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Abstract

A new class of weak weighted derivatives and its associated Sobolev spaces is introduced
and studied. The proposed notion uses a variational formulation in its definition which
generalizes the usual weighting of the classical weak derivative. Such a construction natu-
rally leads to Sobolev spaces containing classes of discontinuous functions. Weak closedness
with respect to both varying functions and weights are obtained as well as density results
and the validity of certain calculus rules in the respective spaces. Moreover, the local prop-
erties of functions whose weak weighted derivative exists are examined. Connections to the
classical partial weak differentiation are established. In order to demonstrate the appli-
cability, a quasi-linear degenerate elliptic equation modeling an edge-preserving denoising
procedure in image processing is analyzed. It turns out that the existence of potentially
discontinuous weak solutions for such problems can be ensured, utilizing the closedness
and density results for the weighted Sobolev spaces.
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1 Introduction

This article is concerned with a special class of weak weighted derivatives and its
associated Sobolev spaces. Differently from the common approach of measuring
the weak derivative by multiplication with a spatially dependent positive function,
we realize a weighting of the weak derivative through a variational formulation.
This can be motivated by the investigation of how linear degenerate elliptic partial
differential equations and their solutions behave when the degeneracies are varied.
For a fixed, possibly degenerate diffusion tensor field, it usually suffices to construct
a suitable completion of a classical Sobolev space with respect to a weaker norm in
order to obtain existence and uniqueness [22, 6]. Unfortunately, the abstract device
of completing a normed space, i.e. going to equivalence classes of Cauchy sequences
or to a suitable subspace of the bidual space, does not reveal the structure of the
functions which are contained. The situation becomes even more difficult when
one, e.g., considers a sequence of coefficients and data such that each solution is
contained in a different space for which in general no inclusion relation holds. This
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problem is addressed by introducing a variational formulation of the weak weighted
derivative allowing to define respective Sobolev spaces which possess desireable
properties. Furthermore, it is shown how such an approach can be applied to solve
certain regularized quasi-linear degenerate elliptic equations arising from a denoising
problem in image processing.

In the existing literature, weighted Sobolev spaces are often introduced in the
context of degenerate partial differential equations. Usually, the weight is not a
full tensor field. Instead, w denotes a non-negative scalar weight on the domain Ω
which is assumed to vanish only at the boundary, often monotonically in some sense
[17] or with some integrability condition fullfilled such as being in the Ar-class of
Muckenhoupt weights [21, 20], i.e. w1/(r−1) ∈ L1

loc(Ω) as well as

sup
Q⊂Ω

( 1

|Q|

∫
Q

w dx
)( 1

|Q|

∫
Ω

w1/(1−r) dx
)r−1

<∞

where the supremum over all cubes Q ⊂ Ω is taken.
The associated weighted Sobolev spaces with weight w ≥ 0 are usually defined

with the classical weak gradient involved and with the requirement that∫
Ω

(
|y|r + |∇y|r

)
w dx <∞ ,

holds. This construction is well-analyzed and widely known in the literature (see
[24, 15, 25], for example). In particular, it is known that for general measurable
weights, approximation with smooth functions fails (H 6= W , see [31]). But this
is an important property since it is closely connected with the closedness of the
gradient operator in the weighted Lr-space and the existence of Poincaré-Wirtinger
inequalities [16]. Moreover, varying w in the classical construction causes problems.
To the best knowledge of the author, there is no analytic structure which reflects
the conditions on the weights properly and simultaneously introduces notions of
convergence for the weights and maintains properties like closedness. Another issue
is that the conditions on the weights are sometimes too restrictive. On can think
of, e.g. weights which are not monotone or where local integrability of w1/(1−r) may
fail due to w vanishing “too fast”. It will turn out that with the notion of the
variational weak weighted derivative, it is possible to overcome these difficulties.
This is essentially due to smoothness conditions on the weights which are implicit
in the definition. Finally, it is worth mentioning that all results apply to general
tensor fields as weights and therefore cover, in particular, the case of anisotropic
spaces.

The plan of the paper is as follows: First, in Section 2 we investigate the spaces
of tensor fields we allow as weights for the weak weighted derivative. A dual space
construction is utilized which gives us a notion of weak* convergence as well as weak*
sequential compactness. The weak weighted derivative and the associated Sobolev
spaces are introduced and investigated in Section 3. We show that these spaces
are Banach spaces in which smooth functions are dense (meaning that H = W
holds, just as in the unweighted case [19]) and derive the validity of some common
calculus rules. In particular, a closedness result is obtained which allows to make
statements about the weak limit of a sequence of functions in which the weights
are also varied. Section 4 deals with the investigation of special coefficient matrix
fields D and establishes connections with the classical weak derivative. Specifically,
the cases where D is a scalar multiple of the identity as well as D implementing
the scalar product with a vector field are studied. For the former, it turns out that
the weak weighted derivative coincides with the classical notion where the scalar
weight does not vanish. Such an observation also leads to more refined closedness
properties. The latter type of coefficients gives a notion of a weak directional



A VARIATIONAL WEAK WEIGHTED DERIVATIVE 3

derivative. Functions which posssess such kind of derivative can locally be regarded
as the image of a function being weakly differentiable with respect to one space
variable under the coordinate transform induced by the flow with respect to the
corresponding vector field. Eventually, in Section 5, these results are applied to
derive existence results for a non-linear degenerate elliptic equation arising, e.g., in
image processing:

λy − div
((
I − τ(|∇yσ|)

∇yT
σ

|∇yT
σ |
⊗ ∇y

T
σ

|∇yT
σ |

)
∇yT

)
= u

with corresponding homogeneous Neumann boundary conditions where∇yσ denotes
a smoothed version of ∇y and τ represents a weighting function which allows for
“true” degeneracies, i.e. is equal to one on some interval [t0,∞[. The solutions of
such an regularized anisotropic degenerate quasi-linear equation can model denoised
versions of a noisy image u. It is motivated by the famous, generally ill-posed
Perona-Malik model [23] which can be regularized in a similar manner [7] (and [27]
for the anisotropic case). But, in contrast to the existing regularizations, the new
model also allows for “true” discontinuities across hypersurfaces. The article finally
concludes with some remarks in Section 6.

2 Preliminaries

In what follows, we will assume that the space dimension d ≥ 1 is fixed, Ω ⊂ IRd is
a bounded domain and we have moreover a fixed Mx > 0. The following notation
will be commonly used within the article:

(∇y)i,j,k =
∂yi,j
∂xk

, (div y)i,j =

d∑
k=1

∂yi,j,k
∂xk

,

y · z =

d∑
i,j,k=1

yi,j,kzi,j,k , |y| =
( d∑
i,j,k=1

|yi,j,k|2
)1/2

and the analogs in which summation over i and i, j is dropped, respectively, for
vector-/matrix-valued and scalar-/vector-valued functions. The matrix/tensor norms
according to the above are in particular utilized to compute the associated Lebesgue
and Sobolev norms.

To formulate a variational definition of weak weighted derivatives, we first intro-
duce the function space we consider for the coefficient tensor fields D and examine
its topology. This will essentially be W 1,∞(Ω, IRd×d) interpreted as a dual space.

Definition 2.1. Let Ω be a bounded domain and Mx > 0. We define the space
Y = L1(Ω, IRd×d) equipped with the norm

‖v‖Y = inf {‖v1‖1 + ‖v2‖1
∣∣ (v1, v2) ∈ Σ(v)} (1a)

where

Σ(v) = {(v1, v2) ∈ L1(Ω, IRd×d)×W 1,1
0 (Ω, IRd×d×d)

∣∣ v = v1 −Mx div v2} . (1b)

Likewise, define the space Ydiv = Y , but equipped with the stronger norm

‖v‖Ydiv
= inf{‖v1‖1 + ‖v2‖1

∣∣ (v1, v2) ∈ Σdiv(v)} , (2a)

Σdiv(v) = {(v1, v2) ∈ L1(Ω, IRd×d)×W 1,1
0 (Ω, IRd)

∣∣ v = v1 −Mx∇v2} . (2b)
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Proposition 2.2. The spaces Y, Ydiv are separable normed spaces. Their duals are
given by

Y ∗ = W 1,∞(Ω, IRd×d) , ‖w‖Y ∗ = max {‖w‖∞,Mx‖∇w‖∞} , (3a){
Y ∗div = {w ∈ L∞(Ω, IRd×d)

∣∣ divw ∈ L∞(Ω, IRd)} ,
‖w‖Y ∗div

= max {‖w‖∞,Mx‖divw‖∞} .
(3b)

Proof. We will show the statements for Y ∗ as the argumentation is completely
analogous for Y ∗div. First, Σ(v) 6= ∅ for each v ∈ L1(Ω, IRd×d), hence the norm

is well-defined as a function on L1(Ω, IRd×d). The positive homogeneity and the
triangle inequality can be directly obtained from the definition, while the positive
definiteness follows easily from the closedness of ∇ and div in the respective L1-
spaces.

Next, by definition, the Y -norm is weaker than the L1-norm, so Y is also sepa-
rable. Moreover, we have the embedding Y ∗ ↪→ L∞(Ω, IRd×d). Hence, an element
w ∈ Y ∗ can be interpreted as a L∞-function which acts on v ∈ L1(Ω, IRd×d) via

v 7→
∫

Ω

w · v dx .

Additionally, for each v ∈ C∞0 (Ω, IRd×d×d),∣∣∣∫
Ω

w · div v dx
∣∣∣ ≤M−1

x ‖w‖Y ∗‖v‖1

holds, meaning that the distributional derivative of w is in L∞(Ω, IRd×d). Conse-
quently, w ∈W 1,∞(Ω, IRd×d). Conversely, if w ∈W 1,∞(Ω, IRd×d), we have for each
(v1, v2) ∈ L1(Ω, IRd×d)×W 1,1

0 (Ω, IRd×d×d)∣∣∣∫
Ω

w · v1 −Mxw · div v2 dx
∣∣∣ ≤ ∣∣∣∫

Ω

w · v1 +Mx∇w · v2 dx
∣∣∣

≤ max {‖w‖∞,Mx‖∇w‖∞}(‖v1‖1 + ‖v2‖1) ,

meaning that W 1,∞(Ω, IRd×d) ↪→ Y ∗. The claimed identity for the norm in Y ∗

finally follows from the observation that

sup
v 6=0

∣∣∫
Ω
v · w dx

∣∣
‖v‖Y

= sup
v 6=0

sup
(v1,v2)∈Σ(v)

∣∣∫
Ω
v · w dx

∣∣
‖v1‖1 + ‖v2‖1

= sup
v1−Mx div v2 6=0

∣∣∫
Ω
w · v1 +Mx∇w · v2 dx

∣∣
‖v1‖1 + ‖v2‖1

= sup
(v1,v2) 6=0

∣∣∫
Ω
w · v1 +Mx∇w · v2 dx

∣∣
‖v1‖1 + ‖v2‖1

,

the latter since the expression is zero where v1 −Mx div v2 = 0 and (v1, v2) 6= 0.
The well-known L1-L∞ duality as well as density yields the identity ‖w‖Y ∗ =
max {‖w‖∞,Mx‖∇w‖∞}.

Remark 1. The are some subspaces of Y ∗ which will be of interest later:

Y ∗0 = {w ∈ Y ∗
∣∣ w = vI almost everywhere} (4a)

Y ∗1 = {w ∈ Y ∗
∣∣ w = 1⊗ q almost everywhere} . (4b)
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We denote by Y ∗div,0 and Y ∗div,1 the analog versions for Y ∗div. Note that one can
identify these subspaces with

Y ∗0 = W 1,∞(Ω) , ‖w‖Y ∗0 =
√
dmax {‖w‖∞,Mx‖∇w‖∞} , (5a)

Y ∗1 = W 1,∞(Ω, IRd) , ‖q‖Y ∗1 =
√
dmax {‖q‖∞,Mx‖∇q‖∞} , (5b)

Y ∗div,0 = W 1,∞(Ω) , ‖w‖Y ∗div,0 = max {
√
d‖w‖∞,Mx‖∇w‖∞} , (5c){

Y ∗div,1 = {q ∈ L∞(Ω, IRd)
∣∣ div q ∈ L∞(Ω)} ,

‖q‖Y ∗div,1
=
√
dmax {‖q‖∞,Mx‖div q‖∞} .

(5d)

The space Y ∗ (as well as the subspaces introduced above) is intrinsically con-
nected with Lipschitz continuous functions.

Proposition 2.3.

1. A matrix field w : Ω → IRd×d belongs to W 1,∞(Ω, IRd×d) = Y ∗ if and only if
w is bounded and locally Lipschitz continuous with Lipschitz constant bound C not
depending on Ω′ for each convex Ω′ ⊂⊂ Ω.

2. Each w ∈ Y ∗ is differentiable almost everywhere and the gradient satisfies
‖∇w‖∞ ≤ C ′C with some C ′ > 0 and C the above Lipschitz constant.

3. For each Ω′ ⊂⊂ Ω there is a constant CΩ′ ≥ 1 (CΩ′ = 1 for convex Ω′) such that
each w ∈ Y ∗ is Lipschitz continuous with constant not greater that CΩ′‖∇w‖∞.

Proof. The first statement is an extension of Theorem 4.2.5 in [11] which states
that w being locally Lipschitz is equivalent to w ∈W 1,∞

loc (Ω, IRd×d).
To prove the only if part, it remains to show the independence of the Lipschitz

constant on convex sets Ω′ ⊂⊂ Ω. With the standard mollifier G and its dilated
versions Gε, we define wε = w ∗ Gε (componentwise) on Ω′ for sufficiently small
ε > 0. We have

wε(x)− wε(ξ) =

∫ 1

0

∇wε
(
ξ + s(x− ξ)

)
(x− ξ) dx

since Ω′ is convex and wε is smooth, hence

|w(x)− w(ξ)| = lim
ε→0
|wε(x)− wε(ξ)| ≤ ‖∇wε‖∞|x− ξ| ≤ ‖∇w‖∞|x− ξ| ,

using that wε converges uniformly in Ω′ as well as ∇wε = ∇w ∗ Gε (see Theorem
4.2.1 in [11]).

Conversely, we only have to show that the weak gradient ∇w belongs to the
space L∞(Ω, IRd×d×d). It is known that the L∞-norm of the gradient in a Ω′ ⊂ Ω
can be estimated by the Lipschitz constant in Ω′. In particular, denoting by C ′ the
constant which arises from the change from operator tensor norm to the Frobenius
norm (i.e. |A| ≤ C ′ sup|u|≤1 |Au|),

ess sup
ξ∈Bε(x)

|∇w(ξ)| ≤ C ′C for all Bε(x) ⊂ Ω

by assumption, hence ∇w ∈ L∞(Ω, IRd×d×d) since Ω is open.
The second statement follows from the fact that one can choose a sequence Ω′k

of open convex sets satisfying⋃
k

Ω′k = Ω , Ω′k ⊂⊂ Ω for k = 1, 2, . . .
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and applying Rademacher’s theorem to each Ω′k thus reducing the set where w is
not differentiable to a countable union of null-sets which is also a null-set.

