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On the One-Dimensional Nonlinear Monodomain
Equations with Moving Controls

KARL KUNISCH* DiEGO A. Souzat

Abstract

In this paper local exact controllability to the trajectories for the one-dimensional mon-
odomain equations with the FitzHugh-Nagumo and Rogers-McCulloch ionic models using
distributed controls with a moving support is investigated. In a first step a new Carleman
inequality for the linearized monodomain equations, under assumptions on the movement of
the control region is presented. It leads to null controllability at any positive time. Subse-
quently, a local result concerning the exact controllability to the trajectories for the nonlinear
monodomain equations is deduced.
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1 Introduction

The main objective of this paper is to study controllability properties of nonlinear reaction-diffusion
systems which model the electrical activity in the heart. Our reference model for the heart’s
electrical activity is the so-called bidomain model, formulated mathematically in [20], see also
e.g. [19, Chapter 2] and the references therein. Next, we describe such a model in order to
motivate the controllability results studied. Since the bidomain model is not frequently discussed
in mathematical publications we allow more space for our description. At the end of this section
we shall relate our results to results on the exact controllability of the heat equation with memory
terms.

We start by saying that heart muscle cells belong to a class of cells known as excitable cells,
which have the ability to respond actively to an electrical stimulus. In absence of an electrical
stimulus cells remain electrically quiescent at a given potential difference across the cell membrane.
At rest the potential inside the cells, called the intracellular potential, is negative compared to
the extracellular potential, which is the potential in the interstitial space between the cells and
the potential difference is referred to as transmembrane voltage. When such cells are stimulated
electrically they depolarize the transmembrane voltage towards less negative or positive values. If
the delivered stimulus is strong enough to depolarize the cell above an intrinsic firing threshold an
active response is elicited, otherwise the cell returns to its resting state. The active response of the
cell is of all or none type, that is, the elicited active response is always the same independently of
the applied stimulus strength. This threshold behavior discriminating between active non-linear
and passive linear response is referred to as excitability. The depolarization of cells above the
firing threshold is a very fast process which is followed by a slower repolarization that restores the
potential difference to its resting value. The complete cycle of depolarization and repolarization is
called an action potential. In tissue the intracellular spaces of cells are interconnected and thus an
ongoing action potential in one cell can depolarize the resting potential in neighboring cells up to
the firing threshold and thus provide a mechanism for the propagation of electrical signals. This
ability enables an electric activation occurring in one part of the heart to propagate through the
muscle and activate the entire heart.

The bidomain model is a macroscopic model based on the assumption that, at mesoscopic
scale, cardiac tissue can be viewed as partitioned into two ohmic conducting media separated by
the cell membrane: the intracellular medium formed by the interior space of cardiac cells and the
extracellular medium which represents the space between cells. Both domains are assumed to be
continuous, and they both fill the complete volume of the heart muscle. This latter assumption
of interpenetrating domains, that is intracellular space, extracellular space and membrane co-
exist at any point in space, does not reflect biophysical reality at a cellular size scale, but can
be justified at a mesoscopic size scales based on homogenization arguments. The justification
for viewing the intracellular space as continuous is that the muscle cells are interconnected via
conducting pores referred to as gap junctions. Because of the gap junctions, substances such as
ions or small molecules may pass directly from one cell to another, without entering the space
between the two cells (the extracellular domain). Having said this, in each of the two domains a
macroscopic electric potential is defined and the membrane acts as an electrical insulator between
the two domains, since otherwise we could not have a potential difference between the intracellular
and extracellular domains. Although the resistance of the cell membrane itself is very high, it
allows electrically charged molecules (ions) to pass through specific channels embedded in the
membrane. Then, an electrical current referred to as ionic current will cross the membrane, the
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magnitude of which will depend on the driving force across the membrane, that is the difference
between transmembrane voltage and the equilibrium potential for a given ion species, and on the
channel’s permeability to the this ion species. The transmembrane voltage is defined as the potential
difference across the membrane for every point in the heart. The bidomain formulation recognizes
that cardiac tissue is electrically anisotropic and that current flows in both extracellular and
intracellular domains. Bidomain models are necessary to simulate defibrillation and the biophysical
mechanisms underlying the initiation of propagation with pacing stimuli where the current is
injected in the extracellular domain, and have the further advantage that the most commonly
measured cardiac electrical signals — extracellular potential and transmembrane voltage — are direct
model outputs.

In the following let 2 denote a sample cardiac tissue in dimension two or three and denote by
v the outward unit normal vector. Let u; = w;(t,2) and u. = u.(¢,z) be the intracellular and
extracellular electric potentials, respectively, and denote by v = u; —u, the transmembrane electric
potential. The anisotropic properties of the media are modeled by intracellular and extracellular
conductivity tensors o;(x) and o, (z), respectively. We assume that o, 0; € C1(Q; Mn(R)) (N = 2
ou N = 3) with (0.(2)£,&) > 0e0lé]? in Q (0e0 > 0) and (0;(2)€,€) > 7i0/¢)* in Q (0,0 > 0).
In this way the propagation of the electrical signal through the cardiac tissue is described by the
following parabolic system:

(Lm(Cm’Ut + Iion) -V [Jl(x)VuZ] = Is,i in Qx R>0,
am (emVt + Lion) + V + [0e(2)Vue] =Zs . in 2 x Ry,

[0i(x)Vu;]-v =0 on 9J0 x Ry, (1)
[0e(x)Vue] - v =0 on 9IQ x Ry,
v(+,0) =g in Q

where ¢, > 01is the capacitance of the cell membrane, a,, > 0 is the homogenized surface-to-volume
ratio of the cell membrane, Z;oy, is the ionic current across the membrane, I, ; and Z, . model the
intracellular and extracellular stimulation current used to trigger the action potential of the cell.
The boundary conditions imply that the heart is surrounded by a non-conductive medium, and
thus we require that the normal component of both the intracellular and extracellular current to
be zero.

The ionic current term Z;,, in for a given ion species is a function of the transmembrane
voltage, the equilibrium potential of the ion species and additional cellular state variables w (ionic
concentrations and gating variables). Let us explain briefly the appearance of these state vari-
ables: although the cell membrane itself is impermeable to ions, it has embedded in it a number
of large proteins that form channels through the membrane where the ions can pass. Some trans-
port proteins form pumps and exchangers, which are important for maintaining the correct ionic
concentrations in the cells. Both pumps and exchangers have the ability to transport ions in the
opposite direction of the flow generated by concentration gradients and electrical fields. In addi-
tion to the pumps and exchangers, certain proteins form channels in the membrane, through which
ions may flow passively along the direction of the electrochemical gradient which is a function of
transmembrane voltage and ion concentrations. These channels are extremely important for the
behavior of excitable cells because most of the channels are highly selective regarding which ions
are allowed to pass. This property of the channels is essential for generating and maintaining the
potential difference across the membrane. The channels, so-called gating channels, also have the
ability to open and close in response to changes in the transmembrane voltage or the presence of
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ligand molecules, and this ability is essential for the signal propagation in excitable tissue. Together
with the constitutive equations for the cellular state variables w system can be rewritten as:

m (emVt + Lion (v, W)) = V - (0;(2)Vu;)) =Ts; in Q xRy,

A (CmV + Lion (v, W)) + V- (0c(2)Vue) =Zse  in Q xRy,

w; +g(v,w)=0 in xRy, @)
(oi(x)Vu;) v =0 on 09 X Ry,

(0e(z)Vue) - v=0 on 99 X Ry,

v(-,0) =vy, w(-,0)=wg in Q,

where g(v, w) is a vector function that depends on the electrophysiological behavior of the heart
cells. For simplicity, let us consider that we have only one celullar state variable w and therefore
a scalar function g.

