq > 0.
Proof. Applying to [3, Lem. 3.9] for p = I yields
(3-5) IF(@) = F(w) = Gu(@t = w)llp2a) < CaM(u, &) *||F(@) - Fu)ll2(q)

for some constant Cq and M(u, &) := |[{y, < 0,ys > 0} U {y, > 0,ys < 0}|. According to (3.2), we thus
have that

17 = yullo@) < Crllid —ullrzq) < Crp =: ¢
forallu € ELZ(Q)(ﬁ, p) and y, := F(u). This implies, for any u € ELZ(Q)(L_[, p), that
e+ Yu(x) <P < e+ yu(x)
for all x € Q with y, := F(u). We then have for any u, 4 € ELz(Q)(ﬂ, p) that
{yu >0,y <0} Cc{-e<y<e},
{Vu<0,ya >0} c{-e<y<e}
with y,, := F(u) and y;; := F(2). It therefore holds that
(3.6) 130y = Tras0| = [Trs0.ya<0) = Tyasoyu<o)] < Teesy<ey.

From this, we have
M(u,2) < [{[y] < e} = {Iy| < Crp}l,
which together with (3.5) deduces the desired result. O

We next construct, for any uy, u, € L?(Q), a bounded linear operator Q(uy, uz) : L%(Q) — L?(Q) that
satisfies (2.4) and (2.5).
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Lemma 3.3. Let uy, u; € L%(Q) be arbitrary and let Gy, i = 1,2, be defined as in Proposition 3.1. Then
there exists a bounded linear operator Q(uy, up) : L*(Q) — L?(Q) such that

(37) Gul = Q(ul’ uZ)Guz

and

(3.8) T = Q(us, uz)l(12(q)) < Clus, uz),
where

C(u, uz) := Cull T pu>0y = T {Fun)>0y 130

with some constant C, > 0 independent of u; and us.

Proof. To prove the existence of the bounded linear operator Q(uy, uy), we first construct this operator
on Hy(Q) and then extend it to L*(Q) by density. To this end, we set y; := F(u;) with i = 1, 2. We now
define the linear operator Q(us, up) : HY(Q) — Hy(Q) < L*(Q) as follows: for any v € H)(Q), we set
w := Q(u, uz)v defined as the unique solution in H}(Q) to

“Aw+ T, s0yw=-Av+T(,50v inQ.
We now show that
(3-9) 10w, uz)vllpz(q) < Cllvllrzq) for all v € Hy(Q)
and for some constant C independent of v. First, we have for any v € Hy(Q) that
(3.10) —Aw=0)+ T, 500(w—-10) = [1] (3250} — “{y1>0}] v in Q.
It follows that
Iw = ollige) < Cllollx)
for some constant C > 0. This and the continuous embedding H}(Q) < L*(Q) give
lw = vllrzq) < Cllollz(o).

which along with the triangle inequality yields (3.9). From the estimate (3.9) and the density of Hy(Q)
in L?(Q), the operator Q(uy, u;) has a unique continuous extension, also denoted by Q(uy, u;), from
L3(Q) to L*(Q).

It remains to show (3.7) and (3.8). It is easy to obtain the identity (3.7) from the definition of Q(u;, u,)
and the uniqueness of solutions to (3.3). By density, to prove (3.8) we only need to show that

(3.12) llo — O, uz)v||L2(Q) < Cluy, Uz)”U”LZ(Q) forallv € Hé(Q)-
Since Q is bounded in R? with d € {2,3}, one has Hy(Q) — L5(Q). Testing (3.10) by w — v and
exploiting the Holder inequality yield

IV(w— v)||iz(9) < /Q [1] (32>0} — ﬂ{y1>0}] v(w — v)dx
< T y,503 = Tsoyllsllolle@)llw = llsq)-
From this and the continuous embedding Hy(Q) < L°(Q), we obtain
IV(w = 0)llr2q) < ClIT .50y = >0y llsollvllize)
for some constant C independent of u; and u,. The Poincaré inequality thus implies that
lw = vllr2@) < CillT{y,50) = T3l lollzco),

which is identical to (3.11). O
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Proposition 3.4. Let Q : L*(Q)* — L(L*(Q)) be the mapping defined as in Lemma 3.3, let il € L%(Q) be
arbitrary, and let p be a positive number. Then, for any ui, u; € Brz2(q)(@, p), there holds

