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OPTIMAL CONTROL OF SEMILINEAR PARABOLIC EQUATIONS
BY BV-FUNCTIONS *

EDUARDO CASAST, FLORIAN KRUSE#, AND KARL KUNISCH?

Abstract. Optimal control problems for semilinear parabolic equations with control costs in-
volving the total bounded variation seminorm are analyzed. This choice of control cost favors optimal
controls which are piecewise constant and it penalizes the number of jumps. It is an appropriate
choice if a simple structure of the optimal controls is desired, which, however, is still sufficiently
flexible so that good tracking properties can be maintained. Existence of optimal controls, necessary
and sufficient optimality conditions, and sparsity properties of the derivatives are obtained. Conver-
gence of a finite element approximation is analyzed and numerical examples illustrating structural
properties of the optimal controls are provided.
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1. Introduction. This paper is dedicated to the analysis of the optimal control
problem

. 1 m B T )
(P) ueBrl?(l(r)lT)m J(U) = §||yu_yd‘|%2(Q)+Z (aj”u;‘”/\/t(O,T)"_Ej (A Uj (t) dt) ),
) =

where u = (uj)Tzl and v, is the solution to the parabolic state equation

W 1)~ Ayl )+ fatiylet) = D ugg, nQ=0x(0,7),
=1
y(z,t) = 6 on X =T x(0,7), (L)
y(x,0) = yo(x) in Q.

Here, we assume that €2 is a bounded domain in R", 1 < n < 3, with a Lipschitz
boundary T, and yo € L>°(Q2). BV(0,T) denotes the space of bounded variation
functions defined in (0, T), with 0 < T < oo given. The controllers in (P) are supposed
to be separable functions with respect to fixed spatial shape functions g; and free
temporal amplitudes u;. The specific new feature in (P) is given by the choice of the
control norm as the BV-seminorm |[|u/|| p((0,7)- It enhances that the optimal controls
are piecewise constant in time and that the number of jumps is penalized. The
weights in (P) are assumed to satisfy a;; > 0 and 3; > 0. Thus the goal of the optimal
control problem (P) is to achieve a simple control strategy while simultaneously being
as close to the target y,; as possible. Let us further comment on the importance
of this fact. If we consider the classical formulation of the control problem with a
quadratic cost functional for the control, then the optimal control @ is equal to a
multiple of the optimal adjoint state. Hence, while it is a regular function of time,
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2 E. CASAS, F. KRUSE, AND K. KUNISCH

its practical implementation can be involved in comparison to piecewise constant
controls. Of course, u can be approximated by piecewise constant functions, but a
good approximation may require many jumps. Looking for a simpler structure for
u, one can consider the bang-bang formulation of the control problem by introducing
pointwise constraints on the control: « < w(t) < 8. Then, we can expect for 4 to
take only the values o and 8. A drawback of this approach is given by the fact
that u frequently takes the extreme values all the time. This can lead to undesirable
amounts of energy used to control the system. Our formulation pursues an optimal
control u with a simple structure and with lower energy than in the bang-bang case:
We look for a piecewise constant control with just a few jumps. Corollary 3.4 shows
that this goal can be achieved with our formulation. The numerical tests also confirm
the desired simple structure of the optimal controls. The use of the BV-seminorm
necessitates to develop novel techniques for the analysis and numerical realization of
(P).

The appearance of the mean fOT u;j(t)dt in the cost is related to the kernel of
the BV-seminorm. For linear and certain classes of nonlinear functions f the choice
B; = 0 is admissible, while for more severe nonlinearities we have chosen the option
B; > 0 to guarantee existence of a solution to (P).

The choice of the control costs related to BV-norms or BV-seminorms has not
received much attention in the literature. However, let us mention [10] where the
effect of L2-, H'-, measure-valued and BV-valued control costs on the qualitative
behavior of the optimal control was pointed out and compared. In [13] the use of BV-
costs was investigated further for the case of linear elliptic equations. BV-seminorm
control costs are also employed in [5], where the control appears as coefficient in the
p-Laplace equation.

Let us also compare the use of the BV-term in (P) with the efforts that have
been made for studying optimal control problems with sparsity constraints. These
formulations involve either measure-valued norms of the control or L!-functionals
combined with pointwise constraints on the control. We cite [4, 14] from among the
many results which are now already available. Thus the use of the BV-seminorm can
also be understood as a sparsity constraint for the first derivative, which in our case
is the temporal derivative.

Let us briefly outline the following sections. Section 2 contains a precise problem
statement, the analysis of the state equation, and the differentiability properties of
the cost functional. The analysis of the optimal control problem, sparsity properties
of the optimal controls as well as second order necessary and sufficient optimality
conditions are contained in Section 3. Section 4 is devoted to a finite element approx-
imation of the control problem and its well-posedness. A convergence analysis of this
approximation scheme is provided in Section 5. In Section 6 we derive an algorithm to
solve the control problem. Numerical results illustrating that the desired behavior of
the optimal controls can actually be observed numerically are presented in Section 7.

2. Assumptions and First Consequences. We recall that a function u €
LY(0,T) is a function of bounded variation if its distributional derivative u’ belongs
to the Banach space of real and regular Borel measures M(0,T). Given a measure
u € M(0,T), its norm is given by

T
Iilssiory =supf | zdi: = € Co0,T) and [zlcy0m) < 1) =100, ),
0



Optimal Control by BV-Functions 3

where Cy(0,T) denotes the Banach space of continuous functions z : [0, 7] — R such
that z(0) = z(T) = 0, and || is the total variation measure associated with p. On
BV(0,T) we consider the usual norm

lull svo,ry = lullLr o1y + 14| Ameo,r)

that makes BV (0,7") a Banach space; see [1, Chapter 3] or [12, Chapter 1] for details.
In the sequel we will denote

1 (T
Gy = T/ u(t)dt and @ =wu—a, foreveryue BV(0,T).
0

By using [1, Theorem 3.44] it is easy to deduce that there exists a constant Cp such
that

lull = law| + [|v/ [ M0,y < max(1,T)|Jullpvo,r) < Crllul. (2.1)

In addition, we mention that BV (0,T) is the dual space of a separable Banach space.
Therefore every bounded sequence {ux}5, in BV (0,T') has a subsequence converging
weakly* to some u € BV(0,T). The weak* convergence uy — u implies that uy — u
strongly in L'(0,7) and u} — u’ in M(0,T); see [1, pages 124-125]. We will also
use that BV (0,T) is continuously embedded in L*>°(0,T') and compactly embedded in
L?(0,T) for every p < +o0; see [1, Corollary 3.49]. From this property we deduce that
the convergence uj, — u in BV (0,T) implies that uj — u strongly in every L?(0,T)
for all p < +oc.

In the functional J, y4 is given in LP(Q), where p > 1+ 5 ifn>1, and p > 2 if
n=1,a; >0and 3; > 0for 1 <j < m. Further, the functions {g;}72, C L*>(Q)\{0}
have pairwise disjoint supports w; = supp g;. Finally, we assume that f : @ xR — R
is a Borel function, of class C? with respect to the last variable, and satisfies for almost
all (z,t) € Q

of
— > R 2.
ay(:mf,y)_O Yy €R, (2.3)
af 0*f
L= —_— < < .

VM > 03Cy ‘8y(x,t,y)‘+ ayz(m,t,y)‘ <Cu Vyl <M, (2.4)

VM > 0 and Vp > 03e > 0 such that

0% f 0? (2.5)

< pif ly2 —y1| <e and |y1], [y2| < M.

aiyg(l‘v 2 y2) - aingc(x’ t yl)

Let us observe that if f is an affine function, f(z,t,y) = co(z,t)y + do(z,t), then
(2.2)-(2.5) hold if co > 0 in Q, ¢y € L=(Q), and dy € LP(Q).

By using these assumptions, the following theorem can be proved in a standard
way; see, for instance, [2] or [23, Theorem 5.5].

PROPOSITION 2.1. For every u € LP(0,T)™, with p > 1, the state equation (1.1)
has a unique solution y,, € L>=(Q) N L*(0,T; H(Q)). In addition, for every M > 0
there exists a constant Kpy; such that

[YullLo(@) + 1WullL2 0,2 () < Km Vu € LP(0,T)™ : |lullpoo,rym < M. (2.6)
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In the sequel we will denote Y = L>=(Q)NL?*(0,T; H}(Q)) and S : LP(0,T)™ —
Y the mapping associating to each control u the corresponding state S(u) = y,,, with
p > 1. By the implicit function theorem, we deduce in the classical way the following
result, [7, Theorem 5.1].

PROPOSITION 2.2. The mapping S : LP(Q)™ — Y is of class C?. For all
elements u,v and w of LP(0,T)™, the functions z, = S’ (u)v and zyw = S" (u)(v, w)
are the solutions of the problems

Dz of S .
a—Az—l—afy(x,t,yu)z:z_:lngj n Q,
7= (2.7)
z=0 on X,
2(x,0) =0 in €,
and
0z af 0% f )
- A = t u a o9 7ta u) v ew — 0 )
z=0 on, '
z2(z,0) =0 nQ,
respectively.

Next we analyze the differentiability of the cost functional. In J we separate the
smooth and the convex parts J(u) = F(u) + G(u) with

1
F(u) = §||yu - yd||2L2(Q) + Z / dt) and G(u Zajg

where g : M(0,T) — R is given by g(u) = ||pllrm(0,7)- From Proposition 2.2 and
the chain rule the following proposition can be obtained.

PROPOSITION 2.3. The functional F : LP(0,T)™ — R, with p > 1, is of class
C?. The derivatives of F are given by

U—Z/ / oulz,t)g; ( )d$+ﬂj/0Tuj(t)dt)vj(t)dt, (2.9)

and

2

m T T
F" (u)(v,w) z/Q(l—cpugyJ;(x,t,yu))zvzw dl‘dt"’Zﬂj/o vj dt/o wjdt (2.10)
j=1

with z, = S'(u)v, 2, = S'(uw)w, and p, € Y NC(Q) is the adjoint state which satisfies

Oy, of ,
- - A u a 7tv w)Pu = Yu — )
9 Pu + ay(ﬂc Yu)Pu =Yu —Ya M Q
o0 s (2.11)
ou(T)=0 in €.