Some typical models for the ionic current include the FitzHugh-Nagumo model (see [10])

Zion(v,w) =bv(a —v)(1 —v)+cw and g(v,w)=—vy(v— fw) (3)
as well as the Rogers-McCulloch model (see [18])
Tion(v,0) = bofa —v)(1— ) +cvw and  g(v,w) = (v — fuw) (1)

where a, b, ¢, v, § are positive “membrane” parameters that define the shape of the action potential
pulse. For additional discussion of related physiological models leading to systems comparable to
we refer to [I3] and for one dimensional models [16] 17].

Since the bidomain model for the electrical activity in the heart which is difficult to solve and
analyze, by making an assumption on the conductivity tensors o; and o, it is possible to simplify
the model. Precisely, if we assume equal anisotropy rates, i.e. 0. = po;, where p is a constant
scalar, then o; can be “eliminated” from , resulting in

A (CmVt + Lion(v,w)) — 7=V - (0e(2)Vv) = #(IS’E +uZs;) in Q xRy,

1+p 1+p
w + g(v,w) =0 in Q xRy, 5)
(oe(z)VV) - v =0 on 9Q x Ry,
v('vo) = o, ’LU(,O) = Wo n Q,

this particular reduction of the bidomain model is the so-called monodomain model.

In this paper we shall study controllability properties for a simplified 1D nonlinear monodomain
version of . From now on, let us consider Z;,,, and g to be given by (in fact, the results
presented in this paper holds for both FitzHugh-Nagumo and Rogers-McCulloch models) Assuming
that L > 0 be a positive length and T" > 0 a positive time, system takes the form:

am (et + Zion (v, w)) — ﬁ(ae(aﬁ)vz)z = ﬁ[s,i + ﬁIS,e in (0,L)x (0,7),

w + g(v,w) =0 in (0,L)x (0,7), (©)
Ue(x)vx}zzo = Ue(x)vx‘x:L =0 in (0,7),

v(+,0) =v9, w(-,0)=wp in (0,L).

The aim is to prove that we can steer the transmembrane voltage-state variable pair from any
initial state (vg,wp) to a desired state (the final datum of a given trajectory), with the help of
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an extracellular stimulation Z; ., also called the control, acting only on arbitrary small w part of
(0, L) which moves into (0, L) during an arbitrary small time interval (0,7"). This idea of a moving
control domain to guarantee controllability has been used for many different problems in the past
few years. See [15] for the pioneer work. Here we use the approach introduced in [5], relying on
Carleman inequalities, which allows us to treat problems posed on bounded domains. The result
will give the exact controllability to the trajectories for the monodomain model @ as long as the
control domain w moves in an appropriate manner and covers the whole domain (0, L). Without
loss of generality we can suppose that ¢, = p=1and a,,, = % We will deal with the controllability
for the following system

Ve + Lion (v, w) — (03(2)V3)e =Lsi +Lse in (0,L) x (0,T),

we + g(v,w) =0 in (0,L) x (0,7), )
Ui(x)vm’r:o = O’i({E)’UI‘m:L =0 on (0,7,

v(+,0) =vg, w(-,0)=wp in (0,L),

where Z, ; € H'(0,T; H*(0,L)) and Z . € L*((0,L)x(0,T)), with suppZs (-, t) C w(t) Vt € (0, 7).
Let us recall the definitions of some usual spaces in the context of parabolic equations with
boundary conditions of Neumann type

H}(0,L) :={u€ H*(0,L) : ug|, =0} and H3(0,L):= H3*(0,L)NH2(0,L).

:ozur|

x=L
Note that, for every (vg,wo) € H'(0,L) x L?(0,L) and every Z, ;,Zs . € L*((0,L) x (0, L)),

there exists a unique solution (v, w) to (7)) that satisfies (among other things)
(v,w) € C°([0,T); H'(0, L) x L*(0, L)),

see for instance [3| Theorem 1.1].
Let us now fix a trajectory (0,w), that is, a sufficiently regular solution to the related uncon-
trolled system

Uy 4 Zion (0, w) — (04(x)U4)e =Zs; in (0,L) x (0,T),

Wy + ?(@,w)j 0 ) ) in (0,L) x (0,7, ®)
U,;(I)’Um|w:0 = Ui(x)v-”f|w:L =0 on (0,7),

o(-,0) = vy, w(-,0) =g in (0,L),

with (’L_)(), ’wo) € Hl(O, L) X LQ(O, L)
The main result of this paper is the following:

Theorem 1.1 Assume that o; € CY((;R), T > 0, Z,, € H'(0,T; H*(0, L)), (v,w) satisfies
with (vg,we) € H2(0,L) x H2(0,L) and that the control support w : (0,T) — 2(%L) contains a
subset satisfying Assumption [1| below. Then there exists § > 0 such that whenever (v, wy) €
HY(0,L) x H2(0,L) and

[ (vo, wo) — (Vo, Wo) | L2(0,2)x H2(0,1) < 9,

we can find a control I, . € L*((0,L) x (0,T)), with suppZs (-, t) C w(t) YVt € (0,T), such that
the associated state (v,w), solution of system , satisfies

(U,QU)(-,T)Z(T},@)(-,T) in (OvL)' (9)
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The property which is established in Theorem [I.1]is called local ezact controllability to trajec-
tories. It is proof will be given at the end of Section [3| It relies, in part, on arguments and results
from [5] and [6] which need to be changed to account for the PDE-ODE coupling and to Neumann
boundary conditions. Thus, let us set v = v 4+ y, w = w + z and let us use these identities in .
Taking into account that (7, @) solves (), we find:

Yt — (0:(2)Ys)w + Zion (Y, 2) + 3b0y? + £y (v, w)y + cvz =I5, in (0,L) x (0,T),
z+9(y,2) =0 in (0,L) % (0,7), (10)
0i(2)yel,_o = 0i(2)y0],_p = 0 on (0,T),

y(-,0) =yo, 2(-,0) =2 in (0,L),

where £, (v, W) := 3bv? — 2b(1 + a)v + cw is the coefficient of the linear term in y and yo := vy — o
and zg := wg — W are the initial data.

In this way the local exact controllability to the trajectories for system is reduced to a local
null controllability problem for the solution (y, z) to the nonlinear problem .

Notice that if we introduce the variables p = ve7%y and ¢ = €772, then null controllability for
system is equivalent to null controllability for the system

pt — (0:(2)ps)a + £p(0,0)p + £y(0,w)g + N (p,q) = hl, in (0,L)x (0,7T),

G =0p in (0,L)x (0,7), ()
O—i(x)pz|x:0 = O—i(x)px|w:L =0 on (Oﬂ T)v

p(,0) =po, 4q(-,0) =qo in (0,L),

where N (p, q) := by~ te P30 — (1 + a)]p? + ce™"Ppq + by~2e=275t p? is the nonlinear term, and
Ly(0, @) = £y (V,w) — vB + ab and £,(¥, W) := ycv are the coefficients of the linear terms in p and
q, respectively, po := yyo and qo := 2o are the initial data, and h := fye”BtIS’e is the control and
1, is the characteristic function of w.

In order to solve the latter, following a standard approach, we will first deduce (global) null
controllability of a suitable linearized version, namely:

pr — (0:(2)pg)z + £p(0,W)p + £y(0,w)g = G+ hl, in (0,L)x (0,T),
= i 0,L) x (0,7,
G =p in (0,L) x ( (12)
01(¢)Pm|x:0 = Ui(m)pz‘x:L =0 on (0,7),
p(70) = Po, q(,O) =4qo in (O7L)7

where G is an appropriate function that decays exponentially as t — T~
Then, appropriate and rather classical arguments will be used to deduce the local null control-
lability of the nonlinear system .