Finally, the last statement is well-known, we only have to derive the Lipschitz
constant estimate. Suppose that Ω′ is connected. This is not less general since each
Ω′ ⊂⊂ Ω is subset of a connected compact set in Ω. Choose an ε > 0 such that
Ωε = Ω′ +Bε(0) satisfies Ωε ⊂⊂ Ω and define for each x, ξ ∈ Ω′ the usual distance

ρ(x, ξ) = inf
{∫ 1

0

|γ′(s)| ds
∣∣∣ γ ∈ C1([0, 1],Ωε), γ(0) = x, γ(1) = ξ

}
.

One can easily deduce the triangle inequality for ρ as well as ρ(x, x) = 0 for x ∈ Ω′.
It moreover follows that ρ(x, ξ) = |x− ξ| if |x− ξ| < ε, hence

|ρ(x̃, ξ̃)− ρ(x, ξ)| ≤ |x̃− x|+ |ξ̃ − ξ| < δ

if |x̃− x| < δ/2 < ε, |ξ̃ − ξ| < δ/2 < ε, yielding the continuity of ρ on Ω′ × Ω′.
In particular, ρ(x, ξ)/|x− ξ| is continuous on (Ω′ × Ω′)\{|x− ξ| < ε}, admitting a
maximum CΩ′ ≥ 1. On (Ω′ × Ω′) ∩ {0 < |x− ξ| < ε} we have ρ(x, ξ)/|x− ξ| = 1,
hence the function is bounded on Ω′ × Ω′.

Recalling from the proof of the first statement we deduce for each w ∈ Y ∗ that

|w(x)− w(ξ)| ≤ ρ(x, ξ)‖∇w‖∞ ≤ sup
x̃,ξ̃∈Ω′,x̃ 6=ξ̃

ρ(x̃, ξ̃)

|x̃− ξ̃|
‖∇w‖∞|x− ξ|

≤ CΩ′‖∇w‖∞|x− ξ| .

It follows that the Lipschitz constant of w on the compact subset Ω′ can be estimated
by CΩ′‖∇w‖∞ where CΩ′ only depends on Ω′. In particular, CΩ′ = 1 if Ω′ is convex.

Finally, note some topological properties of the space Y ∗.

Proposition 2.4.

1. Each bounded sequence {wk} ⊂ Y ∗ admits a weakly* convergent subsequence.

2. A sequence {wk} ⊂ Y ∗ converges to w ∈ Y ∗ weakly* if and only if wk
∗
⇀ w in

L∞(Ω, IRd×d) and ∇wk
∗
⇀ ∇w in L∞(Ω, IRd×d×d).

3. Y ∗ is continously embedded in C(Ω, IRd×d) such that wk
∗
⇀ w in Y ∗ implies

wk → w in C(Ω, IRd×d).

Proof. Regarding the first statement, by Proposition 2.2, we know that the predual
space Y is separable, hence bounded sequences in Y ∗ admit weakly* convergent
subsequences (confer [28], for example).

To prove the second statement, assume that wk
∗
⇀ w in Y ∗. So ‖wk‖∞ and

‖∇wk‖∞ are bounded, thus wk
∗
⇀ w and ∇wk

∗
⇀ ∇w for each subsequence in the

respective L∞-spaces, and hence for the whole sequence. Conversely, if wk
∗
⇀ w and

∇wk
∗
⇀ w in the respective L∞-spaces, we get a bounded sequence in Y ∗ for which

each subsequence converges weakly* to w and consequently the whole sequence.
For the compact embedding property in the third statement, suppose that we

are given a {wk} ⊂ Y ∗ which converges in the weak* sense to a w ∈ Y ∗. Recall
that each wk is Lipschitz continuous in Ω′ ⊂⊂ Ω with a constant CΩ′ which is only
dependent on Ω′ and on the bound for ‖∇wk‖∞, see Proposition 2.3. Since this
holds for all such Ω′, wk ∈ C(Ω, IRk).

Now pick a Ω′ ⊂⊂ Ω with Ω′ = int(Ω′). We want to show that {wk} converges in
C(Ω′, IRd×d) by applying the theorem of Arzelà and Ascoli. Since {wk} is equicon-
tinuous, there exists a subsequence of {wk} which converges in C(Ω′, IRd×d) to a
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w̃. For the subsequence there also holds ∇wk
∗
⇀ ∇w in L∞(Ω′, IRd×d×d), hence

the closedness of the gradient yields that ∇w̃ = ∇w. But this means that on each
connected component Ω′′ ⊂ Ω′ with non-empty interior we have w̃ = w + cΩ′′ with
a cΩ′′ ∈ IRd×d. Testing wk ∈ L∞(Ω, IRd×d) with χΩ′′ei,j , leads to∫

Ω′′
w̃ · ei,j dx = lim

k→∞

∫
Ω′′
wk · ei,j dx =

∫
Ω′′
w · ei,j dx

which means that actually cΩ′′ = 0. Since this holds for each connected component
of Ω′ we conclude w̃ = w. Additionally, this is true for each subsequence, so the
whole sequence converges to w in C(Ω′, IRd×d).

Now choose for ε > 0 the compact set Ω′ε = {x ∈ Ω
∣∣ dist(x, ∂Ω) ≥ ε} which

satisfies Ω′ε = int(Ω′ε) for ε small enough. By the above arguments, wk → w
in C(Ω′ε, IR

d×d), hence for k ≥ k0 we have |wk(x)− w(x)| < ε for each x ∈ Ω′ε.
Moreover, for each ξ ∈ Ω an x ∈ Ω′ε with |x− ξ| < ε0 < ε can be found and by local
Lipschitz continuity on Bε0(x) ⊂⊂ Ω we have

|wl(ξ)− w(ξ)| ≤ |wl(ξ)− wl(x)|+ |wl(x)− w(x)|+ |w(x)− w(ξ)| ≤ (2C + 1)ε

where C is a bound on {‖∇wk‖∞}. Consequently, ‖wk − w‖∞ → 0 on Ω which
proves the desired statement. In particular, each w ∈ Y ∗ belongs to C(Ω, IRd×d).

3 Weak weighted derivatives and weighted Sobolev spaces

In the following, we introduce and study the notion of variational weak weighted
derivatives. Taking the weights in Y ∗div, we are able to state the definition for which
we can formulate associated Sobolev spaces. It turns out that to derive density
results for these spaces as well as finer properties of the weak weighted gradients, we
need matrix fields in the smaller space Y ∗. We start with some basic considerations.

3.1 Definition and fundamental properties

Definition 3.1. Let y : Ω → IR be locally integrable and D ∈ Y ∗div. Then the
weak weighted gradient v = D∇yT is defined as the locally integrable function
v : Ω→ IRd fulfilling∫

Ω

v · z dx = −
∫

Ω

y(D · ∇z + divD · z) dx for all z ∈ C∞0 (Ω, IRd) . (6)

Remark 2. (i) By the results from Section 2, it is immediate that the definition
makes sense and that D∇yT has to be unique, since it is tested against all functions
z ∈ C∞0 (Ω, IRd).

(ii) Note that this definition allows for functions which are of lower regularity than
weakly differentiable functions: Since D can have arbitrary eigenvalues on non-null
sets in Ω, the weak weighted gradient may exist in Lr(Ω) even if y is not weakly
differentiable.

(iii) For y ∈ W 1,r(Ω), it is easily verified that (D∇yT) = D(∇yT), i.e. the weak
weighted derivative is the pointwise application of D to ∇yT. The operation
(y,D) → D∇yT mapping W 1,r(Ω) × L∞(Ω) → Lr(Ω, IRd) is of course bilinear
and continuous since

‖D∇yT‖r ≤ ‖D‖∞
(
‖y‖rr + ‖∇y‖rr

)1/r
.

This also applies if the space Y ∗div or Y ∗ is chosen for D.
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Definition 3.2. Let 1 ≤ r ≤ ∞ and D ∈ Y ∗div. Then we define the weighted Sobolev

space W 1,r
D as the vector space of functions satisfying

y ∈ Lr(Ω) , D∇yT ∈ Lr(Ω, IRd)

with norm

‖y‖W 1,r
D

=
(∫

Ω

|y|r + |D∇yT|r dx
)1/r

if 1 ≤ r <∞ , (7a)

‖y‖W 1,∞
D

= max {‖y‖∞, ‖D∇yT‖∞} . (7b)

In order to examine the Banach space properties of W 1,r
D , we need statements

about the closedness of the underlying differential operators. In this context, we
will also address preferably weak closedness properties with respect to varying co-
efficients, one of the main points of this article. It turns out that the variational
definition of the weak gradient is naturally connected with such properties.

Proposition 3.3. Let 1 < r < ∞ and the sequences {yk} ⊂ Lr(Ω) as well as
{Dk} ⊂ Y ∗div be given such that

yk ⇀ y in Lr(Ω) , Dk
∗
⇀ D in Y ∗div and Dk∇yT

k ⇀ v in Lr(Ω, IRd) .

If, additionally, yk → y or Dk → D together with divDk → divD pointwise almost
everywhere in Ω, then v = D∇yT.

Proof. Note that for a fixed z ∈ C∞0 (Ω, IRd) one can define, on the dense subset
C∞(Ω), the mapping Jz : v 7→ ∇v ⊗ z from L1(Ω)→ Ydiv. We can write z ⊗∇v =
v∇z−∇(vz) which leads, by definition of the norm in Ydiv, to the continuity estimate

‖z ⊗∇v‖Ydiv
≤ ‖v∇z‖1 +M−1

x ‖vz‖1 ≤ (‖∇z‖∞ +M−1
x ‖z‖∞)‖v‖1 .

This makes J∗ weak*-convergence preserving, hence J∗zDk = −(Dk · ∇z + divDk ·
z)
∗
⇀ J∗zD = −(D · ∇z + divD · z) in L∞(Ω).
Our aim now is to show convergence of the defining integrals in (6). First suppose

that yk → y pointwise almost everywhere. By Egorov’s Theorem one can choose
for each ε > 0 a measurable Ω′ ⊂ Ω with |Ω\Ω′| < ε such that yk → y uniformly on
Ω′. In particular, yk → y in Lr(Ω′). Hence, splitting the defining integral as follows∫

Ω

yk(Dk · ∇z + divDk · z) dx

=

∫
Ω′
yk(Dk · ∇z + divDk · z) dx+

∫
Ω\Ω′

yk(Dk · ∇z + divDk · z) dx

leads to

lim
k→∞

∫
Ω′
yk(Dk · ∇z + divDk · z) dx =

∫
Ω′
y(D · ∇z + divD · z) dx

as well as∣∣∣∫
Ω\Ω′

yk(Dk · ∇z + divDk · z) dx
∣∣∣ ≤ (‖∇z‖∞ +M−1

x ‖z‖∞)‖Dk‖Y ∗div

∫
Ω\Ω′

|yk| dx

≤ C1|Ω\Ω′|
1/r′‖yk‖r ≤ C2ε

1/r′

where 1
r + 1

r′ = 1 and C1, C2 > 0 are suitable constants which can be chosen
independently of k since {yk} and {Dk} are bounded sequences. Letting ε → 0
then implies that

lim
k→∞

∫
Ω

yk(Dk · ∇z + divDk · z) dx =

∫
Ω

y(D · ∇z + divD · z) dx . (8)
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Now suppose that Dk → D,divDk → divD pointwise almost everywhere in Ω.
From the above considerations we have that ‖Dk · ∇z + divDk · z‖∞ is bounded,
thus, by Lebesgue’s convergence theorem, Dk · ∇z + divDk · z → D · ∇z + divD · z
in Lr

′
(Ω) from which it immediately follows that (8) is also satisfied in this case.

So, convergence of both sides of the defining integral is guaranteed and one has∫
Ω

v · z dx = −
∫

Ω

y(D · ∇z + divD · z) dx

consequently leading to v = D∇yT.

Remark 3. (i) It can be easily seen that in the case of strong convergence yk → y
in Lr(Ω), the statement is also valid for 1 ≤ r ≤ ∞ (with weak*-convergence of
{Dk∇yk} for r =∞).

(ii) If each Dk ∈ Y ∗ and Dk
∗
⇀ D there, then it suffices that divDT

k → divDT

pointwise almost everywhere since Dk → D uniformly in Ω, due to Proposition 2.4.

An immediate consequence of the strong closedness property is the completeness
of the spaces W 1,r

D .

Proposition 3.4. The weighted Sobolev space W 1,r
D according to Definition 3.2 and

associated with a D ∈ Y ∗div is a Banach space which is reflexive for 1 < r <∞.

Proof. The normed space W 1,r
D can be interpreted as a subspace, denoted by

˜
W 1,r
D ,

of a Lebesgue space via

(y, v) ∈ ˜
W 1,r
D ⊂ Lr(Ω)× Lr(Ω, IRd) ⇔ v = D∇yT .

All statements follow from the closedness of
˜

W 1,r
D since closed subspaces of (reflex-

ive) Banach spaces are (reflexive) Banach spaces as well. But this corresponds to
the closedness of the differential operator y 7→ D∇yT which has been established
in Remark 3.

Remark 4. It is easy to check that W 1,2
D is also a real Hilbert space.

3.2 Density theorems

In the following, we will be interested in density statements for the weighted spaces
W 1,r
D , in particular in the density of C∞(Ω) ∩ W 1,r

D which is known for classical
Sobolev spaces (“H = W”, see [19] and also [9]) but fails in general for weighted
Sobolev spaces [31]. Also, we want to establish the density of C∞(Ω) which is known
to be true, in case classical Sobolev spaces, whenever the boundary satisfies certain
regularity assumptions.

Following the lines of proof which can be found in many textbooks (e.g. [1]),
the density of C∞(Ω) can be proven under abstract conditions on the differential
operator.

Proposition 3.5. Let l ≥ 1, 1 < r < ∞ and Λ : D(Λ) ⊂ Lrloc(Ω) → Lrloc(Ω, IRl)
with C∞0 (Ω) ⊂ D(Λ) a closed linear operator with the property that

1. y ∈ D(Λ) if and only if for each ζ ∈ C∞0 (Ω) follows ζy ∈ D(Λ),

2. for each y ∈ D(Λ) and ζ ∈ C∞0 (Ω) follows supp Λ(ζy) ⊂ supp ζ,

3. for each y ∈ D(Λ) with compact support in Ω, there exists a δ0 > 0 such that
the sequence of mollified yδ = y ∗Gδ satisfies ‖Λyδ‖r ≤ C for every 0 < δ < δ0 and
some C > 0.
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Then, for each ε > 0 and y ∈ Lr(Ω) with Λy ∈ Lr(Ω, IRl), there exists a ȳ ∈ C∞(Ω)
such that (∫

Ω

|ȳ(x)− y(x)|r + |(Λȳ)(x)− (Λy)(x)|r dx
)1/r

< ε . (9)

Proof. We introduce the sets Ωk = {x ∈ Ω
∣∣ dist(x, ∂Ω) > 1

k}, Ω0 = ∅ and Ω′k =

Ωk+1\Ωk−1 for k = 1, 2, . . .. Let ε > 0 be given and choose ζk ∈ C∞0 (Ω′k) to form
the usual partition of unity subordinate to Ωk, i.e.