The L>(Q) regularity of ¢, follows from the assumptions on y4 and the fact that
yu € L>(Q). For the continuity of ¢, in @ it is enough to use that the terminal and
boundary conditions are zero.
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Since BV (0, T)™ is continuously embedded in L>(0,T)™, the mapping F is well
defined on BV (0,7)™ and it is of class C2.

Concerning the functional g : M(0,T) — R, g(u) = ||| m(0,7), We note that it
is Lipschitz continuous and convex. Hence, it has a subdifferential and a directional
derivative, which are denoted by dg(1) and ¢'(u; v/), respectively. The following propo-
sitions give some properties of dg(u) and provide an expression for ¢'(u;v).

PROPOSITION 2.4 ([6, Proposition 3.2]). If A € dg(p) and A € Cy(0,T), then we
have ||X|cy0,m) < 1. Moreover, if i # 0, the following properties hold

L | Moyo.r) = 1 and [ Mdpu = ||l mcor)-
2. Taking the Jordan decomposition pn = pu+ — =, we have

supp(*) C {t € (0,T) : A(t) = +1},
supp(p~) C {t € (0,T) : A(t) = —1}.

Before considering the directional derivative g'(u;v), let us introduce some nota-
tion. Given two measures p,v € M(0,T), we consider the Lebesgue decomposition
of v = v, + vs with respect to |u|, where v, is the absolutely continuous part of v
with respect to |p|, and v, is the singular part. Now, we take the Radon-Nikodym
derivative of v, with respect to |u|, dv, = h,d|p|. Then we have

T
WWMmjV=WNMmmrHWAMm¢V=A ol dlpl + Vsl ao.m)- (2.12)

In particular, it is obvious that p is absolutely continuous with respect to |u|. Con-
sequently we can express du = hd|u|, where h is measurable with respect to |u| and
|h(z)| =1for all z € (0,T), du™ = htd|u| and du™ = h™d|p|, where pp = pt — p~= is
the Jordan decomposition of u. See, for instance, [20, Chapter 6] for details.
PROPOSITION 2.5 ([6, Proposition 3.3]). Let u,v € M(0,T), then

T
g (i) = / o di+ sl go.r- (2.13)

Now, we analyze the mapping G. To this end, let us introduce the operator
D, : BV(0,T) — M(0,T) by Dyu ='. Its adjoint operator is defined by

D} : M(0,T)" — BV(0,T)", <Dz</\vu>BV(O,T)*,BV(O,T) = <)\7U/>M(0,T)*,M(0,T)-
PROPOSITION 2.6. The following identities hold for all w € BV (0,T):
d(g o Dr)(u) = D} dg(u), (2.14)

T
(90 D1 (ws0) = [ s+ 0] Lo (2.15)

where dv' = hyd|u’| + dv’, is the Lebesque decomposition of v' with respect to |u'|.

Proof. Since g : M(0,T) — R is convex and continuous and D; : BV (0,T) —
M(0,T) is a linear and continuous mapping, we can apply the chain rule [11, Chap-
ter I, Proposition 5.7] to deduce that d(g o D;)(u) = Dfdg(u'), which immediately
leads to (2.14).

To verify (2.15) it is enough to observe that

(90 D) (usv) = g'(u's0")
and to apply (2.13). O
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3. Analysis of the Optimal Control Problem (P). This section is devoted
to the proof of the existence of at least one solution of (P) and to the optimality
conditions and their consequences.

THEOREM 3.1. Let us assume that one of the following assumptions hold.

1. B; >0 for every 1 < j <m.
2. There exist q € [1,2) and C > 0 such that
of
a—y(m,t,y) <O+ |y|Y) fora.a. (z,t) €Q. (3.1)
Then, problem (P) has at least one solution. Moreover, if f is affine with respect to
Yy, the solution is unique.

Let us observe that condition (3.1) is satisfied in the case of affine functions with
respect to y.

Proof. Let {ux}32, C BV(0,7)™ be a minimizing sequence. We prove that
this sequence is bounded in BV (0, T)™. As introduced in Section 2, we consider the
decomposition u, = ai + Uy, where a = (ag,1,-..,0km), Uk = (Up1,--.,Ukm) and

1 (T
ak:—/ ug(t)dt and Uy = up — ag.
T Jo
Since

. Bj
(O‘j”u;c,j”/\/t(O,T) + Ejaij)

NE

1

m

<.
I

T
(ajllug;ll a1y + %(/0 u;(t) dt)z) < J(uk) < J(0) < 400,

j=1

taking into account (2.1), we deduce that {a;}72, is bounded in BV (0,7)™. Now
we prove the boundedness of {aj}7°, in R™. This boundedness is obvious if the first
assumption is satisfied. Otherwise, let us denote by y, and g the solutions (1.1)
associated to the controls uy and 4y, respectively. From the inequalities

1
§||yk - yd||%2(Q) < J(ug) < J(0) < 40

we infer the boundedness of {yx }3° ; in L?(Q). Moreover, the boundedness of {1},
in BV(0,7)™ and (2.6) imply that {g;}5, is also bounded in L?*(Q). Now, we define
2k = Yr — Jx, which produces a bounded sequence in L?(Q) as well. Subtracting the
equations satisfied by y; and ¢ and using the mean value theorem we infer that

Oz of ua .
e Az + @(I,tfk)zk = Zlak,jgj in Q,
I= (3.2)
zr =10 on X,
zr(2,0) =0 in £,

where fk(x7 t) = gk(xv t) + ek(xa t)(yk(l‘7 t) - gk)(xa t)) = gk(l', t) + ek(‘r7 t)Zk(LII, t) with
0 < Og(x,t) < 1. To argue by contradiction let us assume that

Pk = max |ag ;| = +oo as k — oo.
1<j<m
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Then, introducing ¢, = pikzk, we obtain from (3.2) that

of

¢
aitk - Agk + = a (33‘ t gk Zak,]g] in Qa
(3.3)
(=0 on X,
Ck(x, O) =0 in Q.

From this equation, using (2.3), (2.4) and the boundedness of the right-hand side
in L>(Q) we have that ||(x||z~(g) < M for some M > 0 and all k. Moreover, the
boundedness of {2, }72; in L*(Q) implies that ||(x||r2(g) — 0. Now, (3.1) and Holder’s
inequality with % and ﬁ lead to

/‘ t,&R)Cr dxdt<C’(/(1+|§k| qdzdt) </ |Ck| 7 qudt) B

SC(AO+MHH%H Mﬁ)(/Kﬁ¢MQ IGell5Zeg) = 0.

Combined with the aforementioned properties of {(; }7° ; this shows that the left-hand
side of the partial differential equation in (3.3) converges to zero in the distribution
sense. However, by the definition of p;, we have that the right-hand side does not con-
verge to zero, which is a contradiction. Consequently, {ax}?°, is a bounded sequence
in R™, hence the minimizing sequence {ug};°; is bounded in BV (0,7)™ because
of (2.1). Therefore, we can take a subsequence, denoted in the same way, such that
up — @in BV(0,T)™, which implies us, — @ strongly in L?(0,T)™ for every p < +oo.
As a consequence of Proposition 2.2 we have that y, — ¢ strongly in Y, where 3 is
the state associated to 4, and thus F(ur) — F(u). Furthermore, the convergence
up, 5 A ty, ; in M(0,T) for every 1 < j < m yields that

G(u) = ;ay‘Hﬂ}HM(o,T) < 1ilclgg.}f;aj\|u2,j||M(o,T) = liminf G(uy).

Hence, J(@) < liminfy_, o J(ug) = inf (P) and @ is a solution of (P).

The uniqueness of a solution when f is affine with respect to y is an immediate
consequence of the strict convexity of F' and the convexity of G. O

Next we analyze the first order optimality conditions. Since (P) is not a convex
problem it is convenient to deal with local solutions.

DEFINITION 3.2. Let @ € BV(0,T)™. We shall call % a local solution of (P) if
there exists € > 0 such that

J(@) < J(u) Yu e BV(O.1)": Ju— gy~ <e.

We say that u is an LP(0,T)™-local solution (1 < p < oo) if the above statement is
true with the LP(0,T)™ norm in place of the BV (0,T)™ norm. Finally, @ is called a
strong local solution if

J(@) < J(u) Yue BV(0,T)" : ||yu — §llr=) < €

for some € > 0, where y and y, denote the states associated to u and u, respectively.
The solution is said strict in any of the previous senses if the inequality J(u) < J(u)
holds in the above statements whenever u # u.
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We have the following relationships among these concepts. Since BV(0,T) is
continuously embedded into L?(0,T) for any p € [1,400], we deduce that if @ is an
L?(0,T)™-local solution of (P), then it is a local solution. On the other hand, from
Propositions 2.1 and 2.2 we infer that any strong local solution is an LP(0,T)™-local
solution for 1 < p < +o0.

Given 4 € BV(0,T)™ with associated state and adjoint state § and @, respec-
tively, we define

‘I)j(t)—/ot/w

This quantity will allow us to obtain information on the structure of the optimal
control . From Corollary 3.4 below we shall deduce that the support of ﬂ; is contained

T
o(x, s)g;(x) dxderﬂjt/ aj(s)ds, 1<j<m. (3.4)
0

J

in the set where |®;(t)| = a;. In particular, jumps in 4; can only occur at ¢t with
|®;(t)| = a;. But at first we need to derive the following structure theorem for ®,.

THEOREM 3.3. If @ is a local solution of (P), then ®; € C*[0,T]N Cy(0,T) for
1 < j <m and they satisfy

- =a; ifu,#0,

I lcom { 200 4t 2o (35)
T — —

/0 &, di; = B oo 1T ao.r)- (3.6)

Proof. From Proposition 2.3 we know that ¢ € C(Q), hence ®; € C1[0, T follows
for every j. Let us fix one component j and denote by e; the j-th unit vector of the
canonical basis in R™. Given u € BV (0,T), from the local optimality of @ and the
convexity of G we deduce for every 0 < p < 1 small enough

0< J(u+ puej) — J(u)  F(u+ pue;) — F(u) n G(u + pue;) — G(u)
- p p P
F(u+ pue;) — F(u)

- ; + [G(a + uej) — G(u)]
_ Fla+t pu;j) — F(u) + a;[(g 0 Dy) (15 4 u) — g(})].

