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Abstract

A new class of weak weighted derivatives and its associated Sobolev spaces is introduced
and studied. The proposed notion uses a variational formulation in its definition which
generalizes the usual weighting of the classical weak derivative. Such a construction natu-
rally leads to Sobolev spaces containing classes of discontinuous functions. Weak closedness
with respect to both varying functions and weights are obtained as well as density results
and the validity of certain calculus rules in the respective spaces. Moreover, the local prop-
erties of functions whose weak weighted derivative exists are examined. Connections to the
classical partial weak differentiation are established. In order to demonstrate the appli-
cability, a quasi-linear degenerate elliptic equation modeling an edge-preserving denoising
procedure in image processing is analyzed. It turns out that the existence of potentially
discontinuous weak solutions for such problems can be ensured, utilizing the closedness
and density results for the weighted Sobolev spaces.
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1 Introduction

This article is concerned with a special class of weak weighted derivatives and its
associated Sobolev spaces. Differently from the common approach of measuring
the weak derivative by multiplication with a spatially dependent positive function,
we realize a weighting of the weak derivative through a variational formulation.
This can be motivated by the investigation of how linear degenerate elliptic partial
differential equations and their solutions behave when the degeneracies are varied.
For a fixed, possibly degenerate diffusion tensor field, it usually suffices to construct
a suitable completion of a classical Sobolev space with respect to a weaker norm in
order to obtain existence and uniqueness [22, 6]. Unfortunately, the abstract device
of completing a normed space, i.e. going to equivalence classes of Cauchy sequences
or to a suitable subspace of the bidual space, does not reveal the structure of the
functions which are contained. The situation becomes even more difficult when
one, e.g., considers a sequence of coefficients and data such that each solution is
contained in a different space for which in general no inclusion relation holds. This
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problem is addressed by introducing a variational formulation of the weak weighted
derivative allowing to define respective Sobolev spaces which possess desireable
properties. Furthermore, it is shown how such an approach can be applied to solve
certain regularized quasi-linear degenerate elliptic equations arising from a denoising
problem in image processing.

In the existing literature, weighted Sobolev spaces are often introduced in the
context of degenerate partial differential equations. Usually, the weight is not a
full tensor field. Instead, w denotes a non-negative scalar weight on the domain €2
which is assumed to vanish only at the boundary, often monotonically in some sense
[17] or with some integrability condition fullfilled such as being in the A,-class of
Muckenhoupt weights [21, 20], i.e. w'/"=1 € Ll (Q) as well as

Su% (a/ w dx) (a/wl/(lr) dx)T_l < 00
C Q Q

where the supremum over all cubes @ C  is taken.
The associated weighted Sobolev spaces with weight w > 0 are usually defined
with the classical weak gradient involved and with the requirement that

/Q (Iol" + Vol )w d < oo ,

holds. This construction is well-analyzed and widely known in the literature (see
[24, 15, 25], for example). In particular, it is known that for general measurable
weights, approximation with smooth functions fails (H # W, see [31]). But this
is an important property since it is closely connected with the closedness of the
gradient operator in the weighted L"-space and the existence of Poincaré-Wirtinger
inequalities [16]. Moreover, varying w in the classical construction causes problems.
To the best knowledge of the author, there is no analytic structure which reflects
the conditions on the weights properly and simultaneously introduces notions of
convergence for the weights and maintains properties like closedness. Another issue
is that the conditions on the weights are sometimes too restrictive. On can think
of, e.g. weights which are not monotone or where local integrability of w'/(=") may
fail due to w vanishing “too fast”. It will turn out that with the notion of the
variational weak weighted derivative, it is possible to overcome these difficulties.
This is essentially due to smoothness conditions on the weights which are implicit
in the definition. Finally, it is worth mentioning that all results apply to general
tensor fields as weights and therefore cover, in particular, the case of anisotropic
spaces.

The plan of the paper is as follows: First, in Section 2 we investigate the spaces
of tensor fields we allow as weights for the weak weighted derivative. A dual space
construction is utilized which gives us a notion of weak™ convergence as well as weak*
sequential compactness. The weak weighted derivative and the associated Sobolev
spaces are introduced and investigated in Section 3. We show that these spaces
are Banach spaces in which smooth functions are dense (meaning that H = W
holds, just as in the unweighted case [19]) and derive the validity of some common
calculus rules. In particular, a closedness result is obtained which allows to make
statements about the weak limit of a sequence of functions in which the weights
are also varied. Section 4 deals with the investigation of special coefficient matrix
fields D and establishes connections with the classical weak derivative. Specifically,
the cases where D is a scalar multiple of the identity as well as D implementing
the scalar product with a vector field are studied. For the former, it turns out that
the weak weighted derivative coincides with the classical notion where the scalar
weight does not vanish. Such an observation also leads to more refined closedness
properties. The latter type of coefficients gives a notion of a weak directional
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derivative. Functions which posssess such kind of derivative can locally be regarded
as the image of a function being weakly differentiable with respect to one space
variable under the coordinate transform induced by the flow with respect to the
corresponding vector field. Eventually, in Section 5, these results are applied to
derive existence results for a non-linear degenerate elliptic equation arising, e.g., in
image processing:

Ay — div((IT(|Vyg|)|§Zz| ® |§ZG|)V T) u

with corresponding homogeneous Neumann boundary conditions where Vy,, denotes
a smoothed version of Vy and 7 represents a weighting function which allows for
“true” degeneracies, i.e. is equal to one on some interval [tp, co[. The solutions of
such an regularized anisotropic degenerate quasi-linear equation can model denoised
versions of a noisy image u. It is motivated by the famous, generally ill-posed
Perona-Malik model [23] which can be regularized in a similar manner [7] (and [27]
for the anisotropic case). But, in contrast to the existing regularizations, the new
model also allows for “true” discontinuities across hypersurfaces. The article finally
concludes with some remarks in Section 6.

2 Preliminaries

In what follows, we will assume that the space dimension d > 1 is fixed, 2 ¢ IR? is
a bounded domain and we have moreover a fixed M, > 0. The following notation
will be commonly used within the article:

Yi,j 5yz,gk
(Vy)ijn = oz (divy)i Z oy
d d
o\ 1/2
Z YijkZigk > |yl = ( Z |Yi .kl )
i.,k=1 ij,k=1

and the analogs in which summation over ¢ and 4, is dropped, respectively, for
vector- /matrix-valued and scalar-/vector-valued functions. The matrix/tensor norms
according to the above are in particular utilized to compute the associated Lebesgue
and Sobolev norms.

To formulate a variational definition of weak weighted derivatives, we first intro-
duce the function space we consider for the coefficient tensor fields D and examine
its topology. This will essentially be W1 (Q, IR**?) interpreted as a dual space.

Definition 2.1. Let 2 be a bounded domain and M, > 0. We define the space
Y = L'(Q,IR¥?) equipped with the norm

[vlly = inf {Jlvills + Jo2lls | (v1,v2) € B(v)} (la)
where
S(v) = {(v1,v2) € LY(Q,RY) x Wy (Q R | 0 = v — My dives} . (1b)
Likewise, define the space Ygiy = Y, but equipped with the stronger norm

[0llva, = inf{Jlvefls + [lv2ll1 | (v1,02) € Saiw(v)} (2a)
Saiv(v) = {(v1,02) € L'(Q,RY>) x Wy (QIRY) | v =0, — MVus} . (2b)
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Proposition 2.2. The spaces Y, Yy, are separable normed spaces. Their duals are
given by

Yr=Whe(@QRY ) wllys = max {[[wlee, Mz |V} (3a)

{ Vi, = {w e L®(Q,IR™?) | divw € L®(Q,RY)} ,

[wlly;, = max {[|wlloc, Mz|divwlo} -

(3b)

Proof. We will show the statements for Y* as the argumentation is completely
analogous for Y . First, X(v) # @ for each v € L'(2,]R™?), hence the norm
is well-defined as a function on L'(€2,IR*%). The positive homogeneity and the
triangle inequality can be directly obtained from the definition, while the positive
definiteness follows easily from the closedness of V and div in the respective L'-
spaces.

Next, by definition, the Y-norm is weaker than the L'-norm, so Y is also sepa-
rable. Moreover, we have the embedding Y* < L>(Q,IR?*?). Hence, an element
w € Y* can be interpreted as a L>-function which acts on v € L' (Q,IR**%) via

v»—>/w~vdx.
Q

Additionally, for each v € C§°(£2, IRdded)’
‘/ w - divw dx‘ < MY w|ly vl
Q

holds, meaning that the distributional derivative of w is in L>(Q,IR**?). Conse-
quently, w € Wl’DO(Q,]RdXdP. Conversely, if w € W1 (Q, IR**%), we have for each
(v1,v2) € LHQIRY) x Wyt (Q, R

‘/w-vl—Mww-divvg dx‘ < ‘/wwl—l—Mwa-vg dz
Q Q
< max {||wlloo, My [[Vwlloo } (o1 lls + [lv2[[1) ,

meaning that W1°(Q,IR™?) < Y*. The claimed identity for the norm in Y*
finally follows from the observation that

v-w dx v-w dx
sup 7UQ ’ = sup sup 7’&2 ’
v£0 [vlly v£0 (1 v)es(w) |[vifln+ vzl
UQw~v1 + M;Vw - vy dx’
= sup
v — M, div va#0 Hvlnl + ||UQ||1
|wi “vy + MyVw - vy dx‘
= sup ,
(v1,02)#0 vills + [lvzfla

the latter since the expression is zero where v; — M, divvy = 0 and (vq,v2) # 0.
The well-known L'-L%° duality as well as density yields the identity |w|y~ =
max {||wllec, Mzl Vwl|oc}- O

Remark 1. The are some subspaces of Y* which will be of interest later:

Yy ={w € Y* | w= vl almost everywhere} (4a)
Yy ={weY" | w=1& q almost everywhere} . (4b)
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We denote by Y, o and Yj, ; the analog versions for Y . Note that one can
identify these subspaces with

Yo =Wh=(Q) , wlly; = vVdmax {||lw]ec, Mz|Vewlls} | (5a)
Y =Wh(QRY) , allyy = Vdmax {|q]ec, Mol Valloc} (5b)
Yivo =Whe(Q)  lwllyg, , = max {Vd|w]oo, M| Vwl|oo} | (5¢)

{ Vi1 = {g€ L2(QRY | divg € L®(Q)} -

lallv;,, = Vdmax {|lqlloc, Molldivalloc} -

The space Y* (as well as the subspaces introduced above) is intrinsically con-
nected with Lipschitz continuous functions.

Proposition 2.3.

1. A matriz field w : Q — RRY? belongs to WH>(Q, R = Y* if and only if
w is bounded and locally Lipschitz continuous with Lipschitz constant bound C not
depending on ) for each convexr Q' CC Q.

2. Each w € Y™ 1is differentiable almost everywhere and the gradient satisfies
(IVw|eo < C'C with some C' > 0 and C' the above Lipschitz constant.

3. For each ) CC Q) there is a constant Cq > 1 (Cqr =1 for convezx Q') such that
each w € Y* is Lipschitz continuous with constant not greater that Co||Vw||co-

Proof. The first statement is an extension of Theorem 4.2.5 in [11] which states
that w being locally Lipschitz is equivalent to w € VVliCoo (Q, IRdXd).

To prove the only if part, it remains to show the independence of the Lipschitz
constant on convex sets ' cC Q. With the standard mollifier G and its dilated
versions G, we define w, = w * G, (componentwise) on Q' for sufficiently small

€ > 0. We have

1
wela) =) = [ V(64 5o =€) w =) da
since €’ is convex and w, is smooth, hence
(@) —w(€)| = lim |we(2) — we ()] < [[Vwelloo|r — & < [[Vwllo|z = €]

using that w. converges uniformly in ' as well as Vw. = Vw * G, (see Theorem
4.2.1 in [11]).