0 ≤ ζk ≤ 1 and

k∑
k′=1

ζk′ = 1 in Ωk .

According to the third assumption on Λ, for each ζky, the mollified versions satisfy
‖Λ
(
(ζky) ∗Gδ

)
‖r ≤ Ck for every 0 < δ < min {dist(supp ζk, ∂Ω′k), δ0,k}, yielding a

weakly converging subsequence Λ
(
(ζky) ∗ Gδk′

)
with limit θk as δk′ → 0. By the

theorem of Banach-Saks, there is a subsequence (not relabeled), such that

lim
m→∞

1

m

m∑
k′=1

Λ
(
(ζky) ∗Gδk′

)
= θk , lim

m→∞

1

m

m∑
k′=1

(ζky) ∗Gδk′ = ζky

the latter being a consequence of (ζky) ∗ Gδk′ → ζky as k′ → ∞. Due to the
closedness of Λ, there has to be θk = Λ(ζky). Choosing mk large enough and
writing

yk =
1

mk

mk∑
k′=1

(ζky) ∗Gδk′

we can achieve that, exploiting the linearity of Λ,

‖yk − ζky‖r <
ε

2k+1
, ‖Λyk − Λ(ζky)‖r <

ε

2k+1
.

Note that by construction yk ∈ C∞0 (Ω′k) since δ is chosen small enough. Moreover,
the sets Ω′1,Ω

′
2, . . . are locally finite, hence the summation ȳ =

∑∞
k′=1 yk′ is finite in

a neighborhood of each x ∈ Ω, yielding that ȳ ∈ C∞(Ω). Furthermore, there has to
be ȳ ∈ D(Λ) meaning that Λȳ ∈ Lrloc(Ω, IRl): This follows from the first assumption
on Λ since for each ζ ∈ C∞0 (Ω) there has to be a k such that supp ζ ⊂ Ωk−1 and
consequently

ζȳ =

k∑
k′=1

ζyk′ as well as Λ(ζȳ) =

k∑
k′=1

Λ(ζyk′) ,

taking the second assumption on Λ into account. In particular, ζy ∈ D(Λ).
Also, observe that one can deduce similarly that

χΩk(ȳ − y) = χΩk

k+1∑
k′=1

(yk′ − ζk′y) , χΩk(Λȳ − Λy) = χΩk

k+1∑
k′=1

(
Λyk′ − Λ(ζk′y)

)
leading to the estimate∫

Ωk

|ȳ(x)− y(x)|r + |(Λȳ)(x)− (Λy)(x)|r dx

≤
( k∑
k′=1

‖yk′ − ζky‖r
)r

+
( k∑
k′=1

‖Λyk′ − Λ(ζk′y)‖r
)r

<
(1− 2−k)r

2r−1
εr .

The fact that Λȳ ∈ Lr(Ω, IRl) and, consequently, the claimed statement (9) then fol-
lows from the application of Levi’s monotone-convergence theorem on the sequence
{χΩk

(
|ȳ − y|r + |Λȳ − Λy|r

)
}.
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The next lemmas are concerned with providing the necessary arguments for the
verification the prerequisites of this abstract approximation result. The difficulty
here lies in establishing the boundedness of the {D∇(Gδ ∗ y)} as δ approaches zero.
Therefore, we will eventually assume the stronger regularity condition D ∈ Y ∗.

Lemma 3.6. If D∇yT exists for a locally integrable y and a D ∈ Y ∗div, then (6)

also holds for vector fields z ∈W 1,∞(Ω, IRd) with compact support in Ω.

Proof. This can be seen by using the standard mollifier G and its dilated versions
Gε. Denoting zε = z ∗Gε with ε > 0 small enough such that zε ∈ C∞0 (Ω, IRd), it is
clear that the left-hand side of∫

Ω

D∇yT · zε dx = −
∫

Ω

y(D · ∇zε + divD · zε) dx

converges to
∫

Ω
D∇yT · z dx as ε→ 0 since z is Lipschitz continuous in supp z (by

Proposition 2.3 and the identification (5b)) and hence the convergence is uniform.
Moreover, the right-hand side converges pointwise a.e. and can be bounded by
an integrable function, thus it also converges by virtue of Lebesgue’s dominated-
convergence theorem. The latter can be seen by∣∣y(x)(D · ∇zε + divD · zε)(x)

∣∣ ≤ (‖D‖∞‖∇z‖∞ + ‖divD‖∞‖z‖∞)|y(x)|

considered a.e. in a subset Ω′ ⊂⊂ Ω which contains the supports of {zε}.

Lemma 3.7. Let 1 ≤ r ≤ ∞, D ∈ Y ∗div and ζ ∈ W 1,∞(Ω). Then, from y ∈ W 1,r
D

follows ζy ∈W 1,r
D with the identity

D∇(ζy)T = ζD∇yT + yD∇ζT . (10)

Moreover, the multiplication with ζ maps W 1,r
D →W 1,r

D continuously.

Proof. It is clear that for each z ∈ C∞0 (Ω, IRd) we have

ζ(D · ∇z + divD · z) = ζ div(DTz) = div(Dζz)−D∇ζT · z

almost everywhere in Ω and since ζz can be used as a test function (see Lemma 3.6),
it follows

−
∫

Ω

ζy(D · ∇z + divD · z) dx = −
∫

Ω

y
(
div(Dζz)−D∇ζT · z

)
dx

=

∫
Ω

(ζD∇yT + yD∇ζT) · z dx .

Moreover, the norm can be estimated by

‖D∇(ζy)T‖r ≤ ‖ζ‖∞‖D∇yT‖r + ‖D‖∞‖∇ζ‖∞‖y‖r ,

yielding the continuity.

Lemma 3.8. Let 1 ≤ r < ∞ and D ∈ Y ∗. For each y ∈ W 1,r
D (Ω) with supp y ⊂

Ω′ ⊂⊂ Ω there exists an ε0 > 0 and a C which only depends on r, ‖D‖Y ∗ and
the standard mollifier G with suppG ⊂ B1(0) such that for each 0 < ε < ε0 the
estimate

‖yε‖W 1,r
D
≤ C‖y‖W 1,r

D
where yε = y ∗Gε

holds with Gε being the dilated versions of G.
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Proof. Choose 0 < ε0 < dist(supp y, ∂Ω), so all yε ∈ C∞0 (Ω). Note that D ∈ Y ∗
means that D is bounded and Lipschitz continuous in the sense that

|D(x)−D(ξ)| ≤ ‖∇D‖∞ε for all ξ ∈ supp y , |x− ξ| ≤ ε , (11)

by Proposition 2.3. It is moreover clear that ‖yε‖r ≤ ‖G‖1‖y‖r. To estimate the
approximation of the weak weighted gradient consider D∇yT

ε which can, because
of the smoothness of yε, be written as

(D∇yT
ε )(x) =

∫
Ω

y(ξ)D(x)∇Gε(x− ξ)T dξ

=

∫
Ω

y(ξ)
(
D(x)−D(ξ)

)
∇Gε(x− ξ)T dξ

+

∫
Ω

y(ξ)D(ξ)∇Gε(x− ξ)T dξ

(12)

but D(ξ)∇Gε(x− ξ)T = −D(ξ)∇Gε,x(ξ)T where Gε,x(ξ) = Gε(x− ξ), so, introduc-

ing a z ∈ IRd, one is able to reformulate the latter term to

−
(∫

Ω

yD∇GT
ε,x dξ

)
· z = −

∫
Ω

yD · ∇(zGε,x) dξ

= −
∫

Ω

y
(
D · ∇(zGε,x) + divD · zGε,x

)
dξ

+

∫
Ω

y divD · zGε,x dξ

=
(∫

Ω

(
D∇yT + y divD

)
(ξ)Gε(x− ξ) dξ

)
· z

with the help of the definition of the weak weighted derivative (6). This leads to

‖(D∇yT + y divD) ∗Gε‖r ≤ ‖G‖1(‖D∇yT‖r +
√
d‖∇D‖∞‖y‖r)

so let us estimate, using (11), the other term in (12) according to(∫
Ω

∣∣∣∫
Ω

y(ξ)
(
D(x)−D(ξ)

)
∇Gε(x− ξ)T dξ

∣∣∣r dx
)1/r

≤ ‖∇D‖∞
(∫

Ω

∣∣∣∫
Ω

ε−d
∣∣y(ξ)

∣∣∣∣∣∇G(x− ξ
ε

)∣∣∣ dξ
∣∣∣r dx

)1/r

≤ ‖∇D‖∞‖∇G‖1‖y‖r .

Altogether, one gets

‖D∇yT
ε ‖r ≤ (‖∇G‖1 +

√
d‖G‖1)‖∇D‖∞‖y‖r + ‖G‖1‖D∇yT‖r

≤
(
‖∇D‖r

′

∞(‖∇G‖1 +
√
d‖G‖1)r

′
+ ‖G‖r

′

1

)1/r′‖y‖W 1,r
D

again, with the dual exponent r′ such that 1
r + 1

r′ = 1. This leads to the desired
result if C is chosen as follows

C =
((
‖∇D‖r

′

∞(‖∇G‖1 +
√
d‖G‖1)r

′
+ ‖G‖r

′

1

)r−1
+ ‖G‖r1

)1/r

.

Collecting the results, the first main result of this section can be proven.

Theorem 3.9. Let 1 < r < ∞ and D ∈ Y ∗. Then C∞(Ω) is dense in W 1,r
D . In

particular, W 1,r
D can be regarded as the closure of C∞(Ω) under the norm (7a).
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Proof. To show the density, we want to apply Proposition 3.5 to the closed dif-
ferential operator Λ : y 7→ D∇yT (see Remark 3) whose domain contains C∞0 (Ω)
and which can be interpreted in D(Λ) ⊂ Lrloc(Ω) → Lrloc(Ω, IRd). By virtue of
Lemma 3.7, Λ meets the first requirement of the proposition (the statement that
ζy ∈ D(Λ) for each ζ ∈ C∞0 (Ω) implies y ∈ D(Λ) follows directly from the def-
inition of the weak weighted derivative). The second is easily obtained from the
product formula (10) for the weak weighted gradient, while the third is a direct con-
sequence of Lemma 3.8. Hence, the asserted statement follows from the application
of Proposition 3.5.

Note that we used C∞(Ω) ⊂ W 1,r
D as a short-hand notation for C∞(Ω) ∩W 1,r

D

being a subset of W 1,r
D , a slight abuse of notation which seems to be common in the

literature.
In addition to the density of C∞(Ω), which allows to approximate with smooth

functions, it is also of interest to know about the approximation properties of C∞(Ω).
Since this set is often dense in Sobolev spaces, such density results allow to approx-
imate with smooth functions which are moreover contained spaces with “higher”
integrability, i.e. W 1,r(Ω). In the following, we will see that, provided that ∂Ω is
Lipschitz, C∞(Ω) is dense in each W 1,r

D and, hence, each W 1,r
D can be interpreted

as the closure of W 1,r(Ω) under the norm (7).
We establish an abstract approximation result for C∞(Ω) which is analogous

to Proposition 3.5 in the first step and prove the necessary boundedness of the
approximizing sequence subsequently.

Proposition 3.10. Let l ≥ 1, 1 < r <∞ and Λ : D(Λ) ⊂ Lr(Ω)→ Lr(Ω, IRl) with
C∞(Ω) ⊂ D(Λ) a closed linear operator with the property that for each y ∈ D(Λ),
there exists a sequence {yδ} ⊂ C∞(Ω) for 0 < δ < δ0 such that yδ → y in Lr(Ω) as
δ → 0 and ‖Λyδ‖r ≤ C with some C > 0.

Then, for each ε > 0 and y ∈ D(Λ), there exists a ȳ ∈ C∞(Ω), which is a finite
linear combination of some yδ, such that the approximation property (9) holds true.

Proof. Choose a y ∈ D(Λ) and δ0 according to the assumptions. Then, the sequence
{Λyδk} remains bounded in Lr(Ω, IRl) as δk → 0, hence there exists a weakly
convergent subsequence (still labeled with k) such that yδk ⇀ θ. Again, by the
theorem of Banach-Saks,

lim
m→∞

1

m

m∑
k=1

Λyδk = θ , lim
m→∞

1

m

m∑
k=1

yδk = y

for a subsequence, where the latter follows from yδk → y in Lr(Ω) as k → ∞.
Moreover, θ = Λy since the operator is closed. Choosing m large enough and
exploiting the linearity of Λ finally gives a ȳ according to

ȳ =
1

m

m∑
k=1

yδk

such that (9) holds true. From the construction then follows ȳ ∈ C∞(Ω).

Lemma 3.11. Let Ω be a bounded Lipschitz domain, 1 < r < ∞ and D ∈ Y ∗.
Then, there exists a family of linear operatorsMε for 0 < ε < ε̃ which only depends
on Ω, with the following property:

For each y ∈ W 1,r
D , the functions yε =Mεy are in C∞(Ω), yε → y in Lr(Ω) as

ε→ 0 and
‖D∇yT

ε ‖r ≤ C‖y‖W 1,r
D

for some C > 0 which is independent of y.
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Proof. The proof is very technical and similar to the proof of Lemma 3.8 and there-
fore presented in Appendix A.1.

Theorem 3.12. Let Ω be a bounded Lipschitz domain, 1 < r < ∞ and D ∈ Y ∗.
Then C∞(Ω) is dense in W 1,r

D .

Proof. The result follows in analogy to the proof of Theorem 3.9. The essential step
here is the combination of Lemma 3.11 with the approximation result of Proposition
3.10.

3.3 Calculus rules

The approximation results in Theorems 3.9 and 3.12 can be applied to establish
the usual calculus rules for the spaces W 1,r

D , namely the product rule (which was

already established in Lemma 3.7 but can now be extended to W 1,∞
D ) as well as the

chain rule.

Proposition 3.13. Let 1 < r < ∞ and D ∈ Y ∗. Then, for each y ∈ W 1,r
D and

ζ ∈ W 1,∞
D follows ζy ∈ W 1,r

D with the identity (10) remaining valid. Moreover,

y 7→ ζy is a continuous operation mapping W 1,r
D into itself.

Proof. The idea is to choose y ∈ C∞(Ω) ∩ W 1,r
D and a Ω′ ⊂⊂ Ω such that y ∈

W 1,∞(Ω′) in order to apply Lemma 3.7 with y and ζ interchanged. This yields the
existence of D∇(ζy)T and the asserted identity in Lrloc(Ω, IRd).

Next, we find the continuity estimate

‖D∇(ζy)T‖r,Ω′ ≤ ‖D∇ζT‖∞‖y‖r + ‖ζ‖∞‖D∇yT‖r

which is uniform for all Ω′ ⊂⊂ Ω, allowing to extend the above to Lr(Ω, IRd).
Finally,

‖ζy‖W 1,r
D
≤ C‖y‖W 1,r

D

with a C which only depends on ‖ζ‖W 1,∞
D

. Hence, y 7→ ζy can be extended contin-

uously to the whole space by density (Theorem 3.9).

