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Atomicity through three lenses.

e Antimatterness — opposite of atomicity.
o Exact atomicity/antimatter characterization.
o CD (common divisor) monoids.

e ACCP — stronger than atomicity.
o Almost ACCP.
o Strongly atomic.
o Canonical sum decomposition.

e Factorization Invariants — metrics for atomicity.
o Elasticity (and densely elastic).
o w-primality.
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Antimatter Decompositions

e Like the valuation property, antimatterness is about breaking
things down. Might it share a similar characterization?

e Understanding antimatterness will also help understand atomicity.

Theorem (Correa-Morris and Gotti, 2022)

For positive algebraic o, M, is atomic if and only if not antimatter.
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Proof of Dichotomy

Proof. Consider whether 1is an atom.

e If1isnotanatom,1 = h(«x) for some h(x) € IN,[x].
o Then, of is never an atom—it can be decomposed as g(ot) for g(x) = x* h(x).

e If1isanatom, then either @ > 1, and we are done, or & < 1.
o Then, o is an atom for each k—otherwise, we could divide and decompose 1.

Antimatter decompositions are important.
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Example #1 (Antimatter Decomposition)

Consider the monoid M, where « is the singular positive root to
My (x) = x> —x* + 26 — 1.

e 1isnotanatom because (x + 1)my(x) = x* +x* +x — 1.
o So,1 =+ o®+ «t.
o oisnotanatom because x = &* + o + o°.
o o isnotanatom because o> = o + * + 8.
o etc.

e Formally, an antimatter decomposition is some polynomial
f(x) € xINo[x] — 1that is a multiple of m(x).
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Atomicity/Antimatterness Classification Theorem

Classifying a monoid as atomic or antimatter hinges on finding
antimatter decompositions.

Theorem (Chen, Gotti, Lu, and Yao, 2025)

If « € (0,1) is algebraic, then M, is antimatter if and only if oc™*

e isan algebraic integer,
e has no positive conjugate aside from itself, and
e isatleast each of its conjugates by norm.
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Example #2 (Antimatter vs. Valuation)

The conditions are almost identical to those for the valuation property.
We have only relaxed the strict inequality in the last condition.

® M 5/, = (M,),)*is antimatter.
e Not a valuation monoid since —/2/2 has the same norm as /2./2.

e We simply drop the simplified requirement.
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Sketch of Sufficiency Proof

e First, the proof of the valuation theorem.
o View any absolute difference |f () — g( )| as an element in Z[x].
o Add or subtract multiples of m (x) to turn this into h(x) € IN,[x].
o Then, h(a) = [f() — g(«)|is an element of M.

e Now, antimatter.
o Take the element1 € Z|x].
o Add or subtract multiples of m, (x) to turn this into h(x) € xIN, [x].
o Then, h(x) — 1 € xIN,[x] is an antimatter decomposition.




Sketch of Sufficiency Proof (cont.)

e Let wy(x) be the polynomial obtained by clearing the denominators
of my(x) (the unique primitive multiple with positive leading
coefficient). Let ry(x) be the reciprocal polynomial of —w, (x).




Sketch of Sufficiency Proof (cont.)

e Let wy(x) be the polynomial obtained by clearing the denominators
of my(x) (the unique primitive multiple with positive leading
coefficient). Let ry(x) be the reciprocal polynomial of —w, (x).

e Byatheorem of Handelman, (x + 1) r,(x) has a single sign
change for sufficiently large N.




Sketch of Sufficiency Proof (cont.)

e Let wy(x) be the polynomial obtained by clearing the denominators
of my(x) (the unique primitive multiple with positive leading
coefficient). Let ry(x) be the reciprocal polynomial of —w, (x).

e Byatheorem of Handelman, (x + 1) r,(x) has a single sign
change for sufficiently large N.

e Let r(x) denote the resulting polynomial and u(x) its negative
reciprocal polynomial. We claim that we can construct a multiple
of u(x) that lies in xIN, [x] — 1, thus an antimatter decomposition.
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e Setd = degmy(x) and D .= degr(x) = degu(x) =d + N.

e Let us construct h(x) = do + ayx + - - - + apx* € Zx] such that
flx) = h(x)u(x) € xINo[x] — 1.
e Choosea,, ..., ap_, so that [x'] f(x) = ofori € {1,..., D —1}
D
e Let the coefficients ap and onward satisfy Z Cp—iGy—; = O.

iI=0

D
e Sincecp = —1, we havea, = E Cp_idn_i € Z.
i=1
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e I;(x) =1+ x + 2x* + 3% to zero out early coefficients.
© f;(x) = h3(x)u(x) = —1+ 6x* + 4x° + 2x° + 3x7.
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o hy(x) =1+ x+ 2x* + 3x> + 6x* so that [x*] f (x) = o.




