VALUATION IDEAL FACTORIZATION DOMAINS
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ABSTRACT. An integral domain D is a wvaluation ideal factorization domain
(VIFD) if each nonzero principal ideal of D can be written as a finite product
of valuation ideals. Clearly, m-domains are VIFDs. In this paper, we study
the ring-theoretic properties of VIFDs and the *-operation analogs of VIFDs.
Among them, we show that if D is treed (resp., *-treed), then D is a VIFD
(resp., *-VIFD) if and only if D is an h-local Priifer domain (resp., a *-h-local
P+MD) if and only if every nonzero prime ideal of D contains an invertible
(resp., a x-invertible) valuation ideal. We also study integral domains D such
that for each nonzero nonunit a € D, there is a positive integer n such that
a™ can be written as a finite product of valuation elements.

1. INTRODUCTION

All rings considered in this paper are commutative with identity. Let D be an
integral domain with quotient field K. An overring of D means a subring of K
containing D. As in [32, Appendix 3], we say that an ideal I of D is a valuation
ideal if there is a valuation overring V of D such that IV N D = I. Clearly,
each ideal of a valuation domain is a valuation ideal. Conversely, in [18, Corollary
2.4], Gilmer and Ohm showed that if every principal ideal of D is a valuation
ideal, then D is a valuation domain. Following [9], we say that a nonzero nonunit
a € D is a valuation element if aD is a valuation ideal, i.e., there is a valuation
overring V' of D such that aV N D = aD. In [9], we studied some ring-theoretic
properties of valuation factorization domains (VFDs), which are integral domains
whose nonzero nonunits can be written as a finite product of valuation elements.
It is clear that valuation domains and UFDs are VFDs. In this paper, we continue
our work on ideal factorization properties of integral domains. It is well-known
that D is a Dedekind domain (resp., m-domain) if and only if every nonzero ideal
(resp., nonzero principal ideal) of D can be written as a finite product of prime
ideals; in particular, a Dedekind domain is a m-domain. Recall that a prime ideal
of D is a valuation ideal [32, page 341], so a Dedekind domain (resp., w-domain) D
has the property that every nonzero principal ideal of D can be written as a finite
product of valuation ideals, which will be called a wvaluation ideal factorization
domain (VIFD). In this paper, we study some ideal-theoretic properties of VFDs
and VIFDs, and the %-operation analog of a VIFD, which is called a x-VIFD.
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This paper consists of five sections including the introduction where we review
the definitions related with the ¢- and w-operations. First, in Section 2, we investi-
gate valuation ideals, valuation elements and their connections to star operations.
Let I be a proper valuation ideal of D. Among others, we show that if I is *-
invertible, then I, is a valuation ideal of D and it is contained in a unique maximal
t-ideal of D. In Section 3, we study the %-VIFDs. We introduce the notion of
*-VIFDs and we show that all of these rings are integrally closed weakly Matlis
domains. Furthermore, we prove that D is a VFD if and only if D is a VIFD with
Pic(D) = {0}, if and only if D is a »VIFD with ClL.(D) = {0}. It is also shown
that D is a x-h-local P+MD if and only if every nonzero (x-finite) *-ideal of D can
be written as a finite *-product of *-comaximal valuation ideals of D. We further
study the *-VIFDs that are *-treed. In Section 4, we consider VIFDs and ¢-VIFDs.
Finally, in Section 5, we investigate AVFDs, i.e., integral domains for which every
nonzero nonunit has a power that is a finite product of valuation elements. Among
other things, we show that if D is a *-VIFD such that Cl.(D) is a torsion group,
then D is an AVFD.

Throughout this paper, let N, Ny and Z denote the set of all positive integers, the
set of all nonnegative integers and the set of all integers, respectively. For x,y € Z
with z <y, let [z,y] ={z€Z |2z <z <y}

1.1. Definitions related to star operations. We first review some definitions
related to the t-operation which are needed for fully understanding this paper. Let
D be an integral domain with quotient field K. A D-submodule A of K is called a
fractional ideal of D if dA C D for some nonzero d € D. An (integral) ideal of D
is a fractional ideal of D that is contained in D. Let F(D) (resp., f(D)) be the set
of nonzero fractional (resp., nonzero finitely generated fractional) ideals of D. For
ABe F(D),let (A:B)={z € K|zB C A} and A~! = (D : A). Observe that
(A:B) € F(D) and A~! € F(D).

Recall that a map * : F(D) — F(D),I — I, is called a star operation on D if
the following conditions are satisfied for all A, B € F(D) and nonzero ¢ € K.

o A - A* = (A*)*a

e if AC B, then A, C B,,
e (cA), =cA, and

e D.=D.

Let * be a star operation on D. We say that « is of finite type if for each A € F (D),
A, = Ucef(D),CgA C.. Besides that, * is said to be stable if (AN B), = A, N B,
for all A,B € F(D). If x; and %o are star operations on D, we mean by x; < o
that I., C I, for any I € F(D).

Let x; : (D) — F(D) be defined by A.; = Uces(py,cca O« foreach A € F(D).
Then #; is a star operation of finite type on D. Let % : F(D) — F(D) be defined
by Ay = {z € K | 2J C A for some J € f(D) with J. = D} for each A € F(D).
Then * is a stable star operation of finite type on D [16, Example 2.1 and Remark
2.3]. If we set

° Av — (A—l)—l7

e Ay =U{lL|ICAand I € f(D)},

o A, ={x e K|zJ C A for some J € f(D) with J, = D}, and
o Ad:A
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for each A € F(D), then v is a star operation on D, t = v, w = v, and d is
a star operation on D such that d = df = d. It is known that d < x < v,
d <% <sxy <t<w,and ¥ < w for any star operation % on D.

An I € F(D) is called a fractional x-ideal of D if I, = I and a fractional x-ideal
I of D is called a *-ideal if I C D. A x-ideal is a mazimal x-ideal if it is maximal
among the proper -ideals. Let *-Max(D) be the set of maximal *-ideals of D and
let *-Spec(D) be the set of prime #-ideals of D. It may happen that *-Max(D) = ()
even though D is not a field; for example, if D is a rank-one nondiscrete valuation
domain and * = v, then *-Max(D) = (). However, xs-Max(D) # 0 if and only if
D is not a field; each maximal *y-ideal of D is a prime ideal; *p-Max(D) C #-
Spec(D); each proper *¢-ideal of D is contained in a maximal *¢-ideal. Each prime
ideal of D minimal over a *¢-ideal is a *s-ideal, whence each height-one prime ideal
is a xg-ideal; D = ﬂpe*f_Max(D) Dp; Iz = ﬂME*f_MaX(D) Ip for all I € F(D); and
* p-Max (D) = %Max(D) (see, for example, [24, Lemma 2.1(2)]).

An integral domain D is said to be of finite *-character if each nonzero nonunit
of D is contained in only finitely many maximal *-ideals. Recall from [26] that D is
a x-h-local domain if D is of finite *-character and every nonzero prime *-ideal of D
is contained in a unique maximal x-ideal of D. Note that D is t-h-local if and only
if D is weakly Matlis [5, page 8] and D is d-h-local if and only if D is h-local [5, page
8]. The *-dimension of D is defined by *-dim(D) =sup{n € Ny | P, C --- C P, for
some prime *x-ideals P; of D}. Hence, x-dim(D) = 1 if and only if D is not a field
and each prime #-ideal of D is a maximal *-ideal.

An I € F(D) is said to be x-invertible if (II~!), = D and a fractional *-ideal I
of D is said to be x-finite if I = J, for some J € f(D). We say that D is a Priifer
s-multiplication domain (PxMD) if each nonzero finitely generated ideal of D is * -
invertible. It is known that D is a PxMD if and only if Dp is a valuation domain
for all maximal *-ideals P of D [16, Theorem 3.1]. A Priifer domain is a PvMD
whose maximal ideals are t-ideals. Let T.(D) be the set of *-invertible fractional
«-ideals. Then T, (D) is an abelian group under I * J = (I.J).. Let Inv(D) (resp.,
Prin(D)) be the subgroup of T'(D) of invertible (resp., nonzero principal) fractional
ideals of D. The factor group Cl.(D) = T\ (D)/Prin(D), called the *-class group of
D, is an abelian group and Pic(D) = Inv(D)/Prin(D), called the Picard group of
D, is a subgroup of CL.(D).

Let S be a subset of D. Then S is called multiplicatively closed if 1 € S and
xy € S for all x,y € S. It is clear that if S is a multiplicatively closed set with
0 € S, then Dg ~ {0}, so we always assume that 0 & S. Furthermore, S is said to
be divisor-closed or saturated if for all z,y € D with zy € S, it follows that z,y € S.
If a,b € D, then we write a |p b if there is some ¢ € D such that b = ac. Hence, S
is divisor-closed if and only if a |p b implies a € S for any b € S and a € D.

Let D[X] be the polynomial ring over D. For a polynomial f € D[X], let ¢(f)
denote the ideal of D generated by the coefficients of f. Let N, = {f € D[X] | f #0
and ¢(f), = D}. Then, by the Dedekind-Mertens lemma, it can be shown that N,
is a multiplicatively closed and divisor-closed subset of D[X].

1.2. Importance of star operations. Next we give a short explanation for con-
sidering arbitrary star operations (of finite type) rather than the d-operation, the
t-operation and the w-operation. First of all, star operations enable us to unify
results that hold for all of the aforementioned operations. Besides that, we will see
later that certain results are specific to the t-operation/w-operation, while other
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results hold for arbitrary star operations of finite type. We also emphasize that
similar types of concepts have been investigated for star operations [5, 26, 30].

If not stated otherwise, then from mow on D is always an integral domain with
quotient field K and * is a star operation of finite type on D.

2. VALUATION IDEALS AND VALUATION ELEMENTS

We first discuss briefly how to extend the star operation * on D to arbitrary
nonzero D-submodules of K. For a nonzero D-submodule A of K, let A, =
UJeF(D),JgA Ji, then A, = UJEf(D)ngA J« because * is of finite type, and hence
A, is well-defined. Next we present a few simple properties of the *-closure of
D-submodules of K that we will use without further mention.

Lemma 2.1. Let D be an integral domain with quotient field K, let x be a star
operation of finite type on D, let ¢ € K be nonzero and let A and B be nonzero
D-submodules of K. Then A, is a D-submodule of K, A C A,, cA., = (cA).,
if A C By, then A, C By, and (AB), = (A«B).. Moreover, if * is stable, then
(AN B), = A, N B,.