Passing to the limit as p — 0 in the above inequality and using (2.9) we obtain for
every u € BV (0,T)

0< /OT (/w P(x,1)g;(x) dx + B; /OT i (s) ds)uj(t) dt + a;](g 0 Dy) (15 +u) — g(i}).

:
Using (3.4), the above inequality can be written as
.
- L (t)u(t)dt + g(a}) < (go Dy)(u) Yue BV(0,T).
JjJo
From the above inequality, the definition of the subdifferential of a convex function
and using (2.14) it follows

1 5./ = * —/
f;‘@j € d(g o Dy)(u;) = Dfdg(u}). (3.7
J
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Therefore, there exists ; € dg(u) C M(0,T)" such that

1 /T @;(t)u(t) dt = (\j,u')y Yue BV(0,T). (3.8)
@5 Jo

A first consequence of this identity is that ®;(7") = 0. Indeed, it is enough to take
u =1 and use that ®;(0) = 0, which follows obviously from the definition.

Given u € BV(0,T), we can select a sequence {u;}22; C C*°[0,T] converging
weakly* to w in BV(0,7T); see [1, Remark 3.22]. Using this fact and the property
®,(T) = ®,(0) = 0 we observe

T T T
—/0 @;(t)u(t)dt:—klirr;o i @;(t)uk(t)dt:klirgo ; D (t)uy(t)dt = (u', ;).

Since this identity holds for all v € BV(0,T), and any measure in M(0,T) is the
derivative of a function of BV (0,T), we infer from (3.8) that \; = o%q)j € Cp(0,7).

Thus we have that =®; € dg(u), which means

o1 _
(p—aj, Ej¢j> + @i | mo.r) < lellmeo.ry Y€ M(0,T).

Taking p = 211; and pu = %ﬂ;, respectively, we deduce that

(aj, afj@ﬁ = @}l a0,y

and consequently

1
(1, —5) < |l waory Vi € M(O,T).
J

The last two relationships are equivalent to (3.5) and (3.6). O
COROLLARY 3.4. Under the assumptions of Theorem 3.3 the following inclusions
are valid for each j € {1,...,m} for which u; is not a constant function on [0,T].

{ supp(a;") C {t € [0,T] : ®;(t) = +ay},
supp(a; ) C {t € [0,T] : @;(t) = —ay},
where 12; = 11;-Jr — ﬂ;f is the Jordan decomposition of the measure z];
This corollary is straightforward consequence of (3.5), (3.6), Proposition 2.4 with
A= —-L®; and the fact that u; # 0 if u; is not a constant function in [0, 77.
J —
Remark 3.5. 1. Let us observe that if there are only finitely many ¢ with ®,(¢) €
{—aj,+a;}, then @} is a combination of Dirac measures centered at those points. In
particular, we obtain that @; is piecewise constant in [0,7]. This will be illustrated
in the numerical examples, cf. Section 7.1 and Section 7.2.

(3.9)

2. Given a = (a;)72;, let us denote by %, = (ta,;)72; a solution of (P) and by
(o Pa) the associated state and adjoint state. We note that if «; is decreased, then
the BV (0,T') seminorm of @, ; is increasing. On the contrary, if «; is increased, then
the BV (0,T) seminorm of %, ; is decreasing. In fact, there is a threshold M; < 400
such that if a; > M, then uj, ; = 0, i.e., Uq,; is constant in [0, T]. Moreover, there

exists a vector ¢ € R™ such that for any o with aj > M; for all 1 < j < m, the
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constant function ¢ is a solution of (P). Let us provide an upper bound for these
values Mj.

Let 4° be the solution of the state equation associated to the control v = 0. From
the optimality of @, we get

1, =5, (T 2 _ 1
3 1a = valZeo) + Y ?J</o Ua,j(t) dt)” < J(ta) < J(0) = §||y0 — yallZ2(q)-
j=1
From these inequalities we deduce

T
i = vall2@) < 18 =l iy o B3| [ ) ] < VB = sl
From the adjoint state equation we obtain

PallLe=(o,7:22(0) < Callfa — yallrz@) < Cally® — vallz2(0),

where Cq is the constant satisfying [|z[|.2(q) < CallVz|L2q) for any z € Hj(Q).
From the definition of ®; and the above estimates we get for every ¢ € [0, 7]

T
1D ()] < Tl|Pallzeeo,riz2) 195l L2 (w;) +5j|/0 Ua,; (t) di|
< (TCallgjll2(w;) + VBV — vall2q) = M;.

Relations (3.9) imply that u, ; = 0 if aj > M;.
To prepare for the second order necessary conditions we introduce the critical
cone as follows

Co = {ve BV(0,T)™: F'(a)v + G (@;v) = 0}. (3.10)

It seems natural that the second order optimality conditions must be imposed only
on those directions where the directional derivatives vanish. Let us point out some
properties of this critical cone.

ProproOSITION 3.6. Cj is a closed convexr cone that can equivalently be expressed
in the form

T
Cq = {v € BV(0,T)" : / @;(t) dvjy(t) = o |[vjllmeo,r), 17 < m} ;o (3.11)
0

where v} is the singular part of the measure v} with respect to |uf].

The identity (3.11) shows that the criterion for v to be in C can be expressed in
terms of the singular part of v} with respect to |uj| for 1 <j <m. In particular, any
function v € B(0,T)™ such that v’ is absolutely continuous with respect to |u/| for
every j is an element of the critical cone.

Proof. The cone property and closedness of C are a straightforward consequence
of the continuity and positive homogeneity of the mapping v — F'(a)v + G’ (u;v).
Let us prove the convexity property. First we observe that (2.9) and the definition of
@j implies that

F'(a)v = i /OT ' (tyv;(t)dt Vv e BV(0,T)". (3.12)
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Taking into account (3.7), using the definition of the subdifferential and passing to
the limit as p \( 0 we infer for 1 < j <m

f—/ ' (t)v;(t) dt < 95 +pv) g(a;)ﬁg’(u vh).

AR
Multiplying this inequality by «; and summing in j we get with (3.12)
F'(a)v+ G'(a;v) >0 Yv e BV(0,T)™. (3.13)

Therefore, v € Cy if and only if F'(@)v + G'(4;v) < 0. Since the mapping v €
BV (0,T)™ — F'(u)v + G'(u;v) is convex, we conclude the convexity of Cj.

From (3.12), making an integration by parts as in the proof of Theorem 3.3, and
using the Lebesgue decomposition dv = hy d|u | + dv; s We obtain

m T B m T B T B
_ E / (Pj dU; = — E / q’jhU; d‘ﬂ;| +/ ‘I)j d?];-s
= o = o 0

From (3.9) we deduce that d|@| = --®;da) for 1 < j < m. Inserting this identity in
J
the above equality we infer

m T T

—/ E /
E Ozj/o hU; duj-l-/o (I)jdvjs . (3.14)
Jj=1

Now, using (2.15) it follows

m T
G'(wv) = a, {/O hyy dity + ||”§s||M<o,T>} :

Jj=1

This equality and (3.14) lead to

m T
F'(@)v + G'(u;v) = Z {—/0 P, dv}S + aj||v98||M(0,T)} ,

which is equivalent to the expressions given in (3.11) for 1 < j <m. O
Now we formulate the second order necessary optimality conditions.
THEOREM 3.7. If 4 is a local minimum of (P), then F"(w)v? >0 for all v € Cy.

Proof. Let v be an element in Cy and consider the Lebesgue decomposition
dv = Ry d|u | + vaS7 1 < j < m. For every integer k > 1 we set

hjk(t) = proj[_kﬁ_k](hvé (t)) and dv;k = hjykd|ﬂ;| + dv;s.

Let us take v; € L'(0,T) as the primitive of v  with fo vj — ;) dt =0, and set
vk = (V1,k,---,Umk). Then, we have ||v jk”M 0,1y = |lhy \ = Pkl oo (a;h) = 0 by
Lebesgue’s dominated convergence theorem. Hence vy — v in B V(0,T)™. Moreover,
since the singular parts of v}, and v} with respect to |@}| coincide and v € Cg, then
(3.11) implies that v € Cy for every k.
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For any 0 < p < %, using (2.12) and (2.13), we find

p p

T ’ -
j Lt pho [ =1 d|] + [0}l mco,)
« 0 P

T 1+ phy |—1 T|=1+4phy [-1
o [ e A A Ay
0 P 0 P

G(u + pv) — G(a) Z’": g + pvl ) — g(af)
j=1

.

1

J

M-

1

<.
Il

.

T
Oé] {/0 hv},k dﬂ; + ||U35||M(O,T)} — G/(ﬁ;vk),

j=1

Using that @ is a local minimum of J and making a Taylor expansion we obtain
for every k and 0 < p < % the existence of 8 = 0(k, p), with 0 < 6 < 1, such that
J(@+ pvg) — J(a)

p

since v € Cy. Finally, dividing the last term by p/2 and taking the limit for p — 0
and subsequently for k — oo, we arrive at F”(u)v? > 0. O

As usual we have to consider an extended cone of critical directions to formulate
a sufficient second order condition for optimality. For every 7 > 0 we denote

0< = F'(a)vx + gF"(ﬂ+9PUk)U12€+G/(ﬂ;vk) = gF"(ﬂJr@ﬂvk)v;%,

m T
C; = {U S BV(O’T)m : F/(’[_j,)’l) —+ G/(ﬂ;’l)) S T(”Z'UHLZ(Q) —+ Zﬂ]’/o ’Uj(t) dt‘)},

j=1
where z, = S’(@)v, with S defined just above Proposition 2.2. The second order
condition involves this cone as follows:

(SSOC) There exist positive constants k and T such that
F"(@)v® > k| 20]|72(q) Vv € CF. (3.15)

THEOREM 3.8. Let i € BV(0,T)™ satisfy the first order optimality conditions
(3.5)-(3.6) and (SSOC). Then, there exist positive constants € > 0 and v > 0 such
that

v
J(u) + 5”%—&”%2(@ < J(u) forallue BV(0,T)" : ||y, — Ullre(@) <e.  (3.16)

The proof of this theorem can be done along the lines of [8, Theorem 9]. Let us
point out some small differences. First, the parameter ~ in [8] must be taken zero.
Second, we have a non-differentiable part in the cost functional and a slightly different
cone of critical directions. To deal with the non-differentiable term G we use (3.13)
and its convexity and Lipschitz continuity: for every uw € BV (0,7)™

J(w) — J(7) = F'(a)(u — @) + %F(u +0(u— ) (u — 0)? + G(u) — G(a)

> —F"(u+0(u—a)(u—1a)?+ F'(a)(u—a)+ G (au— )

> —F"(a+0(u—a))(u—1a)
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In this way we eliminate the non-differentiable part of the cost functional. The rest
is the same.

