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STABILIZATION BY SPARSE CONTROLS FOR A CLASS OF
SEMILINEAR PARABOLIC EQUATIONS *

EDUARDO CASAST AND KARL KUNISCH?

Abstract. Stabilization problems for parabolic equations with polynomial nonlinearities are
investigated in the context of an optimal control formulation with a sparsity enhancing cost func-
tional. This formulation allows that the optimal control completely shuts down once the trajectory is
sufficiently close to a stable steady state. Such a property is not present for commonly chosen control
mechanisms. To establish these results it is necessary to develop a function space framework for a
class of optimal control problems posed on infinite time horizons, which is otherwise not available.
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1. Introduction. In recent years there has been significant interest in the topic
of sparse optimal controls. These controls contribute towards the control objective
and simultaneously shut down to zero as much as possible. Up to now optimal con-
trol problems with sparsity constraints have typically been investigated for tracking
problems on finite time horizons. Sparsity with more general cost functionals was in-
vestigated in [6]. In this case the objective is to steer the trajectory of the controlled
dynamical system to the desired state while simultaneously minimizing the support of
the control. By an adapted choice of the cost functional, the sparsity structure can be
influenced. The focus in previous work was set on controlling the sparsity structure
in spatial directions. This led to choose controls in the spaces like L2(0,7; L' (£2))
or L'(Q; L%(0,T)) where for technical reasons the L!-spaces have to be replaced by
spaces of measures [5], [10], [7], unless other precautions as for instance constraints
on the controls are taken [6], [9].

In the present paper we focus on optimal controls which exhibit temporal sparsity.
This can be achieved by choosing a cost-functional for the control variable which is
non-smooth in time. We shall concentrate on optimal control formulations for sta-
bilization problems. It will be demonstrated that these problems are particularity
well-suited to benefit from the sparsity structure. Specifically, if y. is a stable equi-
librium of a dynamical system, optimal control strategy typically provide controls
which asymptotically steer the system to y. with the control not shutting down to
zero even if the controlled trajectory is already in the close vicinity of y.. Such strate-
gies can be based, for instance, on applying Riccati or Lyapunov techniques to the
linearized system or on feedback mechanisms which respect the nature of the differ-
ential equation and the control objective, as for example feeding back some weighted
difference between the state and y.; see, for instance, [1], [2], [16]. With temporally
sparse controls, on the other hand, it can be guaranteed that the optimal control will
automatically shut down to zero in the vicinity of y.. Of course such a property can
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2 E. CASAS AND K. KUNISCH

not be expected unless y. is stable. In the present paper we develop the necessary
concepts for a class of semilinear parabolic equations. This will include in particular
to propose a function space framework for open loop infinite time horizon nonlinear
optimal control problems. This topic has received very little attention in the literature
even in case of smooth cost functionals.

To demonstrate the sparsity nature of optimal controls for stabilization problems
we consider

together with an ininital condition and homogenous Neumann boundary conditions.
The nonlinearity f : R — R is a polynomial function of degree 2m + 1 with m € N
arbitrary if n < 2 and m = 1 if n = 3, and further specifications to be given below.
Due to the choice of Neumann boundary conditions every root of f is an equilibrium of
the uncontrolled state equation. Successive distinct roots of f alternate between stable
and unstable behavior. As described above here we are interested in the behavior of
sparse controls in the neighborhood of a stable equilibrium, which after a possible
change of variables is assumed to be the origin. Consequently, we make the following
assumption on f:

f£(0) =0, f/(0) > 0 and the leading coefficient of f is positive. (1.1)

It will be shown that this condition guarantees that 0 is a stable equilibrium for
our dynamical system, see Theorems 2.5 and 2.6.

Let us point out that reaction diffusion systems of polynomial type arise in many
interesting applications including models in physiology, for instance in the context of
FitzHughNagumo models, which describe the prototype of excitable systems, e.g. see
[12], or Schlégl’s model which is a canonical example of a chemical reaction system
[14]. See [3], [8], [13] for the optimal control of these systems.

We are now prepared to formulate the optimal control problem which will be
analyzed in this work:

P i =+ [ [ paarl [ [waca ()
(P) glellr]l(u)—i/o /Qyux —&-5/0 /wux—i—a/o (/wu x) ,

where
U = L*(0,00; L*(w)) N L*(0, 00; L*(w)), v >0, a> 0.

Here y,, denotes the solution of the following parabolic equation

0

%fquLaerf(y) = uxw inQ =0 x(0,00),
Oy = 0 on ¥ =T x (0, 00), (1.2)
y(0) = y inQ,

where 2 is a bounded domain in R", 1 < n < 3, with a Lipschitz boundary I', w is a
subdomain of €, x,, denotes the characteristic function of w, a € L>®(Q2), 0 < a # 0,
and yo € H'(Q).

Remark 1.1. The assumption a Z 0 has been introduced just for simplicity of the
presentation, but it is not necessary. All the results of this paper remain valid if we take
a = 0. Indeed, from the assumptions on f we know that f(s) = a;s—+--- agmy15>m !
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with ay > 0. Therefore we can take 0 < @ < ay so that the polynomial f(s) =
15+ ass?+--- a2m+152m+1 has the same properties as f. If a =0 we set a = a1 —ay
and all the above assumptions are fulfilled.

Concerning the three terms in the cost functional J, the first one reflects the
objective of stabilization to 0. The second one is required for the well-posedness of
the control problem, and the last one promotes the temporal sparsity of the optimal
controls. We observe that cost J can take the value oco for some controls u € U,
because y, ¢ L?(Q). We will say that u € U is a feasible control if J(u) < oco.

We shall frequently use the following property of f which is a consequence of
assumption (1.1) and the fact that the polynomial is of odd degree

JA > 0 such that f'(t) > —A VteR. (1.3)

The plan of this paper is as follows. Section 2 contains the analysis of the con-
trolled state equation in spaces with infinite time horizons. Moreover two theorems
are presented which provide sufficient conditions for exponential stability of the un-
controlled trajectories provided that the initial condition is ether sufficiently small or
it is appropriately located with respect to the roots of the polynomial. In Section 3
existence of optimal controls is proved and the sensitivity and adjoint equations are
analyzed. Finally Section 4 contains the optimality system. It allows to deduce the
sparsity properties of the optimal controls.