A SS
000000000 e000000

Example #3 (cont.)

Supposeu(x) = (x> —x*+2x —1)(x +1) =x* + x> +x — 1.

e I;(x) =1+ x + 2x* + 3% to zero out early coefficients.
© f;(x) = h3(x)u(x) = —1+ 6x* + 4x° + 2x° + 3x7.

We are already finished, but let us proceed further.

o h,(x )—1+x+2x2+3x3+6x4sothat[x4]f(x) = 0.
o fi(x) = hy(x)u(x) = —1+ 10x° + 8x° + 3x7 + 6x°.




A SS
000000000 e000000

Example #3 (cont.)

Supposeu(x) = (x> —x*+2x —1)(x +1) =x* + x> +x — 1.

o hy(x) =1+ x+ 2x* + 3x to zero out early coefficients.
o fi(x) = hy(x)u(x) = —1+ 6x* + 4x° + 2x° + 3x7.
We are already finished, but let us proceed further.

o h,(x )—1+x+2x2+3x3+6x4sothat[x4]f(x) = 0.
o fi(x) = hy(x)u(x) = —1+ 10x° + 8x° + 3x7 + 6x°.

o hi(x) =1+ x+ 2x* + 3% + 6x* + 10x° so that [x°] f (x) = o.
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Supposeu(x) = (x> —x*+2x —1)(x +1) =x* + x> +x — 1.
o hy(x) =1+ x+ 2x* + 3x to zero out early coefficients.

o fi(x) = hy(x)u(x) = —1+ 6x* + 4x° + 2x° + 3x7.
We are already finished, but let us proceed further.

o h,(x )—1+x+2x2+3x3+6x4sothat[x4]f(x) = 0.
o fi(x) = hy(x)u(x) = —1+ 10x° + 8x° + 3x7 + 6x°.

* hs(x) —1+x+2x2+3x3+6x4+10x5 so that [x°] f (x) = o.
o fi(x) = hs(x)u(x) = —1+ 18x° + 137 + 6x° + 10%°.
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Example #3 (cont.)

Supposeu(x) = (x> —x*+2x —1)(x +1) =x* + x> +x — 1.

e I;(x) =1+ x + 2x* + 3% to zero out early coefficients.
© f;(x) = h3(x)u(x) = —1+ 6x* + 4x° + 2x° + 3x7.

We are already finished, but let us proceed further.
o h(x) = 1+x+2x2+3x3 + 6x* so that [x*] f(x) = o.

oﬂ ) = hy(x)u(x) = —1+ 10x° + 8x° + 3x7 + 6x°.
o h(x )—1+x+2x2+3x3+6x4+10x5 so that [x°] f (x) = o.
o fs(x) = hs(x)u(x) = —1+ 18x° + 13x7 + 6x° + 10x°.

Coefficients are getting bigger and bigger.
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e Proof. Linear algebra!
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integer-valued polynomials to conclude a, are eventually positive.

e Perform some bounding to show that the non-constant coefficients
of f(x) are also all positive so that f (x) € xIN,[x] — 1. |
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Sketch of Necessity Proof

o being an algebraic integer and having no positive conjugate
aside from itself follow exactly as before our valuation proof.

Previously, M, had to be simplified or else it would be a nontrivial
product of monoids, which is never a valuation monoid.

