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Abstract

In this article, we study and compare two approaches to solving stochastic op-
timal control problems with an expectation constraint on the final state. The case
of a probability constraint is included in this framework. The first approach is
based on a dynamic programming principle and the second one uses Lagrange re-
laxation. These approaches can be used for continuous-time problems; we provide
numerical results for an academic example.

Keywords Stochastic optimal control, expectation and probability constraints, dy-
namic programming, Lagrange relaxation.

AMS subject classification 90C15, 93E20.

1 Introduction

Setting In this article, we study stochastic optimal control problems with an ex-
pectation constraint on the final state. This class of problems contains some chance-
constrained stochastic optimal control problems. For the sake of clarity, we start by
describing the problem under study.

Let T ∈ N
∗, let (ξt)t=1,...,T be T mutually independent random values. The as-

sumption of independence is a key assumption, it will enable us to derive dynamic
programming principles. To simplify, we assume that the random values ξt are identi-
cally distributed, with a discrete law. Let I ∈ N

∗ and (pi)i=1,...,I in (0, 1]I be such that
∑I

i=1 pi = 1, we assume that for all i ∈ {1, ..., I},

P
[

ξt = i
]

= pi. (1.1)

For all t ∈ {0, ..., T − 1}, for all s ≥ t, we denote by Ft,s the σ-algebra generated by
{ξt+1, ..., ξs} and we denote by Ft the filtration (Ft,s)s=t,...,T .

Let m, n ∈ N
∗, let S and U be closed subsets of resp. Rn and R

m. The sets S
and U are resp. called the state and control spaces. For all t, we define the set Ut of
Ft-adapted control processes (us)s=t,...,T−1 with values in U .

∗Institute for Mathematics and Scientific Computing, Karl-Franzens-Universität, Heinrichstraße 36,
8010 Graz, Austria. Mail: laurent.pfeiffer@uni-graz.at
The author thanks J. Frédéric Bonnans for his advice. The research leading to these results has received
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Let F : S × U × {1, ..., I} → S. For all t ∈ {0, ..., T}, for all x ∈ S, for all u ∈ Us,
we define the state process (Xt,x,u

s )s=t,...,T as the unique solution to

{

Xs+1 = F (Xs, us, ξs+1), ∀s = t, ..., T − 1,

Xt = x.
(1.2)

Therefore, when starting at time 0 from the initial state x0 ∈ S, the decision process
is as follows:

x0 → decision of u0 → observation of ξ1 → x1 → · · · →
xt → decision of ut → observation of ξt+1 → xt+1 → · · · → xT .

Note that the state variable Xt,x,u
s is Ft,s-measurable.

Let φ : S → R and g : S → R, let z0 ∈ R, we consider the following stochastic
optimal control problem with an expectation constraint:

min
u∈U0

E
[

φ(X0,x,u
T )

]

, (1.3)

s.t. E
[

g(X0,x,u
T )

]

≥ z. (1.4)

The case of a probabilistic constraint of the form: P
[

h(X0,x0,u
T ) ∈ K

]

≥ z enters into
this framework, by setting

g(x) = 1K ◦ h(x) :=
{

1 if h(x) ∈ K,

0 otherwise.
(1.5)

We also define the value function V : for all t ∈ {0, ..., T}, x ∈ S, and z ∈ R,

Vt(x, z) := min
u∈Ut

E
[

φ(Xt,x,u
T )

]

, (1.6)

s.t. E
[

g(Xt,x,u
T )

]

≥ z. (1.7)

Context We refer to [16, Section 4] for a general reference on optimization problems
with probability constraints. In this article, we focus on two possible approaches to
solving this kind of problems. The first one consists in adding a supplementary state
variable, denoted by Z. Its initial state is equal to the required level for the constraint,
z, it must be a submartingale and must satisfy the following constraint:

ZT ≤ g(XT ), almost surely. (1.8)

This enables to replace the expectation constraint (1.4) by the stochastic-target con-
straint (1.8). Note that when (1.4) is active, the variable Z in the constraint (1.8) can
only be the conditional expectation of g(XT ). As a consequence, a dynamic program-
ming principle can be formulated for the value function Vt(x, z) of the problem. This
approach was used, for example in [5, Section 3], and in the thesis [6] (in French). It
was successfully applied in [7, Chapter 4] to a power management problem for hybrid
vehicles. In [4], it is proved that the value function of continuous-time stochastic target
problems (therefore including chance-constrained problems) is the viscosity solution to
a certain HJB equation (see also [17, Chapter 8]). A reformulation of this HJB equation
is also proposed in the PhD thesis of the author [14, Chapter 6] to avoid unbounded
controls, using an idea of [3].
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The second method is the Lagrange relaxation method [10, Chapter XII], [12],
which basically consists in “dualizing” the expectation constraint. Instead of solving
the constrained problem, we solve the following problem (which is an unconstrained
stochastic optimal control problem), for various values of λ ≥ 0:

E
[

φ(X0,x,u
T )− λg(X0,x,u

T )
]

. (1.9)

The starting point of this method is the following: for any λ ≥ 0, the solution is also
a solution to the constrained problem for a value of z depending on λ. This technique
is used in [1], for example.

If the dynamic of the system is linear and if g is concave, the expectation constraint
is a convex constraint, in so far as for two given controls satisfying the expectation
constraint, the average control also satisfies the constraint. In general, this property
is not satisfied, therefore, the Lagrange relaxation cannot provide an optimal control
for all the values of z. Note that the set of controls satisfying the constraint may even
be not connected. These issues are studied in [8, 9].

However, a probabilistic relaxation of the problem can be formulated. In a few
words, we allow the taken decision to depend on a supplementary continuous random
variable. This supplementary random variable and the original ones are mutually in-
dependent. The point of view is now the following: instead of optimizing the control
strategy, we are allowed to use all the possible control strategies, with a probability
measure that has to be optimized. The cost and the expectation constraint become lin-
ear with respect to this probability measure. As a consequence, the associated relaxed
value function is the convex envelope of the initial value function and is therefore the
value function obtained with the Lagrange relaxation method. This idea is usual in the
literature, see for example [11, Section 3] and is to some extent similar to the notion
of mixed strategies in game theory or to the relaxation of an optimal transportation
problem.

The paper is organized as follows. In section 2, we describe the dynamic program-
ming principle satisfied by the value function. We also prove that the boundary of
the value function satisfies a dynamic programming principle. In section 3, we de-
scribe precisely the probabilistic relaxation, which seems to be new in the framework
of chance-constrained problems, and state some new properties of the relaxed value
function (theorem 11). In section 4, we compare the two approaches and give new error
estimates for the two of them (theorems 16, 17, 19). Note that the two approaches
provide an upper and a lower bound of the value function. Section 5 is dedicated
to continuous-time problems and numerical schemes for these problems. We give an
original proof of the convexity in z of the value function when g is Lipschitz (theorem
22). In section 6, we show some numerical results, for a discretized continuous-time
problem. On this simple example, the duality gap is very small and the Lagrange
relaxation method is much more efficient.

2 Dynamic programming principles

2.1 Existence of solutions

We make the following assumption on the data.

Assumption 1. 1. For all i ∈ {1, ..., I}, F (·, ·, i) is continuous on S × U and φ is
continuous.
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2. One of the following statements holds:

(a) g is continuous on S,

(b) for some p ∈ N
∗, g has the following form: g = 1K ◦ h, where h : S → R

p

is continuous and K is a closed subset of Rp.

The existence of optimal control processes for problem (1.6)-(1.7) is rather easy
to establish in this framework. Let us fix t. The elementary events of the σ-algebras
of the filtration Ft can be represented with a tree. At the initial time t, there is the
root of the tree. The root has I children, corresponding to the I possible realizations
of ξt+1, each of them having I children corresponding to the I possible realizations of

ξt+2, and so on, up to time T . The tree has 1 + I + I2 + ... + IT−t = IT−t+1−1
I−1 nodes

and each node, except the leaf nodes, corresponds to a decision. Therefore, there is a

clear bijection between Ut and U
IT−t−1

I−1 and the stochastic problem (1.6)-(1.7) can be
reformulated as a deterministic finite-dimensional problem, as it is well-known. This
bijection also defines a topology on Ut.