I = Ous, u2)lly(12(0)) < x(p),

where

(3-12) k(p) = C.l{yl < Crp}"?

with y := F(a) and C, defined as in Lemma 3.3.
Proof. Set j = F(u1). According to (3.2), we thus have that
7 = yulle@) < Crlla = ullpzq) < Crp =: ¢

forallu € ELz(Q)(ﬂ, p) and y, := F(u). Similar to (3.6), it holds that

10y = Timso| < Vcesyzens
which together with the definition of C(u, u,) yields

Cluy, uy) < Cl{I9] < e}

This and Lemma 3.3 give the desired conclusion. O

From (3.4) and (3.12), we immediately obtain that k(p) and 5(p) can be made arbitrarily small provided
that |{y = 0}| is small enough. In particular, we deduce that (GTCC) holds with the required bound on
the constant 5(p).

Corollary 3.5. Let functions x and n be, respectively, defined by (3.12) and (3.4). Let i € L*(Q) be such
that |{F(a) = 0}] is sufficiently small. Then (2.3) holds.

3.3 BOULIGAND—LEVENBERG—MARQUARDT ITERATION

The results obtained so far indicate that the solution mapping F of (3.1) and the mapping u — G, with
G, the Bouligand subderivative defined as in Proposition 3.1 satisfy Assumption (A1), provided that
|{F (u') = 0}| is small enough. We note that in this case F is injective, i.e.,u' is the unique solution to (2.1).
We can therefore exploit G, in the Levenberg—Marquardt method (2.9)—(2.12) to obtain a convergent
Bouligand-Levenberg—Marquardt iteration for the iterative regularization of the non-smooth ill-posed
problem F(u) = y.

Corollary 3.6. Let u” € L*(Q) be such that |{yJr = 0}| is small enough with y' := F(u"). Let {a,} be
defined by (2.10) with 0{(1)/2 > |Gy lli(2(q))- Then there exists p* > 0 such that for all starting pointsugy €

ELZ(Q)(“T, p*), the Bouligand—Levenberg—Marquardt iteration (2.9) stopped according to the discrepancy
principle (2.12) is a well-posed and strongly convergent regularization method.

Proof. Take U = Y = L*(Q) and note that N(G,+) = {0} and so N(G,:)* = L*(Q). Then, Assump-
tion (A1) is satisfied according to Propositions 3.2 and 3.4, Lemma 3.3, and Corollary 3.5. Assumption (A2)
follows directly from Proposition 3.1 together with the compactness of the embedding Hy(Q) < L*(Q).
Finally, the various requirements on the smallness of constants involving n(p) and k(p) are satisfied
due to Proposition 3.4. The claim now follows from Theorem 2.20. O
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We point out that the assumption on the support of F(u) does not entail a similar requirement
on F(u?), and that this non-differentiability of F at the iterates is the primary source of difficulty in
showing convergence.

To close this section, we comment on the practical implementation of the Bouligand-Levenberg-
Marquardt iteration (2.9) for the non-smooth PDE (3.1). Let y° € L?(Q). For any u’ € L*(Q), we set
y? := F(u®) and define the correction step

-1
(313) 0 5= (anl +(GDY'GY) (GO (v - 3).
From this, (2.9) can be rewritten as ugﬂ = u® + s with

ansy = (GO (~Gish +y° = ¥3).

By introducing z% := G%s® and b? := y% — y9, we deduce that s° and 2z satisfy

A% + ﬂ{y3>0}zg =0 inQ, z°=00ndQ,

3.14
(3:14) 0 on Q.

1

s 5 LA s
—Asy + 1()5.0)5n = o (—zn + bn) inQ, s,
A Bouligand-Levenberg-Marquardt step can thus be performed by solving a coupled system of two
elliptic equations.

4 NUMERICAL EXPERIMENTS

This section provides numerical results that illustrate the performance of the Bouligand-Levenberg—
Marquardt iteration. In the first subsection, we give a short description of our discretization scheme
and the solution of the non-smooth PDE using a semismooth Newton (SSN) method. The second
subsection reports the results of numerical examples.