Conversely, we only have to show that the weak gradient Vw belongs to the
space L®(Q, IR*4*%) Tt is known that the L>°-norm of the gradient in a Q' C Q
can be estimated by the Lipschitz constant in €’. In particular, denoting by C’ the
constant which arises from the change from operator tensor norm to the Frobenius
norm (i.e. [A| < C"sup,<q |Aul),

esssup |[Vw(§)| < C'C forall B.(xz) C Q
£€B:(x)

by assumption, hence Vw € L>(Q, IRdXdXd) since ) is open.
The second statement follows from the fact that one can choose a sequence €},
of open convex sets satisfying

Ua=9 , 9 ccQfork=12,...
k
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and applying Rademacher’s theorem to each Qigc thus reducing the set where w is
not differentiable to a countable union of null-sets which is also a null-set.

Finally, the last statement is well-known, we only have to derive the Lipschitz
constant estimate. Suppose that €’ is connected. This is not less general since each
Q' cc Q is subset of a connected compact set in €. Choose an € > 0 such that
Q. = Q' + B.(0) satisfies Q. cC Q and define for each z,£ € €' the usual distance

& =int { [ (o) as | 7€ 0.0, 7020) =m0 =€}

One can easily deduce the triangle inequality for p as well as p(z,z) = 0 for x € Q'.
It moreover follows that p(x, &) = |x — &] if | — £] < &, hence

p(2,€) — p(z,8)| < | — x| +1€—€ <6

if | —2| <0/2 <e, [E—€ < 8/2 < e, yielding the continuity of p on Q' x €.
In particular, p(x,&)/|z — | is continuous on (Q' x Q)\{|z — &] < £}, admitting a
maximum Cgo > 1. On (' x Q)N {0 < |z —&| < e} we have p(z,§)/|x — & =1,
hence the function is bounded on ' x .
Recalling from the proof of the first statement we deduce for each w € Y* that
p(, €
()~ w(©)| < e OIVole < sp AT u e g
iéeqrazé [T —¢
< Co[|[Vwl[oc|z — €] -

It follows that the Lipschitz constant of w on the compact subset £’ can be estimated
by Cor||Vw|| s where Cqs only depends on €. In particular, Cqos = 1 if Q' is convex.
O

Finally, note some topological properties of the space Y*.
Proposition 2.4.

1. Fach bounded sequence {wi} C Y™ admits a weakly* convergent subsequence.

2. A sequence {wy} C Y* converges to w € Y* weakly* if and only if wy, i
LOO(QledXd) and Vwy, A Vw in Loo(Q’]Rdxdxd)'

3. Y* is continously embedded in C(Q,TR™?) such that wy, = w in Y* implies
wy — w in C(Q, R,

Proof. Regarding the first statement, by Proposition 2.2, we know that the predual
space Y is separable, hence bounded sequences in Y* admit weakly* convergent
subsequences (confer [28], for example).

To prove the second statement, assume that wy, — w in Y*. So ||wy| e and
[[Vwg|lco are bounded, thus wy, X w and Vwy, = Vw for each subsequence in the
respective L>®-spaces, and hence for the whole sequence. Conversely, if wj, — w and
Vw, = w in the respective L>®-spaces, we get a bounded sequence in Y* for which
each subsequence converges weakly* to w and consequently the whole sequence.

For the compact embedding property in the third statement, suppose that we
are given a {wy} C Y™ which converges in the weak* sense to a w € Y*. Recall
that each wjy, is Lipschitz continuous in ' CC Q with a constant Cq: which is only
dependent on ' and on the bound for ||Vwg|~, see Proposition 2.3. Since this
holds for all such Q', wy, € C(€,R").

Now pick a ' cC Q with Q" = int(€’). We want to show that {wy} converges in
C (Y, IR™?) by applying the theorem of Arzela and Ascoli. Since {wy} is equicon-
tinuous, there exists a subsequence of {w;} which converges in C(Q,IR**?) to a
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. For the subsequence there also holds Vw, = Vw in L>®(Q, IR¥4*9) hence
the closedness of the gradient yields that Vo = Vw. But this means that on each
connected component " C ' with non-empty interior we have w = w + cqr with
a cqr € R, Testing wy, € L=(Q, IRY*?) with xarei ;. leads to

/ W - €, da:zkli_>m W - €55 dxz/ w-e;; dr
Qr 0 S "

which means that actually cq» = 0. Since this holds for each connected component
of ¥ we conclude w = w. Additionally, this is true for each subsequence, so the
whole sequence converges to w in C(Q’, IR4*%).

Now choose for & > 0 the compact set Q. = {z € Q | dist(z,d) > £} which

satisfies QL = int(QL) for ¢ small enough. By the above arguments, w, — w
in C(Q,IR™%), hence for k > ko we have |wy(z) —w(z)| < e for each z € QL.
Moreover, for each & € Q an x € QL with |z — £| < €9 < € can be found and by local
Lipschitz continuity on B, (z) CC £ we have

wi(§) = w()] < |wi(€) —wi(@)] + [wi(x) — w(@)] + [w(z) —w(E)] < (2C +1)e

where C' is a bound on {||Vwg||«}. Consequently, ||wy — w|e — 0 on € which
proves the desired statement. In particular, each w € Y* belongs to C(Q,IRdXd).
O

3 Weak weighted derivatives and weighted Sobolev spaces

In the following, we introduce and study the notion of variational weak weighted
derivatives. Taking the weights in Y , we are able to state the definition for which
we can formulate associated Sobolev spaces. It turns out that to derive density
results for these spaces as well as finer properties of the weak weighted gradients, we
need matrix fields in the smaller space Y*. We start with some basic considerations.

3.1 Definition and fundamental properties

Definition 3.1. Let y : 2 — IR be locally integrable and D € Yj,. Then the
weak weighted gradient v = DVyT is defined as the locally integrable function
v: Q — R? fulfilling

/v~zdx:—/y(D-Vz—|—divD-z) dz  for all z € C°(Q, IRY) . (6)
Q Q

Remark 2. (i) By the results from Section 2, it is immediate that the definition
makes sense and that DVy™ has to be unique, since it is tested against all functions
z € CP(Q,IRY).

(ii) Note that this definition allows for functions which are of lower regularity than
weakly differentiable functions: Since D can have arbitrary eigenvalues on non-null
sets in 2, the weak weighted gradient may exist in L"({2) even if y is not weakly
differentiable.

(iii) For y € WT(Q), it is easily verified that (DVyT) = D(VyT), i.e. the weak
weighted derivative is the pointwise application of D to VyT. The operation
(y, D) — DVyT mapping W (Q) x L®(Q) — L"(Q,RY) is of course bilinear
and continuous since

T rm1/7
IDVy I < Dl (Ilylly + IVyl7) -

This also applies if the space Yj;, or Y* is chosen for D.
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Definition 3.2. Let 1 <r < oo and D € Y, . Then we define the weighted Sobolev
space Wlljr as the vector space of functions satisfying
yeL'(Q) , DVyTeL (R

with norm
” r 1/r
Iyl = (/ yl" +IDVyT de) i1 << oo, (Ta)
Q
Iyl = = max {[[ylloc, [DVy [loc} - (7b)

In order to examine the Banach space properties of Wjé"", we need statements
about the closedness of the underlying differential operators. In this context, we
will also address preferably weak closedness properties with respect to varying co-
efficients, one of the main points of this article. It turns out that the variational
definition of the weak gradient is naturally connected with such properties.

Proposition 3.3. Let 1 < r < oo and the sequences {yr} C L"(Q) as well as
{Dy} C Y}, be given such that

yp =y in L"(Q) , D >DinYy, and DpVyf — v in L"(Q,IRY) .
If, additionally, yi — y or Dy — D together with div Dy — div D pointwise almost
everywhere in ), then v = DVyT.

Proof. Note that for a fixed z € Cg° (Q,T1R?) one can define, on the dense subset
C>(Q), the mapping J, : v+ Vo ® z from L'(Q)) — Ygi,. We can write z ® Vo =
vV 22—V (vz) which leads, by definition of the norm in Yg;y, to the continuity estimate

Iz ® Vollyy, < I[vVelli+ M ozl < (1V2lloo + M| 2lloo) 0]l -

This makes J* weak*-convergence preserving, hence J*Dy = —(Dy, - Vz 4+ div Dy, -
2) 2 J:D=—(D-Vz+divD-z) in L®(Q).

Our aim now is to show convergence of the defining integrals in (6). First suppose
that yr — y pointwise almost everywhere. By Egorov’s Theorem one can choose
for each € > 0 a measurable ' C Q with |Q\Q'| < € such that y; — y uniformly on
V. In particular, y, — y in L"(Q'). Hence, splitting the defining integral as follows

/yk(Dk-Vz—l—dika-z) dx
Q
:/ yp(Dg - Vz+div Dy, - 2) dx—i—/ ye(Dg - Vz+div Dy, - 2) da
Q/

o\

leads to

lim yr(Dy - Vz + div Dy, - 2) dx:/ y(D-Vz+divD - z) dz

k—o0 Qf ’
vio [ Il s
Q\Q/

< CH Y[V |yl < Coe™™

as well as

]/\ YDy - V= +div Dy - 2) de| < (V2] + M 2]l D
Q\QY

where 1 + L = 1 and C;,Cy > 0 are suitable constants which can be chosen

independently of k since {yr} and {Dy} are bounded sequences. Letting ¢ — 0
then implies that

klim yr(Dy - Vz+divDy - 2) do = / y(D-Vz+4+divD - 2z) dz . (8)
= JQ Q
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Now suppose that Dy — D, div Dy — div D pointwise almost everywhere in €.
From the above considerations we have that || Dy - Vz 4 div Dy, - z||o is bounded,
thus, by Lebesgue’s convergence theorem, Dy - Vz+divDy -z —- D -Vz+divD -z
in L™ () from which it immediately follows that (8) is also satisfied in this case.

So, convergence of both sides of the defining integral is guaranteed and one has

/v-zdx:—/y(D~Vz+divD~z)dx
Q Q

consequently leading to v = DVyT. 0O

Remark 3. (i) It can be easily seen that in the case of strong convergence y, — y
in L"(Q), the statement is also valid for 1 < r < oo (with weak*-convergence of
{DyVyi} for r = 00).

(ii) If each Dy € Y* and Dy = D there, then it suffices that div D} — div DT
pointwise almost everywhere since Dy — D uniformly in €2, due to Proposition 2.4.

An immediate consequence of the strong closedness property is the completeness
of the spaces W5

Proposition 3.4. The weighted Sobolev space WBT according to Definition 3.2 and
associated with a D € Y, is a Banach space which is reflexive for 1 <r < oo.

Proof. The normed space Wllj’r can be interpreted as a subspace, denoted by WI%,’T,
of a Lebesgue space via

(yv) EWL CLT(Q) x L'(QRY) &  v=DVy".

All statements follow from the closedness of W, since closed subspaces of (reflex-
ive) Banach spaces are (reflexive) Banach spaces as well. But this corresponds to
the closedness of the differential operator y +— DVyT which has been established
in Remark 3. O

Remark 4. Tt is easy to check that I/Vllj’2 is also a real Hilbert space.

