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Abstract

A class of optimal control problems of hybrid nature governed by semilinear parabolic
equations is considered. These problems involve the optimization of switching times at which
the dynamics, the integral cost, and the bounds on the control may change. First- and second-
order optimality conditions are derived. The analysis is based on a reformulation involving
a judiciously chosen transformation of the time domains. For autonomous systems and time-
independent integral cost, we prove that the Hamiltonian is constant in time when evaluated
along the optimal controls and trajectories. A numerical example is provided.
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1 Introduction

This article is dedicated to the derivation of optimality conditions for the following class of optimal
control problems of hybrid semilinear parabolic equations:

K

Tk
O:T0<7'1H<11?<7'K:T Z [,/-,— ‘/ng(uxay(tvx%u(ta ‘T))dxdt—i_/Q¢k(7—kvl.7y(7—k7x)) dx
weL™((0,T)xQ) k=1 k=1

yeY(0,T)
subject to:
up () < ult,z) <upf (), for a.e. (t,2) € (Th—1,7) X Q, VEk=1,..., K,

y(t,]?) - Ay(t7x) - fk(t,x,y(t,m),u(t,x)) =0 in (Tk—laTk) X 97 Vk = L., K,
yt,z) = 0 on (0,T) x 69,
y(0,2) = yo(z) inQ,

Further specifications on the problem data as well as the definition of the space Y(0,T') will be given
below. Continuity in time and space of the state variable y, in particular at the times 7,...,7x 1,
will be guaranteed. Here the term hybrid refers to the following three features of the problem:

e At time 73, the nonlinear part of the system may change, passing from fi to fry1.

o At time 73, the constraints on the control may change, passing from u, and u$ to u;_ , and
uzﬂ respectively.

o The cost function incorporates terms depending on the value of the state at time 7y.

The optimization variables 71,...,7x 1 are called switching times. They are not fixed a priori, but
part of the optimization problem. A more general definition of hybrid control problems is provided
n [I2]. In that reference, as well as in other publications in the field, the dynamics fj, the integral
cost £, and the control constraints u, and ug' used on the time interval (741, 7%) can be chosen
in a finite set. This combinatorial aspect is not considered in the present paper.

In this article, for the sake of clarity, the analysis is done for K = 2: There is only one switching
time to be optimized. The provided results can, however, be extended to the case K > 2 without
essential difficulties. They can actually be extended to the following situations:

e The state variable and the control variable are multi-dimensional.
e The functions fx, ¢k, ¢ all depend on all the switching times.
o Constraints on the switching times are considered.

The boundary conditions can also be changed to mixed boundary conditions, and a Neumann
boundary control can also be considered. However, our analysis cannot be extended in a straight-
forward manner to the situation where the functions u; ,...,uz and uf,...,u} depend on ¢ and/or
T1yeees TK—1-

Semilinear parabolic equations have been used in various fields of applications. There is also a
rich literature on the optimal control of such equations. In chemical kinetics, they can model the
evolution of the concentration of the substances involved in a chemical reaction (see for example [2]
20]). In ecology, they can describe the evolution of interacting species (see for example [I]). In
physics, they can model the phase change (e.g. from solid to liquid) of materials (see [13]). In
neurobiology, the Hodgkin-Huxley and FitzHugh-Nagumo equations describe the transmission of
electrical signals in axons (see [I7]).

While hybrid problems of finite dimensional systems have been extensively studied in the last
years, hybrid problems of systems described by partial differential equations have received little
attention so far. Let us motivate each of the three features of the hybrid problem under consider-
ation.

e Many of the semilinear parabolic models used in the literature involve physical coefficients
which are often assumed to be constant. When these physical coefficients depend on the
experimentation conditions (such as temperature or pressure), then a sudden change of con-
ditions will cause a change of the coefficients, and therefore a change of dynamics. In chemical



kinetics for example, the reaction rate is related to the temperature, as stated by the Arrhe-
nius’ law. In population dynamics, the reproduction and death rates of some species can be
quickly modified by pesticide application, for example.

o In some situations, the control of the system is realized through different actuators, which
cannot be all activated at the same time (see for example [8,[9]). If the order of utilization
of the different actuators is fixed, then a change of the control constraints at the switching
time can be used to describe the change of actuators. We note here that our assumptions
allow the equality u, = uZ‘ on subsets of €.

In some other situations, the actuator should not be utilized all the time. The time interval
[0,7] can then be decomposed into active and inactive phases. Our framework enables to
optimize the switching times between active and inactive phases. It is, for example, possible
to penalize the duration of active phases. In this respect, our approach can be seen as
complementary to the one consisting in adding a sparsity-promoting (with respect to time)
penalization term to the cost functional. See [@], for example. Indeed, while the use of such
a penalization term ensures the sparsity of the optimal control in a somehow indirect way, it
enables us to find the global structure of the solution (such as the ordering of the actuators
or the number of active and inactive phases). On the contrary, in our approach, the structure
of the solution should be known, and sparsity can be imposed in the model.

Let us also mention that sometimes, it is only possible to implement a piecewise-constant
control. This can also be modeled by a change of the control constraints at a switching time.
Optimal control problems with piecewise-constant control are studied in e.g. [4], where they
are called optimal sampled-data control problems.

o Finally, the introduction of a switching time in the cost function has also its own interest.
One can be interested, for example, in taking into account the minimum taken by a function
of the state variable. This can be done by introducing a switching time 7 at which the
minimum of the function of the state variable is reached. Transforming the problem into a
maximization problem, we obtain an L*-term in the cost function, as is explained in [10].

As far as we know, this article is the first one dealing with the derivation of optimality con-
ditions for control problems of semilinear parabolic equations with controls and switching times
simultaneously. In [25], first-order optimality conditions for switching times are provided for a
hybrid problem of semilinear parabolic equations. The only controls considered in [25] are the
switching times themselves: In that framework, the state variable is differentiable with respect to
the switching times. This property is not satisfied anymore when a control is incorporated. More-
over, as far as we know, only the recent reference [I9] deals with second-order optimality conditions
for finite-dimensional hybrid systems.

The theory of first- and second-order optimality conditions for optimal control problems of
semilinear parabolic equations (without switching times) is now well-established. It is described
in the textbooks [14} 27] and was developed in the last two decades. We invite the reader to refer
to [Bl [7, 22] 26], B] and the references therein on this topic. The main difficulty in the derivation of
sufficient optimality conditions, called two-norm discrepancy, lies in the fact that the cost function
is twice differentiable for the L°°-norm, but one can only assume that its Hessian is coercive for
the L2-norm on an appropriate subspace.

The derivation of optimality conditions with respect to the switching time for our hybrid optimal
control problem constitutes a significant challenge. Indeed, the cost function is not differentiable
with respect to the switching times, since the controls are not continuous, in general. For the same
reason, the control-to-state mapping is not differentiable with respect to the switching times. First-
order optimality conditions with respect to the switching times — called transversality conditions
— can be derived by designing specific needle perturbations, as in [I2]. Here, we follow another
approach to obtain first- and second-order optimality conditions. It consists in introducing a change
of variables (in time) in the evolution equation. The idea goes back to — at least — [23], [24], and
has been also used in [I0} 16, 19], for example. The change of variables that we use has a crucial
feature: After reformulation, the discontinuity occurring in the dynamics, the control constraints,
and the integral cost occurs at a fixed time. The reformulated problem is then a parametric optimal
control problem. The reformulation is not only useful for the desired sensitivity analysis but also
for solving the problem numerically.



In the context of optimal control of ordinary differential equations, it is well-known that the
Hamiltonian is constant in time when evaluated along optimal controls and trajectories, provided
that the dynamics and the integral cost are autonomous. This property is also true for the optimal
control problems of semilinear parabolic equations, without switching times (see [11]). We extend
it to the class of hybrid optimal control problems considered in this paper. Our approach is inspired
by [23].

The article is organized as follows. In Section [2] we formulate the required assumptions on the
data of the problem and we reformulate it, with a change of variables. In Section [3|the derivatives
of the cost functional are calculated. Section[d]contains a technical result, used for the second-order
analysis. First-order optimality conditions (Theorem and necessary and sufficient second-order
optimality conditions (Theorems |15 and are given in Section [5 Constancy of the Hamiltonian
(Theorem is provided in Section @ A numerical illustration is presented in section m In the
appendix, we recall some properties of Nemytskii operators.

2 Setting

2.1 Formulation of the problem

Let T > 0, and Q C R™ be a bounded domain with smooth boundary. Denote Qo = (0,T) x €,
Yo =1(0,T) x99, Q =(0,2) x Qand X = (0,2) x 9. Given t; < t9, we define the function spaces

W(t1;t2> = Lz((tlvt2)7Hé(Q))mwl,z((tlth)ﬂHil(Q))’
V(ti,t2) = L*((t,t2), H*(Q) N H(Q) N H' ((t1,t2), L*(Q)) N C((t1,t2) x Q).

