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Overview
Atomicity through three lenses.

• Antimatterness—opposite of atomicity.

◦ Exact atomicity/antimatter characterization.
◦ CD (common divisor) monoids.

• ACCP—stronger than atomicity.

◦ Almost ACCP.
◦ Strongly atomic.
◦ Canonical sum decomposition.

• Factorization Invariants—metrics for atomicity.

◦ Elasticity (and densely elastic).
◦ ω-primality.
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Antimatter Decompositions

• Like the valuation property, antimatterness is about breaking
things down. Might it share a similar characterization?

• Understanding antimatterness will also help understand atomicity.

Theorem (Correa-Morris andGotti, 2022)
For positive algebraic α,Mα is atomic if and only if not antimatter.
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Proof of Dichotomy

Proof. Consider whether 1 is an atom.

• If 1 is not an atom, 1 = h(α) for some h(x) ∈N0[x].

◦ Then, αk is never an atom—it can be decomposed as g(α) for g(x) = xk h(x).

• If 1 is an atom, then either α ⩾ 1, and we are done, or α < 1.

◦ Then, αk is an atom for each k—otherwise, we could divide and decompose 1.

Antimatter decompositions are important.
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Example #1 (Antimatter Decomposition)

Consider the monoidMα, where α is the singular positive root to
mα(x) = x3 − x2 + 2x − 1.

• 1 is not an atom because (x + 1)mα(x) = x4 + x2 + x − 1.

◦ So, 1 = α+ α2 + α4.
◦ α is not an atom because α = α2 + α3 + α5.
◦ α2 is not an atom because α2 = α3 + α4 + α6.
◦ etc.

• Formally, an antimatter decomposition is some polynomial
f (x) ∈ xN0[x] − 1 that is a multiple ofmα(x).
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Atomicity/Antimatterness ClassificationTheorem

Classifying a monoid as atomic or antimatter hinges on finding
antimatter decompositions.

Theorem (Chen, Gotti, Lu, and Yao, 2025)
If α ∈ (0, 1) is algebraic, thenMα is antimatter if and only if α−1

• is an algebraic integer,
• has no positive conjugate aside from itself, and
• is at least each of its conjugates by norm.
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Example #2 (Antimatter vs. Valuation)

The conditions are almost identical to those for the valuation property.
We have only relaxed the strict inequality in the last condition.

• M√
2/2

∼= (M1/2)
2 is antimatter.

• Not a valuation monoid since−
√
2/2 has the same norm as

√
2/2.

• We simply drop the simplified requirement.
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Sketch of Sufficiency Proof

• First, the proof of the valuation theorem.

◦ View any absolute difference |f (α) − g(α)| as an element inZ[x].
◦ Add or subtract multiples ofmα(x) to turn this into h(x) ∈N0[x].
◦ Then, h(α) = |f (α) − g(α)| is an element ofMα.

• Now, antimatter.

◦ Take the element 1 ∈ Z[x].
◦ Add or subtract multiples ofmα(x) to turn this into h(x) ∈ xN0[x].
◦ Then, h(x) − 1 ∈ xN0[x] is an antimatter decomposition.
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Sketch of Sufficiency Proof (cont.)

• Letwα(x) be the polynomial obtained by clearing the denominators
ofmα(x) (the unique primitive multiple with positive leading
coefficient). Let rα(x) be the reciprocal polynomial of−wα(x).

• By a theorem of Handelman, (x + 1)N rα(x) has a single sign
change for sufficiently largeN.

• Let r(x) denote the resulting polynomial and u(x) its negative
reciprocal polynomial. We claim that we can construct a multiple
of u(x) that lies in xN0[x] − 1, thus an antimatter decomposition.
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Example #3 (One Sign Change)

Supposemα(x) = x3 − x2 + 2x− 1, so rα(x) = x3 − 2x2 + x− 1.

Then,

rα(x)(x + 1)96

has the following sign pattern.

x0 x64 x100
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Sketch of Sufficiency Proof (cont.) (cont.)
• Set d := degmα(x) andD := deg r(x) = deg u(x) = d+ N.