Remark 1.2 In the case of the FitzHugh-Nagumo model, i.e. with Z;,, chosen as in , the minor
difference consist in £, = vyc , £,(v,w) := 3bv% — 2b(1 + a)v + ¢, and N(p,q) := by te 7P [30 —
(14 a)]p? + ce™"Ptq + by=2e=215t p3.

Let us note in particular that for go = 0, £, =1, and G = 0, system becomes

t
pt — (04(X)ps) s + dp+/ p(z,8)ds=hl, in (0,L)x (0,T),
0

O’i(ﬂ?)px|m:0 = ai(x)pz|I:L =0 on (0,7), (13)

p('70) = Po in (O,L),
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with d = £,(v,w). Proposition[3 below will imply (global) null controllability for the heat equation
with memory.

Exact controllability is a challenging topic which has received a tremendous amount of attention
in the literature. We only comment on a few, closely related publications. For this purpose
we first note that the linearized system above can be transformed into a parabolic system
with a distributed memory term, and an additional time-dependent source term if gy # 0. In
[3] optimal control of the monodomain equations is considered and the question of approximate
controllability of the heat equation with Dirichlet boundary conditions and with memory term is
raised as interesting open problem. In [I2] it was verified that the heat equation with Dirichlet
boundary conditions and memory terms is not exactly null controllable. A related negative result
was obtained in [4] were it was shown that the linearized monodomain system with Neumann
boundary conditions is not exactly null controllable for a range of physically relevant parameters.
All these negative results refer to the case that the control domain is a fixed domain w strictly
contained in Q. In the recent publication [7] exact null controllability of the linear heat equation
with memory terms and Dirichlet boundary condition is obtained if the control domain sweeps the
domain 2 appropriately.

In this paper, we are going to treat different situations which lead to new difficulties compared
to the previous works on parabolic equations with memory terms. Let us discuss these differences:

e Neumann boundary condition. The main strategy consist of a Carleman inequality with
suitable weights which allows to simultaneously treat the parabolic equation with Neumann
boundary conditions and the ODEs. The Carleman inequalities obtained in [7] are inequalities
for parabolic equations with Dirichlet boundary condition and cannot be applied for our
situation.

e Nonlinearities. Here we are going to consider two kinds of (cubic) nonlinearities arising in
the FitzHugh Nagumo and Rogers-McCulloch models which differ due to the way in which
the memory term w appears in the PDE equation, compare and . The main argument
to obtain the exact control result for the nonlinear system relies on the Liusternik inverse
mapping theorem.

e Inhomogeneities. Another difficulty to verify exact null controllability arises due to the
inhomogeneities G and ¢qg in the linear PDE-ODE system.

The paper is organized as follows. In Section [2] we shall present Carleman inequalities with
moving observations and regularity results for trajectories. Section [3] deals with the null control-
lability for linear monodomain equations and the local exact controllability to trajectories for the
nonlinear monodomain equations. Finally, in Section [A] we present a Carleman inequality for a
parabolic equation with Neumann boundary conditions and moving observations.

2 Preliminaries

This section is devoted to introduce some appropriate Carleman inequalities with moving obser-
vations for ODE’s and PDE’s and regularity results for the trajectory solutions for .
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2.1 Carleman inequalities with moving observations

In this section, we shall present the main assumptions on moving support of the controls and
the observations and their consequences in terms of Carleman inequalities. Many of them were
introduced or inspired by [I, B, @ [15]. These results will play a crucial role in order to obtain
the exact controllability to trajectories for the monodomain equations. The control domain w is
required to contain a subset wy which is required to satisfy the following geometric requirements.
They are needed for the construction of a suitable weight function for the Carleman estimate.
First, let us use the following notation to stand for the control domain:

w:[0,T] = 2(0.1),

meaning that any ¢ € [0,7] is associated to a set w(t) C (0,L) or also, in the space-time domain
[0, L] x [0, 7], the control domain w can be refer to the set (J;c(qmyw(t) x {t}. Throughout this

paper, w is required to contain (in a sense given below) a subset wq : [0, 7] — 2(0.L) satisfying the
following geometric requirements:

Requirements 1 There exist two times t1,to with 0 < t1 < to < T such that:
a) The interval wo(t) # (0, L), for all t € (0,T);
b) U wolt)=(0,L);

t€(0,T)
¢) (0,L)\ wo(t) is nonempty and connected in (0,L) for any t € (0,¢1] U [t2,T);
d) (0,L)\ wo(t) has two nonempty connected components in (0, L) for any t € (t1,t2);
Let wy : [0,T] — 2(%%) be a subset of w such that
Wy Cy Cwy Cw, (14)
where @, and @ denote the relative interiors with respect to [0, L] x [0, T] of @, and @, respectively.
We are now prepared for the construction of a suitable weight function.

Lemma 1 There exist a positive number T € (0, min{1,T/2}), a positive constant Cy > 0, and a
function n € C>([0, L] x [0,T]) such that

Ne(x,t) 0  Vz € (0,L)\ wo(t), Vt € [0,T], (15)

n(z,t) #0 Vo € (0, L) \ wo(t), Vt € [0,T], (16)

ne(z,t) >0 Yz € (0,L) \ wo(t), Vt €0, 7], (17)

ne(z, 1) <0 Ve e (0,L)\wo(t), Vte [T —7,T], (18)

nz(0,t) > C, vt € (0,77, (19)

ne(L,t) < —Cp vt € [0,T], (20)

ol (e} = Flll o<t (21)

The proof of Lemma can by obtained by similar arguments as in [5, Appendix A]. It differs with

respect to properties and .
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Next, we introduce a real function r € C*°(0,T), symmetric with respect to ¢t = %, ie. r(t) =
r(T —t) for any ¢t € (0,7), and such that for some 7 > 0

1
n for 0<t<3,

r(t) = strictly decreasing for 7 <t <, (22)
1 for 7<t< %

For this choices of n and r let us define the weights
afx,t) == r(t)(eMnllee — @) and &(x,t) == r(t)eM®D  V(z,t) € (0,L) x (0,T), (23)

where A > 0 is a sufficiently large parameter that will be chosen later. We have the following
technical result.

Lemma 2 There exist positive real numbers \y > 0, s1 > 0 and C; > 0 (depending on L and w1)
such that for all A > X1, all s > s1 and all o € H*(0,T; L?(0, L)), the following inequality holds

T /L T,L T
5)\2// e 25 p|? dadt < Oy // 6723a|g0t|2dxdt+52/\2// e 2522 dadt | . (24)
0Jo 0Jo 0Jwi(t)

The proof of this result is obtained by similar arguments as in [5, Appendix C] and relies on ideas
from [IJ.

