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ABSTRACT. Boundary feedback control for a coupled nonlinear PDE-ODE sys-
tem (in the two and three dimensional cases) is studied. Particular focus is put
on the monodomain equations arising in the context of cardiac electrophysiol-
ogy. Neumann as well as Dirichlet based boundary control laws are obtained
by an algebraic operator Riccati equation associated with the linearized sys-
tem. Local exponential stability of the nonlinear closed loop system is shown
by a fixed-point argument. Numerical examples are given for a finite element
discretization of the two dimensional monodomain equations.

1. Introduction. This paper is concerned with the problem of boundary feedback
stabilization for a coupled nonlinear reaction diffusion system. Both Neumann and
Dirichlet boundary control is studied. The dynamics of interest are described by
the so-called monodomain equations, a reasonably accurate simplification of the
bidomain equations (see, e.g., [19]) which are frequently used to model the electro-
physiological activity of the human heart. It is well-known that anomalous behavior
such as fibrillation processes can be recognized within the mathematical model in
the form of spiral or reentry waves. In this context, the clinical goal consists of a
successful termination of these waves by external stimuli, usually called defibrilla-
tion. In [7], we have shown that the monodomain equations can locally be stabilized
around a stationary solution by means of a state feedback law obtained from the
linearized system. In contrast to the setup considered therein, a more realistic sce-
nario assumes that the stimulating electrodes are situated at the boundary of the
domain. With this in mind, our goal is to extend the concepts from [7] to the case
of a boundary control. We further employ slightly different Lipschitz continuity
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2 T. BREITEN AND K. KUNISCH

estimates than the ones used in [7]. Proceeding this way, we are able to generalize
the local stabilization results for the nonlinear system to a broader class of initial
perturbations. Mathematically the monodomain equations are an evolution sys-
tem consisting of a diffusion equation with a polynomial, more specifically, cubic
nonlinearity coupled with an ordinary differential equation. Such systems play an
important role far beyond their use for the description of the electrical activity of
the heart. In fact, many models of this kind arise in cellular biology as described in
[14], for example. One such application area is the modeling of wave propagation
in excitable systems, as for instance nerve axons. The version as system of ordinary
differential system arises in the modeling of excitable cells occurring in ionic flow
across cell membranes.
Thus, let us consider the following nonlinear reaction diffusion system

% = Av — Lipn(v,w) + f, in Q x (0,00),
ow .
Efwfantfw in Q x (0, 00), (1)
9?:(071)v+mﬂ+g on I' x (0, 00),
v

v(z,0) =0+ yo and w(x,0) =W+ z9 in Q,

where Q@ C R",n € {2,3} denotes a bounded open set with smooth boundary
I' = 09 and constants ¢,k > 0. The factor § € {0,1} is used to model both the
Neumann and the Dirichlet boundary control setup, respectively. The nonlinearity
Tion (v, w) is assumed to be of FitzHugh-Nagumo type, i.e.

Lion(v,w) = av® — bv? + cv + dw, (2)

with a,b,c,d € Ry. Here, f,, f,, and g are external forcing functions and (v, w) €
H=+5(Q) x L°(Q), s > 0 denotes a stationary solution to

0=A0 — Lion(0,@) + f, inQ
0=w0—rkw+ f, inQ
0v

95:(9—1)54—9 onT.

The function m is assumed to localize the control in a part of the boundary I'. For
the precise assumptions on m, we follow the setup from [24]. In particular, if T' is
of class C3, we assume that m € C%(T'),m > 0 and m(x) = 1,z € T, where T,
denotes an open control subset in I'.

Similar to [7], we want to find a control input function u € L?(0, 0o; L?(T)) such
that the solution (v, w) to (1) locally decays exponentially, i.e., provided the initial
perturbation yo = (yo, 7o) is small in an appropriate sense. For 0 < o < k, let us

3)

introduce y = (y, 2) := (7t (v — v),e?*(w — w)),u = e’*a and focus on
% = Ay +a(z)y —dz — ae 27"y + (b — 3av)e 7'y* in Q x (0, 00),
%zLy—(m—U)z in Q x (0, 00), )
dy
95 =@ —-1y+mu onT x(0,00),

y(x,0) = yo and z(z,0) = 2z in Q,
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where a(x) = —3av? + 2b0 — ¢ + 0. Instead of the stabilization of (1) around a
solution of (3), we rather consider the stabilization of (4) around zero. The strategy
discussed in the following is based on a linear quadratic infinite horizon optimal
control problem for the linearized system and has been successfully employed for
many different systems, see, e.g., [1, 2, 4, 21, 24]. In particular, for the linearized
system, we closely follow the abstract Riccati theory for boundary control systems
as presented in [17].

The structure of the paper is as follows. In Section 2 we study the case of a
Neumann boundary control together with a partial Dirichlet boundary observa-
tion. Based on the general results from [17, Chapter 2], we analyze the effect of a
Riccati-based feedback approach obtained for the linearized system when used in
the full nonlinear setting. In particular, we slightly extend the Lipschitz continu-
ity estimates from [7]. This will lead to a local stabilization result (in the two and
three dimensional cases) for initial perturbations yo € H*(Q)x H**1(Q),s € (3,1] .
In Section 3 we investigate the possibility of using a Dirichlet boundary control.
Different from the Neumann case, here the abstract setting from [17, Chapter 2]
does not directly yield a locally stabilizing feedback law for the nonlinear system.
Similar to [21, 24], for s € (0, %) we first have to show that the involved Riccati
operator IT satisfies IT € £(H*(Q) x L2(), H*+2(Q) x H*+2(Q)). As a result, in the
two dimensional case, for s € (0, %) , we obtain a local stabilization result for the
nonlinear system provided the initial perturbation yo € H*(Q) x H51(Q) is small
enough. In Section 4 we illustrate some of the theoretical results in a numerical
setup. We conclude with a short summary of our contributions in Section 5.

Notation. For p > 1 and s > 0, we denote by LP(£2) and H*({2) the usual Lebesgue

and Sobolev spaces. We define H(2) := {y € D(Q) % =0 on F}, where D(Q)

denotes the space of infinitely differentiable functions with compact support in 2
and where the closure is taken with respect to the ||y||fs(q),s > 0, norm. For

s > 3, we have H3(Q) = {y € H°(Q)) % =0on I‘} and for s € [0,2), we have
HE(Q) = H*(Q), see, e.g., [6, Section II-1]. Analogously, for s > %, we set Hg(2) =
{ye H(Q)ly=0onT}. Given p > 1, an interval I C R and a Hilbert space X,
we denote with LP([; X) (Bochner) p-integrable functions on I with values in X.
For Q.0 = Q x (to,T) and r > 0,s > 0 we define the anisotropic Sobolev spaces

H"™*(Qqy,1) by
H™(Qqyr) = L*(to, T; H(2)) N H* (o, T; L*(Q)).

For tg = 0 and T' = oo we simply write Q := Qo,00. Similar, we use X, 7 :=
[ X (tg,T) and Xo,. We further use L2(2) instead of L?(2) x L?(£2). Similarly, we
define

H"*(Quo,7) = (L*(to, T; H"(Q)) N H*(to, T; L*(Q))) x (L (to, T; H(Q)) N H*(to, T; L*(Q))) -

In more general, boldface letters are always associated with the PDE-ODE system

while italic letters refer to either the PDE or the ODE part. Let X and Y denote
Hilbert spaces. For a closed densely defined linear operator A: D(A) C Y — Y,
the resolvent set of A is denoted by p(A). Given its infinitesimal generator A with
et we denote the associated semigroup. For the definition and calculus involving
interpolation spaces [X, Y]y, we refer to e.g. [6, 18]. By C,Cy and Cy we denote
generic constants that may vary throughout consecutive calculations.
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2. Neumann boundary control. We start with the linearization of (4) for § = 1.
Hence, let us consider

% =Ay+a(z)y—dz in Q x (0,00),
%:Ly—(,‘f,—o‘)z ian(O,oo), (5)
% =mu on I x (0,00),

y(z,0) = yo and z(z,0) = z9 in Q,
as a boundary control system as described in, e.g., [6, 17, 26]. For this purpose, we

introduce the operators (A, D(A)) and (A*, D(A*)) with

_ (Ay+a(z)y —dz _ g2 2
ay = (B E) b = a2 < 20,

(6)
Ay — (Ay+a(x)y+Lz) . D(A*) = D(A).

—dy—(k—0)z
For the rest of this section, let Ag € p(A) be such that A := \oI — A with D(A) =
D(A) satisfies
A 2
(AY,Y)LZ(Q) > ||y||H1(Q)XL2(Q) for all y € D(A),
(K*y,y)

As a consequence, —-A generates an analytic exponentially stable semigroup on
Y = L%(Q) and, additionally, its fractional powers A7 (see [20]) are well-defined.
Further, we introduce the Neumann map Nz by Nzu =y iff

dy

Ay — Ay —a(z)y+dz=0 inQ, 5y =Y OB T, )

L@ > ||y||%,1(me2(Q) for all y € D(A").