2. Analysis of the State Equation. We shall denote by L? (0, 00; H'(2)) the

loc
space of functions y belonging to L?(0,T; H'(Q)) for every 0 < T' < co. Analogously
we define L? (0, 00; L2(Q)) and L52 (0, 00; L2(£2)).

loc loc

DEFINITION 2.1.  We call y a solution to (1.2) if y € L% _(0,00; HY(Q)) N

loc

C([0,00); L2(2)), f(y) € L% _(0,00; L?(Q)) and for every T > 0 the restriction of

loc
y to Qr = Q x (0,T) satisfies in the usual variational sense the equation

9 _

5t Ay+ay+ fly) = uxe nQr,
Oy = 0 on X, (2.1)
y(0) = o in Q,

We have the following existence and uniqueness result.

THEOREM 2.2. For every u € L?(0,00; L?(w)) equation (1.2) has a unique solu-
tion. Moreover y € H\ (0, 00; L?(2)) holds.

Proof. This proof can not rely on the usual techniques for semilinear monotone
equations because the right hand side « is not in any L?(0,T; L4(2)) space with p and
q large enough so that the corresponding state belongs to L>°(Qr). First we make
the change of variables according to z(x,t) = e Ay(x,t), where A is introduced in
(1.3). Then the resulting equation for z is given by

g _ Az+az+ f(t,z) = e Muy, inQr,

ot
Onz = on X, (2.2)
2(0) = wo in €2,

where

f(t,s) =e Mf(eMs)+ As V(t,s) € R
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For any positive integer k we denote by Proj;_j, 1,(s) the projection of a real number
s on the interval [—k, +k] and we set fi(t,s) = f(t, Proji_g, 11)(s)). As a consequence
of (1.1) and (1.3), we have that fe(t,0) = 0 and Bsfk(t,s) = f'(eMs) + A > 0 if
|s| < k and Osfi(t,s) = 0 if |s| > k. Moreover, Jfr(¢,0) = f/(0) + A > 0 holds.
By an application of Schauder’s fixed point theorem we can obtain the existence of a
solution z € L?(0,T; H*(Q)) N C([0,T], L*()) of the following equation

6Zk

a5 Azp +azp + filt,zn) = e Muyx, in Qr,
Opz, = 0 on X, (2.3)
zk(0) = yo in Q.

The uniqueness of zj, is a consequence of the monotonicity of fz. Because of the
regularity of yo € H'(Q) and the fact that u € L?(0,T; L*(w)), we know that z; €
HY(0,T; L*(Q)) as well; see, for instance, [15, Proposition I11-2.5]. Multiplying (2.3)
by zi, integrating by parts in Q7 and using that fk(t, zk)zK > 0, we get the existence
of a constant C, such that for every ¢ € [0, T

1 1
5||Zk(t)\|%z<sz> + Callzil 20,01 0 < §H2k(t)ll2Lz<Q) +/Q (IVze]? + azf) da dt
T
< [ [ e dede+ Sl < Il oo
1 1 C, 1
+ 5“90”%2(9) < EH“”%%QT;H(W)) + 7||ZkH%2(O,T;H1(Q)) + 5”?/0”%2(9)'

From here we deduce
2
l2ll o= 0,7 220) + 2kllz20mim12)) < 4) Flull ez o,miz2 () + V2llyollrz). (24)

Next we prove that {fi(-, 2)}52, is a bounded sequence in L?(Qr). Since f(t,s)
is a polynomial in the variable s of degree 2m + 1 with coefficients depending on t,
but uniformly bounded in [0, T], and leading positive coefficient, elementary calculus
leads to the existence of two constants C; > 0 and Cy > 0 such that

f(t,s)? < CLf(t,s)s>™ L + Oy V(t,s) €[0,T] x R.
Now, setting 2 = Projr_ z,) we have that fk t,zp) = f t, 2;) and
[—k,+k]
Fr(t, 2)? < CLE(t, 20) 25T 4 Oy = O fio(t, 21) 22T 4+ Co Wt € [0, T).

Since the sign of the functions 2, coincide with the sign of z; we get fk (t, zk)éimﬂ > 0.
Hence the boundedness of {fi.(-, zx)}3>, in L?(Qr) will follow from the boundedness
of {fx(-, 2i) 27" T1Y2e | in LY(Qr). To prove this boundedness first we observe that
2t e HY0,T5 L2(Q) N L2(0,T; H()) because z, belongs to this space and

2 € L (Qr). Then we can multiply the state equation (2.3) by éﬁmﬂ and integrate
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by parts. To this end we observe that

/ /882: Aim+1 drdt = /zk(T)éim-‘rl(T) daj—/yonm-H "
Q

oz
—(2m +1) / / 2o 2k s2m g dt > / 22mH(T) da — / Y2 da
0o Jo Ot Q Q
T ~
7(2m+1)/ /%éim“dxdt, (2.5)
o Jo ot

where yor, = Proji_j ;5 (%0). Recall that yo € H'(Q) C L*™(Q) for any positive
integer m if n < 2 and for m < 2 if n = 3 and so the above integral involving yq is
finite. The last integral can be computed as follows

1 Td
/ / O a1 gy gy — L / 4 / 522 ot
iy Pl

Inserting this identity in (2.5) we get

azlmz +1 1 /Az +2 / 2m+2
—— 2T de dt > mTH(T) da — mTE dx.
/0 g v dwdtz oo | AT (D) dr = | g™ de

Moreover we have that V2 V22" = (2m + 1)22™ V2, Vi, = (2m + 1)527 (V2|2
Hence combining these facts, we deduce from equatlon (2.3)

1
2m + 2

T
+ fk(t Zk;) 2m+1 dl‘ dt S/ /e_Atuélsz"l dxdt+/ y8m+2 d.]f
Qr o

/Q 2im+2(T) dr + /Q Z2M(2m + 1) |V 2| + a2i] dx dt

~dm 1/2 m
<|“||L2(O,T;L2(w))(/Q 2 +2dwdt> + Cllyoll3i ) -

T

Since f (t,s)s™*1 is a polynomial in s of even degree 4m+2 and positive leading coeffi-
cient, there exist constants C'3 > 0 and Cy < 0 such that f(t 5)smtl > O3s4m+2 4 Oy,
Hence we have that fi(t, )22 = f(t, 2,)22m T > €322 + Cy. Using this fact
in the above inequality we 1nfer with the Young 1nequahty

X 1/2
[ it asa s ||u|L2(0TL2(w))</Q 2 drdt) "+ CllyolE
T T

03 A4m+2 2m+2
< 5ol s + 2 /Q S e+ Ol

Cy|Qr
|2 | +C||y0H2m+2

1
2 ~2m—+1
< EHUHLQ(O,T;L%w)) t3 Fult, 2) 8" da dt — Hi(0)