For our purposes, we also need the following Carleman inequality for the heat equation with
Neumann boundary conditions:

Lemma 3 There exist constants Ay > 0, s3 > 0 and Co > 0 (depending on L and wy) such that
for any X\ > Xy, any s > s2(N), and any terminal datum ¢ € L*(0,L), and any source term
f € L?((0,L) x (0,T)), the unique weak solution for

*d)t - (JZ(‘T)QZJT)T = f in (Oﬂ L) X (OvT)7
Ui(x)ww|$:0 = Ui($)¢x|x:L =0 n (07T)7

satisfies

T L
s e s ) des
0Jo
T L T L
+8)\2//6_28a5|z/}w\2dxdt+33)\4//e‘zm§3\w\z]dxdt
0Jo 0Jo
. T . T
+53}\3/ 67250‘§3|1/)|2’11L+83)\5/ 6725a53‘1/)‘2|$:0
0 0

T pL T
< Cy // 6*25“|f|2d:cdt+53A4// e™250¢3 4|2 dadt | .
0J0 0 wl(t)

We will give a proof for this result in Appendix [A]
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2.2 Regular trajectories

In this section let us present some regularity results for the uncontrolled solutions to . We have
the following result:

Proposition 1 Let Z,; € L?(0,T; L*(0,L)) and (vy,wo) € H'(0,L) x H2(0,L). Then, (8) pos-
sesses ezxactly one solution (v,w), with
v € L*(0, T3 Hy(0, L)) N H(0,T5 L*(0, L)) N C°([0,T]; H' (0, L)) (26)
w e H'(0,T; Hy(0, L)) N CY([0, T]; H'(0, L)).
For the proof, we just have to adapt the proof of [3, Theorem 1.1], taking into account that @y # 0
and the boundary conditions are Neumann instead of Dirichlet. In this way, we can also obtain
the following result.

Proposition 2 Let Z,;, € H'(0,T;H'(0,L)) and (vo,wo) € H3(0,L) x H2(0,L). Then, (§)
possesses exactly one solution (v, w), with v,w € W1°°(0,T; L>=(0, L)).

Proof: By Proposition [l| and that the spatial dimension is 1, the nonlinearity I;,, (0, w) belongs
to the space H'(0,T; L2(0, L)) N L2(0, T; H'(0, L)) N L>(0,T; L°(0, L)). Hence Ty ; — Lion (v, )
belongs to H'(0, L; L*(0, L)). Since ©g € H2(0, L), thanks to [8, Theorem 5, p. 361], we have

{ o e L®(0,T; H2(0, L)) N WH>(0,T; L*(0, L)) N H'(0,T; H*(0, L)) o7

w € Wh*(0,T; H2(0, L)) N H?(0,T; H*(0, L)) N W*°(0,T; L*(0, L)).

Next, taking the spatial derivative in the first equation of we obtain a parabolic equation
for ¥, with right hand side 0;(Zs,; — Lion (¥, @)), homogeneous Dirichlet boundary conditions, and
initial condition ¥y ,. By we have that 0,(Zs; — Lion(v,w)) belongs to H'(0,L; L*(0,L)).
Again, since 99, € H*(0,L) N H}(0, L) and thanks to [8, Theorem 5, p. 361], we have

Uy € L®(0,T; H*(0, L) N H3 (0, L)) N Who(0,T; L?(0, L)) N H'(0,T; H3(0,L)).  (28)
Finally, from and , we deduce that

{ v e L>(0,T; H3(0,L)) N Wh>(0,T; H*(0, L)) N H*(0,T; H2(0, L)) (29)

w € WH*(0,T; H2(0, L)) N H?(0,T; H*(0, L)) N W**(0,T; L*(0, L)).

Remark 2.1 As a consequence of the previous result we conclude that

Cp(v, @), L (v, W) € WH(0,T5 H' (0, L)).

3 Exact controllability to trajectories of the monodomain

equations

3.1 Controllability for the linear monodomain model

In this Section, we will present a suitable Carleman inequality for a properly chosen adjoint system.
This will lead to the null controllability result for , see Proposition |3 below.
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Notice that, for every (po,qo) € L*(0,L) x H*(0,L) and every G,hl, € L%((0,L) x (0,T)),
there exists a unique weak solution (p, q) to that satisfies

p € L*(0,T5 H'(0, L)) nWh2(0, T3 (H' (0, L))")
and
q € W20, T; (H(0,L)))nW"2(0,T; H' (0, L))

and the variational formulation for a.e. t € [0, T]

(pes w) + (opzy we) + (6p(0, @)p, w) + (g (0,0)q, w) = (G + hly, w), Yw € H'(0, L),

(%,U) ( 7”)7 Vo € L2(07 L)7 (30)

p(,0) = po and ¢(-,0) = qo,
where (-,-) == (,, '>(H1(0,L))’,H1(O,L)-

The following analysis depends in a crucial manner on a transformation of which takes

the control from the PDE to the ODE. In view of the regularity assumed for the initial data

and their boundary conditions we will verify that null controllability for is equivalent to null
controllability for

0; + {£y(v,w) — [€,(D, )] }q= G+hl, in (0,L) % (0,7),

— (0i(#)qa)a + £p(V, w)q = in - (0,L) x (0,T), (31)
Ji(z)QI|$:O = l( )qr|w:L =0 on (07T)a
0(-,0) =0, q(-,0) =qo in (0,L),

where 6y = py — (O’Z‘(l')qO’m)m + Ep(f)o,if)o)qO.

First we verify the equivalence of systems and . Note that, for every (po,qo) €
L?(0,L) x H'(0,L) and every G,hl,, € L?((0,L) x (0,T)), there exists a unique weak solution
(6,q) to that satisfies

6 € Wh2(0,T; (H*(0,L))")

and
g € WH(0, T H' (0, L)) n W22(0, T3 (H'(0, 1))

and the variational formulation for a.e. ¢t € [0, T

0z, v) + ({£,(0, W) — [£,(0, )]t }q,v) = (G + hly,v), Yv € H(0, L)
g, w ) (0qz, W) + (£p(V,W)q, w) = (0, w), Yw € H'0,L) (32)

where again 0y = po — (0:(2)q0,2)= + £p(V0, Wo)qo-
To check the equivalence one can start by defining € W12(0,T; (H'(0,L))") such that

0, + {y(v,w) — [£p(D,w)])¢}g =G+ hl, in (0,L)x (0,7),
0(-,0) = 6 in (0,L),
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Then for each w € H'(0, L) and integrating w.r.t ¢ the first equation in

(g, w) + (0, wy) = (/Ot[G + hly — £,(0,)p — Ly(v,w)q]ds, w>

+ (qu T wa:)

va
< [ vsew) + ([ @o0)00ds.0) + G0cw) + o)

=(0,w) + (£p(v,0)q, w) + (0(0) — 0o, w)
:<63 w> + (ép(v7 w)qa w)
Thus (6, ¢q) is the variational solution of . Conversely, let (po,qo) € L?(0,L) x H*(0, L) then
0o = po — (05(x)qo.2 )z + £p(T0, W0 )qo € (H'(0, L))" and
6 € Wh(0,T; (H' (0, L))
and
g€ WH(0, T3 H' (0, L)) N W>2(0,T; (H'(0, L))")

Consider

(g, w) + (0Gz, wy) + (£p(D,0)q,w) = (0, w) Yw € H'(Q), ae. t € [0,T].
Regularity allows to differentiate w.r.t ¢, setting p = ¢4

<ptvw> + (Jvawx) + (Ep(’f},ﬂ))]L U}) = <0t7 > ({ (vvw)}t% w)
= — (lg(v,w)q, w) + (G + hly,,w).

Thus (p, q) is the variational solution of .