4.1 DISCRETIZATION

In the following, we restrict ourselves to the case where Q is an open bounded convex polygonal
domain in R%. We shall use the standard continuous piecewise linear finite elements (FE), see, e.g.,
[17, 5], to discretize the non-smooth semilinear elliptic equation (3.1) as well as the linear system
(3.14). In [2, 3], the discrete version of (3.1) as well as its equivalent nonlinear algebraic system were
obtained by employing a mass lumping scheme for the non-smooth nonlinearity. We shall use the
same technique to discretize the system (3.14). Let 7, stand for the triangulation of Q corresponding to
parameter h, where h denotes the maximum length of the edges of all the triangles of 7. For each
triangulation 7y, let Vi, C H,(Q) be the space of piecewise linear finite elements on Q. We denote

by dy and {¢; }J‘.ifl, respectively, the dimension and the basis of V}, corresponding to the set of nodes
Ny = {x1,...,xq,}. Foreach T € 7, we write T for the closure of T (i.e., the inner sum is over all
vertices of the triangle T).

We first consider the nonlinear equation (3.1). Let y, and uy, € Vj, be the FE approximations of y and

u, respectively, with y and u satisfying (3.1). As shown in [3, 2], the discrete equation of (3.1) is given by

1
(4.1) / Vyp - Vo dx + 3 Z [T| Z max(0, yp,(x;))vp(x;) = / upvpdx, vp €V,
Q Q

T€Th  x;eTNN,
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and its equivalent nonlinear algebraic system is defined as

(4.2) Ay + Dmax(y, 0) = My,

dn

where A := ((Vo;, V(pl’)LZ(Q))dh is the stiffness matrix, M := ((¢;, qo,-)Lz(Q))l.’jzl is the mass matrix,

i,j=1
D := %diag(wl, ..., 0g,) With w; := [{¢; # 0}] is the lumped mass matrix, and max(-, 0) : R — R
is the componentwise max-function. According to [3], the equation (4.2) is semismooth in R% and
can be solved via a SSN method. Here, with a slight abuse of notation, we write y € R and u € R,
respectively, instead of (yh(xl-))?i'1 and (uh(x,-))?:l.
We now turn to the system (3.14). According to [5, Sec. 2.5] (see also [28, Sec. 9.1.3]), for a fixed § > 0,
the discrete linear system of (3.14) is given by

1
/ Van - Vondx+2 3 T )0 10 (a)an(x)onta) = / shon dx,
Q Q

TeTy X[ETmNh

1 1
[ Tndx e 3 YT Y g simtn = < [ (an = b wndx

T€Th  x;€TNNg

for all vy, wy € Vy, where zy, sp,, and by, stand for the FE approximations of zﬁ, sg, and bfl , respectively.
By standard computations, the above variational system can be reformulated as

Az + Kyz = Ms,

1
As + Kys = —M(z - b)
an

1
Ky = g dlag ((x)lﬂ {Yi>0}) e Rdhxdh’ y; = yg(xl) forall1<ic< dh-

Here, again, we denote the coefficient vectors (zj, (xl-));jjl, (sh(xi))?jl, and (bh(x,-));.ij1 by z € R, s € R,

and b € R%, respectively. A standard argument shows that (4.3) is uniquely solvable.

4.2 NUMERICAL EXAMPLES

In this subsection, we consider Q := (0,1) X (0,1) ¢ R? and employ a uniform triangular Friedrichs—
Keller triangulation with nj X ny, vertices for ny = 512 unless noted otherwise. A direct sparse solver
is used to solve the SSN system (4.2) and the linear system (4.3). The SSN iteration for solving (4.2)
is initiated at y° = 0 and terminated if the active sets ACK := {i : yl.k > 0} at two consecutive
iterates coincide. The Python implementation used to generate the following results (as well as a Julia
implementation) can be downloaded from https://github.com/clason/bouligandlevenbergmarquardt.
The timings reported in the following were obtained using an Intel Core i7-7600U CPU (2.80 GHz) and
16 GByte RAM.
As in [3], we choose the exact solution

u' (x1, x2) := max(y' (x1, x2), 0)
+ [4n2y%(x1, X3)—2 ((le - 1)2 + 200 — 1+ B)(x — ﬁ)) sin(anz)] Tig,1-p1(x1)
where