Xz—w+(k—0)z=0 1in Q.
By explicitly solving the second equation in (7) for z, we equivalently obtain

d
y+)\0+7;_0y:0 in Q, @:u on I'.

Ay —
Aoy — Ay — a(x) £y
As in [17, Section 3.3] we thus conclude that
N3 : continuous H*(I") — H*"%(Q), s> 0. (8)
In particular, for s = 0 let us emphasize that

N : continuous L3(T) — H2(Q) € H22(Q) x L2(Q) = D(A1~), ¢>0. (9)

We now may rewrite the linearized system as a boundary control system of the
form

4

ar”
where B = KNK € L(L*(T),[D(A*))") and M is the multiplication operator asso-
ciated with m.

(0= Ay(0) + BAu(0), 30— (1), (10
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Lemma 2.1. For all p = (p,q) € D(A*), it holds that
B*p = N%f&*p = plp. (11)
Forp € H2t5(Q) x L2(2),s > 0, it further holds

BBl < Pl o0

Proof. Assume that p € D(A*) and v € L?(T"). With y = (y,2) let us denote
Nzu =y. We then have

(B, P)ra(q) = (Nf‘*u’A p)LZ(Q) - (y,A p)Lz(Q)
= (Y, Aop — Ap — a(@)p — 1q) 120y T (2, Aoq + (K — 0)g + dp) 12(0)
()

= (Aoy — Ay — @)y + dz,p) 120y + (Aoz — 1ty + (K — 0)2,q)12(0)

~(450),0* (507)
)y NV Ly

By (7) and the fact that p € D(A*), we thus obtain
(Bu7 p)LZ(Q) = (uap)LQ(F) = (U, B*p)Lz(F)'
For the estimate, see, e.g., [6, Part II, Chapter 3, Section 4]. O

Finally, note that (9) implies that

~ ~ 1
ATB=A'""N; € L(U)Y), 7= 1te >0 (12)

2.1. Existing Riccati theory for the linearized system. With system (4), we
associate the following cost functional

gty = [ (|[aroyo)

2
+ |t )dt
o) w72 "

oy IOl )
where the multiplication operator M denotes the observable part of y on the bound-
ary I and Cy = Cy where C: H275(Q) — L%(T'),s > 0, is the Dirichlet trace op-
erator Cy = yr. Based on the results in [17], our goal now is to find u in feedback
form such that the cost functional (13) is minimized. We are going to apply the
results from [17, Chapter 2] and therefore consider the assumptions:

(H1) A is the infinitesimal generator of a strongly continuous analytic semigroup

onY := L3(0Q).
(H2) A="BM € L(U,Y), U := L*(T"), for some fixed constant v, 0 < < 1.
(H3) MC € L(D(A®), Z), Z := L*(I), for some fixed 0 < § < min{1 — ~, i}

(H4) For each yo € Y, there exists u € L?(0,00;U) such that the corresponding
solution y satisfies MCy € L?(0,00; Z) so that J(u,y) < 0o.
(H5) There exists an operator K € ,C(Z,D(_/i‘s)), such that the strongly contin-

uous analytic semigroup c(A+KMO)E o D(AY), generated by A + KMC is
exponentially stable.
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Let us comment on these assumptions. As we have shown in [7, Lemma 3.1], A
indeed is the infinitesimal generator of a strongly continuous analytic semigroup on
Y. Hence, (H1) is satisfied. From (12), it follows that (H2) holds for U = L*(T)
and

1
- <vy<1l (14)
4
Lemma 2.1 implies that C = B* and we thus have that MC € E(D(A‘S), Z) for
1 1
4<5<min{1—7,2} (15)

such that (H3) is satisfied. It remains to show the validity of (H4) and (H5). For
this, we may follow the strategy used in [7] and first consider the decoupled problem

Py
a—z = A+ a(x)j+wy in Q x (0,00),
% =mu onI x (0,00), (16)
g(l’, 0) = y07
where w > 0, together with the cost functional
Ty = [ (15O + 1)) . a7)

which is finite for § € L?(Qs) and u € L?(X4,). Using available null controllabil-
ity results from [11, Theorem 2] and a well-known extension argument (see, e.g.,
[12, Theorem 2.3]) we particularly conclude that for each yo € L?(f2) there exists
u € L?(X4) such that the corresponding solution § satisfies 7 € L?(Q) so that

J(u,g) < oo. In other words, the decoupled system (16) is stabilizable. According
vd

d—eg?
stability of the semigroup on Y (with decay rate €) even for the coupled problem
(5). Hence, assumption (H4) is fulfilled. Finally, the detectability condition (H5) of
the pair (A, MC) is equivalent to the stabilizability of the pair (A*, C*]T]) Since
we already know that B = C*, the arguments provided for (H4) apply here as
well and imply (H5). In summary, all of the assumptions (H1)-(H5) are indeed
fulfilled for the monodomain equations and we can use the results from [17, Sec-
tion 2.5] that guarantee the existence of a unique nonnegative self-adjoint solution

II = IT* € L(Y) to the algebraic Riccati equation for all z;,z, € ’D(A\‘S*S), 5>0:

to [7, Lemma 3.2], if we choose w = ¢ + 0 < € < ¢, we obtain exponential

(A*Tzy,25)y + (TTAZy,20)y + (M0z1, MCZQ)Z = (MB*Ilzy, MB*Ilz,),, .
Additionally, by [17, Theorem 2.5.2], it holds that
(A*)'TIA~ € £(Y), B*II € L(D(A%),U) (18)

and (A, D(Am)), where A;p = A — BM?B*II, is the infinitesimal generator of a

strongly continuous semigroup exponentially stable on D(A‘s). In [17, Section 2.5],
these results are actually derived by a change of variables

BM = A°BM: continuous U — (D(A*)'9Y,
ATBM=A"0G9BM=A"BMc L(U,Y), y=v+6<1, (19)
MC =MCA~ € L(Y, Z)



BOUNDARY FEEDBACK STABILIZATION OF THE MONODOMAIN EQUATIONS 7

for the transformed system

d B _ _ _ _
7= Ay +BMu, y(0)=yo,

where y = K‘sy and the modified cost functional
- o0 —~_ 2
Ty = [ ([5r€y @] + o ) a.
0
In particular, for the corresponding Riccati operator IT it is shown that
MB*II € L(Y,U) (20)

and that the semigroup generated by A = A — BM?B*II is exponentially stable
on Y, see [17, Theorem 2.5.1/2.5.2]. Moreover, we have the relation

An=A—BM?B*II = A %A[A°. (21)

2.2. The nonhomogeneous linear system. Before we turn to the nonlinear
setting, we first consider the nonhomogeneous equation

d
Y = Ay +1, y(0) = yo, (22)

with f = ({;) . For what follows, we recall a regularity result from [6].

Theorem 2.2. ([6, Chapter 3, Theorem 2.2]) Let Y be a Hilbert space and suppose
that A is the infinitesimal generator of an analytic semigroup of megative type on
Y. Then, for all 0 < o < 1, the mapping

y = (dy —Ay,Y(0)>

dt
L?(0,00; [D(A), Y]a) N H'(0, 005 [D(A), Y]} _,,)
— L*(0,00;[D(A), Y]} ) x [[D(A), Y]a, [D(A"), Y]} _,]3

is an isomorphism.

With Theorem 2.2, we have the following regularity result (see also [24, Lemma
4.1]).

Lemma 2.3. Ifu € H%3(Xy) with 0 < s < 1, then the mild solution of

d N
Y= —Ay +BMu, y(0)=0 (23)

satisfies

”yHHH—%_“’%*—%_%(Qm) < CHU’”Hbﬁ(Em)v p > 0.

Furthermore, if u € H*3 (X)) with 1 < s <2 and u(0) = 0 then the same estimate
holds true.