Proposition 3.14. Let 1 < r < ∞, D ∈ Y ∗ and ϕ : IR → IR be a continuously
differentiable function with bounded derivative. Then, from y ∈W 1,r

D follows ϕ◦y ∈
W 1,r
D and

D∇(ϕ ◦ y)T = (ϕ′ ◦ y)(D∇yT) .

The statement is still valid for ϕ(s) = max {0, s}, ϕ(s) = min {0, s} as well as
ϕ(s) = |s| (with ϕ′(0) = 0). In particular, y(x) = 0 implies (D∇yT)(x) = 0 almost
everywhere.

Moreover, the superposition y 7→ ϕ ◦ y is continuous mapping W 1,r
D →W 1,r

D .

Proof. The proof is an adaptation of the chain rule for classical Sobolev functions
to the weak weighted and directional derivatives (confer [13], for example). Let
y ∈ C∞(Ω) so that ϕ ◦ y ∈ C1(Ω) by the usual chain rule. The asserted identities in
this case follow easily from ∇(ϕ ◦ y) = (ϕ′ ◦ y)∇y.

Now approximate y ∈ W 1,r
D with a sequence of {yε} ⊂ C∞(Ω) with ε > 0. In

particular, one can find a subsequence such that we have pointwise a.e. convergence
in Ω in addition to yε → y in Lr(Ω) and D∇yT

ε → D∇yT in Lr(Ω, IRd). It is well-
known that ϕ◦yε → ϕ◦y in Lr(Ω). Observe that ϕ′◦yε converges pointwise a.e. and
is bounded almost everywhere. Consequently, Lebesgue’s dominated-convergence
theorem gives

(ϕ′ ◦ yε)D∇yT
ε → (ϕ′ ◦ y)D∇yT
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in Lr(Ω, IRd) leading to the asserted identity for D∇(ϕ ◦ y)T by the closedness of
the differential operators (see Remark 3). This proves the chain rule in W 1,r

D .
For the remainder, it is sufficient to consider ϕ(s) = max {0, s} since min {0, s} =

−max {0,−s} and |s| = max {0, s} −min {0, s}. The usual way is to approximate
ϕ by

ϕε(s) = χ]0,∞[(s)
√
s2 + ε2 − ε , ϕ′ε(s) = χ]0,∞[(s)

s√
s2 + ε2

and to see that ϕε ◦ y → ϕ ◦ y as well as (ϕ′ε ◦ y)D∇yT → (ϕ′ ◦ y)D∇yT, in
Lr(Ω, IRd), again by Lebesgue’s dominated-convergence theorem. Note that from
y = max {0, y}+ min {0, y} then follows that D∇yT = 0 almost everywhere where
y = 0.

The continuity of y 7→ ϕ ◦ y can be proven as follows. Suppose yl → y in W 1,r
D .

First, ϕ◦yl → ϕ◦y in Lr(Ω) by classical results about superposition operators (see
[4], for example). One can moreover assume that D∇yT

l → D∇yT pointwise a.e.

and in Lr(Ω, IRd). Consequently, we have

(ϕ′ ◦ yl)(D∇yT
l )→ (ϕ′ ◦ y)(D∇yT)

almost everywhere in Ω. This follows from the pointwise a.e. convergence of ϕ′ ◦ y
in the case where ϕ′ is continuous. In the case where ϕ(s) = max {0, s}, ϕ′ is dis-
continuous in 0, so one also has to investigate the behavior on the set {y = 0}. The
pointwise a.e. convergence is then derived from |D∇yT

l | → |D∇yT| = 0 a.e. where
y = 0, since |(ϕ′ ◦ yl)(D∇yT

l )| ≤ |D∇yT
l | → 0 there. Similar arguments show that

this is also true for ϕ(s) = min {0, s} as well as ϕ(s) = |s|.
Returning to general ϕ, by Vitali’s convergence theorem (cf. [2], for example),

we have

sup
l∈IN

∫
Ω′
|D∇yT

l |
r

dx→ 0 , if |Ω′| → 0

and for each ε > 0 the existence of an Ωε such that

sup
l∈IN

∫
Ωε

|D∇yT
l |
r

dx ≤ ε .

Since ϕ′ is bounded by, say, C > 0, it follows that

sup
l∈IN

∫
Ω′
|(ϕ′ ◦ yl)(D∇yT

l )|r dx→ 0 , if |Ω′| → 0

as well as the fact that for each ε > 0 we have for δ = C−rε that

sup
l∈IN

∫
Ωδ

|(ϕ′ ◦ yl)(D∇yT
l )|r dx ≤ ε

with the above Ωδ. This, in turn implies (ϕ′ ◦ yl)(D∇yT
l ) → (ϕ′ ◦ y)(D∇yT) in

Lr(Ω, IRd), again by using Vitali’s convergence theorem. Consequently, ϕ◦yl → ϕ◦y
in W 1,r

D .

4 Scalar weights and directional derivatives

As it was already mentioned in Remark 1, there are some special subspaces of coef-
ficients D ∈ Y ∗ for which more about the structure of the weak weighted derivative
as well as the associated W 1,r

D can be said. In the following, we investigate the
case D ∈ Y ∗0 = Y ∗div,0 (confer Remark 1 for the definition) which corresponds to
scalar weighting functions. Furthermore, the weak weighted gradient for coefficients
D ∈ Y ∗1 are examined, corresponding to weak directional derivatives. Besides the
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connections to the classical weak derivative, will see that for scalar coefficients,
a stronger closedness result holds, assuming only weak*-convergence for D = wI
in Y ∗div and no additional convergence for ∇w, see Proposition 3.3. Furthermore,
if D ∈ Y ∗1 , one can locally associate coordinate transforms such that the y for
which D∇yT exists can be expressed locally, under the coordinate transform, by
the functions which are weakly differentiable with respect to one distinguished space
variable.

4.1 Scalar weights

Suppose that D ∈ Y ∗0 = Y ∗div,0 according to (4a) meaning that D = wI for a

function w, which has to be in W 1,∞(Ω), see Remark 1. For weak weighted gradients
associated with D ∈ Y ∗0 we write D∇yT = w∇yT and, as long as it creates no
confusion, we also denote by w ∈ Y ∗0 a function w ∈ W 1,∞(Ω) for which wI ∈ Y ∗0 .
First note that Definition 3.1 can equivalently be expressed by the following.

Remark 5. Let w ∈ Y ∗0 and y ∈ L1
loc(Ω), v ∈ L1

loc(Ω, IRd). Then, v = w∇yT

according to Definition 3.1 if and only if∫
Ω

v · z dx = −
∫

Ω

y(w div z +∇w · z) dx for all z ∈ C∞0 (Ω, IRd) . (13)

Subsequently, we use the more concise version (13) instead of (6). The first
result addresses the pointwise properties of w∇yT.

Proposition 4.1. Let w ∈ Y ∗0 and y be locally integrable on Ω such that the weak
weighted gradient w∇yT ∈ L1

loc(Ω, IRd) exists. Then

1. ∇y exists where w 6= 0 and there we have ∇yT = w−1(w∇yT) almost everywhere
and

2. w∇yT = 0 almost everywhere where w = 0.

Proof. We know from Proposition 2.4 that w is continuous in Ω, hence the subset
Ω+ = {x ∈ Ω

∣∣ w(x) 6= 0} is relatively open. Moreover, for each z ∈ C∞0 (Ω+, IR
d)

there exists a δ > 0 such that |w(x)| ≥ δ for each x ∈ supp z. Hence z̄ = w−1z
is still in W 1,∞(Ω+, IR

d) with compact support in Ω+ and can be used as a test
function (see Lemma 3.6). This yields

−
∫

Ω+

y div z dx = −
∫

Ω+

y(w div z̄ +∇w · z̄) dx =

∫
Ω+

w∇yT

w
· z dx

so ∇yT = w−1(w∇yT) exists in the weak sense (13) in Ω+. Especially, the asserted
identity holds for almost every x ∈ Ω+.

Now fix an 1 ≤ i ≤ d and a compact Ω′ ⊂ Ω0 = {x ∈ Ω
∣∣ w(x) = 0} and let

zε = χΩ′ ∗ Gε where G denotes again the standard mollifier with suppG ⊂ B1(0)
and Gε its dilated versions. We choose ε > 0 sufficiently small, i.e. such that
zε ∈ C∞0 (Ω). It is clear that |∂zε∂xi

(x)| ≤ ‖χΩ′‖∞‖∂Gε∂xi
‖1 ≤ ε−1C1 with a suitable

C1 > 0. Since w ∈ Y ∗0 , we moreover know that max{‖w‖∞, ‖∇w‖∞} ≤ C2 for
some C2 > 0. Hence, if x∗ ∈ Ω′, then for each x ∈ Ω with |x− x∗| ≤ ε follows
|w(x)| ≤ C2CΩ′ε (with a CΩ′ > 0 given by Proposition 2.3). Furthermore, w = 0
implies ∇w = 0 almost everywhere on the respective subset. Now consider the
estimate ∣∣∣∫

Ω

y
(
w
∂zε
∂xi

+
∂w

∂xi
zε
)

dx
∣∣∣ ≤ C2(C1CΩ′ + 1)

∫
supp zε\Ω′

|y| dx
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which tends to zero as ε→ 0 since from the compactness of Ω′ follows |supp zε\Ω′| →
0. The weak weighted derivative exists, hence we have, by Lebesgue’s dominated-
convergence theorem that

∫
Ω′

(w∇yT)i dx = 0 for all compact Ω′ ⊂ Ω0 and 1 ≤ i ≤
d. This yields w∇yT = 0 almost everywhere in Ω0, the desired result.

The following results states the closedness of the weak weighted derivative con-
sidered in Lr(Ω)×Y ∗0 → Lr(Ω, IRd) with weak and weak* convergence. It will turn
out that the sequence of weak weighted gradients converges weakly to the weak
weighted gradient of the limit only on the set where the limit weight does not van-
ish. The main argument is utilizing the compact embedding W 1,r(Ω) ↪−↪→ Lr(Ω)
which is done in the following preparatory lemma.

Lemma 4.2. Let Ω fulfill the cone condition, {wk} ⊂ Y ∗0 , w ∈ Y ∗0 be given with

wk
∗
⇀ w. Moreover, let 1 < r < ∞, {yk} ⊂ Lr(Ω), y ∈ Lr(Ω) with yk ⇀ y as well

as {wk∇yk} ⊂ Lr(Ω, IRd), θ ∈ Lr(Ω, IRd) with wk∇yk ⇀ θ. For ε > 0 denote by
Ωε = {x ∈ Ω

∣∣ |w(x)| > ε}.
Then, for each ε > 0, we have yk → y in Lr(Ωε) and θ = w∇y in Ωε.

Proof. First note that wk → w in C(Ω) (a consequence of Proposition 2.4 and (5a)),
so for sufficiently large k we have |wk| > ε/2 on Ωε and thus ∇yk as well as ∇y exist
there according to Proposition 4.1. Moreover, we know that ∇yT

k = w−1
k (wk∇yT

k )
on Ωε, so

‖∇yk‖r ≤ 2ε−1‖wk∇yT
k ‖r ≤ C

by assumption. Hence, we can extract a subsequence, also denoted by {∇yk},
which converges weakly in Lr(Ωε, IR

d) with limit ∇y since taking the gradient is
closed. Now W 1,r(Ωε) is compactly embedded in Lr(Ωε) (since Ωε also satisfies
the cone condition, see [1]) so actually yk → y in Lr(Ωε). Finally, one can easily

deduce in analogy to Proposition 3.3 that wk div z+∇wk · z
∗
⇀ w div z+∇w · z for

z ∈ C∞0 (Ω, IRd) with supp z ⊂⊂ Ωε. We have∫
Ω

yk(wk div z +∇wk · z) dx = −
∫

Ω

wk∇yT
k · z dx

for each z ∈ C∞0 (Ωε, IR
d), so taking limits yields∫
Ω

y(w div z +∇w · z) dx = −
∫

Ω

θ · z dx

and thus, θ = w∇yT in Ωε.

Now, the weak closedness result follows immediately.

Proposition 4.3. Suppose that Ω satisfies the cone condition, 1 < r < ∞ and let
the sequences {yk} ⊂ Lr(Ω) and {wk} ⊂ Y ∗0 with limits yk ⇀ y and wk

∗
⇀ w in the

respective spaces be given. If wk∇yT
k ⇀ θ in Lr(Ω, IRd), then w∇yT = χ{w 6=0}θ.

Proof. Choose an arbitrary z ∈ C∞0 (Ω, IRd) and C1 > 0 such that C1 is an estimate
of the Lipschitz constant for all wk on supp z (again, see Proposition 2.3). For each
0 < ε < dist(supp z, ∂Ω), we define Ωε = {|w| > ε} and observe that for the dilated
standard mollifier Gε the function z1

ε = (Gε/(2C1) ∗ χΩε)z belongs to C∞0 (Ωε/2, IR
d)

since
|w(ξ)| ≥ |w(x)| − |w(ξ)− w(x)| > ε− C1|ξ − x| > ε/2

whenever x ∈ Ωε and ξ ∈ Bε/(2C1)(x). As we have proven in Lemma 4.2, yk → y in
Lr(Ωε/2) which implies∫

Ω

y(w div z1
ε +∇w · z1

ε) dx = lim
k→∞

∫
Ω

yk(wk div z1
ε +∇wk · z1

ε) dx .
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Setting z2
ε = z − z1

ε , we can moreover observe that supp z2
ε ⊂ {|w| ≤ 3ε/2} since

|w(ξ)| ≥ |w(x)| − |w(ξ)− w(x)| > 3ε/2− C1|ξ − x| ≥ ε

whenever |w(x)| > 3ε/2 and |ξ − x| ≤ ε/(2C1). Hence, we deduce∣∣∣∫
Ω

y(w div z2
ε +∇w · z2

ε) dx
∣∣∣ ≤ ess sup

{|w|≤3ε/2}
|w div z2

ε +∇w · z2
ε |

∫
{0<|w|≤3ε/2}

|y| dx

and estimate

|w div z2
ε | ≤ 3ε/2

∥∥(1−Gε/(2C1) ∗ χΩε) div z − (∇Gε/(2C1) ∗ χΩε) · z
∥∥
∞

≤ 3ε/2
(
‖div z‖∞ + 2C1/ε‖∇G‖1‖z‖∞

)
≤ C2

as well as
‖∇w · z2

ε‖∞ ≤ ‖∇w‖∞‖z‖∞ ≤ C3

with suitable C2, C3 > 0 which can be chosen to be independent of ε. Additionally,∫
{0<|w|≤3ε/2} |y| dx tends to zero as ε→ 0, which allows to choose ε > 0 such that∣∣∣∫

Ω

y(w div z2
ε +∇w · z2

ε) dx
∣∣∣ < δ

with δ > 0 arbitrarily small. Together with the above, we have∫
Ω

y(w div z +∇w · z) dx = lim
k→∞

∫
Ω

yk(wk div z1
ε +∇wk · z1

ε) dx

+

∫
Ω

y(w div z2
ε +∇w · z2

ε) dx

= − lim
k→∞

∫
Ω

wk∇yT
k · z1

ε dx+

∫
Ω

y(w div z2
ε +∇w · z2

ε) dx

so we can achieve ∣∣∣∫
Ω

y(w div z +∇w · z) dx+

∫
Ω

θ · z1
ε dx

∣∣∣ < δ

for each δ > 0. Finally, letting δ → 0 and consequently ε→ 0 yields∫
Ω

y(w div z +∇w · z) dx = −
∫

Ω

χ{w 6=0}θ · z dx

which implies the assertion.