Proof. 1t is clear that A, is a D-submodule of K, since A, is an upper directed union
of D-submodules of K. Observe that A = ;c¢(p)scad € Ujepp)scaJx = Ax

Moreover, cAy = cUjeppysca s = Usern),ica ¢Ie = User),cicealcd) =
Userm),scea Jx = (€A)s

Let A C B,. To show that A, C B,, it is sufficient to show that J, C B, for each
J € f(D) with J C A. Let J € f(D) with J C A. Then J C B,, and hence there
is some L € f(D) such that J C L, and L C B. Thus, J. C (L4)« = L. C B,.

Next we show that (A.B). = (AB). (for arbitrary nonzero D-submodules A
and B of K). Clearly, AB C A,B C (A.B)., and hence (AB), C (A.B).. Now
let € (AxB)«. Then z € J, for some J € f(D) with J C A,B. Observe that
J C L, L for some L,L' € f(D) such that L C A and L’ C B. This implies that
x€J, C (L L) =(LL)s C (AB),.

Finally, let % be stable. Then

AN B,

U 7 ]n U L

JEF(D),JCA LeF(D),LCB

U U “.nrL)

JEF(D),JCA LEF(D),LCB
U U @ni.

JEF(D),JCA LEF(D),LCB

JEF(D),JCANB

where the third equality follows because # is stable. Thus, (ANB). = A,NB,.. O

Let * be a star operation of finite type on D. Following [15], we say that an
overring D’ of D is x-closed if (D), = D’.

Lemma 2.2. Let D be an integral domain, let x be a stable star operation of finite
type on D and let I be a valuation x-ideal of D. Then there exists a *-closed
valuation overring W of D such that IW N D = 1.
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Proof. There exists a valuation overring V' of D such that IVND = 1. Set W = V.
Since V? C V, we infer that W2 C (W?), = (V?), C W. Observe that W is a
*-closed overring of V' (since V.C W, W, = W and x4+ y,zy € W for all z,y € W).
Consequently, W is a valuation overring of D (since W is an overring of a valuation
domain) and I CIWND C (IW),ND=(IV),NnD,={IVND),=1I1.=1by
Lemma 2.1. Thus, IWND = 1. ([

Let D* denote the unit group of D and let Spec(D) denote the set of prime
ideals of D. For each ideal I of D, let P(I) be the set of minimal prime ideals of
I (i.e., the set of prime ideals of D that are minimal over I) and let vT = VT =
Npespec(p),rcp P ={z € D | 2" € I for some n € N} be the radical of I.

Proposition 2.3. Let D be an integral domain that is not a field, let x be a star
operation of finite type on D and let I be a valuation x-ideal of D.

(1) There exists some M € x-Max(D) such that Iny N D = I.
(2) If I is proper, then \/T is a prime %-ideal of D.

Proof. Observe that * is a stable star operation of finite type such that J; C J, for
each J € F(D) and xMax(D) = *Max(D). Hence, I is a valuation *-ideal of D.
Thus, IW N D = I for some *-closed valuation overring W of D by Lemma 2.2.

(1) Set P = W\W*ND. We show that P is a prime *-ideal of D. Clearly, P is a
prime ideal of D (since W\ W* is a prime ideal of W). Let z € (W \ W *);. Since *
is of finite type, there exists some J € f(D) with « € J; and J C W\ W*. Observe
that JW = yW for some y € J (since J € f(D) and W is a valuation domain). This
implies that z € Jz C W C (JW)z = (JW)z = (yW)z = yWiz = yW CW\W*.
It follows that W \ W* is *-closed, and hence P is a *-ideal of D.

Since P is a prime *-ideal of D and ¥ is of finite type, there exists some M € *-
Max(D) such that P C M. Observe that M € «-Max(D). Since D\ M C D\ P =
D\ (WA\W*)=W>*ND C W*, we have that Dy C Dp C W. Consequently,
ICIyNnDCIWND=1, and hence I, "D = 1.

(2) Let I be proper. Since * is of finite type, it is clear that /T is a *-ideal of D.
Since W is a valuation domain, we have that /ITW is a prime ideal of W. Since
VI =+IWND=+IWn D, we infer that /T is a prime ideal of D. O

Corollary 2.4. Let D be an integral domain and let I be a proper t-invertible
valuation t-ideal of D. Then there exists a unique M € t-Max(D) such that I C M.

Proof. This is an immediate consequence of Proposition 2.3(1) and [4, Lemma
4.2]. O

The next example shows that the t-operation in Corollary 2.4 cannot be replaced
by an arbitrary star operation of finite type.

Example 2.5. Let D = Z[X] be the polynomial ring over Z and let P be the
set of prime numbers. Then D is a two-dimensional Noetherian UFD and X is a
valuation element of D (since X is a prime element of D). Moreover, the prime
ideal X D is contained in infinitely many maximal ideals of D (since (pD + X D),cp
is a sequence of distinct maximal ideals of D that contain X D). In particular, D is
not of finite character and there exists a nonzero prime ideal of D that is contained
in more than one maximal ideal of D.

A nonzero nonunit a € D is said to be homogeneous if it is contained in a unique
maximal ¢-ideal of D. Following [7], we say that D is a homogeneous factorization
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domain (HoFD) if every nonzero nonunit of D can be written as a finite product
of homogeneous elements.

Corollary 2.6. Let D be an integral domain.

(1) If a € D is a valuation element, then a is homogeneous.
(2) If D is a VFD, then D is an integrally closed HoFD.

Proof. (1) Observe that aD is both a valuation ideal and a ¢-invertible ¢-ideal.
Hence, by Corollary 2.4, aD is contained in a unique maximal t-ideal of D, and
thus a is homogeneous.

(2) A VFD is integrally closed [9, Corollary 1.5]. Moreover, a valuation element
is homogeneous by (1). Thus, D is an integrally closed HoFD. O

Let D be a quasi-local domain of dimension one that is not a valuation domain.
Then every nonzero element of D is homogeneous, while D is not a VFD and D has
no valuation element [9, Corollary 1.6]. Therefore, a homogeneous element need
not be a valuation element and an HoFD need not be a VFD in general.

Remark 2.7. We want to emphasize that valuation elements are not just homoge-
neous elements, but they also satisfy another interesting property that was studied
by Zafrullah. Following [27], we say that a nonzero nonunit a € D is rigid if for all
b,c € D with b |p a and ¢ |p a, it follows that b |p ¢ or ¢ |p b. Moreover, D is
called semirigid if every nonzero nonunit of D is a finite product of rigid elements.
Note that every valuation element is rigid [9, Corollary 1.2(2)], and hence every
VFD is semirigid. For more information on rigid elements and semirigid domains,
we refer to [27, 28, 31].

In what follows we provide connections to well-known types of elements. Let
u € D be a nonzero nonunit. Then u is called an atom of D if for all a,b € D
with u = ab, either a is a unit of D or b is a unit of D. We say that u is primary
if uD is a primary ideal of D. Furthermore, D is called atomic if every nonzero
nonunit of D is a finite product of atoms of D. Observe that every atom is rigid,
so every atomic domain is a semirigid domain. (Let v € D be an atom of D and
let a,b € D be such that a |p wand b |p u. If a € D>, then clearly a |p b. Now let
a & D*. There is some ¢ € D such that u = ac. We infer that ¢ € D*, and hence
blp ul|p uc = a.) It is known that D is a UFD if and only if D is an atomic
VFD [9, Corollary 2.4]. Also note that every primary element is homogeneous [6,
Lemma 2.1]. For the sake of clarity, we provide the following diagram to visualize
the relations between the various types of elements.

prime

— 1 T

atom valuation primary

| =

rigid homogeneous

In general, a primary atom need not be a valuation element. (Let D be an atomic
quasi-local one-dimensional domain that is not a valuation domain and let v € D
be an atom. Then v is a primary element of D but not a valuation element of D
[9, Corollary 1.6].) We also want to mention that a valuation element is in general
neither primary nor an atom. (Let V be a two-dimensional valuation domain, let
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P be the unique height-one prime ideal of V' and let x € P be nonzero. Then z is a
valuation element of V but x is neither primary nor an atom.) Note that an atom
does not have to be homogeneous. (Let D = Z[y/10]. Then 3 is an atom of D and
3 is not homogeneous.) Finally, a primary element need not be rigid. (Let D be
a quasi-local one-dimensional domain that is not a valuation domain. Then there
is some nonzero nonunit y € D such that y is not rigid (e.g. see [31]) and yet y
is primary.) In particular, we obtain that none of the implications in the diagram
above can be reversed.

Let I be a *-ideal of D. We say that I is x-locally principal if I, is a principal
ideal of Dy for each M € x-Max(D). It is easy to see that a x-invertible x-ideal of
D is a x-locally principal ideal for any star operation * of finite type on D [20, 12.3
Theorem]. We are going to give a #-locally principal ideal analog of [9, Proposition
1.1] that, among other things, shows that if aRN D = aD and bR N D = bD, then
abRN D = abD for any a,b € D and an overring R of D. We first need a lemma
which is also a natural generalization of [9, Proposition 1.1].

Lemma 2.8. Let D be an integral domain, let R be an overring of D, let I be a
nonzero principal ideal of D and let J be an ideal of D.

(1) IfIRND =1 and JRND = J, then (IJ)RND = I.J.
(2) If IJ)RND =1J, then JRND = J.

Proof. (1) Let IRND = I and JRND = J. It suffices to show that (IJ)RND C IJ.
Let x € (IJ)RN D. Since IJ C I, we infer that x € TRN D = I, and hence
xI~t C II7' = D. Observe that xI~* C (IJ)RI~! = ((II7')J)R = JR. This
implies that xI=! C JRN D = J. Therefore, x € D = x(II7') = [(zI~') C IJ.
(2) Let (IJ)RN D = IJ. It suffices to show that JRND C J. Let x € JRN D.
Then I C (IJ)R. Since I C D, it follows that 2/ C (IJ)RN D = IJ, and hence
veaD=x(I["Y)C (IJ)I~' = (II~Y)J = J. Thus, JRND C J. O

Proposition 2.9. Let D be an integral domain, let R be an overring of D, let *
be a star operation of finite type on D, let I be a nonzero x-locally principal *-ideal
of D and let J be a nonzero x-ideal of D.

(1) IfIRND =1 and JRND = J, then (I1J),RN D = (I.]),.
(2) If (IJ),RND = (1.J),, then JRND = J.
(3) IfFIRND =1,\VIC~J and I and J are x-invertible, then JRND = J.

In particular, IRND =1 if and only if (I").RND = (I"™), for some n € N if and
only if (I")«RN D = (I"), for each n € N.