Lemma 2. The set of control processes Ut is compact, and under assumption 1, for any
continuous function ψ : S → R, the mapping: u ∈ Ut 7→ E

[

ψ(Xt,x,u
T )

]

is well-defined,

continuous, and bounded. Moreover, the mapping u 7→ E
[

g(Xt,x,u
T )

]

is well-defined and
bounded, and for all z ∈ R, the set

Uz
t :=

{

u ∈ Ut : E
[

g(Xt,x,u
T )

]

≥ z
}

(2.1)

is closed in Ut (and therefore compact).

Proof. The compactness of Ut is a consequence of the compactness of U , and the
continuity of E

[

ψ(Xt,x,·
T )

]

a consequence of the continuity of F (·, ·, i). The second
statement of the lemma follows if g is continuous. Let us consider the case when
g = 1K ◦ h with K closed and h continuous. Let z ∈ R, if Uz

t is non-empty, let
(uk)k be a converging sequence in Uz

t . The algebra Ft,T being finite, we can extract a

subsequence for which the event h(Xt,x,uk

T ) ∈ K is constant and pass to the limit.

As a corollary, we obtain the following result about the existence of optimal control
processes.

Lemma 3. Under assumption 1, the problem (1.6)-(1.7) has a solution if it is feasible.
Moreover, for all t and x, the mapping z 7→ Vt(x, z) is lower-bounded, left-continuous,
and since it is non-decreasing, it is lower semi-continuous.

2.2 Dynamic programming for the value function

We explain now how to reformulate the problem with an expectation constraint as a
problem with a stochastic-target constraint, thanks to the following lemma.

Lemma 4. Let z ∈ R, t ∈ {0, ..., T}, x ∈ S, and u ∈ Ut. Then, the constraint (1.7)
holds if and only if there exists an Ft-adapted submartingale (Zs)s=t,...,T satisfying

Zt = z and ZT ≤ g(Xt,x,u
T ). (2.2)

Moreover, if say g ∈ R is a lower bound of g and z ≥ g (resp. ḡ is an upper bound and
z ≤ ḡ), then, we can impose that Z ≥ g almost surely (resp. Z ≤ ḡ).
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Proof. Let Z be an Ft-adapted submartingale Z satisfying (2.2). Then,

E
[

g(Xt,x,u
T )

]

≥ E
[

ZT

]

≥ Zt = z,

and (1.7) holds. Conversely, if (1.7) holds, set z0 = E
[

g(Xs,x,u
T )

]

and define

Zs = E
[

g(Xs,x,u
T ) | Ft,s

]

− (z0 − z).

Clearly, Z is an adapted martingale and (2.2) holds. If g is a lower bound of g, we
define the stopping time

τ := inf
{

s |Zs ≤ g
}

and we set Z ′
s = Zmin(s,τ). The process Z ′ is still a martingale (a stopped martingale),

and is greater than or equal to g. Moreover, it is easy to check that Z ′
s ≤ max(g, Zs),

therefore, (2.2) still holds. The proof is the same if ḡ is an upper bound.

In the sequel, any submartingale Z satisfying (2.2) is called associated submartin-
gale. It is easy to check that, as we already mentioned, when the expectation constraint
is active, Z is unique and is the conditional expectation of g(Xt,x,u

T ) (thus, is a martin-
gale). In the case of an active probability constraint, Z is the conditional probability
that the constraint is satisfied and at the final time, is equal to 1 if the constraint is
satisfied, 0 otherwise.

This lemma implies that instead of considering the expectation constraint (1.7),
we can view z as a supplementary state variable, whose dynamic must be the one of
a submartingale, with a stochastic-target constraint. Using the independence of the
random variables, we obtain a dynamic programming principle for the value function.

Proposition 5. The value function Vt(x, z) satisfies, for all x ∈ S and all z ∈ R:

VT (x, z) =

{

φ(x) if g(x) ≥ z,

+∞ otherwise,
(2.3)

Vt(x, z) = inf
u∈U, (zi)i∈RI

∑I
i=1 pizi≥z

{

I
∑

i=1

piVt+1

(

F (x, u, i), zi
)

}

, ∀t = T − 1, ..., 0. (2.4)

Given t and x, for all u ∈ Ut and all adapted martingale Z, u is an optimal solution
and Z satisfies (2.2) if and only if for all t ≤ s < T , (us, Zs+1) is almost surely a
solution to (2.4).

2.3 Boundaries of the domain of the value function

In this subsection, we describe the boundaries of the domain of the value function.
Given t ∈ {0, ..., T} and x ∈ S, we define the upper boundary of the domain Z+

t (x) by

Z+
t (x) := sup

u∈Ut

E
[

g(Xt,x,u
T )

]

. (2.5)

This is the highest reachable value for the constraint and can also be characterized by
Z+
t (x) = sup

{

z |Vt(x, z) < +∞
}

. In this subsection, we analyse first this boundary
and the value

V +
t (x) := Vt(x,Z

+
t (x)) (2.6)
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of V on the boundary. This function is the maximal cost which is worth paying,
considering the expectation constraint.

We also analyse the minimal cost which has to be paid, simply defined by

V −
t (x) := inf

u∈Ut

E
[

φ(Xt,x,u
T )

]

. (2.7)

This cost can also be defined as follows: V −
t (x) = limz→−∞ Vt(x, z). The lower bound-

ary of the domain which is associated is defined by

Z−
t (x) := sup

{

z |Vt(x, z) = V −
t (x)

}

. (2.8)

This is a boundary only in the sense that it is the maximum level for the expectation
constraint that can be satisfied without paying more than the minimal possible amount.

Note that if assumption 1 holds, then by lemma 2, the values Z+
t (x) and V −

t (x) are
always finite and there exists an optimal solution to the associated problems. Moreover,
the values V +

t (x) and Z−
t (x) are then also finite.

Upper boundary The upper boundary Z+
t (x) is the value function of a stochastic

optimal control problem and it satisfies the following dynamic programming principle:
for all x ∈ S and all z ∈ R,

Z+
T (x) = g(x), (2.9)

Z+
t (x) = sup

u∈U

{

I
∑

i=1

piZ
+
t+1(F (x, u, i))

}

, ∀t = T − 1, ..., 0. (2.10)

As we already point out, by lemma 2 and under assumption 1, for all t and x, there
exists a control u such that E

[

g(Xt,x,u
T )

]

= Z+
t (x). In the following proposition, we

show that there is only one submartingale associated with such a control, which is
equal almost surely to the upper boundary, along time.

Proposition 6. Let t ∈ {0, ..., T}, let x ∈ S. Let us set z = Z+
t (x), let u ∈ Ut be such

that E
[

g(Xt,x,u
T )

]

= z and let Z be an associated submartingale. Then, for all s ≥ t,

Zs = Z+
s (Xt,x,u

s ), almost surely. (2.11)

Proof. First, observe that:

z = Zt ≤ E
[

ZT

]

≤ E
[

g(Xt,x,u
T )

]

= z,

implying that Z is a martingale which is such that ZT = g(Xt,x,u
T ) almost surely.

By (2.9), g(Xt,x,u
T ) = ZT (X

t,x,u
T ), and by the dynamic programming principle (2.10),

Z+
s (X

t,x,u
s ) is a martingale, therefore, for all s ∈ {t, ..., T},

Z+
s (X

t,x,u
s ) = E

[

Z+
T (X

t,x,u
T ) | Fs,T

]

= E
[

ZT | Fs,T

]

= Zs, almost surely.

The proposition is proved.

