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Abstract—Algorithms for solving variational problems with
total generalized variation (TGYV) regularization are presented
and discussed. The TGV functional shares convenient properties
of the well-known total-variation (TV) functional, but is also
able to deal with higher-order smoothness and therefore leads
to more natural solutions. We present a minimization algorithm
for the solution of general linear inverse problems with TGV-
regularization with special attention on deconvolution. Finally, the
application to quantitative susceptibility mapping is discussed. In
particular, a variational model for recovering the susceptibility
distribution from wrapped phase images is proposed.
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I. INTRODUCTION

ARIATIONAL methods have shown to be very successful

for solving mathematical imaging problems. The major
reason might be the great flexibility variational modelling
has to offer. Last but not least, the availability of efficient
minimization algorithms for the solution of the underlying
optimization problems also plays an important role.

The basic idea of variational methods is to model the
imaging problem which has to be solved as the minimization
of the sum

min F(u) + ®(u)

where F' and ® are data fidelity and regularization functionals,
respectively. For instance, if it is known that some given data
f can be inferred from the unknown sought quantity u* by
a linear map K, i.e., the aim is to solve Ku = f a typical
approach would to choose the data fidelity as the discrepancy

K g
2

for general u and let the minimization procedure determine the
correct u*. However, the inversion of K might be ill-posed:
On the one hand, the data f might be incomplete and therefore
insufficient to uniquely recover u*. On the other hand, even
in case of complete data, a solution may not depend stably on
the data.

F(u)
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Fig. 1. The effect of TGV compared to TV on variational denoising.

In both cases, regularization by adding a functional @ is
necessary. A good choice for & should reflect appropriate
model assumptions on u*. Here, the total variation is enjoying
much attention [1], i.e., the choice

O(u) =aTV(u) = oz/Q |Vul

for some o > 0. The total variation is an appropriate model
for piecewise constant functions, a property which is often as-
sumed for images. It can in particular be used for “compressed
sensing” applications in which the data is highly incomplete
[2]. There, TV-regularization has the effect that the missing
data is often almost perfectly recovered.

However, TV has some drawbacks: As it only takes the
first derivative Vu into account, it is unaware of higher-order
smoothness. For images which are not piecewise constant,
this leads to blocky solutions exhibiting so-called “staircase
artifacts”. One way to avoid these artifacts is to regularize
with the total generalized variation which does take higher-
order derivative information of « into account [3]:

TGV2(u) = min al/ \Vu—w|+a0/ [Ew]
w Q Q

where ag,a; > 0, w is a vector field on € for which the
symmetrized derivative Ew is a symmetric matrix with entries
(Ew)i; = 3( ggjf + %ZZ ). It generalizes TV in the sense that it
is a good model for piecewise smooth images, i.e., there is no
tendency towards “staircase” images. In particular, TGV can
be employed for “compressed sensing” applications [4].

In the following, we focus on the algorithmic aspects of
TGV-regularization for linear inverse problems.

II. LINEAR INVERSE PROBLEMS WITH
TGV-REGULARIZATION

Assume that K is a linear operator for which we like to
solve the linear inverse problem

Ku=f ey



for given data f by means of Tikhonov regularization with
second-order total generalized variation, i.e.,
Ku— 2
min w + TGV (u). 2)
Generally, this minimization problem can be solved by any
suitable optimization method. We will present one particular
in the following. It bases on the saddle-point formulation

minmax (Ku — f, v) + (Vu —w, p) + (Ew, ¢)
ww v,p,q
el

5 Ll leegan}(P) = I g0} (@) )

where I, denotes the indicator functional with respect to M,
ie. Ins(z) = 0if 2 € M and oo otherwise. This problem is
equivalent to (2) in the sense that primal-dual solution pairs
(u*,w*) and (v*,p*,¢*) give a u* which is solving (2).

With z = (u,w) and y = (v, p, q) the problem (3) fits into
the framework

mzinm?jlx Kz, y) +G(x) — F(y)

where F and G are convex functionals. A solution can approxi-
mately be found by iterating as follows [5]: Choose z°, 0 = 0,
y? =0, 0,7 > 0 such that o7 < 1/||K||* and compute, for
k>0,

y* = (I + 00F) "1 (y* + oKz")
okt = (I Jr'rag)*l(zk - T/C*yk+1) 4)

FH = 228+ g,

This requires that the resolvents

a2
(I 4 00F) " (y') = arg min Iy = 11"

Yy

+oFy), O

2
(I +70G)"*(2') = arg min |z — 2’|

x

+7G(z) (6

as well as the application of I and K* can be computed
efficiently. Moreover, a good estimate on

IK|* = sup [|Kz|®
Jel<1

is required.