Proof. The idea of the proof is well-known and can be found for the heat equation
and the Navier-Stokes equation in, e.g., [16, 21]. For the sake of completeness, we
provide the details here as well. For this, let us consider the mild solution

v ot
y(t) = / e ACTIBMu(r) dr = A/ efA(t*T)NKMu(T) dr. (24)
0 0
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We start with the case s = 0, i.e., let u € L*(X). From (12) we find that
A¥N5Mu € L%(Qw). We thus obtain

t
L2(Q) /0

»MW
N\’;

A

&ty Ai-t-Ae-n)

HKB%NKMU(T)‘

L2(©)

Since the semigroup e~#" is exponentially stable, with [20, Theorem 6.13(c)] this
implies for some £ > 0 that

t
< C’/ (t— T)fH%e*g(t*T)
L2~ Jo

An application of Young’s inequality for convolutions now shows that

CH“”H

‘A&THNKMU(T)’

12(Q)

HY||L2(OOOH§_“(Q))><L2(Q )~

Explicit integration of the second equation in (23) yields

2(t) = /Ot e~ T A=) =)y (1) 47, (25)
In particular, we thus have z € L2(0, oo; H 2 ~#(Q)). Next, using (24) let us consider
%y():ﬁ A/ Ae AN Mu(r)dr
— PRI N M) - AFERIS [ A AN M) ar
0
— Aits (A%_ZNAMu(t) —A%—ay(t))

Consequently, using the regularity of y, we conclude that

‘ d

—y(t
7Y ®
By the intermediate derivatives theorem, see [18, Theorem 4.1], we also find that

L2Qu) ||Y||L2<o,oo;H3“<ﬂ>>>

~1

» SC’(HK?&“;NKMu‘
L2000 DA )]

< Cllullz2(z.)

ye it (oo [HEH@. DAY, ) cHt O sLA@). 20

This shows the assertion for s = 0. Assume now that v € H*(Z.,) and that
u(0) = 0. We then have

t N t ~
t)=A /O e "TAN L Mu(r) dr = N Mu(t) — /0 e AN M/ (7) dr.
From (8), we conclude that N Mu € L?(0, oo; Hz(Q)). Also, it holds that
t ~
A%7% / efA(tiT)NAMU/(T) dr

0

t
0

L*(Q)

/0 Al i ACD AT EN, Mu/(1)dr

L2(Q)

dr.
L2(Q)

‘Kgf%NKMu'(T)’




BOUNDARY FEEDBACK STABILIZATION OF THE MONODOMAIN EQUATIONS 9

Young’s inequality for convolutions yields

He_‘&' * (Nz Mu'(+)) ‘

<C i
Lz(O,OO;H%—“(Q)XLz(Q)) HUHH21(E )

and, as a consequence, it follows that

191 0,115 gy < Clilirza s

Once more we use integration as in (25) to conclude that

902 0 seiad -y < Cllulire ey

Also, for the derivative we have

t ~
%y(t) i(N Mu(t) — /O e_A(t_T)NAMu/(T)dT>

= Nz Mu/(t) — Nz Mu/( +A/ AC=TINL M (1) d7

¢
= A/ e_A(t_T)NgMu’(T) dr.
0
Similar as in (26), we may use the fact that v’ € L?(X.,) to show that
A/O e ACTING M/ (7) dr € Hi™%(0, 00; L2(2)).

So far we have shown that <Ly € Hi7%(0,00; L2(Q)). In other words, this means
y € Hi7%(0,00; L2(£2)). The cases 0 < s < 1 and 1 < s < 2, respectively, follow
by interpolation. O
Lemma 2.4. Let ¢ € (3,1]. If f1 € L*(0,00; H*~1(2)),y0 € H*(Q) x H'*%(Q),
then (22) has a unique solution y € L2(0,00; D(A®)), with & as in (15).

Proof. Due to the relation between IT and II, it holds that

d SO

Y =Any +f=(ATAgA")y +f, y(0)=yo.
Hence, instead of (22), let us consider

d ~ ~

Frih Apz+ A°f, 2(0) = Aly,,

where z = A%y. Due to (20) we know that TIBM € L(U,Y). Moreover, as stated
n (19), it holds that A=7BM € L(U,Y),y < 1, implying also MB*(A*)~7 €
L(Y,U). For ally € D(A*) = D(A*) we now have

OBM?B'Y||p. o = |[(BM)(MB A )(AYy| | <c|@yy| | .
|| oo = || EBIDOIB A A 7.
Using [6, Proposition 5.1] it further holds that
e e W
[Er . V| 1912
Where the constant C' is independent of y. Young’s inequality with p = % and
9= 1= for arbltrary s > 0 also yields
* 1Y <507 ||A — F)erT
|83, g 19830 <72 A7), g + @ =D ¥ lgaey
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Altogether, this means that IIBM?B* is A*-bounded with relative bound zero
and, thus,
D(A}) = D(A*) = D(A*) = D(A) = H3(Q) x L*(Q).
Since € € (%,1], it holds that H*~1(Q) = [D(A"2°)]’. Due to the fact that § €
(i %) , we obtain
-

A’f € L2(0,00; [D(A 7)) x L2(Qoo) C L*(0, 00; [D(A)]') = L*(0, 00; [D(Am)]").
1.3) and yo € H*(Q) x H'™¢((2), we clearly have that

Moreover, for § € (
z(0) = A’yq € [D(Ag), Y], = [H'(Q) x L2(Q)]'.

Since Ag is the infinitesimal generator of an analytic semigroup exponentially
stable on Y, we can use Theorem 2.2 with « = 1 to show that the mapping

Z (iz — Apz, z(O))
L2(0,00;Y) N H'(0,00; [D(Ag)]") = L*(0, 003 [D(AR)]) x [D(Ag), Y]}

is an isomorphism. Now this in particular yields y = A~z € L*(0, 00; D(K‘S)). O

With the previous Lemma, we obtain the following regularity result for the
nonhomogeneous equation (22).

Theorem 2.5. Lete € (3,1]. If fi € L?(0,00; HE=1(Q)),yo € H*(Q) x H'*£(Q),
then (22) has a unique solution

ye (Hl-i-s,%(Qoo) n Cb([O,OO);Hs(QD) X H1(07OO;H1+E(Q))
satisfying

<Ch (||y0||HE(sz)xH1+E(Q) + ||.f1HL2(O,oo;HE*1(SZ))) .

HyHHl-f—s, IJQFE (Qoo) X H1(0,00; H1+E(Q))

Proof. We follow the strategy of the proof in [24, Theorem 4.1] and [7, Theorem
4.7]. Hence, let us consider the splitting y = y;1 + y2, where

Fridt —Ay; + £+ Aoy, y1(0) = yo,

d N *

Y2 = ~AY2 - BM’B*Iy, y(0) =0,
with f and yg as above. From Lemma 2.4, we already know that y € L2(0, 00; D(AS)).
Even under the weaker regularity condition that y € L?(Q.), in the proof of [7,
Theorem 4.7] we have already shown the existence of a unique solution

y1 € H'* 5 (Quo) x H'(0,00; H'*(Q))

to (27). Thus, let us consider y,. From (18), we know that MB*II € £(D(A%),U).
Hence, MB*ITy € L2(34) and, by Lemma 2.3, it follows that y, € H2 %3575 (Q),
for all y > 0. This also implies that y = y; +y, € Hz#i1-% (Qso). Again with (18)
it follows that (K*)VHK"S € L(Y). For v =1t% and 6 = 1 — s, with s € (1, 3)
this leads to

(27)

1
2

1+s

(A*) T I(A~GE)) (AT %)y € L3 (Qu0).
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Hence, we conclude that ITy € L?(0,00; H'*5(Q) x L?*(R)). According to Lemma
2.1 this shows that MB*ITy € L%(0, 00; Hz+%(I')). Furthermore, due to the inter-
mediate derivatives theorem ([18, Theorem 4.1]) we have that

y € HiV8(0, 00 [HE(Q), LX) (14 3)/3-2)) = HT(0, 00, HI ™M *(Q)).
With ¢ < s and MB*II € E(D(TX‘;), U), we obtain MB*ITy € Hi%3(0,00; L2(T)).
In summary, this shows that MB*Ily € Hzt53%3(2,). Again with Lemma 2.3
we arrive at y, € H2Ts—/A1+5=3(Q_ ) with /i > 0 arbitrary. This however implies

that y» € H>1(Qw) and also
Y =y1+y2 € HF5 (Qu).

Since the second equation in (22) reads

Cat) = wlt) — (5 — )20,

we further get z € H'(0,00; H'7¢(Q)). Finally, with [18, Theorem 4.2] and its
proof, we can show that
y € Cy([0,00); [H4(Q), L*(Q)] 1

14e
27

) = Cy([0, 00); H*(2)).

The proof is complete. O

2.3. Results for the nonlinear system. In [7] we have shown some Lipschitz
estimates for nonlinearities of the form (2). In what follows, we extend these results
to cover a broader range of parameters €.