As a consequence, there is a dynamic programming principle for the value of V on
the upper boundary V +

t (x).
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Lemma 7. Under assumption 1, the mapping V +
t (x) satisfies the following relations:

for all x, for t = T − 1, ..., 0,

V +
T (x) = φ(x), (2.12)

V +
t (x) = inf

u∈U

{

I
∑

i=1

piV
+
t+1(F (x, u, i))

∣

∣

∣
Z+
t (x) =

I
∑

i=1

piZ
+
t+1(F (x, u, i))

}

. (2.13)

Note that the lemma is false if there does not exist an optimal control for (2.5),
this is why we need assumption 1. Relation (2.13) cannot be considered as a “stan-
dard” dynamic programming principle, since the mapping Z+ is itself involved. More
precisely the constraint Z+

t (x) =
∑I

i=1 piZ
+
t+1(F (x, u, i)) in (2.13) is equivalent to

u ∈ arg max
v∈U

{

I
∑

i=1

piZ
+
t+1(F (x, v, i))

}

. (2.14)

Remark 8. An even small perturbation of the mapping x 7→ Z+
t+1(x), may generate a

large perturbation of the set of maximizers in (2.14), and therefore a large perturbation
in V +

t (x). Therefore, it may be difficult to compute V +
t (x).

Lower boundary The minimal cost V −
t (x) is the value function associated with a

stochastic optimal control problem and the associated dynamic programming principle
is the following: for all x ∈ S,

V −
T (x) = φ(x), (2.15)

V −
t (x) = inf

u∈U

{

I
∑

i=1

piV
−
t+1(F (x, u, i))

}

, ∀t = T − 1, ..., 0. (2.16)

Under assumption 1, the lower boundary also satisfies a dynamic programming prin-
ciple: for all x ∈ S, for all t = T − 1,...,0,

Z−
T (x) = g(x), (2.17)

Z−
t (x) = sup

u∈U

{

I
∑

i=1

piZ
−
t+1(F (x, u, i))

∣

∣ V −
t (x) =

I
∑

i=1

piV
−
t+1(F (x, u, i))

}

. (2.18)

Similarly to V + (see remark 8), a small perturbation of V −
t+1 may generate a large

perturbation of Z−
t . Note also that if u ∈ Ut is such that E

[

g(Xt,x,u
T )

]

= Z−
t (x) and if

Z is an associated martingale (for the level Z−
t (x)), then for all s ≥ t, Zs = Z−

s (Xt,x,u
s ),

almost surely (similarly to proposition 6).

3 Lagrange relaxation

We introduce in this section the second approach, based on Lagrange relaxation. We
use the ideas recalled in the appendix. We use the notations of section A.1. The
Legendre-Fenchel transform, the biconjugate, the subdifferential, the convex envelope
will be always considered with respect to z only. For example,

V ∗
t (x, λ) = sup

z∈R

{

λz − Vt(x, z)
}

. (3.1)
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3.1 Formulation of the relaxed problem

We describe a probabilistic relaxation of problem (1.6)-(1.7), following the idea of
subsection A.3. In the sequel, the superscript “r” will be used for all the relaxed tools.
We introduce a supplementary random variable ζ, of uniform law on [0, 1] and such that
ζ, ξ1,..., ξT are mutually independent. For all s ≥ 0, we denote by F r

0,s the σ-algebra
generated by ζ, ξ1,..,ξs and we denote by F

r
0 the filtration (F r

0,s)s=0,...,T . Finally, we
denote by U r

0 the set of F0-adapted processes (us)s=0,...,T with values in U . For any

u ∈ U r
0, we denote by (X0,x,u

s )s=0,...,T the solution to the dynamical system (1.2). For

all s ≥ 0, X0,x,u
s is F r

0,s-adapted.
To sum up, the relaxed decision process is now the following:

x0 → observation of ζ → decision of u0 → observation of ξ1 →
x1 → decision of u1 → observation of ξ2 → x2 → · · · → xT .

The only difference with the previous process is that we allow the decisions to depend
on a supplementary random variable, which is independent of all the others, and has no
influence in the dynamics F . Finally, we define the relaxed problem and the associated
value function as follows:

V r
0 (x, z) := min

u∈Ur
0

E
[

φ(X0,x,u
T )

]

, (3.2)

s.t. E
[

g(X0,x,u
T )

]

≥ z. (3.3)

For technical reasons, we introduce a new notation. For all s ≥ 0, for all F r
0,s-

measurable random variable Y , for almost all α ∈ [0, 1], there exists a unique random
variable Y α which is F0,s-measurable and such that

Y ζ = Y, almost surely. (3.4)

We use the same notation for F0-adapted processes. For example, if u is a relaxed
control process, then uα is the (unrelaxed) control process which is used if ζ takes the
value α. This explains in particular why problem (3.2)-(3.3) is the relaxed version of
problem (1.6)-(1.7) in the sense of the relaxation process detailed in subsection A.3.

As before, the problem can be reformulated with a stochastic-target constraint,
thanks to the following lemma. The proof is the same as the one of lemma 4.

Lemma 9. Let z ∈ R, x ∈ S and u ∈ U r
0. Then, the constraint (3.3) holds if and only

if there exists an F
r
0-adapted submartingale (Zs)s=0,...,T satisfying:

E
[

Z0

]

= z and ZT ≤ g(X0,x,u
T ). (3.5)

Such a submartingale will be still called associated submartingale, moreover, for al-
most all α ∈ [0, 1], uα is an unrelaxed control process, feasible for the level Zα

0 , and
(Zα

s )s=0,...,T is an associated submartingale.

3.2 Dual approach

The following lemma summarizes some of the main results of subsection A.2 in the
framework of stochastic problems.
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Lemma 10. Let λ ≥ 0, t ∈ {0, ..., T}, x ∈ S. Then,

− V ∗
t (x, λ) = inf

u∈Ut

E
[

φ(Xt,x,u
T )− λg(Xt,x,u

T )
]

. (3.6)

Under assumption 1, there exists a solution to this penalized problem and moreover,
for all z, the relaxed problem (3.2)-(3.3) has a solution if it is feasible, and V ∗∗

0 (x, z) =
V r
0 (x, z).

Proof. (a) The expression of the Legendre-Fenchel transform is a direct consequence
of (A.8). The existence of an optimal solution to problem (3.6) under assumption 1 is
a consequence of lemma 2.

(b) Let us prove the existence of a relaxed optimal solution. By lemma 3, the
mapping z 7→ V0(x, z) is lower-bounded, therefore, by lemma 27, for all z, V r

0 (x, z) =
conv(V0)(x, z). Let z be such that V r

0 (x, z) < +∞, let (zk1 )k and (zk2 )k be two sequences
in the definition domain (−∞, Z+

0 (x)] of V r
0 (x, ·), let (αk)k be a sequence in [0, 1] such

that

αkz
k
1 + (1− αk)z

k
2 = z, ∀k,

conv(V0)(x, z) = lim
k→∞

αkV0(x, z
k
1 ) + (1− αk)V0(x, z

k
2 ).

We assume, without loss of generality, that zk1 ≤ z ≤ zk2 . This means that (zk2 )k is
bounded, thus, extracting if necessary a subsequence, it converges to say z̄2. Let us
consider two cases. If lim inf zk1 = −∞, then, extracting if necessary, αk → 0. We also
obtain, since V0(x, ·) is l.s.c., lower bounded, and non-decreasing that conv(V0)(x, z) ≥
V0(x, z2) ≥ V0(x, z) and finally that conv(V0)(x, z) = V0(x, z). In this case, any classical
solution is also a relaxed optimal solution. In the other case, when the sequence zk1 is
lower bounded, the sequence is also upper bounded, thus we can extract a subsequence
so that (zk1 )k converges to say z̄1 and (αk)k to say ᾱ. Since V0(x, ·) is l.s.c.,

conv(V0)(x, z) ≥ ᾱV0(x, z̄1) + (1− ᾱ)V0(x, z̄2),

and therefore, the previous inequality is an equality. Let u1 and u2 be the corresponding
optimal solutions (in U0) to z̄1 and z̄2, we define then u ∈ U r

0 such that: uα = u1, if
α ∈ (0, ᾱ) and uα = u2 otherwise. This relaxed control is an optimal solution.