3.2 Density theorems

In the following, we will be interested in density statements for the weighted spaces
WJ", in particular in the density of C>°(€2) N W5" which is known for classical
Sobolev spaces (“H = W7, see [19] and also [9]) but fails in general for weighted
Sobolev spaces [31]. Also, we want to establish the density of C>(2) which is known
to be true, in case classical Sobolev spaces, whenever the boundary satisfies certain
regularity assumptions.

Following the lines of proof which can be found in many textbooks (e.g. [1]),
the density of C*°(€2) can be proven under abstract conditions on the differential
operator.

Proposition 3.5. Let | > 1,1 <r < oo and A : D(A) C L], .(Q) — Lj,

loc loc

with C§°(Q) C D(A) a closed linear operator with the property that
1. y € D(A) if and only if for each ¢ € C§°(RQ) follows Cy € D(A),

(@, IR

2. for each y € D(A) and ¢ € C§°(Q2) follows supp A(Cy) C supp(,

3. for each y € D(A) with compact support in 2, there exists a 69 > 0 such that
the sequence of mollified ys = y x G satisfies |Ays||» < C for every 0 < 6 < dg and
some C > 0.
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Then, for each ¢ >0 and y € L"(Q) with Ay € L"(Q,IR), there exists a §j € C(1)
such that

([ 1@ = s@ +1(80) @) - Al ar) e (9)

Proof. We introduce the sets ), = {& € Q | dist(z,0Q) > 1}, Qo = 0 and Q) =
Qe+1\Q—1 for £ =1,2,.... Let ¢ > 0 be given and choose ¢ € C5°(€2,) to form
the usual partition of unity subordinate to €2, i.e.

k

0<( <1 and ng,zl in Q. .
k'=1

According to the third assumption on A, for each (xy, the mollified versions satisfy
HA((Cky) * G5)||r < C for every 0 < § < min {dist(supp (x, 9Q}.), do.x }, yielding a
weakly converging subsequence A(((ky) * G(;k,) with limit 0y as dpr — 0. By the
theorem of Banach-Saks, there is a subsequence (not relabeled), such that

m

1 & .1
A S MG« Go) =0 Jim 57 (G # G, = ey

the latter being a consequence of ((ry) * Gs,, — Cxy as k' — oo. Due to the
closedness of A, there has to be 6, = A((xy). Choosing my large enough and
writing

mp

ye = — Y (Gy) * Gs,,

Me 52

we can achieve that, exploiting the linearity of A,

€ €
lye — Ceyllr < ShF1 ) [Ayk — A(CGey) |l < oFFT

Note that by construction y; € C§°(£2},) since § is chosen small enough. Moreover,
the sets 2, Q... are locally finite, hence the summation § = Y 7,_, yy is finite in
a neighborhood of each z € Q, yielding that y € C*°(Q2). Furthermore, there has to
be § € D(A) meaning that Ag € L (€, R"): This follows from the first assumption

on A since for each ¢ € C§°(Q2) there has to be a k such that supp( C Qx_; and
consequently

k

k
G=> Cyw aswellas A(CY) = Y AlCyw) ,
k'=1

k'=1

taking the second assumption on A into account. In particular, (y € D(A).
Also, observe that one can deduce similarly that

k+1 k+1
X0 (T =) = xo, D Wk — Cey) s xo, (AF = Ay) = xo, Y (Ayw — A(Cwy))
k'=1 k'=1

leading to the estimate

/Q‘ 9(z) — y(@)[" + |(A9)(2) — (Ay) ()] d=

k r k r (1 _ 271{2)’?
< (3 I = Gwle) + (D g = Aol ) < e
k'=1

k'=1

The fact that A7 € L"(Q, R") and, consequently, the claimed statement (9) then fol-
lows from the application of Levi’s monotone-convergence theorem on the sequence

{xa. (I7 — "+ Ay — Ay[") }. O
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The next lemmas are concerned with providing the necessary arguments for the
verification the prerequisites of this abstract approximation result. The difficulty
here lies in establishing the boundedness of the { DV (G5 * y)} as ¢ approaches zero.
Therefore, we will eventually assume the stronger regularity condition D € Y*.

Lemma 3.6. If DVy" exists for a locally integrable y and a D € Y., then (6)
also holds for vector fields z € W (Q, ]Rd) with compact support in €.

Proof. This can be seen by using the standard mollifier G and its dilated versions
Ge.. Denoting z. = z * G, with € > 0 small enough such that z. € C§°(€, IRd), it is
clear that the left-hand side of

/DVyT'Zs dx:—/y(D~VzE+divD~z5) dz
Q Q

converges to fQ DVyT .z dz as ¢ — 0 since z is Lipschitz continuous in supp z (by
Proposition 2.3 and the identification (5b)) and hence the convergence is uniform.
Moreover, the right-hand side converges pointwise a.e. and can be bounded by
an integrable function, thus it also converges by virtue of Lebesgue’s dominated-
convergence theorem. The latter can be seen by

|y(2)(D - Vze +div D - 2)(2)] < (|ID]lolI Voo + |div Dllsc]l2]loo) ly(2)]
considered a.e. in a subset ' CC Q which contains the supports of {z.}. O

Lemma 3.7. Let 1 <r < oo, D € Y, and ¢ € W1>°(Q). Then, from y € Wllj’r
follows Cy € Wé’r with the identity

DV(¢y)T =¢(DVy" +yDV(T . (10)
Moreover, the multiplication with ¢ maps WBT — WIIJ’T continuously.
Proof. Tt is clear that for each z € Cg°(Q, IRY) we have
¢(D-Vz+divD - z) = (div(DT2) = div(D¢z) — DV(T - 2

almost everywhere in Q and since (z can be used as a test function (see Lemma 3.6),
it follows

—/ng(D “Vz4divD - z) dr = —/Qy(div(DCz) —DV(T2) d
= /Q (¢DVyT +yDV(Y) -z dx .
Moreover, the norm can be estimated by
IDV () Il < €l IDVY I + 1D lloc IV o 1l

yielding the continuity. O

Lemma 3.8. Let 1 < < oo and D € Y*. For each y € W5 (Q) with suppy C
O CC Q there exists an €9 > 0 and a C which only depends on r, ||D|y~ and
the standard mollifier G with supp G C B1(0) such that for each 0 < & < g¢ the
estimate

lellwsr < Cllgllysr — where  yo =y =G
holds with G being the dilated versions of G.
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Proof. Choose 0 < gy < dist(suppy, 99), so all y. € C3°(2). Note that D € Y*
means that D is bounded and Lipschitz continuous in the sense that

[D(z) = D(§)| < [|[VDl|loce  for all § € suppy , |z —&| <e, (11)

by Proposition 2.3. It is moreover clear that ||yc|l» < ||G|l1]lyll-. To estimate the
approximation of the weak weighted gradient consider DVyI which can, because
of the smoothness of y., be written as

(DVyT)(z) = / Y(E)D(2)VG.(x — )T dé

Q

N /chs) (D(x) = D(€))VGe(x — )T dg (12)
+ / Y(E)D(EVG.(z— )T de

but D(E)VG.(z—&)T = —D(§)VGe . (€)T where Ge . (€) = G<(x —€), so, introduc-
ing az € IRd, one is able to reformulate the latter term to

([ w96l a) == [ 40 V(G ac
:_/Qy(D-V(ng,x)—i—divD-ZGe,r) dg
+/deivD~ng,x dg
_ (/Q(DVyT +ydiv D) ()G — €) d) -2

with the help of the definition of the weak weighted derivative (6). This leads to

I(DVyYT + ydiv D) * Gellr < IGIL(IDVY" |l + V| VDl oclyll-)

so let us estimate, using (11), the other term in (12) according to
T r 1/r
([ s&)0@) = D) V6o~ ag] " ar)

<1901 | 75 0
< NIVD| VG lyllr -

Altogether, one gets

IDVyZ |l < (IVGIh + VaIG )V Dllclylle + IGIL I DVl

/7'

< (IVDI% (VG + VG + G llyllws-

again, with the dual exponent 7’ such that % + % = 1. This leads to the desired
result if C' is chosen as follows
’r‘/ T/ ’r‘/ r—1 r 1/7’
C = ((I9DILAVEI + VAl +IGIE) ™ +I6l5) "

Collecting the results, the first main result of this section can be proven.

Theorem 3.9. Let 1 < 7 < oo and D € Y*. Then C®(Q) is dense in W5". In
particular, W55 can be regarded as the closure of C*°(Q) under the norm (Ta).
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Proof. To show the density, we want to apply Proposition 3.5 to the closed dif-
ferential operator A : y — DVyT (see Remark 3) whose domain contains C§°(£2)
and which can be interpreted in D(A) ¢ LI .(Q) — L .(2,1RY). By virtue of
Lemma 3.7, A meets the first requirement of the proposition (the statement that
Cy € D(A) for each ¢ € C3°(Q2) implies y € D(A) follows directly from the def-
inition of the weak weighted derivative). The second is easily obtained from the
product formula (10) for the weak weighted gradient, while the third is a direct con-
sequence of Lemma 3.8. Hence, the asserted statement follows from the application

of Proposition 3.5. O

Note that we used C*°(Q2) C W5" as a short-hand notation for C>(€2) N W 5"
being a subset of Wé’r, a slight abuse of notation which seems to be common in the
literature.

In addition to the density of C*°(€2), which allows to approximate with smooth
functions, it is also of interest to know about the approximation properties of C*°(Q).
Since this set is often dense in Sobolev spaces, such density results allow to approx-
imate with smooth functions which are moreover contained spaces with “higher”
integrability, i.e. W17 (Q). In the following, we will see that, provided that 95 is
Lipschitz, C>°(Q) is dense in each Wé’r and, hence, each Wé”' can be interpreted
as the closure of W (Q) under the norm (7).

We establish an abstract approximation result for C>°(Q2) which is analogous
to Proposition 3.5 in the first step and prove the necessary boundedness of the
approximizing sequence subsequently.

Proposition 3.10. Let 1 > 1,1 <7 < 0o and A : D(A) C L"(Q) — L"(Q, RY) with
C>=(Q) C D(A) a closed linear operator with the property that for each y € D(A),
there exists a sequence {ys} C C>°(Q) for 0 < & < &y such that ys — y in L"() as
§ — 0 and ||Ays||r < C with some C > 0.

Then, for each ¢ > 0 and y € D(A), there exists a y € C(Q), which is a finite

linear combination of some ys, such that the approzimation property (9) holds true.

Proof. Choose ay € D(A) and &y according to the assumptions. Then, the sequence
{Ays,} remains bounded in L"(Q,IR') as &, — 0, hence there exists a weakly
convergent subsequence (still labeled with &) such that ys, — 6. Again, by the
theorem of Banach-Saks,

1 & 1 &
1. — == 1 — =
dm oD Av =6, lm D =y
k=1 k=1
for a subsequence, where the latter follows from ys, — y in L"(Q) as k — oo.
Moreover, § = Ay since the operator is closed. Choosing m large enough and
exploiting the linearity of A finally gives a ¢ according to

1 m

such that (9) holds true. From the construction then follows § € C>(€2). O

Lemma 3.11. Let Q) be a bounded Lipschitz domain, 1 < r < oo and D € Y*.
Then, there exists a family of linear operators M. for 0 < e < € which only depends
on §2, with the following property:

For each y € Wlljr, the functions y. = M.y are in C*(Q), y. — y in L"(Q) as
e —0 and

IDVY |l < Cliyllypa,r

for some C > 0 which is independent of y.
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Proof. The proof is very technical and similar to the proof of Lemma 3.8 and there-
fore presented in Appendix A.1. O

Theorem 3.12. Let €2 be a bounded Lipschitz domain, 1 <r < oo and D € Y*.
Then C°(Q) is dense in W)

Proof. The result follows in analogy to the proof of Theorem 3.9. The essential step
here is the combination of Lemma 3.11 with the approximation result of Proposition
3.10. O

3.3 Calculus rules

The approximation results in Theorems 3.9 and 3.12 can be applied to establish
the usual calculus rules for the spaces Wll)’r, namely the product rule (which was
already established in Lemma 3.7 but can now be extended to W5>) as well as the
chain rule.

