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Overview

Start with a real overview of the two topics we'll discuss. ..

o The simple semiring extension IN, (o] has been actively studied in recent literature (by
Chapman, Gotti, Polo, et al.)

e Correa-Morris and Gotti (2022) provide the first systematic study

o We completely characterize several properties of this semiring, most notably the valuation
and atomicity properties

o Alan will discuss valuation, and Timothy will discuss atomicity
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Definition. A semiring S is a (nonempty) set endowed with two binary operations
denoted by + and -, called addition and multiplication respectively, such that
e (S,+)is acommutative monoid with its identity element denoted by o
e (S, ) isacommutative monoid with its identity element denoted by 1
ea-(b+c)=a-b+a-cforallabceS
Convention. Every semiring in this presentation is assumed to be commutative
e Example. Commutative rings
e Example. The prototypical semiring IN,

° Example. IN, [x] (Campanini and Facchinni studied ideal theory and factorization in 2019)

e Example. N, [p] = {f(p) : f(x) € Nylx]} forp € C
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Simple Extensions

Our Main Algebraic Objects. For p € C,

Nolp] = {f(p) : f(x) € No[x]}

Goal. Understand the valuation property for semirings IN,[p]
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e Image obtained by evaluation of polynomials in IN, [x] at x = p
e The additive monoid generated by the set {p” : n € IN,}

e Intersection of all subsemirings of C containing p
o INo[pl is the smallest semiring containing IN, and p
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Examples

Each of those three characterizations of IN, [p] is useful

e IN,[p] =N, ifand onlyif p € IN,
e IN,[—1] = Z as multiplication by —1 generates all the negative integers

o No[v2] ={a+bv2|abeN}as (\/E)k can be expressed as a multiple of 1
or+/2foreachk € IN,

s N[ =15

an e ]No}, the nonnegative dyadic rationals, since it is
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Examples

Each of those three characterizations of IN, [p] is useful

IN,[p] = N, if and only if p € IN,
IN,[—1] = Z as multiplication by —1 generates all the negative integers

No[v2] = {a+bv2|abeN}as (\/E)k can be expressed as a multiple of 1
or+/2foreachk € IN,

N[ =17

. o g . 1
comprised of the nonnegative linear combinations of — forn € IN,

an e ]No}, the nonnegative dyadic rationals, since it is

N, [7t] = INo [x]

Remark. IN,[p] = N, [x] if and only if p is transcedental
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Algebraic Extensions

e Therefore, we are most interested with when p is algebraic.

e Convention. To emphasize this, we will use o« instead of p.

Exclusively focus on the additive monoid of N, [«], denoted as M, = (INo[«], +)
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If « and 3 are algebraic conjugates (i.e., m(x) = mg(x)), then M, = M.
When o has no positive conjugates,

e We can always some find some multiple of m« (x) thatisin IN,[x] and has a
nonzero constant term

There exists a negative integer in M

e —1& My

M is an abelian group, with trivial additive divisibility structure

Convention. We take « to be positive and algebraic.

M, has only nonnegative elements, so M is reduced
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Valuation

Let M be a commutative cancellative monoid under the operation of addition.

Fora,b € M,wesaya | b, read as “a divides b”, if there exists ¢ € M such that
a-+c=h.

Valuation property —forany a,b € M, we havea | borb | a
o This makes divisibility a total order

(IN,, +) is the prototypical valuation monoid

But, M, , is the nonnegative dyadic rationals under addition, and since their
difference remains a power of 2, the monoid M, ,, is a valuation monoid

In general, M, /, is a valuation monoid for alln € IN

M. /; is not a valuation monoid. Since v/2 > 1, we have /2 { 1. Since 1is the
smallest positive element of M ; and /2 —1 < 1, weknow 1{ /2
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If « > 1, then M is a valuation monoid <= « € IN, ’

e Proof. (x ¢ IN, = M, is not valuation)
e x>1,50x11

e o > 1also implies that every element in M, less than «is in IN,, so since
o & Ny, weknow 11 o

e (x € N, = M, is valuation) — In this case, M is the prototypical (IN,, +)

We therefore focus on positive algebraic « < 1.
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Rational Valuation Monoids

Suppose « is rational: take g € Q N (o0, 1)

We already know M, is valuation if g+ € IN (the unit fractions)

Consider n(q) # 1, where n(q) is the numerator of ¢ in simplest form

M, ; is made up of the nonnegative linear combinations of 1, 2, %,
o Every element in M, that is less than 1 has an even numerator

o 1has an odd numerator

o lisanatom,so % {1

e e .

~

M, is a valuation monoid <= ¢' € N
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Examples of Every Degree

Having seen examples or rational q for which M, is a valuation monoid, we provide
examples of valuation M, for algebraic numbers o of degree at least 2.

For d > 2, if o is the one positive root of —1 + x + x* + - - - + x7, then M is a
valuation monoid.