COROLLARY 3.9. Under the assumptions of Theorem 3.8 there exist two constants
e >0 and d > 0 such that

) _ m _
J(@) + 5y = Ill7200) < J(w) for allu e BV(0,T)™ : |lyu — ll=(q) <& (3.17)
This is an immediate consequence of (3.16) and the estimate

lyu = llz2(Q) < Mllzu-allrz@) Yu € BV(0,T)™ : |lyu — llL=(q) < &

see [8, Corollary 3] for the proof.
We observe that the sufficient second order optimality condition (3.15) along with
the first order optimality condition imply that @ is a strong local solution of (P).

4. Approximation of the control problem. In this section we assume that
is a convex set and yo € L>(Q) N HZ (). Then it is well known that the solutions v,
of (1.1) belong to C([0,T], H} (2)) N H?1(Q); see, for instance [21, Proposition 2.4].

We consider a dG(0)cG(1) discontinuous Galerkin approximation of the state
equation (1.1), i.e., piecewise constant in time and linear nodal basis finite elements
in space; see, e.g., [22]. Let {Kp}n>0 be a quasi-uniform family of triangulations of
Q; see [9]. We set Q;, = Ugex, K with €, and T'j, being its interior and boundary,
respectively. We assume that the vertices of Kp, placed on the boundary I'y, are also
points of I' and there exists a constant Cr > 0 such that dist(z,T') < Crh? for every
x € T',. This always holds if I is a C? boundary and n = 2. In the case of polygonal or
polyhedral domains it is reasonable to assume that the triangulation satisfies I'y, =T,
hence this condition obviously holds. This also holds if n = 1. From this assumption
we know [19, Section 5.2] that

12\ Q| < Ch?, (4.1)

where | - | denotes the Lebesgue measure.

We also introduce a temporal grid 0 =tp < t; < ... <tyn, =T with 7, =t —tr_1
and set 7 = maxj<p<n, Tx. We denote I = (tx_1,tr). We assume that there exist
pr > 0 such that 7 < pp7y for 1 <k < N,;. We will use the notation o = (h,7) and

Qh = Qh X (OaT)

4.1. Discretization of the controls. Associated with the grid {tk}kN;() we
define the subspace

N,
Ur = {ur € BV(0,T) : uy = > ugxn, with {uz}7; C R},
k=1

where Y denotes the characteristic function of the interval I. Let us observe that
the elements u, € U, are piecewise constant functions whose distributional derivative
is given by

N,

N,
Wy = Dyuy =Y (g —up—1)8s,,  and ]| mor) = D Juk —up—al,  (4:2)
k=2 k=2



14 E. CASAS, F. KRUSE, AND K. KUNISCH

where §; denotes the Dirac measure concentrated at the point ¢t. We further define
the projection operator

N,
A i BV(0,T) — U, Aru=> <1/ u(t) dt) Y-
Iy

-
k=1 Nk

PROPOSITION 4.1. For any u € BV(0,T) the following properties hold:

[ = Arull o1y < 7l Deullamo.m), (4.3)
[ DeArull pmeo,y < (1Devl meo,my (4.4)
Thi% [ DeAzull pmeo,ry = 1 Deull pmo,7)- (4.5)

Proof. The inequality (4.3) is simple to establish for u € C1[0,T]. Henceforth, let
u € BV(0,T). Then there exists a sequence {u;}32; C C°°[0,T] such that

1 .
lw = willzr o) + lIPeullaaor) = 1P laom) < 5 Vi 215 (4.6)
see [1, Remark 3.22]. Now we estimate as follows

v — Arullpior) < llu—ujllzror) + llug — Arujllzior) + [|Aru; — ArullLio,m)

2
< lu—ujllro.ry + 7l Deujll o,y + 1wy —ullzror) < i + 7| Dyusl| am0,1)-

Using (4.6) we can pass to the limit in the above inequality as j — oo to deduce (4.3).

Let us prove (4.4). First, we assume again that « € C°°[0, T]. From the continuity
of u and the mean value theorem for integrals we deduce the existence of points
& € I, 1 < k < N,, such that

N,

ATU = Z U(fk)Xk

=1

=

Then we have with (4.2)

N
DA ullpmory = D [ulée) — w(r-1)]
k=2

N, 133 T
<y / (1)) dt < / W ()] dt = | Dyl asorr)-
k=2

Ek—1 0

For the case u € BV(0,T'), we take again a sequence {u;}72; C C*[0,T] satisfying
(4.6). The convergence u; — u in L'(0,T) obviously implies that A;u; — Ayu in
L*(0,T). Then, using [1, Proposition 3.6, inequality (4.4) for every u;, and (4.6) we
conclude

| DeArul| po,ry < liminf || DeArug|| po,ry < liminf || Dy || a0,y = [ Deel| mco, 1)
j—o00 j—o00

which implies (4.4).
Finally, to prove (4.5) we use (4.3), [1, Proposition 3.6] and (4.4) to obtain

| Dewl| pmo,1) < 1im_}(1)1f||DtArUHM(o,T) < 1imS}JlP | DeArull pmco,ry < | Deul| amo,7)-
T T—

0
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4.2. Discrete state equation. Associated with the interior nodes of the trian-
gulation {z; }j\;hl we consider the space

Ny,
. Ny,
Y ={yn € Co(Q) : yp = Zyjej with {y;};2 C R}
j=1
where {e; é\’:hl is the nodal basis formed by the continuous piecewise linear functions

such that e;(x;) = d;; for every 1 < i,j < Nj,. For every o we define the space of
discrete states by

yo’ = {yo' S L2(17Yh) : ya'|lk€ Yh, 1 S k S N‘r}7

The elements y, € V, can be represented in the form

N, N, N,
Yo = Zyk,th = Z Zyijij with {ypn}rr; C Vs and {yg; hi<w<n, CR.
k=1 k=1j=1 1<j<Nn

(4.7
We approximate the state equation (1.1) as follows. For any control uw € BV (0,T)™
we define the associated discrete state y, € )V, as the solution of the system

kh — Yk—1,h 1
(7y Ykt 22n) + a(Yrns 2n) + */ (fCot, Yron), 2n) dt
Tk Tk J1y

1 m
=— Z(gj,zh)/ uj(t)dt, Vzp, €Yy, 1 <k <N, (4.8)
Tk =1 Iy

Yo,h = Yoh,

where (-,-) denotes the scalar product in L?(Q), a is the bilinear form associated to
the operator —A, i.e.,

a(y,z) = / Vy - Vzdz,
Q
and yop, is the projection Pyg of yg on Y} given by the variational equation

(Pryo, zn) = (Yo, 2n) Yzp € Y.

It is well known that yo, — yo in Hg (£2).

PROPOSITION 4.2. For every uw € BV(0,T)™ the system (4.8) has a unique
solution y, € V,. In addition, if either f is affine with respect to the state or if
n < 3, then the following estimate holds

1Yu — Yo ll2@) < C(r + 1?), (4.9)

where C' is independent of o.

Remark 4.3. These results are proved in [16] and [17] for [ affine and nonlinear,
respectively. The constant C there depends on the norms of the state in H*(Q), and
also on the L*°(Q) norm in the semilinear case. These quantities can be estimated
in our case by the L*(0,T)™ norm of u. During the preparation of this manuscript
the following result was proved by Boris Vezler. Assuming that 7 < Coh® for some
Co >0 and 0 > 0, and yo € H*(Q) N HE(Y), then the estimate

TN 2
Iy = voll 2@ < € (7 + (log =) h?)
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holds.
Remark 4.4. Given {u;}7, C BV(0,T), we observe that

/uj(t)dt:/ Aruj(t)dt foralll <j<mandl<k<N,.
Ik Ik

Utilizing this in (4.8), we deduce that the discrete states associated to {u;}7.,
and {Aru;}T coincide.

4.3. Discrete optimal control problem. The discrete control problem is de-
fined as

1 “ ot
(o) ety 720 = 3=l + 3 (ol aaiom + ([ wsttran?).
where gy, is the discrete state associated to u = (u;)jL;.

The following assumption will be used to analyze the existence and uniqueness of
a solution of (P,):

(A) The mapping 25 € Y — ((gj,2n))7%; € R™ is surjective.

LEMMA 4.5. There exists hg > 0 such that (A) holds for every h < hyg.

Proof. Let us recall that {ek}kN ", denotes the nodal basis of Y},. Since the supports
w;j of the functions g; are compact and disjoint, we deduce the existence of h > 0 such
that for every h < iz if for some ey, and some 1 < j < m we have that supp(ex)Nw; # 0,
then supp(ex)Nw; = 0 for every i # j.

Moreover, there exists h with the following property: Vh < h and V7 there exists
some k such that (g;,ex) # 0. Indeed, if this is not the case, we infer the existence
of a sequence {h;}52, decreasing to 0 such that (g;,zs,) = 0 for every z;, € Y,. In
particular, taking z;,, equal to the L?(Q2)-projection of g; on Yy, we obtain

||g]||2L?(Q) = }i}rgo(g]a Zh,i) = 07

which contradicts the assumption g; # 0 imposed for (P).