Proof. First we show that ((IJ).)n = IpJar for each M € x-Max(D). Let M € -
Max(D) and let © € (I.J),. There is some nonzero y € I such that Ip; = yD)y.
Observe that x € A, for some nonzero finitely generated ideal A of D with A C
IJ C IyJy = yJy. We have that bA C yJ for some b € D\ M, and thus
x € A, = b bA), C b yJ). = b tyJ C yJy = IyJy. This implies that
(IJ)* Q I]\/[JM, and hence ((IJ)*)M = IJWJM.

(1) Let IRND =1,let JRND = J and let « € (IJ).RN D. Since * is of finite
type, it is sufficient to show that z € ((IJ).)n for each M € x-Max(D). Let M € -
MaX(D). Then z € ((IJ)*Rﬂ D)M = ((IJ)*)MRM NDy = Iy JyRy N Dy =
InJdyv = ((IJ) )M, where the third equality holds by Lemma 2.8(1) (since Iy is
a principal ideal of Dys, Iny = (IRN D)y = IRy N Dy, Jyy = (JRN D)y =
Jy Ry N Dy and Ry is an overring of Dyy).
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(2) Let (IJ)«RND = (IJ), and let x € JRN D. Since * is of finite type, it
remains to show that x € Jys for each M € x-Max(D). Let M € x-Max(D). Then
reJRNDC (JRQD)M =JyRy N Dy and Iy Jy Ry N Dy = ((IJ)*)MRMﬂ
Dy = ((ID)«RND)pr = ((IJ) ) = Iy Jas. Consequently, © € Jyy RyyNDyy = Jar
by Lemma 2.8(2) (since I/ is a principal ideal and Ry is an overring of Djy).

(3) Let IRND =1, let VI C +/J and let I and J be *invertible. Since x*
is of finite type and I is a *-invertible %-ideal, we have that I is *-finite. Since
I C V/J and I is =-finite, we infer that (I™), C J for some n € N. It follows
that (I"™), = (JL). for some *-invertible x-ideal L of D (since J is a *-invertible
x-ideal of D). Tt follows from (1) above that (I"),RN D = (I™),, and hence
(JL)«RN D = (JL).. Therefore, JRN D = J by (2) above. O

Corollary 2.10. (cf. [9, Corollary 1.2]) Let D be an integral domain, let * be a
star operation of finite type on D, let I be a proper x-invertible valuation x-ideal of
D and let J be a x-invertible x-ideal of D.

(1) If L is a x-invertible x-ideal of D with I C J N L, then J and L are
comparable.

(2) If VI C+J, then I and J are comparable.

(3) NMpen™)« is a prime x-ideal of D.

(4) If VI C V', then I € (,en(J™)s

Proof. Note that the x-invertible x-ideals of D are precisely the *-invertible *-ideals
of D [24, Lemma 2.1(3)]. By Lemma 2.2, there is a *-closed valuation overring V'
of D such that IVND =1.

(1) Let L be a *-invertible x-ideal of D such that I C JNL. Then JVND =J
and LV N D = L by Proposition 2.9(3). Moreover, since V is a valuation domain,
JV and LV are comparable. Thus, J and L are comparable.

(2) Let v/I C+/J. Then JV N D = J by Proposition 2.9(3). Since IV and JV
are comparable, we have that I and J are comparable.

(3) Clearly, ,en(I")« is a *-ideal of D. Note that (I"), = (I")z for each
n € N by [24, Lemma 2.1(3)]. There is a finitely generated ideal L of D with
I = L;. Consequently, LV = aV for some a € L. Note that aV = LV C IV C
(IV)z = (LV)z = (aV)z = aV, and hence IV = aV. Along similar lines, one can
prove that (I"™),V = a™V for each n € N. Tt follows by Proposition 2.9(1) that
(I").V D = (I"), for each n € N. Note that (), ya™V is a prime ideal of V.
Consequently, (), cx(I™)x = Npen(I™)V N D) = (N,en(I™)«V) N D is a prime
ideal of D.

(4) Let VI € v/J and let n € N. Then I C v/J = /(J")., and hence T
and (J"), are comparable by (2). If (J), C I, then vJ = /(J"), C VI, a
contradiction. Therefore, I C (J7).. O

In this paper we study integral domains D in which each nonzero principal ideal
can be written as a finite *-product of valuation *-ideals for a given star operation
x on D, and in this case, all of the valuation ideals in question must be *x-invertible.
The next result shows that such a finite *-product of *-invertible valuation *-ideals
can be written in a specific form. For example, if I is a finite *-product of -
invertible valuation *-ideals of D, say, I = ([[;_; I;)« and each I; is a proper
*-ideal of D, then P(I) C {\/T} | k € [1,n]} and n > |P(I)|.

Proposition 2.11. Let D be an integral domain, let x be a star operation of finite
type on D and let I be a finite x-product of x-invertible valuation x-ideals of D.
Then |P(I)] = min{m € Ng | I is a *-product of m x-invertible valuation *-ideals



VALUATION IDEAL FACTORIZATION DOMAINS 9

of D} and there are x-invertible valuation x-ideals (I(P))pepry of D such that
I'=[Ipepr) I(P))x and \/I(Q) = Q for each Q € P(I).

Proof. Without restriction we can assume that I is proper. Let n be the smallest
positive integer such that I is the x-product of n *-invertible valuation *-ideals of D.
Then there are #-invertible valuation #-ideals I; of D such that I = ([}, I;).. First
we show that P(I) C {\/T; | i € [1,n]}. Let P € P(I). Then [[_, I; CI C P, and
hence there is some j € [1,n] such that I; C P. We infer that 1 C I; C \/E CP.
Since \/E is a prime ideal of D by Proposition 2.3(2), it follows that P = \/E

This implies that |P(I)| < n. Next we show that for each P € P(I), [{i € [1,n] |
PC WV} =|{ie[l,n]| P=+VL} =1 Let P € P(). Then P = /I, for
some j € [1,n], and thus {i € [I,n] | P C VI;} D {i € [I,n] | P = VT;} # 0. Set
I={ie[l,n]|PCVIL}and J = (I[;; pc 7 Li)+ It is sufficient to show that 7
is a singleton. Note that v.J = (V\_; pc - VT = P (since {i € [I,n] | P = VT;} #
). Clearly, J is a *-invertible *-ideal of D. Since \/7 = P = +/J, we infer by
Proposition 2.9(3) that J is a valuation ideal of D. Because of the minimality of
n, we have that 7 is a singleton.

Since [1,n] € Ugepnli € [1,7] | @ €V}, it follows that n < "5 ppy [{i €
[1,n] | Q C VI;}| = |P(I)|, and hence |P(I)| = n. Let f:[1,n] — P(I) be defined
by f(i) = V/I; for each i € [1,n]. Then f is a well-defined bijection. For each
Q € P(I), set I(Q) = Iy-1(q)- Then I = ([[gepn 1(Q))« and /1(Q) = Q for
each Q € P(I). O

We continue our investigation of ideals that are finite *-products of *-invertible
valuation *-ideals. The next result serves as a preparatory result for Theorem 3.7,
but it is more generally applicable, since it holds for arbitrary integral domains.

Proposition 2.12. Let D be an integral domain, let x be a star operation of finite
type on D and let Q) be the set of finite x-products of x-invertible valuation x-ideals
of D. Then for all I,J,L € Q with (JL), C I, there are some J',J" L', L" € Q
such that I = (J' L)y, J = (J'J")x and L = (L'L"),.

Proof. First we show that for each x-invertible valuation x-ideal I of D and all
J, L € Q with (JL). C I, there are some J', J"’ L', L"” € Q such that J = (J'J").,,
L = (L'L"), and I = (J'L").. By Proposition 2.11, it is sufficient to show by
induction that for each n € Ny, each x-invertible valuation *-ideal I of D and all
J, L € Q with |P(J)|+|P(L)] =n and (JL), C I, there are some J', J' L', L" € Q
such that J = (J'J"),, L = (L'L"), and I = (J'L’).. Let n € Ny, let I be a
s-invertible valuation *-ideal of D and let J, L € Q be such that |P(J)| + |P(L)| =
n and (JL), C I. Without restriction let I be proper. Since I is a valuation
ideal of D, v/T is a prime ideal of D by Proposition 2.3(2), and thus J C /T
or L C v/I. Without restriction let J C v/I. By Proposition 2.11, there are -
invertible valuation #-ideals (J(P))pep(s) of D such that J = ([[pep(s) J(P))s

Consequently, J(Q) C /T for some Q € P(J). This implies that /J(Q) C V1. Tt
follows from Corollary 2.10(2) that J(Q) and I are comparable.

CASE 1: J(Q) € I. Then J(Q) = (IA). for some x-invertible *-ideal A of D.
It follows from Proposition 2.9(2) that A is a valuation ideal of D. Set J = I,
J" = (Allpepingor /(P))s, L' = D and L” = L. Then J',J" L',L" € Q,
J = @ Tpepumay /(P)s = ("), L= (LL"). and 1 = (D).,

Case 2: I C J(Q). Then I = (J(Q)C), for some x-invertible x-ideal C of
D. We infer by Proposition 2.9(2) that C is a valuation ideal of D. Set B =
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(Ilpepngor J(P)s. Then B € @ and (J(Q)BL). = (JL). € I = (J(Q)C)..
Since J(Q) is *-invertible, it follows that (BL),. C C. Moreover, P(B) = P(J)\{Q},
and hence |P(B)| + |P(L)| < n. Therefore, there are B, B”, L', L"” € Q such that
B = (B'B"),, L = (L'L"), and C = (B'L’), by the induction hypothesis. Set
J' = (J(Q)B'). and J" = B". Then J',J" € Q, J = (J(Q)B), = (J'J"), and
I=(J(Q)C)« = (J'L)..