The space Y(t1,t2) is a Banach space, when equipped with the norm given by:

IWllytae) = Wllez(emyx) T 19022 0m)x0)
+1D2yll 2 (11 42y x0r) + 1D2eyl 211 1) xR x ) + 1Yl 220 (11 42)x2) -

We shall write ) instead of Y(0,2). Further we recall the continuous embedding W (ty,t2) —
C([t1,ta], L2(9).

The following functions are given: fi, fa, £1, 42 : [0, T]XQXxRXR = R, ¢1 : [0, T| x QAxR = R,
and ¢9 : 2 X R — R. We assume that these functions satisfy assumption [l| stated below. In this
assumption, the notions of boundedness and Lipschitz continuity of order 2 are used. They are
recalled in Definition 21] given in Appendix [A]

Assumption 1.

1. The functions f1, fa, €1, b2, ¢1, and ¢ are measurable. For a.e. x € (), they are twice
continuously differentiable with respect to all the other variables. They satisfy the boundedness
condition (with respect to x) and the Lipschitz condition of order 2 with respect to the other

variables ((t,y,u) for f1, fa, €1, and 3, (t,y) for 1, and y for ¢2).
2. For all R > 0, there exists a constant Cr > 0 such that for a.e. (t,z,y,u) € Q x R?,

|U| < R = (fl(tazayvu)y < CR(l + y2) and f2(t3I5y7u)y < CR(l + y2)) .

We can now formulate the hybrid system under consideration. Let 7 € (0,7), yo € H(2) N

C (), and v € L>*(Q). Consider:

y(t,x) — Ay(t,z) — f1(t, 2, y(t, z),v(t,z)) = 0 in (0,7) x Q,

y(t,x) — Ay(t,x) — folt, z,y(t,z),v(t,z)) = 0 in (1,7T) x Q, (1)
y(t,l‘) =0 on ZOa
y(0,2) = wyo(x) in .

Under assumption |1} it is well-known that this system has a unique weak solution in W (0,T'), that
we denote Sp(v,7). It can be shown that the solution lies in Y(0,T), see [26, Proposition 2.3]



and [I5, Proposition 2.1]. For y € Y(0,T), v € L>®(Qo), and 7 € (0,T) we define the cost and the
reduced cost functionals:

Jo(y,v,7) = /O/Qﬂl(t,a:,y(t,x),v(t,a:))dxdt+/QqSl(T,x,y(T,x))dx

—|—/T/Q€2(t,x,y(t,x),u(t, z))dedt + /Q o2 (z,y(T, z)) dz,
Jo(v,T) = jo(;o(v,r),v,r).
Finally, we fix four functions u; < uf € L>(Q) and u; < ug € L°°(Q) and we define:
Vad = {(U,T) € L>®(Qo) x (0,7) |uy (z) <wv(t,z) < uf(z), for a.e. t € (0,7),
uy (z) < v(t,r) < uj(z), for a.e. t € (7, T)}
The optimal control problem to be investigated is given by

min  Jo(v, 7). (Po)

(v,7)EVaa

Notation. Given a function y € L*°(Q), we denote for a.e. t € [0,T] by y(t) the function
z €N y(t,z). Givent € [0,T], t' € [0,T], y and u € L>(Q), we denote by Fy(t',y(t),u(t)) the
function z € Q — f1(t',x,y(t,x),u(t,z)). In the same manner, we associate with the functions
fa2, L1, U2, ¢1, and ¢o the functions F5, Ly, Lo, @1, and P5 respectively. This enables us to omit
formally the dependence on x for these functions. We further define:

Fi(t,y,u) ifse(0,1),

Bty ifse2. <L @

F i (s,t,y,u) € (0,2) x (0,T) x L®(Q) x L®(Q) — {

Similarly, we define the mapping L(s,-,-,-) equal to Li(-,-,-) for s € (0,1), equal to La(-,-,-) for
€ (1,2). We later use a similar convention for the Hamiltonian. Similarly, we set:

u(”)_{ulm if s € (0,1), u+(5x)_{u(:r) if s € (0,1),

JF
1
uy () if s €(1,2), ug (z) if s e (1,2).

The interest of this notation will be clear in Section 221

The partial derivative with respect to x; of a mapping ¢g: z = (21, ...,2,) € X1 X ... x X;, = Y
(where Xj,...,X,, are Banach spaces) is denoted: D, g(z) € £(X;,Y). The second-order partial
derivative with respect to x; and z; will be denoted qu% g(z) and will be seen as a bilinear
mapping from X; x X; to Y. The first-order and second-order derivatives with respect to all
variables are denoted by Dg(x) and D?g(x), respectively. Twice continuously Fréchet differentiable
mappings will sometimes be simply called C? mappings. Note that later, the Hamiltonian is never
differentiated with respect to the variable p.

2.2 Change of variables

The formulation of problem does not enable us to derive optimality conditions. Indeed,
the feasible controls are not continuous at time 7 and the corresponding state trajectories are
not continuously differentiable (in time), in general. Therefore, for fixed values of v and y, the
cost function 7 +— jo(y,v,T) is not differentiable and for a fixed value of v, the control-to-state
mapping 7 — S(v,7) is not differentiable neither. Eventually, the mapping (v, 7) — Jo(v, ) is
not differentiable with respect to 7. In the formulation of problem , an additional difficulty
lies in the fact that the set of feasible controls depends on 7. These difficulties can be overcome
by reformulating the problem with the following change of variable. Consider the mapping 7 :
[0,2] x (0,T) — [0,T] defined by:

(1) Tt if t € [0,1],
w(t,T) =
’ (T —nt—T+2r ifte[l,2].



Observe that: 7(0,7) =0, n(1,7) = 7, and w(2,7) = T. For future reference, we introduce the
time-derivative 7 of 7 (with respect to ¢) and the partial derivative of = and 7 with respect to 7,
denoted respectively by 7. and 7. It holds:

R iftef0,1, . . [ 1 ifteo],

ﬂ-(t,T)_{(TT) ifte[1,2), 7T7(75)_{1 ift e 1,2,
B it t 0,1,

WT(t)_{ 2t iftell,2].

Note that we omit to write the variable 7, for m, and 7,. Accordingly we define a new class of
feasible controls by

uy (z) <u(t,z) <uj (z), fora.e t € (1,2)}7
and consider the following mapping
X:(0,7) € Vaa = (u,T) € Una x (0,T), where: u(t,z) =v(n(t,7),z).

One can easily check that this is a bijection. This mapping will enable us to justify the well-
posedness of the reparameterized system and then to establish the equivalence of problems
and .

Given (u,7) € Una x (0,T), we set S(u,7) = So(x " (u, 7)) o7(-,7), where x~* is the inverse of
X. We observe that S(u,7) € ) is the strong variational solution to the following hybrid system:

y(t) —w(t, ) [Ay(t) + F(t,m(t,7),y(t),u(t))] = 0 inQ,
y(t) = 0 onX, (3)
y(0) = yo in

For y € Y, w € L*>®(Q), and T € (0,T), we set:
j(y,u,T) = / fT(t,T)L(t,ﬂ'(t,T),y(t),u(t)) dz dt +/ [(I>1(T,y(1)) + @g(y(Q))] dz,
Q Q

and we define
J(u, )= J(S(u,7),u,T).
These considerations lead to the reparameterized problem:

i J(u, 7). P
(u,T)ErlxIllalan(O,T) (U T) ( 1)
Lemma 2. For all (v,7) € Vaa, we have J(x(v, 7)) = Jo(v,7). Consequently, if (v,7) € Vaa
is a global solution to , then x(v,T) is a global solution to and conversely, if (u,T) €
Uaq % (0,T) is a global solution to [Py]), then x~'(u,T) is a global solution to (Py).

The verification is straightforward and therefore it is left to the reader. Further below we
give optimality conditions for problem . Our sufficient second-order optimality conditions will
ensure the local optimality property with respect to the L>°-norm for problem (for the control
variable). While there is an equivalence between globally optimal solutions, as stated in the above
lemma, there are, however, no obvious notions of local optimality for and defined in such
a way that if a given (a,7) is a local solution to (P1), then x~*(&,7) is a local solution to (Po),
and conversely.

3 First- and second-order derivatives of the cost function

In this section, we compute the first- and second-order derivatives D.J(u,7) and D%J(u,7), at a
fixed (@, T) € Uqq x (0,T). We further denote § = S(@, T) and henceforth use the following notation:

Flt] = F(t,n(t,7),y(t), a(t)).