Proposition 3.13. Let 1 < r < oo and D € Y*. Then, for each y € Wllj"r and
¢ € Wé’oo follows Cy € Wé’r with the identity (10) remaining valid. Moreover,
y — Cy is a continuous operation mapping WBT into itself.

Proof. The idea is to choose y € C®(Q) N WS" and a Q' cC Q such that y €
W12 (Q') in order to apply Lemma 3.7 with y and ¢ interchanged. This yields the
existence of DV (Cy)T and the asserted identity in LI (Q,TR).

Next, we find the continuity estimate

IDV(¢y) lirr < 1DV llsollylle + I¢lo DV

which is uniform for all & cc Q, allowing to extend the above to L"(€,IR?).
Finally,

1<yl < Cllyllyysr

with a C' which only depends on HCHW}D,OO. Hence, y — (y can be extended contin-
uously to the whole space by density (Theorem 3.9). O

Proposition 3.14. Let 1 < r < oo, D € Y* and p : R — IR be a continuously
differentiable function with bounded derivative. Then, from y € Wé’r follows poy €
WS and

DV(poy)t = (¢ oy)(DVy") .

The statement is still valid for p(s) = max {0, s}, ¢(s) = min {0,s} as well as
©(s) = |s| (with ¢'(0) =0). In particular, y(z) = 0 implies (DVy™*)(x) = 0 almost
everywhere.

Moreover, the superposition y — @ oy is continuous mapping WIIJ’T — Wé’r.

Proof. The proof is an adaptation of the chain rule for classical Sobolev functions
to the weak weighted and directional derivatives (confer [13], for example). Let
y € C®(Q) so that g oy € C*() by the usual chain rule. The asserted identities in
this case follow easily from V(poy) = (¢’ o y)Vy.

Now approximate y € Wé’r with a sequence of {y.} C C*(Q) with ¢ > 0. In
particular, one can find a subsequence such that we have pointwise a.e. convergence
in Q in addition to y. — y in L"(Q) and DVyT — DVyT in L"(Q,IR?). Tt is well-
known that @oy. — poy in L"(£2). Observe that ¢’ oy, converges pointwise a.e. and
is bounded almost everywhere. Consequently, Lebesgue’s dominated-convergence
theorem gives

(¢' 0 y:)DVyZ — (9" 0y)DVy"
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in L"(,1IR?) leading to the asserted identity for DV (¢ o y)T by the closedness of
the differential operators (see Remark 3). This proves the chain rule in W,".

For the remainder, it is sufficient to consider ¢(s) = max {0, s} since min {0, s} =
—max {0, —s} and |s| = max {0, s} — min {0, s}. The usual way is to approximate

» by
S

Vis? +¢e?

and to see that p. oy — oy as well as (p. o y)DVyT — (¢’ o y)DVyT, in
LT(Q,IRd), again by Lebesgue’s dominated-convergence theorem. Note that from
y = max {0,y} + min {0,y} then follows that DVyT = 0 almost everywhere where
y=0.

The continuity of y — ¢ oy can be proven as follows. Suppose y; — y in WBT.
First, poy; — oy in L™(2) by classical results about superposition operators (see
[4], for example). One can moreover assume that DVyl — DVyT pointwise a.e.
and in L" (£, IRd). Consequently, we have

(¢ oy)(DVy") = (¢ oy)(DVyYT)

almost everywhere in 2. This follows from the pointwise a.e. convergence of ¢’ oy
in the case where ¢’ is continuous. In the case where ¢(s) = max {0, s}, ¢’ is dis-
continuous in 0, so one also has to investigate the behavior on the set {y = 0}. The
pointwise a.e. convergence is then derived from |DVy/| — |DVy™| = 0 a.e. where
y =0, since |(¢' oy)(DVyl)| < |DVy| — 0 there. Similar arguments show that
this is also true for ¢(s) = min {0, s} as well as p(s) = |s|.

Returning to general ¢, by Vitali’s convergence theorem (cf. [2], for example),
we have

Pe(5) = Xjooo((S)VS? €2 =&, 9L(5) = Xjo,00((5)

sup IDVyL| dz —0 , if|Q]—=0
leN Jor

and for each £ > 0 the existence of an (). such that

sup / IDVyL| dz<e.
leIN JQ.

Since ¢’ is bounded by, say, C' > 0, it follows that

sup (¢ o) (DVYS)| dz—0 , if Q] =0
leIN JQ/

as well as the fact that for each € > 0 we have for § = C~ "¢ that

sup [ (¢ ou) DV do < ¢
leIN JQj

with the above 5. This, in turn implies (¢’ o y;)(DVyL) — (¢’ o y)(DVyT) in
L"(Q,1R?%), again by using Vitali’s convergence theorem. Consequently, poy; — @oy
in W, O

4 Scalar weights and directional derivatives

As it was already mentioned in Remark 1, there are some special subspaces of coef-
ficients D € Y* for which more about the structure of the weak weighted derivative
as well as the associated W})’T can be said. In the following, we investigate the
case D € Y = Y, o (confer Remark 1 for the definition) which corresponds to
scalar weighting functions. Furthermore, the weak weighted gradient for coefficients
D € Y} are examined, corresponding to weak directional derivatives. Besides the
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connections to the classical weak derivative, will see that for scalar coefficients,
a stronger closedness result holds, assuming only weak*-convergence for D = wl
in Yy, and no additional convergence for Vw, see Proposition 3.3. Furthermore,
if D € Y{*, one can locally associate coordinate transforms such that the y for
which DVyT exists can be expressed locally, under the coordinate transform, by
the functions which are weakly differentiable with respect to one distinguished space
variable.

4.1 Scalar weights

Suppose that D € Y = Y, o according to (4a) meaning that D = wl for a
function w, which has to be in W1:°°(2), see Remark 1. For weak weighted gradients
associated with D € Y we write DVyT = wVyT and, as long as it creates no
confusion, we also denote by w € Y§ a function w € W1>°(Q) for which wl € Y.
First note that Definition 3.1 can equivalently be expressed by the following.

Remark 5. Let w € Y§ and y € LL_(Q), v € L _(,R%). Then, v = wVyT
according to Definition 3.1 if and only if

loc

/v-zdxz—/y(wdivz—!—Vw-z) dz forall z € C°(Q,IRY) . (13)
Q Q

Subsequently, we use the more concise version (13) instead of (6). The first
result addresses the pointwise properties of wVy™.

Proposition 4.1. Let w € Yy and y be locally integrable on Q such that the weak
weighted gradient wVy" € LL (0, 1RY) exists. Then

1. Vy exists where w # 0 and there we have VyT = w= 1 (wVyT) almost everywhere
and

2. wVyT =0 almost everywhere where w = 0.

Proof. We know from Proposition 2.4 that w is continuous in €2, hence the subset
Q4 = {z € Q| w(x) # 0} is relatively open. Moreover, for each z € C (4, IRY)
there exists a § > 0 such that |w(x)| > & for each € suppz. Hence z = w2z
is still in W17°°(Q+,]Rd) with compact support in 2, and can be used as a test

function (see Lemma 3.6). This yields

T
—/ ydiv z dﬂcz—/ y(wdivz + Vw - 2) dm:/ wVy 2 dw
Q4 Q4 Q, w

so VyT = w=1(wVyT) exists in the weak sense (13) in . Especially, the asserted
identity holds for almost every z € Q.

Now fix an 1 < ¢ < d and a compact ' C Qp = {x € Q | w(z) =0} and let
ze = X * Ge where G denotes again the standard mollifier with supp G C B1(0)
and G, its dilated versions. We choose ¢ > 0 sufﬁciently small, i.e. such that
ze € C5(2). It is clear that |825( ) < llxer < e71Cy with a suitable
Cy; > 0. Since w € Yy, we moreover know that max{||w||oo,||Vw||oo} < Cy for
some Cy > 0. Hence, if * € ¥, then for each z € Q with |z — z*| < e follows
|lw(z)| < CoCqe (with a Cqr > 0 given by Proposition 2.3). Furthermore, w = 0
implies Vw = 0 almost everywhere on the respective subset. Now consider the
estimate

’/ Oz | Ow, dx‘ < O5(C1Cor +1)/ ly| dz

sz Zi supp z¢\Q/
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which tends to zero as e — 0 since from the compactness of £’ follows |supp z:\'| —
0. The weak weighted derivative exists, hence we have, by Lebesgue’s dominated-
convergence theorem that fQ, (waT)i dxz = 0 for all compact ' C Qpand 1 <<
d. This yields wVyT = 0 almost everywhere in g, the desired result. O

The following results states the closedness of the weak weighted derivative con-
sidered in L"(Q) x Yy — L"(Q,IR%) with weak and weak* convergence. It will turn
out that the sequence of weak weighted gradients converges weakly to the weak
weighted gradient of the limit only on the set where the limit weight does not van-
ish. The main argument is utilizing the compact embedding W17 () <« L"(Q)
which is done in the following preparatory lemma.

Lemma 4.2. Let Q fulfill the cone condition, {wi} C Yy, w € Yy be given with
wy, — w. Moreover, let 1 < r < oo, {yx} C L"(Q), y € L"() with yp — y as well
as {wpVyr} € L"(Q,IRY), 0 € L™(Q,IR?) with wyVyr — 0. For e > 0 denote by
Q. ={zeQ | |w(z)| > €}.

Then, for each € > 0, we have y, — y in L™(Q:) and 6§ = wVy in Q..

Proof. First note that w, — w in C(Q) (a consequence of Proposition 2.4 and (5a)),
so for sufficiently large k we have |wg| > /2 on €2, and thus Vyy, as well as Vy exist
there according to Proposition 4.1. Moreover, we know that Vyg = w;l(kayg)
on €1, so

IVysllr < 267 lwrVyg [l < C

by assumption. Hence, we can extract a subsequence, also denoted by {Vyi},
which converges weakly in L"(QE,IRd) with limit Vy since taking the gradient is
closed. Now W1 (Q.) is compactly embedded in L"(€2.) (since €. also satisfies
the cone condition, see [1]) so actually yr — y in L"(€2.). Finally, one can easily
deduce in analogy to Proposition 3.3 that wy, div z + Vwy, - 2 = wdiv z + Vw - z for
z € C5°(, RY) with supp z CC Q.. We have

/ yp(wi div z + Vwy, - 2) do = 7/ kayE -z dx
Q Q
for each z € C3°(Q.,RY), so taking limits yields

/y(wdivz+Vw~z) d.%:*/a'de
Q Q

and thus, = wVyT in Q.. O
Now, the weak closedness result follows immediately.

