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Abstract

An infinite-horizon optimal control problem subject to an infinite-dimensional state equa-
tion with state and control variables appearing in a bilinear form is investigated. A sensitivity
analysis with respect to the initial condition is carried out. We show in particular that the
value function is infinitely differentiable in the neighborhood of the steady state, under a sta-
bilizability assumption. In a second part, we analyse the efficiency of polynomial feedback
laws, which are derived from a Taylor expansion of the value function.

Keywords: Infinite-horizon optimal control, bilinear control, regularity of the value function,
polynomial feedback laws, sensitivity relations.
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1 Introduction

In this article, we consider a bilinear optimal control problem of the following form:

1 o0 oo
it T = [ ICuOEde S [ w2t
0 0

u€L?(0,00) 2 (1)
where: { §(t) = Ay(t) + (Ny(t) + B)u(t), fort>0
' y(0) =yo €Y.

Here V. .C Y C V* is a Gelfand triple of real Hilbert spaces, where the embedding of V into Y is
dense and compact, and V* denotes the topological dual of V. The operator A: D(A) CY —» Y
is the infinitesimal generator of an analytic Cp-semigroup e* on Y, B € Y, C € L(Y,Z), N €
L(V,Y), a > 0 and D(A) denotes the domain of A. The precise conditions on A, B, C, and N
are given further below. We denote by V the associated value function, i.e. V(yo) is the value of
Problem with initial condition q.

The optimal control problem is posed over an infinite-time horizon and the state equation is
nonlinear, since it contains a bilinear term, Nyu. We have in mind the situation where A is a
second-order differential operator and N is a lower-order operator containing zero- and first-order
differentiation terms. The operator NV, considered as an operator in Y, is unbounded. Some optimal
control problems of the Fokker-Planck equation can typically be written in the above form, see [7]
and [9, Section 8].

In the first part of the paper, we prove that the solution to the problem, seen as a function
of the initial condition ¥, is infinitely differentiable. The result is proved for initial conditions
close to the steady state 0. This result implies in particular that the value function is infinitely
differentiable in the neighborhood of 0. We also prove a sensitivity relation: for an initial condition
Yo, the derivative of V at yq is equal to the associated costate at time 0.
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The second part of the paper is dedicated to the analysis of polynomial feedback laws. Poly-
nomial feedback laws are derived from Taylor approximations of the value function of the form:

k
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where 73,7s,...,7; are bounded multilinear forms of order 2,3,...,k. The bilinear form 75 is charac-
terized as the unique solution to an algebraic Riccati equation and the multilinear forms of order 3
and more are characterized as the unique solutions to generalized Lyapunov equations. The specific
structure of the Taylor expansion has been known since the 60s (see [21I] and the review paper [17])
for a general class of finite-dimensional stabilization problems. We have extended these results to
the case of infinite-dimensional bilinear systems in a recent work [9] (see also the numerical tests
in [8]). In that work, we have obtained the following estimate:
e = l] 20,00y = Olwoll$ET072),

where uj denotes the open-loop control generated by the feedback law derived from a Taylor
expansion of order k and where u denotes the solution to Problem (for the initial condition yyo,
assumed to be close enough to 0). The main result of the second part of the present article is the
following (improved) estimate:

lur = all 22(0,00) = Ollyoll5)-

Let us point out that this estimate is new, even for the finite-dimensional setting.

Both parts of the article rely on a stability analysis of the optimality conditions associated
with Problem (T]). This approach is described in abstract frameworks in [6} [16] and has been used
for the sensitivity analysis of optimal control problems in many different settings. For the case of
infinite-dimensional systems with finite-time horizon, we can mention [14] [15] 24].

Let us briefly comment on the literature on infinite-horizon optimal control problems. Many
authors have considered the case of nonlinear ordinary differential equations. In fact, this area
of research is still quite active, in part motivated by problems in economics. We refer the reader
to the most recent articles [1l 3, B, 22] 23] and to the references therein. The article [I1] gives
a very interesting account of the different approaches for investigating infinite-horizon optimal
control problems. In this reference, a sensitivity relation is also obtained for problems with control
constraints. The case of partial differential equations has received significantly less attention. Much
research was dedicated to the linear-quadratic case and the development of proper frameworks for
deriving algebraic Riccati equations, see e.g. [13] [I8]. The quadratic programming approach for
linear-quadratic infinite-horizon optimal control problems was discussed in [I9]. For the case of
nonlinear partial differential equations, we mention the articles [12] and [26], where optimality
conditions are derived for a class of optimal control problems of semilinear parabolic equations. In
[12], a sparsity-promoting cost function is considered. In [26], a quadratic cost function (similar to
ours) is considered and a sensitivity relation is proved.

We now give a brief account of the contents of the paper. In Section 2, we provide the pre-
cise problem formulation and give results on the well-posedness of the state equation. Section 3
is devoted to existence results for optimality systems related to linear-quadratic infinite-horizon
optimal control problems. They are used for justifying the applicability of the inverse function
theorem used in the sensitivity analysis performed in Section 4. While the results of Section 4 are
of local nature, we provide in Section 5 optimality conditions for an arbitrary initial condition. We
describe in Section 6 the construction of polynomial feedback laws and summarize the main results
obtained in the error analysis of [9]. The improved rate of convergence is established in Section 7.
Some proofs of technical results are moved to the Appendix.

2 Formulation of the problem and first properties

2.1 Formulation of the problem

Throughout the article we assume that the following four assumptions hold true.



(A1) The operator —A can be associated with a V-Y coercive bilinear form a: V x V — R such
that there exist A € R and § > 0 satisfying

a(v,v) > 6|[v||2 = A|v||3 for all v € V.

(A2) The operator N is such that N € L(V,Y)N L(D(A),V) and N* € L(V,Y).

tabilizabilit ere exists an operator € such that the semigroup e 18
(A3) [Stabilizability] Th i p F € L(Y,R) such that th igroup e(A+BF |
exponentially stable on Y.

(A4) [Detectability] There exists an operator K € £(Z,Y) such that the semigroup e(A=K) ig
exponentially stable on Y.

Conditions (A3) and (A4) are well-known and analysed in infinite-dimensional systems the-
ory, see [13], for example. In particular, there has been ongoing interest on stabilizability of
infinite-dimensional parabolic systems by finite-dimensional controllers. We refer to [2, 25] and the
references given there.

While the results of this article are obtained for scalar controls, the generalisation to the case
of systems of the form

= Ay+ S (Now(t) + B))us 1),

with B; € Y, can easily be achieved. In this more general case, one has to assume that the operators
Ny,...,Np, satisfy Assumption (A2) and Assumption (A3) must be replaced by the following one:
there exist operators Fy,....F,, in £(Y,R) such that the semigroup e425=1 Bifi)t is exponentially
stable.

With (A1) holding the operator A associated to the form a generates an analytic semigroup
that we denote by e’ see e.g. [27, Sections 3.6 and 5.4]. Let us set A9 = A — AI, if A > 0 and
Ap = A otherwise. Then —Ag has a bounded inverse in Y, see [27, page 75|, and in particular it
is maximal accretive, see [27, 20]. We have D(Ag) = D(A) and the fractional powers of — A are
well-defined. In particular, D((—Ag)z) = [D(—Ao), Y]y := (D(—Ap),Y )1 , the real interpolation
space with indices 2 and %, see [, Proposition 6.1, Part II, Chapter 1]. Assumption (A5) below
will only be used in Sections[6] and [7] for the proof of Lemma [23]and Lemma The assumption is
not needed for the sensitivity analysis performed in Section [4] and for the derivation of optimality
conditions in Section [l

(A5) Tt holds that [D(—Ao),Y]: = [D(~Af),Y]. = V.

1 1
2 2

We are now prepared to state the problem under consideration. For yg € Y, consider

1 e o) o
inf  J(u,yo) := 7/ CS (u, yo; )||% dt + g/ u(t)?dt, (P)
0 0

u€L2(0,00) 2 2
where S(u,yo;-) is the solution to

{ y(t) = Ay(t) + Ny(t)u(t) + Bu(t), fort >0,
Z/(O) = Yo-

Here y = S(u,yo) is referred to as solution of if for all each T > 0, it lies in the space
W(0,T) = {y € L*0,T;V) |y € L*(0,T; V*)}.

The well-posedness of the state equation is ensured by Lemma |1| below. We recall that W(0,T) is
continuously embedded in C([0,T],Y") [20, Theorem 3.1]. We abbreviate

Wa = W (0, 00).

This space is continuously embedded in Cy([0,0],Y), see e.g. the proof of [9, Lemma 1]. We fix
My > 0 such that for all y € W,

Iyl Lo (0,00:v) < Mollyllw.. - (3)



Let us mention that for y € W,
Jim [ly(®)]ly = 0.
— 00

A short proof can be found in [9, Lemma 1]. We also set
W2 = {y € W |y(0) = 0}.
Finally, we denote by V the value function associated with Problem , defined by

= inf .
Vi) = it Tu.w0)

Note that origin is a steady state of the uncontrolled system and that V(0) = 0.

2.2 State equation

The first lemma ensures that the state equation is well-posed. The lemma is a simple generalization
of [9, Lemma 1]. Unless stated otherwise, yo is an initial condition in Y and f lies in L2(0, oo; V*).
All along the article, the constant M > 0 is a generic constant whose value may change.

Lemma 1. For all T > 0 and u € L?(0,T), there exists a unique solution y € W(0,T) to the
following system:
y=Ay+ Nyu+ Bu+ f, y(0)=1yo.

Moreover, there exists a continuous function ¢ such that

||y||W(o,T) < (T, [lyolly ||U||L2((),T)a Hf||L2(0,T;v*))- (4)
Finally, if y € L*(0,00;Y), then y € Wxo.

Using the stabilizability assumption (A3) and the techniques of [4, Theorem 2.2, Part II, Chap-
ter 3] and [28], one can show that for all f € L?(0,00;V*) and for all yo € Y, the following
nonhomogeneous system:

y=(A+BF)y+f, y0)=uyo (5)

has a unique solution y € W,. Moreover, there exists a constant My > 0 independent of f and yg
such that

[Yllwee < Ms(l1Lfll22(0,00v) + [190lly)- (6)

Similarly, as a consequence of the detectability assumption (A4), the following nonhomogeneous
system:

y=(A-KCy+f, y0)=uwo (7)

has a unique solution y € W,. Moreover, there exists a constant My independent of f and yg such
that

[yllwe < Ma(llfl£2(0,005v+) + l90lly)- (8)
In the following, we address the stability of a class of perturbations of the linear system .