(c) Let us prove that V ∗∗
0 = conv(V0). Since V r

0 (x, ·) = conv(V0)(x, ·), it suffices
to prove that conv(V0)(x, ·) is lower semi-continuous. Since it is convex (w.r.t. z),
it is continuous on the interior of the domain, which is (−∞, Z+

0 (x)]. Let us check
that it is l.s.c. at z̄ := Z+

0 (x). Let zk ↑ z̄, let us assume that limk conv(V0)(x, z
k) <

conv(V0)(x, z̄). By (b), there exist for all k real numbers zk1 ≤ zk2 ≤ z̄ and αk ∈ [0, 1]
such that

conv(V0)(x, zk) = αkV0(x, z
k
1 ) + (1− αk)V0(x, z

k
2 ).

We let the reader check that there exists a subsequence (kq)q∈N satisfying

z
kq
2 → z̄ and

{

z
kq
1 → z̄ or αkq → 0

}

.

Since V0(x, ·) is l.s.c. and lower bounded, we get that

lim
k

conv(V0)(x, z
k) ≥ V0(x, z̄) ≥ conv(V0)(x, z̄),

in the two cases (z
kq
1 → z̄ or αkq → 0). We obtain a contradiction, thus conv(V0)(x, ·)

is l.s.c. at z̄ and finally, V ∗∗
0 = conv(V0).
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Lemma 10 states that the Legendre-Fenchel transform of the value function is
itself the value function of an unconstrained optimal control problem. The associated
dynamic programming principle is the following: for all λ ≥ 0, for all x ∈ S,

− V ∗
T (x, λ) = φ(x)− λg(x), (3.7)

− V ∗
t (x, λ) = inf

u∈U

{

I
∑

i=1

piV
∗
t+1

(

F (x, u, i), λ
)

}

, ∀t = T − 1, ..., 0. (3.8)

Note that λ must not be considered as a state variable. Consider now a measurable
mapping (t, x, λ) ∈ {0, ..., T − 1} × S × R+ 7→ v(t, x, λ) ∈ U which is such that for all
(t, x, λ),

v(t, x, λ) ∈ argmin
u∈U

{

I
∑

i=1

piV
∗
t+1

(

F (x, u, i), λ
)

}

. (3.9)

This mapping may be non unique. For all x ∈ S, λ ≥ 0, there is a unique control
process u(x, λ) ∈ U0 which is such that for all s ≥ 0,

us(x, λ) = v(s,X0,x,u(x,λ)
s , λ), almost surely. (3.10)

This control is an optimal solution to (3.6). Moreover, the associated level for the

constraint, that we denote Z0(x, λ) = E
[

g(X
0,x,u(x,λ)
T )

]

, can be computed by solving
the following dynamic programming equations: for all x ∈ S,

ZT (x, λ) = g(x), (3.11)

Zt(x, λ) =

I
∑

i=1

piZt+1(F (x, v(t, x, λ), i)), ∀t = T − 1, ..., 0. (3.12)

Note that by lemma 27, for all 0 ≤ λ1 < λ2, Zt(x, λ1) ≤ Zt(x, λ2). Moreover, as
in remark 8, a small perturbation of V ∗

t+1 may generate a large perturbation of the
mapping x 7→ v(t, x, λ) and therefore a large perturbation of Zt(x, λ).

We finish this section with a nice property satisfied by the subdifferential of the
value function.

Theorem 11. Let x ∈ S, z ∈ R, let u ∈ U r
0 be an optimal solution to the relaxed

problem, and let λ ≥ 0 be in ∂V r
0 (x, z). Then, for all associated submartingale Z,

λ ∈ ∂Vs(X0,x,u
s , Zs), almost surely. (3.13)

Proof. By lemma 28, λ ∈ ∂V0(x,Z
α
0 ) almost surely and for almost all α ∈ [0, 1], uα

is an unrelaxed optimal solution to (1.6)-(1.7) (with the level Zα
t ). By lemma 25, uα

is a solution to the penalized problem (3.6) (with level Zα
0 ), and Z

α is an associated
submartingale by lemma 9. We consider now two cases.

Let us assume that Zα
0 = E

[

g(X0,x,uα

T )
]

. In this case, Zα
T = g(X0,x,uα

T ) almost
surely and Zα is a martingale. Let us introduce a technical notation. Let s ≥ 0, let us
define for all (β1, ..., βs) ∈ {1, ..., I}s the unique control uα,β1,...,βs in Us which is such
that

uα,ξ1,...,ξs = uα, almost surely.

Then, uα,ξ1,...,ξs is a solution to the penalized problem, starting at time s, point Xt,x,uα

s ,
by dynamic programming. Since Zα

s = E
[

g(Xt,x,uα

T )|Fs

]

, we obtain (3.13), with lemma
25. This proves the lemma in this case.
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Let us assume now that Zα
0 < E[g(X0,x,uα

T )
]

:= z′, which means that the constraint
is not active. Then,

V r
0 (x,Z

α
t ) = V0(x, z

′) ≥ V r
0 (x, z

′).

But V r
0 (x, ·) is convex and non-decreasing, thus for all ẑ ≤ z′, V r

0 (x, ẑ) = V r
0 (z

′). This
means that λ = 0, therefore uα is an optimal solution to the minimization problem of
E[φ(X0,x,u

T )], meaning that V0(x,Z
α
0 ) = V −

0 (x,Zα
0 ), and therefore, Vs(X

t,x,uα

s ), Zα
s ) =

V −
s (Xt,x,uα

s ), thus Zα
s ≤ Z−

s (X
t,x,uα

s ) and finally, we obtain that 0 ∈ ∂Vs(X
0,x,uα

s , Zα
s )

with (2.8). This proves the theorem in this second case.

4 Numerical methods

In this section we analyse the numerical methods associated with the two approaches
described in sections 2 and 3. We consider now the following additional assumption.

Assumption 12. The state space S and the control space U are finite; their cardinal
is denoted resp. by |S| and |U |. Moreover, the function g is bounded from above and
from below. To simplify, we also assume that for all x ∈ S, 0 ≤ g(x) ≤ 1.

Note that V +
t (x), V −

t (x), Z+
t (x), Z−

t (x) can be computed exactly, with a complex-
ity of O(T · |S| · |U | · I), thanks to the dynamic programming principles derived in
section 2.

4.1 Approach based on dynamic programming

We study now the method based on dynamic programming. In particular, we analyse
the discretization of the “submartingale” constraint

∑I
i=1 pizi ≥ z in the dynamic

programming equations (2.3)-(2.4).

Description We introduce a parameter δz > 0, chosen such that 1/δz ∈ N
∗ and set

Z := {0, δz, 2δz, ..., 1}. (4.1)

For all z in Z, we set:
z− := max {z′ ∈ Z | z′ < z} (4.2)

In a few words, the first method that we consider consists in computing an associ-
ated sub-martingale taking its values in Z. We simply solve the following dynamic
programming equations: for all x ∈ S, for all z ∈ Z,

V DP1
T (x, z) = VT (x, z) (4.3)

V DP1
t (x, z) = inf

u∈U, (zi)i∈ZI

∑I
i=1 pizi≥z

I
∑

i=1

piV
DP1
t+1

(

F (x, u, i), zi
)

, ∀t = T − 1, ..., 0. (4.4)

Complexity and error analysis

Definition 13. Let W and W̃ : Z → R ∪ {+∞} be two given functions, let k ∈ N
∗.

We say that W̃ is a kδz-approximation of W if for all z ≥ kδz,

W̃ (z − kδz) ≤W (z) ≤ W̃ (z). (4.5)

11



Lemma 14. Let k ∈ N
∗, let W1 : R → R ∪ {+∞} and W̃1 : Z → R ∪ {+∞} be

two non-decreasing functions such that W̃1 is a kδz-approximation of W1. Let W0 and
W̃0 : Z → R ∪ {+∞} be defined by:

W0(z) := inf
(zi)i∈[0,1]I∑I

i=1 zipi≥z

{

I
∑

i=1

piW1(zi)
}

, W̃0(z) := inf
(zi)i∈ZI

∑I
i=1 zipi≥z

{

I
∑

i=1

piW̃1(zi)
}

. (4.6)

Then, W̃0 is a (k + 1)δz-approximation of W0.