4.2 Directional derivatives

A different class of weights which can be examined further are described by Y ∗div,1

and Y ∗1 , once again, see Remark 1. For D = 1 ⊗ q and smooth functions y, the
weighted gradient D∇yT consists of d copies of the directional derivative q · ∇y.
On the other hand, using pointwise singular value decomposition of a given matrix
field D, one is able to obtain vector fields q1, . . . , qd as well as p1, . . . , pd such that

(D∇yT)(x) =

d∑
i=1

1

d

(
pi(x)⊗ 1

)(
1⊗ qi(x)

)
∇y(x)T (14)

for example (it is not necessary to choose 1 as the factors for the outer products,
two non-orthogonal vectors in IRd will also work). From (14) we see that D∇yT

can always be decomposed into terms involving directional derivatives.
In the following, the weak analogon to the directional derivatives is examined, i.e.

D∇yT in the sense of (6) such thatD = 1⊗q with q ∈W 1,∞(Ω, IRd) or, equivalently,
D ∈ Y ∗1 . Again, first remark that there is an equivalent scalar variational definition.
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q
U

ξ̄

ξd

j

Ω′

Fig. 1: Illustration of a local coordinate transformation j associated with a vector
field q. On the left-hand side, a sample vector field q is depicted, while in the
middle and the right, the coordinate transform j defined on V is illustrated.
Note that the mapping takes lines along ξd to integral lines with respect to
q.

Remark 6. Let D = 1 ⊗ q ∈ Y ∗div,1. Then, for a locally integrable u, we have

u = D∇yT in the weak sense if and only if each ui = v with v being locally
integrable and satisfying∫

Ω

vz dx = −
∫

Ω

y(z div q +∇z · q) dx for all z ∈ C∞0 (Ω) . (15)

This follows from plugging 1⊗q into the variational equation (6) and noting that it is

equivalent to test against all z ∈ C∞0 (Ω) instead of all
∑d
i=1 zi with z ∈ C∞0 (Ω, IRd).

As an abbreviation, will denote by ∂qy = v when referring to the above defini-
tion.

The main result about weak directional derivatives will be that we can express
D∇yT locally as a function being weakly differentiable in one direction in the clas-
sical sense under a Lipschitz coordinate transformation. For that, we need three
preparatory lemmas whose proofs can be found in the appendix. The first two deal
with the integral curves associated with a vector field q.

Lemma 4.4. Let q ∈W 1,∞(Ω, IRd) and a point x ∈ Ω be given such that q(x) 6= 0.
Then there exists an open neighborhood U of 0 in IRd and a Lipschitz mapping j on
U → Ω′ ⊂ Ω such that Ω′ is an open neighborhood of x with

q(x) · q(x′) ≥ 1
2 |q(x)||q(x′)| for all x′ ∈ Ω′ , (16)

and j has a Lipschitz-continuous inverse j−1 : Ω′ → U . Moreover, j is partially
differentiable in U with respect to the d-th component (denoted by ξ = (ξ̄, ξd)) with
derivative

∂j

∂ξd
(ξ̄, ξd) = q

(
j(ξ̄, ξd)

)
. (17)

In Figure 1, an example for the j constructed in Lemma 4.4 is depicted.

Lemma 4.5. Let the situation of Lemma 4.4 be given. Then, with j according to
Lemma 4.4, the function J(ξ̄, ξd) = det∇j(ξ̄, ξd) fulfills

∂J

∂ξd
(ξ̄, ξd) = div q

(
j(ξ̄, ξd)

)
J(ξ̄, ξd) , J(ξ̄, 0) =

q(x)

|q(x)|
· q
(
j(ξ̄, 0)

)
(18)

for almost every (ξ̄, ξd) ∈ U . In particular, J is given a.e. by

J(ξ̄, ξd) =
q(x)

|q(x)|
· q
(
j(ξ̄, 0)

)
e

∫ ξd
0

div q
(
j(ξ̄, s)

)
ds (19)
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The third lemma notes which class of functions can be used alternatively to test
weak derivatives with respect to the d-th direction.

Lemma 4.6. In the situation of Lemmas 4.4 and 4.5, a y ∈ L1
loc(U) possesses a

weak derivative ∂y
∂ξd
∈ L1

loc(U) if and only if∫
U

y
∂z̃

∂ξd
dξ = −

∫
U

∂y

∂ξd
z̃ dξ (20)

for each z̃ given by z̃(ξ) = J(ξ)z
(
j(ξ)

)
where z ∈ C∞0 (j(U)).

Now, we are able to give a characterization of D∇yT with D ∈ Y ∗1 .

Proposition 4.7. Let D = 1 ⊗ q ∈ Y ∗1 be given. Then there exists an open
locally finite covering Ωk, k = 1, 2, . . . of Ω+ = {x ∈ Ω

∣∣ q(x) 6= 0}, Lipeomorphisms
jk : Uk → Ωk (with associated Jk = det∇jk) and a partition of unity ζk subordinate
to this covering such that the following characterization holds:

A locally integrable y possesses a weak weighted derivative D∇yT if and only if
each ȳk = y ◦ jk has a weak derivative with respect to ξd in Uk with∑

{k′|Ωk′∩Ω′ 6=∅}

∫
Uk′

Jk′(ζk′ ◦ jk′)
∣∣∣∂ȳk′
∂ξd

∣∣∣ dξ <∞ (21)

for each Ω′ ⊂⊂ Ω. In the case D∇yT exists, the identity

(D∇yT)i = ∂qy =

∞∑
k=1

ζk

(∂ȳk
∂ξd
◦ j−1

k

)
(22)

holds almost everywhere in Ω for each 1 ≤ i ≤ d.
In particular, D∇yT = 0 almost everywhere where q = 0.

Proof. Again, note that D = 1 ⊗ q with a q ∈ W 1,∞(Ω, IRd), see Remark 1. We
first construct the open covering. Set

Ω′k = {x ∈ Ω
∣∣ |q(x)| ≥ 1

k ∧ dist(x, ∂Ω) ≥ 1
k} for k = 1, 2, . . .

which is family of compact sets in Ω. For k < 1, let Ω′k = ∅. Now, cover the compact
sets Ω′k\ int(Ω′k−1) with finitely many open Ω′k,l associated with the anchor points
xk,l ∈ Ω′k and Lipeomorphisms jk,l : Uk,l → Ω′k,l according to Lemma 4.4. Note that

due to the construction, each Ω′k,l has to be contained in Ω+ = {x ∈ Ω
∣∣ q(x) 6= 0}.

Without loss of generality one can also assume that

Ω′k,l ⊂ int(Ω′k+1)\Ω′k−2 .

for each k and l. This covering has to be locally finite: Each x ∈ Ω+ has to
be contained in some open Ω′k,l which has empty intersection with each Ω′k′,l′ for
k′ > k + 2, leaving only finitely many possibilities for non-empty intersection. See
Figure 2 for an illustration of this construction.

Now choose for each k a smooth partition of unity ηk,l of Ω′k\ int(Ω′k−1) subor-
dinate to Ω′k,l. Summing all up η =

∑
k,l ηk,l yields a function which is finite on

Ω+ and not less than 1. Thus one can set ζk,l = ηk,l/η and gets a partition of unity
with ζk,l ∈ C∞0 (Ω+). By renumbering the sets Uk,l, Ω′k,l as well as the mappings
jk,l and functions ζk,l, we can drop the index l and change the notation to Uk, Ωk,
jk and ζk, respectively.

Let y be locally integrable with weak weighted derivative D∇yT which corre-
sponds to the existence of ∂qy, see Remark 6. With ȳk = y ◦ jk, the function y
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Ω′k+1

Ω′k\ int(Ω′k−1)
Ω′k−2

Ω′k,l

Ω′k−2

Ω′k,l

Ω′k\ int(Ω′k−1)Ω′k+1
Ω−

Fig. 2: Illustration of the covering constructed in the proof of Proposition 4.7. For a
fixed k, the nested sets Ω′k−2, . . . ,Ω

′
k+1 are depicted as well as the open Ω′k,l

(indicated blue) which cover Ω′k\ int(Ω′k−1) (shaded regions). Note that all
Ω′k,l are contained in int(Ω′k+1)\Ω′k−2 (the regions within the dashed lines).

Additionally, the set Ω− = {x ∈ Ω
∣∣ q(x) = 0} is shown.

admits the representation y =
∑∞
k=1 ζkȳk ◦j

−1
k in L1

loc(Ω+). Choose a z̃ = Jk(z ◦jk)
with z ∈ C∞0 (Ωk) as a test function. Applying the change of variables theorem in
[11] as well as (17), (18) gives

−
∫
Uk

ȳk
∂z̃

∂ξd
dξ = −

∫
Uk

ȳk
∂

∂ξd

(
Jk(z ◦ jk)

)
dξ

= −
∫
Uk

ȳk

(
(z ◦ jk)

∂Jk
∂ξd

+
∂(z ◦ jk)

∂ξd
Jk

)
dξ

= −
∫
Uk

ȳk

(
(z ◦ jk)

(
(div q) ◦ jk

)
+
∂(z ◦ jk)

∂ξd

)
Jk dξ

= −
∫

Ωk

y
(
z div q +∇z · q

)
dx

which becomes, using the equivalent defining property of the weak directional
derivative (15) and the notation introduced in Remark 6,

−
∫

Ωk

y
(
z div q +∇z · q

)
dx =

∫
Ωk

(∂qy)z dx

=

∫
Uk

(∂qy ◦ jk)(z ◦ jk)Jk dξ =

∫
Uk

(∂qy ◦ jk)z̃ dξ .

Hence, by Lemma 4.6, ȳk is weakly differentiable with respect to ξd with derivative
∂ȳk
∂ξd

= ∂qy ◦ jk. Moreover, for Ω′ ⊂⊂ Ω

∑
{k′|Ωk′∩Ω′ 6=∅}

∫
Uk′

Jk′(ζk′ ◦ jk′)
∣∣∣∂ȳk′
∂ξd

∣∣∣ dξ

=
∑

{k′|Ωk′∩Ω′ 6=∅}

∫
Ωk′

ζk′ |∂qy| dx =

∫
Ω′′
|∂qy| dx <∞
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where Ω′′ =
⋃
{k′|Ωk′∩Ω′ 6=∅} Ωk′ whose closure is also compact in Ω due to construc-

tion. This establishes (21) and therefore the “only if” part.
Before proceeding to the “if” part, let us note that, using the partition of unity,

one obtains (22) in L1
loc(Ω+). Moreover, we first verify that ∂qy = 0 almost every-

where on the set Ω− = {x ∈ Ω
∣∣ q(x) = 0}. Choose a Ω′− ⊂ Ω− which is compact

in Ω and enlarge it to Ω′−,ε = Ω′− +Bε(0) for small ε > 0. If ε is chosen small
enough, the test functions zε = χΩ′ ∗ Gε, where Gε denote the dilated versions of
the standard mollifier G, are still in C∞0 (Ω). Let C‖∇q‖∞ be a Lipschitz constant
for q which is common to all considered supp zε ⊂⊂ Ω.

Hence, we can estimate |q(x′)| ≤ εC‖∇q‖∞ whenever x′ ∈ Bε(x) with x ∈ Ω′−.

Moreover |div q| ≤ C
√
d‖∇q‖∞ as well as div q = 0 almost everywhere in Ω−, so

the defining integral can be estimated by∣∣∣∫
Ω

∂qyzε dx
∣∣∣ =

∣∣∣∫
Ω

y(zε div q +∇zε · q) dx
∣∣∣

≤
(
C
√
d‖∇q‖∞‖G‖1 + C‖∇q‖∞‖∇G‖1

) ∫
supp zε\Ω−

|y| dx , (23)

which vanishes as ε→ 0 since, due to the compactness of Ω′− as well as Ω′− ⊂ Ω−, the
Lebesgue measure of supp zε\Ω− tends to zero. But since ∂qy is locally integrable,
we can conclude

∫
Ω′−

∂qy dx = limε→0

∫
Ω
∂qyzε dx = 0. Consequently, ∂qy = 0

almost everywhere in Ω−.
It remains to prove the converse direction of the equivalence statement. Suppose

that each ȳk is weakly differentiable in Uk with respect to ξd and (21) holds. Our
aim is to show that ∂qy exists and is given by (22). First, take a test function
z ∈ C∞0 (Ω+). Hence, testing y with z div q +∇z · q leads to∫

Ω

∞∑
k=1

ζky(z div q +∇z · q) dx =

K∑
k=1

∫
Ωk

ζky(z div q +∇z · q) dx ,

where K is large enough such that Ωk′ ∩ supp z = ∅ for k′ > K. Each summand
can be transformed to Uk which gives∫

Ωk

ζky(z div q +∇z · q) dx =

∫
Uk

ζ̄kȳk

(∂Jk
∂ξd

(zk ◦ jk) + Jk
∂(zk ◦ jk)

∂ξd

)
dξ

= −
∫
Uk

∂

∂ξd
(ζ̄kȳk)Jkz̃k dξ

denoting ζ̄k = ζk ◦ jk, z̃k = Jk(z̄k ◦ jk) with a z̄k ∈ C∞0 (Ωk) and using (17) with the
chain rule as well as (18). Furthermore,

−
∫
Uk

∂

∂ξd
(ζ̄kȳk)z̃k dξ = −

∫
Uk

(∂ζ̄k
∂ξd

ȳk + ζ̄k
∂ȳk
∂ξd

)
z̃k dξ

= −
∫

Ωk

(
(∇ζk · q)y + ζk

(∂ȳk
∂ξd
◦ j−1

k

))
z dx

leading to, summed up,∫
Ω

( ∞∑
k=1

ζk(ȳk ◦ j−1
k )
)

(z div q +∇z · q) dx = −
∫

Ω

( ∞∑
k=1

ζk
(∂ȳk
∂ξd
◦ j−1

k

))
z dx

since
∑K
k=1∇ζk ·q = ∇

(∑K
k=1 ζk

)
·q = 0 on supp z. This proves the weak directional

differentiability on Ω+.
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Finally, for the case where z ∈ C∞0 (Ω) we split z into a part with compact support
in Ω+ and a part for which the associated integral vanishes. This can be achieved
by z = z̃ε + zε where zε is constructed analog to the above with Ω′− = supp z ∩Ω−
and using zχΩ′−,ε

instead of χΩ′−
, i.e. zε = (zχΩ′−,ε

) ∗Gε. Set z̃ε = z − zε. Testing
then gives∫

Ω

y(z div q +∇z · q) dx =

∫
Ω

y
(
(z̃ε + zε) div q + (∇z̃ε +∇zε) · q

)
dx

= −
∫

Ω

∞∑
k=1

ζk

(∂ȳk
∂ξd
◦ j−1

k

)
z̃ε dx+

∫
Ω

y(zε div q +∇zε · q) dx . (24)

Consider the limits of both terms on the right-hand side as ε → 0. The functions
in the first term converge pointwise almost everywhere and can be estimated by
2‖z‖∞

∑∞
k=1 ζk

∣∣∂ȳk
∂ξd
◦ j−1

k

∣∣ which is integrable on supp z\Ω− due to

∫
supp z

∞∑
k=1

ζk

∣∣∣∂ȳk
∂ξd
◦ j−1

k

∣∣∣ dx ≤
∑

{k′|Ωk′∩supp z 6=∅}

∫
Ωk′

ζk′
∣∣∣∂ȳk′
∂ξd

◦ j−1
k′

∣∣∣ dx

=
∑

{k′|Ωk′∩supp z 6=∅}

∫
Uk′

Jk′(ζk′ ◦ jk′)
∣∣∣∂ȳk′
∂ξd

∣∣∣ dξ <∞ .