Lemma 2. Let P € L(W, L%(0,00; V*)) be such that | P| < MLM where || P|| denotes the operator
norm of P. Then there exists a unique solution to the following system:

y(t) = (A= KC)y(t) + (Py)(t) + f(t),  y(0) = o (9)

Moreowver,
My
< — R .

Proof. We first prove the existence of a solution, by using a classical fixed-point argument. Let
M = $:HPH' Consider the set M C W, defined by

M= {y € Wa|llylw. <M (Ifllz20,00v) + llmolly) }-

We consider the mapping Z: y € M — Z(y) € Wy, where z = Z(y) is the unique solution to

i(t) = (A= KQ)z(t) + (Py)(t) + (1), 2(0) = o



We prove that the mapping Z has a fixed point, which is then a solution to @ By , we have

IZW)lwe < Ma(llPyllL2(0,00:v+) + 1f1122(0,00v5) + l150lly)
< Ma(1+ [|PIM") (11l 20,005 %) + ll%olly)-
—_—

=M’
Therefore Z(M) C M. Now for y; and ya € M, we set z = Z(ya) — Z(y1). Then,
H(t) = (A= KO)=(t) + (P(y2 — y)(),  (0) =0,
and by estimate , we obtain

12(y2) = Z(y1)lwee = llzllwee < MallPlllly2 = y1llw.c-

This proves that Z is a contraction, since My[|P|| < 1. Therefore, by the fixed-point theorem,
there exists y € M such that Z(y) = y, which proves the existence of a solution to @[)

Observe now that the mapping Z, defined on the whole space W, is still a contraction. This
proves the uniqueness of the solution to @D in W. O

Remark 3. The result is also true when the operator (A — KC) is replaced by (A + BF’) and the
constant My by M.

In the next lemma, we utilize the previous result and assumption (A4) to establish a detecta-
bility property for the bilinear system.

Lemma 4. Let 0 < § < (HNHE(vi*)Mon)_l and let u € L?(0,00) be such that 1wl L2(0,00) < 0.
Assume that the unique solution y to the following system:

y=Ay+ Nyu+ Bu+ f, y(0)=yo

is such that Cy € L*(0,00;Z). There exists a constant M > 0, independent of yo, u, f, and y,
such that

Iyllwe. < M(llyolly + llullz20,00) + [1f1lL2(0,005v) + 1Yl £2(0,00:2) ) -
Proof. Consider the following system:
2=Az+ Nzu+Bu+ f+ KC(y—z), z(0)=uyo. (10)

For proving its well-posedness, we introduce the operator P € L£(Wy, L?(0,00;V*)), defined by
(Pv)(t) = No(t)u(t) for v € Ws. We have

[PVl L2 0,00v+) < 1N 2cv,ve) [ell 22 0,00) 101 Lo (0,0057)

VANVAN

NNl cev,vey 1wl 22 0,00) Mo |0l w. -

<Mt
Therefore, ||P| := || P|lc(w...r2(0,00:v+)) < M;'. Note that can be expressed as
2(t) = (A— KC)z(t) + (Pz)(t) + (Bu(t) + f(t) + KCy(t)).
Thus by Lemma [2] system has a unique solution, which satisfies

Izlw. < M(|[Bu+ f+ KCyllL2(0,00v) + Ilvolly)
< M(|[ullz20,00) + 1fll22(0,005v ) + 1CYI £2(0,0052) + IW0lly ),

where the constant M in the last inequality does not depend on yg, u, f and y. Finally, we observe
that e := z — y satisfies

é(t) = (A — KC)e(t) + ult)N(t)e(t) = (A — KO)e(t) + (Pe)(t), e(0) =0,

which proves that e = 0, using once again Lemma[2] Therefore, y = z and the lemma is proved. [



Remark 5. The result of Lemma [ remains true if the bilinear term Nyu is removed. In this case,
no restriction on [|u||2(g,00) is necessary, since then the well-posedness of z (defined by (10))) follows
directly from estimate @

Remark 6. In an abstract non-convex setting, a sensitivity analysis can be performed if the lineari-
zed constraints are surjective and if the sufficient second-order optimality conditions are satisfied.
These two properties are satisfied in the current framework for (y,u) = (0,0), the solution to
with initial condition yo = 0.
e A consequence of the stabilizability assumption (A3) is that for all f € L?(0,00;V*), there
exists a pair (z,v) € Wy x L?(0,00) satisfying: 2 = Az + Bv + f, 2(0) = 0 (see the proof of
Lemma E[)

e A consequence of the detectability assumption (A4), obtained with Lemma and Remark
is the following property: for all (z,v) € Wy, x L?(0,00) satisfying 2 = Az + Bv, 2(0) = 0,
there exists a constant M independent of (z,v) such that

1 «a
§||CZH2L2(0,00;Z) + 5””“%2(0,00) 2 M(||Z||i2(o,oc;y) + ||U||2Lz(o,oo))~

This property corresponds to the sufficient second-order optimality conditions for with
initial condition yy = 0.

3 Linear optimality systems

This section is dedicated to the proof of Proposition [7] below, which is a key result for the sensitivity
analysis performed in Section [d] and for the error analysis of Section [7] The proof can be found at
the end of the section, page [0} For finite-horizon control problems, results like Proposition [7] are
quite well-known. The case of infinite-time horizons, however, needs special attention. It should
also be pointed out that the proof is not based on PDE techniques, but rather, an associated linear-
quadratic optimal control problem is investigated. Before stating the proposition in detail, we recall
that W2 is continuously embedded into L?(0,00; V) and therefore L?(0,00;V*) is continuously
embedded into (W2)*. We further introduce the space

X := L*(0,00; V*) x (W2)* x L*(0, 00).

Proposition 7. For all (f,g,h) € X, there exists a unique triplet (y,u,p) € W2 x L?(0,00) x
L?(0,00; V) such that

y—(Ay+ Bu) = f in L?(0, 00; V*)
—p—Ap-C*Cy=g in (W3,)* (11)
au+ (B,p)y = —h in L?(0,00).

Moreover there exists a constant M > 0, independent of (f,g,h), such that

||(y’u7p)HWOOXLZ(O,OO)XL2(O,OO;V) < M||(fvg7 h)llX (12)

Assume further that g € L?(0,00; V*). Then p € W4, and there exists a constant M, independent
of (f,g,h), such that

1Pllwe <M (I Fll20.00:v) + 1191lL2(0.00v ) + [1P]]22(0,00) ) - (13)
Note that the costate equation in must be understood as follows:
(D5 ) L2(0,00:V),L2(0,00v*) = (A™D, ) 12(0,00;V+),L2(0,005V)
+(C*Cy, ) 12(0,00:v) + (9:0) (W)= o, for all o € WY,

The main idea for proving the above result is the following: the linear system constitutes the
optimality conditions for the linear-quadratic optimal control problem (L) defined below. Given
f€L?0,00;V*), g€ (W2)*, and h € L?(0,00), we consider:

(y7u)€Wr§1wi>£1L2(o7oo) Jg, h)(y,u) subject to: e[f](y,u) =0, (LQ)



where

g k)= 5 [ ICHOIE dt+ gy + 5 [ (WP + hute) dr

and where
elfl(y,u) = 4 — (Ay + Bu + f) € L*(0,00; V*).

Note that the initial condition y(0) = 0 need not be specified as a constraint since y € W2..
Let us prove the existence of a solution to Problem (LGQ).

Lemma 8. There exists a constant M > 0 such that for all (f,g,h) € X, the linear-quadratic
problem (LQ) has a unique solution (y,u) satisfying the following bounds:

lyllwe < M|[(f.9.M)llx and |lullr20,00) < M| (f. 9, )] x- (14)
Proof. Let §j € W be defined by § = (A + BF)j + f. Then by (6 we have

F7llwe < M|l fllz2(0,005v%)-

Setting & = F'y, we obtain that

||ﬂ’||L2(0,oo) < M||f||L2(O,oo;V*) and e[f](g7ﬂ) = 07
and consequently
Jlg, h)(g,a) < M||(f,9,h)|%-

Therefore the problem is feasible.
Let us consider now a minimizing sequence (yy,, un)nen. We can assume that for all n € N;

I1g, D) (yn, un) < MI|(f, 9, h)|%- (15)

We begin by proving that the sequence (y,,,uy,) is bounded in W, x L?(0,00). To this purpose,
we first compute a lower bound of J[g, h](yn, un). Using Young’s inequality, we obtain for all € > 0
that

1
Jg, b (Yn, un) = §|\Cyn||iz<o,oo;z> —llgllowey-lynllwe

(0%
+ §||un||2Lz<o,oo> = 1Rl £2(0,00) lltn |l £2(0,00)

1 €
> SNCYnll72(0,00,2) — 2*€||9||%wgo)* - §||yn||%4/oo

DN | =

1]l 22 (0,00) )2 B 120172(0.00) .

o 2a (16)

e
+ 5 (lunllz2(0,00)
Combining and , we obtain that there exists a constant M independent of € > 0 such that

Al 0,00
(e

2 1
1Cn 320.0052) + 0 (Il 220,00 )" < M (I(F.9. I +ellynlifr + llgliEwe )

and therefore

1
oy < — x
[Cyll 202y < MU 9.1 + Vel +Zllgllore ). (17)
1
Junlooe) < MU 9. P)lx + VEllnlwee + llowe. ) (18)

Applying Lemma [4| (taking into account Remark and using , we obtain that

[Ynllwe < M (lltnllz2(0,00) + [1F1l22(0,00v+) + 1CYnll22(0,00:2))
1
< M(I(f,9,M)Ix + Vellynllw., + %HQH(W&)*)



Choosing ¢ = ﬁ (where M is the constant involved in the last inequality), we obtain the
existence of another constant M such that

[ynllwe. < MII(f,9,h)]x-

Combining this estimate with , we finally obtain that

||un||L2(O,oo) < MH(fvg? h)HX

The sequence (Yn,, Un )nen is therefore bounded in W, x L?(0, 00) and possesses a weak limit point
(y, u) satisfying . One can prove the optimality of (y,u) with the same techniques as those
used for the proof of [d, Proposition 2].