Finally, for any h < hg = min{h, h} the assumption (A4 ) holds. If not, then there
exists a vector (a;)7; C R™ such that

m

Z(givzh)ai =0 Vz, €Y.
i=1

For any j we choose e € Y}, such that (g;,ex) # 0. Hence, supp(ex)nw, # 0, and
supp(ex)Nw; = O holds for every i # j. Then,

m
E glvek a; = g_]vek’)aj7
1=1

which implies that a; = 0. Since j was arbitrary in {1,...,m} we arrive at a contra-
diction. O

THEOREM 4.6. Let us assume that (A) holds. Then problem (P,) has at least
one solution. Moreover, if i is a solution of (P,), then i, = (Aru;)72, is also a
solution of (P,). In addition, if [ is affine with respect to y, then u, is the unique
solution belonging to UI™.
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Proof. To establish the existence of a solution @ we follow the lines of the proof of
Theorem 3.1. The only concern is the boundedness of the sequence {a;}%2, in R™
For this purpose we consider the difference 2, x = Yo,k — Yok, Where Yy, and 9§, 1 are
the solutions to (4.8) corresponding to uy and g, respectively. Thus, z, j is solution
of the following system

T; Ti

Zi,hsk — Zi—1,h;k 1
(%,Zh) + a(zi n;ks 2n) + */ (Oy f (-, b, &i sk ) Zi, sk, 2n) dt
I;

Z gj7zh ag, j vZh € Yh, 1 < 7 < N7.7 (410)
j=1
20,n;k = 0,

where & nik = Uinik + Oinik (2, 1) 25 pore with 0 < 0 pop(,t) < 1.

As in the proof of Theorem 3.1 we have that {yox}72; and {g, 1 }7>, are bounded
in L2(Q). Since Y, C L*(Q) and since ), is finite-dimensional, we deduce that
{U0.1:}72, and {yor}72, are bounded in L>°(Q) as well. Therefore, the sequences
{& n:k}72 are also bounded in L>®(Q x I;). Again we argue by contradiction and
we assume that pr, = max{jar;| : 1 < j < m} — oo as k — oo. Then, we define
Cok = o z,,k and ag; = alf:. By taking a subsequence we have that (,; — 0 in
L>=(Q) and ay; — aj, 1 < j < m for some {a;}7; C R. We observe that by
definition of p; the vector @ # 0. Dividing (4.10) by pr we obtain the mentioned
subsequence

Ti

ik — Gio1,h; 1
(M zn) + a(Gihik, 2n) + ;/ (Oy f (5 b, & nske ) G sk 20) At
1 JI;

m
=S "(gjsm)ing Ve € Ya, 1<i< Ny,
Jj=1

20,h;k = 0.

Passing to the limit in this system as k — oo we infer that
m
ngzh =0 Vz,€eY,.
j=1

Hence, assumption (A) implies ¢ = 0, which is the desired contradiction. Conse-
quently, the sequence {ax}72, is bounded, so the existence of a solution @ follows by
standard arguments.

The fact that 4, = (A,@;)7, is also a solution of (P,) is an immediate con-
sequence of Remark 4.4 and inequality (4.4). Finally, we prove the uniqueness of
a solution in U™ if f is affine with respect to the state. First we observe that both
terms in the cost functional are convex in this case. Moreover, the first term is strictly
convex on U™ provided that the affine mapping u, — y, is injective. To this end
we assume that for some u, = (u;)jL; € U", with u; = ZkN:Tl uj KXk, the associated
discrete state y, is identically zero. Then from (4.8) we have that

m
Z g],zh Uj.k =0 Vz, €Yy, VI<E<N,.
j=1

Again by assumption (A) we infer that u; = 0 for every 1 < j < m, hence u, = 0. 0
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Remark 4.7. In the case that B; > 0 for all 1 < j < m, condition (A) is not
needed to establish the existence of a solution of (P,). Howewver, it is still necessary
for the uniqueness in the case that f is affine with respect to y.

The rest of this section is devoted to the formulation of the first order optimality
conditions for the problem (P,). Arguing in a similar way as for the continuous
problem (P), we separate the smooth and the convex parts of J,

=@

. T
J

| way®

. 1 -
Ja(u) = Fa(u) + G(u)a with Fo(u) = §||y<7 - yd”QLQ(Q;L) + Z
j=1
where gy, is related to u by the equation (4.8). The derivative of F, is expressed by
m T T
Fl (u)v = Z/ (/ o (z,t)gi(x) dx—l—ﬁj/ u;(s) ds)vj(t) dt, (4.11)
j=170 wj 0

where ¢, € ), is the adjoint state associated to u, i.e.

kh = Ph+1,h 1
(7@ Phtl ,2n) + a(@kn, 2n) + */ (Oy f ot Ykn)Phns 2n) dt
Tk Tk J1y

1
= — (yk,hfyd,zh) dt, Yz, € Yh, k:NT,...l, (412)
Tk I

YN, +1,n = 0.

Using this expression for F. and arguing exactly as in the proof of Theorem 3.3
we obtain the first order optimality conditions for a local solution @, € BV (0,7)™ of
(P,). For this purpose we introduce the functions

t T
P, (1) :/0 / o (x,5)gj(x) deds +Bjt/0 uj(s)ds, 1<j<m, (4.13)

where ¢, € ), is the adjoint state associated to .. -
THEOREM 4.8. If i, is a local solution of (Py), then ®,; € C'[0,T] N Co(0,T)
for1<j<m, &, ¢ 0g(u’. ;), and they satisfy

7@].

D _ . =5 ifaT,j7é0ﬂ
1®o.5llcoco,7) { <a, i, =0, (4.14)

T
/0 Dy dit ; = |®o jllco0,m) 1T | Mc0,7)- (4.15)

In the case where @, is a local solution of (P, ) belonging to U™ (see Theorem 4.6),
we have the following sparsity result analogous to Corollary 3.4.

COROLLARY 4.9. Let ur = (ur;)7; € U™ be a local solution of (Py). Then, for
each j € {1,...,m} such that @, ; is not a constant function on [0,T], we have

at = Z (ﬂj’k+1 — aj,k)étkwith ._7;'_ = {k S {1, ey N — 1} : (io—’j(tk) = —|—aj},

T.J
kegs
’IEQ_TJ = Z (ﬂj7k+1 — @j’k)(stk with J, = {k € {17 o N — 1} : (i)g’j(tk) = —aj}7

keJds
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R ” =1
where U ; =, ; — U, ; is the Jordan decomposition of the measure u. ;.

Proof. The proof7 of this result is a consequence of the represenfation formula
for . given in (4.2). In addition, we use O%KI)UJ- € dg(u ;) along with Proposition
2.4, and the fact that ﬂ’m # 0 by assumption. Finally, we take into account that
®, ; is piecewise linear and continuous, and ®, ;(0) = ®, ;(T") = 0. Consequently, its

maximal and minimal values are attained at the interior grid points {tk}fcv:*f o

5. Convergence Analysis. The goal of this section is to prove the convergence
of solutions of (P,) to solutions of (P) as ¢ — 0. Additionally, we give some error
estimates for the difference between the optimal discrete and continuous states.

THEOREM 5.1. Let us assume that either f is affine with respect toy or B; >0
for every 1 < j < m, and let {a,}, C BV(0,T)™ be a family of global solutions of
problems (P,), o = (h, 7). Then this family is bounded in BV (0,T)™. In addition, if
f is affine or n < 3, then any weak® limit u of a subsequence when o — 0 is a global
solution of (P). For such a subsequence we have

”ﬂ;—HM(O,T)m — ||’(_L/||M(07T)m and ||a — Il_l/T||Lp(07T)m, —=0Vpel[l,+o00), (5.1)
19 = Yo ll2(q) — 0 and Jo(ur) — J(u),

where § and §, are the continuous and discrete states associated to u and u,, respec-
tively.

For the proof we will use the following lemma.

LEMMA 5.2. Let d, € L*(Q) and take y, € Y, to be the solution of

— Yp— 1
(Mv zn) + a(Yr,n, zn) + */ (fCot,yr,n), zn) dt
Tk 1 Tk J1,
= = | (do(t),zn) dt, Von €Ya, 1<k <N, (5-3)
Tl I

Yo,h = Yoh-

Then, there exists a constant Cq > 0 dependent only on Q0 such that

1Yo llo<0,7:L2(0) + IVa¥YollL2@) < Callldollz2(q) + I1F (5 0)llL2(q) + |\y0h\|L2(s(z>)~)
5.4

Proof. The proof is standard, except for the nonlinear term. Choosing zp, = yi p
in (5.3), we obtain

(Yk,h — Yk—1,h, Yio,h) + Te@(Yko s Yio,h) +/ (fCotyrn) — F(,1,0), yk,n) dt
Iy

- / (do(t) — F(-1,0), v 1) dt.

Iy
Using the monotonicity of f with respect to y we deduce
(Yo = Yk—1,h> Yih) + Tk@(Yie,hs Yieyp) < / (do(t) = f(,¢,0), yk,n) dt.
Iy,

The rest of the proof can be completed as in the linear case. O
Proof of Theorem 5.1. Let us set

T
aTZ;/ ur-dt and U, = Ur — a,.
0
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Let ¢, be the discrete state associated with 4,. The proof is divided into three steps.

Step 1. {Us}o and {i,}, are bounded in L*(Q) and BV (0,T)™

From the global optimality of @, we have that J,(u,) < J,(0) for every o.
From Lemma 5.2, we obtain that the discrete states y, associated to 0 are uniformly
bounded in L?(Q). Hence, {J,(0)}, is bounded and consequently {#,}, and {u.},
are bounded in L?(Q) and M(0,T)™, respectively. According to (2.1), it is enough
to prove the boundedness of {a,}, in R™ to conclude the boundedness of {u,}, in
BV(0,T)™. This is obvious if 3; > 0 for 1 < j < m. Otherwise, by assumption we
have that f = coy + do with ¢y > 0, co € L=(Q), and dy € LP(Q).