Y (1, x2) = [ = B)P (1 — 1+ B)? sin(27xz) | 1,1 (1)

for some f3 € [0, 0.5] is the corresponding exact state. Obviously, y* € H3(Q) N Hé(Q) and satisfies
(3.1) for the right-hand side u'. Moreover, y' vanishes on a set of measure 2. The forward operator
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F : [}(Q) — L*(Q) is therefore not Gateaux differentiable at u” whenever 8 € (0,0.5]; see, e.g., [3,
Prop. 3.4]. Let us denote by yhT the discrete projection of y' to V;,. We now add a random Gaussian

noise componentwise to y;: to create noisy data y,‘j corresponding to the noise level

8=y = v l2ca)-

2 -
Q) "
(identifying again the function vy with its vector of expansion coefficients). From now on, to simplify

the notation, we omit the subscript k. In the following, we consider different choices of the parameter
B and two different choices of starting points: the trivial point uy = 0 and the discrete projection of

Here and below, all norms for discrete functions v, are computed exactly by ||vy|| vZMvh

(4-4) i :=u' — 20sin(7x) sin(27x3).

We point out that for the second starting point, u' satisfies the generalized source condition

<#|(c;0u) |

for some v € (0,1/2). Note also that i is far from the exact solution u" and that 1, = 0 is not close to
u’ when the parameter § is far from 0.5. For the case f = 0.005, the exact solution u' and the starting
point i are shown in Figure 1 and Figure 2, respectively. The corresponding noisy data y® and the
reconstructions ”?vg with respect to the noise level § € {1.056 - 107%,1.058 - 10~} are presented in
Figure 3 for parameters ap = 1, 7 = 0.5, § = 0.005, 7 = 1.5 and for the starting point uy = .

We now address the regularization property of the Bouligand-Levenberg-Marquardt iteration from
Corollary 3.6. We first illustrate the effects of the starting guess on the convergence of the iteration.
Table 1 displays for the same parameters ¢y = 1, ¥ = 0.5, f = 0.005, 7 = 1.5, a decreasing sequence of
noise levels, and both starting points (for the same realization of the random data) the stopping index
N5 = N(8, %), the logarithmic rate of the stopping index

(4.5) U —aeR [(GZTGM)M

Ns

.6 LRy i= ——,
(4.6) 8= T4 [log()]

the relative error

f_,0
(47) po o 1 o)

>

||uT||L2(Q)

the empirical convergence rate

||uT - ui;a ||L2(Q)

—\/3 )

as well as the final Tikhonov parameter a; from (1.7). This table indicates that the speed of convergence
of the iteration for the starting point uy = @ is faster than that for the trivial starting point uy = 0. While
the growth of the stopping index N for the trivial starting point is slightly faster than that for @, the
logarithmic rates (4.6) for both starting points are stable. This fits Theorem 2.20. For the starting guess
uy = ii, the empirical convergence rate R® is not greater than 0.4 as § is small enough. This agrees with
the convergence rate O(V8) expected from the classical source condition uf—u, € R [(F’(uT)*F’(uT)l/z] .

(4.8) R? :=

To show the dependence on parameter f of the performance of the Bouligand-Levenberg—Marquardt
iteration, we summarize in Table 2 the results obtained for § € {0,0.15,0.3}, ap = 1, r = 0.5, 7 = 1.5,
and uy = . Table 2 indicates that the stopping index seems not to be significantly influenced by the
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X ase 06
0.0 's 08 L, 00

0.6
¥ axis 0.8
1.0

Figure 1: exact solution u' for = 0.005 Figure 2: starting point uy = @ for f = 0.005

0.4 T 0.4

X axis o8 0.8 o 00 o2 X axis oe 0.8 10 0.0 02
(a) y°, 8 =1.056 - 1072 (b) ui,ﬁ, Ns =14

T 191
T 116
0
T4l X%
T-0.34N
T-1.09
T-1.84
T-2.60
335

0.6
X axig 0.8

X axis
s 0.8
0.0 10 00

10

(c)y®,8 =1.058 - 107 (d) uﬁ,é_, Ns =16

Figure 3: noisy data y° and reconstructions ul‘z,s forup=uand ap =1,r = 0.5, = 0.005, 7 = 1.5
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Table 1: regularization property for ap = 1, ¥ = 0.5, § = 0.005, 7 = 1.5: noise level §; stopping index
Nj; logarithmic rate LRs from (4.6); relative error E® from (4.7); empirical convergence rate
R? from (4.8); final Tikhonov parameter aNg