The uniqueness of the solution directly follows from the linearity of the state equation and the
strict convexity of the cost functional. O

We give now optimality conditions for Problem (LQ)). The existence of a Lagrange multiplier
follows directly from the surjectivity of the derivative of the constraints, which itself is a direct
consequence of the stabilizability assumption (A3).

Lemma 9. For all (f,g,h) € X, there exists a unique costate p € L*(0,00;V) satisfying the
following adjoint equation:
—p=A"p+C*Cy+g (19)

and such that
ou+h+ (B,p)y =0. (20)

Here (y,u) denotes the unique solution to (LQ)). Moreover, there exists a constant M > 0 inde-
pendent of (f,g,h) such that
1PNl 22(0,005v) < MI|(f,9:h)llx-

Proof. Observe first that e[f] and J[g, h] are both continuously differentiable. We have

DJg, h](y,u)(2z,v) = (C*Cy,2)12(0,00:v) T (95 2) (W)=, w0 + (U, V) £2(0,00) + (P, V) £2(0,00)

7< C*Cy+yg z >
o au+h )\v) /(W2 )*xL2(0,00), WO, x L2(0,00)

The derivative De|[f](y, u), which is independent of f, y and u, is denoted by T'. Tt is given by
T: (2,0) € W2 x L*(0,00) + % — (Az + Bv) € L*(0,00; V*).
The adjoint operator T*: L2(0,00; V) — (WZ)* x L%(0, 00) satisfies

(TP, (2,0)) (WO )= x L2(0,00), WO x L2(0,00)
= (P 2) 12(0,00:V),L2(0,00;v*) — (P A2) 12(0,003V),L2(0,00:V %) — (s BY) L2(0,00;V),L2(0,005V %)
= (=D, 2) (wo. ), wo, — (A"D, 2) 12(0,00;V*),L2(0,00;v) — {({BsP) Y, V) 12(0,00)

() ()
B —(B,p)y ) "\v) /(W) xL2(0,00),WO, x L2(0,00)
Let us prove that the operator T is surjective. Choose ¢ € L?(0,00;V*), let Z be the solution to
=(A+BF)i+¢, 2(0)=0,
and set & = FZ. By estimate (6)), [|Z|w.. < Msl|l¢ll12(0,00,v+) and therefore
1]l 22(0,00) < Mlspll L2 (0,005v%)-

Clearly T'(z,0) = ¢, which proves the surjectivity of T. Consequently, see e.g. [30], there exists a
unique p € L?(0,00; V) such that

DJ[g, h](y,u)(2z,v) — (T"p, (2,0)) (WO )* x L2(0,00), WO x L2(0,00) = 0-



Using the expressions of DJ|[g, h|(y,u) and T™* previously obtained, we deduce the costate equation
(19) and relation . By the closed range theorem (see [10, Theorem 2.20]) and , there exists
a constant M > 0 such that

2l L2 (0,00;v) < MITPll(wo )= x £2(0,00)
< M||DJ[g, h](y, u)ll(wo.)* x £2(0,00)
< M(IC*Cyll 20,0007y + Nlgllwe )= + lullL2(0,00) + 17l 22(0,00)) -

Finally, using estimate for the solution (y,u) to (LQ)), we obtain that

1Pl 220,00y < MII(f, 9, h)x-
This concludes the proof. O
We can finally prove Proposition

Proof of Proposition[] The existence of (y,u,p) and estimate directly follow from Lemma
and Lemma @ Let (y1,u1,p1) and (ya,us2,p2) be two solutions to . By the linearity of the
system, the difference is a solution to with (f,g,h) = (0,0,0). Estimate implies the
uniqueness. Let us assume now that g € L?(0,00; V*). In order to prove that p € W, it suffices
to prove that p € L?(0,00; V*). Using the costate equation and estimate , we obtain that

12 2 (0,005v+) < (I[A*DllL2(0,00:v %) + 1C*CYll L2 (0,005v+) + 1911 L2(0,00:v+))
< M(Hp||L2(07oo;V) + ||y||L2(0,oo;Y) + ||g||L2(0,oo;V*))
< M(Hf||L2(0,oo;V*) + HgHL2(O,oo;V*) + ||hHL2(O,oo))

This implies and concludes the proof of the proposition. O

4 Sensitivity analysis

In this section, after proving the existence and uniqueness of a solution to for all initial
conditions yg close enough to the origin, we verify that locally, the unique solution, the associated
trajectory, and the costate (in W) are infinitely differentiable functions of the initial condition
yo- In particular, this will imply that the value function V is C*° in a neighborhood of the origin.

A first step in the analysis is the derivation of first-order necessary optimality conditions for
in a weak form (Proposition 7 i.e. for a costate p € L?(0,00;V) and an adjoint equation
satisfied in (W2 )*. Then, we prove the existence of a mapping

yo = (Vo) U(yo), P(y0)),

defined for yo € Y close to 0, which is such that (Y(yo),U(yo), P(yo)) is the unique triplet (y,u,p)
in a neighbourhood of (0,0,0) satisfying the weak optimality conditions (Lemma . It follows
then that U (yo) is the unique solution to (Proposition , for yy close enough to 0.

Optimality conditions in a strong form, involving a costate in W, require an extra step. We
first prove the existence of a mapping

Yo (ﬁ(yo),d(yo),ﬁ(yo)),

defined for yy € Y close to 0, which is such that (Y (yo),U(yo), P(yo)) is the unique triplet (y,u, p)
in a neighbourhood of (0, 0, 0) satisfying the strong optimality conditions (Lemma. To conclude
the sensitivity analysis, it suffices then to check that the mappings (V,U,P) and (y,ljl , 75) coincide
around 0 (Lemma [17)).

We start by proving the existence of a solution to , assuming the existence of a feasible
control v and the bound (21]). This bound enables us to derive estimates on the trajectory for the
Woo-norm, using Lemma [4]



Lemma 10. Let 0 < §g < %(||N|‘L(y7v*)Mon)71. Assume that there exists a control u €
L?(0,00) such that

I (u,y0) < 567, (21)

Then possesses a solution w. Moreover, there exists a constant M > 0, independent of dg, such
that

lll2(0,00) < 00 and ||gllw.. < M([|lyolly + do), (22)
where §y = S(u,yo).
Proof. We follow the same approach as in Lemma 8] Let (u,)nen be a minimizing sequence, and
set ¥, = S(un,yo). We can assume that for all n € N,

(0%
j(unayO) S 558

This implies that for all n € N,
tunllL20,00) < 00 and  ||CynllL2(0,00:2) < Vrdo.

By Lemmawith 6= %(HNHE(Y’V*)MOMU;)_l, we obtain the existence of M, independent of dy,
such that for all n € N,

1Ynllwe < M(llyolly + [lunll2(0.00) + 1CURllL2(0,00:2)) < M([[90lly + d0)-

Therefore the sequence (Y, Un )nen Possesses a weak limit point (i, %) in Wo, x L2(0, 00), satisfying
estimate . One can prove that § = S(@,yo) and that @ is optimal with the same techniques as
those used for the proof of [9, Proposition 2]. O

In the following lemma, we state and prove first-order necessary optimality conditions in a weak
form. The approach is similar to the one employed for Lemma [0} we formulate the problem as an
abstract optimization problem and obtain the existence of a costate in L?(0,00; V) as a Lagrange
multiplier. An a-priori estimate must be done on the solution and its associated trajectory in order
to prove the surjectivity of the linearized constraints.

Proposition 11. There exists 61 > 0 such that, if for yo € Y, Problem (P) possesses a solution
u such that
Ha||L2(0,oo) S 61 and ||zj||L2(O,OO,Y) S 517

where § = S(yo, 1), then there exists a unique costate p € L*(0,00; V) such that
—p=A*p+aN*p+C*Cy (in (WL)*) (23)
and
at+ (Nj+ B,p)y =0. (24)

Moreover, there exists a constant M > 0, independent of (y,u), such that

121 220,00:v) < M([|F122(0,00:v) + 18]l £2(0,00))- (25)

The proof is given in the Appendix, page

Remark 12. At this stage, it is not possible to prove that p € W,,. More precisely, it is not
possible to prove that p € L?(0, 00; V*) because of the term @wN*p. Indeed, since % € L?(0, 00), one
would need to prove that N*p € L>°(0, c0; V*). However, we do not know for the moment whether
p € L*(0,00;Y).

Consider now the mapping ®, defined as follows:

Wao x L2(0,00) x L?(0,00; V) — Y x L2(0,00; V*) x (W2)* x L?(0,0)
y(0)
P ) — (Ay + (Ny + B)u 26
(y,u,p) " (*y (‘Z )*) : (20)
—p— A*p —ulN*p— C*Cy
au+ (Ny+ B,p)y

10



This mapping is defined in such a way that for a given yg, for (y,u,p) € Ws x L?(0,00) x
L?(0,00; V), ®(y,u,p) = (40,0,0,0) if and only if (y,u,p) satisfies the first-order optimality con-
ditions associated with with initial condition yo (in weak form).

From now on, we denote by By (§) the closed ball of Y with radius § and center 0.

Lemma 13. There exist 02 > 0, 8, > 0, and three infinitely differentiable mappings
Yo € BY(52) — (y(y0)7u(y0)7p(y0)) € Woo X L2(07OO) X L2(07OO; V)
such that for all yo € By (02), the triplet (y(yo),U(yo),P(yg)) is the unique solution to

@(yvuvp) = (y()v Oa Oa 0)7 max (Hy”Wmv ”u”Lz(O,oo)v Hp||L2(0,oo;V)) < 55

in Ws x L*(0,00) x L?(0,00; V). Moreover, there exists a constant M > 0 such that for all
Yo € By (d2),

max (1|3 (yo) | we » 14 (¥0) [l 22 (0,000 1P W0) | 22 (0,005v)) < M [|go]ly - (27)

Proof. The result is a consequence of the inverse function theorem. The reader can check that
® is well-defined and infinitely differentiable (note that the derivatives of order 3 and more are
null, since ® contains only linear terms and three bilinear terms: Nyu, —uN*p and (Ny,p)y).
We also have ©(0,0,0) = (0,0,0,0). It remains to prove that D®(0,0,0) is an isomorphism.
Let us investigate its inverse. Let (y,u,p) € Wa x L2(0,00) x (W2)*, let (w1, ws,ws,wy) €
Y x L2(0,00; V*) x (W2)* x L?(0, ), we have

y(0) = w
) —Ay—Bu = w
D®(0,0,0)(y,u, p) = (w1, ..., wa) <= A 2 (28)
—-p—A*p—-C*Cy = ws
oau+ (B,p)y = wy.