Qr

where |@Qr| denotes the Lebesgue measure of Qr, and hence

Qr Jult, )5 dodt < ”“||L2(0 T2 — Cal@rl + 2C gl )-
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Thus we have the boundedness of {fi(-,2)}5>, in L*(Qr) as desired. Now using
(2.3) we deduce that {%it’“ — Az}, is bounded in L*(Qr). Since yo € H'(Q),
from the maximal parabolic regularity property of the heat equation it follows that

%}g”;l is bounded in L?(Q7) as well. Combining this fact with (2.4), we deduce
the existence of a subsequence such that

aZk - % in L2(QT)7

—z in L*(0,T; H'(Q d =
zp —z in L°(0,T;H (Q)) an 5 5

which implies the strong convergence 2z, — z in L?(Qr). By taking a new subsequence,
if necessary, we can assume that zx(z,t) — z(x,t) for almost every point (z,t) € Qr.
This implies the pointwise convergence fi(t,zx(x,t)) — f(t,2(x,t)) for almost all
(z,t) € Q7. This together with the boundedness of {f5 (-, 2¢)}3, in L*(Qr) implies
that f(-,2) € L*(Qr) and fx(-,2x) — f(-,2) in L*(Qr). Moreover, since the space
L2(0,T; HY(Q)) N HY(0,T; L?(£2) is continuously embedded in C([0,T]; L3(£2)), we
deduce that z is in this space. According to the convergence properties of {2z},
described above, it is immediate to pass to the limit in (2.3) and deduce that z is
a solution of (2.2). Its uniqueness follows from the monotonicity of f. From the
equivalence between equations (2.1) and (2.2), we get that y = e’z is the unique
solution of (2.1). Since T was an arbitrary positive number we conclude that y
satisfies all the requirements of Definition 2.1, and therefore y is the unique solution
of (1.2).

Finally, the fact that y € H'(0,T; L*(Q)) follows from (2.1) taking into account
that f(y) € L*(Qr) and yo € H*(Q), [15, Proposition I11-2.5]. O

In the next theorem we establish some infinite horizon regularity properties of the
solution of (1.2).

Remark 2.3. We remark that if yo € H*(2) N L>®(Q) and u € LP(0,T; LY(w))
with %4— 3: < 1, then we have that y € L>(Qr) for every T > 0. Moreover, if
Yo € C(Q), then y € C(Qr) holds. The proof is standard for the solution of (2.2) and
from here we deduce the corresponding reqularity for y = eMz.

THEOREM 2.4. Let u € L%(0,00; L?(w)) and let y be the solution of (1.2) corre-
sponding to u. If ||y||r2(q) < 0o, then the following properties hold

fly),y*™ e L(Q), (2.6)
y € L*(0,00; H'(2)) N C([0,00); H(Q)) and % € L*(Q), (2.7)
i [9(T)| 220 = . 23)

Moreover, there exists a constant C independent of u and y such that

IfW)lle2@) + 192 2 @) + Wl @) + 1Yl Lo 0,008 (2))
< C(Iyllz2@) + lull 20,002 () + 19011570 - (2.9)

Proof. We divide the proof into three parts.
Proof of (2.6). First we demonstrate that f(y)y?>™*! € L}(Q). Let us write

2m—+1 2m—+1

f(s) = Z ajs’ and Cj = Z laj]. (2.10)
j=1 j=1
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Observe that f(0) = 0 implies that ag = 0. From here we infer
|£(5)s>™ T < Cps?™ 2 W|s| > 1 and |f(s)s*™ ! < Ops? V|s| < 1. (2.11)

Moreover, from the properties assumed for f we deduce the existence of pg > 0
and My > po such that

f'(s) >0and f(s)s >0 V|s| < po and V|s| > M. (2.12)

We will take

2m

2
|aj|}~
1

A2m+41 <
m-+ j=

w=min{l, yo} and M>max{M0,

Let us denote Q° = {(z,t) € Q : |y(z,t)] > §} for any real number § > 0, and
QMM = {(z,t) € Q : u < |y(z,t)| < M}. Since y € L*(Q) we have

1 1

hence |Q*M| < |Q*] < oo as well. Now we set Cpy = max,,<|sj<ar | f(s)]. With this
notation and using (2.12) and (2.11) we get for every T' > 0

’ f(y)y2m+1 dxdt‘ < Cf/ y? dx dt+CMM2m+1|QT ﬂQ“’M|
Qr Qr\Q*
b [ @ dede < Oyl + CordP QY]
QrNM

—|—/ Fy)y*™ da dt. (2.14)
QrNEM

Thus we only need to prove the integrability of f(y)y*>™*! in QM. To this end,

for every k > M we define the projection yy = Proji_j 44 (y) and we multiply (2.1)

by y;™

B
/ SV ypmtt e dt + / [VyVy™t + ayyp™ ™ da dt + / F)yem ™t da dt
Qr ot Q QrnQM
T
gCnyII%z(Q)+CMM2’"+1\Q“’M|+/O /uy,ﬁmﬂ d dt. (2.15)

Arguing as in the proof of Theorem 2.2 we have

T
Y omt1 1 / 2m+2 / 2
/0 Qiatyk €L e ka (T) dz Qyo €z

and VyVyi ™t = (2m+1)y2mVyVy, = (2m+1)y2™|Vyk|?. Using this in (2.15) and
taking into account that (2.12) implies that f(y(x,t))yr(z,t) > 0 for every (x,t) €
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Q\ Q"M we obtain
0< / f)yimtdrdt < / Yo" de + Crllyll72g) + Cu M HHQHM|
QTQQAI Q

1/2
+ ”uHL?(O,—i-oo;LZ(w))(/ yémﬁ dx dt)

QrNM

< lyolZ3 + Collul3a gy + Car Mm@ M|

a2m+1 m
L S N a2 (236)
N

+
a2m+1 4

Due to the choice of M we have for |s| > M

2m 1
f(8)82m+1 > s4m+2 (02m+1 — Z |CLJ|W)
Jj=1
1 2m a
2 1
> gim+2 (a2m+1 - z:l |a]-|) > w; gAmt2
j=

Since f'(s) > 0 for |s| > M and k > M, we get
m m a2m+1 m
P D (,0) 2 Flon(e, ™ (.0) > P20 0), () € Q.
Inserting this inequality in the right hand side of (2.16) and (2.13) we conclude that
0< / f(y)y,zm+1 dz dt
QrNM
< C(HZ/OH?JWIITQQ) 72y + el Z20,00:02(0y)) YT > 0 and Vk,

where C only depends on f and M. Since yi(z,t) — y(z,t) a.e. in Q, we deduce from
the above inequality, (2.13), (2.14), and Fatou’s Lemma that

/Q @Iy dadt < C (ol 352 + w30 + 122000020

for a new C only depending on f and M. Now we have

/ Y2 dr dt < / y? dxdt + MA™MF2 dg dt + / Y2 dg di
Q Q\Q* QM M

m 2 -
< s + M*2IQAM 4+ o | Ty dedt < oo,

which proves that y*™*! € L?(Q). Moreover, since |f(s)| < C¢|s[*™T! V|s| > 1 and
|f(s)] < Cyls| V¥|s| <1, we deduce that

f(s)? < CH(s* +s"F%) Vs eR.