In case of (3), the algorithm (5) is realized by easy compu-
tations [6]. Assuming that the application of K and its adjoint
K* can be computed and there is an estimate || K ||est > || K|
available, it can be written as a convergent update scheme
according to Algorithm 1.

The method can in particular be used for images on a
uniform grid in an arbitrary dimension d. The variable w is then
a scalar-valued image, while w, p are R%-valued images and ¢
takes values in S9*¢, the space of symmetric d x d matrices.
A usual realization for the gradient operator V is given by
forward differences with homogeneous Neumann boundary
conditions, for instance, in two dimensions as

Uig1,5 — Ui j Ui j+1 — Ui j
(Of )iy = ==, (Fu)iy = =45 —2 ()

ho

Algorithm 1 (TGV-Tikhonov minimization):
function TGVTIKHONOV
Input: f data
(g, av1) regularization parameters
eval K forward operator
eval K* adjoint operator
|| K ||ess norm estimate

Output: u approximate solution

u, U 40, w,w <+ 0

vV 0,p+0,q+0

Choose o, 7 > 0 such that

K2 + 20VII* + VKR — 1) +4]V]2 + 1 <1
5 <

aT

repeat
Ku + evalK (u)
LY +o(Ku—f)
1+o0
p < Po,(p+0(Vu—w))
q 4 Pay(q+ o€w)
Upld < U
Wold <— W
K*v < eval K*(v)
u < u~+ 7(divy p — K*v)
w < w+ 7(p + diva q)
U+ 2U — Uold
W 4 2W — Weld
until convergence of u
return u

TABLE 1. ALGORITHM FOR THE SOLUTION OF TGV-REGULARIZED

LINEAR INVERSE PROBLEMS.

for 1 <i < Ny, 1 <j < Ny if the image has size N7 x N
and grid sizes hy,hy > 0. Here, un,4+1,; = un, ; as well as
Ui Ny+1 = Ui, N,. This gives

_ (0 2 L1
Vu—(a;rl), Il <4(h%+h§). ®)

An adaptation to higher dimensions is straightforward. Once
a gradient operator has been defined, £ is immediately given
by

(ot eFul 4 ofu?)
€0 = (yopul Loruny gt ) O

The divergence operators div; and divy are then the negative
adjoint of V and &, respectively. The choices (7)—(9) lead to

- Ujj — Ui—1,j _

Oru)ij = === (Gwiy = == (10)

for 1 <i < Ny, 1 <j < Ny where ugj = un, j = Usjo =
u;, N, = 0. Consequently,

Uiyj — Uij—1

. _ _ . O gt + 05 ¢*2
d =0y p'+0;p%, d = (3L 2 . (11
V1 p 1 D" +05 D7, V2 q <81 q12—|—82 q22 (11)



Finally, the projection operators P,, and F,, read in this
setting as the pointwise operations

p
Pa = y
1(p) max(l, /|p1|2+|p2|2/C¥1)
q

max(l,\/|q11\2+|q22|2+2|q12\2/a0)‘

This also generalizes to arbitrary dimensions in a straightfor-
ward manner. Observe, however, the coincidence of entries for
symmetric matrices.

Finally, note that from the operator K, all what is needed are
evaluation functions eval K’ and eval K* which take some data
as argument and return K or K* applied to this data, respec-
tively. This allows to use Fast Fourier Transform operators, for
instance.

12)

13)

Poy(q) =

III. APPLICATIONS IN MAGNETIC RESONANCE IMAGING
A. Undersampling reconstruction

Reconstructing an MR image from an incomplete subset X
of arbitrarily sampled k-space data from n coils amounts to
solving the underdetermined equation

Flowu)ls = fi, i=1,...,n (14)

where f; is the k-space data on X and o; the sensitivity from
the ith coil, respectively. Choosing

Ku= (F(o1u)|s, ..., Flonu)|x) (15)

and regularizing with TGV, i.e., solving (2) then leads to
a “compressed sensing” approach which is aware of the
piecewise smooth structure of the data [4].

In order to employ Algorithm 1 in an efficient way, a
Non-Uniform Fast Fourier Transform NUFFTy; and its adjoint
NUFFTS, has to be available, for instance from [7]. Based
on this, the evaluation operators eval KX and eval K* may be
implemented according to Algorithm 2. A estimate for || K|
is then given by

1Kl = (_max []oc) [NUFFT].

The results of this method to sample data and a comparison of
TGV to TV and unregularized solutions is depicted in Figure 2.