It remains to show by induction that for each m € Ny and all I,J, L € Q such
that I is a *-product of m *-invertible valuation *-ideals of D and (JL), C I, there
are some J', J" L', L" € Q such that J = (J'J")., L = (L'L"), and I = (J'L’)..
The statement is clearly true for m = 0. Let m € Ny and I,J, L €  be such
that I is a *-product of m + 1 *-invertible valuation *-ideals of D and (JL), C I.
Clearly, there are some A, B € ) such that A is a x-product of m s-invertible
valuation *-ideals of D and B is a *-invertible valuation *-ideal of D such that
I = (AB),. Then (JL), C I C B. As shown before, there are M', M" N’ ,N" ¢
Q such that J = (M'M"),, L = (N'N"), and B = (M'N’).. We have that
(M"N"B), = (M'M"N'N"), = (JL), C I = (AB),, and hence (M"N"), C A.
It follows by the induction hypothesis that there are C’,C", D', D" € € such that
M" = (C'C")., N" = (D'D"), and A = (C'D"),. Set J = (M'C"),, J' = C",
L' =(N'D"), and L”" = D". Then J',J", L', L" € Q, J = (M'M"), = (J'J").,
L=(N'N",=L'L"),and I = (AB), = (C'D'M'N"), = (J'L’).. O

3. *-VALUATION IDEAL FACTORIZATION DOMAINS

A m-domain is an integral domain whose nonzero principal ideals can be written
as a finite product of prime ideals [2]. Hence, each nonzero principal ideal of a -
domain can be written as a finite product of valuation ideals, because a prime ideal
is a valuation ideal. In this section, we study such type of integral domains in the
more general setting of star operations. We begin this section with the definition of
x-VIFDs for which we note that an ideal I of an integral domain D is a fractional
ideal of D with I C D, so D is also a x-ideal of D.

Definition 3.1. Let D be an integral domain and let * be a star operation on D.
Then D is called a x-valuation ideal factorization domain (x- VIFD) if each nonzero
principal ideal I of D can be written as a finite *-product of valuation ideals of D,
ie., there are some n € N and valuation ideals I; of D such that I = ([]i; ;).
We say that D is a VIFD if D is a d-VIFD.

Let %1 and %9 be two star operations of finite type on D such that %7 < 5. It
is easy to see that (I, )«, = (Luy)s, = Ii, for all I € F(D). Hence, by definition, a
x1-VIFD is a *o-VIFD. In particular,

VIFD = % VIFD = ¢-VIFD

for any star operation * of finite type.

Lemma 3.2. Let D be an integral domain, let x be a star operation of finite type
on D and let I be a *-invertible valuation ideal of D. Then I, is a *-invertible
valuation x-ideal of D.

Proof. Since *-Max(D) = %-Max(D), a *-invertible ideal of D is *-invertible, so [
is a *-invertible ideal of D. There exists a valuation overring V of D such that
IVND =1. Set W = V; and note that W is a valuation overring of D by the
proof of Lemma 2.2. Since * is stable, we have that I C EWND C (EW);ND =
(IV); N Dz = (IVND); = I;, and hence ;W N D = I;. We infer that I; is a
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*-invertible valuation *-ideal of D. Therefore, I5 is a *-invertible valuation *-ideal
of D. Finally, note that Iz = (I3). = L. O

We next give a first elementary characterization of *-VIFDs. Note that these
characterizations view the concepts of *-VIFDs from three different angles. First,
we can replace finite *-products of valuation ideals by finite *-products of valuation
x-ideals (and vice versa). Second, we can lift the existence of representations of
arbitrary nonzero principal ideals as finite *-products of valuation ideals to arbitrary
x-invertible x-ideals. Finally, we prove the interchangeability of the star operations
* and * in this characterization.

Proposition 3.3. Let D be an integral domain and let x be a star operation of
finite type on D. The following statements are equivalent.
(1) D is a x-VIFD.
(2) D is a *-VIFD.
(3) Each nonzero principal ideal of D is a finite x-product of valuation x-ideals.
(4) Each x-invertible x-ideal of D is a finite x-product of valuation x-ideals.
(5) Fach x-invertible x-ideal of D is a finite x-product of valuation ideals.

Proof. (1) = (3) This is an immediate consequence of Lemma 3.2.
(2) = (1) This follows from the fact that * < x.
(3) = (2) This is an immediate consequence of the following observation: If I

and J are *-invertible *-ideals of D, then I and J are *-invertible *-ideals of D and
(ID)z = ((IJ)x)s = (IJ)s (since (IJ)z is a *-invertible *-ideal of D).

(3) = (4) Let I be a proper *-invertible *-ideal of D. Choose a nonzero a € I.
Clearly, aD = (H;n:1 J;)« with m € N and proper *-invertible valuation -ideals
J;. Observe that J; is a t-invertible t-ideal for each j € [1,m]. Consequently,
for each j € [1,m], J; is contained in a unique maximal ¢-ideal by Corollary 2.4.
We infer that aD is contained in only finitely many maximal ¢-ideals of D, and
hence [ is contained in only finitely many maximal ¢-ideals of D. Since I is a
t-invertible t-ideal of D, we have that I, is a principal ideal of D, for each M € t-
Max(D). Let N € t-Max(D) be such that I C N. Then Iy = bDy for some
b € I. Note that bD = ([[;_, I;)« for n € N and =-invertible valuation x-ideals
I; of D. Without restriction we can assume that there is some r € [1,n] such
that I; C N for each ¢ € [1,r] and I; ¢ N for each i € [r + 1,n]. Observe that
In = (ITj=; Li)«)n- Let £ € N and let (N;)f_; be the distinct maximal t-ideals of
D that contain I. Then for each i € [1,/] there is some m; € N and some finite
s-product ([T7%; Ji ;)« of s-invertible valuation *-ideals of D such that J; ; C N;
for each j € [1,m;] and such that Iy, = ((H;"1 Ji j)«)n;. Note that for each N € t-

Max(D), we have that Iy = ((TT'_, [T7%, Jij)«)n (since every proper *-invertible
valuation #-ideal of D is contained in a unique maximal ¢-ideal of D). Since I
and (T]'_, [T7Z, Jij)« are x-invertible *-ideals of D (and hence t-ideals of D), this

implies that I = (Hz L T2, Jij)« is a finite *-product of valuation *-ideals of D.
(4) = (5) = (1) This is obvious. O

Corollary 3.4. Let D be an integral domain and let * be a star operation of finite
type on D. The following statements are equivalent.

(1) D is a VFD.

(2) ClL.(D) = {0} and every x-invertible x-ideal of D is a finite *-product of
valuation ideals.

(3) D is a *-VIFD and Cl.(D) = {0}.
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Proof. (1) = (2) Recall from [9, Corollary 2.3(1)] that Cl;(D) = {0}, so ClL,(D) =
{0}. Now let J be a proper *-invertible *-ideal of D. Then J = aD for some nonzero
nonunit @ € D. Since D is a VFD, J is a finite product of principal valuation ideals
of D. Thus, J is a finite *-product of principal valuation ideals of D.

(2) = (3) This follows directly from the fact that a nonzero principal ideal is a
x-invertible x-ideal.

(3) = (1) Let a € D be a nonzero nonunit. Then aD = (]}, ;). for some *-
invertible valuation x-ideals I; of D by Proposition 3.3. Clearly, each I; is principal,
and hence aD is a finite *-product of principal valuation ideals of D. Consequently,
aD is a finite product of principal valuation ideals of D. Thus, a is a finite product
of valuation elements of D. O

Corollary 3.5. Let D be an integral domain and let x1 and %2 be star operations
of finite type on D such that x1 < %o. Then D is a VFD if and only if D is a
x1-VIFD and Cl,, (D) = {0}.

Proof. If D is a VFD, then it is an immediate consequence of Corollary 3.4 that
D is a %1-VIFD and Cl., (D) = {0}. Now let D be a *;-VIFD and Cl,, (D) = {0}.
Then Cl,, (D) = {0}, and hence D is a VFD by Corollary 3.4. O

A m-domain is a VIFD, because a prime ideal is a valuation ideal. We next study
the relationship between a VFD and a VIFD, which is an analog of the fact that a
UFD is a m-domain with trivial Picard group.

Corollary 3.6. Let D be a Krull domain.
(1) D is a t-VIFD.
(2) D is a VFD if and only if D is a UFD.
(3) D is a VIFD if and only if D is a w-domain.

Proof. (1) This is clear.

(2) A Krull domain is a UFD if and only if its ¢-class group is trivial. Conse-
quently, the result follows from (1) and Corollary 3.4.

(3) Observe that t-dim(D) < 1. In general, a m-domain is a VIFD. Conversely,
suppose that D is a VIFD. It suffices to show that each height-one prime ideal of D
is invertible by [2, Theorem 1]. Let P be a height-one prime ideal. Choose a € P
such that aDp = Pp. Then aD is a finite product of valuation ideals, so P contains
an invertible valuation ideal, say ), containing a. By Proposition 2.3, QpND = Q,
and since Pp = aDp C @ p, it follows that Q = P. Thus, P is invertible. O

Following [1, 12], we say that D is a x-Schreier domain if for all x-invertible
«-ideals I, J and L of D such that (JL). C I, there are some *-invertible *-ideals
J"and L’ of D such that J C J', L C L' and I = (J'L').. Recall from [1, Corollary
3.3] that D is a Schreier domain if and only if D is an integrally closed d-Schreier
domain with Pic(D) = {0}, so there is a clear distinction between the concepts of
Schreier and d-Schreier domains (cf. [12, Proposition 2]).

Theorem 3.7. Let D be an integral domain and let x be a star operation of finite
type on D. Then D is a x-VIFD if and only if D is a x-Schreier domain and each
nonzero prime x-ideal of D contains a x-invertible valuation (x-)ideal of D.

Proof. (=) First let D be a *-VIFD. Then every *-invertible %-ideal of D is a finite
x-product of x-invertible valuation *-ideals of D by Proposition 3.3. In particular,
the set of x-invertible *-ideals is the set of finite *-products of *-invertible valuation
x-ideals of D. We infer by Proposition 2.12 that D is a %-Schreier domain. Now let
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P be a nonzero prime *-ideal of D. Then there is a nonzero nonunit ¢ € D such
that aD C P. Since aD is a finite x-product of *-invertible valuation *-ideals of D,
we have that P contains a x-invertible valuation *-ideal of D.

(<) Now let D be a x-Schreier domain such that each nonzero prime *-ideal
of D contains a x-invertible valuation *-ideal of D. Let Q be the set of all finite
x-products of x-invertible valuation x-ideals of D. Assume that D is not a *-VIFD.
Then there exists a x-invertible *-ideal I of D such that I ¢ Q. Let X = {J | J
is a *-ideal of D such that I C J and A gl J for each A € Q}. Assume that
I ¢ 3. Then there are n € N and *-invertible valuation x-ideals I; of D such that
(ITi-, L)+« € I. Since D is a *-Schreier domain, it follows (by induction) that there
are some *-invertible x-ideals J; of D such that I = ([[;_, Ji)« and I; C J; for
each j € [1,n]. We infer by Proposition 2.9(3) that J; is a valuation ideal of D for
each j € [1,n]. Therefore, I € Q, a contradiction. Hence, I € X. Then X # 0,
and since * is of finite type and each element of ) is x-finite, we have that X is
ordered inductively (under inclusion). Consequently, there is a maximal element
P € ¥ by Zorn’s lemma. We show that P is a prime x-ideal of D. Clearly, P
is a proper x-ideal of D. Assume that P is not a prime ideal of D, then there
are a,b € D such that ab € P and a,b ¢ P. We have that P C (P + aD), and
P C (P +bD),, and hence (P + aD). ¢ ¥ and (P + bD),. ¢ 3. Consequently,
there are A, B € Q such that A C (P + aD). and B C (P + bD),. This implies
that (AB). C (P%? + aP + bP + abD), C P and (AB). € , a contradiction.
Hence, P is a prime *-ideal of D. Now since I C P, we have that P is nonzero,
and thus P contains a #-invertible valuation x-ideal J of D. Note that J € Q, a
contradiction. O

The next result is a valuation ideal analog of [9, Proposition 1.7(4)] that if a € D
is a valuation element, then either a is a unit of Dg or a is a valuation element of
Dg for any multiplicatively closed subset S of D.