Therefore, the fact that y and y*™*+1 € L?(Q) implies that f(y) € L?(Q) and the proof
of (2.6) is complete. Additionally, these arguments obviously lead to the estimates
for the first two terms of (2.9).
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Proof of (2.7). First we observe that y € C([0,T]; H}(Q)) for every T > 0.
Indeed, this is a consequence of he fact that f(y) € L?*(Q) and yo € H'(Q); see
[15, Proposition I11-2.5]. Hence y : [0,00) — H'(Q) is continuous. To prove that
y € L%(0,00; HY(Q)) it is enough to multiply (2.1) by y and integrate in Qr, T > 0
arbitrary, to get

@)l e + / (Vg + ay?) de dt

//uyd:cdt+ o2y — /f Yy da dt

< ull 2(0,00:2 @) 19l L2 (@) + g\lyo”m(m 1 f W2yl z2@) < oo,

Above we have used the assumption y € L?(Q). Now it is enough to make T — oo to
deduce that y € L?(0, 00; H'(Q2)).

To prove that y € L*(0,00; H'(£2)) we take into account that by Theorem 2.2
Yy E Hl(O T L2(Q))NL%0,T; HY(Q2)) for every T > 0. We can multiply the equation
(2.1) by 2 % and integrate in Q7 to get

9,2 T1d 2 2 dy /T/ dy
=172 - d dx dt = — dx dt.
G en + [ g [T vad e [ 503 [

This implies
1 2 2
H HL2(QT)+ (|Vy( )IF + agy™(T)) d

dy 1
< (lellzzrason + 1 Wll@) 15 li@n + 5 [ (Viol + and) do

1,0y, C

2
(lullz2(0,7;02(w)) + I1f(y )||L2(Q)) 2|| ot ||L2 (Qr) §||Z/0||%{1(Q)7

1
2

hence

dy
e e+ [ (V0TI + (1)) da

2
< (lull 20,1522 )y + 1F W lz2 @)™ + Cllvollzr o-

Since T' > 0 is arbitrary, the above inequality concludes the proof of (2.7). Moreover,
from the obtained estimates the bounds for the second two terms in (2.9) follow.
Proof of (2.8). Since y € H(0,T;L?(Q)) for every T > 0, then the function
€[0,7] = [ly(®)[|72 (o is absolutely continuous and

d Oy
GO =2 [ w30 do
see, for instance, [15, Proposition I11-1.2]. Moreover, the fact that y € L?(Q) implies

the existence of a monotone increasing sequence of positive numbers {¢}7°; such
that ||y(tx)||L2() — 0 as k — oco. Then, given T' > 0 and taking t; > T" and we get

t
oDy = oty 2 | / t) da dt

< ||y(tk)||L2(Q) + 2[yll £2 (7,005 L2(Q))|| \|L2(Too L2())
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Taking the limit when k — oo we get

2 : Y
Iy (D)2 () < Jlim 20lyll 2 cr,o0;z2 ) |5, 22 (7,0022(2)) = 0-

Theorem 2.4 suggests to introduce the following space of solutions:
Y ={y € H(Q) N BC([0,00); H()) : Ay € L*(Q) and 8,y = 0 on T},

where BCO([0,00); H!(Q)) is the Banach space of continuous and bounded functions
y :[0,00) — H'(Q). The space Y endowed with the norm

lylly = llyllar @) + 1Yl =000, 1 @) + 1AY 2(@)

is a Banach space. Let us point out that any element y € H'(0,00; L?(f2)) satisfies
(2.8). This was proved in the last step of the proof of Theorem 2.4. Hence this
property holds for every element y € Y.

In the next theorem we prove that if |lyol[z2(q) is sufficiently small, then the
solution of (1.2) associated to the null control u = 0 is stable and it has an exponential
decay. Let us introduce some notation to make precise how small ||yo| 2 (o) must be.
Let po and My satisfy (2.12) and set Cfy = max,, <|s|<m, |f'(s)|. Now we take

110Ca
K= —"—+% 2.1
f (0604)2’ ( 7)

where C, > 0 and C4 > 0 are taken so that

Vz|? + az?)dz > Cullz||? > 2|12
Vs +a) 12120y 2 CallzlZ2(ey o
||ZHL4(Q) < C4||ZHH1(Q)7 Vz € Hl(Q)

THEOREM 2.5. Let us assume that ||yo||r2(q) < Ky and u = 0. Then the solution
of (1.2) belongs to L*(Q) and there exists A > 0 such that

ly®) 2 @) < lyollz2@ye™™ vt > 0. (2.19)

Together with (2.9) of Theorem 2.4 this theorem provides a sufficient condition for
yevy.
Proof. Let us take

1
Ko = i(HyOHLi’(Q) + Kf) and Ty = sup{T > 0: [ly(t)||z2(q) < Ko, Yt € [0,T]}.

Since y : [0,00) — L*() is a continuous function and [|y(0)||22(0) = llyoll2(0) < Ko,
we have that Ty > 0. We will prove that Ty = co. For every ¢ € (0,7) we define

Q={z€Q:po <l|y(z,t)| < Mo}

Then we have

1 1 K3
< [ POdr < SOl < 22 Ve 0.T).  (220)
0 Ja, Ho Ho
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We will use the following interpolation inequality, see e.g. [4, p. 93].