• Let us construct h(x) = a0 + a1x + · · ·+ akxk ∈ Z[x] such that
f (x) = h(x)u(x) ∈ xN0[x] − 1.

• Choose a0, . . . , aD−1 so that [xi] f (x) = 0 for i ∈ {1, . . . ,D− 1}.

• Let the coefficients aD and onward satisfy
D∑
i=0

cD−ian−i = 0.

• Since cD = −1, we have an =
D∑
i=1

cD−ian−i ∈ Z.
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• Since cD = −1, we have an =
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Example #3 (cont.)

Suppose u(x) = (x3 − x2 + 2x − 1)(x + 1) = x4 + x2 + x − 1.

• h3(x) = 1+ x + 2x2 + 3x3 to zero out early coefficients.

◦ f3(x) = h3(x)u(x) = −1+ 6x4 + 4x5 + 2x6 + 3x7.

We are already finished, but let us proceed further.

• h4(x) = 1+ x + 2x2 + 3x3 + 6x4 so that [x4] f (x) = 0.

◦ f4(x) = h4(x)u(x) = −1+ 10x5 + 8x6 + 3x7 + 6x8.

• h5(x) = 1+ x + 2x2 + 3x3 + 6x4 + 10x5 so that [x5] f (x) = 0.

◦ f5(x) = h5(x)u(x) = −1+ 18x6 + 13x7 + 6x8 + 10x9.

Coefficients are getting bigger and bigger.
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Sketch of Sufficiency Proof (cont.) (cont.) (cont.)

• All negative coefficients in f (x) should eventually turn positive.

• Proof. Linear algebra!

• Specifically, an forms a linear homogeneous recurrence relation.

• Use the fact that the binomial coefficients form a basis for the
integer-valued polynomials to conclude an are eventually positive.

• Perform some bounding to show that the non-constant coefficients
of f (x) are also all positive so that f (x) ∈ xN0[x] − 1.
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Sketch of Necessity Proof

• α−1 being an algebraic integer and having no positive conjugate
aside from itself follow exactly as before our valuation proof.

• Previously,Mα had to be simplified or else it would be a nontrivial
product of monoids, which is never a valuation monoid.

• It no longer needs to be simplified, like withM√
2/2.

• Hence, we can relax the strict inequality.
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Valuation Corollary

Theorem (Chen, Gotti, Lu, and Yao 2025)
IfMα is antimatter, it is the product of valuation monoids.

• Specifically, letmα(x) = mβ(xk) for some simplifiedmβ(x).

• IfMα is antimatter, thenMβ is a valuation monoid.

• Hence,Mα
∼= Mk

β.
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CDMonoids
CD (common divisor) property—any two noninvertible elements
share a noninvertible common divisor.

• Example—monoids with the D-property or GL-property.

◦ In fact, all three classes collapse for Puiseux monoids.

• Example—Mα, where α−1 = φ is the golden ratio.

◦ Observe that αn = αn+1 + αn+2.

Hence, if αj | a and αk | b, then αmax(j,k) is a
noninvertible common divisor of a and b.

• When 0 < α < 1, antimatter + CD coincides with valuation.

◦ Every valuation monoid clearly has the CD property.
◦ For any two noninvertible elements a and b, where a | bwithout loss of
generality, then a is a noninvertible common divisor.
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Sufficiency of CDMonoids

• Wemust exhibit a simplified antimatter decomposition.

• 1 and α share a noninvertible CD, αf (α) for some xf (x) ∈ xN0[x].

◦ Since αf (α) | α, then both f (α) and αf (α) divide 1.

• Let g(x), h(x) ∈ xN0[x] − 1 be multiples ofmα(x) that encode this
divisibility, so g(x) − f (x), h(x) − xf (x) ∈ xN0[x] − 1.

• For instance, ifmα(x) = x3 − x2 + 2x − 1, one can show that
α2 + α5 is a CD of 1 and α. Hence, f (x) = x + x4.

◦ g(x) = mα(x)(x3 + x2 + x + 1) = (x + x4) + (x6 + x4 + x3) − 1.
◦ h(x) = mα(x)(x2 + 2x + 1) = (x2 + x5) + (x4 + x3 + x2) − 1.
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Sufficiency of CDMonoids (cont.)