By virtue of Lebesgue’s theorem, the first integral in (24) converges, as ε→ 0, to

−
∫

Ω

∞∑
k=1

ζk

(∂ȳk
∂ξd
◦ j−1

k

)
z̃ε dx→ −

∫
supp z∩Ω+

∞∑
k=1

ζk
(∂ȳk
∂ξd
◦ j−1

k

)
z dx .

The second term in (24) tends to zero by the same argument utilized for (23). This
establishes the weak directional differentiability on Ω.

Remark 7. The result in Proposition 4.7 essentially tells that in case the weight D
has rank 1, then weak weighted derivatives are locally respresented by a function
being weakly differentiable in one direction. In the other extreme, from Proposi-
tion 4.1 follows that when D has full rank, the weak weighted differentiable functions
are the usual weak differentiable functions (which are transformed by the identity
mapping).

One could be tempted with extending these results to the intermediate cases
where the rank r of D is locally fixed but ranges from 2, . . . , d − 1, e.g. D(x) =∑r
i=1 pi ⊗ qi(x) where q1, . . . , qr are pointwise linearly independent vector fields

and p1, . . . , pr some linearly independent fixed vectors. When trying to establish
an analogon of (22) with ȳk being functions which are now weakly differentiable
in the d − r, . . . , d unit directions, we have to adapt Lemma 4.4, which means
to construct locally an r-dimensional foliation such that the tangential bundles of
the leaves correspond to the bundle spanned by the vector fields q1, . . . , qr. The
Frobenius theorem states, at least for sufficiently smooth vector fields, necessary
and sufficient conditions for existence of such foliations [18, 12]: Essentially, the Lie
brackets [qi, qj ] have to be pointwise linear combinations of the qk. Unfortunately,
such a condition can be violated for arbitrary vector fields, so an r-dimensional
analogon of Lemma 4.4 can only be established in special situations.

Subsequently, one has to determine how functions behave under the coordinate
transformations associated with the local foliations in order to obtain an analogon
of (22). A detailed and rigorous investigation of what is only roughly sketched here,
however, is beyond the scope of this paper and may be subject to further studies.
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5 Application to degenerate elliptic equations

As it has already been indicated in [5, 6], degenerate equations are suitable to
model the smoothing of images while preserving relevant edges. There, a degenerate
parabolic equation with fixed degeneracies has been proposed for image denoising.
The coefficients were obtained from the noisy image and updated from time to time.
Here, our intention is to study a full non-linear coupling between the coefficients
and the solution for the stationary case.

Therefore, the following regularized model for denoising an image u is considered:

solve

λy − div
(
D2(∇yσ)∇yT

)
= u in Ω

∂y

∂D2(∇yσ)ν
= 0 on ∂Ω

(25a)

∇yT
σ = ∇(y ∗Gσ)T , D2(∇yσ) =

(
I − τ(|∇yσ|2)

∇yT
σ

|∇yσ|
⊗ ∇y

T
σ

|∇yσ|

)
(25b)

where λ > 0 is “small”, Gσ respresents a Gaussian kernel with variance σ > 0
which has been normalized to area 1 and τ : [0,∞[ → [0, 1] is suitable, monotone
weighting function with τ(0) = 0 and, with a t0 > 0, τ(t) = 1 for all t ≥ t0. Such
a degenerate equation is suitable for image denoising since on the one hand, on
areas where y is flat, D2(∇yσ) is close to the identity and consequently, y is the
result of an second-order smoothing of the data u. On the other, in regions where
y has edges, ∇yσ has an large absolute value and is approximately pointing in the
direction normal to the edge, hence D2(∇yσ) completely blocks smoothing into that
direction and y corresponds approximately to a second-order smoothing of u only
in the directions which are tangential to the edge.

We will see that under certain assumptions, (25) has a weak solution y in a
weighted Sobolev space associated with D(∇yσ), the pointwise square root of the
diffusion tensor in (25). Such a solution typically leads the partial differential equa-
tion to degenerate on arbitrary parts of the domain and is therefore discontinuous
in general, a feature which is desired when dealing with images (see [6] for an argu-
mentation why W 1,2

D(∇yσ) is a suitable model for images). The proof of the existence

result is inspired by [7] and also utilizes the Schauder fixed point theorem on the
mapping which assigns y the weak solution of the linear equation:

λz − div
(
D2(∇yσ)∇zT

)
= u in Ω ,

∂z

∂D2(∇yσ)ν
= 0 on ∂Ω . (26)

As the underlying equation is supposed to degenerate, the proof in [7] cannot be
adapted in a straightforward manner since special care with respect to the function
spaces has to be taken causing that major parts of the proof rely on the results
presented in the previous sections.

Turning towards showing the existence, first define the class of weighting func-
tions τ we like to consider as well as appropriate notions of a weak solutions.

Definition 5.1. A continuous monotone increasing τ : [0,∞[→ [0, 1] is an admis-
sible weighting function if the function ϑ given by ϑ(t) = (1−

√
1− τ(t))/t satisfies

the following conditions:

1. There exists a t0 > 0 such that ϑ(t) = 1/t for all t ≥ t0 and limt→0 ϑ(t)t1/2 = 0,

2. ϑ is continuously differentiable on ]0,∞[ and we have limt→0 t
3/2ϑ′(t) = 0.

For admissible τ and y ∈ L2(Ω), we define

D(∇yσ) =
(
I − ϑ(|∇yσ|2)∇yT

σ ⊗∇yT
σ

)
(27)

where ∇yT
σ = ∇(y ∗Gσ)T with zero extension of y outside of Ω.
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One can, for example, choose τ according to

τ(t) =

{
(t/t0)3/2

(
6t/t0 − 15

√
t/t0 + 10

)
if t ≤ t0

1 else

for some t0 > 0 in order to get an admissible weighting function.

Note that D(∇yσ) is the positive semi-definite pointwise square root of D2(∇yσ)
defined in (25b). We will immediately see how the conditions on τ imply that the
superposition operator y 7→ D(∇yσ) is sufficiently continuous. But before, we give
the following definitions of weak solutions for (25) as well as (26).

Definition 5.2. Let λ > 0, τ be an admissible weighting function and u ∈ L2(Ω)
be given. Then, y ∈ L2(Ω) is a weak solution of (25) if for D = D(∇yσ) according
to (27) we have y ∈W 1,2

D and for each z ∈W 1,2
D it holds that

λ〈y, z〉2 + 〈D∇yT, D∇zT〉2 = 〈u, z〉2 . (28)

Likewise, for arbitrary y ∈ L2(Ω) and D = D(∇yσ), z ∈ W 1,2
D is said to be a weak

solution of (26) if for each ζ ∈W 1,2
D the variational equation

λ〈z, ζ〉2 + 〈D∇zT, D∇ζT〉2 = 〈u, ζ〉2 (29)

is satisfied.

Lemma 5.3. Let τ be an admissible weighting function. Then ϕ : IRd → IRd×d

defined by
ϕ(ξ) = I − ϑ(|ξ|2)ξ ⊗ ξ

is a continuously differentiable mapping.
The operator y 7→ D(∇yσ) according to (27) is well-defined as L2(Ω)→ Y ∗ and

possesses the following continuity property:

yk ⇀ y in L2(Ω) ⇒
{

D
(
∇yk,σ

) ∗
⇀ D(∇yσ) in Y ∗

∇D
(
∇yk,σ

)
→ ∇D(∇yσ) pointwise a.e.

Proof. It is easy to verify the continuous differentiability of ϕ on IRd\{0} since the
partial derivatives are given by

∂ϕ

∂ξi
(ξ) = −2ξiϑ

′(|ξ|2)ξ ⊗ ξ − ϑ(|ξ|2)ei ⊗ ξ − ϑ(|ξ|2)ξ ⊗ ei

which are continuous functions. Moreover, as ξ → 0 it holds that

lim
ξ→0
|∇ϕ(ξ)| ≤ 2

(
lim
ξ→0

∣∣ϑ′(|ξ|2)
∣∣|ξ|3 + dϑ(|ξ|2)|ξ|

)
= 0

since ϑ satisfies the conditions stated in Definition 5.1 making ∇ϑ continuous on
the whole space. Likewise, since ϑ is continuous, we have that

lim
ξ→0

|ϕ(ξ)− ϕ(0)|
|ξ|

≤ lim
ξ→0

ϑ(|ξ|2)|ξ| = 0 ⇒ ∇ϕ(0) = 0 .

For the continuity statement on the associated regularized superposition operator,
first observe that y 7→ ∇yσ maps such that

‖∇yσ‖∞ ≤ ‖∇Gσ‖2‖y‖2 , ‖∇2yσ‖∞ ≤ ‖∇2Gσ‖2‖y‖2
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meaning that ∇yσ is in W 1,∞(Ω, IRd). Moreover, whenever yk ⇀ y in L2(Ω), for
each x ∈ Ω holds

∇yk,σ(x)→ ∇yσ(x) , ∇2yk,σ(x)→ ∇2yσ(x)

since the convolution evaluated in a point x is an L2 dual pairing and one is al-
lowed to interchange integration and differentiation. Now, written as superposition
operator D(∇yσ)(x) = ϕ

(
∇yσ(x)

)
(and the analog for D(∇yk,σ)) with ϕ being a

continuously differentiable mapping, hence, for each x ∈ Ω,

ϕ
(
∇yk,σ(x)

)
→ ϕ

(
∇yσ(x)

)
,{

∇
(
ϕ(∇yk,σ)

)
(x) = ∇ϕ

(
∇yk,σ(x)

)
∇2yk,σ(x)

→ ∇ϕ
(
∇yσ(x)

)
∇2yσ(x) = ∇

(
ϕ(∇yσ)

)
(x) .

Pointwise convergence means in particular weak*-convergence in the respective L∞-
spaces, hence, by Proposition 2.4, we additionally have D(∇yk,σ)

∗
⇀ D(∇yσ) in Y ∗

what was to show.

Proposition 5.4. Let Ω be a bounded Lipschitz domain, u ∈ L2(Ω) be fixed and
τ an admissible weighting function. The operator T : L2(Ω) → L2(Ω) which maps
y 7→ z according to (29) is well-defined and possesses the following properties:

1. each T (y) belongs to the corresponding W 1,2
D(∇yσ),

2. T maps C = {y ∈ L2(Ω)
∣∣ ‖y‖2 ≤ λ−1‖u‖2} into itself,

3. it is continuous with respect to the induced weak topology in C.

Proof. First of all, examine the existence and uniqueness for solutions of (29): Note
that for each y ∈ L2(Ω), Lemma 5.3 implies D = D(∇yσ) ∈ Y ∗, hence we can
consider the associated weighted Sobolev space W 1,2

D and define the bilinear form
as well as the linear form

a(z, ζ) = λ〈z, ζ〉2 + 〈D∇zT, D∇ζT〉2 , f(ζ) = 〈u, ζ〉2 .

Of course, (29) is equivalent to finding a z ∈ W 1,2
D for which a(z, ζ) = f(ζ) for all

ζ ∈W 1,2
D . The continuity and coercivity estimates

|a(z, ζ)| ≤ max(λ, 1)‖z‖W 1,2
D
‖ζ‖W 1,2

D
, min(λ, 1)‖z‖2

W 1,2
D

≤ a(z, z) ,

as well as |f(ζ)| ≤ ‖u‖2‖ζ‖W 1,2
D

can easily be derived with standard arguments,

consequently, the Lax-Milgram theorem ensures the existence of a unique solution
z = T (y) in W 1,2

D . Thus, T is also well-defined as T : L2(Ω) → L2(Ω) by the

embedding W 1,2
D ↪→ L2(Ω). Now, if we test (29) with ζ = z,

λ‖z‖22 + ‖D∇zT‖22 = 〈u, z〉2 ≤ ‖u‖2‖z‖2 ⇒
{

‖z‖2 ≤ λ−1‖u‖2
‖D∇zT‖22 ≤ λ−1‖u‖22 ,

(30)

so T maps L2(Ω) into C and in particular, the set C into itself.
Let us finally prove the continuity statement. First, note that since C is bounded

and weakly closed in the separable space L2(Ω), the weak continuity can equiva-
lently be described by weak sequential continuity [10]. Hence, we have to show
that yk ⇀ y∗ with {yk} ⊂ C and y∗ ∈ C implies the convergence zk ⇀ z∗ for
zk = T (yk) and z∗ = T (y∗). Denote by Dk = D(∇yk,σ) as well as D = D(∇y∗σ)

for which Dk
∗
⇀ D in Y ∗ holds as well as ∇Dk → ∇D almost everywhere in Ω

due to Lemma 5.3. Looking at the a-priori estimates (30), we see that {zk} and
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{Dk∇zT
k } are bounded in the respective L2-spaces, so going to subsequences (with-

out relabeling), the existence of z ∈ L2(Ω) and v ∈ L2(Ω, IRd) such that zk ⇀ z
and Dk∇zT

k ⇀ v can be ensured. All prerequisites of Proposition 3.3 are satisfied,

so one concludes v = D∇zT meaning that z ∈W 1,2
D .

It remains to show that actually z = z∗, which amounts to proving that z
satisfies (29) since its solution is unique in W 1,2

D . Choose a test function ζ ∈W 1(Ω)
and observe that Dk∇ζT → D∇ζT in L2(Ω) since {Dk} converges in Y ∗ in the
weak* sense and consequently uniformly in C(Ω, IRd×d) (see Proposition 2.4). Each
zk solves (29) with the corresponding yk, i.e.

λ〈zk, ζ〉2 + 〈Dk∇zT
k , Dk∇ζT〉2 = 〈u, ζ〉2 .

Here, only dual pairing of weakly and strongly convergent sequences are involved,
so passage to the limit yields

λ〈z, ζ〉2 + 〈D∇zT, D∇ζT〉2 = 〈u, ζ〉2 .

Since W 1(Ω) ↪→ W 1,2
D densely as an immediate consequence of Theorem 3.12, the

variational equation holds for sufficiently many test functions, hence z is the solu-
tion of (29) with the corresponding y∗ meaning that z = z∗. This holds for each
subsequence for which {zk} and {Dk∇zT

k } converge weakly, so the whole sequence
must satisfy zk ⇀ z∗ what was to show.