The analogous notation is used for L and the derivatives of F' and L.



3.1 Linearization of the system

In this subsection, the regularity of the control-to-state operator is investigated. We first give a
regularity result on linear parabolic equations, Lemma |3, which is used throughout the paper.

Lemma 3. We consider

2(t,z) —v(t)[Az(t, x) + b(t, x)z(t,x)] = &) in@
z(t,x) = 0 on % (4)
2(0,z) = =z in €,

where v satisfies a.e. in (0,T) the condition 1 < v < ¢ for some constant ¢ > 0, ||b]| =) < ¢,
and £ € L*(Q).

(a) For all zy € L?(R2), there exists a weak solution z € W (0,2) of (4) and a constant C depending
on ¢ such that

Izlwoz < CllElzz@ + ll20llL2@)- (5)

(b) If moreover zy € L*™(Q), we have z € W(0,2) N L*°(Q) and there exists a constant C
depending on c such that

12l < ClEllzz@ + 20l (@) (6)

(c) For all zg € HL(Q) N C(Q), there erists a strong variational solution z € Y of and a
constant C' depending on ¢ such that

Izlly < CUlEllz2@) + 120l @) + l20llo@))- (7)

Proof. Assertion (a) is a standard result. For zo € L>°(Q), the fact that has a weak variational
solution in W(0,2) N L>(Q) and that (6] holds follows from [I8, Theorem 2.1, page 143] and [I8|
Theorem 7.1, page 181].

Next we can take v, b and z € L?(Q2) from the left to the right hand side in the first equation
of and apply [I8, Theorem 6.1, page 178] and [I8, (6.10), page 176] in order to obtain , with

C(Q) and C(Q) replaced by L*(Q) and L*>(Q). To argue that z € C(Q) we consider

{(t,x) —cIAC = h(t,x)+&(t) inQ,
((tz) = 0 in %, 8)
C0,z) = =z in Q,

where
h(t,z) = (v(t) — ¢ HA(t, x)2(t, x) + v(t)b(t, ) 2(t, x).

Since z € L2((0,2), H2(Q) N Hg(2)) NW*2((0,2), L*(2)) we have that h € L2((0,2), L*(12)), and,
of course, that ¢ = z in L*>(Q). The continuity of the solution to an equation with constant
coeflicients like is proved in [27, Lemma 7.12], in the case of a Neumann boundary condition.
The proof can be adapted to Dirichlet boundary conditions by replacing all along the proof the
space C(Q) by the space Co(Q2) = {y € C(Q) |y;x = 0}. O

Lemma 4. The control-to-state mapping (u,7) € L>(Q) x (0,T) — S(u,T) € Y is twice Fréchet-
differentiable.

Proof. Step 1: General approach. -
Consider the mapping e : J x L°(Q) x (0,T) — L?(Q) x (H&() N C(L)), defined by:

e<y’ u, T) = (y() - 7T(a T) [Ay() + F(" 7T('a T)7 y()v U’())] ) y(O) - yO)'

For any (y,u,T) € Y xUaq X [0, T], the equality y = S(u, 7) holds if and only if e(y, u, 7) = 0. In the
next two steps, we prove that e is C? and that for any (y,u,7) € Y x L=°(Q) x (0,T), Dye(y,u,T)
is surjective. Then, it follows with the implicit function theorem that S is C2.



Step 2: Regularity of e. Observe first that the mappings
Gi:yedY—yeLl*Q) and Gy:ycYe— Ayc L*(Q)
are well-defined, linear and continuous, thus C2. It is easy to check that the mappings
Gs:1€[0,T]— w(,7) € L*(0,2) and G4:7€[0,T]— 7(-,7) € L>(0,2)
are C2. The mapping
Gs: (hi,ha) € Lo(Q) x L*(Q) = ha (-, )ha(--) € L*(Q)
is well-defined, continuous and bilinear (by Cauchy-Schwarz inequality), therefore C2. Define:

filt, @y, u)  if s € (0,1),

) 2
fr(stwy,u) € 0,2 x [0,T] x QxR H{ folt,w,y,u)  if s € (1,2),

The mapping f is measurable and satisfies the boundedness condition with respect to (s,z) and
the local Lipschitz condition of order 2 with respect to (¢,y,u) (see Definition . Therefore, by
Lemma 22| of the Appendix, the following mapping is C?:

G(6 : (p’yau) € LOO(O72) X LOO(Q)2 = F('?ﬂ(')’y(')vu(')) € LOO(Q)

Its restriction to L>°(0,2) x Y x L>=(Q) is also C?, and its image is embedded into L?(Q). We
deduce that e is C?2, since:

e(y,u,7) = (G1(y) — G5 (Ga(7), G2(y) + Go(Gs(7), y, ), y(0) — yo)- (9)

Step 3: Surjectivity of Dye(y,u, 7). Let (y,u,7) € Y x L>®(Q) x (0,T) and let £ € L*(Q). By
Lemma [3| the following linear parabolic equation has a unique solution in ):

(t) = 7t 7) [A2(t) + Dy F (¢, m(t, 7),y(t), u(t) 2(t)] = &) inQ,
z(t) = 0 on %, (10)
z(0) = % in Q.
This proves the surjectivity of Dye(y,u,7) : Yo — H(92) N C(Q) and concludes the proof. O

Remark 5. The implicit function theorem may appear as a too strong tool for verifying the dif-
ferentiability of S, since it involves the use of strong variational solutions. Their use, however, is
unavoidable for our analysis. Indeed, consider the linearization of system with respect to T:

2(t) — 7 (t, ) [Az(t) + DyF (¢, m(t,7),y(t),u(t)z(t)] = &@1) inQ,
z(t) = 0 on X,
2(0) = 2 in Q,

where:
§(t) = m (O [Ay(t) + F(t,7(t,7),y(t),ut)] +x(t,7)DeF(t, 7 (t, 7),y(t), u(t)).

We shall need an L>®(Q) bound for z. This can only be achieved if the right-hand side & is an
element of L?(Q), which explains why Ay should itself be in L*(Q).

Consider now the linear mapping defined by
K:6eL*(Q) = (2(1),2(2),2) € C(Q)* x ¥ C L*(Q)* x L*(Q), (11)

where z is the solution to the linearized equation (L0)), with (y,u,7) = (4,4, 7) and zo = 0. The
well-posedness and the continuity of the linear mapping K is ensured by Lemma 3]
We introduce the following space:

W((Ov 1)’ (172)) = {y € L2((072)5H(%(Q)) |y|(0,1)><Q € W(O7 1)7y|(1,2)><Q € W(172)}



Any function y € W((0,1),(1,2)) is continuous on [0,1) and (1,2] and has a left- and a right-
hand limit at time 1, that we denote by y(17) and y(17), respectively. The jump is denoted by
[yI(1) = y(1F) —y(17).

We define now the mapping K* : (a,b, &) € L2(Q2)? x L*(Q) — q € W((0,1),(1,2)) C L*(Q),
where ¢ is the solution to:

—(t) — #(t, D) [Aq(t) + Dy Fs (n(t,7), 50, a())a()] = £(1) in (1,2) x 9,
q(t) = 0 on (1,2) x 09,
q2) = b in €,

—q(t) = 7(t, 7)[Aq(t) + Dy Fa (n(t,7),5(t), a(t))a(t)] = &(t) in (0,1) x Q,
qit) = 0 on (0,1) x 09,

q(17) ¢1T)+a inQ.

The function ¢ is the concatenation of the solution to two backward linear parabolic equations: One
on (1,2) x Q, with terminal condition b, and one on (0, 1) x €, with terminal condition ¢(17) + a.
The well-posedness is ensured by Lemma 3| (a) (after the change of variable t — 2 —t). Note
here that gj(1,2)xo € W(1,2) and hence ¢(17) € L?(2). We establish below that K* is the adjoint
operator of K € L(L*(Q), L*(Q)? x L*(Q)).

Lemma 6. For all £ € L*(Q), for all (a,b,w) € L?(Q)? x L?(Q), it holds:

((a, b, w)vlc(g»LQ(Q)QXLQ(Q) = <IC*(CL, b, w),€>L2(Q).