• We are done if g(x) and h(x) are already simplified.

• Thismight not be the case, but we can show that some combination
is simplified via algebraic manipulation.
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ACCP

• Recall that an ideal I ofM is any subset I ⊆ Mwith I+M = I.

• A principal ideal is an ideal generated by one element, i.e., b+M.

A monoid satisfies the ascending chain condition on principal ideals
(ACCP) if every ascending chain of principal ideals stabilizes.

• NotM1/2, since 1+M, 1/2+M, 1/4+M, . . . does not stabilize.

◦ In fact, notMq for any rational 0 < q < 1.

• Example—M2−
√
2, asM2−

√
2
∼= M2+

√
2. Since 2+

√
2 > 1, then

M2+
√
2 can be listed increasingly andmust satisfy the ACCP.
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ACCP Characterization

• Every monoid that satisfies the ACCP is atomic.

• Can we strengthen the atomicity conditions to describe the ACCP?

Theorem (Chen, Gotti, Lu, and Yao, 2025)
Ifα ∈ (0, 1) is algebraic, thenMα satisfies the ACCP if and only ifα
has a positive conjugate that exceeds 1.

• As seen,Mq does not satisfy the ACCP for rational q ∈ (0, 1).

• Backward direction follows similarly to our proof forM2−
√
2.
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Proof Sketch of Forward Direction

• Lots of algebra!

But, a shared theme with the other proofs.

• Suppose α has no positive conjugate exceeding 1. Like our
antimatter proof, multiply by (x + 1)N for some large enoughN.

• Specifically, (x + 1)N wα(x)2 has its negative coefficients clustered
aroundβM/(1+ β), whereβ are the positive conjugates of α.

◦ wα(x) ∈ Z[x] is, as before, the unique monic primitive multiple ofmα(x).
◦ M = N + 2d, where d = degmα(x).
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Example #4 (Negative Coefficient Clusters)
Considermα(x) = wα(x) = −3+ 22x − 48x2 + 32x3.

• β1 = 0.25, soβ1/(1+ β1) = 0.2;β2 = 0.5, so
β2/(1+ β2) = 0.333 . . . ;β3 = 0.75, soβ3/(1+ β3) = 0.429 . . . .

• N = 2994, d = 3,M = 3000.

Signs of coefficients wα(x)2(x + 1)2994.

x0 3000β1/(1+ β1)

3000β2/(1+ β2)

3000β3/(1+ β3) x3000
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Proof Sketch of Forward Direction (cont.)

• The proof of this sign pattern involves techniques similar to Pólya
smoothing (from his theorem on positive forms) and heavy algebra.

• Specifically, we bound the coefficients and show that the only
negative coefficients occur in intervals whose size scales with

√
M.

• We then claim that we can express (x + 1)Nmα(x)2 as
(xk − 1)f (x) + g(x) for some f (x), g(x) ∈N0[x] and k ∈N.
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Example #4 (cont.)

Let k slightly exceed the length of the smallest interval. Since the
intervals are so small, k is still less than the distance between the two
closest intervals.

x0 x3000

f (x)
f (x)(xk − 1)
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Proof Sketch of Forward Direction (cont.) (cont.)

• With somemore work, we can show that the positive portions
exceed the negative portions in magnitude, which is sufficient to
establish our desired form.

• Then, αkn f (α) +Mα, for n ⩾ 0, generates an ascending chain of
principal ideals that does not stabilize.

• Specifically, the difference between consecutive generators is
αkn (1− αk)f (α) = αkn g(α) ∈ Mα.
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Example #5 (ACCP Polynomials)

Consider α = 1/3, somα(x) = x − 1/3 and wα(x) = 3x − 1.

• WhenN = 2, we have (x+ 1)2 (3x− 1)2 = 9x4+ 12x3− 2x2− 4x+ 1.

• Observe−2x2 and−4x are the only negative terms.

• f (x) = 2x2 + 4x and k = 2, so (x2 − 1)f (x) = 2x4 + 4x3 − 2x2 − 4x.