Proposition 5.4 provides us with everything we need for the application of
Schauder’s fixed point theorem.

Theorem 5.5. Let Ω be a bounded Lipschitz domain, u ∈ L2(Ω) and τ an ad-
missible weighting function. Then, there exists a weak solution of the degenerate
non-linear equation (25) in the sense of Definition 5.2.

Proof. The fixed point operator T maps the compact and convex subset C =
{y ∈ L2(Ω)

∣∣ ‖y‖2 ≤ λ−1‖u‖2} endowed with the induced weak topology contin-
uously into itself, see Proposition 5.4. Application of the Schauder fixed-point
theorem [30] yields the existence of a y ∈ C with y = T (y) meaning that with
D = D(∇yσ) we have on the one hand that y = T (y) ∈ W 1,2

D as well as (29) with
z = y on the other hand, eventually leading to (28).

Remark 8. (i) In the existence proof, some ingredients played an important role:
First, we had to find appropriate solution spaces for the degenerate elliptic equa-
tions. Usually, this is done by considering weights which allow the utilization of the
classical weak gradient leading to the classical weighted Sobolev spaces [29, 14] or
by completing a classical function space with respect to a weaker norm [22]. Here,
we utilized the variational notion of the weak weighted derivative and associated
Sobolev spaces, serving as a replacement for the classical gradient which does not
necessarily exist in the degenerate case. In order to deal with the solution space
varying with y, weak closedness properties became important. In contrast to the
approach via completion, such closedness results are easily accessible in weighted
Sobolev spaces. They give, roughly speaking, the property that a weak limit of solu-
tions belongs to the corresponding limit solution space even if the sequence itself is
not contained in the latter. Finally, in order to obtain the limit being a solution, we
are utilizing the density of W 1(Ω), which is independent of D, in all W 1,2

D . Without
having the density result, such a conclusion would not have been possible.

(ii) Unfortunately, not much can be said about uniqueness of a solution. We give
some (mathematically not rigorous) indications for what the reasons might be.
First, as the “forward operator” A : L2(Ω)→ L

(
W 1(Ω),W 1(Ω)∗

)
defined by

A(y)(z) = λ〈y, z〉2 + 〈D(∇yσ)∇yT, D(∇yσ)∇zT〉
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y1
orig y2

orig y3
orig

u1 u2 u3

y1 y2 y3

Fig. 3: Illustration of image denoising by solving (25). The top row depicts some
sample images which are distorted by additive Gaussian noise (middle row).
These noisy images were plugged into the right-hand side of (25), and a
numerical approximation of a solution has been computed. In the bottom
row, the outcome of this algorithm is depicted (up to a normalizing factor).

is not monotone, so one cannot use monotonicity arguments to obtain (global)
uniqueness. One still might ask whether a solution is locally unique, meaning
that possible solutions are discrete with respect to some norm possibly different
from the L2-norm. An approach then would be to examine the derivative of T −
I. However, variations in y may cause discontinuities to move (since W 1,2

D(∇yσ) is

varying) suggesting that T − I is not differentiable in reasonable function spaces,
thus, it is also not immediate how show local uniqueness.

To conclude this section, we show with some basic numerical examples that
equation (25) is suitable for image denoising. We do not want to study the asso-
ciated numerical analysis as this is beyond the scope of this paper, but it is worth
mentioning that the naive approach of performing a fixed-point iteration with T
usually turns out to be a successful strategy for computing solutions of (25). The
denoising results for some well-known test images are depicted in Figure 3. As the
image show, the partial differential equation is indeed able to preserve the edges
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while smoothing the noisy flat parts of the image. However, staircasing might occur
depending on the noise level and amount of smoothing (adjusted with λ) as well
as the edge sensitivity (adjusted with t0). Also, as texture is not taken into ac-
count, fine structures may vanish. The method nevertheless performs pretty good
on cartoon-like images.

6 Summary and conclusion

The notion of weighted gradients which is based on a variational formulation instead
of an algebraic operation leads to a new class of weighted Sobolev spaces for which it
is possible to establish well-known and desired properties such as closedness, density
of smooth functions as well as the usual calculus rules. These spaces moreover
model discontinuous functions with different “degree” of discontinuity, depending
on the dimension of the kernel of the respective weight D in the neighborhood
of a certain point. As we have seen, functions in W 1,r

D can have no degree of
smoothness where D vanishes and have to possess a classical gradient where D
is regular. Likewise, if the weight is only of rank one, one can say that functions
whose weak weighted derivative exist are smooth in one (possibly varying) direction
and possess, in general, discontinuites with respect to each perpendicular direction.
Another important aspect of the variational construction of weak weighted gradients
is their natural connection to weak closedness with respect to varying functions and
weights.

Such results can be applied to solve certain types of degenerate elliptic equations,
e.g. to solve a denoising problem in image processing. For the latter, modeling the
denoising procedure as a full anisotropic degenerate equation instead of the com-
mon way of regularizing it to become a uniformly elliptic problem, yields functions
with “true” discontinuities across hypersurfaces, i.e. edges, as it is also the case for
functions with bounded variation, a popular model in mathematical image process-
ing. Moreover, the utilized notions and techniques are not limited to this topic; an
adaptation to other problems also seems to be possible.

As the variational weak weighted derivative possesses many desireable prop-
erties, there is, however, the limitation that one usually has to assume a certain
degree of smoothness of the weights which, roughly speaking, corresponds to Lips-
chitz continuity. Hence, the results in this paper do not include the existing theory
of weighted Sobolev spaces but rather extend it to another class of weights. One
can summarize that when analyzing weighted Sobolev spaces and degenerate elliptic
equations, one approach is to impose integrability conditions (as for the Mucken-
houpt classes) where restrictions on the decay behavior of the weights apply, while
the approach introduced in this article bases on smoothness (which is also a restric-
tion) but allows, among other things, for a more general decay behavior.

A Additional proofs

A.1 Proof of Lemma 3.11

We first construct the operators Mε. By assumption, Ω is a bounded Lipschitz
domain, so according to that, there exist finitely many Ul ⊂ IRd−1 which are neigh-
borhoods of zero (for 1 ≤ l ≤ L), Lipschitz continuous mappings ϕl : Ul → IR,
linear isometries Sl : IRd → IRd and x̄l ∈ ∂Ω such that

Sl
(
ξ̄, ϕl(ξ̄)

)
+ x̄l ∈ ∂Ω for ξ̄ ∈ Ul

Sl
(
ξ̄, ϕl(ξ̄) + ξd

)
+ x̄l ∈ Ω for ξ̄ ∈ Ul , ξd ∈ ]0, εl[

Sl
(
ξ̄, ϕl(ξ̄) + ξd

)
+ x̄l ∈ IRd\Ω for ξ̄ ∈ Ul , ξd ∈ ]−εl, 0[
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with suitable εl > 0. One can moreover assume that the

Ω̃l = {x ∈ IRd
∣∣ x = Sl

(
ξ̄, ϕl(ξ̄) + ξd

)
+ x̄l , ξ̄ ∈ Ul , |ξd| < εl}

are open and that ∂Ω ⊂
⋃

1≤l≤L Ω̃l. Additionally, there has to be an ε0 > 0 such
that the sets

Ωl,ε0 = {x ∈ Ω̃l
∣∣ dist(x, ∂Ω̃l) > ε0}

still cover ∂Ω: Otherwise, there would be a sequence {xε} ⊂ ∂Ω such that for each
ε > 0 the corresponding xε /∈ Ωl,ε for each 1 ≤ l ≤ L. But ∂Ω is compact, so
there exists a subsequence which converges to some x ∈ ∂Ω. Now there is an l such
that x ∈ Ω̃l and since Ω̃l is open, we have ε0 = dist(x, ∂Ω̃l)/2 > 0. Consequently,
x is in Ωl,ε0 as well as almost every member of the above subsequence, which
results in a contradiction. Thus, there is an ε0 > 0 such that Ωl = Ωl,ε0 cover ∂Ω.
Moreover, by standard arguments, an open Ω0 with Ω0 ⊂⊂ Ω can be found such
that Ω ⊂

⋃
0≤l≤L Ωl.

Denote by ηl the image of ed under Sl, i.e. the unit direction which locally points
from ∂Ω into Ω. Introduce tl = 2(Cl + 1) with Cl being the Lipschitz constant for
the boundary mapping ϕl and consider the mollifiers

Gl,ε,x(ξ) = Gε(x+ εtlηl − ξ) for x ∈ Ω ∩ Ωl , ξ ∈ IRd .

For suitably small ε > 0 we want to obtain that suppGl,ε,x is compact in Ω.

First, by choosing 0 < ε < (1 + tl)
−1ε0, we can ensure that suppGl,ε,x ⊂⊂ Ω̃l:

If ξ ∈ suppGl,ε,x, then

|x+ εtlηl − ξ| ≤ ε ⇒ |x− ξ| ≤ |x+ εtlηl − ξ|+ εtl ≤ (1 + tl)ε < ε0

meaning that ξ ∈ Ωl + Bε0(0) ⊂ Ω̃l. Moreover, for ξ ∈ suppGl,ε,x we can estimate

the distance to the boundary part ∂Ω ∩ Ω̃l from below as follows. Since x ∈ Ω̃l,
there has to be a ξ̄1 ∈ Ul and a ξd ∈ ]0, εl[ such that x = Sl

(
ξ̄1, ϕl(ξ̄1) + ξd

)
+ x̄l.

Now any point x̄ ∈ ∂Ω ∩ Ω̃l can be written as x̄ = Sl
(
ξ̄2, ϕ(ξ̄2)

)
+ x̄l for ξ̄2 ∈ Ul.

Thus, we know that

|x+ εtlηl − x̄| =
∣∣Sl(ξ̄1, ϕl(ξ̄1) + ξd + εtl

)
− Sl

(
ξ̄2, ϕl(ξ̄2)

)∣∣
=
∣∣(ξ̄1 − ξ̄2, ϕl(ξ̄1)− ϕl(ξ̄2) + ξd + εtl

)∣∣
≥ max{|ξ̄1 − ξ̄2|, εtl − Cl|ξ̄1 − ξ̄2|}
≥ 2ε

since there is only the possibility that |ξ̄1 − ξ̄2| ≥ 2ε or |ξ̄1 − ξ̄2| < 2ε. Consequently,

|x̄− ξ| ≥ |x+ εtlηl − x̄| − |x+ εtlηl − ξ| ≥ 2ε− ε = ε ,

so ξ ∈ Ω and in particular suppGl,ε,x ⊂⊂ Ω.
In the following, choose a ε̃ > 0 such that ε̃ < (1 + tl)

−1ε0 for 1 ≤ l ≤ L as
well as Ω0 +Bε̃(0) ⊂⊂ Ω and let 0 < ε < ε̃. Note that ε̃ then only depends on the
domain Ω. The next step is to define Gl,ε(x) = Gε(x + εtlηl) such that, for each

y ∈W 1,r
D ,

yl,ε(x) = (y ∗Gl,ε)(x) = 〈y, Gl,ε,x〉
for 0 < ε < ε̃ on each Ω ∩ Ωl. To take Ω0 into account, let t0 = 0, η0 = 0 and set
y0,ε = y ∗ G0,ε = y ∗ Gε. Now, all yl,ε have to be assembled to an appropriate yε.
This is of course done with a smooth partition of unity ζl on Ω subordinate to the
sets Ω0, . . . ,ΩL. We then define, as usual, the operators

Mεy = yε =

L∑
l=0

ζlyl,ε .
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As one can easily see, this construction yields linear operators which only depend
on Ω and whose images are always smooth functions, since by construction, each
ζlyl,ε is an element of C∞(Ω) meaning that yε ∈ C∞(Ω).

Before we prove that the boundedness statement ‖D∇yT
ε ‖r ≤ C holds for these

yε, we like to obtain estimates for the Lr-norm of D∇yT
l,ε restricted to the sets

Ω ∩ Ωl for 1 ≤ l ≤ L. Most of the arguments from the proof of Lemma 3.8 can
be reused here, we will therefore give a shortened argumentation. Consider D∇yT

l,ε

which can be written as

D(x)∇yl,ε(x)T =

∫
Ω

y(ξ)
(
D(x)−D(ξ)

)
∇Gε(x+ εtlηl − ξ)T dξ

+

∫
Ω

(
D∇yT + y divD

)
(ξ)Gε(x+ εtlηl − ξ) dξ .

The crucial part is showing that the Lr-norm of the first term restricted to Ω ∩ Ωl
is bounded independently of ε, the second term can be estimated by standard
arguments (see Lemma 3.8). Here, observe that due to Proposition 2.3 as well as
the above considerations, we have the estimates

|D(x+ εtlηl)−D(ξ)| ≤ ‖∇D‖∞ε for x ∈ Ω ∩ Ωl , |x+ εtlηl − ξ| ≤ ε
|D(x)−D(x+ εtlηl)| ≤ ‖∇D‖∞tlε for x ∈ Ω ∩ Ωl

since Bε(x+ εtlηl) is convex and compact in Ω as well as the line connecting x and
x+ εtlηl. Thus,(∫

Ω∩Ωl

∣∣∣∫
Ω

y(ξ)
(
D(x)−D(ξ)

)
∇Gε(x+ εtlηl − ξ)T dξ

∣∣∣r dx
)1/r

≤ (1 + tl)‖∇D‖∞
(∫

Ω∩Ωl

∣∣∣∫
Ω

ε−d|y(ξ)|
∣∣∣∇G(x− ξ

ε
+ tlηl

)∣∣∣ dξ
∣∣∣r dx

)1/r

≤ (1 + tl)‖∇D‖∞‖∇G‖1‖y‖r

from which follows that(∫
Ω∩Ωl

|D(x)∇yl,ε(x)T|r dx
)1/r

≤
(
(1 + tl)‖∇G‖1 +

√
d‖G‖1

)
‖∇D‖∞‖y‖r + ‖G‖1‖D∇yT‖r . (31)

Note that the estimate also applies to y0,ε.
We now turn to proving the claimed statements and verify that yε → y in Lr(Ω)

as ε → 0. It is clear that yl,ε → y in Lr(Ω ∩ Ωl) since yl,ε emerges from the
convolution of y with the dilated versions of the translated mollifier G( · + tlηl).
Hence,

‖y − yε‖r ≤
L∑
l=0

(∫
Ω∩Ωl

|y(x)− yl,ε(x)|r dx
)1/r

→ 0

as ε → 0. Regarding the weak weighted and directional derivatives, the estimate
(31) finally yields

‖D∇yT
ε ‖r ≤

L∑
l=0

‖∇ζl‖∞‖D‖∞
(∫

Ω∩Ωl

|yl,ε(x)|r dx
) 1
r

+
(∫

Ω∩Ωl

|(D∇yT
l,ε)(x)|r dx

) 1
r

≤
( L∑
l=0

‖∇ζl‖∞‖G‖1‖D‖∞ +
(
(1 + tl)‖∇G‖1 +

√
d‖G‖1

)
‖∇D‖∞

)
‖y‖r

+ (L+ 1)‖G‖1‖D∇yT‖r
≤ C̃1

(
‖D‖Y ∗

)
‖y‖r + C̃2‖D∇yT‖r ,



A VARIATIONAL WEAK WEIGHTED DERIVATIVE 32

with suitable C̃1

(
‖D‖Y ∗

)
and C̃2. Note that C̃1 remains bounded whenever D is

bounded in Y ∗. The desired result ‖D∇yT
ε ‖r ≤ C‖y‖W 1,r

D
then follows with C given

by the following expression (r′ denotes the dual exponent of r)

C =
(
C̃1(‖D‖Y ∗)r

′
+ C̃r

′

2

)1/r′
.