uy =0 Uy =1u
5 Ns LR E® ang Ns LRs E® RS an

1.06-1072 12 2.2 470-107' 4.1-107° 14 25 155-100 2.3 16-1071
1.06-107% 16 2.0 236-107' 6.6-1072 15 1.9 2.07-107% 1.0 3.3-1071
1.06-107* 20 2.0 144-107' 1.0-107™ 16 1.6 157-107° 0.2 6.6-107%
1.05-10> 25 2.0 7.33-1072 3.4-100¥® 17 14 357-100% 0.2 1.3-107%2
1.06-107° 30 2.0 355-1072 1.1-107%' 18 1.2 1.85-107%* 0.3 2.6-1078
1.06-1077 34 2.0 2.77-107% 1.7-100* 21 1.2 647-107° 03 21-1070

Table 2: regularization property for oy = 1,r = 0.5, 7 = 1.5, up = 4: noise level §; stopping index
N5 = N(6, y%); relative error E® from (4.7)

B=0 B=0.15 B =023
5 N E® N E® N E®
1.06 - 1071 1 3.10 11 1.13 - 10 11 6.41 - 10"

1.06-1072 14 150-107' 14 547-107' 14 3.10

1.06-1073 15 1.96-1072 15 7.11-107% 15 4.11 -107!
1.06-107% 16 150-107° 16 5.75-107> 16 3.52-1072
1.06-10 17 3.43-107%* 17 3.56-107 17 1.02-1072
1.06-107° 18 1.81-107% 19 3.74-107° 18 5.29-1073

parameter 8. However, it is not surprising that the relative error E® increases with respect to f8 since
{y" = 0} = 0as § — o*.

Finally, the stopping index as well as the total CPU time (in seconds) of the proposed Bouligand-
Levenberg—Marquardt (BLM) iteration and of the Bouligand-Landweber (BL) iteration from [3] are
compared in Figure 4. Recall that the BL iteration is defined by

(4.9) ul, = ul+ W”GZS (y‘s - F(ug)) , n>0

with parameter w,, > 0 and is terminated via the discrepancy principle (2.12). To compare the numerical
results, we set ¢p = 1,7 = 0.5, f = 0.005, 7 = 1.5, w, = (2 — 2p)/L? for all n > 0 with g = 0.1 and
L = 0.05. Figure 4 shows the stopping index of the two iterative methods versus the noise level §
for both uy = @ and uy = 0. Figures 4a and 4c indicate that for the BLM iteration, in both cases
Ns = O(1 + |log(5)]) as § — 0, as expected from Theorem 2.20. On the other hand, Figures 4b and 4d
show that for the BL iteration, N5 = O(6™!) for uy = @ and N5 = O(672) for uy = 0 as § — 0. As also
shown in these figures, the total CPU time to run each method is almost directly proportional to their
stopping indices (approximately 52 seconds per step for the BLM iteration and 16 seconds per for the
BL iteration, corresponding to the size of (4.3) compared to that of the discretization of (4.9)). For
up = 0and § ~ 5-107>, the total CPU time of the BLM iteration is only 1136 seconds while that of the
BL iteration is nearly 41337 seconds. Similarly, for uy = 7 and § ~ 1077, it takes 1087 seconds for the
BLM iteration and approximately 18054 seconds for the BL iteration to terminate. Hence even though
the cost of each step of the two iterations is different, the BLM iteration is significantly faster also in
terms of CPU time for small values of é.
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(c) up = 4, BLM (d) up = @, BL

Figure 4: comparison of stopping index Ns and total CPU time (in seconds) for Bouligand-Levenberg-
Marquardt (BLM) and Bouligand-Landweber (BL) iterations

5 CONCLUSION

We have proposed a novel Newton-type regularization method for non-smooth ill-posed inverse
problems that extends the classical Levenberg-Marquardt iteration. Using a family of bounded operators
{G,} to replace the Fréchet derivative in the classical Levenberg—Marquardt iteration, we proved under
a generalized tangential cone condition the asymptotic stability of the iterates and from this derived
the regularization property of the iteration. In particular, when considering ill-posed inverse problem
where the forward operator corresponds to the solution of a non-smooth semilinear elliptic PDE, we
can take G, from the Bouligand subdifferential of the forward operator. If the non-differentiability of
the forward mapping is sufficiently “weak” at the exact solution, these operators satisfy the required
assumptions, and the resulting Bouligand-Levenberg—Marquardt iteration thus provides a convergent
regularization method. As the numerical example illustrates, this iteration requires significantly less
iterations and can be much faster than first-order methods such as the Bouligand-Landweber iteration
from [3].