Denote by y[w] the solution y to the following system:
y=(A+BF)y, y(0)=uw.
By estimate (6)), we have |ly[w1]||w.. < Ms|lwi|y. For u[wi] = Fy[w;] we obtain
lufwi]llz2(0,00) < Mwilly-

Let us set z = y — y[w;]. Then the following equivalence holds true:

z(0) = 0
. Az Bu = B
DB(0.0.0)(y. u.p) = (wr, o) = {5 A Bu = vk Bl
—p—A*p—C*Cz = w3z — C*Cy[w]
au+ (B,p)y = wy.

We recognize here the optimality conditions associated with a linear-quadratic optimal control
problem of the form (LQ)). By Proposition the linear system on the right-hand side of the above
equivalence has a unique solution (z,u,p), which is the solution to with

(f:9,h) = (w2 + Bu[wi], w3 — C*Cylw:], —wy).
Moreover, by Proposition |7} there exists a constant M > 0 independent of (f, g, h) such that

(2, w, P) W x £2(0,00)x L2(0,00:v) < MI|(f, 9, 1) x
< M||(we + Bufw:], ws — C*Cylw1],ws)]|| x
< M||(wr, w2, ws, wa)|ly xx-
Therefore (y := z + y[w1], u, p) is the unique solution to D®(0,0,0)(y,u,p) = (w1, ws, w3, ws). In
addition
(s s ) lwe 5 £2(0,00) x L2 (0,00:v) < M [|[(w1, w, w3, ws)||y xx-

11



This proves that D®(0,0,0) is an isomorphism as well as the existence of do > 0, 65 > 0, and
infinitely differentiable mappings V), U, and P satisfying the equivalence .

It remains to prove . Reducing if necessary d2, we can assume that the norms of the derivati-
ves of the three mappings are bounded on By (d2) by some constant M > 0. The three mappings are
therefore Lipschitz continuous with modulus M. Estimate follows, since (Y(0),U(0), (P(0)) =
(0,0,0). O

In the following proposition we prove that for yo close enough to 0, U(yp) is the unique solution
to with initial condition ¥q.

Proposition 14. There exists d3 € (0,02] such that for all yo € By (d3), U(yo) is the unique
solution to with initial condition yo. Moreover, Y(yo) = S(vo,U(y0)) and P(yo) is the unique
assoctated costate.

Proof. For the moment, let d3 = d2. The value of d3 will (possibly) be reduced in the proof. Let
Yo € By (d3). Our approach consists in proving the existence of a solution @ to , with associated
trajectory ¢ and costate p. We also show that necessarily,

max (HgHWoc? ||ﬂHL2(O,oo)7 ||p||L2(0,oo;V)) < 5;

Since then the optimality conditions are satisfied, it holds that ®(y,u,p) = (y0,0,0,0) and we
obtain by Lemma that the solution to is unique and that it is given by (y,@,p) =

(V(yo):U(yo): P(yo))-
Let us start by proving the existence of a solution. By , there exists a constant M such
that for all yo € By (d3),

U4 (yo)llL2(0,00) < Mlyolly  and |V (yo)llwe < Mlyolly-
Therefore,
T U(yo), y0) < Myoll3- (29)
We reduce now the value of d3 so that

\/Tw

(1NNl 2ov,vey MoMa)

[\3\)—!

Let us set
2
do =/ —Ml|yolly-
@
It follows from the two above inequalities that

2 1 1
do < EMCS §(||NH£(YV o MoMg)

Moreover, by ,

2 _ @ z_ Q@ o
T U(yo), yo) < Mllyolly —M(\/;éo) = 3%.

The conditions of Lemma |10| are satisfied. Therefore has a solution @, which satisfies

4]l 22(0,00) < 00 and [|F]lw,, < M(|[yolly + o),

where § = S(@,yo). Using the definition of dp, we obtain the existence of a constant M > 0 such
that
lallr20,00) < Mllyolly and  [7llw.. < Mllyolly- (30)

Let us prove now that the optimality conditions are satisfied. Reducing if necessary the value of
d3, we obtain that [|u(|z2(0,00) < 01 and that [|7|£2(0,00;v) < 01 (Where 07 > 0 is given by Lemma
. Therefore there exists p € L?(0,00; V) such that the costate equation and relation
hold. Moreover, we obtain

[Pl z20,00v) < M([7ll22(0,00:v) + 18l 22(0,00)) < Myolly- (31)

12



It follows from and that we can reduce for the last time, if necessary, the value of d3 so
that

max (||| 2(0,00), 171 2(0,005v) [Pl 22(0,00:1)) < 6
Y, u,

Since ®(y, @, p) = (yo,0,0,0), we finally obtain by Lemma[L3|that ( ) (Y(yo),U(yo), P(yo))-
The lemma is proved. O

Corollary 15. The value function V is infinitely differentiable on By (03).
Proof. The following mapping

1 o
(yau) € Weo X LQ(Oa OO) = §||Cy||%2(0,oo,Z) + 5““‘”%2(0,00)

is clearly infinitely differentiable. By Proposition we find for all yo € By (d3) that

1 «
V(yo) = §||Cy(y0)||%2(o,oo;z) + 5”“(3/0)“%2(0,00)7

with infinitely differentiable mappings ) and Y. The corollary follows, since V can be expressed
as the composition of infinitely differentiable mappings. O

Consider now the mapping ® defined as follows:
Weo X L2(0,00) x Woo — Y x L2(0,00; V*) x L2(0,00; V*) x L?(0, 00)
y(0)
D: y—(Ay+ (Ny + B)u
(y? ua p) = o ( * ( * ) *)
—p—A*p—uN*p—C*"Cy

The action of ® is the same as ®, but for different choices of spaces for the domain of the adjoint
variable p and for the costate equation in the image of ®. We have already mentioned in Remark
the impossibility to prove in a direct way the fact that the adjoint lies in W.,. Remarkably, the

mapping P is well-defined and the well-posedness of the nonlinear equation ®(y,«, p) = (yo,0,0,0)
can be easily established.

Lemma 16. There exist 64 > 0, 8} > 0, and three infinitely differentiable mappings
Yo € By (64) — (37(90)712(90),73(90)) € Woo x L*(0,00) x W
such that for all yo € By (84), the triplet (Y(yo),U(yo), P(yo)) is the unique solution to

O(y,u,p) = (40,0,0,0), max (||lyllw., [ullr2(0,00), IPllw.) < 8
in Weo X L2(0,00) x We.

Proof. The proof is the same as the proof of Lemma The reader can check that @ is well-defined
and infinitely differentiable. For proving that D<I>(O 0,0) is an isomorphism, one has to rely on
estimate of Proposition l O

We can now prove that the mappings (Y, U, P) and (j}, U, ’ﬁ) coincide for yg close enough to 0.
Proposition 17. There exists 65 € (0, min(dz,d4)) such that for all yo € By (J5),
(Y(wo),U(yo), P(wo)) = (V(wo),U(yo), P(0))- (32)

Proof. By continuity of the mappings Y, U, and P, there exists 5 € (0, min(dy,d4)) such that for
all Yo € By((%)7

Iwee s 14 (0) | £2(0,00)» P (W0) [l £2(0,00377)) < B5- (33)

max (|| V(o)
By construction of( (o), U(y )ﬁ(yo)),

(Y (yo),U(yo), P(y0)) = (10,0,0,0).

Therefore } ) )
@(y(yo), Z/[(yo)a P(yo)) = (ZUO> 07 Oa O)
Combined with (33), we obtain by Lemma [13] O
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As a direct consequence of this result, has a unique solution for all yo € By (min(ds, ds)).
Moreover, the optimality conditions are satisfied with a costate in W.

5 Optimality conditions for an arbitrary initial condition

In this section, we first prove a sensitivity relation: locally, the costate and the derivative of the
value function coincide. This enables us to prove optimality conditions in strong form for for
arbitrary initial conditions.

Lemma 18. There exists g € (0, min(d3, d5)] such that for all yo € By (d6),

1V (v0) Lo (0,00;v) < min(dz, Js) (34)
and
p(t) = DV(y(t)), Vt=>0, (35)
where y = Y(yo) and p = P(yo).

Proof. By continuity of the mapping ), there exists dg € (0, min(ds,d5)] such that for all yo €
By (d6), inequality holds.

We now claim the following: for all yo € By (dg), we have p(0) = DV(yo), where p = P(yo).
To verify this this claim, let yo and gy € By (dg), and set (y,u,p) = (V(yo),U(yo), P(yo)) and

(g,a) = (V(Po),U(go)). We have

. 1. . 1 «
V(o) = V(o) = (51C1E 0002 + 18200001 ) = (51CY N2 0002 + 5 N0l E2 0.0 )
=Py = (Ag + (N + B)u >Lz 0,001V, L2(0,00V"*)

+{p,y — (Ay + (Ny + B)u (36)

L2(0,00;V),L2(0,00;V*)"

Indeed, u and 4 are optimal and the last two terms (in brackets) are null. The four following
relations can be easily verified:

1, . 1 " - 1 -
EHCy”%Q(O,oo;Z) - EHCy”%Q(O,oo,Z) = <C Cyvy - y>L2(0,oo;Y) + 5”0(:{/ - y)||2L2(O,oo;Z)’

(67 « - (67
5”“”%2(0700) - §||U||2L2(o,oo) = alu, @ — U>L2(0,oo) + 5”“ - Uuiz(o,oo)v (37)
Ngiu — Nyu = Ny(i —u) + N(§ —y)u+ N(§ —y)(@ —u),
0, ¥ = D r2vy,c2evey = 0(0), 90 — y(0)y + B, T — ¥)r2(v+),L2(V)-

Combining and yields

V(i) ~ Vi) = (p(0),5(0) ~ sy + 51CG ~ 1)l3a(0.00) + 21— 0.