It no longer needs to be simplified, like with M ,.

e Hence, we can relax the strict inequality. H
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Valuation Corollary

Theorem (Chen, Gotti, Lu, and Yao 2025)

If M, is antimatter, it is the product of valuation monoids.

e Specifically, let my(x) = mg(x*) for some simplified mg (x).
o If M, is antimatter, then Mg is a valuation monoid.

e Hence, M, = M’é.
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CD (common divisor) property — any two noninvertible elements
share a noninvertible common divisor.

e Example — monoids with the D-property or GL-property.
o Infact, all three classes collapse for Puiseux monoids.

e Example — M,, where o™ = @ is the golden ratio.
o Observe that «" = o*' + &"*2. Hence, if & | a and «* | b, then a™>*Uk) s a
noninvertible common divisor of @ and b.
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CD Monoids

CD (common divisor) property — any two noninvertible elements
share a noninvertible common divisor.

e Example — monoids with the D-property or GL-property.
o Infact, all three classes collapse for Puiseux monoids.

e Example — M,, where o™ = @ is the golden ratio.
o Observe that «" = o*' + &"*2. Hence, if & | a and «* | b, then a™>*Uk) s a
noninvertible common divisor of @ and b.

e When o < « < 1, antimatter + CD coincides with valuation.
o Every valuation monoid clearly has the CD property.
o For any two noninvertible elements a and b, where a | b without loss of
generality, then a is a noninvertible common divisor.
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Sufficiency of CD Monoids

e We must exhibit a simplified antimatter decomposition.

e 1and « share a noninvertible CD, af () for some xf (x) € xIN,[x].
o Since af (o) | o, then both f () and «f (o) divide 1.

o Letg(x), h(x) € xINo[x] —1 be multiples of my(x) that encode this
divisibility, so g(x) — f (x) — xf (x) € xINo[x] —
e Forinstance, if my(x) = x3 — x* 4+ 2x — 1, one can show that

«* + o« isaCD of 1and «. Hence, f(x) = x + x*.
o glx) =mu(x)(®+x*+x+1) = (x+x*) + (x°* +x* +2°) — 1.
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Sufficiency of CD Monoids

e We must exhibit a simplified antimatter decomposition.

e 1and « share a noninvertible CD, af () for some xf (x) € xIN,[x].
o Since af (o) | o, then both f () and «f (o) divide 1.

o Letg(x), h(x) € xINo[x] —1 be multiples of my(x) that encode this
divisibility, so g(x) — f (x) — xf (x) € xINo[x] —
e Forinstance, if my(x) = x3 — x* 4+ 2x — 1, one can show that
«* + o« isaCD of 1and «. Hence, f(x) = x + x*.
o glx) =mu(x)(®+x*+x+1) = (x+x*) + (x* +x* +5°) — 1.
o h(x) =mg(x)(*+2x+1) = (x> +x°) + (x* + 2% +x*) — 1.




Sufficiency of CD Monoids (cont.)

e We are done if g(x) and h(x) are already simplified.




Sufficiency of CD Monoids (cont.)

e We are done if g(x) and h(x) are already simplified.

e This might not be the case, but we can show that some combination
is simplified via algebraic manipulation.




Sufficiency of CD Monoids (cont.)

e We are done if g(x) and h(x) are already simplified.

e This might not be the case, but we can show that some combination
is simplified via algebraic manipulation. H




ACCP
®000000000000

e Recall thatanideal I of M is any subsetI C MwithI+ M = L.




ACCP
®000000000000

e Recall thatanideal I of M is any subsetI C MwithI+ M = L.

e A principal ideal is an ideal generated by one element, i.e., b + M.




ACCP
®000000000000

e Recall thatanideal I of M is any subsetI C MwithI+ M = L.
e A principal ideal is an ideal generated by one element, i.e., b + M.

A monoid satisfies the ascending chain condition on principal ideals
(ACCP) if every ascending chain of principal ideals stabilizes.




ACCP
®000000000000

e Recall thatanideal I of M is any subsetI C MwithI+ M = L.
e A principal ideal is an ideal generated by one element, i.e., b + M.

A monoid satisfies the ascending chain condition on principal ideals
(ACCP) if every ascending chain of principal ideals stabilizes.

e NotM,/,, since1+M,1/2+ M,1/4+ M, ... does not stabilize.




ACCP
®000000000000

e Recall thatanideal I of M is any subsetI C MwithI+ M = L.
e A principal ideal is an ideal generated by one element, i.e., b + M.

A monoid satisfies the ascending chain condition on principal ideals
(ACCP) if every ascending chain of principal ideals stabilizes.

e NotM,,, since1+M,1/2 4+ M,1/4+ M, ... does not stabilize.
o Infact, not M, for any rationalo < ¢ < 1.