Proposition 1. Let Q@ C R",n € {2,3}. Assume that f,g,h € H**5(Q),e €
(0,1] (e € [3,1] forn=3). Then
||ngH5’1(Q) S C”fHH%JrE(Q)||g||H%+5(Q)7
ol < O ey 9140 g WPl 4
Proof. Let us first assume that ¢ € (O, %) and n = 2. Choosing A = ¢ — 1 and
h=w = % in [13, Proposition B.1] we have that y+w + A = 2 +¢ > 1 and
220+ p+w= % + 2¢ > 0. This shows the first inequality. For the second one, we

notethatwith)\:zs—l,u:%—aandw:%it holds that A+ p+w =1 as well
as 2\ + p +w =€ > 0. This yields

Il fah|lge—1(0) < CHngH—%(Q)”hH

Moreover, with A = —% and y = w = 2 + ¢ in [13, Proposition B.1] we find that

H3TE Q)

179014 iy = I e 19080 g

Next assume that € € [%, 1] and n € {2,3}. The first inequality follows exactly
as before since it still holds that % + & > §. For the second one, we choose A =

e—1,pu= % —cand w = % in [13, Proposition B.1]. This implies A + p +w = %

and 2\ + p +w > 0. Hence, we find that
I £ghlisc@) < NSl g 1l ey
Moreover, with A = é and p =w = é + ¢ in [13, Proposition B.1] this leads to
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This shows the second inequality. O

Proposition 1 allows to show the following results.

Lemma 2.6. Let Q@ C R",n € {2,3}. Assume that 0 > 0 and ¢ € (0,1] (¢ €

[%, 1] form =3). Then for yi,ys € Hite s (Qwo), it holds that

Heiat(y% - yS)HLQ(O,OO;HE_l(Q)) < C Hyl - yQ”l-Q—e,% (Hy1”1+a,% + ”yQHl-‘r&%) ’
— 2 2
€723 = U 2 ormonrre— ey < C o = w2l e (Mol ige + lpallf s se ) -

Proof. Note first that by interpolation ([18, Chapter 1, Theorem 4.1]) we have that
152) = H3 (0,00, H5(Q))

2

y1.y2 € HE (0,00 [H1¥5(0), 2(Q)]
y1,y2 € H (0,005 [H'*5(Q), LX(Q)]1 j1se ) = H3 (0,00, HZT5(Q)) € H(0,00; H5¥9(Q)),
Moreover, by Sobolev embedding (see, e.g., [23, Theorem 7)), it follows that
Y1, 92 € L*(0, 00; H55(Q)) N L8(0, 00; HET(92)).
The result now follows from the generalized Holder inequality and the facts that
i =5 = (g1 — v2) (Y1 + v2),
Yi =3 = (y1— y2) (5 + 20192 +173)

together with an application of Proposition 1. O

For the nonlinearity in (4), i.e.,

_ \,—0ot, 2 —20t,,3

Fly) = ((b 3av)e 7ty — ae %ty ) 7
0

we obtain the following local Lipschitz continuity property.

Lemma 2.7. Let Q@ C R",n € {2,3}. Assume thate € (0,1] (¢ € [3,1] forn=3).
If
y1.y2 € H'P5 (Quo) x H'(0, 00 H'HE(Q),

then F is locally Lipschitz continuous from H' "5 (Qso) x H'(0, 00; HF()) to
L?(0,00; H=7Y(Q)) X L*(Qoo)- In particular, we have that

IF(y1) = F(y2)ll£2(0,00: 51 () x 12(Q0)

S (T A T
I s nge Il g ) = 9l g
H' 72 Qo) H' 72 Qo) H'™ 72 (Qoo)

Proof. By definition of F, we have

IF(y1) = F(y2)ll £2(0,00:re-1 () x 12 (@)

= H(b - 3aqj)6_ot(y% - y%) - ae_2at(y% - yS)HLQ(O,oo;Hffl(Q))

S CQ (H(b - 3a1—))eiat(y% - yg)HLQ(O’OO;Hs—l(Q)) + Haeizgt(y? - yg)HLQ(O,OO;H"’;_l(Q))) .
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Since v € H3%%(Q),s > 0, [13, Proposition B.1], implies that

IF(y1) - F(Y2)||L2 0,00; He=1(2)) X L2(Qo0)

720't

< Cy (||€ “(yi — v ||L2(O oosHe-1(Q)) T e (3 — yg)HL?(O,oo;Hi*l(Q))) :

The claim now follows with Lemma 2.6. O
Our final results concerns the local stabilization of the full nonlinear system.

Theorem 2.8. Let Q C R",n € {2,3} and ¢ € (%, 1] . Then there exist pg > 0
and a nondecreasing function n from Rt into itself such that if u € (0, o) and
lyoll e (@) x mi+e () < 1), then

d
Y= Any +F(y), y(0)=yo,

admits a unique solution in the set

Dy ={y € (H'"*(Que) N Cu((0,00)s HH () ) x H' (0,00 H'+(02)),

. < .
HYHHHs,HQ' (Quo) X H1(0,00;H1+£(Q)) — Iu}

Proof. Following the arguments provided for similar results in [7, 22], let us show
show that the mapping M: z — y, defined by

ay'z = AHYZ + F(Z)v YZ(O) = Yo, (28)
is a contraction in D,,. As in [7], define

1 1 3
= (4/1+ —1 d =2
Ho=73 ( C1Cs > and - n(p) = 771

with C7 and C3 as in Theorem 2.5 and Lemma 2.7, respectively.
Step 1: For z € D,,, from Lemma 2.7 we get

IF(2) | L2 (0,005 121 () x L2(Que) < Colpt + 1) pi.
Utilizing Theorem 2.5 we obtain that

Iall e 52 @y 0 oosmrise oy

< C1 (llyollzre@xmrve ) + IF(2) | L2 (0,00: 521 (@) x L2(Q))
3
< M + C1C(p + ).

Since pp < po = 5 (, /1+ 0102 1) we conclude that p+ > < 16.;- This implies
Wall e s 0csmree ) < -

Hence, M is mapping D,, to itself.
Step 2: For z(1) = (z§1),z§1)> ,z(?) = (,252),2;2)) € D,, we further have

d
dz (yzl yzz) = An(yzl - yzz) + F(Zl) - F(ZQ)> Yz, (O) — Yz, (O) = 0.
As a consequence, from Theorem 2.5 we know that

Y2 — Vel < C1]|F(21) — F(22)]| 12 (0,001 (2)) X L2(Quo)

HY 455 (Quo) x HY (0,00, H1+(0)
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Using Lemma 2.7, this yields

_ 2y, (1) _ (2)
||YZ1 yz2||H1+5,1‘55 (Qoo) X HY (0,00, HI< () < 201C2(/~L+,u' )Hzl 21 HH1+5,1'§5 (Quo)
LARCONNNE)
< 5”21 -~ ||H1+s,1;€ (Qu)’
The mapping M is a contraction in D,, and the proof is complete.
O

3. Dirichlet boundary control. We now consider the linearization of (4) for
0 = 0. Thus, in this section we first focus on

% =Ay+a(z)y—dz in Q x (0,00),
0z .
a:Lyf(nfo’)z in Q x (0700)7 (29)

y=mu onI x (0,00),
y(z,0) = yo and z(x,0) = z9 in Q.
Similar as before, let us introduce the operators (A, D(A)) and (A*,D(A*)) with

_ (Ay+a(z)y —dz R ) ,
Ay = ( w—(k—0o)z )7 D(A) = (H (Q)OHO(Q)) x L2(9),

Aty = (dy(ﬁg)z>7 D(A*) = D(A).

(30)

With Ay and A as in Section 2 let us define the Dirichlet map D3 via Dyu =y iff

Ay — Ay —a(r)y+dz=0 in Q, y=u onl,

31
Xz—w+(k—o0)z=0 in Q. (31)

As before, by explicitly solving the second equation for z, and using well-known
results from [17, Section 3.1] we conclude that

D; : continuous H*(T') — H**3(Q), s> 0. (32)

Consequently, for the linearized system we now obtain the following boundary con-
trol system
d
&Y
where B = ADK € L(L*(T),[D(A*))") and M is the multiplication operator asso-
ciated with m.

(0= Ay(0)+ BAu(), 30— (1), (33)

Lemma 3.1. For all p = (p,q) € D(A*), it holds that

* * Ak ap
Bp:DAA p=— —

£y (34)

r
Forp e H2(Q) x L2(Q), s > 0, it further holds

HB*pHHS(F) < CHp||H%+S(Q)XL2(Q)'
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Proof. For p € D(A*),u € L*(I') and Dzu =y we have

(Bu.P)rzo) = (D2 )v(n) (v4 p)L2(Q)
= (Y, Aop — Ap — a()p — 1q) 2 () + (2, Aoq + (K — 0)q + dp) L2(q)
= (Aoy — Ay — @)y + dz,p) 120y + (Aoz — ty + (K = 0)2, @) 12()

~(45) e (507)
o) pawy  \O'") L

By (31) and the fact that p € D(A*), we thus obtain

Op
(Bu, p)ys (% ) — (4, B*D)1a(r).
L2(Q) v Lo T

For the estimate, see, e.g., [6, Part II, Chapter 3, Section 4]. O
Similar as before, let us note that
~ ~ 3
ATB=A"""D; € L(U,Y) fory= 1 +e, e>0. (35)

3.1. Riccati theory for the linearized system. Let us consider the following
cost functional corresponding to (29)

wy) = [ 1Oy Oz + 1)
= [ (10 + 1Oy

Obviously, for the observation operator Cy(t) = y(¢) it holds that C € L(Y, Z),
where Z = L?(Q). As in the Neumann case, conditions (H1)-(H5) hold. From [17,
Section 2.1] we now get the existence of a unique nonnegative self-adjoint solution
II = II* to an algebraic Riccati equation. We further know ([17, Theorem 2.2.1})
that (A*)"II € £(Y) for any 0 < v < 1. As emphasized in [17] and investigated in
[3, 21], in certain cases it is even possible to take v = 1 such that II € £(Y, D(A*)).
Moreover, for the case of the Navier-Stokes equations, in [21], it has been further
shown that IT € £ (H®(Q), H***(Q) N H}(Q)),e € [0,1). With regard to the
desired local stabilization result for the nonlinear system, the latter property of IT
will be essential. As this property is not obvious a priori, in the following we briefly
recapitulate the main steps and proofs from [21] and adapt them to our setting.