+ <p7 N(:’j - y)(ﬂ’ - U')>L2(O,oo;V);L2(O,oo;V*)

+ <p + A'p+uN*p+ C*Cy,§ — y>L2(O,oo;V*);L2(0,OO;V)
=0

+ <au + <Ny + va>Ya U — u>L2(0700)’

=0

For §jo = yo + h, we have || — y|lw.. < M||h|ly and ||@ — ul[z2(0,00) < M]||h||ly, by the Lipschitz-
continuity of the mappings ) and U. It follows that the three quadratic terms in the above relation
are of order ||h||2- and thus that

V(%) — V(yo) — (p(0), 50 — yo)v|

1 - o - -
= §||C(y - y)”%Z(O,oo;Y) + 5““ - UH%Z(O,OO) + <P, Ny —y)(a— U)>L2(0)OO;V);L2(0,OO;V*)
< M||h]3
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This proves that DV(yo) = p(0), as announced.

To verify for arbitrary ¢t > 0, let yo € By (d¢), set (y,u,p) = (V(yo0),U(yo), P(yo)) and
choose t > 0. We define

g:s>0—=ylt+s), w:s>0—u(t+s), p:s>0—p(t+s).

By the dynamic programming principle, @ is the solution to with initial condition §(0) = y(t).
The associated trajectory and costate are § and p. Since ||y(¢)||y < min(ds, d5), we can apply the
previous claim. We obtain that DV(3(0)) = p(0) and finally that DV(y(t)) = p(¢). O

Using the optimality condition 7 we directly obtain the following corollary, which states
that the mapping y € Y — —2DV(y)(Ny + B) is an optimal feedback law.

Corollary 19. For all yo € By (d¢),
1
u(t) = —aDV(y(t))(Ny(t) + B), fora.e t>0,

where y = Y(yo) and u = U(yo).

We can now prove the optimality conditions for any initial condition (assuming the existence
of a solution). Roughly speaking, the proof consists in showing that the optimality conditions are
satisfied for (77, 00), with T3 sufficiently large, using a dynamic programming principle argument.
Optimality conditions for the whole interval (0, 00) can then be obtained easily, using once again
a dynamic programming principle argument and Lemma

Theorem 20. Letyy € Y and assume that there exists a solution u to with initial condition yg.
Then the associated trajectory § = S(@,yo) lies in Wo,. Moreover, there exists a costate p € W
such that for a.e. t > 0,
—p=A'p+uaN*p+C*Cy (38)
and
at+ (Nj+ B,p)y =0. (39)

Proof. Let 69 = %(||N||L(Y,V*)M0Md)71 and let Ty > 0 be sufficiently large, so that

1 o0 o0
f/ ICHO| dt + 9/ a2 dt < &2
2 To 2 To 2

We define @: ¢t > 0 — @(Tp +t) and g: t > 0 — g(Tp + t). By the dynamic programming
principle, @ is a solution to with initial condition §(0) = y(7Tp), and associated trajectory .
Since J (g0, %) < $63, we obtain by Lemma that § € Wy, thus g € W,. As a consequence,
lim—, o ||7(t)|ly = 0 and there exists Ty > 0 such that ||§(T1)]ly < Je.

Let 4: ¢t > 0 u(Th +t) and g: t > 0 — y(T1 +¢t). Again by the dynamic programming
principle, 4 is a solution to (P) with initial condition §(0) = 7(71) and associated trajectory g.
Since ||g(0)]] < d3, Propositio implies that

g=Y(H()) and a@=U(y(Th))

Moreover, by Proposition the associated costate p = P(y(Tl)) lies in W,.

Let us now define p € W (T1,00) by p(t) = p(t — T1), for all ¢ € [T1,00). Clearly the costate
equation and relation hold true for ¢ > Ty. Uniqueness of p on [T}, 00) directly follows
from the uniqueness of the costate associated with the optimal control .

Let us construct p on [0,77]. Observe first that by Lemma (18] we have p(0) = DV(4(0)), and
thus

p(Th) = DV(3(0)) = DV(H(Ty)). (40)

Let the extension of p on [0, 7] be the unique solution to the following system:
= Ap+aN"p+C°Cg, p(Th) = DV(H(TY)). (41)

Existence and the uniqueness of the solution to this system in W(0,7}) can be obtained with
the same methods as those used for Lemma [I] The terminal condition in the above system is
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compatible with . Therefore p satisfies the costate equation on the whole interval (0, co)
and p € W..

It remains to prove that is satisfied on (0,7}). We only sketch the proof, which is classical.
Observe first that by the dynamic programming principle, the control 4o, r,) is a solution to the
following problem:

1 [ 9 a [0 9
i =2 ; - ).
ueg(lng)JTl(U) 2/0 1CS (yo, us 1) || dt + 2/0 u(t)”dt + V(y(T1))

Note also that is the associated costate equation. It can be easily established that the control-
to-state mapping u € L?(0,T1) — S(yo, u)|(0,1,) is continuously differentiable and that its deriva-
tive can be described as the linearization of the state equation. It follows that Jr, (+) is differentiable.
A well-known computation (relying on an integration by parts) yields that

T
D () = /O (a@ + (NG(8) + B p(0))y)o(t)dt, Vo € L2(0,T}).

Since @ is optimal, DJrp, (@) = 0 and follows. The theorem is proved. O

6 Construction and properties of polynomial feedback laws

We recall in this section the relevant definitions and main results obtained in [9] for polynomial
feedback laws. These are described by bounded multilinear forms.
For k > 1 we make use of the following norm:

1t eyl = max il (42)

We denote by By« (8) the closed ball in Y* with radius 6 and center 0. For k& > 1 we say that
T:Y* - R is a bounded multilinear form if 7 is linear in each variable separately and

[Tl == sup [T (y)| < oo (43)
yEBy k(1)

We denote by M(Y* R) the set of bounded multilinear forms. For all 7 € M(Y* R) and for all
(Zla ceey Zk) € Yk,

k
T (et ey 2) | < T T 2l (44)
=1

Bounded multilinear forms 7 € M(Y* R) are called symmetric if for all z1,...,2;, € Y* and for all
permutations o of {1,...,k},
T(ZU(1), ceey Za(k)) = T(Zl, ceey Zk).

Given two multilinear forms 7; € M(Y*,R) and T € M(Y*, R), we denote by 7; ® T the bounded
multilinear mapping which is defined for all (yi, ..., yx1¢) € Y5+ by

(7-1 Y 7-2)(y13 s 7yk+€) = 7-1(y1a (X3} yk)7-2(yk+lv "'7yk+Z)'

For y € Y, we denote
Y = (y,y) € YR

6.1 Taylor approximation

For all k > 2, we construct a polynomial approximation Vj of V of the following form:
"1
Vit Y 5 R, Vi(y) =Y =T, -,v), (45)

where Ty,...,7;,..., T are bounded multilinear forms of order 2,...,5,..., k. The first multilinear form,
the bilinear form 75, is obtained as the solution to an algebraic operator Riccati equation and the
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other multilinear forms are obtained as the solutions to linear operator equations which we call
generalized Lyapunov equations.

Let us denote by IT € L(Y) the unique nonnegative self-adjoint operator satisfying the following
algebraic operator Riccati equation:

1
(A" TIz1, 2z0) + (ITAz1, 29) + (Cz1,Cz2) z — a(B, Iz1)y (B, z)y =0, for all 21,29 € D(A). (46)

It is well-known, see [I3] Theorem 6.2.7] that, as a consequence of assumptions (A3) and (A4), the

linearized closed-loop operator

A= A— Lppm (47)
(0%

generates an exponentially stable semigroup on Y.

The precise structure of the generalized Lyapunov equations is given in Theorem [21] below. In
the definition of the right-hand sides of these equations, we make use of a specific symmetrization
technique that we define now. For i and j € N, consider the following set of permutations:

S@j = {Ui+j S Si-l-j |O'(1) < .. < O'(Z) and O'(i+ 1) < ... < O'(Z+])},

where S;; is the set of permutations of {1,...,7 4+ j}. Let 7 be a multilinear form of order ¢ + j.
We denote by Sym, ;(7) the multilinear form defined by

N |

1+ i

Symi,j(T)(zl, --~,Zi+j) = < i > [ Z T(Za(1)7 ...7Za-(i+j)) 5 V(Zl, ...,Zi+1) ey +J.
oc€S;;

Theorem 21 (Theorem 16, [9]). There exists a unique sequence of bounded symmetric multilinear

forms (T;);j>2, with T;: Y7 = R, and a unique sequence of bounded multilinear forms (R;)j>3 with
Rj: D(A) — R such that for all (21, 22) € Y2,

To(21, 22) = (21, Uz29) (48)

and such that for all j > 3, for all (21, ...,2z;) € D(A)?,

) 1

Z%(Zl, ---7zi—17AHZi7 Zit1, ...,Zj) = %Rj(zh veey Zj), (49&)
i=1
where
R =250 — 1)Sym17j_1(c1 ® gj—l)
j72 k
+ Z (Z.)Symi,ji((ci +1iG;) ® (iji +(j— i)gjfi))v (49b)
i=2
and where

Ci(z1y.2i) = Tix1(B, 21,0, 2), fori=1,..,j—2,
{ (21 ) +1( 1 ), [ J (49¢)

Gi(z1, .0y 23) = %[22:1 Ti(z1, oy 20-1, N 2oy 2011, ...,zi)}, fori=1,..,5—1.

6.2 Feedback laws and associated closed-loop systems

A polynomial feedback law ui: y € V — R can now be obtained by replacing the value function
V by its approximation V in the optimal feedback law given by Corollary

wi(y) = — ~DVi(y)(Ny + B)

--X

—_

1
i—1)

M=

TNy + B.y, ... 7y)). (50)

Q

=2 (



A justification of the differentiability of V} and a formula for its derivative, used in the above
expression, can be found in [9, Lemma 7]. We consider now the closed-loop system associated with
the feedback law uy:

y(t) = Ay(t) + (Ny(t) + BJuk(y(t)),  y(0) = o (51)

For a given initial condition gy, its solution is denoted by S(ug,yo). We also denote by Ug(yo) the
open-loop control defined by

Ui (yo; t) = up(S(ug, yo; t)), for ae. t > 0. (52)

The following theorem states that for ||yg||y small enough, the closed-loop system has a unique
solution and generates an open-loop control in L?(0, 00).