Proposition 4.3. Suppose that Q) satisfies the cone condition, 1 < r < co and let
the sequences {y,}y C L"(Q) and {wy} C Y5 with limits yp — y and wy, — w in the
respective spaces be given. If wpyVyl — 0 in LT(Q,]Rd), then wVy* = X {w0}0-

Proof. Choose an arbitrary z € C3°(€2,IR?) and € > 0 such that C; is an estimate
of the Lipschitz constant for all wy, on supp z (again, see Proposition 2.3). For each
0 < e < dist(supp z, 0€), we define Q. = {|w| > €} and observe that for the dilated
standard mollifier G, the function z! = (G.,(2c,) * xa.)z belongs to C§° (.2, RY)
since
[w(@)| = lw(z)| = |w(§) —w(z)| > - Cl -z >e/2

whenever x € . and § € B./2¢,)(x). As we have proven in Lemma 4.2, y — y in
L' (€2 2) which implies

/ y(wdivz!l +Vw-20) de = lim [ yg(wy divzl + Vg, - 22) do .
Q

k—o0 Q
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Setting 22 = z — 2}, we can moreover observe that supp 22 C {|w| < 3¢/2} since
[w(§)] = [w(z)| — |w(§) —w(z)| >3e/2 = C1[§ —x[ = €
whenever |w(x)| > 3¢/2 and |§ — z| < ¢/(2C4). Hence, we deduce

‘/ y(wdiv 22 + Vw - 22) dz| < esssup |wdivz? + Vw - 22| / ly| dx
Q {lw|<3e/2}
{0<|w|<3e/2}

and estimate

|wdiv Z§| < 36/2”(1 - Ge/(201) * XQE)diVZ - (VGE/(201) * XQE) . ZHOC
< 3¢/2(||div 2[00 4+ 2C1 /€[ VG |11 2]lo0) < Co

as well as
[Vw - 22|l < [VW]looll2]leo < Cs

with suitable Cy, C3 > 0 which can be chosen to be independent of £. Additionally,
f{0<|w‘<36/2} ly| dz tends to zero as € — 0, which allows to choose € > 0 such that

‘/ y(wdiv 22 + V- 22) dz| < 6
Q
with § > 0 arbitrarily small. Together with the above, we have

/ y(wdivz +Vw-2) de = lim [ yg(wy divzl + Vy, - 20) do
O k—o0 Q

+/ y(wdiv 22 + Vw - 22) dx
Q

= — lim [ w,Vyi 2! de +/ y(wdiv 22 + Vw - 22) do
k—o0 QO QO

so we can achieve
‘/ y(wdivz + Vw - 2) dx—|—/ 62! dx‘ <46
Q Q

for each § > 0. Finally, letting 6 — 0 and consequently ¢ — 0 yields

/y(wdiszrVwoz) dx:f/x{w;éo}ﬂzdx
Q Q

which implies the assertion. O

4.2 Directional derivatives

A different class of weights which can be examined further are described by Y 4
and Y7*, once again, see Remark 1. For D = 1 ® ¢ and smooth functions y, the
weighted gradient DVyT consists of d copies of the directional derivative ¢ - V.
On the other hand, using pointwise singular value decomposition of a given matrix
field D, one is able to obtain vector fields ¢y, ..., qq as well as p1,...,pg such that

(DVY") () = 3 5 (i) © 1) (1@ () Ty ()" (14)
i=1

for example (it is not necessary to choose 1 as the factors for the outer products,
two non-orthogonal vectors in IR will also work). From (14) we see that DVyT

can always be decomposed into terms involving directional derivatives.
In the following, the weak analogon to the directional derivatives is examined, i.e.
DVyT in the sense of (6) such that D = 1®q with ¢ € W1H°°(€, IRd) or, equivalently,
D € Y{*. Again, first remark that there is an equivalent scalar variational definition.
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Fig. 1: Hlustration of a local coordinate transformation j associated with a vector
field q. On the left-hand side, a sample vector field ¢ is depicted, while in the
middle and the right, the coordinate transform j defined on V is illustrated.
Note that the mapping takes lines along &; to integral lines with respect to
q.

Remark 6. Let D = 1®q € Y, ;. Then, for a locally integrable u, we have

u = DVyT in the weak sense if and only if each u; = v with v being locally
integrable and satisfying

/vz d:L‘:—/y(zdivq—l—Vz-q) de  forall z € C§°(92) . (15)
Q Q

This follows from plugging 1®¢ into the variational equation (6) and noting that it is
equivalent to test against all z € C§°(2) instead of all Zle z; with z € C§°(Q, IR%).

As an abbreviation, will denote by 9,y = v when referring to the above defini-
tion.

The main result about weak directional derivatives will be that we can express
DVy" locally as a function being weakly differentiable in one direction in the clas-
sical sense under a Lipschitz coordinate transformation. For that, we need three
preparatory lemmas whose proofs can be found in the appendix. The first two deal
with the integral curves associated with a vector field q.

Lemma 4.4. Let ¢ € W°(Q,1R?Y) and a point x € Q be given such that q(z) # 0.
Then there exists an open neighborhood U of 0 in IRY and a Lipschitz mapping j on
U — Q CQ such that Q' is an open neighborhood of x with

q(z) - q(z') = 3la(z)llg(z")] for allz’ € Q" (16)

and j has a Lipschitz-continuous inverse j—' : ' — U. Moreover, j is partially

differentiable in U with respect to the d-th component (denoted by & = (£,£&4)) with
derivative

In Figure 1, an example for the j constructed in Lemma 4.4 is depicted.

Lemma 4.5. Let the situation of Lemma 4.4 be given. Then, with j according to
Lemma 4.4, the function J(&,&4) = det V5 (&, &q) fulfills

%@@)=divq<j<é7sd>>J<é,sd> C a0 =1 GEo) s

for almost every (£,€3) € U. In particular, J is given a.e. by

JEe) = 49 i 0))ed diva(i(E ) ds 19)
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The third lemma notes which class of functions can be used alternatively to test
weak derivatives with respect to the d-th direction.

Lemma 4.6. In the situation of Lemmas 4.4 and 4.5, a y € Ll (U) possesses a
weak derivative gg’ € L (U) if and only if

3y y
3fd 3§d

for each z given by 2(€) = J(€)z(j(£)) where z € C5°(j(U)).

d§ = (20)

Now, we are able to give a characterization of DVy™ with D € Y}*.

Proposition 4.7. Let D = 1 ® q € Y{* be given. Then there exists an open
locally finite covering Qp, k=1,2,... of Qy = {z € Q | q(x) # 0}, Lipeomorphisms
gk : Uk = Qi (with associated J, = det Vi) and a partition of unity (i subordinate
to this covering such that the following characterization holds:

A locally integrable y possesses a weak weighted derivative DVyT if and only if
each g = y o jx has a weak derivative with respect to &g in Uy with

/ka T (Crr © i ’@’ d§ < oo (21)

{k’|Qk/ﬂQ #0}

for each Q' CC . In the case DVy" exists, the identity

(DVy")i = gy = Z Ck( i) (22)

holds almost everywhere in  for each 1 <1 < d.
In particular, DVyT = 0 almost everywhere where q = 0.

Proof. Again, note that D = 1 ® ¢ with a ¢ € WH(Q,1R?%), see Remark 1. We
first construct the open covering. Set

r=1{z Q| |qx)] = 1 Adist(z,00) > 1} fork=1,2,...

which is family of compact sets in Q. For k < 1, let €} = (). Now, cover the compact
sets ;.\ int(€2,_,) with finitely many open €} ; associated with the anchor points
T € Qﬁg and Lipeomorphisms jj; : Up; — Q;C’l according to Lemma 4.4. Note that
due to the construction, each €} ; has to be contained in Q; = {z € Q2 | q(z) # 0}
Without loss of generality one can also assume that

fa CIt(Q )\ o

for each k£ and [. This covering has to be locally finite: Each z € 4 has to
be contained in some open 2 ; which has empty intersection with each €2, ;, for
k' > k + 2, leaving only finitely many possibilities for non-empty intersection. See
Figure 2 for an illustration of this construction.

Now choose for each k a smooth partition of unity 7 of €\ int(£2},_,) subor-
dinate to le Summing all up n = Zk Tk, yields a function Wthh is finite on
Q4 and not less than 1. Thus one can set Ck 1 = Mk, /n and gets a partition of unity
with (1 € C§°(€Q4+). By renumbering the sets Uy, Qk,z as well as the mappings
Jk, and functions (i ;, we can drop the index ! and change the notation to Uy, 2,
Jr and (g, respectively.

Let y be locally integrable with weak weighted derivative DVyT which corre-
sponds to the existence of Jqy, see Remark 6. With g, = y o ji, the function y
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’ QL \int (%)

)\ int(2 )

Fig. 2: Tlustration of the covering constructed in the proof of Proposition 4.7. For a
fixed k, the nested sets Q),_,,...,€Q}_, are depicted as well as the open Q;c,l
(indicated blue) which cover €7\ int(£2},_;) (shaded regions). Note that all
)., are contained in int(£2; ;)\, (the regions within the dashed lines).
Additionally, the set Q_ = {z € Q | g(z) = 0} is shown.

admits the representation y = >0 | gk 0y ' in LL (24). Choose a Z = Jy (20,

loc

with z € C§°(2%) as a test function. Applying the change of variables theorem in
[11] as well as (17), (18) gives

N
_/Uk yk% d¢ = ‘/Uk yki@fd (Ji(z 0 i) d€
_ _ o aJk 6(ZOjk)
= /Uk yk((z Wae * e Jk) d¢
i e iV (e o i) o Oz k)
= [ w(izean@va o) + Z5) 5 ag
:f/ y(zdiqurVZ-q) dz
Qp

which becomes, using the equivalent defining property of the weak directional
derivative (15) and the notation introduced in Remark 6,

—/ y(zdivg+ Vz-q) dxz/ (0qy)z dx
Qk Qk

_ / @y 0 gz i) e de = [ (Byy o i) de |
Uy Uy

Hence, by Lemma 4.6, i is weakly differentiable with respect to ; with derivative
gk — 04y © ji. Moreover, for Q' CC Q

084
> / I (Crr © Jrr)
Uk/

[k |0 Q7 £0}

ol

= Z Ckr|0qy| dx :/ |0qy| dz < o0
(k19 N #£0} 7 i/ Q2
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where Q" = 10, nar 20y 2k Whose closure is also compact in £ due to construc-
tion. This establishes (21) and therefore the “only if” part.

Before proceeding to the “if” part, let us note that, using the partition of unity,
one obtains (22) in L{ (Q4). Moreover, we first verify that 9,y = 0 almost every-

loc

where on the set Q_ = {z € Q | g(z) = 0}. Choose a Q' C Q_ which is compact
in Q and enlarge it to Q. = Q” + B.(0) for small ¢ > 0. If € is chosen small
enough, the test functions z. = xq’ * G-, where GG. denote the dilated versions of
the standard mollifier G, are still in C5°(£2). Let C||V¢||s be a Lipschitz constant
for ¢ which is common to all considered supp z. CC 2.

Hence, we can estimate |¢(z')| < eC||V¢|loc Whenever 2’ € B.(z) with z € Q.
Moreover |divg| < CVd||Vq| s as well as divg = 0 almost everywhere in Q_, so
the defining integral can be estimated by

’/Qaqyze dx‘ = ‘/Qy(zsdivq—t-vzg.q) d:z:‘

< (CYaIVl<lGll + CIVal < IVGI1) | yl o, (23)

supp ze \Q—

which vanishes as € — 0 since, due to the compactness of Q_ aswellas Q' C Q_, the
Lebesgue measure of supp z:\Q2_ tends to zero. But since d,y is locally integrable,
we can conclude [, gy dz = lim._o [, 0gyz. dz = 0. Consequently, d;y = 0
almost everywhere in Q_.