Lemma 3.8. Let D be an integral domain, let S be a multiplicatively closed subset
of D and let I be a valuation ideal of D. Then Ig is a valuation ideal of Dg.

Proof. Let V be a valuation overring of D such that IV N D = I. Then Ig =
(IVND)s = IsVs N Dg and Vg is a valuation overring of Dg. Thus, Ig is a
valuation ideal of Dg. O

Let * be a star operation of finite type on D and let xg : F(Dg) — F(Dg) be
defined by (Is)«s = (I.)s for each I € F(D). Then xg is a star operation of finite
type on Dg [20, 4.4 Theorem]. If P is a prime ideal of D such that S = D\ P, then

we write *p instead of *g.

Proposition 3.9. Let D be an integral domain, let * be a star operation of finite
type on D and let P be a prime x-ideal of D. If D is a %-VIFD, then Dp is a VFD.

Proof. Let a € D be a nonzero nonunit of Dp. Then aD = ([];_, I;). for some
n € N and valuation *-ideals I; of D. If j € [1, n], then I; is *-invertible, and hence
(I;)p = a; Dp for some a; € I;. Therefore,

oe = ((I10).),= ((114),).,
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n

= (H(aiDP))

i=1
— (Ie)0r
i=1

We infer by Lemma 3.8 that a; is either a unit of Dp or a valuation element of Dp
for each i € [1,n]. Consequently, Dp is a VFD. O

*p

An integral domain is called a Mori domain if it satisfies the ACC on t-ideals.
Moreover, we say that D is completely integrally closed if for each x € K for which
there is some nonzero ¢ € D such that ca™ € D for all n € N, it follows that z € D.
Observe that D is a Krull domain if and only if D is a completely integrally closed
Mori domain [17, Theorem 2.3.11]. The purpose of the next result is to generalize
[9, Corollary 2.4] that characterizes when a VFD is a Mori domain.

Corollary 3.10. Let D be a t-VIFD. The following statements are equivalent.

(1) D is a Mori domain.
(2) Dy is a UFD for each M € t-Max(D).
(3) D is a Krull domain.

Proof. (1) = (2) Let M € t-Max(D). Then D), is a Mori domain [17, Proposition
2.10.4.2]. Moreover, Dy is a VFD by Proposition 3.9. Thus, Dy is a UFD [9,
Corollary 2.4].

(2) = (3) Clearly, Dy, is a Krull domain for each M € t-Max(D). Furthermore,
D is of finite t-character by Corollary 2.4. Consequently, D is a Krull domain.

(3) = (1) This is obvious. O

Let * be a star operation of finite type on D. Next, we are going to show that
a *-VIFD is an integrally closed weakly Matlis domain. However, since * < ¢, a
*-VIFD is a t-VIFD, so it suffices to show that a ¢-VIFD is an integrally closed
weakly Matlis domain.

Proposition 3.11. Let D be an integral domain such that every monzero prime
t-ideal of D contains a t-invertible valuation ideal of D. Then D is an integrally
closed weakly Matlis domain.

Proof. Tt is an immediate consequence of Lemma 3.2 that every nonzero prime t-
ideal of D contains a t-invertible valuation t-ideal. Let D be the integral closure
of D and let Q be the set of t-invertible t-ideals I of D such that IDND = I. It
follows from Proposition 2.9 that 2 is a multiplicatively closed and divisor-closed
subset of the monoid of t-invertible ¢-ideals of D. (The notions of multiplicatively
closed and divisor-closed can be defined in analogy for monoids. For instance, see
[17].) Assume that € is not the set of all ¢-invertible ¢-ideals of D. Then there
exists a t-invertible t-ideal J of D such that J ¢ Q. Since 2 is divisor-closed, we
infer that L ¢ J for each L € Q. Let ¥ = {A | A is a t-ideal of D such that J C A
and L ¢ A for each L € Q}. It is clear that J € X. Observe that ¥ is ordered
inductively under inclusion (since each element of €2 is t-finite). Consequently, ¥
has a maximal element @) by Zorn’s lemma. It is straightforward to show that @
is a nonzero prime t-ideal of D (e.g. as in the proof of Theorem 3.7). Hence, Q
contains a t-invertible valuation t-ideal B of D. On the other hand, we have that
B € Q, a contradiction. We infer that € is the set of all ¢-invertible t-ideals of
D. Next we show that D is integrally closed. It remains to prove that D C D.
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Let x € D. Then z = ¢ for some a € D and some nonzero b € D. Observe that
bD € Q. It follows that a = bz € bD N D = (bD)D N D = bD. Thus, x € D.
Finally, we show that D is weakly Matlis. It follows from Proposition 2.3(1) that
for each nonzero prime t-ideal P of D, there exists a t-invertible ¢-ideal I of D and
an M € t-Max (D) such that I C P and Ip; N D = I. We infer by [4, Theorem 4.3]
that D is weakly Matlis. O

It is an immediate consequence of Proposition 3.11 that if every nonzero prime
x-ideal of D contains a *-invertible valuation ideal, then D is an integrally closed
weakly Matlis domain. Nevertheless, it follows from Example 2.5 that D need not
be *-h-local.

Corollary 3.12. Let D be an integral domain and let x be a star operation of finite
type on D. If D is a %-VIFD, then D is an integrally closed weakly Matlis domain.

Proof. This is an immediate consequence of Proposition 3.11. O

We say that D is a x-treed domain if the set of prime *-ideals of D is treed under
inclusion. Hence, D is #-treed if and only if Spec(Djs) is linearly ordered under
inclusion for all maximal *-ideals M of D. The class of *-treed domains includes
PxMDs, integral domains of *-dimension one, and treed domains. Moreover, D is
said to be a ring of Krull type if D is a PvMD of finite t-character and D is called
an independent ring of Krull type if D is a weakly Matlis PoMD.

Theorem 3.13. Let D be an integral domain and let x be a star operation of finite
type on D. The following statements are equivalent.

(1) D is a *-h-local PxMD.

(2) Every nonzero (x-finite) x-ideal of D can be written as a finite *-product of
x-comazimal valuation ideals.

(3) Every nonzero principal ideal of D can be written as a finite x-product of
x-comaximal valuation ideals.

(4) D is x-treed and D is a x-VIFD.

(5) D is x-treed and every nonzero prime ideal of D contains a *-invertible
valuation ideal.

(6) D is *-treed and every nonzero x-ideal of D is a finite x-product of valuation
ideals.

Proof. (1) = (2), (6) Since D is a PxMD, it is clear that D is %-treed. It remains
to show that every nonzero proper *-ideal of D is a finite *-product of *-comaximal
valuation ideals. Let I be a nonzero proper x-ideal of D. Then (1, ax(D) Iy =
I, and since D is of finite x-character, there are only finitely many maximal x-ideals,
say, (M;)%_,, such that I = (ﬂf:1 Ing, )N D. Let I; = I, N D for i € [1,k]. Then,
since Dy, is a valuation domain, each I; is a valuation x-ideal. Note that if ¢,j €
[1, k] are distinct, then (Dyy, ) s, is the quotient field of D. Hence, (I;+1;). = D for
all distinct 4, j € [1, k], and thus ﬂle I; = (Hf:1 I;)«. Therefore, I = (Hf:1 I;). is
a finite x-product of the x-comaximal valuation ideals I;.

(2) = (3) This is clear.

(3) = (4) Let M be a maximal *-ideal of D and let a € M be nonzero. Then, by
assumption, aD = ([[/_, Qi)« for some n € N and proper *-comaximal valuation
ideals @; of D. Note that Q; and @; are *-comaximal for each distinct ¢, j € [1, n],
so M contains exactly one of the @Q;’s, say Q1 for convenience. Consequently,
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oo~ ((f10).), - (@), - @
i=1 i=1

and (Q1) s is a valuation ideal of Dy by Lemma 3.8, which means that a is a val-
uation element of Dj;. Thus, every nonzero nonunit of D), is a valuation element,
and hence D), is a valuation domain [18, Corollary 2.4]. Therefore, D is *-treed.

(4) = (5) Let P be a nonzero prime ideal of D, and choose a nonzero a € D.
Then aD = (], Q;)+« for some n € N and valuation ideals Q; of D. Clearly, for
each i € [1,n], Q; is *-invertible and P contains at least one of the Q;’s.

(5) = (1) It follows from Proposition 3.11 that D is a weakly Matlis domain.
It suffices to show that D is a PxMD; equivalently, Dy, is a valuation domain for
each M € %-Max(D). Now let M be a maximal *-ideal of D. Then Spec(D)) is
linearly ordered under inclusion because *-Spec(D) is treed, and each prime ideal
of Dy contains a valuation element by assumption and Lemma 3.8. Now if b € D),
is a nonzero nonunit, then v/bD; is a prime ideal, so there is a valuation element
c € vVbDy;. Hence, /eDys € +/bDyy, and thus b is a valuation element of Dy [9,
Proposition 1.1(3)]. Thus, Dj; is a valuation domain [9, Corollary 1.4].

(6) = (4) This is obvious. O

*M

Corollary 3.14. Let D be a t-treed domain. Then D is a VFD if and only if
Cly(D) = {0} and every nonzero prime ideal of D contains a valuation element.

Proof. (=) It is clear that every nonzero prime ideal of D contains a valuation
element. Thus, the result follows because a VED has a trivial t-class group [9,
Corollary 2.3(1)].

(<) If a € D is a valuation element, then aD is a ¢-invertible valuation ideal.
Hence, D is an independent ring of Krull type by Theorem 3.13. Therefore,
Cl(D) = {0} implies that D is a weakly Matlis GCD-domain, so D is a VFD
[9, Theorem 3.4]. O

Corollary 3.15. Let D be an integral domain and let x be a star operation of finite
type on D such that x-dim(D) = 1. The following statements are equivalent.