Proof. Set z = K(§) € Y and ¢ = K*(a,b,w). Let ¢1 = qj0,1yxa € W(0,1), let g1,2)x0 € W(L,2).
We obtain, by integration by parts:

((a;b,w), K(§)) L2(0)2x L2(Q)
= (w,2)r2Q) + (@, 2(1)) r2(q) + (b, 2(2)) 12()

= /o (—=qu(t) = 7(t,7) [Aqu(t) + Dy Fi[tlg (8)], 2()]) -1 (), 113 o) At

2
+/1 (—G2(t) — 7(t,7) [Aq2(t) + Dy Fa[t]ga(t)], z(t)bH*l(Q),HOl(Q) dt

+{a, 2(1)) L2 () + (b, 2(2)) L2 ()

1
= /0 (a(t), 2(t) — 7(t, 7) [Az(t) + Dy Fi[t]2(8)]) 20y dt — (g(17), 2(1)) L2

+ /1 (q(t), 2(t) — 7(t, 7) [Az(t) + Dy Fat]2(t)]) 12(q) di
+<Q(1+)az(1)>L2(Q) —(q(2),2(2)) 2 () + (@, 2(1)) 2 () + (b, 2(2)) 2 ()

- / (a(), £(0) 12 (s .

The proof is complete. O

We define now the following mapping:
S:(u,7) € L®(Q) x (0,T) = (S(u,7)(1),S(u,7)(2),5(u,7)) € C(Q)? x .

As a consequence of Lemmal[d] S is twice continuously Fréchet differentiable, with:

D,S(u,T)v = lC(?i'(~,7")DuF[~]v(-)), for v € L™(Q),
D.S(u,7) = K(#:()(Ay() + F[]) + 7 (-, 7) Dy F [ (-)).
Lemma@ allows us to compute the adjoint operators of D, S(u@,7) and D.S(@,7) as mappings from

L?(Q) and R respectively, to L?(2)? x L?(Q). For v € L*(Q) and (a,b,w) € L?>(Q)? x L?(Q), it
holds:

((a,b,w), DyS(w, T)v) [2(Q)2x12(Q) = <7'r(-,7")DuF[-]IC*(a,b,w),v(-))LQ(Q),

((a,b,w), D:S(4, 7)) 22 x12(Q) = /Q(7'77(~)F[-]+#(-,T)DtF[-]WT(-))IC*(a,b7w)dxdt.



3.2 Computation of the derivatives of the cost functional

First we define the mappings H; and Hs as follows
H; : (t,y,u,p) € (0,T) x C(Q) x L>=(Q) x L*(Q) / Li(t,y,u) dz + (p, Fi(t,y,u)) L2(0),
Q

for ¢ € {1,2}. We define the Hamiltonian H in the same fashion as in :
H: (0,2) x[0,T] x C(2) x L=(Q) x L?(Q) — R
Hy(t,y(t t t if 0,1
(s,t,y,u,p) s l(ay( )7“( )vp( )) 1 SE( ) )7
H2(tay(t)?u(t)ap(t)) if s € (172)
(12)
Note that in what follows, the partial derivative D;H (as well as the other second-order partial
derivatives in ¢) refers to the partial derivative with respect to the second variable in the definition
of H.
We define the costate p € W ((0,1),(1,2)) as

p o= K(Dy®:(7,5(1)), Dy®2(5(2)), 7 (-, 7)Dy L, 7(-,7),5(), al")))- (13)

Observe that p is the solution to the following equation:

—p(t) — w(t,F)[AB(E) + Dy H (1, (t,7), (), (), 5(1)] = 0 in Q
p = 0 on %, (14)
p(2) = Dy®(y(2)) inQ,
—=[pl(1) = Dy®:(7,y(1)) inQ

From now, we use the following notation:
Hlt] = H(t,w(t,7),5(t),a(t), p(1)).
We define the following Lagrangian functional by:

L: (CQ)2xY)xL=Q) % (0,T) — R

(y = (a1,a2,y),u,7) +— /‘IH(T al)dx—i-/Q(I)g(ag)do:

2
+ [ w7000, u0),(0)

0
+ (), Ay () = 9())e2@) — (P(0),y(0) — o) L2(e)
+ ((2),y(2) — az)L2() — ([PI(1),y(1) — a1)L2(q)-

In the above definition, p € W((O, 1), (1,2)) is the costate associated with (g, @,7). The use of
an appropriately defined Lagrange functional is important for obtaining convenient expressions for
the derivatives of the reduced cost functional J(u, 7). See Proposition (8 below. We now denote

y = @(1),9(2),9) = S(a, 7).

Lemma 7. The Lagrangian is twice continuously differentiable. The first-order partial derivatives
at (y,u,T) are given by:

DyL(y,u,7)z = 0, forze C(Q)>Y,

2
D, L(y,a,T)v = /0 7(t, 7) D, H[tlv(t) dt, forv e L=(Q),

D,L(3,a,7) = /0(#T(t)H[t]+7'r(t,7’-)DtH[t]7rT(t))dt+/QDT<I>1(7’-,;y(1))dx.
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The second-order partial derivatives at (y,u,T) in directions 2,2 in Y, v,0 in L>(Q), da;,da; for
i€{1,2} in C(Q) and 6 € R are given by:

D, £ ) 6ar.8) = [ D3, @1 (7 (1) Gar, G .
Dgz aZ,C(}_’ u, )((5@2,(5@2) = /D2 q)g (5&2,60,2)

T,a1

sctsnn((2). () = [ renntmo( (0). () a0
D37(y7u)£(y,ﬂf)(9,(i>) = /02 ()0D<yu>HH<Eg a

_|_/02ﬂ-(t,r)Di(y,u)H[t]ﬂT(t) (9, (igg)) dt,

/0 : (2 () Dy Ht)mo (1) + (8, 7) D2 Hltlmer (1)?) dt.

D2, £(3.5,7)(0,6a1) — /D2 ®1 (7, 51))(6, 5ar) dz

S
(V)
)
<
s
-l
I

The derivatives which are not given above are null.

Proof. We give a proof of the differentiability of the Lagrangian and compute the first-order deriva-
tive with respect to y. The proofs for the other first-order derivatives and for the second-order
derivatives are left to the reader.

Step 1: Differentiability of L. Note that the mappings G1,...,G5 used in this proof are different
from the ones introduced in the proof of Lemma [l Observe first that all the linear terms involved
in £ are continuous and are thus C?. The mappings G1: h € C ) f hand Go: h € L>®(Q) —

(p,h)L2() are linear and continuous, thus C?. By Lemma the mappings (7,a1) € (0,T) x
C(Q) = ®1(1,a1) and ay € C(Q) — Pa(az) are C?, thus by composition with G, the following
mappings are C?:

(1,a1) € (0,T) x C(Q |—>/<I>17a1)dac and ag € C(Q »—>/<I>2 (az2)

By using techniques of the proof of Lemma E, we can verify that the following mappings are C?:

Gs: (y;uaT) €V x LOO(Q) X (OvT) = ﬁ('vT)L(aW('aT)vy(')vu(')) € LOO(Q)a
Gy: (y,u,T) €YV x LDO(Q) X (OvT) = 7:‘-('77—)F('7W("T)vy(')vu(')) € LOO(Q)'

Thus, since G5(y,u, 7) = G1(G3(y, u, 7) + G2(G4(y,u, 7)), the following mapping is C?:
2

Gs: (y,u,7) €Y x L=(Q) x [0,T] = / ot ) H (t,7(t, 7),y(t), u(t), p(t)) dz dt.
0

This concludes the first part of the proof.
Step 2: Computation of Dy L(y,4,T). Observe first that by we find

Do, L(y,u,7) = D,®:(7,y(1)) + [p](1) =0, Do, L(y,u,7T) = Dy®2(7,5(2)) — p(2) = 0.

Moreover,
2
DyL(y,u,T)z = /0 7 (t,7) Dy H[t)z(t) At + (p, 7 (-, 7) [Az(-) + Dy F[]2(-)] — 2(')>L2(Q)
—(p(0), y(0 )>L2(Q) + (P(2), 6y(2 )>L2(Q) —([PI(1),0y(1)) 20
= (7(,T)DyL[],2)r2(q

+ (P, 7(-,7)[Az(-) + DyF[]2(-)] — é(')>L2(Q)
(2)

: )
—(p(0), 2(0 )>L2(Q) +(p(2),2(2 )>L2(Q) ([p1(1), 2(1)) L2(q)

= 0.

Indeed, by Lemma@ and using the definition of p given by , we obtain

11



(p, (-, 7)[Az )+D F[12()] = 20)) 12

((Dy®1(1,5(1)), Dy®2(2,5(2)), 7 (-, F)Dy L[], K (7 [Az + Dy F[2()] -
= <(D ®:(1,5(1)), D @2( 9(2)), 7
= = (=[pl(1), p(2), 7( L[]), (=1

Thus the proof is complete O

20)) e w2
) H)v (Z(l)a2(2)’Z)>L2(Q)2XL2(Q)

(
) )> Q(Q)2XL2(Q) .
In the next lemma, we compute the first- and second-order derivatives of J at (@, 7). Observe

that the second-order derivative D2L(y,u,7) can be identified with a continuous endomorphism
in (C(Q)%? xY) x L>®(Q) x R by writing

z Z z\ (Z
D%(y,a,%) v, {i = <D2£(y,u77') vl, 72
0 2 0) \0

(L2(Q2)2xL2(Q)) x L2 (Q) xR

In formula of Proposition below, the multiplication of matrices of linear mappings is defined
by the usual rules of matrix calculus. The multiplication of two linear mappings is defined as their
composition.