ACCP
®000000000000

e Recall thatanideal I of M is any subsetI C MwithI+ M = L.
e A principal ideal is an ideal generated by one element, i.e., b + M.

A monoid satisfies the ascending chain condition on principal ideals
(ACCP) if every ascending chain of principal ideals stabilizes.

e NotM,,, since1+M,1/2 4+ M,1/4+ M, ... does not stabilize.
o Infact, not M, for any rationalo < ¢ < 1.

e Example—M, ,,asM, ,; =M,, 5.Since2++/2 > 1, then
M, /; can be listed increasingly and must satisfy the ACCP.




ACCP Characterization

e Every monoid that satisfies the ACCP is atomic.




ACCP Characterization

e Every monoid that satisfies the ACCP is atomic.

e Can we strengthen the atomicity conditions to describe the ACCP?




ACCP Characterization

e Every monoid that satisfies the ACCP is atomic.

e Can we strengthen the atomicity conditions to describe the ACCP?

Theorem (Chen, Gotti, Lu, and Yao, 2025)

If x € (0,1) is algebraic, then M, satisfies the ACCP if and only if &
has a positive conjugate that exceeds 1.




ACCP Characterization

e Every monoid that satisfies the ACCP is atomic.

e Can we strengthen the atomicity conditions to describe the ACCP?

Theorem (Chen, Gotti, Lu, and Yao, 2025)

If x € (0,1) is algebraic, then M, satisfies the ACCP if and only if &
has a positive conjugate that exceeds 1.

e Asseen, M, does not satisfy the ACCP for rational g € (o, 1).




ACCP Characterization

e Every monoid that satisfies the ACCP is atomic.

e Can we strengthen the atomicity conditions to describe the ACCP?

Theorem (Chen, Gotti, Lu, and Yao, 2025)

If x € (0,1) is algebraic, then M, satisfies the ACCP if and only if &
has a positive conjugate that exceeds 1.

e Asseen, M, does not satisfy the ACCP for rational g € (o, 1).

e Backward direction follows similarly to our proof for M, ;.
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Proof Sketch of Forward Direction

e Lots of algebra! But, a shared theme with the other proofs.

e Suppose « has no positive conjugate exceeding 1. Like our
antimatter proof, multiply by (x + 1)V for some large enough N.

e Specifically, (x + 1)N wy (x)? has its negative coefficients clustered

around BM/(1+ 3), where 3 are the positive conjugates of .
o wy(x) € Zlx] is, as before, the unique monic primitive multiple of m 4 (x).
o M = N + 2d, where d = degm(x).
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Example #4 (Negative Coeflicient Clusters)

Consider my(x) = wy(x) = —3 + 2200 — 48x* + 3223.

e 3, =0.25500,/(1+p;) =0.2;p, =0.5,80
B./(14+ B,) =0333...;B; =0.75,50 B3/(1+ B3) =0.429....

e N =12994,d =3, M = 3000.
Signs of coefficients wy (x)*(x + 1)>%4.

3000B,/(1+ B.,)

O 3000B,/(1+ By) 30005/ (1 + Bs) 43000
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Proof Sketch of Forward Direction (cont.)

e The proof of this sign pattern involves techniques similar to Pélya
smoothing (from his theorem on positive forms) and heavy algebra.

e Specifically, we bound the coefficients and show that the only
negative coefficients occur in intervals whose size scales with /M.

e We then claim that we can express (x + 1) mq(x)? as
(x* — 1)f (x) + g(x) for some f(x),g(x) € Ny[x] and k € N.
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Proof Sketch of Forward Direction (cont.) (cont.)

e With some more work, we can show that the positive portions
exceed the negative portions in magnitude, which is sufficient to
establish our desired form.
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e With some more work, we can show that the positive portions
exceed the negative portions in magnitude, which is sufficient to
establish our desired form.

e Then, o f() + My, for n > o, generates an ascending chain of
principal ideals that does not stabilize.

e Specifically, the difference between consecutive generators is
o (1— oF)f (o) = o g(ox) € Mg. |




Example #5 (ACCP Polynomials)

Consider «x = 1/3,s0 my(x) = x — 1/3 and wy(x) = 3x — 1.




Example #5 (ACCP Polynomials)

Consider «x = 1/3,s0 my(x) = x — 1/3 and wy(x) = 3x — 1.

e When N = 2, we have (x +1)* (3x —1)* = ox* + 120 — 2x* — 4x + 1.