(1) D is a PxMD of finite x-character.

(2) D is a x-VIFD.

(3) Ewvery nonzero prime ideal of D contains a x-invertible valuation ideal.
(4) Fach nonzero x-ideal of D is a finite x-product of valuation ideals.

Proof. Since *-dim(D) = 1, we have that D is x-treed. Moreover, D is *-h-local
if and only if D is of finite *-character (since every nonzero prime *-ideal of D is
a maximal x-ideal). Now the equivalence is an immediate consequence of Theo-
rem 3.13. (]

Next we characterize when a *-VIFD with #-dim(D) = 1 is atomic, which is a
variant of [10, Theorem 4.3], because D is a - VIFD if D is a PxMD of finite x*-
character and *-dim(D) = 1 by Corollary 3.15. We first need a definition. Assume
that D is a PxMD of finite x-character and *-dim(D) = 1. Let M € x-Max(D).
Then D), is a one-dimensional valuation domain, and hence there exists a valuation
vy @ K\ {0} — R (where R is the additive group of real numbers) such that
Dy \ {0} = {z € K\ {0} | vm(z) > 0}. For each z € K \ {0}, let ||z|| =
2 MexMax(p) VM () (this is well-defined, since D is of finite *-character). Observe
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that for each nonzero a,b € D, a |p b if and only if vy (a) < vy (b) for each N € x-
Max(D). Moreover, ||zy|| = ||z|| + ||y|| for all z,y € K \ {0}. Let Ry denote the
set of positive real numbers.

We say that D satisfies the ACCP if D satisfies the ACC on principal ideals of
D. Moreover, D is called a BF-domain if D is atomic and for each nonzero nonunit
b € D, there is some n € N such that b is not a product of more than n atoms of
D. The next result can be proved along the same lines as [10, Theorem 4.3], but
for the sake of completeness, we include a proof.

Proposition 3.16. Let D be an integral domain and let x be a star operation
of finite type on D such that D is a PxMD, D is of finite x-character and x-
dim(D) = 1. The following statements are equivalent.

(1) For each nonzero nonunit a € D, there exists some r € Rsq such that
[|1b]] > 7 for each nonzero nonunit b € D such that b |p a.

(2) D is a BF-domain.

(3) D satisfies the ACCP.

(4) D is atomic.

Proof. (1) = (2) Let a € D be a nonzero nonunit and let ¢t = inf{|[b|| | b € D is a
nonzero nonunit such that b |p a}. Note that t > 0. Set k = L@J It is sufficient
to show that if £ € N is such that a is a product of ¢ nonunits of D, then ¢ < k. Let
¢ € N be such that a is a product of £ nonunits of D. Then a = Hle a; for some
nonunits a; € D. Observe that ¢/ < Zle [la:|| = |]a||, and thus £ < k.

(2) = (3) = (4) This follows from [17, Propositions 1.1.4 and 1.3.2].

(4) = (1) Let a € D be a nonzero nonunit. Note that P(aD) is the set of maximal
x-ideals of D that contain aD (since *-dim(D) = 1). Set Q@ = {P(uD) | u € D
is an atom such that P(uD) C P(aD)}. Then Q is finite (since D is of finite
x-character) and  # ) (since D is atomic). Consequently, there exists a finite
nonempty set A of atoms of D such that Q@ = {P(uD) | v € A}. Note that
{vp(u) | u € A, P € P(uD)} is finite and nonempty, since A is finite and nonempty
and D is of finite *-character. Set r = min{vp(u) | v € A, P € P(uD)}. Then
re R>0.

Assume that there exists a nonzero nonunit b € D with |[b|| < r and b |p a.
Since D is atomic, there is an atom v € D with v |p b. We have that P(vD) € Q
(since v |p a), and hence P(vD) = P(uD) for some u € A. Let M € %-Max(D). If
v & M, then u ¢ M, and thus vps(v) = 0 = vpy(u). If v € M, then u € M, and
hence v (v) < ||o]| < |b]| < r < vpr(u). In any case, we have that vy (v) < vy (u)
for each N € x-Max(D). Consequently, v |p w. This implies that v = ve for some
e € D* (since u and v are atoms of D). There exists some P € P(vD) = P(uD).
Note that vp(u) = vp(v) < ||v]| <||b]| < r < vp(u), a contradiction. O

4. VIFDs aAND t-VIFDs

We begin this section with easy examples of VIFDs, which are Dedekind domains.
Dedekind domains are integral domains whose nonzero ideals can be written as a
finite product of prime ideals. Then Dedekind domains are m-domains, and D is a
Dedekind domain if and only if D is a m-domain of Krull dimension at most one.

Example 4.1. Let D be a Dedekind domain. Then D is a VIFD because each
prime ideal is a valuation ideal. Moreover, note that a Dedekind domain is a PID
if and only if its ideal class group is trivial. Note also that if D is a VFD, then
Cly(D) = {0} [9, Corollary 2.3(1)]. Hence, D is a VFD if and only if D is a PID.
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As in [23], we say that D is a ZPUI domain if every nonzero proper ideal I of D
can be written as I = J H:.L:l P;, where J is an invertible ideal of D, n € N and the
(P;)?_, are prime ideals of D. It is known that D is a ZPUI domain if and only if
D is a strongly discrete h-local Priifer domain [23, Theorem 2.3]. As a w-operation
analog, we say that D is a w-ZPUI domain if every nonzero proper w-ideal of D
can be written as I = (J [\, P;), for some w-invertible ideal J of D, n € N and
(P;)P_, pairwise w-comaximal prime w-ideals of D [8, Definition 3.1]. It is known
that D is a w-ZPUI domain if and only if D is a strongly discrete independent ring
of Krull type [8, Theorem 3.5].

Following [14], we say that D is a unique representation domain (URD) if each
t-invertible ¢-ideal of D can be uniquely expressed as a finite t-product of pairwise t-
comaximal ¢-ideals with prime radical. Then D is a URD if and only if each nonzero
principal ideal of D can be written as a finite ¢-product of pairwise t-comaximal
t-ideals with prime radical, if and only if D is t-treed and each nonzero principal
of D has only finitely many minimal prime ideals [14, Corollary 2.12]. Hence, we
have the following corollary, while a URD need not be a w-VIFD (see, for example,
[14, Corollary 2.17] and Corollary 4.6).

Proposition 4.2. Let D be an integral domain.

(1) If D is a ZPUI domain, then D is a VIFD.
(2) If D is a w-ZPUI domain, then D is a w-VIFD.
(3) If D is a w-VIFD that is t-treed, then D is a URD.

Proof. (1) Let D be a ZPUI domain. Then D is an h-local Priifer domain, and thus
the result follows by Theorem 3.13.

(2) A w-ZPUI domain is an independent ring of Krull type. Thus, if D is a
w-ZPUI domain, then D is a w-VIFD by Theorem 3.13.

(3) This follows from Proposition 2.3(2), Lemma 3.2 and Theorem 3.13. O

The next result shows that the localization of a w-VIFD is also a w-VIFD as in
the case of VIFD that every localization of a VIFD is a VIFD by Lemma 3.8.

Proposition 4.3. Let D be a w-VIFD and let S be a multiplicatively closed subset
of D.
(1) Dg is a w-VIFD.
(2) If Cl4(Dg) = {0}, then Dg is a VFD.
(3) If S = D\ Ui, M; for some n € N and mazimal t-ideals M; of D, then
Dg is a VFD.

Proof. (1) Let A be a nonzero principal ideal of Dg. Then A = aDg for some
nonzero nonunit ¢ of D. Hence, by assumption, aD = (]_[?:1 I;),, for some valuation
ideals I; of D, and since H?:l I; is t-invertible, we have that

A= (%)), = ((I1%),),, = (TItas),, = (Trs),
=1 " i=1 e i= e i=1 K
The last equality holds, since ([T~ (Zi)s)ws is a wg-invertible wg-ideal of Dg, and
thus it is a t-ideal of Dg. Note that (I;)s is a valuation ideal by Lemma 3.8, and
hence Dg is a w-VIFD by Proposition 3.3.
(2) This follows from (1) and Corollary 3.4.
(3) If I is a t-invertible ideal of D, then I1-* ¢ (JI, M;, and hence Ig is
invertible. Thus, Ig is principal because Pic(Dg) = {0}. Thus, by the proof of (1)
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above, every nonzero principal ideal of Dg can be written as a finite (¢-)product of
principal valuation ideals, which implies that Dg is a VFD. O

Let D[X] be the polynomial ring over D. A nonzero prime ideal Q of D[X] is
called an upper to zero in D[X] if @ N D = (0). Following [21], we say that D is
a UMT-domain if each upper to zero in D[X] is a maximal ¢-ideal of D[X]. It is
known that D is a PoMD if and only if D is an integrally closed UMT-domain [21,
Proposition 3.2].

Lemma 4.4. Let D be a UMT-domain, let D[X] be the polynomial ring over D
and let N, = {f € DIX]| f # 0 and ¢(f), = D}. Then D is a t-treed domain if
and only if D[ XN, is treed.

Proof. The result follows directly from the fact that D is a UMT-domain if and
only if each prime ideal of D[X]y, is extended from D [21, Theorem 3.1]. O

v

It is easy to see that if D is a Krull domain, then D is a t-VIFD, ¢-Spec(D) is
treed, and D is an independent ring of Krull type. Now we characterize when D is
a t-VIFD under the assumption that D is t-treed.

Theorem 4.5. Let D be a t-treed domain, let D[X] be the polynomial ring over D
and let N, = {f € D[X] | f # 0 and ¢(f), = D}. The following statements are
equivalent.

(1) Every nonzero t-ideal of D is a finite t-product of valuation ideals.

(2) D is a t-VIFD.

(3) D is an independent ring of Krull type.

(4) DI[X] is an independent ring of Krull type.

(5) D[X] is a t-VIFD and D is a UMT-domain.

(6) D[X]|n, is a VFD and D is a UMT-domain.

(7) D[X]n, is an h-local Priifer domain.

(8) Ewery nonzero prime ideal of D contains a t-invertible valuation ideal.