It remains to prove the converse direction of the equivalence statement. Suppose
that each g is weakly differentiable in U, with respect to £; and (21) holds. Our
aim is to show that 0,y exists and is given by (22). First, take a test function
z € C§°(€24). Hence, testing y with zdivg+ Vz - g leads to

%) K
/ > Gylzdivg+ Vz - q) do = Z/ Gy(zdivg + Vz-q) dz
Q1 k=1 Sk

where K is large enough such that Qg Nsuppz = 0 for ¥’ > K. Each summand
can be transformed to Uy which gives

(=

Gey(zdivg + Vz - q) dﬂﬂ:/U Ekyk(gg (21 0 Ji) + Jx g;djk)) d¢

Qp

= " 6? (Cri) T Zn d€

denoting (x = Cx © jk, 2k = Ji(Zk 0 ji) with a 2, € C$°(Q,) and using (17) with the
chain rule as well as (18). Furthermore,

/I]k aid(fkyk) ff*/ (ggz _k+CkaZk) Zp d¢

:_/Qk<(VCk Q)y-i-Ck( § Sy ))z dz

leading to, summed up,

[ (S cutao i) aiva+ v20)d /(ch (P o i)z d
k=1

since Ele Vi-q= V(Zszl Ck) -qg = 0 on supp z. This proves the weak directional
differentiability on Q.
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Finally, for the case where z € C3°(2) we split z into a part with compact support
in 4 and a part for which the associated integral vanishes. This can be achieved
by z = Z. + z. where 2. is constructed analog to the above with Q" = suppzNQ_
and using zxq/ _ instead of xq/ , L.e. 2z = (zxa’ E) * G.. Set Z. = z — z.. Testing
then gives ' '

/y(zdivq—l—Vz-q) dxz/y((25+25)divq+(V2E+Vzg)-q) dz
Q Q

/Z<k< )Zs d~’6+/ Y(zedivg +Vz. - q) dz . (24)

Consider the limits of both terms on the right-hand side as ¢ — 0. The functions
in the first term converge pointwise almost everywhere and can be estimated by
2/|2]loo Dpey Ck‘% ojk_ll which is integrable on supp z\Q_ due to

/ ZCk jk_l‘dﬂﬂ< / Crr
Supp 2 .1 Qpr

{k'| ﬁsupp 2#£0}

3yk/ .1

Jk/ dz

| Ok
= Z Jk’(Ck’ O]k/) 76:2]6 ‘ dg < 0.
{k’|92),s Nsupp 2#£0} Upr d

By virtue of Lebesgue’s theorem, the first integral in (24) converges, as ¢ — 0, to

/chk )25 dr — — Z( (gzk Je )zdx.

k=1 supp zNQ 4 k=1

The second term in (24) tends to zero by the same argument utilized for (23). This
establishes the weak directional differentiability on €. O

Remark 7. The result in Proposition 4.7 essentially tells that in case the weight D
has rank 1, then weak weighted derivatives are locally respresented by a function
being weakly differentiable in one direction. In the other extreme, from Proposi-
tion 4.1 follows that when D has full rank, the weak weighted differentiable functions
are the usual weak differentiable functions (which are transformed by the identity
mapping).

One could be tempted with extending these results to the intermediate cases
where the rank r of D is locally fixed but ranges from 2,...,d — 1, e.g. D(z) =
>or_ 1 pi ® qi(x) where ¢i,...,¢. are pointwise linearly independent vector fields
and pi,...,p, some linearly independent fixed vectors. When trying to establish
an analogon of (22) with g being functions which are now weakly differentiable
in the d — r,...,d unit directions, we have to adapt Lemma 4.4, which means
to construct locally an r-dimensional foliation such that the tangential bundles of
the leaves correspond to the bundle spanned by the vector fields ¢1,...,q.. The
Frobenius theorem states, at least for sufficiently smooth vector fields, necessary
and sufficient conditions for existence of such foliations [18, 12]: Essentially, the Lie
brackets [g;, ¢;] have to be pointwise linear combinations of the ¢;. Unfortunately,
such a condition can be violated for arbitrary vector fields, so an r-dimensional
analogon of Lemma 4.4 can only be established in special situations.

Subsequently, one has to determine how functions behave under the coordinate
transformations associated with the local foliations in order to obtain an analogon
of (22). A detailed and rigorous investigation of what is only roughly sketched here,
however, is beyond the scope of this paper and may be subject to further studies.
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5 Application to degenerate elliptic equations

As it has already been indicated in [5, 6], degenerate equations are suitable to
model the smoothing of images while preserving relevant edges. There, a degenerate
parabolic equation with fixed degeneracies has been proposed for image denoising.
The coefficients were obtained from the noisy image and updated from time to time.
Here, our intention is to study a full non-linear coupling between the coefficients
and the solution for the stationary case.

Therefore, the following regularized model for denoising an image u is considered:

Ay — div(D*(Vy,)VyT) =u in Q

solve Oy ~0 on 90 (25a)
aDz(vyﬂ)V
Vi, o Vg
iy =VlysGo)t  DAVu) = (1-m(Vio )G 5 @ grs) (250)

where A > 0 is “small”, G, respresents a Gaussian kernel with variance ¢ > 0
which has been normalized to area 1 and 7 : [0,00[ — [0, 1] is suitable, monotone
weighting function with 7(0) = 0 and, with a to > 0, 7(¢t) = 1 for all ¢ > ¢y3. Such
a degenerate equation is suitable for image denoising since on the one hand, on
areas where y is flat, D?(Vy,) is close to the identity and consequently, y is the
result of an second-order smoothing of the data u. On the other, in regions where
y has edges, Vy, has an large absolute value and is approximately pointing in the
direction normal to the edge, hence D?(Vy,) completely blocks smoothing into that
direction and y corresponds approximately to a second-order smoothing of u only
in the directions which are tangential to the edge.

We will see that under certain assumptions, (25) has a weak solution y in a
weighted Sobolev space associated with D(Vy, ), the pointwise square root of the
diffusion tensor in (25). Such a solution typically leads the partial differential equa-
tion to degenerate on arbitrary parts of the domain and is therefore discontinuous
in general, a feature which is desired when dealing with images (see [6] for an argu-
mentation why Wé’(zvya) is a suitable model for images). The proof of the existence
result is inspired by [7] and also utilizes the Schauder fixed point theorem on the
mapping which assigns y the weak solution of the linear equation:

Az —div(D*(Vy,)Vz") =u inQ _ 9%y enon. (26)
8D2(Vy(,)’/
As the underlying equation is supposed to degenerate, the proof in [7] cannot be
adapted in a straightforward manner since special care with respect to the function
spaces has to be taken causing that major parts of the proof rely on the results
presented in the previous sections.
Turning towards showing the existence, first define the class of weighting func-
tions 7 we like to consider as well as appropriate notions of a weak solutions.

Definition 5.1. A continuous monotone increasing 7 : [0, 00] — [0,1] is an admis-
sible weighting function if the function ¥ given by ¥(¢) = (1 — /1 — 7(¢))/t satisfies
the following conditions:

1. There exists a to > 0 such that ¥(t) = 1/t for all t >ty and lim;_,o 9(t)t*/? = 0,
2. 9 is continuously differentiable on |0, co[ and we have lim,_,q t3/29'(t) = 0.
For admissible 7 and y € L%(f2), we define

D(Vyo) = (I = 9(|Vys|*)Vyy ® Vy7) (27)

where VyI = V(y * G,)T with zero extension of y outside of (.
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One can, for example, choose 7 according to

() = {(t/t0)3/2 (6t/to — 15\/t/to +10) if t < tg

1 else
for some ¢y > 0 in order to get an admissible weighting function.

Note that D(Vy,) is the positive semi-definite pointwise square root of D?(Vy,)
defined in (25b). We will immediately see how the conditions on 7 imply that the
superposition operator y — D(Vy,) is sufficiently continuous. But before, we give
the following definitions of weak solutions for (25) as well as (26).

Definition 5.2. Let A > 0, 7 be an admissible weighting function and u € L?(Q)
be given. Then, y € L?(Q2) is a weak solution of (25) if for D = D(Vy,) according
to (27) we have y € W* and for each z € W} it holds that

My, 2)2 +(DVyT, DV2T)y = (u, 2) . (28)

Likewise, for arbitrary y € L?(Q) and D = D(Vy,), z € Wé’Q is said to be a weak
solution of (26) if for each ¢ € W5 the variational equation

A<Za C)Q + <DVZT7 DVCT>2 = <U, <>2 (29)
is satisfied.

Lemma 5.3. Let 7 be an admissible weighting function. Then ¢ : R¢ — R4
defined by

p(&) =T-9(g)E®¢

is a continuously differentiable mapping.
The operator y — D(Vy,) according to (27) is well-defined as L?(2) — Y* and
possesses the following continuity property:

D(Vyk,o) = D(Vy,) in Y*

N ) 2
yr =y in L°(Q) = { VD(Vyr,) — VD(Vy,) pointwise a.e.

Proof. 1t is easy to verify the continuous differentiability of ¢ on IRd\{O} since the
partial derivatives are given by

Oy
0&;

which are continuous functions. Moreover, as £ — 0 it holds that

lim [Vip(€)] < 2(Jimn | (&) €1° + a(¢)g]) = 0

(&) = =260 (|€])E @ & — V(€[ )es @ € — V(€)@ e

since ¥ satisfies the conditions stated in Definition 5.1 making V¢ continuous on
the whole space. Likewise, since 9 is continuous, we have that

Lo 198 = ¢ (0)]

. 2 B .
lim FEL L < m (e =0 = Ve(0) =0,

For the continuity statement on the associated regularized superposition operator,
first observe that y — Vy, maps such that

IVysloo < IVGall2llyllz »  IVWelloo < [IV*Goll2llyll2
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meaning that Vy, is in W1H>°(Q,IR?). Moreover, whenever y;, — y in L?(Q), for
each z € Q2 holds

Vyi,o(x) = Vyo(x) , Vka,U(JC) — szg(z)

since the convolution evaluated in a point z is an L? dual pairing and one is al-
lowed to interchange integration and differentiation. Now, written as superposition
operator D(Vy,)(z) = ¢(Vy,(z)) (and the analog for D(Vyy)) with ¢ being a
continuously differentiable mapping, hence, for each = € €,

o(Vir,o(z)) = ©(Vyo(z)) ,

{ V(e(Vro)) (@) = Vo (Vo (7)) VYo (7)
= Vo (Ve (2)) Vo (x) = V(o(Vyo)) () -

Pointwise convergence means in particular weak*-convergence in the respective L>°-
spaces, hence, by Proposition 2.4, we additionally have D(Vyy ») A D(Vyy) in Y*
what was to show. O

Proposition 5.4. Let Q be a bounded Lipschitz domain, u € L?*(2) be fized and
7 an admissible weighting function. The operator T : L?(2) — L?(2) which maps
y — z according to (29) is well-defined and possesses the following properties:

1. each T (y) belongs to the corresponding WE’(QV%),

2. T maps C = {y € L*(Q) ’ lylla < A7 YHull2} into dtself,
3. it is continuous with respect to the induced weak topology in C'.

Proof. First of all, examine the existence and uniqueness for solutions of (29): Note
that for each y € L?(f2), Lemma 5.3 implies D = D(Vy,) € Y*, hence we can
consider the associated weighted Sobolev space VVllj’2 and define the bilinear form
as well as the linear form

a(2,¢) = Mz, Q)2+ (DV2", DV(C): . f(Q) = (u, Q)2 .