Example #5 (ACCP Polynomials)

Consider «x = 1/3,s0 my(x) = x — 1/3 and wy(x) = 3x — 1.
e When N = 2, we have (x +1)* (3x —1)* = ox* + 120 — 2x* — 4x + 1.

e Observe —2x* and —4x are the only negative terms.




Example #5 (ACCP Polynomials)

Consider «x = 1/3,s0 my(x) = x — 1/3 and wy(x) = 3x — 1.
e When N = 2, we have (x +1)* (3x —1)* = ox* + 120 — 2x* — 4x + 1.
e Observe —2x* and —4x are the only negative terms.

o f(x) =2x*+4xand k = 2,50 (x* —1)f (x) = 2x* + 4x> — 206> — 4x.




Example #5 (ACCP Polynomials)

Consider «x = 1/3,s0 my(x) = x — 1/3 and wy(x) = 3x — 1.

e When N = 2, we have (x +1)* (3x —1)* = ox* + 120 — 2x* — 4x + 1.
e Observe —2x* and —4x are the only negative terms.

o f(x) =2x*+4xand k = 2,50 (x* —1)f (x) = 2x* + 4x> — 206> — 4x.

o (x+1)*(3x—1)*— (x> —1)f(x) = 7x* + 8> + 1 = g(x) € Nylx].
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Intermediate Properties

Two main properties lie between atomicity and the ACCP.

e An atomic monoid is strongly atomic if any two non-invertible
elements share a maximal common divisor (MCD).
o An MCD is a CD that does not strictly divide any other CD.

e The almost ACCP is the condition that each finite nonempty subset
S of M has a common divisor d such that, for some s € S, every
ascending chain of principal ideals generated by s — d stabilizes.

In general, atomic 2 strongly atomic 2 almost ACCP O ACCP.




ACCP O Almost ACCP

e We know M, does not satisfy the ACCP when o0 < ¢q < 1is rational.




ACCP O Almost ACCP

e We know M, does not satisfy the ACCP when o0 < ¢q < 1is rational.

e But when q is not a unit fraction, M, satisfies the almost ACCP.




ACCP O Almost ACCP

e We know M, does not satisfy the ACCP when o0 < ¢q < 1is rational.
e But when q is not a unit fraction, M, satisfies the almost ACCP.

e The proof involves a canonical sum decomposition (CSD).




ACCP O Almost ACCP

e We know M, does not satisfy the ACCP when o0 < ¢q < 1is rational.
e But when q is not a unit fraction, M, satisfies the almost ACCP.

e The proof involves a canonical sum decomposition (CSD).
o A CSDis able to represent each element as the sum of generators uniquely.




ACCP O Almost ACCP

e We know M, does not satisfy the ACCP when o0 < ¢q < 1is rational.
e But when q is not a unit fraction, M, satisfies the almost ACCP.

e The proof involves a canonical sum decomposition (CSD).
o A CSDis able to represent each element as the sum of generators uniquely.
o This representation is typically constrained with bounds on coefficients.




ACCP O Almost ACCP

e We know M, does not satisfy the ACCP when o0 < ¢q < 1is rational.
e But when q is not a unit fraction, M, satisfies the almost ACCP.

e The proof involves a canonical sum decomposition (CSD).
o A CSDis able to represent each element as the sum of generators uniquely.
o This representation is typically constrained with bounds on coefficients.
o CSDs greatly simplify working with Puiseux monoids.




ACCP
0000000008000

ACCP D Almost ACCP

e We know M, does not satisfy the ACCP when o0 < ¢q < 1is rational.
e But when q is not a unit fraction, M, satisfies the almost ACCP.

e The proof involves a canonical sum decomposition (CSD).
o A CSDis able to represent each element as the sum of generators uniquely.
o This representation is typically constrained with bounds on coefficients.
o CSDs greatly simplify working with Puiseux monoids.
o Recently, CSDs have been discovered with certain classes of M.
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Consider q = 3/5. We know that M, does not satisfy the ACCP.

e However, the CSD will prove that it satisfies the almost ACCP.

e Every element can be expressed uniquely as the sum of generators
so long all coefficients (except perhaps the constant) are less than s.
o 2672/625 = 2+ 3q + ¢ + 2q*.
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Example #6 (Canonical Sum Decomposition)

Consider ¢ = 3/5. We know that M, does not satisfy the ACCP.