• (x + 1)2 (3x − 1)2 − (x2 − 1)f (x) = 7x4 + 8x3 + 1 = g(x) ∈N0[x].
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Intermediate Properties

Twomain properties lie between atomicity and the ACCP.

• An atomic monoid is strongly atomic if any two non-invertible
elements share a maximal common divisor (MCD).

◦ AnMCD is a CD that does not strictly divide any other CD.

• The almost ACCP is the condition that each finite nonempty subset
S ofM has a common divisor d such that, for some s ∈ S, every
ascending chain of principal ideals generated by s− d stabilizes.

In general, atomic⊋ strongly atomic⊋ almost ACCP⊋ ACCP.
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ACCP⊋ Almost ACCP

• We knowMq does not satisfy the ACCP when 0 < q < 1 is rational.

• But when q is not a unit fraction,Mq satisfies the almost ACCP.

• The proof involves a canonical sum decomposition (CSD).

◦ A CSD is able to represent each element as the sum of generators uniquely.
◦ This representation is typically constrained with bounds on coefficients.
◦ CSDs greatly simplify working with Puiseux monoids.
◦ Recently, CSDs have been discovered with certain classes ofMα.
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Example #6 (Canonical SumDecomposition)

Consider q = 3/5. We know thatMq does not satisfy the ACCP.

• However, the CSDwill prove that it satisfies the almost ACCP.
• Every element can be expressed uniquely as the sum of generators
so long all coefficients (except perhaps the constant) are less than 5.

◦ 2672/625 = 2+ 3q+ q3 + 2q4.

However, if we drop that coefficients must be
less than 5, then we could also have 2+ 5q2 + q3 + 2q4 because 3q = 5q2.

• An element satisfies the ACCP iff all its coefficients are less than 3.

• We canmanipulate these CSDs via the identity 3qk = 5qk+1 in order
to find s and d and show thatMq satisfies the almost ACCP.
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Almost ACCP⊋ Strongly Atomic

With a slight modification, that counterexample leads to an entire
class of strongly atomic monoids that do not satisfy the almost ACCP.

• For any d ⩾ 2,M d√q is strongly atomic, again by the CSD.

• Yet,M d√q ∼= (Mq)
d is a nontrivial product whose components do not

satisfy the ACCP.

Hence,M d√q does not satisfy the almost ACCP.

More generally, ifMα satisfies the almost ACCP but not the ACCP
itself, thenmα(x) is simplified. As before, this is due to the fact that
the product of two almost ACCPmonoids need not be almost ACCP.
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Strongly Atomic and Atomic

It is unknown whether there are atomic additive monoids of simple
semiring extensions that are not strongly atomic.
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Factorization Invariants

• Used to quantify deviation from unique factorization.

• These are metrics, not labels like atomic, ACCP, or half-factorial.

• Example—class number for rings of integers.

• Monoid factorization invariants are more combinatorial.

• We explore elasticity andω-primality.
• For this section, assume we work in an atomic monoidM.

◦ LetA(M) denote the set of atoms ofM.
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Elasticity

• Introduced for Noetherian domains by Valenza in 1990.

• The elasticity ofm, or ρ(m), is the ratio of the length of the longest
factorization ofm to that of the shortest.

◦ ρ(m) = ∞ ifm has arbitrarily long factorizations.

• The set of elasticities ofM, or R(M), is {ρ(m) : m ∈ M}.

◦ The elasticity ofM, or ρ(M), is supR(M).

• Example— ρ(M) = 1 iffM is an HFM.

• Example— ρ(m) < ∞ for allm ∈ M iffM is a BFM.

• ρ(m), ρ(M) ∈ [1, ∞).



Antimatterness ACCP Factorization Invariants References

Elasticity

• Introduced for Noetherian domains by Valenza in 1990.
• The elasticity ofm, or ρ(m), is the ratio of the length of the longest
factorization ofm to that of the shortest.

◦ ρ(m) = ∞ ifm has arbitrarily long factorizations.

• The set of elasticities ofM, or R(M), is {ρ(m) : m ∈ M}.

◦ The elasticity ofM, or ρ(M), is supR(M).

• Example— ρ(M) = 1 iffM is an HFM.

• Example— ρ(m) < ∞ for allm ∈ M iffM is a BFM.