(36)

3.1.1. A finite time horizon control problem. We start with the finite time horizon
counterpart of (29) and consider

inf {JT(to,y,u) ’(y,u) satisfies (38),u € Lz(EtO,T)} (37)
where
8t Ay+a( )y—dz in Qto,Ta
0z .
a w—(k—0)z in Q. 1, (38)

y=mu onSr, vl == (") o
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1T I
Jr(to,y,u) = i/t /Q\y|2 dzdt + 5/15 /F|u\2dxdt.
9 0

We now obtain the following characterization for optimality.

and

Theorem 3.2. For allty € [0,T] and all ¢ € L2(R), problem (37) admits a unique
solution (yéo,uéo) and

utCD = —MB*péO in (to, T),

where pzo is the solution to the equation

to
Ay (yg ) in (0, ), p(T) =0.

Conversely the system

d * ;
Y =AY -BM’B'p in (t0,T), y(to) =,

d . v\ . _
7&;’ =A p+ (0> m (thT)v p(T) - 07

admits a unique solution (yé‘), pzf’) € L2(Quo,r) X (H*1(Quo,r) N L2 (to, T; H(Y))) -

(39)

Proof. We follow the arguments provided in [21, Theorem 3.1]. Existence and
uniqueness of a solution (y?’,u’é") to (37) are well-known, see, e.g., [25, Theorem
2.16]. Consider u,v € L*(X;, 7) and introduce the reduced cost functional

J(u) = JT(t07Yu7u)a

where y,, solves (38). It now holds that

J (u)v = / yugoJr/ uv, (40)
Qtgy,T Zto,T
with @ = (¢, 1) being the solution to
d
&‘P =A® +BMv in (t07T), (I)(to) =0. (41)
Consider the solution p to
d
~P=AP+ <y6‘> in (0,7), p(T)=0. (42)

From [6, Chapter 2, Proposition 3.7] we conclude that p € (H*'(Qq,,7) N L2(to, T; H5(£2))) x
L?(Qq,,1)- By integration of the ODE part we also have that p € H>'(Qy, 1) N
L3(to, T; HY(2)). With Lemma 3.1, we now get B*p € L?*(X;, 7). Note that we

have

T d T
Qo1 to t L2(Q) to

T /4 T
- @—A¢’p> = / <BMU7P> ENG *
/to <dt [D(A*)]’,'D(A*) t[) [D(A )] ’D(A )

T
= / (v, MB*P) 21 -

to
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Combining this with (40), we obtain that

T
J/(u)vz/ (u+ MB*p,v)2(r).

to
Consequently, if (yzf’,uzf’) solves (37), we have J’ (uzo) = 0 and, thus, uéf’ =
—MB*p{. In particular, (y°,p¢") is a solution of system (39).
Conversely, if (y,p) is a solution of (39) by setting & = —MB*p we obtain
J'(@) = 0. This however means that @ = uzf’ and, hence, y = yzo and p = pé“. O

We can further show the following improved regularity result for the solution of
the optimality system.

Theorem 3.3. The solution (yé”,pé“) to system (39) satisfies
i € HY%(Quo 1) x H (to, T; L*(Q2))
Pl € H*%(Qy,.7) N L2 (to, T; H(Q2)).
In particular, pzo € C([to, T); H2(Q) N HA(2)).

Proof. From Theorem 3.2 we know that pz" € L2(to, T; HX(Q)NHE(Q)) X L*(Q1y 1)
Due to Lemma 3.1, this implies that uzo = fMB*ptCD € L*(34,,1). Consider then
the splitting yzo = yZ‘?l + yz-?27 where

d -~ .
ay?’]l = _Ayé[jl + )‘OYZO m (t07 T)7 yz[jl (to) = C7
d -~ .
&y?’g = —Ay?jz + BZ\JUJE0 in (to,T), yé?z(to) =0.

Since we have yzo € L2(Qy,,r), we can use [6, Chapter 2, Theorem 2.2] with o = 1
in order to obtain that

y&, € L?(to, T; Hy () x L*(Q)) N H' (to, T3 H™'(Q) x L*()).
By interpolation ([18, Theorem 4.1]), we particularly find that

Y& € H"3 (Qur)  L*(Quoyr).
With Lemma 3.5 below, we further have

1__1_ &
v, € HE 55 5(Qy 1) x L*(Qt.1).

Hence, we also get

1_1_¢
yé" € H275172(Qy,,1) X LQ(Qto,T)-
5

Following Lemma A.1 with s = % — g, it holds that pz‘) € H%’E’Z*%(Qtquﬂ). With
[18, Chapter 4, Theorem 2.1], we arrive at uz" = fMB*ptCO € Hlfs’%’%(Zto_,T).
Again with Lemma 3.5 it follows that yz‘jQ € H%’zs’%*E(QtO’T). Hence, we have
yz" € HY2(Qu 1) X L*(Qs,7). By Lemma A.1 this implies pz(’ € H>3(Qur).
Finally, using [18, Chapter 1, Theorem 4.2] we obtain that pz" € O([to, T]; (H*(Q)N
HY(Q)) x L2(Q)). O
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3.1.2. An infinite time horizon control problem. Let us now come back to the sta-
bilization problem for the monodomain equations and consider

inf {J(y,u) |(y,u) satisfies (29),u € L*(Sx) } (43)

where J(y,u) is as in (36). With exactly the same arguments as in [21] one can
show the following results.

Theorem 3.4. For allyo € L*(Q), problem (43) admits a unique solution (yy,, ty,)-

There ezists TI € L(L?(Q)), obeying II = I1*, such that the optimal cost is given

by J(Yyo, tyy) = %(HYO,YO)LZ(Qy

Before we obtain the main results of this section, we give the analogue of Lemma
2.3.

Lemma 3.5. If u € H*3(Xy) with 0 < s < 1, then the mild solution to the
equation

d ~
satisfies
¥l 3548 gy < Cllull e oys 1> 0.

Furthermore, if u € H*3 (X)) with 1 < s <2 and u(0) = 0 then the same estimate
holds true.

Proof. The assertion follows by similar arguments we have used in the proof of
Lemma 2.3. O

As in [21], we obtain the following optimality system in the infinite horizon case.

Theorem 3.6. For every yo € L?(Q), the system

d L
@y=Ay—BMZBp in (0,00), y(0) = yo,

d
~GP=APE(() m0.00), plo)=0, (45)
dt 0
p(t) = y(t) for allt € (0,00),

admits a unique solution (y,p) in L?(Qs) X szl(Qoo) X L3(Qoo)- This solu-
tion belongs to Cy([0,00); L2(Q)) N (HY2(Qo) x H2 (0, 00; L2(2))) X H33(Quo) X
H?2(Qo)-

Proof. The existence of a unique solution (y,p) € L?(Quo) X H*}(Qoo) X L*(Quo)

can be shown as in [21, Lemma 4.2]. For showing the improved regularity let us
consider the following splitting

&)ﬁ = —A}ﬁ + Xy in (0,00), y1(0)=1yo,
—yy=—Ay, — BM?B*p in (0,00), y2(0)=0,

d .