However, the CSD will prove that it satisfies the almost ACCP.

Every element can be expressed uniquely as the sum of generators

so long all coefficients (except perhaps the constant) are less than s.

o 2672/625 = 2.+ 3q + ¢* + 2q*. However, if we drop that coefficients must be
less than 5, then we could also have 2 + 5¢*> 4 ¢* + 2q* because 3q = 5¢*.

An element satisfies the ACCP iff all its coefficients are less than 3.

e We can manipulate these CSDs via the identity 3¢" = 5¢"*" in order

to find s and d and show that M, satisfies the almost ACCP.
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Almost ACCP D Strongly Atomic

With a slight modification, that counterexample leads to an entire
class of strongly atomic monoids that do not satisfy the almost ACCP.

e Foranyd > 2, M y; is strongly atomic, again by the CSD.

o Yet, Mgz = (M,)? is a nontrivial product whose components do not
satisfy the ACCP. Hence, M g5 does not satisfy the almost ACCP.

More generally, if M, satisfies the almost ACCP but not the ACCP
itself, then m,(x) is simplified. As before, this is due to the fact that
the product of two almost ACCP monoids need not be almost ACCP.
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Strongly Atomic and Atomic

It is unknown whether there are atomic additive monoids of simple
semiring extensions that are not strongly atomic.
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Factorization Invariants

Used to quantify deviation from unique factorization.

e These are metrics, not labels like atomic, ACCP, or half-factorial.

Example — class number for rings of integers.

Monoid factorization invariants are more combinatorial.

We explore elasticity and w-primality.

For this section, assume we work in an atomic monoid M.
o Let A(M) denote the set of atoms of M.
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e Introduced for Noetherian domains by Valenza in 1990.

e The elasticity of m, or p(m), is the ratio of the length of the longest
factorization of m to that of the shortest.
o p(m) = oo if m has arbitrarily long factorizations.

The set of elasticities of M, or R(M), is{p(m) : m € M}.
o The elasticity of M, or p(M), is sup R(M).

Example — p(M) = 1iff M is an HFM.

Example — p(m) < oo forallm € M ift M is a BFM.
p(m), p(M) € [1,00) and R(M) C [1, 00).
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e Chapman et al. considered the elasticity of M,.
o Ifgq > 1is rational but not an integer, then M, is densely elastic.
o Densely elastic means R(M,) is dense in [1, 00).

e Jiang et al. showed that R(M,) = oo when & < 1.

e Jiang et al. extended the result of Chapman et al. to show that M is
densely elastic for any algebraic non-integer o > 1.
o What about algebraic integers?

e We extend this result to a certain subclass of algebraic integers.
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Almost Antimatter

e We say M, is almost antimatter if wy (x) € xIN,[x] — n.
o My really is antimatter when n = 1.
o This class includes infinitely many algebraic integers of each rank.

Theorem (Chen, Gotti, Lu, and Yao, 2025)

If « > 1and M, is almost antimatter, then M, is densely elastic.
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Almost Antimatter Proof Sketch

e It suffices to show that if L and { are respectively the lengths of the
longest and shortest factorizations of some € M, then we can
exhibit an element 3’ whose longest and shortest have lengths
L+ 1and { + 1, respectively.

b=

L(L+1)

e Suppose 3 = f(o) = F(«), where f(x), F(x) € IN,[x].

e Setf(1) = €and F(1) = L, since evaluating at 1 yields the length.

o Elasticity decreases by , so take L large enough and work backward.

e Idea—If B’ = P + o for some large enough k, every new
factorization of B’ should be x* plus a factorization of 3.
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e It remains an open question to determine p(M, ) for all algebraic
integers « > 1, since it is not always co.
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Almost Antimatter Proof Sketch (cont.)

Proof. Clever bounding.

As a result, the longest and shortest factorizations now have
lengths L +1and £ + 1. H

It remains an open question to determine p(M,) for all algebraic
integers « > 1, since it is not always co.

Also, the structure of R(My) remains mostly unknown.
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w-Primality

Introduced by Geroldinger in 1997 to measure the deviation of an
irreducible element from being prime.