1/2 1/2 1/2 1/2 1/2
12l zosacey < llzooy 21100y < Ci2 el e 2l i) Y2 € HY(Q).  (2.21)

Then, multiplying (1.2) by y(t), t € (0,T}), integrating in 2, taking into account that
Ffly@)y(t) = 0in Q\ Q4 by (2.12), using (2.20) and (2.21), and Young’s inequality
we deduce for almost all ¢ € (0,7p) for some 6(z,t) € [0,1]

53519y + Callu®lBney < 5510y + [ (V90 +ay(e)?) da
[t == [ @)= [ Fewueod
Q\Q: Qe ol

< I OOy s 19Ol Zs /20y < ColQl* Cally(®l 2@ Iy (Ol 1 0

O'Qc2|ﬂ |1/2 c,
< %Hy(tm%%m + 7”1/(’5)”%11(9)-

With (2.20) this leads to

1d , C, , 1d , C, ,
§£||Z/(t)||m(9) + 7||y(t)||L2(Q) < 5@”@(75)\&2(9) + 7“9(0”;11(9)

CPC3 |1/ 2 CCiK, 2
< S e < g I a0
hence
1d 9 9
3 g WOz @) + AlyOlz2() <0, (2.22)
where
1 Cl2C2K,
P (Ca _ 0740)
2 Catio

From the choice of Ky and (2.17) we infer that A > 0. Then we have %Hy(t)H%Q(Q) <0
Vt € (0,Tp), hence Ty = co. Moreover, inequality (2.22) implies (2.19). O

Let us denote by p_ the biggest negative root of the polynomial f such that f(p)
changes the sign when p crosses p_; i.e. p_ is a root of f of odd multiplicity. If f has
no negative root with such a property, then we set p_ = —oo. Analogously, we define
p+ as the smallest positive root of f with odd multiplicity, and we take py = 400 if
such a root does not exist. Then we have the following theorem.

THEOREM 2.6. Let us assume that p— < yo(z) < py for a.a. x € Q, and v = 0.
Then the solution y of (1.2) belongs to L?(Q), p— < y(x,t) < py V(x,t) € Q, and

ly®)lr2@) < lyollzeye =t vt >0, (2.23)

where Cy > 0 is given by (2.18)

Proof. First we assume that yo € C(Q) and p_ < yo(x) < py Vo € Q. Let
us set A_ = min{0, min, g yo(x)} and Ay = max{0,max, 5 yo(z)}. Then we have
p— < Ao <0< A; < pg. Let y be the solution of (1.2) associated to w = 0. Since
yo € C(Q), then y € C(Qr) VT > 0; see Remark 2.3. Then, limy o [|y(t) —yollc(q) = 0
holds. This implies that

T* =sup{T > 0: p_ < y(z,t) < py Y(x,t) € Qr} > 0.
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Let us proof that T* = +o0o0. We argue by contradiction. If 7% < +oc0, then there
exists at least one point z* €  such that p_ < y(z,t) < py V(x,t) € Q x [0,T*)
and either y(z*,T*) = p_ or y(a*,T*) = p4. Let us assume that y(z*,T*) = p_
and take z(z,t) = (y(z,t) — A=)~ = min{y(z,t) — A_,0}. It is clear that %z =%,
VyVz = |Vz|?, and yz > 2% almost everywhere in Qr+. Hence, multiplying (2.1) by
z, integrating in Q7+ and using that z(0) = 0 we get

||z(T*)H%2(Q) +/ (|Vz|? 4 az?) dx dt + fy)zdzdt = 0.
T* QT*
Now, we observe that f(s)s > 0 Vs € [p_, p4+], hence f(y(z,t))z(x,t) > 0 V(z,t) €
Qr~. Using this in the above inequality we obtain with (2.18)

12(T) 72 () + CallzlZ2(gpey <0,

therefore z = 0. This implies that y(x,t) > A_ > p_ V(x,t) € Qr~, which contradicts
the equality y(z*,T*) = p_.

In the case y(z*,t*) = p4, we take z(z,t) = max{y(z,t) — Ay,0} and we argue
similarly as above. Hence T™ = oo holds. If \_ = p_ or Ay = p;, then we take
Yoe = Projp_4cx, —(yo(x)). Then yo- — yo in C(Q) N H'(Q) holds. If we denote
by y. the solution of (1.2) associated with yo. and u = 0, then we have that y. — y
in Q7 for every T > 0. Since p_ < y.(z,t) < py V(x,t) € Q, we conclude that
p— <y(z,t) < py V(z,t) € Q as well.

Since f(y(z,t))y(z,t) > 0 V(x,t) € @, multiplying the equation (1.2) by y and
integrating in Q we get

Ld

5 0030+ Cally (O 20y <0,

which implies (2.23), and consequently y € L?(Q).

Finally, if yo € H*(Q) \ C(Q) and p_ < yo(x) < py for a.a. z € Q, then we take
a sequence {2z 12, C HY(Q) N C(Q) such that 2, — yo in H(Q) and z(z) — yo(x)
a.e. in Q2. Now, we take yox(z) = Proj, . (2k(2)), and we still have that {yox}32; C
HY(Q)NC(Q), yor — yo in HY(Q), and yor(z) — yo(r) a.e. in Q. The solution yj, of
(1.2) corresponding to the initial condition yox belongs to L?(Q), p— < yr(x,t) < py
Y(x,t) € @Q, and it satisfies

lye ()l 20y < lyorllL2@ye™ " vVt > 0.

Now, it is easy to prove the boundedness of {y;}7°; in Y, and hence we pass to the
limit in the above inequality as k — oo and we deduce that y satisfies (2.23). O
Remark 2.7. Let us come back to our original equation

— — Ay + fly) = uxw, (2.24)

where a = 0. We consider p— and p4+ as in Theorem 2.6. Then the proof of Theorem
2.6 and (2.23) fail. However we can still stabilize the system by a feedback control.
Indeed, let us take a = Ax.,, where \ is an arbitrary strictly positive constant. Then
we are under the conditions of Theorem 2.6 and the theorem holds. Now, we take
u=—ay = —AxwY, the equation (2.24) holds and the state y is stabilized.

Remark 2.8. We remark that the fact that the nonlinearity f in the equation
(1.2) is a polynomial function played an essential role in the proofs of this section.
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However, if we assume that if yo € H(Q) N L?>™*2(Q), then all the results of this
section are valid for a polynomial of arbitrary degree 2m+ 1, with the obvious changes
in the estimates. The assumption m =1 in dimension 3 will be used in Theorem 3.4
below.

3. Analysis of the Control Problem. We divide this section into three parts.
First we study the existence of an optimal control. Then, we address the sensitivity
of the states with respect to the controls, and finally we analyze the adjoint state
equation.

3.1. Existence of a solution to (P). Before proving the existence of an optimal
control we establish the following lemma.