Of course, (29) is equivalent to finding a z € W5 for which a(z,¢) = f(¢) for all
(e W]13’2. The continuity and coercivity estimates

|a(27C)| < ma‘x()‘7 1)||Z||Wé2HCHW}D2 ) min()‘7 1)”2”3‘/;2 < a(z,z) ’

as well as |f(Q)] < ||u||2||(||W1172 can easily be derived with standard arguments,
consequently, the Lax-Milgram theorem ensures the existence of a unique solution
z = T(y) in Wé’Q. Thus, T is also well-defined as T : L*(Q) — L%*(Q) by the
embedding Wllj’2 — L%(Q). Now, if we test (29) with ¢ = z,

Iz]]2 < A Hull2

Mzl5 + 1DV = (u, )2 < [lull2]l2]2 = {||DVZT||§</\1U||§

(30)

so 7 maps L?(Q) into C and in particular, the set C into itself.

Let us finally prove the continuity statement. First, note that since C' is bounded
and weakly closed in the separable space L?(Q2), the weak continuity can equiva-
lently be described by weak sequential continuity [10]. Hence, we have to show
that yr — y* with {yx} C C and y* € C implies the convergence z;, — z* for
zi, = T (yr) and z* = T (y*). Denote by Dy = D(Vyi,,) as well as D = D(Vy2)
for which Dy = D in Y* holds as well as VD, — VD almost everywhere in
due to Lemma 5.3. Looking at the a-priori estimates (30), we see that {z} and
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{DyVzl'} are bounded in the respective L2-spaces, so going to subsequences (with-
out relabeling), the existence of z € L*(Q) and v € L?*(,TR?) such that z, — z
and Dszg — v can be ensured. All prerequisites of Proposition 3.3 are satisfied,
so one concludes v = DVzT meaning that z € Wg,’z.

It remains to show that actually z = 2z*, which amounts to proving that z
satisfies (29) since its solution is unique in ng. Choose a test function ¢ € W1(Q)
and observe that DyV(¢T — DV(T in L2(2) since {Dy} converges in Y* in the
weak* sense and consequently uniformly in C(Q,IR4*%) (see Proposition 2.4). Each
2y, solves (29) with the corresponding yy, i.e.

Mzk, Q)2 + (D Ve, DV e = (u, )2 .

Here, only dual pairing of weakly and strongly convergent sequences are involved,
so passage to the limit yields

Mz, Qo +(DVZT, DVCT)y = (u, () .

Since W(Q) — W;,’Q densely as an immediate consequence of Theorem 3.12, the
variational equation holds for sufficiently many test functions, hence z is the solu-
tion of (29) with the corresponding y* meaning that z = z*. This holds for each
subsequence for which {z;} and {D;Vz!'} converge weakly, so the whole sequence
must satisfy zx — z* what was to show. O

Proposition 5.4 provides us with everything we need for the application of
Schauder’s fixed point theorem.

Theorem 5.5. Let Q be a bounded Lipschitz domain, u € L*(Q) and 7 an ad-
missible weighting function. Then, there exists a weak solution of the degenerate
non-linear equation (25) in the sense of Definition 5.2.

Proof. The fixed point operator 7 maps the compact and convex subset C' =
{y € L*(Q) | |lyll2 < A7ull2} endowed with the induced weak topology contin-
uously into itself, see Proposition 5.4. Application of the Schauder fixed-point
theorem [30] yields the existence of a y € C with y = 7 (y) meaning that with
D = D(Vy,) we have on the one hand that y = T (y) € W},’g as well as (29) with
z = y on the other hand, eventually leading to (28). O

Remark 8. (i) In the existence proof, some ingredients played an important role:
First, we had to find appropriate solution spaces for the degenerate elliptic equa-
tions. Usually, this is done by considering weights which allow the utilization of the
classical weak gradient leading to the classical weighted Sobolev spaces [29, 14] or
by completing a classical function space with respect to a weaker norm [22]. Here,
we utilized the variational notion of the weak weighted derivative and associated
Sobolev spaces, serving as a replacement for the classical gradient which does not
necessarily exist in the degenerate case. In order to deal with the solution space
varying with y, weak closedness properties became important. In contrast to the
approach via completion, such closedness results are easily accessible in weighted
Sobolev spaces. They give, roughly speaking, the property that a weak limit of solu-
tions belongs to the corresponding limit solution space even if the sequence itself is
not contained in the latter. Finally, in order to obtain the limit being a solution, we
are utilizing the density of W1(£2), which is independent of D, in all Wé’z. Without
having the density result, such a conclusion would not have been possible.

(ii) Unfortunately, not much can be said about uniqueness of a solution. We give
some (mathematically not rigorous) indications for what the reasons might be.
First, as the “forward operator” A : L2(Q) — L(W(Q), W'(Q)*) defined by

A)(z) = My, 2)2 + (D(Vyo)Vy", D(Vy,)V2")
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yl

Fig. 3: Tllustration of image denoising by solving (25). The top row depicts some
sample images which are distorted by additive Gaussian noise (middle row).
These noisy images were plugged into the right-hand side of (25), and a
numerical approximation of a solution has been computed. In the bottom
row, the outcome of this algorithm is depicted (up to a normalizing factor).

is not monotone, so one cannot use monotonicity arguments to obtain (global)
uniqueness. One still might ask whether a solution is locally unique, meaning
that possible solutions are discrete with respect to some norm possibly different
from the L?-norm. An approach then would be to examine the derivative of 7 —
I. However, variations in y may cause discontinuities to move (since Wll)’(vaa) is
varying) suggesting that 7 — I is not differentiable in reasonable function spaces,
thus, it is also not immediate how show local uniqueness.

To conclude this section, we show with some basic numerical examples that
equation (25) is suitable for image denoising. We do not want to study the asso-
ciated numerical analysis as this is beyond the scope of this paper, but it is worth
mentioning that the naive approach of performing a fixed-point iteration with 7~
usually turns out to be a successful strategy for computing solutions of (25). The
denoising results for some well-known test images are depicted in Figure 3. As the
image show, the partial differential equation is indeed able to preserve the edges
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while smoothing the noisy flat parts of the image. However, staircasing might occur
depending on the noise level and amount of smoothing (adjusted with A) as well
as the edge sensitivity (adjusted with ¢y). Also, as texture is not taken into ac-
count, fine structures may vanish. The method nevertheless performs pretty good
on cartoon-like images.

6 Summary and conclusion

The notion of weighted gradients which is based on a variational formulation instead
of an algebraic operation leads to a new class of weighted Sobolev spaces for which it
is possible to establish well-known and desired properties such as closedness, density
of smooth functions as well as the usual calculus rules. These spaces moreover
model discontinuous functions with different “degree” of discontinuity, depending
on the dimension of the kernel of the respective weight D in the neighborhood
of a certain point. As we have seen, functions in Wé’r can have no degree of
smoothness where D vanishes and have to possess a classical gradient where D
is regular. Likewise, if the weight is only of rank one, one can say that functions
whose weak weighted derivative exist are smooth in one (possibly varying) direction
and possess, in general, discontinuites with respect to each perpendicular direction.
Another important aspect of the variational construction of weak weighted gradients
is their natural connection to weak closedness with respect to varying functions and
weights.

Such results can be applied to solve certain types of degenerate elliptic equations,
e.g. to solve a denoising problem in image processing. For the latter, modeling the
denoising procedure as a full anisotropic degenerate equation instead of the com-
mon way of regularizing it to become a uniformly elliptic problem, yields functions
with “true” discontinuities across hypersurfaces, i.e. edges, as it is also the case for
functions with bounded variation, a popular model in mathematical image process-
ing. Moreover, the utilized notions and techniques are not limited to this topic; an
adaptation to other problems also seems to be possible.

As the variational weak weighted derivative possesses many desireable prop-
erties, there is, however, the limitation that one usually has to assume a certain
degree of smoothness of the weights which, roughly speaking, corresponds to Lips-
chitz continuity. Hence, the results in this paper do not include the existing theory
of weighted Sobolev spaces but rather extend it to another class of weights. One
can summarize that when analyzing weighted Sobolev spaces and degenerate elliptic
equations, one approach is to impose integrability conditions (as for the Mucken-
houpt classes) where restrictions on the decay behavior of the weights apply, while
the approach introduced in this article bases on smoothness (which is also a restric-
tion) but allows, among other things, for a more general decay behavior.

A Additional proofs

A.1 Proof of Lemma 3.11
We first construct the operators M.. By assumption, €2 is a bounded Lipschitz

domain, so according to that, there exist finitely many U; C IR™! which are neigh-
borhoods of zero (for 1 < | < L), Lipschitz continuous mappings ¢; : Uy — IR,
linear isometries S; : IR — IR? and z; € 99 such that
Si(& @i(€)) + 1z, € 00 for £ € U,
Si(& @i(é) + &) + 7 € for €U, €4€10,5]
Si(&,01(6) + &4) + 7 € RN\Q for £ €Uy , &4 €]—ep,0]
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with suitable £; > 0. One can moreover assume that the
U={zeR|2=8( vl +&) +z .6, &l <ea}

are open and that 9Q C (J;<,<, Q. Additionally, there has to be an g9 > 0 such
that the sets o ) )
Ql,so = {a: c ’ dist(m,@ﬂl) > 60}

still cover 09): Otherwise, there would be a sequence {z.} C 9 such that for each
e > 0 the corresponding z. ¢ ;. for each 1 <1 < L. But 02 is compact, so
there exists a subsequence which converges to some x € 92. Now there is an [ such
that z € Q; and since Q is open, we have g = dist(z, 89;)/2 > 0. Consequently,
x is in €., as well as almost every member of the above subsequence, which
results in a contradiction. Thus, there is an o > 0 such that €, = £, ., cover 9.
Moreover, by standard arguments, an open Qg with Qy CC € can be found such
that Q C Uyejer Q.

Denote by 7; the image of e; under S, i.e. the unit direction which locally points
from 99 into Q. Introduce t; = 2(C; 4+ 1) with C; being the Lipschitz constant for
the boundary mapping ¢; and consider the mollifiers

Greo(&) =Gz +etyy—€) for z€QNQ, EcRe.

For suitably small ¢ > 0 we want to obtain that supp G ., is compact in Q.
First, by choosing 0 < ¢ < (1 + ¢;)" &g, we can ensure that supp G ., CC
If £ € supp G ¢z, then

e +etiy—&l<e = |e—¢&<|zt+etim—E& +et; <(14+t)e<ep

meaning that £ € ; + B.,(0) C Q. Moreover, for ¢ € supp Gy, we can estimate
the distance to the boundary part 92 N Q; from below as follows. Since z € €,
there has to be a & € U; and a &; € ]0,¢[ such that z = S (5_1,901(5_1) + fd) + .
Now any point z € 9Q N €Y can be written as z = S (52,90(52)) + 7; for & € Uj.
Thus, we know that

|2+ etim — 7| = |Si(&1, @1(&1) + €a + etr) — Si(&, (&)
= (& - & (&) — @(&) + Ea+eth)|
> max{[& — &, ety — Ci]&1 — &}
> 2¢e

since there is only the possibility that |&; — &| > 2¢ or |€; — &| < 2¢. Consequently,
Z =&l > e +etiq—Z[— |z +etim -] =22 —c=¢,

so £ € Q and in particular supp G, CC §2.

In the following, choose a & > 0 such that & < (1 +#)7teg for 1 <1 < L as
well as g + Bz(0) CC Q and let 0 < € < €. Note that £ then only depends on the
domain . The next step is to define G .(x) = G.(x + €t;n) such that, for each
yewp',

yre(x) = (yx Gre)(@) = (y, Glea)

for 0 < € < € on each Q2N ;. To take €2y into account, let £y = 0, 7y = 0 and set
Yo, =Y * Goe =y * G.. Now, all y; . have to be assembled to an appropriate ..
This is of course done with a smooth partition of unity ¢; on Q subordinate to the
sets €, ...,r. We then define, as usual, the operators

My =y = ZClyls-
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As one can easily see, this construction yields linear operators which only depend
on ) and whose images are always smooth functions, since by construction, each
GYue is an element of C*°(2) meaning that y. € C°°(9Q).