Recall Euclid’s lemma —ifp | ab, thenp | aorp | b.

All primes are atoms, but not all atoms are primes.

w: A(My) — IN U{co}, with w(a) = 1iff a is prime.

Recent interest has seen studies on algorithms, closed-form
formulae, and asymptotic results in various classes of monoids,
most notably numerical, Krull, and block monoids.
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w-Primality Definition
e w(a) is the smallest positive integer with the property that
whenever a divides some sum ¢; + ¢, + - - - + ¢, forr > w(a), then
there exists some subset T of {1, . . ., v} of size at most w(a) such

that a divides the subsum whose indices are elements of T.
o Ifno such positive integer exists, w(a) = oco.

e wW(M) =sup{w(a):aec AM)}.
e Example —InIN, \ {1} = (2,3), w(2) =2as2|3+3but213.

1 1 1 1
e Example — In <§>, w (1) = oo because1 | i + i F o qr i
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e AbulletisaformalsumS =a; + a, + - - - + a, such that a divides
the sum but not any strict subsum S — a;.

1 1 1
e 3+3and - + — + - - - + — from the previous slide are bullets.
p p p

e One can show that w(a) is the supremum of the lengths of a.




Example #7 (Bullets)

Consider mq(x) = x*> — 2x* + 2 — 2, with a single positive root & > 1.
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Consider my(x) = x> — 2x* 4 2 — 2, with a single positive root & > 1.
e Since my(x)(x +1) = x* — x> — 2, then A(My) = {1, &, o?, &&}.

e There is one possible transformation to a factorization, adding an
integer multiple of my(x).

e o2+ 200 = 20¢* + 2 because (3 + 2x) + my(x) = 2x* + 2.
e o+ o+ «isabullet for «* and 1, so w(a?) = w(1) = 3.

e o+ o* + 1+ 1is abullet for o and &, so w(o?) = w(x) = 4.
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w-Primality Theorem

We determine the w-primality for all atomic M, which resolves
several conjectures left by Jiang et al. in their 2022 paper.

e Jiang et al. showed w(M,) = oo for & < 1, assuming M, is atomic.

e However, they left open the case when « > 1.

e We split into two cases based on the number of atoms of M.
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Infinitely Many Atoms

Suppose |[A(My)| = oco.

e Interestingly enough, this proof involves Mg, where 3 = ™.

e In particular, if « > 1, then M, has infinitely many atoms if and
lp if M is atomic.
o Proof Thls is a corollary of our antimatter characterization.
o Specifically, M, having infinitely many atoms occurs precisely when mq (x)
has no multiple of the form x" — a, x" ' — - -+ — a,, where a; € IN,.
o This is equivalent to mp (x) having no multiple in xIN, [x] — 1, which naturally
leads to M being atomic. |
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bullets are preserved under this multiplication.
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Infinitely Many Atoms (cont.)

e Asaresult, the work of Jiang et al. shows that Mg contains
arbitrarily long bullets.

e Multiplying any of these bullets by o for sufficiently large N will
bring them into M, which establishes that w (M) = oo because
bullets are preserved under this multiplication.

e Itisnot hard to show that multiplication preserves the property of
being a bullet (so long as we also shift the atom).




FACTORIZATI ON INVARIANT. S

0000000000000 e0

Finitely Many Atoms

Suppose |[A(My)| < oo.

e Jiang et al. conjectured that w(M,) < oo iff x € IN.




FACTORIZATI ON INVARIANT. S

0000000000000 e0

Finitely Many Atoms

Suppose |[A(My)| < oo.
e Jiang et al. conjectured that w(M,) < oo iff x € IN.

e Instead if M, has finitely many atoms, then w(M,) is finite.
Remarkably, this holds in the general case.
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Finitely Many Atoms (cont.)

e Letabe any atom, and suppose there are N atoms not including a.
Let us show that w(a) is finite.

e Consider the infinite grid INY consisting of the formal sums of
other atoms. Let S denote the subset of the grid that a divides.

e The bullets of a correspond to the minimal elements of S under the
pointwise partial order given by (my, m,, ..., my) < (n,n,,...,ny)
if and only if m; < n; for every i.

e Dickson’s lemma states that S has finitely many minimal elements.
Hence, a has finitely many bullets, so w(a) < co. H
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