Theorem 22 (Theorem 22 and Corollary 23, [9]). For all k > 2, there exist two constants §7 > 0
and M > 0 such that for all yo € By (d7), the closed-loop system admits a unique solution
S(ug,yo) € Weo satisfying

1S (ks yo)llwee < Mlyolly- (53)
Moreover, Ug(yo) € L?*(0,00) and the two mappings yo € By (67) — S(uk,yo) and yo € By (7) —
Uy (yo) are Lipschitz-continuous.

6.3 Error analysis

We finally recall some of the key lemmas used in the error analysis of [9], since they will be useful
for the extension provided in the next section.

The main idea consists in defining a perturbed cost function 7, which has the property that
Vy is its value function. This is achieved by constructing a remainder term r, defined for k > 2
and y € V by

2k k
1
re(y) = % Z Z @i (V) qk,i—5(Y)s (54)
i=k+1j=i—k
where the mappings gx 1, qx,2,..., and gy are given by
a1 (y) = C1(y),

ar,i(y) = % (Ci(y®") +1iG: (y®7)), Vi=2,..,k—1,
e,k (y) = GG (Y=h).

We recall that the definitions of C; and G, are given by (49d]). Note also that r;: V' — R is infinitely
differentiable. The perturbed cost function 7, is defined by

o0

1 [ a
Tk (u,y0) = */ 1CS(u,yo;t)|13 dt + 5/
0

u2(t)dt—|—/ (S (u, yos t)) dt.
2 0 0

The well-posedness of J, is guaranteed if S(yo,u) € W, see [9, Proposition 26]. We point out
that r; is not necessarily non-negative.

The next lemma states that Vy is the value function associated with the problem of minimization
of Ji over controls which guarantee trajectories in W,. Moreover, the control Ug(yo) given by
(50) and is a solution to the problem. Let us emphasize the fact that the result is stated for
an initial condition in By (67) NV.

Lemma 23 (Lemma 29, [9]). Let k > 2 and yo € By (07) NV. Then Jx(u,yo) and Ju(Uk(vo0), yo)
are finite and
V(o) = Te(Uk(yo), y0) < Tk (u; o),

for all u € L?(0,00) with S(u,yo) € Wee.

The loss of optimality when using Ug(yo) is estimated in Theorem [25| below. The proof relies
on Lemma [23 and on the two estimates given in the next lemma.
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Lemma 24 (Lemma 28, [9]). Let k > 2. There exists a constant M > 0 such that for all
Yo € By (s),

/Tk(?(t))dtSMHyoH]?H and / re(S (g, yost)) dt < M|lyol|5,
0 0

where i is an optimal trajectory for problem with initial value yq.

Finally, the following theorem asserts that Vj is an approximation of V of order k£ 4 1 in the
neighbourhood of 0 and gives an error estimate on the efficiency of the open-loop control generated
by ug.

Theorem 25 (Proposition 2, Theorem 30, and Theorem 32, [9]). Let k > 2. There exist dg € (0, 07]
and a constant M > 0 such that for all yo € By (ds), the following estimates hold:

J(Uk(y0),y0) < V(yo) + M| lyoll 5™,
V(yo) — Vi(yo)| < M|lyol/5.

In addition, for all yo € By (ds), Problem with initial condition yy possesses a solution u
satisfying
iU < M (k+1)/2
@ —Uk(yo)ll 22(0,00) < Mlwolly

_ k
5@, y0) = Sk, o) lw. < Moy 72,

We finish this section with an observation of the multilinear forms 7. The analysis of [9]
performed for obtaining the results presented in this section does not rely on the C'*°-regularity of
the value function. It was therefore not clear that the multilinear forms 75, 73,... are the derivatives
of V of order 2, 3,... evaluated at 0. This relation can now be established.

Theorem 26. For all k > 2, T = D*V(0).

Proof. The proof is based on the following result (referred to as polarization identity), proved in
[29, Theorem 1]: for all symmetric multilinear forms 7€ M(Y*,R), for all y = (y1,...,yx) € Y*,

1ok
T(iyl»---,yk) = ymﬂy]@)a

where the function f[y] is a polynomial function defined by

flyl: A € RF s T((ikiyi>®k).

As a direct corollary, we obtain that if two symmetric multilinear forms coincide on the set of
diagonal terms {y®* |y € Y*}, they are equal.

Let us come back to the proof of the lemma. Let & > 2 and let y € Y. By Theorem we
have the following Taylor expansion (with respect to 6 € R):

k j 4
V(09) = 3 ST ) + o).

Jj=2

<

We have proved in Corollary [15] that V is C'*°, therefore,
kogi .
V(by) = FDJV(O)(y@) +o(|6]*+).
j=2 7"

By the uniqueness of the Taylor expansion of functions of real variables, we deduce that for all
y €Y, Te(y®*) = D*V(0)(y®*). Since T and D*V(0) are both symmetric and coincide on the set
of diagonal terms, they are equal, which concludes the proof. O
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7 Error analysis: new estimates

In this section we improve the estimates obtained in Theorem The approach consists of two
main steps. First we use the fact that the control U (yp) is the solution to an optimal control
problem with a specific perturbation. The corresponding optimality conditions lead to a perturbed
adjoint equation, see Lemma 29} In a second step, we analyze the influence of the perturbation of
the optimality conditions.

We consider the perturbation term in the definition of 7, and define

Rp:ye Wy / re(y(t)) dt € R.
0

In the following lemma, we prove the differentiability of R; and give an estimate of the norm of
its derivative. The derivative of Ry will appear as an additional term in the perturbed costate
equation.

Lemma 27. The mapping Ry, is continuously differentiable. Its derivative is given by

DRu(y)z = [ Druly(@)a(t) e,
0
for ally and z € W,. Moreover, for all 6 > 0, there exists a constant M such that

|DRy(y)z| < Myl llzllw... (55)

for ally € W with ||yllw., < 6 and for all z € W,. Finally, if y € Wo, N L*(0,00; V), then
DRy (y) € L*(0,00; V*).

This lemma is proved in the Appendix, page As was already pointed out in Section [6] the
optimality of Ug(yp) for the minimization problem of Jx(yo, -) has only been proved for an initial
condition in By (d7)NV. The next technical lemma will enable us to prove the optimality of U (yo)
for initial conditions close to 0 but not necessarily in V.

Lemma 28. There exist constants o9 > 0 and M > 0 such that for all yo € By (d9) and u with
lull £2(0,00) < 9, we have: If |y|lw., < 9 wherey = S(yo,u), then for all §o € By (d9), there exists
@ € L*(0,00) such that

@ = ullz2(0,00) < Mo = wolly  and [|§ = yllw. < Mo — yolly,
where § = S(yo, ).
This lemma is proved in the Appendix, page

Lemma 29. Let k > 2. There exists 19 > 0 with the following property: If yo € By (010), then
there exists a unique costate py € L*(0,00; V) such that

— Pk = A"pr + ur N*pr + C*Cyi, + DRy (yx) in (W), (56)

and

aug + (Nyk + B,pk>y =0, (57)
where yr = S(uk,yo) and uy, = Ug(yo). Moreover, there exists a constant M, independent of yo,
such that

1Pkl 22(0,00,v) < M[yolly- (58)

Proof. Since S(uy,-) is continuous, there exists d19 € (0,07) such that for all yo € By (d19),

1S (uk; o) |l o< (0,005v) < Jo-
For a given yo € By (d10), consider the following problem:

i 1 [ a [

inf  Ji(y,u) = f/ |Cy(t)||% dt + */ u(t)? dt + Ry (y),
yGWoo 2 0 2 0

u€L?(0,00)

subject to: ex(y,u) := (§ — (Ay + (Ny + B)u),y(0) — yo) = (0,0). (59)

20



From Lemma 23 we know that for yo € By (d19) NV, the control Uy (yo) is a global solution to this
problem. We claim now that if yo € By (d10), then (S(uk, yo), Ur(yo)) is a local solution. Let us fix

yo € By (019) and denote (yx,ur) = (S(uk,v0), Ur(yo)). Let us set e = Mio(ég — Ykl Loe (0,005v) )
and let (y,u) € Wy x L%(0,00) be such that e(y,u) = 0 and ||y — yx|lw., <e. Then

||y - kaL"O(O,oo;Y) < M05
and thus [|y]| 1o (0,00;v) < do- Let (yg)nen be a sequence in By (dg) NV converging to yo in Y. By
Lemma there exists for all n € N a control u,, such that

[un = ullL2(0,00) < Mllyg = golly  and lyn =yl < Mllyg = ollv

where y, = S(un,yy). Since Ji is continuous, Ji(Yn,un) —> Jir(y,u). Using the continuity of
n—oo

the mappings yo — S(ug, yo) and yo — Uk (yo), we also obtain that
J(S(ar, y5), Uk(yg)) — Je(S(uk, yo), Uk(yo)) = Jr(yk, ur)-

n—oQ

From the optimality of (S(ug,yd), Ur(yy)), we deduce that for all n € N,
Jk(S(uka yg)a Uk(yg)) S Jk(yn, un)

and finally, passing to the limit in n

Je (i, uk) < Ji(y, ).

This proves the local optimality of (yg, ug).

The derivation of the optimality conditions, the proof of uniqueness of p; as well as the proof
of estimate (58), can be done exactly in the same way as in Lemma [11] The only difference is the
presence of the term DRy (yyx) in the costate equation, which can be estimated with Lemma O

Lemma 30. Foryg € By (610) NV, yr = S(uk,yo), and ur = Ug(yo), let pr be the unique costate
given by the previous lemma. Then, pr € Ws,. Moreover,

pi(t) = DVi(yx(t)), for allt > 0. (60)
Proof. We first prove that y, € L>(0,00; V). We set z = (fAO)%yk. Then, z is the solution to

i =Az+ Nzug + Bug, 2(0) = (—AO)%yo,

1

where N = (—Ag)2N(—Ay)~2 and where B = (—Ag)2B. Since (—Ag)~2 € L(V,D(—Ap)) and
(=A40)2 € L(V,Y), we have N € L(V,Y) and B € V*, as a consequence of (A5). We have
2(0) € Y, since yo € V, moreover, z € L%(0,00;Y), since y € L?(0,00; V). Therefore, by Lemma
2 € L®(0,00;Y) and finally, y, = (—Ag)~ 3z € L®(0,00; V).