Let us put 2z, = §J» — §». Using again (2.1) we obtain that {@,}, is bounded
in BV(0,7)™ C L*(Q)™. Then, Lemma 5.2 implies the boundedness of {§,}, in
L?(Q). Thus, we also have the boundedness of {z,}, in L?(Q). Subtracting the
discrete equations satisfied by ¢, and ¢, yields

Zkh — Zk—1,h 1
(22— 2) + alzk,n, 2n) + */ (co(+st)2k,ny 2n) dt
Tk Tk J I,
Zgjvzh a”l’j VZhEYh, 1<k<N7—, (55)

20,h = 0)

where a. = (a;;)jL;. To argue by contradiction let us assume that
pr = max lar ;| = +o0 as k — oo.
1<5<

Then, introducing ¢, = —zg and a,; = ap’;ﬂ, (5.5)

(M, zn) + a(Ce,ns 2n) + i/ (co(*,t)Ck,ns 2n) dt

Tk Tk J1,

Z gjﬂzh Qr,j Vzp €Yy, 1 <k <N, (56)

Co,n =0,

By taking a subsequence, that we denote in the same way, we can assume that a, ; —
ajasT — 0forevery 1 <j <m,anda = (a;)jL, # 0. Let us denote by ¢, the solution
of (5.6) with @, replaced by a. From Lemma 5.2 we deduce that |[(; — (o |[12(q) — 0
as 0 — 0. Let ( € H**(Q) be the solution to

%(x,t)—Af(x,t)—f—cOf = -z_:ldjgj in@=Qx(0,7),
Sat) = 0 on £ =T x (0,T), 5.7
(,0) 0 in Q.

From Proposition 4.2 we infer that ||(—(s || 12() — 0 as 0 — 0. Using the boundedness
of {2, }» in L?(Q) and the definition of (, we conclude that ¢, — 0 in L?(Q). Hence,
(o = (o + ({ — ¢) — 0in L?(Q) as well. This implies that ¢ = 0 and consequently
ZJ 1@jg; = 0. By our assumptions on {g;}72, this yields @ = 0, which gives the
desired contradiction. Therefore, {u, }, is bounded in BV (0,7)™.

Let us take a subsequence of {@,},, denoted in the same way, such that u, a7
as o — 0.



Optimal Control by BV-Functions 21

Step 2. 4 is a global solution of (P), and (5.1)-(5.2) hold.

The compactness of the embedding BV (0,T) C LP(0,T) for every p € [1,400)
implies the strong convergence @, — 4 in LP(0,7)™. Let us denote by § and g, the
continuous and discrete states corresponding to %. From Proposition 4.2 we know
that 9, — 7 in L?(Q) as ¢ — 0. Subtracting the equations satisfied by 3, and g, we
obtain for (, = Yo — Yo

— Gk— 1
(M’ Zh) —+ a((hh, Zh) + —/ (ayf('at,gk,h)gk,hy Zh) dt
— 1
= (gjazh)*/ (ﬂq—,j—ﬁj)dt Vzp €Yy, 1 <k < N,,
J=1 Tk J Iy,
Go,n =0,

(5.8)
where & (2, t) = Jr.p + Ok, n (2, t)Ce,p, with 0 < 0y 5 (z,t) < 1. In the case of an affine
function f we simply have 0, f(z,t,& n) = co(x,t). Arguing as in Lemma 5.2 and
using that d, f > 0 we get

1¢ollz2(@) < Ca ax 95l (@)@ — @rl|2(@)m — 0 as o — 0.

Hence, 9, =, + ¢, — ¥ in L?(Q). Now, the following relations hold

J(u) < F(u) + limigf G(u,) < F(a) + limsup G(u,)
o—

o—0
= lim F,(@,) + limsup G(@,) = limsup J,(@,)
o—0 oc—0 o—0
< limsup J, (@) = J(a) = F(a) + G(a).
o—0
As a consequence we have G(u) = lim,_,0 G(@,). Finally, taking into account that
1@ | a0,y < liminfr o @] [0,y for 1 < j < m, we deduce [|@, ;|| smo,1) —
1@} | amo,7) for 1 < j < m. This completes the proof. O

The next theorem addresses the approximation of local solutions of (P) by local
minima of (P, ). It is in some sense a converse of the previous theorem.

THEOREM 5.3. Assume that either f is affine or n < 3, and let u be a strict
L?(0,T)™-local minimum of (P) with p € [1,400). Then there exist an LP(0,T)™-
ball B,(@) such that J, has a global minimum @, in B,(w) N BV (0,T)™ for every
o. The family {u.}. converges to @ in the sense of (5.1)-(5.2). Consequently, there
exists og such that @, is a local solution of (P,) for every |o| < |oo].

Proof. Since @ is a strict LP(0, T)™-local minimum of (P), there exists p > 0 such
that

J(u) < J(u) Yu € By(u)\ {u} (5.9)
We consider the problems
(Py,p) min{J,(u) : uw € BV(0,7)™ N B,(u)}.

The existence of at least one solution u, for (P, ,), 0 = (h,7), is obvious. Argu-
ing as in the proof of the previous theorem we deduce that {@,}, has converging
subsequences and any of these limits is a solution of the problem

(P,) min{J(u) : u € BV(0,T)™ N B,(u)}.



22 E. CASAS, F. KRUSE, AND K. KUNISCH

Since @ is the unique solution of (P,), it follows that the entire family {@, }, converges
to @ in the sense of (5.1) and (5.2). Due to the convergence |4 — @ | Lro,7)m — 0,
we deduce the existence of og such that @, € B,(a) for every |o| < |og|, and hence
U, is a local minimum of (P,) in the ball B,(u). O

The rest of the section is devoted to the analysis of the rate of convergence for the
states || — ¥ollz2(@)- Let @ be a local solution of (P) such that the sufficient second
order condition (SSOC) (3.15) holds. Theorem 3.8 implies that @ is a strict strong
local solution, and hence it is a strict L”(0,T")™-local solution as well. Let p > 0 such
that @ is a global minimum of J in B,(a) N BV(0,T)™. Let {i,}, be a family of
global minima of J, on B,(#) N BV (0,T)™ converging to @ in L?(0,T)™, for p > 1.
Then we have the following rate of convergence of the associated states.

THEOREM 5.4. Let us assume that @ satisfies the (SSOC) and that either f is
affine orn < 3 holds. Then, under the above notations, there exists C' > 0 independent
of o such that for all o sufficently small

17— o llL2() < C(VT+h). (5.10)

Proof. Since @, — @ in LP(0,T)™ with p > 1, we have that ||y, — gllz~@) — 0
as ¢ — 0, where yz_ is the continuous state corresponding to #,. Let € > 0 be as
introduced in Corollary 3.4. Then there exists o such that ||ya, — 7|p=(g) < € for
every |o| < |o.|. Utilizing (3.17) we have

6 — 2 — —
§||yﬁf —Yllz2g) < J(ur) — J(w)
= [J(aT) - ja(ﬂ‘r)} + [ja(a‘r) - ja(’a)} + [ja(a) - J(’EL)}, (511)

where
o~
o) = 3lun(0) vl + 3 2 [ w0 @)’ + 6w

Let us estimate these terms. For the first term we use Proposition 4.2 as follows

_ _ 1 1,
J(tr) = Jo(tir) = §||ya, - yd||2L2(Q) - 5”3/0 - de%%Qh)
< Cillya, — Yollr2(q) < Co(r + h?).
The third term is estimated in the same way, and for the second it is enough to observe
Jo(ty) — Jo (@) = J,(U,) — J, (@) <0,

the last inequality being a consequence of the fact that J, achieves the minimum
value in the ball B,(w) N BV(0,T)™ at @,. All together this leads to

lya, — dllr20) < Cs(vT+ h).
Finally, we obtain
17 = Joll2@) < 10— va, lL2@) + Iva, — JollL2(@) < C3(VT + h) + Ca(r + h?),

where we have used again Proposition 4.2. [
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Remark 5.5. In the case that f is nonlinear and n = 3, arquing as in the proof
of the above theorem and using the inequality of Remark 4.3, we obtain the estimate

19 = YollL2@) < C(ﬁ—i— (log ;)h)

Remark 5.6. Under the assumptions of the above theorem, and supposing that
ya € L?(0,T;L*(Q)), and using (4.1) and Proposition 4.2, we can argue as in [{,
Theorem 5.1] to deduce that |J(u4) — J,(u,)| < C(r + h?). In the case of a nonlinear

2
function f and n =3, Remark 4.3 implies |J(4) — Jo(0r)| < C’(T + <log %) h2).
6. Numerical Solution. In this section we show how (P,) can be solved nu-

merically. We take f = 0 and yo = 0 in (1.1), i.e., we consider the case of a linear
state equation with zero state at the initial time.

6.1. A fully discrete formulation. Defining v, as the L?(Q}) projection of
yq onto YV, problem (P,) can be equivalently expressed as

. 1 2 - / ﬂj T 2
ueBﬁf/l(l(I)l’T)m iuya —Ydolliz2Qn) t Z <@j||uj|M(0,T) + 5( ; u; (1) dt) .

j=1

Therefore, Theorem 4.6 guarantees that we can find a solution for (P,) by solving

. 1 2 o / 5_7 r 2
Qo) Jom §||ya_yd,a||L2(Qh)+Z ajlluz |l meo,1) + ?( urj(t) dt) :
T T J*l 0

In the following we denote N, = mN, and 0, = (v11,v12,...,V1N,, V21, - - ,Umn, )T
for every 0, € R¥». Furthermore, let us set

Yk RY 5 R, Yin(07) = [vjk]

for1<j<m,2< k<N, and
UiRY SR, (i) = oy > k(bn).