Let us introduce the function A(z,t) := {£,(9, @) — [¢,(7,@)]:} and the non-autonomous elliptic
operator Kq := —(0(x)qs)s + ¢p(0,w)q. Then, the controllability for system is formulated
as follows: for any (g, qo) € L*(0,L) x L?*(0,L) and any G satisfying below, there exists a
control h € L2((0, L) x (0,T)), where its support contains a subset satisfying Assumption [I| such
that the associated solution to

0 + A(x,t) g = G+ hl, in (0,L)x (0,7),
L Kq=0 in (0,L) x (0,7T),
q + Kq in (0,L) x ( (33)
Ji(x)qx|x=0 = oi(x)qm|w=L =0 on (0,7),
0(70) = 007 Q(’ 0) =40 in (Oa L)a

satisfies

3.1.1 Carleman inequality

In this Section, we will present a suitable Carleman inequality for the so called adjoint of ,
namely:

—pr =Y =R in Q,
o + K + Az, t)p = S in Q,
Ui($)¢z|$:0 = Ui(iﬂ)i/)m|Z:L =0 on I,
o(T) = or, Y(T)=1vr in Q.

(34)
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where R, S € L2((0,L) x (0,T)).
Note that, for every (¢r,wr) € L*(0,L) x L*(0,L) and every R, S € L?((0,L) x (0,T)) there
exists a unique weak solution (p,1)) to that satisfies

o€ HY(0,T;L*(0,L)) and <« € C°([0,T];L*(0,L)) N L*(0,T; H'(0,L))
and the variational formulation
—(¢y,v) — (¥,v) = (R,v) Yo € L2(0, L), ae. t € [0, T]
—%w,w) + (090, wy) + (p(0, W), w) + (Ap,w) = (S,w) Yw € H'(Q), ae. t €[0,T]
¢(T) = ¢r and ¢(-,T) = .

In order to prove the linear controllability result, we have to establish an appropriate Carleman
estimate. Precisely, we have the following result:

Theorem 3.1 There exist positive constants s3, A3 > 1 and C3 > 0, only depending on L and w,
such that, for any @, € L?(0, L) the solution (1, ) to the adjoint system satisfies:

T pL
/0 / [(56) ™ (W ? + [00]?) + A2(SE)bal? + NA(SE) |2 + N2(56E) P20 dardt
T L T
4 3 2 21 —2s« 7\6
§03</0/0 N (€)% | RI? + |SP)e da:dt—i—s)\/o

for all s > s3(T +T?) and for all X > )3.

§7|ga|26_25°‘d:vdt> .
w(t)

Proof: First, applying Lemma [2| to 1, we obtain
T L T L T
SAQ//§|<,0|26_28“d:vdt§Cl //|¢+R|2e_25adxdt+32)\2// E|p|?e 2 dxdt |. (35)
0J0 0J0 0 Jwi(t)
Next, applying Lemma [3[to (34)),, we obtain
T L
|60 a4 101 4 X6l + N (s8> v
0J0

TrL T
< Cy (// IS — £,(v, W) — A(x, t)p|?e ™2 dazdt—i—// M ()3 Pe 2 da dt) .
00 0 Jwi(t)

Adding and (36]), and absorbing the lower order terms from the right hand side by taking
A large enough, we get

(36)

T oL
/0 / [((5€) (thwal? + 184]2) + N2(sE) [ ? + N(SEP [ + N2(sE)| o[l 250 dndt

T prL T (37)
2 2 72sad d 2 2 2 4 3 21,—2s5« )
<C (/0/0 (IR|* +15]%)e s tJr/O Ll(t)[A (s&)“|p|* + A*(s&)°|v|]e d:ﬂdt)

Now, we need to eliminate the local integral of i appearing in the right hand side of . To
do that, let us introduce a function ¢ € C*°([0, L] x [0,T]) satisfying

0<C¢<1 Yzt elo,L]x[0,T],
C(x, t) =1 Vzew(t), Vte[0,T], (38)

C(z,t) =0 Vxel0,L]\w(t), Vt€[0,T].
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This way, we have that
T T L
33)\4/ / EYPe dadt < 33)\4// CEap|Pe 2 dxdt. (39)
0 Juw'(t) 00
Then, using 1 and integrating by parts with respect to ¢, we obtain
T L T L
s34 / / CEnpPe 2 dadt = — s34 / / CEY(pr + R)e 2 dadt
0J0 0J0
T L T L
:SS)\4// C§3’(/Jt<p€_2$ad:rdt+83)\4// thgtp’lﬂe_%adl‘dt
0J0 070
T L
+ 53\ / / CE2(3&, — 2sEay ) e 25 dxdt
0J0

T pL
— s34 / / CE3YRe™ 2% dxdt
0J0
I:Dl —|—D2 —|—D3 +D4

For D1, we notice that for every € > 0, we obtain

T rL T L
Dy <e sE) Ly Pe 25 dxdt + C.s™ N8 C2ETpPe 2 dudt
®
0J0 0J0

T prL T
€ / / (86) 7 | Pem 2 dadt + Cs™NE / E7lp|?e 2% dxdt.
0J0 C

) Jw(t)

A

IN

Next, D5 is estimated like the term D;:

T L T
|Dy| < 653/\4/0/0 53\w\26_25“dxdt+0653/\4/0 /(t) &3p)?e 25 dxdt. (41)

for any € > 0.
Since |&] + |a| < CAE2, for every e > 0, we infer that

T L
|D3| < 034)\5// CE|pable 2 dxdt
0J0
T L T
ges3A4// 53|¢|2e*25adxdt+ces5xﬁ// &P 25 dadt.
0J0 0 Jw(t)
Finally, D, is estimated as follows:

T pL T rL
|D4|§es3)\4// §3|1/1|2e_2sad:cdt+0633>\4// E|R|?e " dadt. (42)
0J0 0J0

for any € > 0.
Combining and —, and absorbing the lower order terms, we get

T L
/0 / [((5€) ™ (b ? + []2) + N2(sE) 5 + N(E ]2 + N2 (58| o e 250 drdt

T prL T
< Csy (// [/\4(35)3\R|2+|S|2]e’25adxdt+s7)\6// §7<p|262mdzdt>.
0J0 0 Jw(t)
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3.1.2 Null controllability

We will now deduce a second Carleman inequality with weights that do not vanish at ¢ = 0. More
precisely, let us consider the function

() = 1 for 0<t<T/2,
Sl r(t) for T/2<t<T,

with r defined in , and the following associated weight functions:

a(z,t) = U(t) (MMl — eAnlet) V(z,t) € (0,L) x (0,7),
E(w, t) = U()e V(w,t) € (0,L) x (0,T),
a*(t) :== min_a(x,t) = 1(t)(e2Mnlle — AlnCBll) = vt (0,T),

z€[0,L]
() = max (o) = 1(t)eM Dl vt € (0,7),
a(t) == wren[guz]a(x 1), vt € (0,7),
£(t) = ngénmé(x 1) vt € (0,T),

and

— %

prt) = (€)1, pa(t) = e, py(t) = () T2, pult) = (6726,

Remark 3.2 Notice that &* and & blow up exponentially as t — T~ and & and E blow up
polynomially as t — T~ .

By combining Theorem [3.1] and classical energy estimates satisfied by ¢ and v, we easily deduce
the following result:

Lemma 4 Under the assumptions of Theorem there exist positive constants sq, Mg > 1
and Cy > 0, only depending on L and w such that, for any or,vr € L*(0,L) and any R,S €
L2((0,L) x (0,T)), the solution to the adjoint system (34)) satisfies:

T L
/O / Eiel? + E012 + Elpl2le2dudt + [0, 0)]122(0.0) + 100 220,09

T L
< Cy <// [0 *|RI> + p3 2[SI] dmdt+// _2|<p|2dxdt>. (44)
0J0

for all s > s4(T +T?) and for all X > \y.