Let us prove now that pr € W,. To this purpose, it is sufficient to prove that the right-
hand side of lies in L?(0,00; V*). Since yp € L*(0,00;V), we have by Lemma that
DRy (yx) € L?(0,00;V*). It remains to check that uxN*py € L?(0,00;V*). We have Ny, €
L>°(0,00;Y), moreover, ug(t) = ug(yx(t)), for a.e. t > 0. Using the definition of the feedback
law uy (given by ), we deduce that u, € L*(0,00). Moreover, N*p, € L?(0,00; V*), thus,
urpN*py, € L2(0,00; V*), and finally pi, € Wo.

The proof of equality is the same as the one for Lemma observing that Vj, is the value
function of Problem . Note that it was necessary to prove that p; € Wy, (and thus to assume
that yo € V), so that the integration by part in is well-defined. O

We finally obtain the desired improvement of Theorem 25
Theorem 31. Let k > 2. Then there exist 511 > 0 and M > 0 such that for all yo € By (611),
max ([|yx — gllwee lur = all 20,00, 125 = Pl £2(0,00v)) < Mllwoll¥, (61)

where
(,u,p) = (V(yo),U(wo), P(yo)) and (yr,ur) = (S(ux,y0), Ur(v0))

and where py, is the costate given by Lemma[29. Moreover,

T (Yo, ue) < V(yo) + M||yoll3F. (62)
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Proof. Step 1: application of the inverse function theorem. We consider again the mapping ®
defined by . As was proved in Lemma ® is infinitely differentiable and D®(0,0,0) is an
isomorphism. For a given § > 0, we denote

B() = {(y,w) € Y x (W)" | lylly <6, [wlwe) <6}

Applying the inverse function theorem, we obtain that there exist § > 0, ¢’ > 0, and three infinitely
differentiable mappings

(yo,w) € B(8) = (Y (yo, w),U(yo, w), P(yo, w)) € Wae x L*(0,00) x L*(0,00; V)

such that for all (y,u,p) € Wy x L?*(0,00) x L?(0,00;V) and for all pairs (yo,w) € B(6), if
max(|[yllw.,, [l 22 0,00), 1Pl 22(0,005v)) < &', then

57(2/07 w)
(yOv w)

y -
@y, u,p) = (y0,0,w,0) <= u=
p (y(),UI).

o

We shall use this fact with w = DRy (yx). By the continuity of the mappings S(ug,-) and Ug(-),
by Lemma [27| and by Lemma there exists 011 € (0, d10) so that for all yo € By (011),

{ max (| gl wee » [0 ]| 22 (0,000 125 22000017 ) < & )

max ([[yolly, DRk (ye)lwa)+) < 6.

Step 2: a characterization of (yk, ug, pr). We now claim that for yo € By (011),

Y. = Y(yo, DRy, (yr)),
(Yo, DR (yx)), (64)
(Yo, DRi(yk))-

oINS
=

Uk
Pk

Let us first consider the case where yg € By (d11) N V. The key observation is that ®(yg, uk, pr) =
(0,0, DRy (yx),0). This equality is clearly satisfied for the first three coordinates of ®, since
yr(0) = yo, and since y; and py satisfy the state and costate equations, respectively. By Lemma
pr(t) = DV (yk(t)) for a.e. t > 0, therefore,

unt) = wk(r(0) =~ DV ()N (t) + B) =~ {pu(6), Nun(t) + B)y-

This proves that au, + (Nyr + B,pr) = 0 and justifies that ®(yx, uk, pr) = (yo,0, DRk (yx),0).
Combined with , we obtain as announced.

Let us consider now the case of an arbitrary initial condition yy in By (d11). Let (y§)nen be a
sequence in By (d11) NV converging to yo. We set yi = S(ug, y3), up = Ur(yy) and denote by pf
the associated costate. We have already proved that

y(y6L7 DRk (y
U(yg, D

{ Y K
u ( Ri(yR))-

By continuity of the mappings S(ug,-), Y, U, and DRy(-) (see Lemma , we can pass to the
limit in the above relations. It follows that

Yk = ?(yo,DRk(yk)),
k= U(yo, DRy (yr)).

=3
[l

3

Let us set pp = 75(y0, DRy(yx)). By construction of P, pr is such that
—pr — A*Pr — upN*p, — C*Cy, = DRi(yx), ouy + (Nyp + B, fr)y =0,

meaning that p; satisfies the costate equation and relation . It must be equal to pg, by
Lemma 29| Therefore, holds and the claim is proved.
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Step 3: a characterization of (y,u,p). Now, let us reduce 011, if necessary, so that for all
Yo € By (d11),

max ([|V(yo, 0)llwe , 1 (50, 0) |l £2(0,00): 1P (05 0| L2 (0,001)) < 05,

with &3 defined in Proposition Then we have
(:P(yo» 0)71;{(3/07 0)7 ,ﬁ(y(% 0)) = (y(y0)7u(y0)7 P(yo)) .

_ Step 4: conclusion. The value of 611 can be reduced once again, so that the mappings 37, U , and
P are Lipschitz-continuous. Using the Lipschitz continuity of S(ug,-) and Lemma we obtain
that

lye = Fllwe = (|9 (v0, DRi(wr)) = V(0,0 ||y,
< M||DR(yr)ll(we)-
< Mlyk|l5y..
< Mlyol¥-

The remaining estimates on ||ug — | 1,2(0,00) and [|pr =Pl £2(0,00;1) can be proved similarly. Estimate

follows.
For proving , we use the same technique as in Lemma We have

_ 1 « 1 _ o
T o w) = T (0, 0) = (5109 20,0012 + 5 0k F0.00) ) = (F1CTI 20,0002 + 5 1l F 200,00
- <l37 Uk — (Ayk + (Nyk + B)uk)) £2(0,00;V),L2(0,00:V )
+ (5,9 — (A + (NG + B)1)) £2(0,00:V'),L2(0,00:V*)
1 _ o _
= §||C(:Uk - y)||2L2(o,oo-,y) + §||U/c - U|\2L2(o,oo)
+ (BN (W = D)k = D) 120 o) 1200010 )

< M(llyx — 9l + llur = @ll72(0,00))
< Mlyoll3*-

Estimate follows. The theorem is proved. O

8 Conclusion

We have performed a sensitivity analysis for an infinite-horizon optimal control problem involving
an infinite-dimensional state equation. Error estimates for the efficiency of polynomial feedback
laws have been derived. The approach that we have used, based on a stability analysis of the opti-
mality conditions, is quite general and can certainly be used for other classes of partial differential
equations. Future work will focus on stabilization problems of semilinear parabolic equations, for
which the derivation and analysis of polynomial feedback laws are completely open. Non-smooth
variants of the implicit function theorem should also enable us to perform a sensitivity analysis
for infinite-time horizon control problems with a sparsity-promoting term in the cost function.
Finally, our approach could also be used to derive error estimates on the efficiency of other kinds
of feedback laws, like State Dependent Riccati Equations based feedback laws.
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A Appendix: technical proofs

Proof of Proposition[I1. We fix a value of §; > 0 which is such that §; < (||N||£(Y7V*)M0Md)_1.
Then, by Lemma {4} § € W. As a consequence, (7,%) is a solution to the following optimization
problem:

inf J ) ) bject to: s — 0’
(5u)EWne X L2(0,00) (y,u),  subject to: e(y,u)
where
1 [ ) o [ ,
Jyw) =5 [ NCy@lzdt+5 [ u(t)”dt
0 0
and where

e(y,u) = (§ — (Ay + Nyu + Bu),y(0) — yo) € L*(0,00;V*) x Y.

Our approach for deriving optimality conditions is similar to the one of Lemmal[0} In order to have
a state variable in W2, we first need to perform a shift of the state equation. Let u € L%(0,00)

<}

and set y = S(yo,u). Then, z = y — ¢ is the solution to the following system:
2=Az+ Nzu+ (Ny+ B)u — (Nyu + Bu), =z(0)=0.

We can now consider the following optimization problem:

(Z,u)EWi;’?>f<L2(0,oo) J(z,u), subject to: é(z,u) =0, (65)

where

Jew) = I+ gu) = 5 /OOO 100 + g% e + 5 /Ooo u(ty?dt

and where
é(z,u) = 2 — (Az + Nzu+ Bu — (Nyu + Bu)) € L*(0,00; V*).

For all (y,u) € Wy, x L%(0,00), we have:

e(y,u) =0 <= [é(z,u) =0 and z€ W2], wherez=1y—7.

Since J(z,u) = J(z+ 7, u), we deduce that (j — § = 0,u) is a solution to problem (65).
The mappings J and é are continuously differentiable. We have

D‘]( ”H’) (5’ U) = <C*Cga €>L2(0,00;Y) + Oé<’17/, U>L2(O,oo)
Dé(0,a)(&,v) = € — (A+aN)E — (Nj + B)v.

Let us prove now that Dé(0,u) is surjective, if §; > 0 is sufficiently small. For ¢ € L?(0,00;V*),
let z be the solution to

i=(A+uaN)z+ (Ny+ B)Fz+¢, z(0)=0.