Using that every u, € U™ can be represented by a coefficient vector i, € RMe
and defining CZT € RYe by dj1 = uj1 and djp = ujr — ujr—1) for 1 < j < m and
2 < k < N;, we infer from (4.2) that (Q,) is equivalent to the finite-dimensional
optimization problem

, N P N o
(Qp) _mn Jp(dT) = 7(Sd7'_yd,o)TMU (Sdr_yd,o)_kfd?—de‘r_"le(dT)a
d,eRNp 2 2

where S € RN-*Ne is the discrete control-to-state mapping d +— y(d), and M, €
RNoXNo and Q € RN-*Ne are the matrix representations of the quadratic forms
appearing in the first and last terms of (Q,). The precise form of these matrices can
be found in the preprint of this paper.
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6.2. Discrete Optimality Conditions and Regularization. Since J, is con-
vex, d* € RN» is optimal for (Qp) if and only if 0 € C{)Jp(d:). Since both the differen-
tiable and the non-differentiable part of J, are continuous, we obtain from the sum
rule that 0 € 9.J,(d*) is equivalent to

0 e STM,(Sd* — fas) + Qd: + 0W(d?),

where we have used that M, and @ are symmetric. Thus, ch is optimal for (Q,) if
and only if there exists A\* € R» such that

STM,(Sd: — §4,0) +Qd: —X:=0  and — X eou(d).  (6.1)
The sum rule and the chain rule, cf. [11, Chapter I, Proposition 5.7], yield that
oW (dr) C RNv is given by
5\Il(cfj) = {0} x 10U (d}y) X ... x a109(di . ) X {0} X a0t (d3q) X . .. X 0 OY(dy, v, ),

where ¢ : R — R denotes 1(z) = |z|. We recognize in ST M, (Sd* — j4.5) + Qd*
the discrete version of (i)j);n:l, cf. (3.4), which indicates that first-discretize-then-
optimize and first-optimize-then-discretize coincide. To enable the use of semismooth
Newton methods we proceed in two steps. The first step is to apply a regularization
to (Qp). More precisely, instead of (Q,) we consider for v > 0 the problem

.1, - R T A R 1 A A
(Qpn) (1111 *(SdT *ydao) Mo (SdT 7yd,0) + *d?QdTJF\I"y(dT)a
d.erNp 2 2

where ¥, is defined by

m N,
U RY SR, U (d) =Y oy y 7 (dy)
j=1 k=2
with
YN, YGN — 1. Vg2
Vi R =R, i T)—|dyk‘+27_k|djk|

for 1 < j <mand 2 <k < N,. We notice that (Q, ) can be interpreted as the
discrete counterpart of

1 = T
uer{l(iol}T)m 3 Hyu—yd||2L2(Q)+; (%‘ (5]l L1 0,7) +% 1451172 0,7)) +% (A u;(t) dt)2> :
Since there holds [|u}[|11(0,7) = |4}l sm(0,7) for this problem due to u; € L'(0,T), this
problem can be regarded as a regularized version of (P).

Arguing as above we obtain that (Q, ) has the optimality conditions (6.1), but
with OV replaced by 0¥.,. In addition, 0¥, has the same structure as 0¥, but with 9
in the component jk replaced by 81&’;, where z//w€ : R — R denotes Q/J’j(x) = |m|+%|x\2
In the second step, we rewrite —\* € V., (d*) componentwise as =i aj € 8¢’§(d;k)
for 1 < j <mand 2 < k < N,, and replace each of these conditions equivalently
by d7; € B(w’,j)*(—)\jk/aj), where (1/)’,?)* denotes the conjugate function of wij, given
by (¥5)*(y) = sup,eg(yz — ¥%(x)); of. [11, Chapter I, Corollary 5.2]. Note that for
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k =1 we keep the conditions A}, = 0. A straightforward computation reveals that
(%)* is the continuously differentiable function

(y+1)? if y<-1,
0 if —1<y<l,
y—1)2 if y>1.

(W5 (y) = ﬁ

-~

(Qp,~) can be recast as

—0 = () (-2

aj

Therefore, the optimality conditions o

.
A

ST My (Sd; —jaq)+Qdz—Ar =0, -
J

for 1 <j <mand 2 <k < N,. This reads F,(d*, \*) = 0 if we let

STM(T(SCZT - gd,o) + Q&T + 5\3
7 3 F d‘l'v)\‘r
F, RN x RNe 5 RN xRN, F(d, A,) = ”’1(, ) ,

Fym(dr, Ar)

where we have employed the definition (X?)jk =ajNpforl <j<mandl<k<N,,
and used for 1 < j < 'm the mappings F, ; : RMe x RNe — RN+ given by

I (P A
A Y g2+ 1) + (A2 —1
F%j<dﬂ Ar) =7 :2 - :
e v, £ )7+ (N, — DT

Since F, is semismooth, we can apply a semismooth Newton method to solve F, = 0.
For later reference we note that the Newton step §, = (34, 8x) at (dr, Ar) solves

STM,S +Q diag(d) )

ydiag(w)  —diag(e(\;))
(6.2)

Fl(dr, Ar)ér = —Fy(d-,\:)  with  F(d-, A;) = <

Here, we have used &, w, 6(5\7—) € RM¢, defined componentwise by (&), = a;,

1 ifk=1
0 ifk=1, . ) ’
(w)jr = {le T and (e(Ar)je =40 ifk#1and \j; € (—1,1),

1 ifk#1and N\ ¢ (—1,1)

forl<j<mand1<k<N,.

6.3. Path-Following Algorithm. Since we have approximated (Q,) by (Qp.~),
we consider a path-following algorithm that drives v to zero. It is called Algorlithm BV.
In this algorithm we use the definition |9 2(0,m2m = Z?;nl(szz*l mv3,)? for & =
(Ulh <o UIN, U215 - - - ,U(Qm)NT)T € RNe x RMr.

Several variants of this algorithm are conceivable. For instance, a damping strat-
egy could be included, TOLg could depend on g, and v could vary with k.

Regarding the convergence behavior of Algorithm BV we point out that the semis-
mooth Newton method for F, converges locally at a g-superlinear rate to the unique
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Algorithm BV: Path-following method to solve (Q,)
Input: d?, X0 € R¥, 4y > 0, TOL, > 0, TOLg > 0, v € (0,1).

Set k= 0.
while v, > TOL, do

Set i = 0 and (d0 A0) = (dF AR,
while HF’W@( )||L2(O T)2m > TOLr do
Compute the Newton step (5%, s/\) at (di, A1) according to (6.2).

T T

Define (dit?, Nit1) = (d% + 5, \L + 84); set i =i+ 1.
end
Define (@1, \e+1) = (d, Ai) and 41 = vy; set k =k + 1.
end

Output: (d* \F).

solution of (Q, ). To prove this it suffices to establish that (d,, \,) £, (dry M) 1|
is bounded, cf. [24, Proposition 2.12]. Using (6.2) it can be shown that F. is invert-
ible and that {F!(d,,A;) : (dr,A;) € RN» x RN»} ¢ R2N2*2N, contains only a finite
number of elements. This implies, in particular, the asserted boundedness.

7. Numerical Examples. We illustrate our findings by three examples. Our
main goal is to exemplify the structure of optimal controls for (P). Throughout, we
treat the case where f =0, ; = 0 for all j, and yo = 0. In particular, (P) is convex
and Theorem 3.1 yields the existence of a unique and global optimal solution.

In all examples we consider controls defined on (0,T) = (0,2) and employ uni-
formly spaced temporal and spatial grids. We found vy = 1, TOLr = 107'2,
TOL, = 1074, as well as v = 0.1 (for the majority of examples) and v = 0.5
(for some examples) to be reliable choices in Algorithm BV. We use &9 = 0 and take
A9 such that (d2,\2) satisfies the condition ST M, (Sd, — §4.0) + A% = 0 in the opti-
mality system F, = 0. When vk reaches TOL,, the inner while loop in Algorithm BV
is executed until ||| F,, (dZ, NT)||L2 o,my2m — || Fy, (A1 N | e ©,r)2»| < TOLp and

HF,WC( L, T)HLZ(O)T)%)’L < TOLF are satisfied for three consecutive i. We use GMRES
to solve the nonsymmetric linear system (6.2) to a relative accuracy of 10~'2. Due to
the presence of S and ST in (6.2), each iteration of GMRES requires to solve two PDEs.
These PDE solves are performed to a relative accuracy of 10~'2 using preconditioned
GMRES.

7.1. Example 1: One control and one spatial dimension. We start with
an example in whichm =1, Q = (—=1,1), and w = (0,1). The remaining specifications
are made such that an exact analytic solution @ of (P) is known. The optimal control
u exhibits [ € N jumps and it is constant apart from these jumps. Consider

. 1 9 o,
ueénvlg),T) 2 Hyu deL?(Q) + a||u ||M(O,T),

where 4, is the solution to the parabolic state equation

%(%t) —Ay(z,t) = ug inQ=(-1,1)x(0,2),
y(-1,t)=y(1,t) = 0 on(0,2), (7.1)
y(z,0) = 0 in(=1,1).
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We take g = 1 in w and g = 0 elsewhere, ie., g = x,,. Let K > 0,1 € N, and ¢, > 0
for 1 < k <. Define

0 ift < 1,

B Ak B ) T c1 if % <t < %,
a=is, @(x,t) = ksin(lnt) cos(gx),
i

<y
I

Shoien it A <t<2,

In particular, this implies @’ = Z;  Cr026-1 and ' | pmo,ry = Zﬁc 1 k. Denoting by
L the differential operator —A we set yqg = y— L*p, where § = yz. To conclude that
4 is the optimal solution of the above optimization problem, we check if @ satisfies the
necessary optimality conditions of Theorem 3.3. Since we are dealing with a convex
problem, this is already sufficient for global optimality. Alternatively, the optimality
of u can be established using the conditions from Theorem 3.8, in particular the
condition (SSOC). Considering the first order conditions from Theorem 3.3 we first
note that the adjoint equation L*pz = yz — yq together with boundary conditions is
satisfied by construction. Second, we confirm that

o(t) = /Ot/ww(%s) dxds = %(1 — cos(lmt)) =

which demonstrates ® € C’l [O 2] N Cp(0,2) and ®(t) € [0,a] for all t € [0,2], with

(1 = cos(int)),

| Qi

®(t) = & exactly for t = 22-1 with 1 < k < I. Hence, we have ||®|c,(0,7) = & and
2k — 1 : -
/ b dil = chcb( ) =aX e = 18lcoon |17 lmom,
0 k=1

which establishes (3.5) and (3.6). Thus, @ is optimal. In view of Corollary 3.4 we note

{ supp(a'*) = supp(') C {t € [0, T] : B(t) = a},

)
supp(@'~) = {t € [0,T]: ®(t) = —a} =0,

where the inclusion is an equality if and only if all ¢; are positive. Since we have

l
_ 1 e 1 .. 4k
J(u) = 5”% - yd”%Z(Q) +all@ | mo.ry = iHL <P||%2(Q) + ) ch
k=1

and we easily compute ||L*@||%2( = r272(1%2 + ) the optimal value is given by

K22 w2 4k <
J(a) = 5 (124— )+l2 C-
=1
For the numerical experiments we choose | =5, Kk = 0.01, ¢c; = c3 =c5 =2, and ¢y =
cy = 1, which yields & = 1/(12572) ~ 8.1 -10~%* and J(#) ~ 1.9 - 10~2. Furthermore,
it implies that @ exhibits five jumps, which occur exactly at those ¢ where ®(t) = a.
Unless indicated otherwise we employ Ny = 2560 and N} = 255, which corresponds
to 7 = 1/1280 and h = 1/128. Application of Algorithm BV yields ¢, %,, and the
optimal dual variable A,, which can be interpreted as discretization of A = é@ =
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T T T T T T
st | |
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4t 1 osf .
2% |
0 . 0r i
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t t

Fic. 7.1. Ezample 1: yq,, and §o (top left and right), i, and Ar (bottom left and right).