Proposition 8. For all (u,7) € L*>(Q) x (0,T),
J(uvT) = E(S(U,T),U,T). (15)
The first-order derivatives of J at (u,T) are given by

D,J(a,7) = D, L(y,u,7) and D;J(u,7)=D.L(y,u,T),

where § = S(i,7). The second-order derivative of J at (4, 7), D*J(u, T ),((Z) , <

> >

)) s given by
D,S(u,7) D-S(u,T X
[DuS(@ D" T 0N p2pie 7 s K (()u N (o (16)
[D.S(u,7)]* 0 1 b 0 1 0)\6 ’
L2(Q)xR
Proof. Relation follows directly from the definition of £. Differentiating this relation twice

and using the fact that Dy L(y, @, 7) = 0, we obtain the expressions of the first- and second-order
derivatives. For example, we have

D,J(u,7) = D, L(y,u,T)v+ DyL(y,a,7)S(a,7)v=D,L(»¥,a,T)v,
————
=0
which yields the announced expression. O

4 Regularity of the Hessian of the cost function

In Proposition |§| below, we show that D?J(u, ) can be extended to a continuous bilinear form on
L?(Q) x R and that it is Lipschitz continuous with respect to u (for the L>-norm) and 7. The
proof of the proposition is based on two other technical lemmas (Lemmas [10[and Lemma. They
state that J and S satisfy the following property: Their second-order derivatives can be extended
to a continuous bilinear mapping on an appropriate L? space and they are Lipschitz-continuous
for the L*°-norm.

All along the section, a pair (4, 7T) € Uag X (0,T) is fixed. Let us fix two real numbers 0 < gg <
min(7,T — 7) and ¢ > 0 satisfying the following properties:

e For all u € Uyq and 7 € (0,T), setting y = S(u, ), we have

[9llL=(q) < ¢
u =l + |7 —7|<eo = 1Dy F1 (9 () ul)) @) < ¢

1Dy F2 (-, y (), u()) (@) < e

12



e Forall 7 € [T — 0,7 + o] and t € [0, 2], the inequality 1/c < 7(¢,7) < ¢ holds.
We define:
W = {(u,7) €Upa X (0,T) | |lu— &l () + |7 — 7| <0}

Proposition 9. There exist constants C1q > 0 and Cyp, > 0 such that for all (u,7) € W, for all
(v,0) and (0,0) € L>(Q) x R,

| D% (u, ) ((v,0), (0,0))]
|(D*J(u,7) — D*J(@,7))((v,0), (0,0))]

IN

Call(,0) || 2@y x| (0, )| L2 (@) x®»

IA

Cu(|lu — @l Loy + |7 — 71)
X[ (v, )20y xr (D, )| L2(0) xR
Proof. The second-order derivative of J is given by:
D?J(u,7)((v,0),(9,0)) = DyJ(S(u,7),u,7)D*S(u,7)((v,0),(0,0))
+D%J(S(u, ), u,7) (DS (u, 7) (v, 0),v,0) (DS(u, 7)(2,0),7,0).
By Lemmas [10] and [13] the result holds for Cy, = C2,Csq + C3q(1 + C2,) and
Ciy = CouCip + CunCsa + 203, Cra[1+ 2, + Ca(1 + C2,),

which concludes the proof. O

Lemma 10. There exist constants Caq > 0, Cop > 0, C34 > 0, and C3, > 0 such that for all
(u,7) €W, for all (z,v,0) and (£,0,0) € Y x L=(Q) x R,

1Dy I (y,u,7)(2,0,0)| < Coall(y,0,0)]| 12(0)2 xms
|(Dy T (y, u,7) — DJ(5,5,7)) (2,0,0)] < Copll(2,v,0)] 220y
X(ly = Gllee (@) + llu = ll oo (@) + |7 = 71),
D27 (y,u,7) ((2,0,0), (2,8,0)) | < Call (2,0, 0) | L2y | B 0, 0) | 122 <
(DI, wm) = DI (5,8, D) ((2,2,6), (2,0,0)] < Csnl(z, 0Ozl 0, Dl e

X(ly = gl @) + llu = all L) + |7 = 7).
where y = S(u, 7).
Proof. By construction, the set {S(u,7),u,7)|(u,7) € W} is bounded in L>®(Q) x LOC) "

(0,T), and J is the integral of a Nemytskii operator. The result then follows from Lemma [22] and
Lemma 23] O

Define the mapping F as follows:
(yaua T) € Y X Uyg X (OvT) = F(y,U,T) = 7:((',T)F(',T('(',T),ZI/('),U(')) € LOO(Q)

Lemma 11. The mapping F is 2. Moreover, thereAexist constants Cyq, Cup, Csq and Cg, > 0
such that for all (u,7) € W, for all (z,v,0) and (2,0,0) € Y x L=(Q) x R,

1D

( C4a||(zavao)||L2(Q)2><Ra
I(DE(y,u,7) — DE(y

Y, u, 7)(2,0,0) | Lo (@)
711,7"))(,2,1),9

IAIA

Nz~ Canll(z,v,0) 122 xr

X(ly = gl (@) + llu =l g (@) + |7 = 71),

HD2F(y7u7T)<(Z,’U70)7 (A7ﬁ7é)) C5a||(Z,U, 9)||L2(Q)2><R||(27 @a é)HL2(Q)2><R7

[P
H (DQF(y, U, T) — DQF(:U, U, ?)) ((z, v,80), (2,0, é)) HLOO(Q)
< Cspl|(2,0,0) || 2@z xr || (2,9, 0) | L2 (@y2 xr (ly — Tl + lu — @l| (@) + |7 — 7I),

where y = S(u,T).
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Proof. Again, this result follows from Lemma [22] and Lemma O

For all (u,7) € Uaq x (0,T), we define the operator Z(u,7) : £ € L*(Q) — z € ), where z is
the solution to:

i(t) — 7(t,7) [Az(t) + Dy F (¢, 7(t,7),y(t),u(t)z(t)] = £&@F) inQ,
z(t) = 0 on X, (17)
z(0) = 0 in Q,

and where y = S(u, 7).

Lemma 12. There exist constants Cgq, > 0 and Cgp > 0 such that for all (u,7) € W and for all
£ e L*Q),

||Z(U’T)§||L°°(Q)2xy < Coaliéllzz ),
[(2(u,7) = 2(@, )|l ooy < Covllly = Fll=@) + lu = @l =(q) + 7 = 7) €]l 2(0);

A

where y = S(u, 7).

Proof. The first estimate is a direct consequence of Lemma Next, let (u,7) € W and € € L?(Q),
define z = Z(u,7)¢, z = Z(u,7)E, and set dz = z — Z. The function 0z is solution to the following
linear parabolic equation:

02(t) — w(t,7) [A(62)(t) + Dy F (¢, 7(t,7),4(t), u(t))d=(t)] = ¢(t) inQ,
6z = 0 on X,
02(0) = 0 in Q,
where
Ct) = [r(t,7)—7(t,7)]Az(t)
+[7(t, 7)DyF (t,m(t,7),y(t),u(t)) — 7(t, 7) Dy F(t, 7(t,7), (1), w)] 2(t).
It holds
<lIz2(@) < ollAzllL2(@) + Cullzllz2(@) < (€0 + Cun)CoalléllL2(q)-
The second estimate follows, taking Cgp = (g0 + O4b)C§a and using once again Lemma O

Lemma 13. There exist constants Crq >0, C7p > 0, Csq > 0 and Cgp > 0 such that for all
(u,7) €W, for all (v,0) and (0,0) € L>®(Q) x R,

|DS(u,7)(v,0)|[,, < Crall(v,0)llz2(@)xE
I1S(u,7) = S(@7)lly < V20Q/Cra(lu—llL=(q) + |7 — 7),
[(DS(u,7) — DS(@, 7)) (0,0)|,, < Cr(llu— 1l 1= () + |7 — 7)1 (v, 0) 2 (@) x=
ID?S(u, 7)((v,0), (0,0))[l,, < Csall(v, )l L2() 2l (8, 0) ]| 22(@) s
1(D?S(u,7) = D*S(a, 7)) ((v,0), (0,0)) [, < Coll(v,0)]|2(@)xrll (0, 0)| 2 () xm

X (||u — I_LHLoo(Q) + |T — 7_‘|)

Proof. The first- and second-order derivatives of S are given by:

DS(u,7)(v,0) = Z(uA, T) [DUF(S(U, T)LU, v+ DTF(S(’LL, T), U, 7')0}, A A
D2S(u,7)((v,0),(9,0)) = Z(u, 7) [D?*F(S(u, 7),u,7) ((DS(u, 7)(v,6),v,0), (DS(u,7)(0,0),9,6))].