——p=—Ap+ () +Ap in(0,00), p(oc)=0.

dt 0

Since y € L?(Qw) and yo € L2(2), we can apply [6, Part II, Chapter 3, Theorem

2.2] with @ = } in order to obtain y; € L*(0,00; H}(Q)) N H'(0,00; H~1(Q)) x
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H1(0,00; L?(€2)). By interpolation [18, Chapter 1, Theorem 4.1/4.2] we particularly
have y1 € Cy([0,00); L2(2)) N (HL%(QOO) x Hl(o,oo;LZ(Q))> . We already know
that p € H>'(Qoo) X L?(Qo) such that, from [18, Chapter 4, Theorem 2.1], we con-
clude that u = —MB*p € H?'#(S.). With Lemma 3.5 we get y» € HI =2 (Qu0)
and alsoy =y; +y2 € Hl_e’l%s(Qoo) X H%(O, 00; L2(9)). After an explicit in-
tegration of the ODE part of p we moreover find

q(t) = — /t - de™ V=) (7) dr. (46)

With p € H*'(Qu) we therefore have ¢ € H*'(Qo) as well. This clearly implies
that

(g) +Xop € Hl_a’l%(Qoo)

and an application of Lemma A.3 shows that p € H375%2 (Qoo) x H 5" (Qoo ).
Since this implies v € H%_E’%_%(Em) again with Lemma 3.5 and the splitting
¥ = y1+y2, we find y € Cy([0,00)L3(2)) N (HH(Quc) x HE (0,00 L3(12)))
Lemma A.3 thus gives us p € H32(Qo) x HY3 (Qo0). Again due to (46), it holds
that ¢ € L?(0,00; H3(Q)). Moreover, we can exploit that

d
=~ (k=)

and, hence, $q € H3(0,00; L2(Q)), i.e. ¢ € H2(0,00; L2()). O

Our main result concerns the (improved) regularity of the optimal solution de-
pending on the smoothness of the initial data.

Corollary 1. If yo € H(2) x L?(Q) where € € [0, 1), then the solution (y,p) of
(45) satisfies
3+e

(y,p) € H' 35 (Quo) x H% (0,00; L2(12))

3+e

X S (Quc) x (H(0, 005 HHH(Q)) N HF (0,003 L(92)))

Proof. Consider again the splitting

= —Ay, + Ay in (0,00), y1(0) = yo,

a}ﬁ

d ~ .

2= —Ay; —BM’B*p in (0,00), y2(0)=0,
d N

d 4, Y . _
—3P= Ap+<0)+>\op in (0,00), p(o0)=0.

Let us first focus on yy. Since € € [0, 3), with [17, Section 3A], for the fractional
powers of A we obtain

1+e

[D(A), Y]1e =D(A3) = HyH(Q) x L*(Q),

1—¢

[D(A"), Y]ipe = [D((A") 2] = H=H(Q) x L*(Q).
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With [18, Chapter 1, Theorem 12.3], we conclude that

[D(A), Y] 1e, [D(A"), Y]aye || = H(Q) x L3(9).

1
2 2

l1—¢

Since y € L*(Qx), we can apply Theorem 2.2 with o = 13 and obtain the
existence of a unique solution y; with

y1 € L*(0,00; H3T5(Q) x L2(Q)) N H' (0, 00; H*71(Q) x L*(Q)).
By interpolation ([18, Chapter 1, Theorem 4.1]) we particularly find

1+€

yr € H'F (0,00, [H3*(Q), H ™ (@)]ge ) = H'F (0,005 L(9)).
Moreover, for the ODE part we have that

d ite
—zn=w1—(k—0)z1 € H%(O,OO;LQ(Q)).

dt
This implies z; € H 2 (0, oo; L2(€2)) and, thus y1 € H1+€ 5 (Qoo) X H "2 (0, 00; L2(9)).
From Theorem 3.6 we conclude that p € H3 5 (Qoo) X H33 (Quo). With [18, Chapter

4, Theorem 2.1] it follows that u = —MB*p € H%&(EOO). In particular, we have
u e H'=m'3"(Sy), for any > 0. Lemma 3.5 then yields y; € HE "85 (Qu).
Smce this holds for any i > 0, we get y € Hte 2" *(Qoo) X HiF(0,00; L2(2)),¢ €
[0, ) Similar as before, for the ODE part of y we note that

%Z*Ly*(nfU)ZGH (0, 00; L*(92))

such that z € H*5" (0, 00; L%(€2)). Moreover, it holds that

(g) + Aop € HYS 25 (Quy).

3+¢e

Thus we can apply Lemma A.3 and obtain that p € H3+e%5 (Qoo) x HIFE 52
Integration of the ODE part of p now yields

(Qoc)-

q() = —/ de\" )= p(r) dr € HY(0, 00; H3T(Q)).

Finally, using —%q = —dp — (k — 0)q we also arrive at g € H%® =(0, 00; L*(Q). The
proof is complete. O

Let us point out that with [18, Chapter 1, Theorem 4.2] Theorem 3.6 implies
that p(0) € (H2T(Q) N Hg(Q)) x H3(Q),e € [0, 3). Since p(0) = ILyy we ob-
tain that II: H*(Q) x L2(Q) — (H**(Q) N H()) x H*(Q). Moreover, using
that IT € £(L?(Q2)), it follows that IT: H¢(Q) x L*() — (H*™(Q) N H}(Q)) x
H3(Q) is closed, and hence bounded. Equivalently, we conclude that B*IT €
c (HE(Q) X L2(Q),H%+f(r)) e 0,d).

3.2. Results for the nonlinear system. As in the case of Neumann boundary
conditions, we first have to study a nonhomogeneous equation of the form

d
Y = Aoy +f, y(0) = yo, (47)
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with f = ({;) . For the proof of the result below, we utilize the fact that

D(Ap) =D(A") =D(A)
which follows by arguments similar to those used in the proof of Lemma 2.4.

Theorem 3.7. Lete € (0,3). If fi € L?(0,00; H*71(Q)),y0 € H*(Q) x H*#(Q),
then (22) has a unique solution

ye (Hl—i-a,%(Qoo) mcb([o’oo);Hs(Q))) X Hl(O,OO;HH_E(Q))

satisfying

HYHHHEJ;E (Quo) X H (0,00 H1+5 (0)) <G (||y0||H5(Q)><H1+5(Q) + ”leLQ(O,oo;HE*l(Q))) .

Proof. By assumption, it holds that
Yo € H*(Q) x H'**(Q) ¢ H™H(Q) x L*(Q) = [Y,[D(A)]']
f e L?(0,00; H*1(Q)) C L?(0,00; [D(AF)]) -

1
1,
2

Since the semigroup generated by Ay is exponentially stable on Y, setting o =1
in Theorem 2.2 yields a unique solution y such that

y € L*(0,00;Y) N H' (0, 005 [D(Afy)]').-
As in the proof of Theorem 2.5, we next utilize the splitting y = y1 + y2, where

Fridie —Ay; +f+ Aoy, y1(0) = yo,
i (49)
2= —Ay; - BM?B*Ily, y2(0) = 0.

The regularity result for y; follows with exactly those arguments used previously
for Corollary 1. We thus obtain that

y1 € H' 5 (Quo) x H'F (0,00; L2(12)). (49)

Let us therefore focus on ys. We have shown that B*IT € £(L2(Q), H2(T)). For
y € L?(0,00;Y) this clearly gives MB*ITy € L?(X.). Lemma 3.5 therefore implies
that yp € H2 %1% (Qs) which shows that

Y =y1+ye € H 1 5(Qu) x H1~ % (0,00, L*(Q)),
for any 1 > 0. Again, due to B*II € £(L2(Q), Hz (I')) it particularly holds that
MB*Iy € L*(0,00; H2 #(I')) N H%~ %5 (0, 00; L*(T")).

i
2

From Lemma 3.5 we now get y, € H!=/2~ (Qeo) for any fi > 0. Again, due to
(49) we conclude that

y=yi+ys€ H M3 5(Qu) x H2 % (0,00; L*(2)).

Making use of the fact that we additionally know B*II € £(Hz#(Q)x L(Q), H~#(T))
we obtain that

MB*Iy € L2(0, 00; H#(I')) N H2 % (0, 00; L2(T)).
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3

A final application of Lemma 3.5 then shows that y, € H2 /3 -% (Qo)- Since this
holds for arbitrary ji > 0, we find that

Y =y1+y2 € H'W 5 (Qu) x H'5 (0,00, LA(R)).
The regularity of the ODE part z of y again follows by explicit integration. O

As for the Neumann case, we then have the following local stabilization result
for the nonlinear system.

Theorem 3.8. Let Q C R? and ¢ € (O, %) . Then there exist o > 0 and a nonde-
creasing function 1 from R™ into itself such that if € (0, po) and [|yoll ge ) x mi+e (o) <
n(w), then

d
Y = Any + F(y), y(0)=yo,

admits a unique solution in the set

D, ={y € (B (Qw) N Cy([0,50); HE()) ) x H(0, 00 H'*#(0),

W10 25 oy s s 20 < “} '

Remark 1. For the results in Theorem 2.8 and Theorem 3.8 we assumed that
U = L*(T"). However, in practical applications it is often more appropriate to utilize
finite dimensional controllers. In this case, one typically assumes that the control
function w is separable, i.e., u(z,t) = Zle h;(x)u;(t), where h; are shape functions
and ¢ denotes the dimension of the control space U = R’. An essential tool for
showing stabilizability by finite dimensional controllers then is the decomposition
of the spectrum into an infinite dimensional stable part and a finite dimensional
unstable part, see, e.g., [10, Chapter 5]. In essence, the stabilizability problem
then reduces to its finite dimensional counterpart such that, given shape functions
hi,i=1,...,£, one may utilize the Hautus test for stabilizability. Let us emphasize
that due to the structure of the monodomain equations, in [8], we have explicitly
specified the spectrum in terms of the spectrum of the PDE part. In particular,
as long as the desired stabilization rate is limited by the stability of the ODE, the
unstable part of the system is discrete. This way, one may apply the exact same
arguments to extend the results in Theorem 2.8 and Theorem 3.8 to the case of
finite dimensional controllers.