Proof. Since W1 ≤ W̃1 and since the feasible set associated with W̃0 is included into
the feasible set associated with W0, we easily prove that W0 ≤ W̃0. It is also easy to
check that W0 and W̃0 are non-decreasing.

Now, let z ∈ Z, if W0(z) = +∞, (4.5) is satisfied, otherwise, let (zi)i be ε-optimal
for the definition ofW0(z) for a given ε > 0. Then, since W̃1 and W̃0 are non-decreasing,

ε+W0(z) ≥
I

∑

i=1

piW1(zi) ≥
I

∑

i=1

piW1(z
−
i )

≥
I

∑

i=1

piW̃1(z
−
i − kδz) ≥ W̃0(ẑ

′) ≥ W̃0(z − (k + 1)δz),

where ẑ =
∑I

i=1 pi(z
−
i − kδz) ≥ z − (k + 1)δz. Passing to the limit when ε → 0, the

result follows.

The proof of the following lemma is left to the reader.

Lemma 15. Let k, let W and W̃ : U × R → R be two given functions such that
for all u ∈ U , W̃ (u, ·) is a kδz-approximation of W (u, ·). Then, infu∈U W̃ (u, ·) is a
kδz-approximation of infu∈U W (u, ·).

Theorem 16. The approximation of the value function, V DP1
t (x, z) can be computed

in O(T · |S| · |U | · I|Z|I) operations. The following estimate holds:

V DP1

t

(

x, z − (T − t)δz
)

≤ Vt(x, z) ≤ V DP1

t (x, z). (4.7)

Proof. It is clear that the complexity is linear with respect to T , |S|, and |U |. For the
minimization w.r.t. (zi)i of the r.h.s. of (4.4), one has to examine for a given z all the
possible values of z1, z2,...,zI−1, and to chose:

zI =
(

(1− p1z1 − ...− pI−1zI−1)/pI
)−

+ δz.

There are thus ZI combinations to take into account and the evaluation of the cost
for each of them has a complexity of O(I). The estimate (4.7) can be easily proved by
induction with lemmas 14 and 15.

A variant We describe a variant for the minimization with respect to the variables
(zi)i in (2.4). For the moment, we simply consider a family of mappings Wi : R →
R ∪ {+∞}, for i = 1, ..., I. Let us define:

W (z) := inf
(zi)i∈RI ,

∑I
i=1 pizi≥z

I
∑

i=1

piWi(zi). (4.8)
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The associated problem is a non-linear knapsack problem, for which a dynamic pro-
gramming approach can be used. For all non-empty subset Ω of {1, ..., I}, we set

PΩ :=
∑

i∈Ω
pi, WΩ(z) := inf

(zi)i∈Ω∈RΩ,∑
i∈Ω pizi≥PΩz

1

PΩ

∑

i∈Ω
piWi(zi). (4.9)

Then, for all nonempty subset Ω, for all partition (Ω1,Ω2) of Ω,

WΩ(z) = inf
z1,z2∈R,

PΩ1
z1+PΩ2

z2≥PΩz

1

PΩ

{

PΩ1WΩ1(z1) + PΩ2WΩ2(z2)
}

. (4.10)

This relation has the form of an inf-convolution and can be considered as a dynamic
programming principle with respect to the random events. This means that W (z) (=
W{1,...,I}(z)) can be computed by induction. To this purpose, we need to build a
balanced binary tree as follows: each node Ω is a non-empty subset of {1, ..., I}, and
has either cardinal 1 or has two non-empty children Ω1 and Ω2 which are such that:

(Ω1,Ω2) is a partition of Ω and
∣

∣|Ω1| − |Ω2|
∣

∣ ≤ 1. (4.11)

The root is the whole set {1, ..., I}. The dynamic programming equations for the
variant are, ∀x ∈ S, ∀z ∈ Z,

V DP2
T (x, z) = VT (x, z), (4.12)

V DP2
t,Ω (x, u, z) =















V DP2
t+1 (F (x, u, i), z) if Ω = {i}; otherwise:

inf
z1,z2∈Z

1

PΩ

{

PΩ1V
DP2
t,Ω1

(x, u, z1) + PΩ2V
DP2
t,Ω2

(x, u, z2) |

PΩ1z1 + PΩ2z2 ≥ PΩz
}

,

(4.13)

V DP2
t (x, z) = inf

u∈U
V DP2
t,{1,...,I}(x, u, z) ∀t = T − 1, ..., 0. (4.14)

Theorem 17. The approximation V DP2
t (x, z) of the value function can be computed

in O(T · |S| · |U | · |Z|2 · I) operations. The following estimate holds:

V DP2
t

(

x, z − (T − t)δz⌈ln2(I)⌉
)

≤ Vt(x, z) ≤ V DP2
t (x, z). (4.15)

Proof. For any subset Ω which is not a singleton, for given values of t, x, u, the
complexity of computation of Wt,Ω(x, u, z) is of order Z2 plus the complexity of com-
putation of Wt,Ω1(x, u, z) and Wt,Ω2(x, u, z). Since there are I nodes in the tree, the
complexity of Wt,{1,...,I}(x, u, z) is of order Z2I.

The error estimate (4.15) is deduced from lemmas 14 and 15. The factor ⌈ln2(I)⌉
is the heigth of the tree (which is balanced).

Remark 18. Given ε > 0, one has to choose δz such that δz ≤ ε/T (resp. δz ≤
ε/(T ⌈ln2(I)⌉)), in order to ensure an ε-approximation for the first (resp. second)
method, the corresponding complexities are given by:

O(T I+1|S| · |U |Iε−I) (resp. O(T 3|S| · |U |I ln2(I)ε−2)). (4.16)

Obviously, the second method is more efficient.
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Taking into account the boundaries The dynamic programming described above
can be quicklier computed if one takes into account the boundaries Z−

t (x) and Z+
t (x),

as well as the corresponding values V −
t (x) and V +

t (x). This also allows to exclude the
high values of the variables z for which Vt(x, z) = +∞. We first define:

Z+
t,Ω(x, u) =

{

Z+
t+1(F (x, u, i)) if Ω = {i}; otherwise:
1
PΩ

(

PΩ1Z
+
t,Ω1

(x, u) + PΩ2Z
+
t,Ω2

(x, u)
)

,

V +
t,Ω(x, u) =

{

V +
t+1(F (x, u, i)) if Ω = {i}; otherwise:
1
PΩ

(

PΩ1V
+
t,Ω1

(x, u) + PΩ2V
+
t,Ω2

(x, u)
)

.

Changing the sign + into the sign −, we define similarly Z−
t,Ω(x, u) and V −

t,Ω(x, u). If
Ω has more than one element, we replace the formula (4.13) by the following one, in
order to compute V DP2

t,Ω (x, u, z):

inf
z1∈Z1, z2∈Z2

1

PΩ

{

PΩ1Wt,Ω1(x, u, z1) + PΩ2Wt,Ω2(x, u, z2) |PΩ1z1 + PΩ2z2 ≥ PΩz
}

,

where, for i = 1 or 2:

Zi =
(

Z ∩ [Z−
t,Ωi

(x, u), Z+
t,Ωi

(x, u)]
)

∪
{

Z−
t,Ωi

(x, u), Z+
t,Ωi

(x, u)
}

,

V DP2
t,Ωi

(x, u, Z−
t,Ωi

(x, u)) = V −
t,Ωi

(x, u),

V DP2
t,Ωi

(x, u, Z+
t,Ωi

(x, u)) = V +
t,Ωi

(x, u).

This method enables therefore to use the information contained by the boundaries and
enables to reduce the cardinal of the sets Z1 and Z2, thus enables to save time. Note
that theorem 17 still holds if V DP2

t is computing by taking into account the boundaries.