This work can be extended in several directions. First, it would be interesting to derive convergence
rates under the generalized source condition (2.47). Of particular interest would be the extension of the
proposed iteration for non-smooth ill-posed inverse problems with additional constraints such as non-
negativity of the unknown parameter. Finally, similar non-smooth extensions of other Newton-type

Clason, Nhu Bouligand-Levenberg-Marquardt iteration for a non-...


https://arxiv.org/abs/1902.10596

ARXIV: 1902.10596, 2019-06-23 page 37 of 40

methods such as the iteratively regularized Gauss-Newton method could be derived.

APPENDIX A AUXILIARY LEMMAS

This section provides some estimates on the sequence of parameters defined by (2.10) and on bounded
linear operators between Hilbert spaces.

Lemma A.1([9]). Let {a, } be defined via (2.10). Then there hold for allk > 0

B -1 -1/2 B r -1
-1 2 -1/2 -1 -1/2 1/2
S| sdan Sat(Se e e (Y] s
Jj=0 Jj=m m=0 j=m
k k -1/2 k k -1
-1 -1 -1/2 1 -1
S (Zaj) cod  Sa (Zaj)
m=0 Jj=m m=0 Jj=m
where the constants c;, i = 0, ..., 4, are defined in (2.17).

The next lemma provides some more estimates on sequence {a,} defined via (2.10) with exponent
v € [0,1/2). Its proof is standard and thus is omitted.

Lemma A.2. Let {a,} be defined via (2.10) and let 0 < v < % Then there hold for allk > 0

k k -1/2
(a) Dl (Z ) < Ko(r, vaf,,

m=0 Jj=m
and
k -1
v—1/2 -1 v+1/2
(a.2) Z Ay (Z a; < Ki(r,v)e,
m=0 Jj=m

with Ko(r, v) and K(r, v) defined in (2.18).

The next lemmas give useful estimates of a bounded linear operator between Hilbert spaces and
generalize the corresponding results in [7]. Their proofs are based on the spectral theory and functional
calculus of self-adjoint operators; see, e.g. [4, 26].

Lemma A.3 ([9, Lem. 2]). Let {ar } be a sequence of positive numbers and let T : Hy — Hj be a bounded
linear operator between Hilbert spaces. Then, for any 0 < v < 1 and any integers 0 < m < I, there holds

l -V
< (12 (xj_l) .
L(Hy) j=m

This result can be improved for the specific case v = % to be sharp as shown by the choice m = [.

1
[ e (@r+T1)" (1)

j=m

Lemma A.4. Let {ay } be a sequence of positive numbers and let T : H — H, be a bounded linear operator
between Hilbert spaces. Then, for any integers 0 < m < I, there holds

] -1/2
1 -1
< E(Za, ) .

j=m

1

]—[ (I +T°T)"' T

:m

L(Hz, Hy)
Proof. Sett; := “T”[2L(H1, ) and define the continuous function

l

g(t) := 1_[ (a; +t) 1, t>0.

:m
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From the spectral theory of self-adjoint operators, see, e.g. [4, Chap. 2], we have that

(a.3) lg(T*" DT Nl m,. 1) < SUP {\/flg(t)| :0<t < to}.

On the other hand, a simple computation and the Cauchy-Schwarz inequality give

1/2
ﬁ(ocj+t) > ﬁaj (1+t§l:aj_l) > ZN/ZILIaj (Zl:(xj_l) s
j=m j=m j=m Jj=m m

: £
which leads to
; -1/2
1 -
Vilg(r)] < 5 (Z o 1)
Jj=m
for all t > 0. Combining this with (a.3) yields the desired estimate. O

Finally, we have the following direct consequence of Lemmas A.3 and A 4.

Corollary A.5. Let {ai} be a sequence of positive numbers and let T : Hi — H, be a bounded linear
operator between Hilbert spaces. Then, for any 0 < v < % and any integers 0 < m < I, there holds

! —-v-1/2
< (Z aj_l) .

J=m

1
[ | (@l +T1)" (1)1
j=m

L(H>,H;)
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