A.2 Proofs of Lemmas 4.4, 4.5 and 4.6

Proof of Lemma 4.4. Denote by q1, . . . , qd−1 a set of orthonormal vectors perpen-
dicular to q(x) such that {q1, . . . qd−1, q(x)} becomes a positive orthogonal basis. By
local Lipschitz continuity (with Lipschitz constant C1), there exists an open neigh-
borhood Ω′0 ⊂ Ω of x such that for each x′ ∈ Ω′0, the vectors {q1, . . . , qd−1, q(x

′)}
are still linearly independent and fulfilling (16) in Ω′0. Observe that q is Lipschitz
continuous in a neighborhood of x by virtue of Proposition 2.3, so let j be defined
as the solution of the ordinary differential equation

∂j

∂ξd
(ξ̄, ξd) = q

(
j(ξ̄, ξd)

)
, j(ξ̄, 0) =

d−1∑
i=1

ξ̄iqi + x ,

which makes sense on the product U0× ]−ε, ε[ where U0 ⊂ IRd−1 is a neighborhood
of 0 and ε a sufficiently small constant which arises in the existence theorem of
Picard and Lindelöf (and does not depend on ξ̄, see [3]).

Let ξ̄1, ξ̄2 ∈ U0, |ξd| < ε and estimate

|j(ξ̄1, ξd)− j(ξ̄2, ξd)| ≤ |j(ξ̄1, 0)− j(ξ̄2, 0)|+
∣∣∣∫ ξ1,d

0

∣∣q(j(ξ̄1, s))− q(j(ξ̄2, s))∣∣ ds
∣∣∣

≤ |ξ̄1 − ξ̄2|+ C1

∣∣∣∫ ξ1,d

0

|j(ξ̄1, s)− j(ξ̄2, s)| ds
∣∣∣

so |j(ξ̄1, ξd)− j(ξ̄2, ξd)| ≤ eεC1 |ξ̄1 − ξ̄2| with the help of Gronwall’s inequality. Con-
sequently, for ξk = (ξ̄k, ξk,d) where k = 1, 2 and |ξk,d| < ε, we get

|j(ξ1)− j(ξ2)| ≤ |j(ξ̄1, ξ1,d)− j(ξ̄2, ξ1,d)|+ |j(ξ̄2, ξ1,d)− j(ξ̄2, ξ2,d)|

≤ eεC1 |ξ̄1 − ξ̄2|+
∣∣∣∫ ξ2,d

ξ1,d

∣∣q(j(ξ̄2, s))∣∣ ds
∣∣∣

≤ eεC1 |ξ̄1 − ξ̄2|+ ‖q‖∞|ξ1,d − ξ2,d| ≤ C2|ξ1 − ξ2|

with a suitable C2 > 0. This yields the Lipschitz continuity of j in U0 × ]−ε, ε[.
Note that in this domain, j is also partially differentiable with respect to ξd with
derivative ∂j

∂ξd
(ξ̄, ξd) = q

(
j(ξ̄, ξd)

)
satisfying∣∣∣ ∂j

∂ξd
(ξ1)− ∂j

∂ξd
(ξ2)

∣∣∣ =
∣∣q(j(ξ1)

)
− q
(
j(ξ2)

)∣∣ ≤ C1|j(ξ1)− j(ξ2)| ≤ C1C2|ξ1 − ξ2| ,

meaning that ∂j
∂ξd

is Lipschitz continuous. The partial derivatives of j with respect

to ξ̄ in 0 trivially exist, leading to

∇j(0) =
[
q1 . . . qd−1 q(x)

]
if j is also (totally) differentiable in 0. But this follows from

|j(ξ)− j(0)−∇j(0)ξ| = |j(ξ̄, ξd)− j(ξ̄, 0)− ξdq(x)|

=
∣∣∣∫ 1

0

(
q
(
j(ξ̄, s)

)
− q
(
j(0, 0)

))
ξd ds

∣∣∣ ≤ C1C2|ξ||ξd| .
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In particular, j is Hadamard differentiable in 0 meaning that the generalized Ja-
cobian is a singleton and moreover non-singular by the above. This allows us to
use the Lipschitz inverse function theorem (see Theorem 3.12 and Chapter 2 in [8]
for details) to deduce the existence of a neighborhood U = Ũ0 × ]−ε̃, ε̃[ of 0 such
that the restriction j : U → j(U) = Ω′ ⊂ Ω′0 is invertible with Lipschitz-continuous
inverse. Eventually, (16) still holds on Ω′.

Proof of Lemma 4.5. We prove that ∂
∂ξd
∇j(ξ̄, ξd) = ∇q

(
j(ξ̄, ξd)

)
∇j(ξ̄, ξd) with cer-

tain initial conditions holds almost everywhere in U so the desired identities follow
from Liouville’s formula for Wronski determinants [3].

First recall from the proof of Lemma 4.4 that ∂j
∂ξd

= q
(
j(ξ̄, ξd)

)
is Lipschitz

continuous. Thus, one can differentiate almost everywhere with respect to ξd and
gets

∂2j

∂ξ2
d

(ξ̄, ξd) = ∇q
(
j(ξ̄, ξd)

) ∂j
∂ξd

(ξ̄, ξd) ,
∂j

∂ξd
(ξ̄, 0) = q

(
x+

d−1∑
i=1

ξiqi

)
with the qi already chosen in the proof of Lemma 4.4. Now consider the initial value
problems

∂ϕi
∂ξd

(ξ̄, ξd) = ∇q
(
j(ξ̄, ξd)

)
ϕi(ξ̄, ξd) , ϕi(ξ̄, 0) = qi , i = 1, . . . , d− 1 .

These are time-variant linear equations. The set of ξ̄ where ∇q
(
j(ξ̄, ξd)

)
does not

exist on a non-null set cannot have positive measure since q would not be almost
everywhere differentiable anymore. Thus, for almost every ξ̄ the derivative ∇q
along the trajectory j(ξ̄, ξd) exists almost everywhere with respect to ξd. Hence,
the above initial value problems admit solutions in the sense of Carathéodory almost
everywhere in U [26]. Moreover, due to the boundedness of∇q, the solutions have to
be Lipschitz continuous with respect to ξd with a Lipschitz constant bound common
to almost every ξ̄.

Pick a ξ̄ such that the trajectory j(ξ̄, · ) meets almost everywhere points where
q is differentiable. By the same arguments as above, we can also suppose that
∂j
∂ξi

(ξ̄, · ) with i = 1, . . . , d−1 exists almost everywhere since this has to be the case

for almost all ξ̄. Now

1

ε

(
j(ξ̄ + εei, ξd)− j(ξ̄, ξd)

)
− ϕi(ξ̄, ξd)

=

∫ ξd

0

1

ε

(
q
(
j(ξ̄ + εei, s)

)
− q
(
j(ξ̄, s)

))
−∇q

(
j(ξ̄, s)

)
ϕi(ξ̄, s) ds

which becomes

∂j

∂ξi
(ξ̄, ξd)− ϕi(ξ̄, ξd) =

∫ ξd

0

∇q
(
j(ξ̄, s)

)( ∂j
∂ξi

(ξ̄, s)− ϕi(ξ̄, s)
)

ds

in the limit due to a.e. pointwise convergence and the estimate∣∣∣1
ε

(
q
(
j(ξ̄ + εei, ξd)

)
− q
(
j(ξ̄, ξd)

))∣∣∣ ≤ C1C2

which follows easily from the Lipschitz estimate in the proof of Lemma 4.4 and allows
to use Lebesgue’s dominated-convergence theorem. With Gronwall’s inequality, it
follows that ϕi(ξ̄, ξd) = ∂j

∂ξi
(ξ̄, ξd) almost everywhere in U .

Finally, denoting

qd =
q(x)

|q(x)|
, q̄(ξ̄) = q

(
j(ξ̄, 0)

)
,
(
q̃(ξ̄)

)
i

= qi · q̄(ξ̄)
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leads to, remembering that q1, . . . , qd are orthonormal vectors,

∇j(ξ̄, 0) =
[
q1 . . . qd−1 q̄(ξ)

]
=
[
q1 . . . qd

] [
e1 . . . ed−1 q̃(ξ)

]
⇒ det∇j(ξ̄, 0) = qd · q̄(ξ) =

q(x)

|q(x)|
· q
(
j(ξ̄, 0)

)
by the determinant product formula, implying the desired initial-value problem (18)
as well as (19) by the solution formula for scalar time-variant ordinary differential
equations.

Proof of Lemma 4.6. The proof is analog to the proof presented for Lemma 3.6.
First, observe that J according to Lemma 4.5 is weakly differentiable with respect
to ξd with ∂J

∂ξd
∈ L∞(U) by (18). Moreover, we can obtain, with the help of (19)

the a.e. bounds

cke−
√
d‖∇q‖∞|ξd| ≤ |J(ξ̄, ξd)| ≤ ‖q‖∞e

√
d‖∇q‖∞|ξd|

for ξ = (ξ̄, ξd), hence J−1 = 1/J belongs to L∞(U) and is weakly differentiable

with respect to ξd with ∂J−1

∂ξd
∈ L∞(U).

Suppose that ∂y
∂ξd
∈ L1

loc(U) exists and fix a z̃ = J(z ◦ j) with z ∈ C∞0 (j(U)).
Take the dilated versions Gε of the standard mollifier G and ε > 0 small enough
such that all z̃ε = z̃ ∗ Gε have their supports inside of a U ′ ⊂⊂ U . Its easy to see
that we have pointwise a.e. convergence and boundedness of

z̃ε → z̃ ,
∂z̃ε
∂ξd
→ ∂z̃

∂ξd
, ‖z̃ε‖∞ ≤ ‖z̃‖∞ ,

∥∥∥∂z̃ε
∂ξd

∥∥∥
∞
≤
∥∥∥ ∂z̃
∂ξd

∥∥∥
∞

and in particular z̃ε
∗
⇀ z̃ as well as ∂z̃ε

∂ξd

∗
⇀ ∂z̃

∂ξd
in L∞(U ′). Thus,∫

U

y
∂z̃

∂ξd
dξ = lim

ε→0

∫
U

y
∂z̃ε
∂ξd

dξ = − lim
ε→0

∫
U

∂y

∂ξd
z̃ε dξ = −

∫
U

∂y

∂ξd
z̃ dξ (32)

meaning that testing with z̃ is still possible.
The other way around, suppose that a function we denote by ∂y

∂ξd
∈ L1

loc(Ω)

satisfies (20) for each function of the type J(z ◦ j) with z ∈ C∞0 (j(U)). For a given
z̃ ∈ C∞0 (U), we approximate, for ε > 0 such that supp z + Bε(0) ⊂ U ′ ⊂⊂ U , as
follows:

z̃ε = J(zε ◦ j) , zε =
( z̃
J
◦ j−1

)
∗Gε .

It is clear that zε → (J−1z̃) ◦ j−1 with ‖zε‖∞ ≤ ‖(J−1z̃) ◦ j−1‖∞ pointwise almost
everywhere. Since j is a Lipeomorphism, z̃ε → z̃ with ‖z̃ε‖∞ ≤ ‖z̃‖∞ pointwise a.e.
Showing the pointwise a.e. boundedness of ∂z̃ε∂ξd

is a little more involved: Note that for
ξ ∈ U , we can write, applying the change of variables thereom for Lipeomorphisms
(see, e.g. [11]),

zε
(
j(ξ)

)
=

∫
U

Gε
(
j(ξ)− j(ζ)

)
z(ζ) dζ
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so ∂(zε◦j)
∂ξd

(ξ) becomes

∂(zε ◦ j)
∂ξd

(ξ) =

∫
U

∇Gε
(
j(ξ)− j(ζ)

)
· ∂j
∂ξd

(ξ)z̃(ζ) dζ

=

∫
U

∇Gε
(
j(ξ)− j(ζ)

)
· ∂j
∂ξd

(ζ)z̃(ζ) dζ

+

∫
U

∇Gε
(
j(ξ)− j(ζ)

)
·
( ∂j
∂ξd

(ξ)− ∂j

∂ξd
(ζ)
)
z̃(ζ) dζ

=

∫
U

Gε
(
j(ξ)− j(ζ)

) ∂z̃
∂ξd

(ζ) dζ

+

∫
U

∇Gε
(
j(ξ)− j(ζ)

)
·
(
q
(
j(ξ)

)
− q
(
j(ζ)

))
z̃(ζ) dζ

while the first summand obeys∣∣∣∫
U

Gε
(
j(ξ)− j(ζ)

) ∂z̃
∂ξd

(ζ) dζ
∣∣∣ ≤ ∥∥∥ ∂z̃

∂ξd

∥∥∥
∞

∫
Ω′

∣∣Gε(j(ξ)− x)∣∣J−1
(
j−1(x)

)
dx

≤
∥∥∥ ∂z̃
∂ξd

∥∥∥
∞
‖J−1‖∞ .

Exploiting that q is Lipschitz continuous with constant estimate Cj(U ′)‖∇q‖∞, see
Proposition 2.3, the second summand can be estimated by∣∣∣∫
U

∇Gε
(
j(ξ)− j(ζ)

)
·
(
q
(
j(ξ)

)
− q
(
j(ζ)

))
z̃(ζ) dζ

∣∣∣
≤ ‖z̃‖∞

∫
Ω′

∣∣∇Gε(j(ξ)− x)∣∣∣∣q(j(ξ))− q(x)
∣∣J−1

(
j−1(x)

)
dx

≤ Cj(U ′)‖z̃‖∞‖∇q‖∞‖J−1‖∞
∫

Ω′
ε−d
∣∣∣∇G(j(ξ)− x

ε

)∣∣∣ dx .

Together, we have∥∥∥∂z̃ε
∂ξd

∥∥∥
∞
≤
∥∥∥ ∂J
∂ξd

∥∥∥
∞
‖z̃‖∞+ ‖J‖∞‖J−1‖∞

(∥∥∥ ∂z̃
∂ξd

∥∥∥
∞

+Cj(U ′)‖z̃‖∞‖∇q‖∞‖∇G‖1
)
.

It follows that {∂z̃ε∂ξd
} admits a subsequence for which ∂z̃ε

∂ξd

∗
⇀ ∂z̃

∂ξd
in L∞(U ′) be-

cause of the weak*-closedness of ∂
∂ξd

. Actually, this holds for the whole sequence,

hence (32) is valid, so ∂y
∂ξd

is indeed the weak derivative with respect to ξd.
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