Proof: Let us start by proving the following estimate for system :
el 0,772,220,y + ||¢||2L2(0,T/2;H3(o,L))nCO([o,T/z};L2(0,L)) (45)
1
SC(HR’ 220574122 0,0)2) + T2||(<Paw)||2L2(T/2,3T/4;[L2(0,L)]2))- (46)

To do that, let us introduce a function x € C*([0,77]) with

k=1 in [0,7/2], k=0 in [37/4,T], || < C/T,
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for some C' > 0. Using classical energy estimates for the system satisfied by (k¢p, k), which is
analogous to , we obtain

||”S0||§11(0,T;L2(0,L)) + HKwH%2(0,T;H3(O,L))HCO([O,T];L2(O,L))

<C ( (KR, KS) H%?(O,T;[LQ(O,L)P) + [|('p, &'9) ||2L2(0,T;[L2(0,L)]2)) )

which leads to .

Since the weights are bounded from above and below, using , we obtain a first estimate in
(0,L) x (0,T):

T/2 L B B B ~
/0 / Elal? + EJI + ElpPle>Fdadt + (- 0) 2 0.0, + 162 0) 20,0,
3T/4 oL 3T/4 oL
C(T, s, \ “2IRI1? + 0525 )dxd B2 + Elo|?le 2% dadt | . 7
<O, ></ /O[pl RP + py?| ”“*/T/g/o[f'“" &l xt> (47)
On the other hand, since o = @ and ¢ = £ in (0, L) x (T/2,T), we have:
T L B B B -
/ / N2(E) o ? + N (sE)30]2 + N2(s)| o2 250 durdt
7/2J0
T L
= [ [ DR + NP + N (sl o (49)
T/2J0
T L
< / / [((5€) ™ (b ? + 1t4]2) + N2(E) [t ? + N(SEP 02 + A2 (58| p 2] 250 derdt
0J0
In this way we obtain by Theorem [3.1

T L - B .
/ / (€] + E3|Y)? + E||?]e 2% dxdt
T/2J0

T L T
< O(T,5,\) (// [§3|R\2+\S|2]e’250‘dxdt+// §7|<p|2628ad:cdt>.
0Jo 0 Ju(t)

Finally, from the definition of &, &, @* and £*, we deduce:

T L B B )
/ / [€))? 4+ E3 0|2 + €|l e 25 dadt
T/2J0

T rL T
< C(T,5,0) ( | [ e + gy Pldede+ [ p;2|¢|2dmdt>.
0Jo 0 Jw(t)

which, combined with , provides . [

The next step is to prove null controllability of the linear system . Of course, we will need
some specific conditions on the source G. Thus, let us introduce the linear operators M; and Ms
by

M1(0) =60, and Ma(q) = q: + Kq, (49)
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and the spaces

EO = {(qah) : P1M2(Q)7P2Qap3h1w S LZ((OaL) X (O7T))7
py%q € H'(0,T; L(0, L)) N L*(0,T; H2(0, L)) N L>(0,T; H'(0, L)),
py/* Ma(q) € H'(0,T;L2(0,L)) }

and

E={(g,h): (a,}) € Eo, palM1(Ma(q)) + Ag — h1,] € L*((0,L) x (0,T))
pi/*Mi(g) € H'(0,T; L(0, L)) N L*(0, T; H2(0, L)) N L>(0, T; H'(0, L)),
py*Mi(q) € L*((0, L) x (0,T)), pi/*Mu(g) € L5((0, L) x (0,T)), q(-,0) € H2(0, L) }.

It is clear that Ey and E are Banach spaces for the norms || - || g, and || - || g, where

1@, Wz, = (lorMa( @720,y x 0.7y + 1241172 (0,09 % 0,7 + 123710172 0,0y % (0.1))

1/2

1/2
+ [lps (MQ(Q)aQ)”%{l(O,T;L?(O,L)) + ||P4/ QH%Z(O,T;HE(O,L))QLOC(O,T;Hl(o,L)))1/2

and

(g, W)l & = (1(a, W) I, + lpalM1(M2(q)) + Ag — hLu]lZ2(0,2)x (0.7)
1/2 1/3
03" * M@ 70,2y (0,00 + 123" ML@IF (0,207 + 14C O llFrz0,)) >
Proposition 3 Let the assumptions of Theorem hold, and assume that py € L?(0,L), qo €
HZ2(0,L), and
paG € L*((0,L) x (0,T)). (50)

Then, there exists a control h such that for the solution (q,p) to we have that (¢,h) € E. In
particular, we have that

p(T) =q(-T) =0. (51)

Proof: We will follow the general method introduced and used in [I1] for linear parabolic problems.
The existence proof will be based in a Lax-Milgram argument. To motivate the introduction of
the appropriate bilinear form it is useful to introduce the following auxiliary extremal problem

Minimize J(6,q,h) = ;/OT/OL[pﬂ@F + p3lal* + p3|h|* 1] dadt
subject to h € L*((0, L) x (0,T)), supp(h(-,t)) C w(t) ¥t € (0,T) and
Mi(0)+ A(z,t)g—hl, =G in (0,L) x(0,7T), (52)
Mo(q) =0 in (0,L) x (0,7),
0i(2)qx|,_o = 0i()qz|,_, =0 on (0,T),
0(-,0) = 6o, q(-,0) = qo in (0,L).

Observe that due to the behavior of the weights p; at t = T a solution (@\, q, ﬁ) to is a good

~

candidate to satisfy (¢, h) € E.
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Let us suppose for the moment that (5, qA,ﬁ) solves (52)). Then, by the Lagrange’s multipliers
formalism the dual variables @ and v satisfy the following system

0 = py M5 () — ] in (0,L) x (0,7),

q=p3 M5 (¥) + AP in (0,L) x (0,7), (53)
h=—p3231, in (0,L) x (0,7),
oi(2)a|,_y = 0i(z)0s|,_, =0 on (0,T),

where M is the adjoint operator of M; (i = 1,2), i.e.,
Mi(p) = —pr, and M3(¢Y) = =9 + K.

Now let us set:
PO = { (@71/}) € 02([07L] X [OaT]yRQ) : inz‘mzo = O-iw:r’I:L =0 in (OaT) }a

the bilinear form on Py x Py

_ T L
B39, (0. 4)) = / / PTAIME(B) — DM (@) — o] de dt

cr(t)

T, L _ T
w [ ] ) s admsw) s ad s [ g pdra
c(t

and the linear form on P,

T L L L
(ﬁ’(¢7¢)>=/0/0 Gapda:dt+/0 How(o)daﬂr/o q0 ¥(0) dz.

For these definitions we note that (2, 12) should satisfies

B((8.0), (p,9)) = (L, (p,9)) V(p,9) € Py, (54)

i.e., the solution to satisfies . Conversely, if we are able to solve in suitable sense and
then use to define (5, qﬁﬁ), then we will be able to prove that we have found a solution to

Next we will focus on the Lax-Milgram problem . It is clear that B : Py x Pp =& R is a
symmetric, definite positive and bilinear form on Py, i.e. a scalar product in this linear space (thanks
to the Carleman estimate (44))). We will denote by P the completion of Py for the norm induced by
B. Then P is a Hilbert space for the scalar product B. On the other hand, in view of the Carleman
estimate (44)), and the fact that (£)~1/2e5® < py, the linear form (p, 1) — (£, (@, 1)) is well-
defined and continuous on P. Hence, from Lax-Milgram’s lemma, we deduce that the variational
problem

-~

B((#: ), (0, 9)) = (L, (¢, 9))  V(p,¥) € P, (55)

possesses exactly one solution (@, 12) e P.
With (,) given let 0, g and h be given by . It is readily seen that

-~ -~

JE.8F) = 3B(.9), (5.9)) < +oo (56)

and, also, that (5, q) is the unique weak solution to the system in for h = h.
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Finally, it remains to prove that ((fj\z) € E. Using and the linear system in , we
can easily check that p1Ma(q), p2q, pshl, € L*((0,L) x (0,7)), pa[M1(M2(q)) + Aq — hlu] €
Lz((O L) x (0,7)) and g(-,0) € H2(0,L). We set (0,4, h) := p4/ (9 q, ) and we can see that
(9 G, h) solves the following problem

Mi(0) = —A(x,t) G+ pi/*G + hly + (030 in (0,L) x (0,T),

Mo(@) =0+ (pi/*)d in - (0,L) x (0,7), -
oi(x)qm|x:0 = 0'1'(37)(]$|sz =0 on (O7T)7

0(-,0) = py/*(0)8o,  (-,0) = py/*(0)ao in (0,L).