LEMMA 3.1. Let {ux} be a bounded sequence in L*(0,00; L?(w)) such that the
corresponding states {yi} are bounded in L*(Q). Then, there exist subsequences such
that uy, — u in L?(0,00; L?(w)) and yr — i in H*(Q), where i is the state associated
to u.

Proof. From the assumptions of the lemma and (2.9) we deduce the existence
of subsequences such that u;, — 4 in L?(0,00; L?(w)) and y, — ¥ in HY(Q). We
prove that § is the solution of (1.2) associated to @. To this end we have to check
Definition 2.1. First we observe that § € HY(Q) C C([0,00); L*(€)). Now let T > 0
be arbitrary. From the compactness of the embedding H'(Qr) C L*(Q7) we infer
the existence of a subsequence such that

yr — 7 in L*(Qr) and yi(z,t) = g(z,t) ae. in Qr.

Using again (2.9) we deduce from the above pointwise convergence that f(yx) — f(y)
in L2(Q7). Then it is easy to pass to the limit weakly in the state equation (1.2)
and to deduce that gy satisfies the equation in the variational sense in Qr with @
on the right hand side. Moreover, from the continuity of the embedding H*(Q7) C
C([0,T); L*(2)) we have §(0) = limy_, 00 y£(0) = yo. O

THEOREM 3.2. Assume that there exists an element ug € L?(0,00; L?(w)) such
that J(ug) < co. Then (P) admits at least one solution.

Proof. Since the set of feasible controls is nonempty, we can take a minimizing se-
quence {uy}. From the inequality J(uy) < J(ug) for every k large (unless ug is already
an optimal control), we deduce the boundedness of {(uy,yx)} in L?(0,00; L?(w)) N
LY(0, 00, L?(w)) x L?(Q), where g3, denotes the state associated with ug. Let (i,%) be
a weak limit in L2(0,00; L?(w)) x L?(Q) of a subsequence, denoted in the same way.
Lemma 3.1 implies that § is the solution of (1.2) corresponding to 4. To prove that
@ is a solution to (P), we consider the following inequality for every T > 0

1 v [T T 1/2
7/ g2dxdt+—/ /ﬁ2d:cdt+a/ (/EQdI) dt < lim inf J(uy,) = inf (P),
2 QT 2 0 w 0 w k—oco

which follows from the convexity of the objective functional with respect to pair (y, )
and the continuity of the embedding L?(0, T; L*(w)) C L*(0,T; L*(w)). Now we have

1 T T 1/2
J(ﬂ)zsup{§/ g2dxdt+g/ /ﬂzda:dt—i—a/ (/fﬂdx) dt}:inf(P)7
T>0 Qr 0 w 0 w

which concludes the proof. O
Remark 3.3. Concerning the feasibility assumption of Theorem 3.2, Theorems
2.5 and 2.6 provide sufficient conditions on yo to assure that ug = 0 is a feasible
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control for (P). If yo does not satisfy the required assumptions, but equation (1.2)
is approximately controllable to zero, again we can rely on the above theorems to
guarantee existence of a feasible control. In particular, for the case w =  we can
prove approzimate controllability as follows. First we solve the equation

0

S —Ay+(a+Ay+fly) = 0 inQ,
Oy = 0 onX,
y(0) = wyo inQ,

where A is given by in (1.3). Then we have
As? + f(s)s = (A + f'(0s))s> >0 Vs €R,
where § = 0(s) € [0, 1].
Hence, we infer the estimate
2MMW$@+QMWW@
GO0+ [ (V9P + @+ MyteP)do + [ fuewo o =0

Therefore we can argue as in the proofs of Theorems 2.2 and 2./ to deduce the existence
of a unique solution y € Y. Moreover, from the above inequality we infer

_2dt

ly(®)ll2(0) < llyoll 2oy "
Now, it is enough to take w = —Ay in (1.2) and then y, =y and v € U. Indeed, since
Y C L?(Q) we have that u € L*(Q). Furthermore from the last inequality we get

/ / ||u(t>HL2(Q) dt < AHyOHL2(Q) / eicat dt < oo.
0 Q 0

Thus u is a feasible control for (P).

3.2. Sensitivity of the relationship control-to-state. We define U as the
subset of the elements u € L?(0, 00; L?(w)) for which there exists a solution y, € Y
as well as the mapping G : Y — Y by G(u) = y,. We remark that for every
u € L*(0,00; L?(w)) there exists a unique solution g, in the sense of Definition 2.1.
Further, due to Theorem 2.4, an element u € L?(0, 00; L?(w)) belongs to U if and only
if y, € L*(Q).

THEOREM 3.4. The set U is open in L*(0,00; L*(w)) and G : U — Y is of class
C*t. Furthermore, for every (u,v) € U x L?*(0,00; L?(w)) the derivative z, = DG (u)v
18 the unique solution to

Jy

—Az+az+ f'(yu)z = vxe inQ,
ot
Oz = 0 on X, (3.1)
z(0) = 0 in €.

Proof. The proof is based on the implicit function theorem applied to the mapping
F Y x L*(0,00; L*(w)) — L*(Q) x H*(Q),

Fly,u) = Ay +ay + f(y) — uxw, y(0) — o).

oy
(or -
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The mapping F is well defined. Indeed, the only delicate issue concerns the member-
ship f(y) € L?(Q). To prove this we use that f(y)? < C’]% (y? +y*™*2), as established
in the proof of Theorem 2.4. Thus, it suffices to verify that y*™*2 € L(Q). Recalling
that 4m 4 2 < 6 for n = 3, this is obtained as follows

/Q y 2 dode < C [ IO b < ClUIE om0 W10y < o
0

The above argument, in particular, implies that Y is continuously embedded in
LAm+2(Q). Tt is easy to check that the mapping y € L*™*+2(Q) N L*(Q) — f(y) €
L?(Q) is of class C'. Hence, we have that F is also of class C!, and the first partial
derivative of F with respect to y at (y,u) in a direction z € Y is given by

oF 0

a—y(y, u)z = (£ — Az +az+ f'(y)z,2(0)).
Now for any w € U we have that F(y,,u) = F(G(u),u) = (0,0). To complete the
verification of the assumptions of the implicit function theorem it remains to prove
that %—i(yu,u) 1Y — L%(Q) x HY(Q) is an isomorphism, or equivalently that the
equation

9z —Az+az+ f'(yu)z = g nQ,

ot
Ophz = 0 onX, (3.2)
z(0) = 2z in Q.

has a unique solution in Y for every (g, z0) € L*(Q) x H*(€). This is done in Lemma
3.5 below. O

LEMMA 3.5. For every (g,20) € L*(Q) x H*(Q) equation (3.2) has a unique
solution z € Y. Moreover, there exists a constant independent of (g,z0) such that

I2lly < C(llgllr2() + 120l #1())- (3.3)

Proof. From our assumptions on f we infer the existence of a polynomial p of
degree 2m — 2 such that

f'(s) = 2m + Dagm15*™ + a1 + p(s)s > p(s)s because ag,11 >0 and a3 > 0.