B. Deconvolution of phase images
Deconvolution is the problem of solving

uxk=f (16)

with given k and f. Choosing Ku = u * k, it has the form (1)
and hence, Algorithm 1 can be utilized for TGV-regularized
deconvolution according to (2) [6]. In particular, if the support
of k is large, it might be beneficial to employ the Fast Fourier
Transform for fast evaluation. The corresponding functions
eval K and evalK* can then by implemented according to
Algorithm 3. With the exact estimate

K lest = 1 = [[FF[loo

the ingredients for performing Algorithm 1 are complete.

Algorithm 2 (Fast MR undersampling operators):

function EVALK
Input: w data, o; sensitivities, X sampling
Output: Ku according to (15)

fori=1—ndo
(Ku); < NUFFTs(0;u)
return ((Ku)y,..., (Ku),)

function EVALK™

Input: (vy,...,v,) data, o; sensitivities, & sampling
Output: K*v with K* the adjoint of K in (15)
u 0

fori=1—n do
u  u + o;NUFFT5; (v;)
return v

TABLE IL. PSEUDOCODE FOR THE FAST EVALUATION OF THE
UNDERSAMPLING OPERATOR AND ITS ADJOINT.

(b) (©)

Fig. 2. MR radial undersampling reconstruction example. (a) Direct inversion
via NUFFT, (b) TV “compressed sensing” regularization, (¢) TGV regulariza-
tion. The images are reconstructed from radial k-space data (24 spokes, 12
coils), see [4] for more details.

The method has been tested with the convolution kernel
0 appearing in quantitative susceptibility mapping [8] which
relates, up to a multiplicative factor, the susceptibility distribu-
tion and the measured phase field. Its Fourier transform reads
as
L(k2 + k2) — 22

a7)

The results for a synthetically generated phantom data set
disturbed by noise can be found in Figure 3.

IV. AN INTEGRATIVE APPROACH FOR QUANTITATIVE
SUSCEPTIBILITY MAPPING

We like to reconstruct the susceptibility distribution x di-
rectly from single-echo wrapped phase image ¢, " by solving
a suitable optimization problem. For that purpose, observe [9]
that for the unwrapped phase image ¢, we have e'% = e
hence , 4

Agy = Irnag((Aei‘bgmp)e*id’gmp).



Algorithm 3 (FFT-based convolution):

function EVALK
Input: u data, Fk Fourier transformed kernel
Output: u * k

return IFFT (FFT(u) - Fk)

function EVALK™
Input: u data, Fk Fourier transformed kernel
Output: u * k(— -)

return IFFT (FFT(u) - Fk)

TABLE III. PSEUDOCODE FOR THE FAST EVALUATION OF

CONVOLUTION AND ADJOINT CONVOLUTION OPERATORS.

(b)

Fig. 3. TGV-regularized deconvolution of noisy data. (a) Smoothly modulated
and convolved phantom image with heavy noise (kernel according to (17),
scale from -0.02 to 0.02ppm). (b) Result of Algorithm 1 (scale from -0.07 to
0.14ppm).

Up to a multiplicative constant, A¢y is linked to the suscep-
tibility distribution y by

20%x

DX 3022

S e e 4 = Ad,

“3\a2 T o

see, for instance, [8]. Since  is supported on the mask €,
one can uniquely recover it from the knowledge of Oy.

We like to solve Oy = A¢g in 2 by a variational method.
As the second derivatives of x and ¢g are distributions, we
measure, however, the discrepancy with respect to a negative
norm. This can be realized by taking ||¢|?/2 on Q' where 1)
satisfies At = Ox — Ay in . Regularized with TGV, the
functional to minimize then reads as

1
min 5/ (2 dz + TGV2 ()
Q/

XY
subject to Ay =0Ox —A¢y in Q.

(18)

In order to solve this constrained problem, Algorithm 1 has to
be modified to incorporate the equality constraints. This can
be done by introducing a Lagrange multiplier 7 in (3) deriving
an update rule for 1 from (4).

Fig. 4. TGV-regularized susceptibility reconstruction from wrapped phase
data. (a) Magnitude image (for brain mask extraction). (b) Input phase
image (;Sgrap (single gradient echo, 27ms, 3T). (c) Result of the integrative
approach (18) (scale from -0.15 to 0.25ppm).

The variational approach (18) and the associated minimiza-
tion method has been tested on raw phase data, see Figure 4.

V. CONCLUSION

Variational methods offer a great flexibility for the solution
of mathematical image processing problems. The total gen-
eralized variation as regularization functional leads to results
of high visual quality and can also be used for compressed
sensing applications. Simple and efficient numerical algorithms
can be found for the solution of the associated minimization
problems. These methods are suitable for problems in MRI,
for instance, for undersampling reconstruction and QSM.
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