• ρ(m), ρ(M) ∈ [1, ∞).



Antimatterness ACCP Factorization Invariants References

Elasticity

• Introduced for Noetherian domains by Valenza in 1990.
• The elasticity ofm, or ρ(m), is the ratio of the length of the longest
factorization ofm to that of the shortest.
◦ ρ(m) = ∞ ifm has arbitrarily long factorizations.

• The set of elasticities ofM, or R(M), is {ρ(m) : m ∈ M}.

◦ The elasticity ofM, or ρ(M), is supR(M).

• Example— ρ(M) = 1 iffM is an HFM.

• Example— ρ(m) < ∞ for allm ∈ M iffM is a BFM.

• ρ(m), ρ(M) ∈ [1, ∞).



Antimatterness ACCP Factorization Invariants References

Elasticity

• Introduced for Noetherian domains by Valenza in 1990.
• The elasticity ofm, or ρ(m), is the ratio of the length of the longest
factorization ofm to that of the shortest.
◦ ρ(m) = ∞ ifm has arbitrarily long factorizations.

• The set of elasticities ofM, or R(M), is {ρ(m) : m ∈ M}.

◦ The elasticity ofM, or ρ(M), is supR(M).

• Example— ρ(M) = 1 iffM is an HFM.

• Example— ρ(m) < ∞ for allm ∈ M iffM is a BFM.

• ρ(m), ρ(M) ∈ [1, ∞).



Antimatterness ACCP Factorization Invariants References

Elasticity

• Introduced for Noetherian domains by Valenza in 1990.
• The elasticity ofm, or ρ(m), is the ratio of the length of the longest
factorization ofm to that of the shortest.
◦ ρ(m) = ∞ ifm has arbitrarily long factorizations.

• The set of elasticities ofM, or R(M), is {ρ(m) : m ∈ M}.
◦ The elasticity ofM, or ρ(M), is supR(M).

• Example— ρ(M) = 1 iffM is an HFM.

• Example— ρ(m) < ∞ for allm ∈ M iffM is a BFM.

• ρ(m), ρ(M) ∈ [1, ∞).



Antimatterness ACCP Factorization Invariants References

Elasticity

• Introduced for Noetherian domains by Valenza in 1990.
• The elasticity ofm, or ρ(m), is the ratio of the length of the longest
factorization ofm to that of the shortest.
◦ ρ(m) = ∞ ifm has arbitrarily long factorizations.

• The set of elasticities ofM, or R(M), is {ρ(m) : m ∈ M}.
◦ The elasticity ofM, or ρ(M), is supR(M).

• Example— ρ(M) = 1 iffM is an HFM.

• Example— ρ(m) < ∞ for allm ∈ M iffM is a BFM.

• ρ(m), ρ(M) ∈ [1, ∞).



Antimatterness ACCP Factorization Invariants References

Elasticity

• Introduced for Noetherian domains by Valenza in 1990.
• The elasticity ofm, or ρ(m), is the ratio of the length of the longest
factorization ofm to that of the shortest.
◦ ρ(m) = ∞ ifm has arbitrarily long factorizations.

• The set of elasticities ofM, or R(M), is {ρ(m) : m ∈ M}.
◦ The elasticity ofM, or ρ(M), is supR(M).

• Example— ρ(M) = 1 iffM is an HFM.

• Example— ρ(m) < ∞ for allm ∈ M iffM is a BFM.

• ρ(m), ρ(M) ∈ [1, ∞).



Antimatterness ACCP Factorization Invariants References

Elasticity

• Introduced for Noetherian domains by Valenza in 1990.
• The elasticity ofm, or ρ(m), is the ratio of the length of the longest
factorization ofm to that of the shortest.
◦ ρ(m) = ∞ ifm has arbitrarily long factorizations.

• The set of elasticities ofM, or R(M), is {ρ(m) : m ∈ M}.
◦ The elasticity ofM, or ρ(M), is supR(M).

• Example— ρ(M) = 1 iffM is an HFM.

• Example— ρ(m) < ∞ for allm ∈ M iffM is a BFM.

• ρ(m), ρ(M) ∈ [1, ∞).