The first estimate follows directly from Lemma [[I] and Lemma taking C7q = CgqClaq. For all
(u,7) €W,

/1 DS+ 0(u— ), 7+ 0(r — 7)) do,

n
=
2

n
=
2

I

14



and therefore,
1S (u, 7) = S(@, 7|y < Crall(u =, 7 = )| 2@)xr < V2IQC7a (lu = ull L) + |7 = 7).
The second estimate follows. The three other estimates are easily obtained with:
Crp = C6aCupy/1 4+ C3, + CeyCla, Csa = CaCsa(1 + C2,),
Csp = 2C64C54Cmp\/1 + C2, + Cs,Csp(1 + C2,) + CepCsa(1 + C2,),

and thus the proof is complete. O

5 Optimality conditions

5.1 First-order optimality conditions

We define:

41(@%%“)+pf1(ta$7y>uvp) if s e (071)’
62(t7m7y’u)+pf2(taxayau7p) lfSE (172)

Theorem 14. Assume that (4, 7) is a solution to (Py)). Then, for all u € Uaq,
D,J(a,T)(u—a) > 0. (18)

h: (s,t,z,y,u,p) € (0,2) x (0,T) x R" XR3»—>{

Moreowver,

Therefore, for a.e. (t,z) € Q,

ut,z) € (u™(t,x),ut(t,2)) = Dyh(t,x(t,7),z,§(t, z),ut, z),p(t,z)) =0,
u(t,z) =u=(t,x) = Dyh(t,n(t,7), 2,4t x),a(t, ), p(t,z)) >0, (20)
at,z) = ut(t,x) = Dyh(t,7(t,7), 2,5t ), a(t, ), p(t, z)) <0

Proof. Inequality follows directly from the convexity of U,q and the differentiability of J. The
equality and the inequalities given in follow from the optimality of & and a Lebesgue point
argument (see for instance [27, Theorem 5.12 and Conclusion]). O
5.2 Second-order optimality conditions

In this subsection, (u,7) is assumed to satisfy the first-order optimality conditions and .
For the formulation of the second-order order optimality conditions and, more precisely, for the
definition of the critical cone, we introduce the following subset of ), parameterized by § > 0:

As(@,7) = {(t,x) € Q|Duh(t,n(t,7), 2, y(t,z), ult,x),p(t,x))| > 6}
Observe that by (20), for all § > 0, for a.e. (t,2) € Q,
(t,x) € As(u,7) = a(t,x) € {u (t,z),u’ (t,2)}.

We define the tangential set to Uaq at u:

Ty, (@) = {vel®Q)lultz)=u (t,z) = v(t,z) >0,

u(t,x) =ut(t,z) = v(t,z) <0, for a.e. (t,x) € Q}.

We now define, for all § > 0, the set

Cs(a,7) = {veTy,(@)]|(tz) e As(a,7)= vt z)=0, fora.e (t,z) € Q}.

The set Co(u,T) is called critical cone. Observe that for all v € Cy(a, 7),
D,J(u,T)v = / ﬁ(t,?)Duh(t, (7, 1), y(t, x), u(t, x), p(t, a:))v(t, x)dxdt = 0.
Q\Ao(a,7)

Note also that for all 0 < §; < 0o, As, (1, 7T) C As, (4, 7), and thus Cy, (4, 7) C Cs, (G, 7).
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Theorem 15. Assume that (4, 7) is a solution to ([Pi)). Then, for all (v,0) € Co(u,7) x R,
D*J(u,7)(v,0)* > 0.

Proof. Let (v,0) € Co(u,T) x R. Let (ex)ren be a sequence of positive real numbers converging to
0. For all k € N, define for a.e. (t,z) € Q

1

Uk(tvx) = a(P[u*(t,x),qu(t,x)] (ﬂ(t,l‘) +6]€U(t,l‘)) - a(t,]ﬁ)),

where Pj,; denotes the projection on the interval [a,b]. Since v € Ty, (), for a.e. (t,x) € Q,
there exists k such that for all k > k, vg(t,z) = v(t,z). Moreover, for all k, for a.e. (t,z) € Q,
|vk(t,x)| < |v(t,z)|, therefore, by the dominated convergence theorem, |[v — vx|[z2(g) — 0. It can
be easily checked that for all k, vy, € Cy(,T) and that 4 + v, € Uaq. By optimality of (@, 7) and
by Taylor’s theorem, there exists for all k € N a real number u € [0, 1] such that:

1
0 < g(c](ﬂ+€kvk,7_'+€k9)—J(’E,T’)):D2J(’L_L+ﬂkekvk,f+uk€k@)(vk70)2~

Using Proposition [0} we obtain
0 < klim D2 J(u + prervr, T + purerd) (vg, 0)? = D*J (a0, 7) (v, 0)?,
— 00

which concludes the proof. O

Theorem 16. Assume that the first-order necessary conditions and are satisfied. Assume
that there exist § > 0 and o > 0 such that:

D?J(a,7)(v,0)* > a([[vlF2q) + 6?),  V(v,0) € C5(u,T) x R.

Then, for all B € (0,«), there exists € > 0 such that for all (u,7) € Usq % (0,T),
_ _ _ B _ 12
e =l + Ir =7l <e = Ju7) > J@7) + 5 (lu -l + (r = 7))

Proof. Let € > 0. For the sake of clarity, ¢ is defined at the end of the proof. Let (u,7) € Uaa % (0,T)
be such that

lu —tlloc +|T—7] < e
Define: v=u—1u,0 =7—7. By and by Taylor’s theorem, there exists p € [0, 1] such that
1
J(u,7) — J(u,7) = D.J(a,7)v+ 5DQJ(a + po, 7 + pb) (v, 0)>. (21)
We proceed now as follows: We look for a lower estimate of D,,J (&, 7)v (given by (22))) and a lower

estimate of D2.J (4 + pv, T + 1) (v,0)? (given by (26])). We begin with the derivation of the lower
estimate of D, J(u,7)v. We split v into two terms, given by

Vot ) = o(t,z) if (t,x) & As(a, 7), ottz)=1 ° if (t,2) ¢ As(u,7),
o 0 if (t,2) € Ag(a, 7), e o(t,x) if (t,x) € Ag(a, 7),

for a.e. (t,x) € @, so that v = vg + v1. It is easy to check that vy € Cs(u, 7). Note also that

SN =
NI
| I

HU”%%Q) = ||U0H%2(Q) + ||Ul||%2(Q)-
Since v € Ty, , (@), from we obtain that

Dyh(t, m(t,7),z, §(t, z), u(t, ), p(t, z))v(t,z) > 0, for a.e. (t,x) € Q.
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It holds: @ + vy € Uaq. Therefore, by , and since vy € Cs(a, 7),

Dy J(u,7)v > DyJ(u, 7). = / wo(t, T) Duh(t, z, y(t, x), at, ©), p(t, ©))o(t, x) dz dt
As(u,T)

/ wo(t, )| Duh(t, x, §(t, x), ult, x), pt, 2))| - |v(t, 2)| dz dt
As(u,T)

Y

KO
K6llvi (@) = ?”UlH%Q(Q)) (22)

where Kk = min(7,7T — 7) = Hﬂir%] 7(t,7) > 0. The last inequality follows from:
teo,

o1l (@) < ol < e
We look now for a lower estimate of D2.J (@ + pv, 7 + ) (v,6)%. We have
DQJ(a+,LLU,f+M0)(U,0)2 Z DQJ(UJ,?)(U,H)Z —C1b8(||’01||%2(@) + H’UO“%?(Q) +92), (23)

where Cy, > 0 is the constant given by Proposition [0} Moreover, by Proposition [0] and Young’s
inequality, for all v > 0,

|D2J(ﬂ77i)(vv 9>2 - D2J(ﬁ77i)(U07 9)2|

|D*J(f1,7)((v1,0), (2v0 + v1,26))|

< Oualloallza) - y/4llvol3a ) + 01l gy + 467
< 22 urlBa + Curliolag + lorlay +46°)
(24)
By assumption,
D?J(u,7)(v0,0)* > a(lvollZzg) +07). (25)

Combining , , and we obtain, for all v > 0,
C1a
D2J (a+ o, 7+ 1) (0,0)° > (= Cupe — 4C107) ([0l 32y + 6°) — (Clbe + 71) o 132(0)-
(26)