$(1 — cos(5mt)). These quantities—more precisely, linear interpolations of them—
are depicted together with y4 ., in Figure 7.1. We observe that %, and A; resemble
closely their continuous counterparts % and A. In particular, @, clearly displays the
five distinct jumps of «.

To assess the discretization errors we apply Algorithm BV on different grids,
where each grid satisfies N, = 10((Nj, +1)/16)%. We use Nj, +1 = 27 with 4 < j < 8.
The resulting errors ||J — ¥o|/z2(q) and |J(u) — J,(u,)| are plotted in Figure 7.2.
Moreover, this figure shows the error ||y — yo(@)||12(g). To evaluate || — ¥o|lL2(0)
and ||§ — yo (@)]| £2(@) We require g. Since ¢ is not known explicitly, we compute y, ()
on a very fine grid and use it as replacement. The grid for the computation of y, (@)
is described by Nj, + 1 = 2% and, as before, N, = 10((N,, + 1)/16)2, which gives
7 = 10240 and Np, = 511. Let us point out that the large number of time steps is a
consequence of the choice 7 = 7(h) = O(h?) that we make since the error estimates
in Theorem 5.4 and Remark 5.6 predict convergence order O(y/7 + h), respectively,
O(7+h?). For the error || —¥o || 12(q) we observe quadratic convergence in Figure 7.2,
which is better than the result from Theorem 5.4. This agrees to some extent with
previous contributions on optimal control with measures, cf. [3, 4, 15, 18], where it
is also observed that this error decays faster than linear. The error || — yo ()| £2(@)
converges quadratically, which is in accordance with Proposition 4.2. The optimal
objective value appears to converge at a cubic rate. This is faster than we would
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Fic. 7.2. Exzample 1: Discretization errors for optimal state and optimal objective value.

expect from Remark 5.6.

Next we investigate the influence of o on solutions of (P). For this purpose we
continue to work with [ = 5, Kk = 0.01, ¢c; = c3 = ¢5 = 2,and co = ¢4 = 1. In
particular, we keep the corresponding y4. However, instead of a = 1/(12572) we use

ap =0a with 6 ¢ [1072,107]

in the objective. We stress that for # # 1 we do not know the exact solution of (P).
Employing L*@ = n(%z sin(l7t) cos(5a) — I cos(Imt) cos(5x)) it follows from the def-
inition that y4 does not satisfy the initial condition y(z,0) = 0 of the state equation.
This implies § # yq regardless of the value of 8. Figure 7.3, Figure 7.4 and Figure 7.5
show 9, = 92, @, = u? and A\, = X\’ for different values of §. We observe that @’ is
constant for § = 100. Although not depicted, this is also true for every 6 > 100 that
we tested. Hence, in accordance with Remark 3.5 the optimal control is constant for
sufficiently large values of a. As 6 decreases, the number of jumps of @/ increases. For
0 < 1 jumps with negative height occur. Approximately around § = 0.1 the measures
of supp((@?)’) and {t € (0,7) : \(t) = +1} become positive. As @ decreases further,
these measures increase further.

To draw a comparison between (P) and the classical L?-regularized tracking prob-
lem, we now replace ag||u’|| p(0,7) in the objective by < ||u||i2(O’T). The discretization
of % [[uf|72 (o ) is given by 24T QTQd, with Q € RN~*N=. The precise form of Q
can be found in the preprint of this paper. Figure 7.6 depicts the optimal controls
ﬂi 2 that we obtain for ay = 0 and various values of §. Figure 7.7 shows the corre-

sponding tracking errors %||g§7L2 — Yd,o |%2(Q;L) as well as the tracking errors for (P).
It also displays the norms of the controls as they appear in the objective. The missing
data point for the norm of the BV-control at # = 100 results from the fact that the
corresponding control is constant, hence its BV-seminorm equals zero. We observe
that the tracking errors for both control problems have a similar order of magnitude.
From a practical point of view, however, the controls of (P) have a simpler structure.
We note, in particular, that for § =~ 5 the tracking errors are approximately equal
for the L? and BV-seminorm cases. The BV-control, however, is cheaper and also
reproduces 4 jumps, whereas the L?-control has a complicated structure.

7.2. Example 2: Three controls and one spatial dimension. The second
example generalizes the first one by allowing for m € N controls rather than only one.
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0 =01 0 =0.01 0 = 0.001

FIG. 7.3. Ezample 1: g% for different values of 6.

Moreover, we demonstrate that even in the absence of strict complementarity Algo-
rithm BV yields optimal controls that retain the simple structure of their continuous
counterparts. In this example we have Q = (—1,1), and w; = (a;,b;) for 1 < j <m
with —1 < a; < by <ag < by < ... < ay < by < 1. The following construction
ensures that for every j the optimal control @; has exactly 0 < [; < m jumps and is
constant apart from these jumps. We consider

1 N m ,
uGBr\I/l(l(?T)m §Hy“ o deL2(Q) + Zaj”uj”/\/l(O,T);

j=1

where y,, denotes the solution to (7.1), but with ug replaced by Z;nzl u;g;. We take
gj = Xw, for all j. Let k >0 and ¢j > 0 for 1 < j, k < m. Define

4
= :2 (sin(gbj) - sin(gaj)) and @(z,t) = ksin(mmnt) cos(%x),
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Fic. 7.4. Example 1: ﬁf for different values of 6.

aswellasfor 1 <j<m

0 ift <L,
Cj1 if % <t< %,
uj = . : and ya=9y— L,
Sl if 22l <t <2,
where L = 2 — A and § = y5. Observing ®;(t) = 5 (1—cos(mnt)) for all j we readily

confirm the optimality of 4 = ()72, in a similar manner as in the first example.

The numerical results that follow are obtained by choosing m = 3, wy = (-1, —%),
Wy = (—i, i), w3 = (%, 1), k =1072, ¢11 =5, ca2 = 3, ¢33 = 1, and all other c¢jj, equal
to zero. This implies that 4y, us and u3 each have exactly one jump. These choices
are specifically made to study the numerical behavior in situations where the inclusion
supp(ﬁ3+) C {t €[0,T] : ®;(t) = oy} is strict, which is equivalent to saying that strict
complementarity does not hold. Similar to Example 1, we use y, (@) as replacement
for g. We apply Algorithm BV with N; = 6144 and N, = 255, which corresponds to
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Fic. 7.5. Exzample 1: /_\,9_ for different values of 6.

7 = 1/3072 and h = 1/128. Figure 7.8 displays yi o, Yo, (Ur;);, and (A;;);. The

dual variables (A, ;); resemble closely their continuous counterparts (A;); = o%q)j =
%(1 — cos(3nt)). In particular, each of them has three isolated maximums with value
approximately 1. The approximated optimal controls (@, ;); appear to be very similar
to the continuous optimal controls (%,),. In particular, each of these controls exhibits
exactly one jump and thus reproduces very well the simple structure of its continuous
analogue. Summarizing we conclude from this example and other experiments that

the case of strict inclusion supp(@}) & {t € [0, T] : ®j(t) = +a;} can be handled very
well by Algorithm BV.

7.3. Example 3: One control and two spatial dimensions. The first two
examples are structurally similar to each other. In particular, in both examples the
desired states y; have a rather low temporal regularity. Contrary to this, the third
example is constructed in such a way that y4 is C*° with respect to time and space.
Moreover, the spatial domain €2 is two dimensional in this example. In this entirely
different setup we will again observe that the optimal control has a very simple struc-
ture. We choose m = 1, Q = (—1,1)%, w = (0,1)? and consider the same objective
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FiG. 7.6. Example 1: ﬂ?_ L2 for different values of 6.
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FIG. 7.7. Example 1: Tracking errors and control norms for (P) and L?-regularization.

function and state equation as in the first example, except that 2 and w are different.
We take g = Xu, ya(z1, 72, t) = (1 —1.2) (21 +1) (22 +1) (22— 0.9)te™t, and @ = 1073.
The choice of y4 yields § # yq since yq does not satisfy the boundary conditions of the
state equation. We apply Algorithm BV with N; = 512 and N, = 632, which corre-
sponds to 7 = 1/256 and h = (2 — v/2)/64. Figure 7.9 shows y4, and g, at different
points in time. Moreover, it depicts %, = @, v and -, as well as the optimal control
U, 2 obtained through classical L?-regularization (analogously as for Example 1). It
seems that in this example {t € [0,7] : ®(t) = £a} does not consist of a finite number
of points, but has positive measure. However, the structure of @ is still very simple.
In particular, @ is constant on large parts of its domain.

While the tracking errors associated to the controls in Figure 7.9 are comparable,
oV — yd’JHzLQ(Qh) ~ 0.0421 and £||Uo,12 — Ya,0 \%2(%) ~ 0.0422, the structure of
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FIG. 7.8. Ezample 2: yq,, and §o (top left and right), (ir;);, and (Arj);-

the BV-control is simpler than that of the L?-control. For the control terms in the
objectives we have &||(ir,Bv)'[|am(o,r) = 4 - 107% and §|tr 12172 ) = 11072

8. Conclusions. In this paper we gave a rather complete analysis for optimal
control problems governed by semilinear parabolic equations for the case where the
temporal control cost is realized in the BV-seminorm. This leads to optimal controls
that are piecewise constant in time. This simple structure of the optimal controls,
which is confirmed analytically and numerically, is desirable from a practical point of
view. It is distinctly different from optimal controls that arise from quadratic control-
cost functionals. The obtained results can be expanded in several directions. For
instance, it would be interesting to consider controls that are BV functions in space
and time, or to use BV functionals in the context of switching controls.
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FIG. 7.9. Ezample 3: yq,o (top) and §o (middle) for different t, i, pv, @, 12, and Ar.
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