Antimatterness ACCP Factorization Invariants References

Elasticity

• Introduced for Noetherian domains by Valenza in 1990.
• The elasticity ofm, or ρ(m), is the ratio of the length of the longest
factorization ofm to that of the shortest.
◦ ρ(m) = ∞ ifm has arbitrarily long factorizations.

• The set of elasticities ofM, or R(M), is {ρ(m) : m ∈ M}.
◦ The elasticity ofM, or ρ(M), is supR(M).

• Example— ρ(M) = 1 iffM is an HFM.

• Example— ρ(m) < ∞ for allm ∈ M iffM is a BFM.

• ρ(m), ρ(M) ∈ [1, ∞) and R(M) ⊆ [1, ∞).



Antimatterness ACCP Factorization Invariants References

Elasticity inMα

• Chapman et al. considered the elasticity ofMq.

◦ If q > 1 is rational but not an integer, thenMq is densely elastic.
◦ Densely elastic means R(Mq) is dense in [1,∞).

• Jiang et al. showed that R(Mα) = ∞when α < 1.
• Jiang et al. extended the result of Chapman et al. to show thatMα is
densely elastic for any algebraic non-integer α > 1.

◦ What about algebraic integers?

• We extend this result to a certain subclass of algebraic integers.
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densely elastic for any algebraic non-integer α > 1.

◦ What about algebraic integers?

• We extend this result to a certain subclass of algebraic integers.



Antimatterness ACCP Factorization Invariants References

Elasticity inMα

• Chapman et al. considered the elasticity ofMq.
◦ If q > 1 is rational but not an integer, thenMq is densely elastic.
◦ Densely elastic means R(Mq) is dense in [1,∞).

• Jiang et al. showed that R(Mα) = ∞when α < 1.
• Jiang et al. extended the result of Chapman et al. to show thatMα is
densely elastic for any algebraic non-integer α > 1.
◦ What about algebraic integers?

• We extend this result to a certain subclass of algebraic integers.



Antimatterness ACCP Factorization Invariants References

Elasticity inMα

• Chapman et al. considered the elasticity ofMq.
◦ If q > 1 is rational but not an integer, thenMq is densely elastic.
◦ Densely elastic means R(Mq) is dense in [1,∞).

• Jiang et al. showed that R(Mα) = ∞when α < 1.
• Jiang et al. extended the result of Chapman et al. to show thatMα is
densely elastic for any algebraic non-integer α > 1.
◦ What about algebraic integers?

• We extend this result to a certain subclass of algebraic integers.



Antimatterness ACCP Factorization Invariants References

Almost Antimatter

• We sayMα is almost antimatter if wα(x) ∈ xN0[x] − n.

◦ Mα really is antimatter when n = 1.
◦ This class includes infinitely many algebraic integers of each rank.

Theorem (Chen, Gotti, Lu, and Yao, 2025)
If α > 1 andMα is almost antimatter, thenMα is densely elastic.
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Almost Antimatter Proof Sketch
• It suffices to show that if L and ℓ are respectively the lengths of the
longest and shortest factorizations of someβ ∈ Mα, then we can
exhibit an elementβ ′ whose longest and shortest have lengths
L+ 1 and ℓ+ 1, respectively.

◦ Elasticity decreases by
L− ℓ

L(L+ 1)
, so take L large enough and work backward.

• Supposeβ = f (α) = F(α), where f (x), F(x) ∈N0[x].

• Set f (1) = ℓ and F(1) = L, since evaluating at 1 yields the length.

• Idea— Ifβ ′ = β+ αk for some large enough k, every new
factorization ofβ ′ should be xk plus a factorization ofβ.
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Almost Antimatter Proof Sketch (cont.)

• Proof. Clever bounding.

• As a result, the longest and shortest factorizations now have
lengths L+ 1 and ℓ+ 1.

• It remains an open question to determine ρ(Mα) for all algebraic
integers α > 1, since it is not always∞.

• Also, the structure of R(Mα) remains mostly unknown.
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ω-Primality

• Introduced by Geroldinger in 1997.

• Recall Euclid’s lemma— if p | ab, then p | a or p | b.