Then, combining the two lower estimates and with , we obtain:

o 1 k0  Crpe Oy
Hur) = J@7) 2 gla = Cue = 4Cun) (ol + ) + (22 - 5 - S0 Jur g
Choosing
_ab E—min(l 210 a—,é’)
v SCla ’ ’ ﬂ+015+01a/’}/7 201() ’
the result follows. B

6 Constancy of the Hamiltonian

In this last section, we provide an additional result related to the variation of ¢ € [0,2] —
H(t,m(t,7),5(t),u(t)), when (4, 7) is a global solution to problem (Pi). When fi, f2, ¢1, and
{5 are time-independent, the Hamiltonian is constant. This property was already known in the
absence of switching times. We show that it still holds in the case of hybrid problems, despite
the jump of the costate at 7. Our approach is inspired from [23] and consists in reformulating the
problem, once again, by a change of variables.
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Let us define:

T

2
{ueLw((O,Q),R)|35>O, V(t) > ¢, for a.e. t € (0,2) and/ u(t)dt:T},
0

frerma rou-o)

Let vy be a fixed element of 7. Observe that T is an open subset in the affine subspace vy + Ty C
L>(0,2). For all w € L*>((0,2) x ) and v € T, we denote by Sz(u,v) € Y the solution to the
following system

To

9(t) = v(6) [Ay(t) + F(t, [y vy u®)] = 0 @,
y(t) = 0 onX, (27)
y(0) = y Q.

Given u € L*®(Q), v € T, and y € Y, we define:

Tawyr) = // Lt Jowy®.u®) at + [ [0 ([hwp(1) + 2 (2)] .
Jo(u,v) = Jo(u,Ss(u,v),v).

Finally, consider the following problem:

i J:
wekirber 20) (P2)

In order to prove the equivalence of problems and , we introduce the following map-
pings:

X2a - (U(')’T) € Vad — (IU(TF("T)%#('?T)) € Uag X Ta

0(t)
Xoo: (u(+),v) € Uaa x T = (u(8(-)), [ov(t)dt) € Vaa, where: / v(s)ds=t, Vte]|0,T].
0

Lemma 17. For all (v,7) € Vaa, J2(x24(v,7)) = Jo(v, 7). Conversely, for all (u,7) € Ugq X T,
Jo(xap(u; 7)) = Ja(u, 7).

Therefore, if (v,T) € Vqa is a global solution to (Py)), then x2q(v,T) is a global solution to ([P,
and conversly, if (u,v) € Uaq x T is a global solution to (Pa)), then xa2u(u,T) is a global solution

to .

The proof is elementary, and so left to the reader. Observe that s, is not surjective and that
X2b is not injective.

Lemma 18. The mapping Sy : (u,v) € L®(Q) x T — Sy(u,v) € Y is continuously Fréchet
differentiable.

Proof. The proof is very similar to the one of Lemma [4] The mapping e is now defined as follows:
e (yu,v) €Y X LX(Q) x 7 = §() —v()[Ay() + F(N(),y(),u())] € L*(Q),

where N (¢ fo s)ds. It can be represented as in @ if one replaces 7 by v, and G3, G4 by the
followmg deﬁmtlonb

Gs:veTw—velL>0,2), Gi:veT — (t— [tr(s)ds) € L=(0,2).

The surjectivity of Dye(y, u, v) is still a consequence of Lemma Thus, S is continuously Fréchet
differentiable, by the implicit function theorem. O

Let (,7) be a global solution to ([Po)). Let (4, 7) = x24(, 7). By Lemmall7] (,7) is a solution
to (P and by Lemma (@, T) is a solution to . Let p be the associated costate. We define a
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new Lagrangian as follows:
Lo: (L®Q)2xY)xL=Q)xT — R

(y:(al,az,y),u,y) = /Q‘I)l(f(l)’/,al)dl"F/Q‘I)Q(ag)dx

2
+ / V(OH (2, [, y(t), u(t), p(t)) dt
— 2. 9()) z2(@) — (9(0),y(0) — yo)r2(0)
4 <p<2>,y<2> - agmm) A, y(D) — ).

It is easy to prove that the mapping £ is Fréchet differentiable, by adapting the proof of Lemmal7}
We define:

&)y = /075 (s, 7)DeH (s,7(s,7),5(s),u(s),p(s)) ds.
Recall that D;H denotes the partial derivative of H with respect to its second variable.
Theorem 19. The function t € [0,T] — H (t,m(t,7),y(t),u(t)) — &(t) is constant.
Proof. For all (u,v) € Upg X T,
Ja(u,v) = Lo(S(u,v),u,v). (28)
Moreover, for all z € L>(Q)% x ),
DyLy(y,u,v)z = 0, (29)

where (4,7) = (@, 7(-,7) = x24(@, 7). To prove that H[-] — £(-) is constant, it is sufficient to prove
that for all w € L*(0, 2),

1 2
where H := / HIt] t)dt. Let w € L>°(0,2), and set @ := 5/ w(t)dt. Let & :=w — @ and
0

0(t) :== / @(s)ds. By construction, @ € Ty and 0 = 6(0) = 0(2). Since T is open and (@, ) is
0
optimal, we deduce from and that:

2
0 = D,J(a,v)ow=D,Lyy,uv)® :/ H[t|o(t) + 7 (¢, 7) D H[t]0(t) dt.
0
Integrating by parts and using the fact that 0 = 8(0) = 0(2), we obtain that
2
0 = / (HIH] — £(6)) o(t) dt. (30)
0
Observing that
2 - 2
/ (H{f] — €(t) — H)@dt =0 and / Aa()dt =0,
0 0

we deduce from that

/0 (H[t] - €(t) — Mw(t)dt = / (H[f] — £(t) — H)ao(t)

+/02(H[] dt+/ Aot

which concludes the proof. O

Corollary 20. If f1, fa, {1 and {5 do not depend on t, then the Hamiltonian is constant in time.
Proof. In this case, D, H (s,7(s,7),5(s),u(s),p(s)) = 0 and therefore, { = 0. O
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7 Numerical experiment: The competitive prey-predator
system

As an illustration of the theoretical findings, we propose to consider the Lotka-Volterra PDE-
system, describing the evolution of populations of preys and predators. Denote by © = (0,1), and
let y1, y2 be the distributions of populations of preys and predators, respectively. The coupled
partial differential equations system we are interested in is given by:

9 — Ay =y1(1 —cryr) (@ — by + uply,) in (0,7) x Q,
U2 — 2 Ays = y2(1 — cay2) (qy1 — 7 + u2ly,) in (0,7) , (31)
y1=y2=0 on (0,T) x 09,

y1(0,-) = w10, %200,-) =20 in €.

Note that the control and the state are vector-valued. As mentioned in the introduction, the results
of the article can be easily extended to such a situation. In this system, a, 7, ¢1, co, V1, and 15 are
given positive constants. The variables ¢ and b are positive constants on (0,7) x Q and (7,7T) x .
Their value changes at time 7. The initial data y; 0 and y2 o that we have chosen are smooth and
satisfy the homogeneous Dirichlet boundary condition on 9f2. They are given by

y10(z) = 10.0% (1.0 —exp(—(1.0 — z))) * (exp(—(1.0 — z)) — exp(—1.0)),
y20(x) = 20.0% (1.0 —exp(—z)) * (exp(—x) — exp(—1.0)).

The control is realized through two functions u; and ws, whose supports are given by w; =
(0.00,0.25) and &y = (0.75,1.00), respectively. The objective we define is to maximize a quantity
¢1 representing the population of preys on a subdomain w := (0.48,0.52) at some optimal time 7
to be determined. The terminal cost ¢, is the same function as ¢,. More precisely, by denoting
y = (y1,y2)T we consider

617,y 2) = Sl (RO PLu(@), 6ol y(T,2) = Sl ()P (a).
Denoting by u = (uy,u2)”, the running cost functional (to be maximized) is defined as
Uy(t,a)ult,a) = =5 (u(t2) +ua(t,2)?).
The parameters of the model are set to
T=300, vy=1,=0.001, a=03, r=0.2, c;=ce=0.05.

The change of dynamics is realized through the coefficients ¢ and b, which can be interpreted
respectively as the capacity of reproduction of predators and their tendency of killing preys: Their
values are given by

_, _ [0 ift <,
=% = 1 007 ift> 7.

It means that after having reached a maximum for the population of preys in the region w at time
7, through this change of dynamics we facilitate the subsistence of preys at time T by restricting
their interaction with predators. The large number of preys after 7 can indeed help the predators
too much to reproduce, and then could lead to the extinction of preys before time 7.