51

e Notably, ford =2, =@ ' = S the reciprocal of the golden ratio.
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Examples of Every Degree

Proof Sketch. Let « be the one positive root of —1 + x + x* + - - - 4+ x%, which is an
irreducible polynomial

We have the identity o = o™ + o2 + - .- + " foreveryn € IN,, a
generalized Fibonacci recurrence

Repeating this allows us to rewrite every element of M, into a fixed window of d
consecutive exponents

Fixing a,b € M, for all sufficiently large , we can write

d—1 a—1
a= § CiO(hLl, b — E Ci/(xr+1’
i=0 i=0

with ¢;, ¢/ € IN,
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e Foro<i<d—1,setG =¢—c
e Then

d—1
a—b= E G
i=0

e Ifthe nonzero G; all have the same sign, then immediately eithera — b € M, or
b—ae My

e Ifthe G; have mixed signs, then we can use o = o ' + o2 + .- + o to
come up with a new set of d coefficients:

d—1
a—b= Z(Go + Gt 4+ Goo

i=1

e We will show that by repeatedly using the Fibonacci recurrence, all the nonzero
coefficients will be the same sign at some point
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e Let s count the number of times the Fibonacci recurrence is used to shift the
smallest coefficient onto the next d powers of «, and suppose for the sake of
contradiction the coefficients of a — b are mixed signs in every block

e For infinitely many shifts s, the coefficients of the first and last terms in the
rewritten block have opposite signs. Assume the first coefficient is positive and
the last coefficient is negative for infinitely many s.

e If F, is the Fibonacci sequence of order d, with the first nonzero termas F; ; =1,
the first and last coefficents nicely turn out to be

d—1 d—1
Z Perd,];IGj >0, Z Fs+d7jszj <0,
i=o j=o

and if we choose a 0 < ¢ < d — 1 with G, that is positive, this becomes

Fordj Foraja
— Z FijG}'<Gg<* Z FiG]‘

O<!<d71 s+d—L0—1 ogz‘gdﬂ s+d—0—2
j7L j7L
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e In r F
s+d—j—1 s+d—j—2
— Y EG<Ge<— ) G
o<j<d—1 s+d—0—1 o<j<d—1 s+d—E—2
A j#¢
. o Bana Forgi_ o
as we take sufficiently large s, the ratios thi’z‘ and ;*:722 approach o/ ¢
s+d—€—1 st+d—0—2
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e In
a Z Fs+d—j—1 Gj <Gy < — Z Fs+d—j—2 Gj»
0<j<d—1 s+d—0—1 o<j<d—1 Fs+d7€fz
A j#¢
as we take sufficiently large s, the ratios % and fi:%z approach o/ ¢

e Because G, is an integer, the only possibility is exact equality:

Gg = — Z OC];QG]'

o<j<d—1
)
e That produces a nontrivial polynomial relation of degree < d for «, contradicting
that m(x) has degree d

e Therefore, our assumption that the coefficients would never be the same sign at
some point was incorrect

e Hence,a—b & Myorb—a &€ My
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Positive Conjugates

If M is valuation, how many positive roots can have m (x) have? Can we show «
has no positive conjugate (aside from itself)?

e If M is valuation and « € (0,1), then 1is not an atom = we can write
1=a,&+ a,0% + a;0¢ + - - - + a,&" .= h(«) for some h(x) € IN, [x]

e h(x) —1has one sign change = h(x) — 1 has 1 positive root

e But, my(x)is a factor of h(x) — 1 = h(x) — 1has > 1 positive root
o Because each root to m (x) is also a root to any of its multiples

e Contradiction!

Valuation —> o has one positive conjugate (itself)
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Simplified M,
® Mmyz(x) =x— i, while my (x) = x* — %

e my(x)is more complicated — explains the product structure
o What specifically about m 4 (x) indicates the product (with two components)?

e Support (supp) — set of exponents attached to nonzero coefficients
o suppmy(x) = {0, 2}, while supp my2(x) = {0, 1}

o “f(x) is simplified” if gcd supp f (x) =1
o Ifk = ged suppf(x), then g(x) = f(x/*) is simplified (and g(x*) = f(x))

o “M, is simplified” if « algebraic and m (x) simplified

For any algebraic «, if k = gcd supp my(x), then My, = M’;k.

Theorem (Chen, Gotti, Lu, and Yao, 2025)
Every semiring M, is a product of simplified semirings.
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, 1
Consider o = ([ forsomed,n € N
n

M, is clearly antimatter but not valuation (1 f « and « 1 1)

On the other hand, any element in M, is a linear combination of

{1,e0..., 0071

By linear independence, each element can be represented as a d-tuple of
elements in M, /,

° :>MO( = Mcjxd




CHARACTERIZATION
0000e00

A Characterization of Valuation

Theorem (Chen, Gotti, Lu, and Yao 2025)

If o is algebraic and there exists a simplified polynomial p(x) € xIN,[x] — 1 such
that p(«) = o, then M, is a valuation monoid.
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A Characterization of Valuation (cont.)

Theorem (Chen, Gotti, Lu, and Yao 2025)

If o is a positive and less than 1, then M, is a valuation monoid if and only if o«
e isan algebraic integer,

e has no positive conjugate aside from itself,




CHARACTERIZATION
0000080

A Characterization of Valuation (cont.)

Theorem (Chen, Gotti, Lu, and Yao 2025)

If o is a positive and less than 1, then M, is a valuation monoid if and only if o«

e isan algebraic integer,

e has no positive conjugate aside from itself,

e and is a Perron number (exceeds each of its conjugates by norm).
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This characterization allows us to show that many M, are valuation monoids.
Precisely, if V is the set of & € (0, 1) for which M is valuation, V is dense.

e Proof Sketch. When d is large, the d™ roots of consecutive integers are close
together, so their reciprocals are too: {{7%: n,d € IN}isdensein (0,1)

e However, the minimal polynomial of y/ is nx® —1and does not produce
valuation monoids

o Consider the shift = (n —1)x% +x% 1 —1
o Itsatisfies all the conditions to produce a valuation monoid
o By substituting n — nk and d — kd, and taking k large, the root of this new

polynomial will approach the desired {/ ;

e Visdense around a set dense in (0,1) = Visdensein (0, 1)
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