Notice that, thanks to the fact that p1Mz(q) and p2q belong to L((0, L) x (0,T)), we deduce that
(0s*).d, (,;}/2) 6 € L2((0,L) x (0,T)). Thus, since 6y € L2(0, L), qo € H2(0, L), we have that

0 € H'(0,T; L*(0, L))

ge H'(0,T;L*(0,L)) N L*(0,T; H,(0,L)) N C°([0,T]; H'(0,L)). %)

Notice that the linear system in is equlvalent to (12) for (p,q), with p = @, and control
h = h. In fact, by a similar - argument as used to obtain , we get that p3/ p € L*((0,L)x(0,7)).
We set (5, q,h) := p}(§,@,h) (with r = 1/3 and r = 1/2) and we observe that (7, q,h) solves the
following problem

Pt — (01(2)Pa)x + £p(0,@)P + £y(0,0)F = p4G + hly + (p3)ep in (0,L) x (0,7),

G =P+ ()i o (0.L)x©1),
Uz‘(ﬂﬂ)/ﬁwlzzo = Ui($>§z|m:L =0 on (0,7),

B(-,0) = pi(0)po. (- 0) = p;(0)go in (0,L),

Since po € L(0,L), g0 € H2(0, L) and (p4):q, (p5):p € L*((0, L) x (0,T)), we deduce that

g€ H'(0,T;L*(0,L))

~_ 72 1 0 2 (60)
p € L“(0,T; H(0,L))nC”([0,T]; L*(0, L)).
We conclude using [I4, Chapter IL. §3] to get p € L*((0, L) x (0,T)), for 1 < & < 6.
Finally, we need to argue that holds. For this propose, we use that (g, ﬁ) FE and
consequently (p2d, p10) € L2((0, L) x (0,T)) x L2((0, L) x (0,T)). Since §,0 € C°([0,T]; L*(0, L))
the singularities of p; and ps imply . ]

3.2 Controllability for the nonlinear monodomain model

We can now end the proof of Theorem We will use the following inverse mapping theorem
(see [2)):

Theorem 3.3 Let By and By be two Banach spaces and let A : By — By satisfy A € C*(By; Ba).
Assume that eg € By, A(eg) = ig and A'(eq) : By — Bs is surjective. Then, there exists 6 > 0
such that, for every i € By satisfying ||i — io|| B, < 0, there exists one solution to the equation

Ale) =14, eé€ B.
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We shall apply this result with By = FE, Bs = F; x Fy and for any e = (¢, h) € By we set
A(e) = (M1(Ma(q)) + Ag — hly, + N (g, q),4(0), M2(q)(0)).

Here, F} = p; *L?((0,L) x (0,T)) and Fy = H2(0,L) x L?(0, L).

Thanks to the definition of the space E, it is not difficult to check that A, which contains linear,
bilinear and trilinear terms, is continuous and therefore A € C*(By; B). Let eg be the origin of B.
Notice that A’(eg) : By — Bs is the mapping that, to each (¢,h) € Bj, associates the function
(M1(Ma(q)) + Ag — h1,, q(0), M2(g)(0)) in By. In view of the null controllability result for
given in Proposition [4} A’(eg) is surjective.

Consequently, we can indeed apply Theorem [3:3] with these data and, in particular, there exists
6 > 0 such that, if

(0,40, 00) 15, = [(q0, 00) || 52 (0,2)x L2(0,1) < 6,
we can find a control h such that the associated solution to satisfies p(-,T) = 0 and ¢(-,T) =0
in (0,L).

A Neumann Carleman inequality for a parabolic equation

To verify Lemma [3] we start with the following remark.

Remark A.1 Notice that the function r blows up att =0 and t = T. Also, observe that OFr(t) =

(;i)jlk! = (=1)*E!(r(t))**! close to t = 0 and OFr(t) = # = k!(r(t))k*! closet =T.

Further we have
Qg = )‘5(_771)7
Qg = )‘25(_775 - A_lnxm)a
Qe = )\35(*77?« - 3/\71779m7]m - )\72,0&%1)’
Aprzr = )‘45(_77;1 - 6A—177§"7(L‘(L‘ - 3/\_277;335 - /\_3777;1':6%)7

ap = A2 [_5—1% N (eu(nnnw—n) _ e—/\n) (1> } 7
t

r
= Azgs[_f—Qntz A le2y, - 2)\_16_”"771&7% A2 (eA(2\|n||oo—3n) _ 6—2)\7]> %} :
Qg = N7 [ e — ATTE ey + AT TN (T )]
It follows that there exists a positive constant C' > 0, such that for (x,t) € [0, L] x (0, T)we have
the following pointwise estimates:
|Qze| < ONPE,
|Qaa| < CA’E,
|Qaza| < CXYE,
|| < C(T + el ) \e2,
lag| < C(T? + T + M=) \2¢3,
lage] < C(T +1)A%E2.

(62)

We set w = e™**) and observe that

Wy = —Saw + e %y,
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Using the boundary conditions of ¢, we deduce w, = —sa,w on {0, L} x (0,T).

Remark A.2 From the definition of «, given in (23), notice that w(-,T) = w(-,0) = 0 and
wr('aT) - wi('ao) =0.

Now, let us introduce the partial differential operator P := 0y + 0z,. Then, we have the
following decomposition
e **P(e**w) = P.w+ P w,
where
Pow := wyy + (say + 52043)11)

is the self-adjoint part of the operator P and
Pow := wy + 250, w, + sagw
is the skew-adjoint part of P. It follows that

||6_SQP(€MU1)H2L2((0,L)x(o,T)) = ||Pew||2L?((o,L)x(o,T)) + ||Pkw||2L2((o,L)x(o,T)) (63)
+ 2(Pew, Pyw) £2((0,2) x (0,T))-

The rest of the proof is devoted to analyzing the term (Psw, P,w)r2((0,0)x(0,1))- Indeed, from
the above definition of the operators P, and Py it follows

2(Pewa Pkw)Lz((07L)><(O7T)) =2 (wxwa wt) +2 (wx:ca 250‘96“’36) +2 (ww;cv Swaw)
+2 (satw + 5202w, wt) +2 (soztw + 522w, 25amw$) (64)
+2 (satw + 8204320’[1}7 samw)

= I1+IQ+IB+I4+I5+I6.