4.2 Approach based on Lagrange relaxation

The approach based on Lagrange relaxation is mainly based on the dynamic program-
ming principle associated with V ∗

t (x, λ). We discuss in this section the choice of the
values of λ for which we compute this conjugate function and how we derive then an
approximate relaxed optimal solution, thanks to lemma 26.

Given a value of λ, the conjugate V ∗
t (x, λ) can be computed with a complexity of

O(T · |S| · |U | · I), by (3.7)-(3.8). An associated optimal control provides a solution to
the unrelaxed problem with the level Zt(x, λ) (which can be computed with the same
complexity), as it is explained in section 3.2.

Let Λ > 0, let K ∈ N
∗, let us set δλ = Λ/K and let us assume having computed

V ∗
0 (x, λ) and Z0(x, λ) for λ = 0, δλ, ...,Λ. An upper estimate V̂0(x, z) of V r

0 (x, z) is
given by the convex envelope (w.r.t. z) of the following function:

W0(x, z) :=











V −
0 (x, 0) if z = 0

kδλ− V ∗
0 (x, δλ) if z = Z0(x, kδλ)

+∞ otherwise.

(4.17)

For all x ∈ S, z ∈ [0, 1], if V̂0(x, z) < +∞, then there exists k, k′, α ∈ [0, 1] such
that z = αZ0(x, kδλ) + (1− α)Z0(x, k

′δλ), by Carathéodory’s theorem. Therefore, an
approximate relaxed optimal solution is given by any relaxed control, equal to uk with
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probability α and to uk
′
with probability (1 − α), where uk and uk

′
are the optimal

control involved in Z0(x, kδλ) and Z0(x, k
′δλ). A lower estimate of V r

0 (x, z) is given
by:

V̌0(x, z) = sup
k=0,...,K

{kδλz − V ∗
0 (x, kδλ)}. (4.18)

Theorem 19. The following bound on the error holds: for all x and for all z ≤
Z0(x,Kδλ),

V̂0(x, z) − V̌0(x, z) ≤
δλ

4
(4.19)

Proof. The theorem is direct consequence of lemma 26.

It is also possible to solve the problem for fixed values of x and z with a bisection
approach. Let us fix x and z. Let λ−0 < λ+0 be such that:

Z0(x, λ
−
0 ) ≤ z ≤ Z0(x, λ

+
0 ). (4.20)

The procedure builds an increasing sequence (λ−k )k and (λ+k )k as follows: at iteration
k, if z = Zk(x, λ

−
k ) or if z = Zk(x, λ

+
k ), stop, otherwise set:

(λ−k+1, λ
+
k+1) =







(

λ−k ,
λ−
k
+λ+

k

2

)

if z ≤ Z0

(

x,
λ−
k
+λ+

k

2

)

,
(λ−

k
+λ+

k

2 , λ+k
)

otherwise.
(4.21)

At any iteration k, an upper and a lower estimate can be computed, with the following

bound on the error:
λ+
0 −λ−

0

4·2k . Let us discuss the choice of λ−0 and λ+0 .

If z ≤ Z−
0 (x), any solution to the problem without constraint is an optimal solution.

Otherwise, we take λ−0 = 0. A possible choice for λ+0 is the following:

λ(x, z) :=
V +
0 (x, z)− V −

0 (x, z)

Z+
0 (x, z) − z

, (4.22)

if z < Z+
0 (x) (otherwise, if z > Z+

0 (x), the problem is infeasible and if z = Z+
0 (x), the

solution can be found by computing V +
0 (x)). Let us justify that Z0(x, λ(x, z)) ≥ z.

Let λ ≥ 0, then

V ∗
0 (x, λ) = λZ0(x, λ)− V r

0

(

x,Z0(x, λ)
)

≤ λZ0(x, λ)− V −
0 (x). (4.23)

Moreover,
V +
0 (x) = V0(x,Z

+
0 (x)) ≥ λZ+

0 (x)− V ∗
0 (x, λ), (4.24)

therefore, combined with (4.23), we obtain that:

V +
0 (x)− V −

0 (x) ≥ λ(Z+
0 (x)− Z0(x, λ)) (4.25)

and finally that Z0(x, λ) ≥ Z+
0 (x) −

V +
0 (x)−V −

0 (x)
λ , proving that the suggested value is

suitable.
We finish this section with a remark comparing the two approaches.

Remark 20. 1. The error estimate for the approach based on Lagrange relaxation
does not increase with the number of time steps.

2. The approach based on Lagrange relaxation allows to focus on a given value of z
(or actually even a given subinterval of [0, 1]), for a given initial point x, which is
not possible with the dynamic-programming approach. Moreover, the computation
of V ∗

0 (x, λ) for different values of λ can be parallelized.
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5 Continuous-time problems

In this section, we formulate a continuous-time stochastic optimal control problem with
an expectation constraint. In theorem 22, we prove that if the function g is Lipschitz
continuous, the value function of the unrelaxed problem is already convex with respect
to z.

5.1 Formulation and convexity of the value function

Let n, m, d in N
∗, let T > 0, let W be a d-dimensional Brownian motion. We denote

by Ft = (Fs)s∈[t,T ] the filtration generated by (Ws)s on the interval (t, T ). Let U be
a compact subset of Rm, let U the set of F-adapted processes with value in U . For
t ∈ [0, T ], x ∈ R

n, u ∈ U , consider the following stochastic differential equation on
[0, T ]:

{

dXt,x,u
s = f(Xt,x,u

s , us)ds+ σ(Xt,x,u
s , us)dWs,

Xt,x,u
t = x.

(5.1)

We aim at solving:

Vt(x, z) = inf
u∈Ut

E
[

φ(Xt,x,u
T )

]

, s.t. E
[

g(Xt,x,u
T ) ≥ 0

]

≥ z, (5.2)

where g : Rn → R is a given mapping.

Assumption 21. The mappings f : R
n × R

m → R
n, σ : R

n × R
m → R

n × R
k,

φ : Rn → R satisfy the classical regularity assumptions: there exists L > 0 such that
for all x, y ∈ R

n, for all u ∈ U ,

|f(x, u)|+ |σ(x, u)| + |φ(x)| ≤ L(1 + |x|), (5.3)

|f(x, u)− f(y, u)|+ |σ(x, u)− σ(y, u)| + |φ(x)− φ(y)| ≤ L|y − x|, (5.4)

so that the stochastic differential equation is well-posed [13, Section 5]. We assume
that for all x ∈ R

n, |g(x)| ≤ L(1 + |x|).

In the next theorem, we prove that the value function is convex with respect to z,
if g is Lipschitz. This property is strongly linked to the relaxation technique studied
in section 3. Let us give the main idea. Let u1 and u2 be two controls ensuring the
levels z1 < z2. In a relaxed framework, we would prove the convexity by using the two
controls u1 and u2 with probability 1/2. In an unrelaxed framework, the idea consists
in observing the Brownian motion during a very short time, in order to decide which
control should be used.

Theorem 22. If g is uniformly Lipschitz, then for all (t, x) ∈ [0, T ], the mapping
z 7→ V (t, x, z) is convex.

Proof. Let t ∈ [0, T ), let x ∈ R
n, let z1 and z2 be such that V (t, x, z1) < +∞,

V (t, x, z2) < +∞, let z = (z1 + z2)/2. Let u
1 and u2 in Ut be such that

E
[

g(Xt,x,u1

T )
]

≥ z1 and E
[

g(Xt,x,u2

T )
]

≥ z2.

Let ε > 0. Let ũ1 ∈ Ut+ε be such that the two following processes:

(u1t+s)s∈[0,T−(t+ε)] and (ũ1t+ε+s)s∈[0,T−(t+ε)]
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have the same law. In other words, ũ1 is obtained by delaying u1 of ε. We similarly

define ũ2. Let p ∈ [0, 1], let w(p) be such that 1√
2π

∫ w(p)
−∞ e−θ2/2dθ = p, let Ap be the

following event: W 1
t+ε −W 1

t ≤ √
εw(p) so that P

[

Ap

]

= p. Finally, let u0 ∈ U and let
u(p) ∈ Ut be such that

ut(p) = u0, ∀t ∈ (t, t+ ε), ut(p) =

{

ũ1t if A(p) is realized

ũ2t otherwise.