Proof. (1) = (2) This is clear.
) = (8) = (3) = (1) This follows from Theorem 3.13.
(3) & (4) See [3, Corollary 2.9].
) = (5) Note that D[X] is a PuMD, so D is a PoMD [22, Theorem 3.7] and
DI[X] is t-treed. Thus, the result follows by the equivalence of (2) and (3) above.
(5) = (6) Cly(D[X]n,) = {0} by [22, Theorem 2.14, Proposition 2.1 and Corol-
lary 2.3]. Thus, D[X]y, is a VFD by Propositions 3.3 and 4.3(2).
(6) = (7) Since D is a UMT-domain, D[X]y, is treed by Lemma 4.4. Thus,

v

D[X]n, is an independent ring of Krull type [9, Theorem 3.4]. Moreover, since

each maximal ideal of D[X]y, is a t-ideal, the result follows.
(7) = (4) See [8, Lemma 2.2]. O

We say that D is a generalized Krull domain (in the sense of [25]) if D is a PvMD
such that t-dim(D) < 1 and D is of finite ¢-character. Recall that ¢-dim(D) = 1 if
and only if D is not a field and each maximal t-ideal of D is a height-one prime ideal,
so an integral domain of ¢-dimension one is t-treed. The class of integral domains
of t-dimension at most one includes Krull domains, generalized Krull domains, and
one-dimensional integral domains.

Corollary 4.6. Let D be an integral domain with t-dim(D) = 1. The following
statements are equivalent.

(1) Each nonzero t-ideal of D is a finite t-product of valuation ideals.
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(2) D is a t-VIFD.
(3) D is a generalized Krull domain.
(4) D is a ring of Krull type.

Proof. Tt is clear that if t-dim(D) = 1, then D is an independent ring of Krull type
if and only if D is a generalized Krull domain, if and only if D is a ring of Krull
type. Thus, the result follows directly from Theorem 4.5. (]

Let D(X) = {5 | f,9 € D[X] and ¢(g) = D}. Then D(X), called the Nagata
ring of D, is a ring such that D[X] C D(X) C D[X]y,. It is known that each
nonzero prime ideal of a treed domain is a t¢-ideal. Hence, a treed domain is a
t-treed domain whose nonzero maximal ideals are t-ideals. We next characterize
when a treed domain is a VIFD.

Corollary 4.7. Let D be a treed domain. The following statements are equivalent.

(1) D is an h-local Priifer domain.

(2) D is a VIFD.

(3) Each nonzero ideal of D is a finite product of valuation ideals.

(4) Every nonzero principal ideal of D can be written as a finite product of
comazimal valuation ideals.

(5) Ewvery nonzero principal ideal of D can be written as a finite intersection of
comazimal valuation ideals.

(6) Ewvery nonzero prime ideal of D contains an invertible valuation ideal.

(7) D(X) is a VFD and D is a UMT-domain.

Proof. (1) & (2) & (3) & (4) < (6) These follow directly from Theorem 3.13.
(1) & (7) Since D is treed, every nonzero prime of D is a t-ideal. Moreover, if
each maximal ideal of D is a t-ideal, then (i) D is an independent ring of Krull type
if and only if D is an h-local Priifer domain and (ii) D(X) = D[X]y,. Thus, the
result is an immediate consequence of Theorem 4.5.
(4) & (5) This follows from the fact that if I and J are comaximal ideals of D,
then IJ =1NJ. O

Next, we provide a variant of [9, Proposition 4.6]. Recall that D satisfies the
Principal Ideal Theorem if every minimal prime ideal of a nonzero principal ideal of
D is of height one. For example, Noetherian domains and Krull domains satisfy the
Principal Ideal Theorem, while a VFD does (in general) not satisfy the Principal
Ideal Theorem.

Theorem 4.8. Let D be a t-VIFD. The following statements are equivalent.

(1) D is a generalized Krull domain.

(2) t-dim(D) < 1.

(3) D satisfies the Principal Ideal Theorem.

(4) D is completely integrally closed.

(5) Npen{™)e = (0) for each proper t-invertible t-ideal I of D.

Proof. (1) = (2), (4) It is obvious that ¢-dim(D) < 1. If M € ¢t-Max(D), then Dy
is a valuation domain of dimension < 1, and hence Dj; is completely integrally
closed. Therefore, D = Met-Max(D) Dy is completely integrally closed.

(2) = (3) This is obvious.

(3) = (1) We have to show that D is a PvMD, D is of finite ¢-character and
t-dim(D) < 1. It follows from Corollary 3.12 that D is of finite ¢-character. Let
M € t-Max(D). Observe that D, satisfies the Principal Ideal Theorem. Moreover,
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Dy is a VED by Proposition 3.9. Consequently, Dy is a PuMD by [9, Proposition
4.6]. It follows from [13, Theorem 4.1(2)] that D is a PvMD. Finally, let P be a
nonzero prime t-ideal of D. Since D satisfies the Principal Ideal Theorem, P is
the union of all height-one prime ideals of D that are contained in P. Since D is
t-treed, there is precisely one height-one prime ideal of D that is contained in P,
and hence P is a height-one prime ideal of D. Thus, t-dim(D) < 1.

(4) = (5) Let I be a proper t-invertible t-ideal of D and set J = (1, cy(I™):-
Observe that I71J C J, and thus I=! C (J : J). Assume that J # (0). Then
(J:J) = D (since D is completely integrally closed), and hence I = I, = "' = D,
a contradiction.

(5) = (3) Let P be a minimal prime ideal of a nonzero principal ideal of D.
Since D is a t-VIFD, there exists a t-invertible valuation t-ideal I of D such that
P is a minimal prime ideal of I. Let @) be a prime ideal of D such that Q C P. It
suffices to show that @ = (0). Assume that ) # (0). There exists some z € Q\ {0}.
We infer that D C J C @ for some t-invertible valuation t-ideal J of D. Observe
that vJ C Q@ € P = VI. Therefore, z € 2D C J C ,en(I™): = (0) by
Corollary 2.10(4), a contradiction. O

5. ALMOST VALUATION FACTORIZATION DOMAINS

We will say that D is an almost valuation factorization domain (AVFD) if for
each nonzero nonunit a € D, there is an n € N such that a™ can be written as a
finite product of valuation elements. Clearly, a VFD is an AVFD and a ¢t-VIFD
with torsion t-class group is an AVFD (see Proposition 5.5).

Lemma 5.1. Let D be an integral domain and let b € D be a nonzero nonunit that
can be written as a finite product of valuation elements of D.

(1) min{k € N | b is a product of k valuation elements of D} = |P(bD)|.
(2) There are valuation elements (yp)peppp) of D such that b = HPGP(bD) yp

and \/yoD = Q for each Q € P(bD).

Proof. This can be proved along the same lines as [9, Lemma 1.12 and Proposition
1.13]. O

For the next result we mimic the proof of [9, Proposition 2.1] that a VFD is a
Schreier domain.

Proposition 5.2. Let D be an integral domain and let 0 be the set of all finite
products of units and valuation elements of D. Then for each z,y,z € 0 with
r |p yz, there are some a,b € Q such that x = ab, a |p y, b|p z and £, % € Q.

Proof. 1f r, s € Q, then we write 7 |q s if r |p s and 2 € Q.

CraiM: For each valuation element x € D and all y, 2z € Q such that x |p yz, there
are some a,b € ) such that x = ab, a |q y and b |q z.

By Lemma 5.1(1), it is sufficient to show by induction that for all k¥ € N, for
each valuation element x € D and for all y, z € Q such that = |p yz and |P(yD)| +
|P(2D)| = k, there are some a,b € Q such that © = ab, a | y and b |o 2.
Let £ € N, let £ € D be a valuation element and let y,z € € be such that
z |p yz and [P(yD)| + [P(2D)| = k. Since yz € D C vaD € Spec(D) by [9,
Proposition 1.7(1)], we have that y € V2D or z € VaD. Without restriction let
y € VaD. By Lemma 5.1(2) there are valuation elements (yp)pep(yp) of D such

that y = Hpep(yD) yp and /yoD = Q for each Q € P(yD). Consequently, there
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is some @ € P(yD) such that yo € VD, and hence /ygD C vaD. We infer by
[9, Corollary 1.2(1)] that yoD € aD or 2D C yoD. Set ¥’ = [Ipep(yp) (o) ¥P-

CASE 1: yoD C xD. Then yg = xu for some u € D. It follows from [9, Proposition
1.1(3)] that w is a unit or a valuation element of D. Set a = x and b = 1. Obviously,
a,b € Q, 2 = aband b |g 2. Moreover, a [p yg |p y and £ = uy’ € Q, and thus
a |Q Y.

CASE 2: D C ygD. Then z = yow for some nonunit w € D. We infer by [9,
Proposition 1.1(3)] that w is a valuation element of D. Observe that yow = z |p
yz = yoy'z, and thus w |p y'z. Furthermore, P(y’'D) = P(yD) \ {@}, and hence
|P(y'D)| + |P(2D)| < k. We infer by the induction hypothesis that there are some
a’,b € Q such that w = a'b, @’ | ¥ and b |q 2. Set a = yga’. Then a € 0,
T = yow = yga'b = ab and a |g y. This proves the claim.

Note that ) consists precisely of the units and the finite nonempty products of
valuation elements of D. Therefore, it is sufficient to show by induction that for all
n €N, x € D andy, z € Q such that = is a product of n valuation elements of D and
x |p yz, there are some a,b € € such that = ab, a |q y and b | 2. If n =1, then
the statement follows from the claim. Now let n € N, z € D and y, z € Q be such

that z is a product of n+1 valuation elements of D and z |p yz. Then z = H;:rll v;

for some valuation elements v; of D. Set 2’ =[]\, v;. Then 2’ |p yz. We infer by
the induction hypothesis that there are some a’,b" € Q such that 2’ = a't/, o’ | y
and 0’ |q 2. Since a’b'v,41 = x |p yz, we infer that v,41 [p % 7. Since v,41 is a
valuation element of D and %, Z € Q, it follows by the claim that there are some
a”,b" € Q such that v,41 = a”b", a" |o % and V' |q 7. Set a = a’a” and b = b'b".
Then a,b € Q, x = 2'v,11 = a'b/d"b’ = ab, a |q y and b |q 2. O

We say that D is an almost Schreier domain if for all nonzero z,y,z € D with
x |p yz there are n € N and a,b € D such that 2™ = ab, a |p y™ and b |p 2"
[11]. Tt is known that if D is an almost Schreier domain, then Cl;(D) is a torsion
group [11, Theorem 3.1] and if D is an integrally closed almost Schreier domain,

then D[X] is an almost Schreier domain [11, Theorem 4.4].

Theorem 5.3. Let D be an integral domain. Then D is an AVFD if and only if
D is an almost Schreier domain and every nonzero prime t-ideal of D contains a
valuation element of D.

Proof. Let € be the set of all finite products of units and valuation elements of D.