Moreover there exists a constant C'; > 0 such that |f'(s)| < C’}(st +1). We observe
that m = 1 in dimension n = 3 and consequently p is a constant in that case.

Since y,, € Y, given € > 0 we can use (2.8) to deduce the existence of T, > 0 so
that

[Yu®)llL2@) <e Vt>T.. (3.4)

Let us take T > T. arbitrary. From (2.9) we have that y2™*! € L?(Q), hence
f'(y) € L2+% (Qr). The the classical theory for linear parabolic equations (see, for

instance, [11, Chapter III]) we deduce the existence of a unique solution z € W(0,T)
of (3.2) with

W(0,T) = {z € L2(0,T; HY()) : % e L2(0, T; H1<Q)*)}.
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Moreover we have that

Izllwo,m) < Cr(llgllzz@r) + 20l z2())- (3.5)
To obtain the estimates for z in Q we introduce for every ¢ > 0 the following sets
QU ={z €Q: |yu(z,1)| < Mo},
where My was given in (2.12). Set Cp = max|s <, [p(s)|. Now, multiplying (3.2) by

2z, making integration by parts in Q7 and using that f’(y,)z? > p(y.)y.2? in Q and
f'(yu(x,t)) > 0 for every x € Q\ Q; we get

1
5\\Z(T)||%2(Q) + OaHZH%Z(O,T;Hl(Q))
1 T
S*IIZoH%z(Q)Jr/ gzdwdt—/ / p(yu)yuz” da dt
2 Qr 0 Q
1 2
< §||Z0HL2(Q) +llgll2@m 2l L2(@r)
. T
[ il dsdes [ [ ptaule dede
0 Q T JQ
1 2
< Sll=ollze@) + 9l 12l 20,71 (02))

T
+CpMollzl1Z gy, + Cp/; e ()220 12 ()74 0 dt

T 1 Cat 1o
< §||ZOHL2(Q) + Fa"g|‘L2(Q) + I”Z”LQ(O,T;Hl(Q))

+ CpMOHZHQB(QTE) + CPEHZH%Z(O,T;Hl(Q))»

where C, is the constant that appeared in (2.4). Taking ¢ = 4% we infer from the
p
above inequality and (3.5) that

1 V2
llzllz2 0,781 () < \/T—G(HZOHL?(Q) + \/T—GHQHL?(Q) + v 2CPMOHZHL2(QT5))
< C'(lgllz2@) + lzollz2)) VT > T.. (3.6)

Hence z € L?(0,00; H*(€2)) holds. Next we prove that z € Y. To this end we first
establish that f'(y,)z € L*(Q). Since

Flya)?22 < CFP (2™ +1)%22 < 2047 (yim + 1)22,

4m—+2
4m

it is enough to prove that y?™22 € L'(Q). Using Hélder inequality with p =
and p’ = 2m + 1, this is obtained as follows

/Q Y™ i dt < / 90 (O 2 o 2 ey

oo
< C/O 4 (D152 ) 120 131 0 At < Cllgull T2 (0,00:21 () 121172 0,00: 21 (02))-
Additionally, with (3.6) we get the estimate

1 (u)zllz2 (@) < C" (I19ull T2 (0,00:m1 )y + 1) (9l 2() + 201 L2 () - (3.7)
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Finally, the regularity 2 € L?(Q) and z € L*(0, 00; H'(2)) and the corresponding
estimates are proved as m the last two steps of the proof of Theorem 2.4, just taking
into account the obtained a priori estimates (3.6) and (3.7). O

Remark 3.6. Let us note that the assumption m = 1 in the case n = 3 was crucial
in the proof of Theorem 3.4 to deduce that ||y pam+2(g) < oo.

3.3. Adjoint state equation. Let u € U and y, be the associated state. We
denote by ¢,, the adjoint state to y,, which is the solution in Y to

(9(,0 l 1
oy “Avtap+ fyy = yu nQ (3.8)
Ohp = 0 on Y.

We observe that for any element ¢ € Y we have that 2 a7 Ap € L?(Q), hence the first
equation in (3.8) is interpreted in L2(Q), and the second in the L2(0,00; H™2(T))
sense. Moreover, since ¢ € Y we recall that lim; .o ||0(t)||£2(0) = 0.

THEOREM 3.7. Equation (3.8) has a unique solution ¢, €Y and

loully < Cllyullz(g) (3.9)
for some constant independent of w € U. Moreover the following identity holds
/ (% —Az+az+ f'(yu)z )d:z:dt:/ yuzdx dt Yz € Yo, (3.10)
Q

where Yo = {z €Y : 2(0) =0 in Q}.
Proof. For every T' > 0 we consider the auxiliary equation

82"1“

i Azp+azp + f'(yr)zr = yr inQr,
Opnzr = 0  on Xy,
zr(0) = 0 inQ,

where yp(z,t) = yu(z,T — t) V(z,t) € Qr. As in Lemma 3.5 we have that this
equation has a unique solution zr € W(0,7T) and the estimates (3.5)-(3.7) become in
this case for every T

lzzllw o,y + I1f (yr)zrl 2@y < Clyrllez@r) < Cllvullrzo)

From these estimates and arguing as in the proof of Theorem 2.4 we get

8zT
27 || Lo (0,311 () + HWHL?(QT) < C'yullL2 (@)

Now we take

zr(x, T —1t) ifte|0,T],
@T(m):{ ! 0 ) ift>[T. |

From the above estimates for 2y we deduce that o7 € Y and |7y < C"[|yullz2(q)-
Moreover ¢ satisfies
dpr A / _ :
—gp ~Avrtaer + fy)er = yu nQr,
a’nng = 0 on ZT,

er(T) = 0 inf.
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Now we take a sequence T}, — oo such that ¢, — ¢ in Y. It is immediate to pass
to the limit in the equations satisfied by the functions ¢7, and to deduce that ¢ is a
solution to equation (3.8) and (3.9) is satisfied. To verify (3.10) let us note that

0
o Q

which implies that

T T
/ /SOT(%—A2+a2+f/(yu)2)dwdt=/ /yuzdxdt Vz € Y.
o Ja ot o Jo

Passing to the limit 7' — co we obtain (3.10). Finally if ¢! and ¢? are two solutions
of the adjoint equation then

/ (u — s@i)(% — Azt az+ f(y)2) dedt =0 Vz € Y.
Q

Since the mapping of z — g—f — Az +az + f'(y,)z from Yy to L2(Q) is surjective by

Lemma 3.5, we obtain that ¢l = ¢2. This concludes the proof. O

4. Optimality Conditions and Sparsity. Before establishing the optimality
conditions we analyze the cost functional J. We distinguish two terms in the func-
tional: J(u) = F(u) + aj(u) with

1 [ o0
F(U):§/0 /Qyidwdt—ﬁ-g/o /u2dmdtand

i(u) =/O (/qu dar:)l/2 dt:/ooo w(t)]] 12w .