The space discretization is made by P1-finite elements, with 1001 degrees of freedom. The
time-evolution discretization consists of 1000 time steps, and is performed with a Crank-Nicholson
scheme for the state system , and an implicit Euler scheme for the corresponding adjoint system.
In practice, in order to make the transport effect easier in space, we add in the left-hand-side of
the two first equations of system advection terms of type S8(y1 - V)y1 and B(ys2 - V)ys, with
B = 0.0005. At each time step, nonlinearities are solved with a Newton method.

The results, for the cost parameter a = 107%, are presented in ﬁgure A Barzilai-Borwein method
(see [21]) initialized with a line-search step is performed in order to vanish the gradient of the cost
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function, given by Proposition [8] The optimize-discretize approach actually introduces a residual
error (approximately 107°% here), which is observed to be proportional to the space step. That is
why we stop the algorithm when the variation of the norm of the gradient (between two iterations)
as smaller than 1071°%. We present only the evolution of the population of preys (the variable y;)
and the evolution of their control (the control uy). The optimal control us is actually not activated
here.

An optimal switching time equal to 7 & 13.5919 has been obtained. We observe that the control
starts by killing preys, likely in order to restrain the population of predators as much as possible.
Then, once the population of predators is low enough, the control increases and becomes positive, so
that this introduction of preys in the domain leads more efficiently to their reproduction. Secondly,
we notice that the control is much more active (and negative) after time 7, in order to respond to
the terminal cost. This is probably due to the fact that after the first maximum reached at time
7, the population of preys is much more important than at the initial time, and then a more —
negative — active control is needed in order to avoid that the population of predators becomes too
important. We also observe that the advection terms added in the model help the cost function
to increase by approximately 24%, with respect to the simulation without control, instead of by
approximately 3% with 8 = 0 (this case not presented here). Last, we observe that a delay is
encoded into the model: The control is no more active shortly before the optimal time 7, or before
the terminal time. This is due to the time needed to transport preys into the domain from one
point to another.

8 Conclusion

We have provided first- and second-order optimality conditions for a hybrid control problem for a
system governed by a semilinear parabolic equation. The analysis is based on a reformulation of
the problem obtained by a change of variable in time. We have also shown that the framework of
strong variational solutions (for the state equation) is an appropriate framework for the derivation
of optimality conditions. A theoretical property, related to the variation of the Hamiltonian along
an optimal trajectory, has been proved. Finally, we have provided numerical results for a hybrid
Lotka-Volterra PDE-system.

The results of this article could be extended to different models of PDEs, for example to PDEs
of hyperbolic type. It would also be of interest to allow for the presence of state constraints. A
second-order sensitivity analysis of the value problem of our problem, with the help of a conveniently
defined Riccati equation, is another topic for future work.
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Figure 1: Values of the state y; and the control uy, for different values of the time.
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A Regularity of Nemytskii operators

We recall in this section a technical result concerning the regularity of Nemytskii operators. The
terminology comes from [27, Section 4.3.2].

Let E, be a measurable subset of R™. Let £k € N. Let ¢ : £, x R — R. Assume that ¢ is
measurable and that for a.e. x € E,, y — ¢(x,y) is continuously k-times differentiable.

Definition 21. We say that ¢ satisfies the boundedness conditions of order k (with respect to x)
if there exists C > 0 such that:

|D§gq§(3§,0)\ <C, forallt=0,...,k, fora.e xekE,.

We say that ¢ satisfies the local Lipschitz condition of order k (with respect to y) if for all M > 0,
there exists K > 0 such that for all x € E,, for all y; and ys € R,

(Il < M and |ys| < M) = |Dio(w,2) ~ Do, yo)] < Klyz — yal. (32)

Note that if the boundedness and Lipschitz conditions of order k are satisfied, then for all
M >0, for £ =0, ..., k, there exist a constant C' > 0 and a constant K > 0 such that for all z and
for all y; and ys € R,

{ |y1| < Ma = { |D§Z¢(I7y1)| < C?
yl/,

33
el < M, IDLoo(,2) — DL (e, 2)| < Klys — . (33)

In particular, if the boundedness and Lipschitz conditions of order k are satisfied, then they are
also satisfied for any smaller order. The following lemma is a direct extension of [27, Lemma 4.12].

Lemma 22. Assume that ¢ satisfies the boundedness condition of order k and the Lipschitz con-
dition of order k. Then, the following mapping, called Nemytskii operator associated with ¢, is k
times continuously Fréchet differentiable:

O :ye LB, R) — (w € B, ¢(g;,y(x))) € L®(E,,R).
For allt=1,..,k, for all z1,...,z¢ € L°(E,,R),

Df}e(I’(y)(zl,...,zg) = (a: — Dzng(x,y(x))(zl(m),...,zg(x))) € L>(E,,R). (34)

Proof. To simplify the notation, we write || - ||o instead of || - || L (g, r). We prove the lemma by
induction. The case k = 1 is treated in [27, Lemma 4.12]. It is moreover proved that for all M, for
all y; and yo € L°°(E,,R) such that ||y1|lcc < M and ||y2]|cc < M,

[®(y2) — ®(y1) — D2(y1)(y2 — y1)llw < Klyo —y1l%, (35)

where K is the constant given by , for k =1.

Let ¢ € N and assume that the lemma is satisfied for £k = ¢. Assume that ¢ satisfies the
boundedness and the Lipschitz conditions at order g + 1. For all y, denote by A : L*(E,,R) —
L(L>®(E,,R)4, L>(E,,R)) the mapping defined by the right-hand side of (34):

AW (1o zg1) = DIho(y()(z10)s o zg41 ()

By , for all M > 0, there exist constants C' > 0 and K > 0 such that for all y; and y2 €
L>*(E;,R) satisfying ||y1]lcc < M and ||y2]|cc < M, for all 21,...,2q41 in L2(E,,R),

Cllzlloo-l12g+1lloo

Kllys — y1||0<>||21”oo---HZq-i-l”oo-

A1) (215 - Zg41) oo

<
| A(y2) (215 -, Zq-‘rl) = A(y1) (21, s Zq-&-l)Hoo <

This proves that for all y € L>°(E,,R), the mapping A(y) is a continuous (g + 1)-linear mapping
and that A is locally Lipschitz-continuous, thus continuous. We prove now that for all M > 0,
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for all y1,y2 € L™®(E,,R) such that |y1]lcc < M and ||y2]lec < M, for all z := (z1,...,24) in
[L>(Eq, R)),

[1D5a®(y2)(2) — Dya (y1)®(2) — A(y1) (2,42 = y1)lle < KHy2—y1||§oHHZi||oo7 (36)

which is enough to prove that ® is continuously (g + 1)-times Fréchet differentiable. Let us fix
z = (21,..., 2g). Observe that ¥ :y— D, ®(y)(z) is the Nemytskii operator associated with:

i (2,y) € Ex x R = Dyad(x, y(x))(2(2)). (37)

It is easy to check that the above function satisfies the boundedness and the Lipschitz conditions
of order 1. In particular, for all M > 0, for all y; and yo € R with |y1| < M and |y2| < M, for all
x € FE,,

q
Dy (,2) = Dyo(,yn)l < Klya — | [ ] l2illso (38)
i=1
where K is given by , for £ = ¢+ 1. This proves that ¥ is continuously differentiable and
by (34), Dy¥(y)dy = A(y)dy. By (35) and (38),

q
10(y2) = T(y1) — AW) (2,52 — vl < Kllyo — |2 [ 12010
=1

which proves and therefore concludes the proof. O

As mentioned in the proof, the derivative of order £ of the Nemytskii operator is the Nemytskii
operator of the pointwise derivative of order . For ¢ = 1 in particular, this means that for all
y € L*(E,,R), D®(y) can be seen as an element of £L(L*°(E,,R), L>=(E,,R)) (as in (37)) or as
an element of L (E,, R):

In the article, one of the two points of view is adopted depending on the context. For example, in
the definition of the adjoint equation (13)), D,®1(7,7%(1)) and D,®2(H(2)) are seen as element of
L>(Q).
Lemma 23. Assume that ¢ satisfies the boundedness and the Lipschitz conditions of order k.
Then, for all¢ =1,...,k, for ally € L (E,,R), the mapping Dﬁﬁb(y) can be extended to a ¢-linear
continuous mapping from [L*(E.,R)]* to L*(E,,R). Moreover, for all M > 0, there exists R > 0
such that for all y; and yo € L (E,,R), for all z = (z1, ..., z¢) € [LY(E,, R)]",

¢
= [[(Dye(y2) = Dye (1) (L1 (mam) < Rllyz = il [ [ 12ille e, 2)-

=1

{ lyillzoe (B, r) < M
lly2llLoo (2, 1) < M

Proof. The two statements of the lemma are a direct consequence of and Holder’s inequality.
O
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