4. Numerical examples. For the numerical validation of the theory presented in
this manuscript, we study the following version of the monodomain equations

%:aAv—av?’—l—va—cv—dw in Q x (0, 00),
%—T:Lv—/{w in  x (0, 00), (50)
ov -
98—:(6—1)v+mu+g on I' x (0, 00),

v

v(x,0) = 0+ yo and w(x,0) =@ + 2y in Q,

where @ = (0,1) x (0,1) and all other parameters are to be specified below. A finite
element discretization is obtained by the MATLAB® PDE toolbox. All results
correspond to a 64 x 64 regular grid with n = 2 - 4225 = 8450 degrees of freedom.
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Given a stationary solution of the form (3), the finite dimensional approximation
of (4) with o = 0 is given by

where A,,,E, € R and B € R**‘. The nonlinearity F,,: R® — R" is defined
elementwise according to the nonlinearity in (50). For the discrete control operator,
¢ denotes the dimension of the finite dimensional control space (cf. Remark 1). By
C,, € RP*™ we denote the finite dimensional approximation of the output operator
appearing in (13) and (36), respectively. In both Neumann and Dirichlet case, the
multiplication operator m is taken from [24]. The closed loop system is obtained
by solving the following generalized algebraic matrix Riccati equation

ATTL,E, +E'T1,A,, - ET11,B,B'II,E, + CIC, =0.

For this, a Kleinman-Newton iteration as described in, e.g., [5, 9, 15], has been used.
As a stabilizing initial guess H;O) we solved a k-dimensional algebraic Bernoulli
equation corresponding to the unstable subspace (of dimension k) of the matrix pen-
cil (A, E,). Each Lyapunov equation arising within the Kleinman-Newton method
has been explicitly solved by the MATLAB® function 1lyap.

All simulations are generated on an Intel®Xeon(R) CPU E31270 @ 3.40 GHz
x 8, 16 GB RAM, Ubuntu Linux 14.04, MATLAB® Version 8.0.0.783 (R2012b)
64-bit (glnxa64). The solutions of the ODE systems are always obtained by the
MATLAB® routine ode23.

4.1. Neumann boundary control. We start with the Neumann case and thus
consider (50) with 6 = 1. We further set o = 0.0015,a = 0.0012,b = 0.1403, ¢ =
1.6140,d = 215.6,¢ = 0.00015, x = 0.015 and g = 0. The control and observation
domains are shown in Figure la. In particular, we have B,, = CI € R"*12. Based
on the underlying nonlinear system

0=—av® 4+ w? — cv — dw
0=w — kKw

we obtain three constant (in space and time) stationary solutions to (50) which can
be numerically computed as

(171, ’lf)l) = (O7 0), (1727 @2) ~ (4402227 04402), (173, 1173) ~ (689778, 06898)

In our experiments, we chose (75, w3) for which the corresponding linearized system
exhibited an unstable subspace of dimension 2.

Perturbation around constant stationary state. In Figure 2, numerical results for an
initial value of the form (vg,wp) = (U3 +&y, w3 +&,) with §, = 0.3-randn(n, 1) and
& = 0.003-randn(n,1) are given. As is seen in Figure 2a the uncontrolled system
remains close to the unstable stationary for a certain period of time before it slowly
starts to decrease in magnitude. Finally, for ¢ = 1000, the system approaches
the stable stationary solution (01,w;) from below. On the other hand, Figure
2b demonstrates the successful local stabilization of the nonlinear system. The
different dynamical behavior between uncontrolled and controlled system is even
more evident from the results shown in Figure 2d. Here, the temporal evolution
of the L?(Q) error between computed and desired state is visualized. Again we
emphasize that the uncontrolled system remains close to the desired state first.
Figure 2c shows the control law for some of the control domains specified in Figure
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(A) The Neumann case. (B) The Dirichlet case.

F1Gure 1. Control setup.

la. In particular, we see that the magnitude of the feedback control is relatively
small when compared to the actual state.

Stabilization of a reentry wave. As a second test case, we study the feedback law
when the initial value (vg,wp) is chosen such that it causes a reentry pattern (as
arising in context of fibrillation processes). To be more precise, in Figure 3a we
illustrate the wave-like dynamics appearing for the uncontrolled system. Snapshots
of the evolution for the closed loop system are provided in Figure 3b. We emphasize
that, as we have also seen in the first example, when the control is switched off
close to the stationary solution (o3, ws), the system will converge to the stable
resting state (o1,w;). This way, the feedback law implicitly allows to perform a
defibrillation process by first controlling the system to the unstable stationary state.
From there the uncontrolled dynamics converges to the origin. Again, a more
detailed comparison between controlled and uncontrolled dynamics can be obtained
in terms of the L?(Q) error, see Figure 3d. For a precise pattern of the control laws,
we refer to 2c.

4.2. Dirichlet boundary control. Next, we consider (50) with § = 0. For the
parameters, we take a = 0.0015,a = 0.012,b = 0.1395, ¢ = 1.6050,d = 215.6,. =
0.00015 and k = 0.015. Again, we use the underlying ODE system to compute three
constant (in space and time) stationary solutions as

(01, 1) = (0,0), (Do, Ws) ~ (44.4187,0.4442), (vs,w3) ~ (68.5813,0.6858).

In order to ensure that (vs,ws) is also a stationary solution of the PDE system,
in (50) we assume an inhomogeneous Dirichlet boundary condition g = @3. The
resulting linearized system has 6 eigenvalues with positive real part. In contrast to
the Neumann case, we only take three controls that are visualized in Figure 1b.

Perturbation around constant stationary state. The results shown in Figure 4 cor-
respond to a similar setup as in the Neumann case. For both, uncontrolled and
controlled system, the initial value was taken as a perturbation (0.3 randn(n,1))
of the unstable stationary solution (o3, ws). As a consequence, the uncontrolled sys-
tem shows an oscillatory behavior, see Figure 4a. On the other hand, the feedback
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FIGURE 2. Stabilization of perturbed initial state.

law computed from the solution of the algebraic Riccati equation allows to locally
stabilize the nonlinear system, see Figure 4b. For a more detailed comparison, we
refer to the temporal evolution of the L?(2) error that is provided in Figure 4d.
The performance of the three boundary control patches is visualized in Figure 4c,
also underlining the convergence of the closed loop system.

5. Conclusions. We have studied boundary feedback control problems for a class
of nonlinear reaction diffusion systems of PDE-ODE type. A particular emphasis
was on the so-called monodomain equations. For the linearized system, we have in-
vestigated the use of classical Riccati-based feedback controllers. In case of Dirichlet
boundary conditions, we have derived a smoothing property (known in case of the
Navier-Stokes equations) of the solution of the algebraic operator Riccati equation.
Based on some new Lipschitz estimates for the cubic non monotone nonlinearity, we
could show that the feedback law derived for the linearized system locally stabilizes
the nonlinear system as well. While in the case of Neumann boundary conditions,
both the two and three dimensional case could be handled, in the Dirichlet case
we restricted ourselves to the two dimensional setting. Numerical examples for a

1,000
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FIGURE 3. Stabilization of a reentry wave.

FEM discretization of the monodomain equations illustrated the main theoretical
findings.
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Appendix A. Some auxiliary results.

Lemma A.l. For ally € H*2(Qr) with 0 < s < 2, the solution to the equation

d ~ Yy . —

satisfies

IPllggr23+10, 1) < ClYllges g, 2
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(A) Evolution of v(z,t) (uncontrolled).

(B) Evolution of v(z,t) (controlled).
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FIGURE 4. Stabilization of perturbed initial state.

Proof. For s = 0 the assertion follows from [6, Chapter 2, Proposition 3.7] and
subsequent integration of the ODE variable. Assume now that s = 2 and consider

T I
./A&*p = 1&*/ e~ (T—HAT <y(07')) dr.
t

Since y € H>'(Qy,.1), we also have
_ T 7 -
;&*p = —e_(T_t)A* (y(T)> _|_/ e—(T—t)A* (y/(7)> dr
0 /|, . 0

_ <y85)> _ o (T-0)A" <y(g)> " /tT o~ (T—D)A" (Z/éﬂ) dr.