In short, we use control u1 with probability p and control u2 with probability (1− p),
after a small delay during which we observe the Brownian motion, in order to decide
which control to use. We claim that there exists a constant C > 0 independent of p
which is such that:

E
[

g(X
t,x,u(p)
T )

]

≥ pz1 + (1− p)z2 − C
√
ε, (5.5)

E
[

φ(X
t,x,u(p)
T )

]

≤ pE[φ(Xt,x,u1

T )] + (1− p)E[φ(Xt,x,u2

T )] + C
√
ε. (5.6)

We will prove these estimates later. Let us set pε =
1
2 − C

√
ε/(z2 − z1). Then,

E
[

g(X
t,x,u(pε)
T )

]

≥ 1

2
(z1 + z2),

E
[

φ(X
t,x,u(pε)
T )

]

≤ 1

2

(

E[φ(Xt,x,u1

T )] + E[φ(Xt,x,u2

T )]
)

+O(
√
ε).

To the limit when ε ↓ 0, we obtain that V (t, x, z) ≤ 1
2

(

E[φ(Xt,x,u1

T )] + E[φ(Xt,x,u2

T )]
)

,
and the result follows by minimizing the r.h.s. of the previous inequality.

Now, let us prove estimate (5.5), the proof of (5.6) being similar. First,

E
[

g
(

X
t,x,u(p)
T

)]

= pE
[

g
(

X
t+ε,Xt,x,u0

t+ε ,ũ1

T

) ∣

∣

∣
Ap

]

+ (1− p)E
[

g
(

X
t+ε,Xt,x,u0

t+ε ,ũ2

T

) ∣

∣

∣
Āp

]

.

Then, since g is Lipschitz,

E

[

g
(

X
t+ε,Xt,x,u0

t+ε ,ũ1

T

) ∣

∣

∣
Ap

]

= E
[

g
(

Xt+ε,x,ũ1

T

)]

+O
(

E
[

X
t+ε,Xt,x,u0

t+ε ,ũ1

T −Xt+ε,x,ũ1

T

])

= E
[

g
(

Xt+ε,x,ũ1

T

)
∣

∣Ap

]

+O
(

E
[

|Xt,x,u0

t+ε − x|
])

= E
[

g
(

Xt,x,u1

T−ε

)]

+O(
√
ε) = E

[

g
(

Xt,x,u1

T

)]

+O(
√
ε).

These last estimates follow from classical a priori estimates for stochastic differential
equations, themselves consequences of Gronwall’s lemma and Itô’s isometry. A similar
estimate holds for u2 and (5.5) follows.

Remark 23. 1. This result does not cover the case of chance-constrained problems
when g = 1R+ ◦ h. Proving the convexity (or the non-convexity) in this case is
still an open question to us.

2. The notion of relaxed controls can naturally be defined for continuous-time prob-
lems. If g is Lipschitz, relaxing does not modify the value function.
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5.2 Numerical scheme

Numerical schemes for unconstrained stochastic optimal control problems consist ba-
sically in a consistent discretization of the stochastic differential equation, so that the
resulting scheme is stable, monotonic, and consistent in the sense of [2]. We use the
same approach here.

For all m ∈ N, for all family (xi)i=1,...,m+1 in R
n, we say that the convex envelope T

of the set {x1, ..., xm+1} is a non-degeneratem-simplex if the family (x2−x1, ..., xm+1−
x1) is linearly independent. The points x1,...,xm+1 are then called vertices (of the
simplex T ).

Let us fix NT ∈ N
∗, let δt = T/NT . Let NX ∈ N

∗, let S = (xi)i=1,...,NX
be a

family in R
n, let X = conv(S). Let T = (Ti)i=1,...,N be a family of n-simplices with

vertices in {x1, ..., xNX
}, this family is called triangulation if X = ∪N

i=1Ti, and for all
1 ≤ i < j ≤ N , if Ti∩Tj is non-empty, then is a non-degenerate m-simplex with m < n
and with all its vertices in the set of vertices of Xi and Xj.

For all x ∈ X, there exist a unique K(x) ∈ N
∗ and two unique families

(i1(x), ..., iK(x)(x)) and (α1(x), ..., αK(x)(x)) (5.7)

in resp. {1, ..., NX} and (0, 1], which are such that

x =

I(x)
∑

j=1

αj(x)xij(x),

I(x)
∑

j=1

αj(x) = 1, i1 < ... < iI(x), (5.8)

and such that there exists l for which {xi1(x), ..., xiI(x)(x)} ⊂ Tl. To alleviate the nota-

tions, we denote: yj(x) = xij(x).
Finally, we discretize the SDE with a controlled Markov chain which is very close

to the one studied in the previous sections, except that now, the set of random events
I is a function of x and u, and the corresponding probabilities are also functions of x
and u:































F̃ (x, u, i) =

{

PX(x+ f(x, u)δt+ σi(x, u)
√
δt), for i = 1,...,d,

PX(x+ f(x, u)δt− σi−d(x, u)
√
δt), for i = d+ 1,...,2d,

I(x, u) = {(i, j) | i = 1, ..., 2d, j = 1, ...,K(xi)},
F (x, u, i, j) = yj(F̃ (x, u, i)),

p(x, u, i, j) = αj(F̃ (x, u, i))/(2d),

(5.9)
where PX is the projection on X. Observe that |I(x, u)| ≤ 2d(n + 1).

Remark 24. 1. This approach suffers from the curse of dimensionality, since NX

increases exponentially with n for a good discretization of Rn.

2. The theoretical results proved in the previous sections remain true, even if the
dynamics F and the probabilities p depend on x and u.

3. The control space must be discretized, in order to solve the dynamic programing
principles.
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6 Numerical experiments

In this section, we present some numerical results for the following problem:

V0(x, z) =
1

T
inf
u∈U0

E

[

∫ T

t
u2sds

]

, subject to: P[X0,x,u
T ≥ 0] ≥ z, (6.1)

with the dynamics dXt = utdt+dWt, ut ∈ U := [0, 1]. The problem is discretized with
the following parameters:

• T = 10, δt = 0, 5, NT = 20,

• U = {0; 0, 1; 0, 2; ...; 1},

• S = {−20;−19; ...; 20}, X = [−20, 20], (Ti)i=1,...,40 = {[−20,−19], ..., }.

The value function of the discretized problem is denoted by V̄t(x, z), for t = 0; 0, 5;
...; 10, x ∈ S, z ∈ [0, 1].

Boundaries The boundaries of the discretized problem Z̄−
t (x) and Z̄+

t (x), as well
as the corresponding costs can be easily computed, since they are reached for the
constant control strategies resp. equal to 0 and 1. The boundaries of the continuous-
time problem are given by the following formulas:

Z+
t (x) = supu∈Ut

P
[

Xt,x,u
T ≥ 0

]

= 1√
2π

∫

x+T−t√
T−t

−∞ e−θ2/2dθ, V +
t (x) = (T − t),

Z−
t (x) = sup {z |V −

t (x, z) = 0} = 1√
2π

∫

x√
T−t

−∞ e−θ2/2dθ, V −
t (x) = 0.

Figure 1 represents the boundaries Z̄−
t (x), Z−

t (x), Z̄
+
t (x) and Z+

t (x) (resp. in dark
blue, green, black, and blue).

Figure 1: Boundaries (at time 0).

Comparison of the two approaches A representation of V̄0(·, ·) is shown on figure
2. The bold lines correspond to the boundaries Z̄−

0 and Z̄+
0 . The problem is infeasible

in the dark area. Observe that for x < −5, the problem is infeasible, except for small
values of z. To the contrary, when x > 5, the value of the problem is 0, except for high
values of z.
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Figure 2: Value function (at time 0).