• All primes are atoms, but not all atoms are primes.

• ω : A(Mα) →N ∪ {∞}, withω(a) = 1 iff a is prime.

• Recent interest has seen studies on algorithms, closed-form
formulae, and asymptotic results in various classes of monoids,
most notably numerical, Krull, and block monoids.
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ω-Primality Definition

• ω(a) is the smallest positive integer with the property that
whenever a divides some sum q1 + q2 + · · ·+ qr for r > ω(a), then
there exists some subset T of {1, . . . , r} of size at mostω(a) such
that a divides the subsumwhose indices are elements of T.

◦ If no such positive integer exists,ω(a) = ∞.

• ω(M) = sup{ω(a) : a ∈ A(M)}.

• Example— InN0 \ {1} = ⟨2, 3⟩,ω(2) = 2 as 2 | 3+ 3 but 2 ∤ 3.

• Example— In
〈
1
p

〉
,ω(1) = ∞ because 1 |

1
p
+
1
p
+ · · ·+ 1

p
.
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Bullets

• A bullet is a formal sum S = a1 + a2 + · · ·+ ar such that a divides
the sum but not any strict subsum S− ai.

• 3+ 3 and
1
p
+
1
p
+ · · ·+ 1

p
from the previous slide are bullets.

• One can show thatω(a) is the supremum of the lengths of a.
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Example #7 (Bullets)

Considermα(x) = x3− 2x2+ 2x− 2, with a single positive rootα > 1.

• Sincemα(x)(x + 1) = x4 − x3 − 2, thenA(Mα) = {1,α, α2, α3}.

• There is one possible transformation to a factorization, adding an
integer multiple ofmα(x).

• α3 + 2α = 2α2 + 2 because (x3 + 2x) + mα(x) = 2x2 + 2.

• α3 + α+ α is a bullet for α2 and 1.

• α2 + α2 + 1+ 1 is a bullet for α3 and α.
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ω-PrimalityTheorem

We determine theω-primality for all atomicMα, which resolves
several conjectures left by Jiang et al. in their 2022 paper.

• Jiang et al. showedω(Mα) = ∞ for α < 1, assumingMα is atomic.

• However, they left open the case when α > 1.

• We split into two cases based on the number of atoms ofMα.
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Infinitely Many Atoms

Suppose |A(Mα)| = ∞.

• Interestingly enough, this proof involvesMβ, whereβ = α−1.

• In particular, if α > 1, thenMα has infinitely many atoms if and
only ifMβ is atomic.

◦ Proof.This is a corollary of our antimatter characterization.
◦ Specifically,Mα having infinitely many atoms occurs precisely whenmα(x)
has nomultiple of the form xn − an−1xn−1 − · · ·− a0, where ai ∈N0.

◦ This is equivalent tomβ(x) having nomultiple in xN0[x] − 1, which naturally
leads toMβ being atomic.
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Infinitely Many Atoms (cont.)

• As a result, the work of Jiang et al. shows thatMβ contains
arbitrarily long bullets.

• Multiplying any of these bullets by αN for sufficiently largeN will
bring them intoMα, which establishes thatω(Mα) = ∞ because
bullets are preserved under this multiplication.

• It is not hard to show that multiplication preserves the property of
being a bullet (so long as we also shift the atom).
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Finitely Many Atoms

Suppose |A(Mα)| < ∞.

• Jiang et al. conjectured thatω(Mα) < ∞ iff α ∈N.

• Instead ifMα has finitely many atoms, thenω(Mα) is finite.
Remarkably, this holds in the general case.
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Finitely Many Atoms (cont.)

• Let a be any atom, and suppose there areN atoms not including a.
Let us show thatω(a) is finite.

• Consider the infinite gridNN
0 consisting of the formal sums of

other atoms. Let S denote the subset of the grid that a divides.

• The bullets of a correspond to the minimal elements of S under the
pointwise partial order given by (m1,m2, . . . ,mN) ⩽ (n1, n2, . . . , nN)
if and only ifmi ⩽ ni for every i.

• Dickson’s lemma states that S has finitely many minimal elements.
Hence, a has finitely many bullets, soω(a) < ∞.
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