Note that the last two terms define the mild solution z to the problem

s ) e ()
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Since y' € L*(Qq,.1), if we assume that y(T) € H(Q2) with [6, Chapter 2, Propo-
sition 3.7] we conclude that z € H*Y(Q:, 1) X H'(Qt, ). Moreover, by inte-
gration of the ODE part, we also get z € H?!'(Qy, 7). Hence, it follows that

A*p € H>Y(Qy, r). With Lemma A.2 and subsequent integration of the ODE
part, we get

IPllL2(to, 7115 (02)) < Wl H22(Quy 1)-
The temporal regularity follows from the fact that

d N Y 1 T2

For 0 < s < 2, the result now follows by interpolation. For s > % we additionally
require that y(T) € Hy~*(Q). This compatibility condition however is not needed
for s < %, see also [18, Chapter 4, Section 6]. O

Lemma A.2. For ally € H?(Q2), the solution p € H2(Q)NH(Q) to the stationary
equation A*p =y obeys

Pl 72y x 2 () < Cllyllm2(9)-

Proof. Solving the second equation for ¢, we obtain ¢ = /\j_f:fa. Hence, the first
equation reads
dp+ z
Ap—Ap=y+alx)p—t1——.
op—Ap=y+a(z)p pyp—

Recall that o € H%(Q) as well as o = —3av? + 2bv — ¢. Hence, we have ap € H?(Q)

and, thus, y + ap — L/\Ud_’::fo € H?(Q2) which implies that p € H*(2). Since q =
)\dfrf the claim is shown. 0
0TRK—0O

Lemma A.3. Ify € H*3(Qu) with 0 < s < 2, then the solution p to the equation
d —~

—P="AP+y in(0,00), p()=0,

satisfies
Pl e 41 guoyxme 5+ Qu) = OV are 5 (guoy x5 0,002

Proof. We begin with the case s = 0. From [6, Chapter 2, Proposition 3.7] we
immediately obtain that

p € H*'(Quo) x H' (0, 00; L*(€2)).
Consider now the case s = 2. It holds that

A*p(t) = / Are= TR g (1) dr
t

T—>00

:/ e*(T*t)K*yl(T) dr +y(t) — lim ef(Tft)K*Y(T)-
t

Due to the exponential stability of the semigroup e=A" and the fact that y €
Cy([0,00); L2(€2)), the last term vanishes. Since y’ € L?(Qs), the arguments for
s = 0 apply to the first term and we obtain

‘ / e~ (VAT (Y dr < Oy llL2(Qu)-
t

H?1(Qoo) X H'(0,00;L7(2))
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Hence, this implies that p := (p,§) = A*p € L?(0,00; H?(2) x L?(Q)). Note that
an explicit integration of the ODE part of p also yields

q(t) = / e~ (T=OO0FtR=) (> _ dp)dr € L*(0, 00; H2(Q)).
t

This particularly shows that ¢ = —dp — (Ao + & — 0)q € L?(0,00; H?(£2)). Hence,
we obtain

A H <C . ’ <C o).
18P . oy < € Uz cmeon + 1 leean) < Ol o)

From Lemma A.2 it follows that

[Pl 220,005 () x 2 (02)) < CIIAP||£2(0,00;12(02))

and, consequently,

P22 0,00: 4 (@) x H2(0)) < CllY llH21 (0o )-

We further find

1D'[ 1 (0,0051.2(02)) < C (HK*PllHl(o,oo;L?(Q)) + ||Y||H1(O,oo;L2(Q))) < Ollylla2r(@u)-

The case 0 < s < 2 can be obtained by interpolation. O
REFERENCES
[1] M. Badra and T. Takahashi, Stabilization of parabolic nonlinear systems with finite dimen-

[2

(3]
(4]

(6]
(7]

(9]

(10]

(11]

(12]

(13]

sional feedback or dynamical controllers. application to the Navier-Stokes system, SIAM
Journal on Control and Optimization, 420—463.

V. Barbu, Feedback stabilization of Navier—Stokes equations, ESAIM: Control, Optimisation
and Calculus of Variations, 9 (2003), 197-205.

V. Barbu, I. Lasiecka and R. Triggiani, Tangential boundary stabilization of Navier—Stokes
equations, Memoirs of the American Mathematical Society, 181 (2006), 1-128.

V. Barbu and G. Wang, Feedback stabilization of semilinear heat equations, in Abstract and
Applied Analysis, 12, Hindawi Publishing Corporation, 2003, 697—714.

P. Benner and J. Saak, Numerical solution of large and sparse continuous time algebraic
matrix Riccati and Lyapunov equations: a state of the art survey, GA MM-Mitteilungen, 36
(2013), 32-52.

A. Bensoussan, G. D. Prato, M. Delfour and S. Mitter, Representation and control of infinite
dimensional systems, vol. 2, Birkh&user Boston, 1993.

T. Breiten and K. Kunisch, Riccati-based feedback control of the monodomain equations
with the FitzHugh-Nagumo model, SIAM Journal on Control and Optimization, 52 (2014),
4057-4081.

T. Breiten and K. Kunisch, Compensator design for the monodomain equations with the
Fitzhugh-Nagumo model, ESAIM: Control, Optimisation and Calculus of Variations, To
appear.

J. Burns, E. Sachs and L. Zietsman, Mesh independence of Kleinman-Newton iterations for
Riccati equations in Hilbert space, STAM Journal on Control and Optimization, 47 (2008),
2663-2692.

R. Curtain and H. Zwart, An Introduction to Infinite-Dimensional Linear Systems Theory,
Springer-Verlag, 2005.

E. Fernandez-Cara, M. Gonzélez-Burgos, S. Guerrero and J.-P. Puel, Null controllability
of the heat equation with boundary Fourier conditions: the linear case, ESAIM: Control,
Optimisation and Calculus of Variations, 12 (2006), 442-465.

A. Fursikov and O. Imanuvilov, Controllability of evolution equations, Seoul National Uni-
versity, Korea, 1996, Lecture Notes no. 34.

G. Grubb and V. Solonnikov, Boundary value problems for the nonstationary Navier-Stokes
equations treated by pseudo-differential methods, Mathematica Scandinavica, 69 (1991), 217—
290.



30

(14]

[15]
[16]

(17]

(18]

(19]
20]

21]

(22]
23]

24]

[25]

[26]

T. BREITEN AND K. KUNISCH

J. Keener and J. Sneyd, Mathematical physiology. Vol. I: Cellular physiology, vol. 8
of Interdisciplinary Applied Mathematics, 2nd edition, Springer, New York, 2009, URL
http://dx.doi.org/10.1007/978-0-387-79388-7.

D. Kleinman, On an iterative technique for Riccati equation computations, IEEE Transac-
tions on Automatic Control, 13 (1968), 114-115.

I. Lasiecka and R. Triggiani, The regulator problem for parabolic equations with Dirichlet
boundary control, Applied Mathematics and Optimization, 16 (1987), 147-168.

I. Lasiecka and R. Triggiani, Control Theory for Partial Differential Equations: Volume 1,
Abstract Parabolic Systems: Continuous and Approximation Theories, vol. 1, Cambridge
University Press, 2000.

J. Lions and E. Magenes, Non-homogeneous Boundary Value Problems and Applications. Vol.
I/1I, Die Grundlehren der mathematischen Wissenschaften in Einzeldarstellungen, Springer-
Verlag, Berlin, 1972.

B. Nielsen, T. Ruud, G. Lines and A. Tveito, Optimal monodomain approximations of the
bidomain equations, Applied Mathematics and Computation, 184 (2007), 276-290.

A. Pazy, Semigroups of linear operators and applications to partial differential equations,
Springer-Verlag, New York, 1983.

J.-P. Raymond, Feedback boundary stabilization of the two-dimensional Navier—Stokes
equations, SIAM Journal on Control and Optimization, 45 (2006), 790-828, URL
http://epubs.siam.org/doi/abs/10.1137/050628726.

J.-P. Raymond, Feedback boundary stabilization of the three-dimensional incompressible
Navier—Stokes equations, Journal de mathématiques pures et appliquées, 87 (2007), 627-669.
O. Savin and E. Valdinoci, Density estimates for a nonlocal variational model via the Sobolev
inequality, STAM Journal on Mathematical Analysis, 43 (2011), 2675—2687.

L. Thevenet, J.-M. Buchot and J.-P.Raymond, Nonlinear feedback stabilization of a two-
dimensional Burgers equation, ESAIM: Control, Optimisation and Calculus of Variations,
16 (2010), 929-955.

F. Troltzsch, Optimal Control of Partial Differential Equations: Theory, Methods and Ap-
plications, American Mathematical Society, 2010.

M. Tucsnak and G. Weiss, Observation and Control for Operator Semigroups, Birkauser,
2009.

E-mail address: tobias.breiten@uni-graz.at
E-mail address: karl.kunisch@uni-graz.at