Now, in order to get estimates for the term 2(P.w, Prw)r2((0,2)x(0,1)), first let us work with
each integral term I;, i =1,...,6.
For the first integral term, we integrate by parts in time and we obtain

T L T
Il = —2// Wy Wet + 2/ Wt Wy
0J0 0

Then, thanks to Remark[A.2]and the fact that w, = —sa,w on {0, L} x (0,T), after an integration
by parts in the last term we have

=L
T

=0

T =L
I = 8/ Qpw? (65)
0 =0
For the second term, we integrate by parts in space and we deduce
T L T z=L
L= — 23// QW2 + 28/ w? (66)
0J0 0 =0

For the third term, after two integration by parts, we obtain

T L T L T
I3 = —28// ammwxw—%// amwg—l—ls/ Qg WWy
0Jo 0Jo 0

=L

=0
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And again integrating by parts in space the first term, we deduce

T (L T L T z=L T
Is = 5// ammwQ — 23// ozmwfC +25/ Qlpp WWy — s/ ozm:,cw2
0J0 0Jo 0 =0 0

Fourthly, we integrate by parts in time and using Remark we get

T,L T L
I = —s// attw2—2s2// Uy Ol W2 (68)
0Jo 0Jo

And for the fifth term, we conclude

T AL T L
Is= — // (25%apag + 4s* 020y, ) w? — 2// (s2a; + s2a2)apw?
0Jo 0Jo
T =L

=L

=0

— (69)
+ 2/ (2o, + 530 )w? .
0 =0
For the last term, we obtain
T L
Iy = 2// (s2a + 5202 agw?. (70)
0J0
From —, we get,
T L T L
2(Psw, P,w) = — 45// amwfc + // (304mjm — sy — 482 Qp iy — 433a§am) w?
0J0 0J0
T =L
+ / (25013,10926 + 250 wwy + 2582w + 253012102 + sagw? — samxw2)
0 =0
Recalling that w, = —sa,w on {0,L} x (0,7"), from the previous identity we deduce
T L T L
2(Psw, Pyw) = — 43// amwg + // (samm — s — 482 Qpugr — 483aiam) w?
0J0 0J0
w=r (71)

T
+ / [4s3ai + 25%a, (ot — Qzy) + s — aa:w):r] w?
0

z=0
— DT, + DT, + BT,

where DT} and DT5 correspond to the distributed terms and BT corresponds to the boundary
terms.

Then, thanks to the identities , we obtain
=L

=L z=L

T T T
BT = — 453)\3/ ni§3w2 — 252)\/ (ar — azy) nx§w2 + 5/ (o — ozm)gcw2
0 =0 0 =0 0

Therefore, using the estimates and the property — of 1, we have the following bound

=0

T T T
BT > 40383)\3/ P, - 282N2C (T + 2~ / el _, — 252>\302/ w?|
0 0 0

T T
- O(T + 1)5)\2/ S CsAS/ Ew?
0 0

=L

T T T
+ 40353A3/ G’ - 28°NC? (T + 62)‘”””“’) / Eu?| _, - 232)\302/ ew?| _,
0 0 0

T T
—O(T + 1)3A2/ Ew?| _, - CSAB/ Ew?
0 0

z=0
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Hence, we have for any A > C and any s > C (1+7T + el )

T T
BT > 40383)\3/ |, + 40383A3/ gw?|, -
0 O

23

(72)

Now, let us estimate the distributed terms in DT. Thanks to and , for DT} we have:

DT1_43/\2// n2éw? +43/\// NuzW?
ZCS/\2/O/ Ew? —C’s)\2//w(t)§w —Cs)\// Ew?.

Hence, taking A > C', we obtain

T L T
DT, > Cs)\2/ fwi — C’s)\z/ / §w§
0Jo 0 Jwo(t)

Also, in order to get an estimate for D75, we use , , and to obtain:

T, L T T, L
DT, > 033/\4// & 2—053%// §3w2—053)\3// 3w?
0Jo 0 Juwo(t) 0Jo
T, L T L T L
sz)\4// gwtcsv// §3w27052)\3// Ew?.
0Jo 0J0 0Jo
Therefore, for A > C, we deduce
T L T
DT, > Cs?\* / / Ew? — O3\ / / 3w
0Jo 0 Juwo(t)
From , , , and , we conclude that
T L T, L
||P€wH%2((O,L)><(O,T)) + Hpkw||2L2((o,L)x(o,T)) +53>\4/0/0 53w2+5)\2/0/0 Ew?
T T
+S3>\3/ §3w2‘x:L+83)\3/ €3w2|z:0
0 0

T T
C (He_mp(eww)||2L2((0,L)x(o,T)) + 5A2/ / fw? + 83)\4/ / €3w2> :
0 Jwo(t) 0 Jwq(t)

Now, using that Pow := wg, + (say + s2a2)w, we can deduce:

T L T L
71// 571w§x=871// M Pow — (say + 5%l Jw|?
0Jo 0Jo
T L
< Cs_l// ¢ (|Pow]? + s*afw® + s’ ajw?)

,1// é— |P U)|2+$2)\2§ w +s4)\4§4w2)

go( [ ra [ o)
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We can do the same for Prw := w; + 2sa,w, + Sa,,w and then
T L T L
571// fflwf:sfl// ¢ Pyw — 250w, — sQppw]?
0Jo 0J0
T L
Cs_l// ¢! (\Pkw|2+s2a2w2+s2a2 w2)
0J0
T L (77)
< C«Sfl// é-fl (‘Pkw|2+32)\2§2w:2£+84)\4 2w2)
0J0
T L T L T L
C s_l// §_1|Pkw|2+// s/\2§2wg—|—// $SSABw? | .
0Jo 0J0 0Jo
From , and , we obtain
T L T L ) T,L T L
571// §7lwt2—|—371// §7lwix—|—s‘g)\4// ﬁdw2+5)\2// fwi
0Jo 0Jo 0Jo 0Jo
T T
343 3,2 313 3, 2
—|—s)\/0 §w{I:L—|—sA/O §w|r:0

T T
<C <||e_sap(esaw)|%2((O,L)><(O,T)) + 5>\2/ / Ew? + 83/\4/ / §3w2> .
0 Jwo(t) 0 Jwo(t)

To conclude the proof, we need to eliminate the local term w, containing on the right hand side
of the previous inequality. To do that, let us introduce a function ¢ € C*°([0, L]

IN

x [0, 7)) satisfying
0<¢<1 V(a,t)e][0,L]x]0,T7,

C(x,t) =1 Yz €wol(t), Yt [0,T],

C(z,t) =0 Vae[0,L]\w(t), Vt€[0,T],

where we use (|14).
We have

T T L B
S)\z// gwigsA2// Céw?
0 W()(t) 0J0
TfL TrL T,L
= _5)‘2// C€w$ww_5)\2// ngwww_S/\Q// C&rwzw
0J0 0J0 0J0

T x=L
+ s)\2/ Ew,w
0

Using the fact that w, = —sazw on {0,1} x (0,7T) and (19)-(20) and (6], we deduce

T ToL TrL _ . [Tk
N I e R e e N
0 Jwo(t) 0Jo 0Jo 070

T x=L
L Os2N / Enpw
0

o [ et [ o [

=0

IN
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Then, we obtain from the above inequality and

o[t [ erson [ e [

+S3)\3/ 53 2| +83)\3/(; é—?) 2|I:0 (79)

T
¢ <||e_sap(esaw)|%2((O,L)><(O.,T)) +33>\4/0/ o §3w2> :
w1

We finally can turn back to

G / ozt [ [ pont [ o

+53)\3/0 €3¢26725a|$:L+53)\3/0 5377[}26725(1’1:0 (80)

TpL T
S C (// 672saf2 4 53>\4/ / £3w262so¢>
0J0 0 Jwi(t)

and hence follows.

(MH(1/aM; (=Vp - Vy — BD*1)Vp, Vo) + (y,v) — (z,v) = 0,
(MH(1/aM; " (~Vp - Vy — BD*$)Vy, Vv) — (f,v) = 0,
(DMH(1/aM; (=Vp- Vy — BD*$)Vy - Vp, ¢) — (M (0B
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