Then we find
£(t) = (A+ BF)z(t) + (P2)(t) + »(1),
where
(P2)(t) = a(t)N=(t) + Nj(t) F2(2),
and

1Pz 20,00+ < (INll2eviveyllall L2 0,00) + IV | 2viv) 191122 0,003 1 F | 2 vy ) 21| Low (0,005v)
< Mo(INllzev,vey + INI 2o IF Nl covimy) Sullzllwe -
It follows that for §; > 0 chosen sufficiently small

1
||PH£(WOQ,L2(0,oo;v*)) < ML
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Therefore, by Lemma [2] and Remark [3] there exists a constant M > 0 such that

12w < MllpllL2(0,00v4)- (66)
Setting v = F'z, we obtain that
||U||L2(0,OO) < MH@HL%O,OO;V*)' (67)
Finally we have
Dé(0,@)(z,v) = ¢, (68)

which proves that Dé(0, @) is surjective. Let us emphasize the fact that the constant M involved
in and does not depend on (@,y) (but it depends on d7). It follows from the surjectivity
of Dé(0,u) that there exists a unique p € L?(0, 00; V) such that for all (z,v) € WY x L?(0, 00),

DJ(0,a)(z,v) — {p, D&(0,a)(z, v)>L2(07m;V)’L2(O’m;V*) =0. (69)

The costate equation and relation follow, similarly to the proof of Lemma @ It remains
to prove estimate on the costate. Let ¢ € L?(0,00;V*) and (z,v) be taken as in the proof of
the surjectivity of Dé(0,u). From and , we deduce that

(P, ) 12(0,00v),12(0,000v) = (P> DEO W) (2,0)) 120, ccv),12(0,00v)
= DJ(0,a)(z,v)

< M(||Z7||L2(o,oo;Y)||Z||L2(0,oo;y) + ”aHLz(O,oo)||U||L2(O,oo))
< M([9ll22(0,00:v) + 18] 2 (0,000 121l L2 (0,00;v77)

Once again, the constant M obtained above does not depend on (g, @) and ¢, therefore, holds
true. O

Proof of Lemma[27 The mapping rj can be written in the following form:

2k ji(i) 4 2k j2(i) 4
Tk(y) = Z Z Qll,j(y""’y)+ Z Z Qé,j(y""ayaNyvya""y)

i=k+1 j=1 i=k+1 j=1

2k Ja(i)
+ Z Z Qé,j(ya"')y7Ny7ya"'ay7Ny7y7"'ay)7
i=k+1 j=1

where all the mappings Q};’ ; are bounded multilinear forms of order 7. To simplify, we prove the
result for the following mapping:

R:ye Wy r—)/ r(y(t))dt, where: r(y) = Q(Ny,Ny,y,...,y)
0

and Q is a bounded multilinear form of order ¢ > k+ 1. The general case easily follows. For y and
z €V, we have

Dr(y)z = Q(Nz, Ny, y,....y) + Q(Ny, N2, y, ..., y)
+ O(Ny, Ny, 2,9, ...,y) + ... + Q(Ny, Ny, y, ...,y,2) € R.

We prove that R is continuously differentiable and that

DR(y)z = /000 Dr(y(t))=(t) dt. (70)
Let us define

R1: (yla ayk) S (Woo)k — / Q(NylaNy27y3a 7yk) dt)
0

Ry: Yy e Woo — y®k € (Woo)k>
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so that R = Ry o Ry. The operator Ry is linear and bounded, thus it is infinitely differentiable.
The mapping R; is a bounded multilinear form, since

[R1(y1s - Uk)| < NNy 2200,00:7) 1IN Y2l 220,007 1431l 250 (0,0057) -+ |9k | 5% (0,0057)
< Mly1llz20,00v) 1¥211 220,00 1931 L% (0,005v) - 1Yk o< (0,057
< Mlyrllwe -+ lyxlw. -

Therefore, R; is continuously differentiable (see [9, Lemma 7]), moreover,

DRy(y1, -, yk) (21, s 21) = Ri(21,92, -, Yk)
+ R1(917227?J3a [RED) yk) + + Rl (yla e Yk—1, Zk:)' (71)

This proves that R is continuously differentiable. Moreover, by the chain rule,
DR(y)z = DR1(Ra(y)) DRa(y)z.

Combined with , we obtain .
Let us prove estimate (b5)). For y and z € V, the following estimate holds:

|Dr(y)z] < M([lyllv Il >zl + Tyl vl llzlly)- (72)

Therefore, for all y and z € W,

o0
/0 IDr(y(e) (=) dt < M (] 20,000 19115210 ,meer 2] 200,00
1912000 9123 0 oy 12 2 0,001
< Myl 12llw...

The constant M involved in the above inequality is independent of y and z, therefore, for a given
>0,

(oo}
| [ Dron o a < Mgl ol e, < 57yl

if ||yllw., <9, since ¢ > k + 1. This proves estimate (55)).
Assume now that y € W, N L®(0,00; V). As a consequence of , there exists a constant
M > 0, independent of y and z, such that

IDR(y)2| < M ([[yll 22 (0,00:v) 1 21| 22 0,00:) [Y1] 72 0.0007)
+ Hy||Lo<>(o,oo;v)Hy||L2(o,oo;V)HZHLQ(O,oo;V)||y|\f-o3(o,oo;y))v

which proves that in this case DR(z) € L*(0,00; V*). O
Proof of Lemma[28 The main idea is the following: we construct § as the solution to the following
system: )

y=Ag+(Ny+B)(u+F(H—y), 50)= 7. (73)
The corresponding control @ is then defined by

t=u+ F(§—vy). (74)

The key observation is that z := ¢ — y is the solution to the following nonlinear system:

2=(A+BF +uN + NyF)z+ NzFz, z(0) =gy — yo-

Steps 1 and 2 below are intermediate results. They will be used in step 3, where we prove the
existence of a solution to . We finally prove the claim of the lemma in step 4.
Step 1. We first prove that there exist §, > 0 and M; > 0 such that for all

(uayvzoaf) € L2(O,OO) X WOO xY x L2(07001V*)7
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with max({|ul| £2(0,00), [[¥[|W. ) < da, the following linear system has a unique solution:
Z2=(A+ BF +uN + NyF)z+ f, z(0) = 2o, (75)

satisfying
[2llwe < Mi([l20lly + 1l 22(0,00,v%))- (76)
This is a direct consequence of Lemma Indeed, let us define P € £(W,, L?(0,00; V*)) by

(P2)(t) = u(t)Nz(t) + Ny(t)Fz(t). (77)
We have

1Pz L2 (0,00;v+) < el 2 (0,00) IVl 2y, v ) 121 Loe (0,005v)
+ 1INl 2ev,vey

< Mogl|z]|w.

Yl 220,00 1 F' 2 (v, 12]] Lo (0,005v)

where the constant M is independent of u, y, and z. One can therefore choose é, > 0 such that
1Pl cwe,2(0,00;v+)) < 1/(2M;). The well-posedeness of and estimate follow.

Step 2. We prove that there exists My > 0 such that for all z; and zo € W, the following
estimate holds:

IN2oFzy — N21 Fz1| 2(0,000v+) < Mamax ([|21]| o 0,00;v) 122]| o0 (0,005v) ) 122 — 21 [ we - (78)
For all z; and z9 € W, we have

[N2oFz2 — N21Fz1||12(0,00;v+)
< |IN(z2 — 21)F 22|22 (0,00v %) + [N21F (22 — 21) | £2(0,00,v7%)
< | INlleevvllzz = 21l L2 0,007 1| 2(vir) 122 o< (0,00:7)
+ IVl zevive)

21| oo (0,007) | Fll 2(vir) |22 — 211 £2(0,005v) -

Estimate follows.
Step 3. We prove now that there exist §, > 0 and Mz > 0 such that for all (u,y,z29) €
L2(0,00) X Wao x By (6) with [|u|£2(0,00) < da and [Jy[lw.. < 8a, the following nonlinear system:

2=(A+ BF +uN + NyF)z+ NzFz, z(0) =z (79)
has a unique solution in W, satisfying
2w < Ms|lz0]ly-

We prove this claim with M3 = 2M; and

By definition of Mj3, we have

P —
™ 9 My M, My Ms

The existence of a solution to is obtained with a fixed-point argument. For a fixed ||zo|ly €
By (dp), let us consider the set M C W, defined by

M= {z€Wx|lzllw. < Ms|zolly}-

We also consider the mapping Z: M — W, where Z = Z(z) is defined as the unique solution to
the following system:

2= (A4 BF +uN + NyF): + NzFz, 2(0) = z.
For z € M we have

12l Lo (0,005v) < Mol|zllw,, < MoMsl|zolly < MoMs3dp,
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and thus using and

12[lw. < Mi(llzolly + N2z £2(0,00:v+))
< Mi(||zolly + Mal|2]| Lo (0,005v)
< My (1 + MoMyM36y) | zo0lly
< 2Mi||zo]|y s

zllw..)

which proves that Z(z) € M. Next let z; and 2o € M, and set z = Z(z3) — Z(21). We find
2=(A+BF +uN+ NyF)z+ (Nz2oFzy — N2y Fz), 2z(0)=0.
Therefore, by , we obtain

| 2llwo. < My Mamax (|21 £ (0,00v)s 1122 o< (0,000v) ) 122 — 21[|wie

<My Ms6y
z Z21||Wa -
— 2 2 1 =]

This proves that Z is a contraction and that it possesses a unique fixed point. The existence and
the uniqueness of a solution to in M follow.

Let us prove now the uniqueness in W,. Let z be the unique solution to in M. As was
already proved, ||z||ze(0,00;v) < MoM3dy. Assume that there exists another solution Z € We.
Since Z(0) = z(0), there exists a time 7" > 0 such that

- 3 -
120,157y < 5 MoMsdy, 20,11 # 2(j0,17)-
One can check that

12 = zllw(o,ry < MiMymax (||Z]| L (0,75v), 12l Lo 0,753)) |12 = 2w o,m)

3 ~
(M10Mz) (5 Mo Mady ) |12 = 2llw o,

IN

IN

31z
4 W(O,T)~

Therefore, ||Z — z||w o,y = 0, which is a contradiction.
Step 4. To conclude, let us set dg = min(d,,d,/2). Let yo and o € By (d9), let u € L?(0, 00)
satisfy [|ul|z2(0,00) < 09, and assume that ||y[|w., < do, where y = S(yo,u). Then,

190 — volly < 259 < dp

and therefore, for zg = o — 4o, the nonlinear system has a unique solution z € W, satisfying
z < Msl|Jo — yolly- Weset § =y +z and @ = u+ F(§ —y), so that and hold. Moreover,

we have

19— yllwe < Mslgo —yolly and [[@ —ullr20,00) < I Fllcevimyllzllwe. < Mllgo — volly-

The lemma is proved. O
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