(=) Let D be an AVFD. Let z,y, 2z € D be nonzero such that z |p yz. Since D
is an AVFD, there are r, s,t € N such that 27, y*, 2t € Q. Set n = rst. Thenn € N,
™ y", 2" € Q and z" |p y™z"™. We infer by Proposition 5.2 that there are a,b € D
such that 2™ = ab, a |p y™ and b |p 2™. Therefore, D is an almost Schreier domain.
Now let P be a nonzero prime t-ideal of D. Choose a nonzero a € P. Then there
exists n € N such that a™ is a finite product of valuation elements of D. Note that
a™ € P. Thus, P contains a valuation element of D.

(<) Let D be an almost Schreier domain for which every nonzero prime ¢-ideal
contains a valuation element of D. Let ¥ = {a € D | a™ € Q for some n € N}.
Clearly, 2 and ¥ are multiplicatively closed subsets of D. We show that ¥ is a
divisor-closed subset of D. Let a € ¥ and b € D be such that b |p a. There are
some n,m € N and v; € D such that a™ = H:’ll v; and v; is a unit or a valuation
element of D for each ¢ € [1,m]. We have that b" |p []\", v;. Since D is an almost
Schreier domain, it follows by induction that there are some k € N and w; € D
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such that b = T["", w; and w; |p v¥ for each j € [1,m]. Let j € [1,m]. If v;
is a unit of D, then w; is a unit of D. Now let v; be a valuation element of D.
Since y/v;D C y/w;D, we have that w; is a unit or a valuation element of D by
[9, Proposition 1.1(3)]. Consequently, b"* € Q, and thus b € X.

It remains to show that D\ {0} C X. Assume that there is some z € D\ (XU{0}).
Since ¥ is a divisor-closed subset of D (as shown before), we have that zDNY = ().
Therefore, there exists a prime t-ideal P of D such that zD C P and PNX = (.
Since z € P, we have that P is nonzero, and thus P contains a valuation element
of D. This implies that § # PNQ C PNXY =, a contradiction. O

Corollary 5.4. Let D be an AVED. Then D is an integrally closed weakly Matlis
domain and Cly (D) is a torsion group.

Proof. Tt is an immediate consequence of Proposition 3.11 and Theorem 5.3 that
D is an integrally closed weakly Matlis almost Schreier domain. We infer by [11,
Theorem 3.1] that Cl;(D) is a torsion group. O

Recall that (i) VFDs are AVFDs by definition and (ii) D is a VFD if and only if
D is a VIFD with Pic(D) = {0}, if and only if D is a w-VIFD with Cl;(D) = {0}
by Corollary 3.5. The next result also shows that a VIFD D for which Pic(D) is a
torsion group is an AVFD.

Proposition 5.5. Let D be an integral domain and let * be a star operation of
finite type on D such that D is a x-VIFD and Cl.(D) is a torsion group. Then D
is an AVED.

Proof. Let a € D be a nonzero nonunit. Then aD = ([]'_, I;). for some n € N and
proper valuation x-ideals I; of D by Proposition 3.3. Clearly, each I; is x-invertible,
so by assumption that Cl.(D) is a torsion group, there is an m € N such that for
each ¢ € [1,n], there is some a; € D such that (I!), = a;D. Then each q; is a
valuation element by Proposition 2.9. Thus, a” can be written as a finite product
of valuation elements. O

We say that D is an almost GCD domain (AGCD domain) if for each a,b € D,
there is an n € N such that ™D N b"D is principal [29]. It is known that an
integrally closed domain D is an AGCD domain if and only if D is a PuMD such
that Cli(D) is a torsion group [29, Corollary 3.8 and Theorem 3.9] and an AGCD
domain is an almost Schreier domain [11, Proposition 2.2].

Corollary 5.6. Let D be at-treed domain. The following statements are equivalent.

(1) D is an AVFD.

(2) D is an integrally closed weakly Matlis AGCD domain.

(3) D is an independent ring of Krull type such that Cly(D) is a torsion group.

(4) Cly(D) is a torsion group and each nonzero prime ideal of D contains a
valuation element.

(5) D is a t-VIFD such that Cly(D) is a torsion group.

(6) D[X] is an AVFD.

Proof. (1) = (4) It is clear that each nonzero prime ideal of D contains a valuation
element. Moreover, Cl;(D) is a torsion group by Corollary 5.4.

(2) & (3) See, for example, [29, Corollary 3.8 and Theorem 3.9].

(3) = (1) Note that D is a t-VIFD by Theorem 4.5. Thus, by Proposition 5.5,
D is an AVFD.
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(3) = (6) Observe that D is a PuMD with Cl;(D) torsion. Hence, Cl,(D[X]) is
a torsion group [29, Theorem 5.6]. Moreover, D[X] is a t-VIFD by Theorem 4.5.
Thus, D[X] is an AVFD by Proposition 5.5.

(4) = (3), (5) This follows from Theorem 4.5.

(5) = (1) This is an immediate consequence of Proposition 5.5.

(6) = (1) Let D[X] be an AVFD. Let a be a nonzero nonunit of D. Then a is a
nonzero nonunit of D[X], and hence there are some k,n € N and valuation elements
v; of D[X] such that a* = [[/_, v;. Observe that v; € D for each i € [1,n], and
hence v; is a valuation element of D for each i € [1,n] by [9, Lemma 2.5]. Therefore,
D is an AVFD. g

Corollary 5.7. Let D be an integral domain and let D[X]| be the polynomial ring
over D. Then D[X] is an AVFD if and only if D is an AVFD and every upper to
zero in D[X]| contains a valuation element of D[ X].

Proof. (=) Let D[X] be an AVFD. Then D is an AVFD by Corollary 5.6 and every
upper to zero in D[X] contains a valuation element of D[X] by Theorem 5.3.

(<) Now let D be an AVFD such that every upper to zero in D[X] contains a
valuation element of D[X]. It follows by Theorem 5.3 and Corollary 5.4 that D
is an integrally closed almost Schreier domain and each nonzero prime (¢-)ideal of
D contains a valuation element of D. We infer by [11, Theorem 4.4] that D[X]
is an almost Schreier domain. Now let ) be a nonzero prime t-ideal of D[X]. If
QND = (0), then @ contains a valuation element of D[X] by assumption. Now let
QND # (0) and set P =@QND. Then P is a nonzero prime ideal of D, and thus P
contains a valuation element of D. Consequently, () contains a valuation element
of D. It follows from [9, Lemma 2.5] that @) contains a valuation element of D[X].
Therefore, D[X] is an AVFD by Theorem 5.3. O

Example 5.8. Let L be an algebraic number field and let D be an order in L.
Then D is an almost Schreier domain [11, Remark 6.4] and if D is the principal
order in L (i.e., D is integrally closed ), then D is an AVFD by Corollary 5.6.

It is known that an atomic VFD is a UFD [9, Corollary 2.4], and hence it satisfies
the Principal Ideal Theorem. The next result shows that this is true for AVFDs.

Proposition 5.9. Let D be an atomic domain.

(1) If D is an AVFED, then D satisfies the Principal Ideal Theorem.
(2) If D is at-VIFD such that Cly(D) is a torsion group, then D is a generalized
Krull domain.

Proof. (1) Let D be an AVFD, let © € D be nonzero and let P € P(xD). There
exists an n € N such that 2™ is a finite product of valuation elements of D. Note
that P € P(2"D), and hence P € P(vD) for some valuation element v € D. This
implies that P = vvD by Proposition 2.3(2). Assume that P is not a height-one
prime ideal of D. Then there is a nonzero prime ideal @ of D such that @Q C P.
Note that @ contains a valuation element a € D. Clearly, there is an atom u € Q
such that aD C uD. We infer by [9, Proposition 1.1(2)] that u is a valuation
element of D. Moreover, vuD C Q € P = v/vD, and hence uD € vD € D [9,
Corollary 1.2(1)]. This contradicts the fact that w is an atom of D.

(2) Let D be a ¢t-VIEFD such that Cl;(D) is a torsion group. Then D is an AVFD
by Proposition 5.5. Consequently, D satisfies the Principal Ideal Theorem by (1),
and hence D is a generalized Krull domain by Theorem 4.8. (]
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The exponent of a group G, denoted exp(G), is defined by inf{k € N | z*¥ = 1 for
all z € G}. We proceed with providing a partial generalization of [9, Corollary 2.4]
that characterizes when a VFD is atomic. Let N>, = {x € N | 2 > m} for each
m € N.

Theorem 5.10. Let D be an integral domain such that exp(Cly(D)) is finite. Then
D is a Krull domain if and only if D is an atomic t-VIFD, and in this case, D is
an AVFD.

Proof. Clearly, every Krull domain is an atomic ¢-VIFD. Conversely, suppose that
D is an atomic t-VIFD. It follows from Proposition 5.9(2) that D is a generalized
Krull domain. Therefore, D satisfies the ACCP by Proposition 3.16.

Next we show that D satisfies the ACC on t-invertible ¢-ideals of D. Let (I;);en
be an ascending sequence of t-invertible ¢-ideals of D. Let n be the exponent
of Cly(D). Observe that (II"); is a principal ideal of D for each i € N. Since
D satisfies the ACCP, there exists some m € N such that (I}},); = (I}}); for all
k € N>,,. Let k € N>, and let M € t-Max(D). There are nonzero a,b € D
such that (I,,)p = aDys and (Ix)y = 0Dy It follows that a® Dy = ((I2))m =
((U2)e)ar = b" Dy, and thus ($)™ is a unit of Dys. Note that D)y is integrally
closed by Corollary 3.12. Consequently, 7 € Dy, and hence § is a unit of Dyy.
This implies that (I,,)ar = aDpy = bDyr = (Ii)ar. Therefore, I, = Ii.

It remains to show that every nonzero t-ideal of D is t-invertible. Let I be a
nonzero t-ideal of D. Then there exists a maximal element J of the set of all ¢-
invertible t-ideals of D that are contained in I. Assume that J C I. Then there
exists some a € I\ J. Since D is a PuMD, we infer that (J + aD); is a t-invertible
t-ideal of D. Furthermore, J C (J + aD); C I, a contradiction. Therefore, I = J
is a t-invertible t-ideal of D.

It is obvious that if exp(Cl(D)) is finite, then Cl;(D) is a torsion group. Hence,
in this case, D is an AVFD by Proposition 5.5. U

We end this paper with an example which shows that the assumption that
exp(Cly(D)) is finite in Theorem 5.10 is crucial.

Example 5.11. Let D be a one-dimensional atomic Priifer domain of finite char-
acter such that D is not a Dedekind domain. (For an example of such a domain
see [19].) Then D is an atomic ¢-VIFD that is not a Krull domain.
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