Before we prove that the boundedness statement ||[DVy2||. < C holds for these
ye, we like to obtain estimates for the L"-norm of DVyEE restricted to the sets
QNQ for 1 <1 < L. Most of the arguments from the proof of Lemma 3.8 can
be reused here, we will therefore give a shortened argumentation. Consider DVle’6
which can be written as

D(@) Vi (2)" = /Q y(€)(D(x) — D(E))VGe(a + ctym — £)T de

+ / (DVyT + ydiv D) )G (x+etym — &) dE .
Q

The crucial part is showing that the L"-norm of the first term restricted to 2N
is bounded independently of e, the second term can be estimated by standard
arguments (see Lemma 3.8). Here, observe that due to Proposition 2.3 as well as
the above considerations, we have the estimates

|D(z + etym) — D(&)] < ||VD||ooe forx e QN , |lz+etim—§&| <e
|D(z) — D(z + etymy)| < [|VD||sotie forze QN

since B.(x + €t;m;) is convex and compact in €2 as well as the line connecting x and
x + etym;. Thus,

o

/Q W(©) (D(&) — DEO)VG. (a + et — )T e ax)"”

SO+MMVDM{/ rd@uT

QN
< A+ )IVDllVGI1lyllr

[ e wI|ve (= )| ae

3

from which follows that

([ 1D@ ) dz)
QN
< (L IVGI + VA1) VD]l + G IDY™ . (31

1/r

Note that the estimate also applies to ygc.

We now turn to proving the claimed statements and verify that y. — y in L"(Q)
as € — 0. It is clear that y; . — y in L™(Q2N Q) since y;. emerges from the
convolution of y with the dilated versions of the translated mollifier G(- + #;m;).

Hence,
L
Iyl <>( [
1=0 79

as € — 0. Regarding the weak weighted and directional derivatives, the estimate
(31) finally yields

. 1/r
[y(@) = pe(@)" de) " —0
ney

1 1

L
1Dl < 3 ING Dl ([ el o) ([ (D)) de)’
o QN QNS

L

< (S IV Gl 1Dl + (L4 &)V + VGl VDo )
=0
+ (L

+DIGILIDVyY |

< CL(IDlly )yl + Col DVYT,
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with suitable C; (|| D||y~) and Co. Note that € remains bounded whenever D is
bounded in Y*. The desired result || DVyL|, < C||yHW1 + then follows with C' given

by the following expression (1’ denotes the dual exponent of 7)

1/r!

C = (Ci(|D]ly-)" +C3)

A.2 Proofs of Lemmas 4.4, 4.5 and 4.6

Proof of Lemma 4.4. Denote by q1,...,q4—1 a set of orthonormal vectors perpen-
dicular to g(x) such that {q¢1,...q4—1,q(x)} becomes a positive orthogonal basis. By
local Lipschitz continuity (with Lipschitz constant C7), there exists an open neigh-
borhood Q) C Q of = such that for each 2’ € ), the vectors {q1,...,qa—1,9(x")}
are still linearly independent and fulfilling (16) in £2,. Observe that ¢ is Lipschitz
continuous in a neighborhood of x by virtue of Proposition 2.3, so let j be defined
as the solution of the ordinary differential equation

G660 =a(E8) o IE0 = gate,

which makes sense on the product Uy X |—¢, e[ where Uy C IR is a neighborhood
of 0 and e a sufficiently small constant which arises in the existence theorem of
Picard and Lindeléf (and does not depend on &, see [3]).

Let &,& € Uy, |€4| < € and estimate

§1,d _ _
(61.60) = 362,601 < 1i(61.0) = 3.0 +| [ la(i(61.9) = (60, 9)) | &

B B &1,d B B
<16 -8l + G| [ 1569~ (@) as

so |7 (&1, &q) — 7(&a, §a)| < ecC1 €] — & with the help of Gronwall’s inequality. Con-
sequently, for & = (&, &k.q) where k = 1,2 and |£x 4] < &, we get

17(&) — 3 (&)] < 1561 &a) — 5(Eas &1,a)] + 19 (&2, €1,a) — (&2, E2,a)]
B B §2,d B
< e |§1—§2|+‘/ la(j (&2, s))] ds‘
&1,d

< e g — G| + [ldllooléra — E2.d] < Calér — &

with a suitable Co > 0. This yields the Lipschitz continuity of j in Uy x |—e¢, €.
Note that in this domain, j is also partially differentiable with respect to £; with

derivative %(E, &) = q(j(€, &) satisfying

(e - <52>\ = [a(3(€0) — a(i(&2)] < Culi(&) — §(&)| < C1Caléy ~ &l |

5 E

meaning that E is Lipschitz continuous. The partial derivatives of j with respect
to € in 0 trivially exist, leading to

Vi) =[g1 .. qio1 ql@)]

if j is also (totally) differentiable in 0. But this follows from
15(8) = 3(0) = Vj(0)&] = 1i(€, &) — 5(£,0) — Euq(=)]

‘/ $)) - a(j(0,0) )gd ds‘ < C10s¢]|4] -
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In particular, j is Hadamard differentiable in 0 meaning that the generalized Ja-
cobian is a singleton and moreover non-singular by the above. This allows us to
use the Lipschitz inverse function theorem (see Theorem 3.12 and Chapter 2 in [§]
for details) to deduce the existence of a neighborhood U = Uy x ]—£, £[ of 0 such
that the restriction j : U — j(U) = Q' C Qf is invertible with Lipschitz-continuous
inverse. Eventually, (16) still holds on €'. O

Proof of Lemma 4.5. We prove that %Vj(é, ) = Vaq(§(€,€)) V(€ &) with cer-
tain initial conditions holds almost everywhere in U so the desired identities follow
from Liouville’s formula for Wronski determinants [3].

First recall from the proof of Lemma 4.4 that 8% = q(j(f_, §d)) is Lipschitz
continuous. Thus, one can differentiate almost everywhere with respect to £; and
gets

0%j

: NN 9j - =

o8 0&a
with the ¢; already chosen in the proof of Lemma 4.4. Now consider the initial value
problems

;i
&4

These are time-variant linear equations. The set of £ where Vq(j (€, fd)) does not
exist on a non-null set cannot have positive measure since ¢ would not be almost
everywhere differentiable anymore. Thus, for almost every & the derivative Vg
along the trajectory j(€,&4) exists almost everywhere with respect to &;. Hence,
the above initial value problems admit solutions in the sense of Carathéodory almost
everywhere in U [26]. Moreover, due to the boundedness of Vg, the solutions have to
be Lipschitz continuous with respect to £; with a Lipschitz constant bound common
to almost every &.

Pick a ¢ such that the trajectory j(&, -) meets almost everywhere points where
q is differentiable. By the same arguments as above, we can also suppose that
g—é(f, ) withi=1,...,d—1 exists almost everywhere since this has to be the case

(&) =Va(i(€.&a))wil€. &) , ¢i(6,0)=gq , i=1,....d—1.

for almost all £. Now

SGE+ e &) — (E:a)) — oilE:6a)
€a q e

= /0 *<Q(j(§7+ ge;,8)) — Q(j(ﬁ,s))) —Vq(§(E,5))pi(€, 5) ds

3

which becomes

9j - . G dj - _
(€ — o6 = [ Val(€ ) (FLED) — () ds

in the limit due to a.e. pointwise convergence and the estimate

(o€ + eer0)) — aliE.0))| < €10

which follows easily from the Lipschitz estimate in the proof of Lemma 4.4 and allows
to use Lebesgue’s dominated-convergence theorem. With Gronwall’s inequality, it
follows that o;(€,&4) = aa—g(f_ ,&4) almost everywhere in U.

Finally, denoting

w="" e =q(ED) . (@), =@
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leads to, remembering that q1, ..., gq are orthonormal vectors,
Vi,00=[ar ... @1 @] =]a - aler ... ea—r G(§)]
- _ T L E
= detVj(£,0) =qq-q(§) = IZEx;I -q(j(€,0))

by the determinant product formula, implying the desired initial-value problem (18)
as well as (19) by the solution formula for scalar time-variant ordinary differential
equations. O

Proof of Lemma 4.6. The proof is analog to the proof presented for Lemma 3.6.
First, observe that J according to Lemma 4.5 is weakly differentiable with respect
to & with g—é € L>(U) by (18). Moreover, we can obtain, with the help of (19)
the a.e. bounds

cpeValIVallléal < | 7(E ¢2)] < [qloce” V4l 1l

for ¢ = (§,&4), hence J=! = 1/J belongs to L=(U) and is weakly differentiable
with respect to £; with BBJ—; e L>().
Suppose that g—g’d € Li (U) exists and fix a 2 = J(z 0 j) with z € C§°(j(U)).

Take the dilated versions G, of the standard mollifier G and € > 0 small enough
such that all Z. = Z * G, have their supports inside of a U’ CC U. Its easy to see
that we have pointwise a.e. convergence and boundedness of

0Ze 0z

L0 oz
0a  0& ’

9&a

0z
%l

B Zelloo < IZle |

|

o0

and in particular Z. = % as well as ggz RN 8% in L*°(U’). Thus,

0z . 0Z, . oy oy .
Yy=—— dé =1lim | y d¢ =—1lim | —=2 d{z—/—zdg 32

U 8£d e—=0 Jiy 8£d e—=0 Ju 8§d ¢ U 6&1 ( )
meaning that testing with z is still possible.

The other way around, suppose that a function we denote by % € Li.(Q)
satisfies (20) for each function of the type J(z o j) with z € C§°(§(U)). For a given
zZ € Cg°(U), we approximate, for ¢ > 0 such that suppz + B.(0) C U’ CC U, as
follows: _

Z
B=dog) . m=(Sei)xGe.
It is clear that z. — (J712) 0~ with [|2c]joe < [[(J712) 0 571 ||eo pointwise almost
everywhere. Since j is a Lipeomorphism, Z. — Z with ||Z.[|oc < [|Z]~ pointwise a.e.
Showing the pointwise a.e. boundedness of ngl is a little more involved: Note that for
& € U, we can write, applying the change of§ variables thereom for Lipeomorphisms
(see, e.g. [11]),

2 (i(6) = /U G- (j() — J(0))=(C) d¢
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SO 6(54523')(5) becomes
226 = [ 9636 - 50) - 5 ©36) a6
. o Do
- ch:g(;@) #0) - 52 (€H0) ¢
. . dj dj
+ [ V66 - 5©) - (556 ~ 5e(0)5(0) ¢

- [ e-tte - i) gg (©) d¢
+ [ 9659 = 30) - (a(©) ~ i) 20 ¢
while the first summand obeys
[ et - i) gm0 adl < |52 | [ 16 ) (7 @) da
<]

Exploiting that g is Lipschitz continuous with constant estimate Cj ) ||Vq|l, see
Proposition 2.3, the second summand can be estimated by

| V6.6 = 0)-(ali(©) - a(i() )2(0) aq
< 2l [ 19600~ ) la(i(©) — )} (7 ) o
< Gy el Vel [ ]v6(ME=T) o

Together, we have

|5
964l

It follows that {azﬁ} admits a subsequence for which 825 A & in L*(U’) be-

cause of the Weak* closedness of BTd' Actually, this hOldb for the ‘whole sequence,

<[ Gl etk + 107 s ([ 5 + Gl Pl 6)

hence (32) is valid, so % is indeed the weak derivative with respect to &g4. O
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