PROPOSITION 4.1. The function F : U — R is of class C* and

F'(u)v = / /(cpu +vu)vdrdt Yu €U and Yo € L*(0, 00, L*(w)). (4.1)
0 w

Proof. With the notation of Theorem 3.4 we have that

1 v
Fu) = §||G(U)H%2(Q) + §||u||%2(0,oo;L2(w))'

Hence, we deduce from the chain rule and Theorem 3.4 that F is of class C'!, and

F’(u)v:/ YuZv dscdt+1// /uvdmdt.
Q 0 w

Then, taking ¢, € Y as the solution of (3.8), noting that z, € Y;, and using (3.1)
and (3.10) we obtain (4.1). O
Now we study the functional j : L(0,00; L?(2)) — R. This functional is not
differentiable at every point of the domain, but it is convex and Lipschitz. Therefore
there exist the directional derivatives j'(u;v) for every u,v € L1(0,00; L?(£2)) and the
subdifferential 9j(u) is nonempty for every u. Let us characterize these objects.
Given an element u € L(0, 00; L?(w)), we denote

L = {t € (0,00) : [[u(®)l| 2wy # 0} and 10 = (0,00) \ I,

PROPOSITION 4.2. The following statements hold.
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1. X € 9j(u) is equivalent to A € L>(0,00; L*(w)) and
A z2w) <1 for a.a. t € 17,

Cu(zt) (4.2)
®lw for a.a. (x,t) € wx I,,.

2. For every u,v € L*(0, 00; L*(w))

j'(usv) = /IO lv(t)|| L2 (w) dt + /Iu |u(t)|1|L2(w) (/w uw dsc) dt. (4.3)

The reader is referred to [6, Proposition 2.8] for the proof of this result where the
role of x and ¢ are reversed.

Now we are prepared to establish the optimality conditions for a local solution of
(P) in the sense of L?(0, 00; L?(w)).

THEOREM 4.3. Let @ be a local solution of (P). Then there exists A € 0j(u) such
that

Az, t) =

p+vi+ar=0 in wx (0,00), (4.4)

where ¢ is the adjoint state associated with § = yg.
Proof. For arbitrary u € U = L?(0,00; L?(w)) N L*(0, 00; L?(w)) we have with
(4.1) and the convexity of j

J(@+ p(u—1u)) — J()

0 < lim
PO P
i Pt pu =) — F@) Gt plu — @) — (@)
[N P PO P

< Pla)(u-0)+ali@w - i@ = [ [ @+ vae- o +ali@w - i)

We set A = —1(p+vit)xw € L?(0,00; L*(w)). Then the above inequality implies that

/000/ Mu —a)dz dt + j(u) < j(u) VueU. (4.5)

Let us check that A € 9j(w). To this end we need to prove that A € L>(0, c0; L?(w)).
We define

E={te(0,00): [At)lr2() > 1}.
We will prove that |E| = 0. Since A € L?(0, 00; L?(w)) we have that |E| < co. Set

[ Ma,t) ifteE, o
v(x,t) = { 0 otherwise, and u=u+veU.

Putting this u in (4.5) we get

[0 = [ [ Avaar

/ / u—a)dedt < j(u) —j(u) < j(v)

- / o) 2w dt = / 1A 2w, dt.
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which is a contradiction to the definition of £ unless |[E| = 0. Thus [|Al| oo (0,00;02(w)) <
1 holds. Finally, it is enough to use the density of U in L'(0,00; L?(w)) to deduce
that (4.5) holds Yu € L'(0,00; L?(w)), and hence X € dj(w). O

COROLLARY 4.4. Let (@, @, \) be as in Theorem 4.3. Then the following properties
hold

[a(®) 2wy =0 |6(#)]2w) < @, (4.6)
1
Az, t) = (o, 1) . (4.7)
la(®)]l L2 v
u(t t
o) - N2 ) ",
via®)lzew) + e
for almost every x € w. Moreover \,u € C([0,00); L?(w)) and
_ 1,
||u||L°°(0,oo;L2(w)) < ;”(p”L“’(O,oo;LQ(w))- (49)

Proof. First we observe that (4.7) is an immediate consequence of (4.2) and (4.4).
Combining (4.4) and (4.7) we infer

«

Pz, t) + u(z,t) [V +-————| =0 foraa. (z,t) €w x I5. (4.10)
[a(t)]| L2 w)
Taking norms in this identity we get
o) 22wy = vla(t)|| L2y + a for a.a. t € I5. (4.11)

From (4.7) and (4.2) we have that
16O L2(w) = @A) || 12(0) < @ for aa. t e I].

Since 1 is zero in IY we get from above relationship and (4.11)
_ 1 _
a(t)|| L2y = ;max{O, @)l 2wy — @} for a.a. t € (0,00). (4.12)

From here (4.6) follows. Moreover, since ¢ € C([0, 00; L*(Q)) we deduce that the func-
tion ¢ € [0,00) — ||u(t)]|2(.) € Ris continuous. Now, from (4.10) we obtain that (4.8)
holds in I. But, taking into account that 4 is zero in I2, we conclude that the identity
(4.8) holds a.e. in [0, 00). Additionally, the continuity of ¢ € [0,00) — [[u(t)[|2() € R
and the property ¢ € C([0,00); L2(2)) imply that u € C([0,00); L?(w)). From (4.4)
the same regularity follows for A. Finally, (4.9) is an immediate consequence of (4.8).
|
Remark 4.5. Let us observe that ¢ € Y and consequently

A (|| 22wy < lim [lp()]|2() = 0.

Hence there exists To, > 0 such that ||@(t)||2w) < « for all t > T,. Then (4.6)
implies that u(x,t) = 0 at least for allt > T,,. This proves the sparsity of the optimal
control.
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