Dynamic programming

1/δz Error Time

50 0,63 2,2
100 0,361 3,9
250 1,72.10−1 9,3
500 8,91.10−2 20
1000 4,74.10−2 50
2 500 1,96.10−2 193
5 000 9,81.10−3 637
10 000 5,4.10−3 2 130
25 000 2,32.10−3 11 500
50 000 1,25.10−3 43 500

Lagrange relaxation

K Error Time

10 1,58 8,19
25 1,07 17,2
50 5,06.10−1 33,8
100 1,54.10−1 60,5
250 2,72.10−2 151
500 7,33.10−3 295
1 000 1,75.10−3 584
2 500 2,92.10−4 1 460
5 000 5,66.10−5 2 900
10 000 0 5 820

Table 1: Error and computation time for the two approaches.

The variant of the approach by dynamich programming has been tested; our prob-
lem has 4 random events, at each time step (2d(n + 1), with d = n = 1), which can
be represented in a tree of heigth 2. The original method (without the tree represen-
tation) has been discarded, considering its complexity (O(δz−4)) with respect to δz.
The problem has been solved for various values of δz.

The lower estimate V̌0(x, z) of the relaxed value function has been computed for
the fixed value Λ = 100 and various values of K. We have observed that for the values:
δz−1 = 5.104, and K = 104, the error, measured as an L1-norm (on the domain of the
functions) is very small:

‖V DP2
0 (·, ·) − V̌0(·, ·)‖1 ≈ 1, 25.10−3. (6.2)

Remember that V DP2
0 (·, ·) ≥ V̄0(·, ·) ≥ V̌0(·, ·). This means that for this problem, the

duality gap is very small. We have therefore used V̌0(·, ·) as a reference value function
for the measure of the error in table 1. The time is measured in seconds, the error
is the L1-norm at time 0. The time required for the dynamic programming approach
(resp. the approach based on Lagrange relaxation) are approximately:

2.10−5δz−2 (resp. K(4, 4.10−4 + 1, 2.10−5δz−1)).
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The constant 4, 4.10−4 corresponds to the time needed to compute once the conjugate
value function. This time is negligible for δz < 0, 05.

Conclusion On this academic example, both methods are tractable, but the ap-
proach based on Lagrange relaxation is obviously more efficient. As we already men-
tioned, this approach has a certain number advantages:

• it is much easier to program (and can be vectorized), and many different ap-
proaches (not necessarily based on the discretization of the SDE) from the lit-
terature can be used

• the strategy for finding the suitable values of λ can be improved

• the computation of the conjugate value function can be parallelized, for different
values of λ.

As a future work, this study coud be extended to the case with several constraints, and
some error estimates for continuous-time problems could be derived, at least when g
is regular enough.

A Appendix: generalities on Lagrange relaxation

A.1 First definitions

This section is a short introduction to some notions of convex analysis [15] and Lagrange
relaxation [10, Chapter XII]. The notations that we use here are independent of the
article. Let V : z ∈ R 7→ R∪{+∞}. We denote by V ∗ its Legendre-Fenchel transform,
defined for all λ ∈ R by

V ∗(λ) := sup
z∈R

{

λz − V (z)
}

. (A.1)

The function V ∗ is convex and lower semi-continuous and if z 7→ V (z) is nondecreasing,
which is the case for the considered functions in the article, then V ∗(λ) = +∞, for all
λ < 0. By definition, for all z and λ,

V (z) + V ∗(λ) ≥ zλ. (A.2)

The subdifferential ∂V is the multimapping, possibly empty, defined for all z ∈ R by

∂V (z) := {λ ∈ R : V (z′)− V (z) ≥ λ(z′ − z), ∀z′ ∈ R}. (A.3)

It is easy to check that for all z and λ,

V (z) + V ∗(λ) = zλ⇐⇒ λ ∈ ∂V (z) ⇐⇒ z ∈ ∂V ∗(λ) =⇒ V (z) = V ∗∗(z), (A.4)

where V ∗∗ is the Legendre-Fenchel transform of V ∗, also called biconjugate of V . Fi-
nally, we denote by conv(V ) the convex envelope of V , defined as the greatest convex
function smaller than or equal to V . We denote by conv(V ) the l.s.c. convex envelope
of V , defined as the greatest lower semi-continuous convex function smaller or equal
than V . It is easy to check that conv(V )∗ = conv(V )∗ = V ∗. By the Fenchel-Moreau-
Rockafellar Theorem, if conv(V ) is proper (that is to say, if for all z, conv(V )(z) > −∞
and if for at least one z, conv(V )(z) < +∞), then

conv(V ) = V ∗∗. (A.5)
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A.2 Duality

Let us consider now an abstract family of optimization problems:

V (z) := inf
x∈S

f(x) s.t. g(x) ≥ z, (A.6)

where S ⊂ R
k is a given non-empty set, with k ∈ N

∗ and where the functions f : S → R

and g : S → R are given. The function V is called value function. Equivalently,

V (z) = inf sup
x∈S λ≥0

{

f(x)− λ(g(x)− z)
}

. (A.7)

Let us compute the Legendre-Fenchel transform of V . Let λ ≥ 0, then

V ∗(λ) = sup
z∈R

{

λz − inf
x, g(x)≥z

f(x)
}

= sup
x,z:

z≤g(x)

{

λz − f(x)
}

= sup
x

{

λg(x) − f(x)
}

= − inf
x

{

f(x)− λg(x)}. (A.8)

Since V is nondecreasing, for all λ < 0, V ∗(λ) = +∞. We call penalized problem the
minimization problem in (A.8). By (A.8), V ∗∗ is obtained by inverting the operators
inf and sup in (A.7):

V ∗∗(z) = sup inf
λ≥0 x∈S

{

f(x)− λ(g(x) − z)
}

. (A.9)

Lemma 25. Let λ ≥ 0, let x ∈ S, let z = g(x). Then,
{

x is a solution to (A.6) and λ ∈ ∂V (z)
}

⇐⇒
{

x is a solution to (A.8)
}

. (A.10)

In this case, λ ∈ ∂V (z), z ∈ ∂V ∗(λ), and V (z) = V ∗∗(z).

Proof. Let us assume that x is a solution to (A.6) and that λ ∈ ∂V (z). Then, by (A.4),

V ∗(λ) = −(V (z)− λz) = −(f(x)− λg(x)),

therefore, x is a solution to (A.8). Let us assume now that x is a solution to (A.8).
Let x′ be such that g(x′) ≥ z. Then,

f(x′) ≥ f(x) + λ(g(x) − g(x′)) ≥ f(x),

which proves that x is a solution to (A.6). The last statement of the lemma is a direct
consequence of (A.4).

The following lemma and figure 3 explain how to derive a lower and an upper
estimate of V ∗∗ by solving the penalized problem. We give a bound for the maximal
error generated by these estimates.

Lemma 26. Let 0 ≤ λ1 < λ2, let x1 and x2 in S, let z1 = g(x1) and z2 = g(x2).
We assume that x1 and x2 are solutions to (A.8) for resp. λ = λ1 and λ = λ2. Then,
z1 ≤ z2. Moreover, as illustrated on figure 3 (on the left),

V ∗∗(z) ≥ V̌ (z) := max
i=1,2

{

λi(z − zi) + V (zi)
}

, ∀z ∈ R, (A.11)

V ∗∗(z) ≤ V̂ (z) :=
(z − z1)V (z2) + (z2 − z)V (z1)

z2 − z1
, ∀z ∈ [z1, z2]. (A.12)

Finally, an upper bound of V̂ − V̌ on [z1, z2] is:
(

λ2 −
V (z2)− V (z1)

z2 − z1

)(V (z2)− V (z1)

z2 − z1
− λ1

) z2 − z1
λ2 − λ1

≤ 1

4
(λ2 − λ1)(z2 − z1). (A.13)
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Figure 3: Lower and upper estimates of V ∗∗

Proof. Observe first that

f(x1)− λ1g(x1) ≤ f(x2)− λ1g(x2), f(x2)− λ2g(x2) ≤ f(x1)− λ2g(x1).

Summing these two inequalities, we obtain that

(λ2 − λ1)g(x1) ≤ (λ2 − λ1)g(x2),

which proves that z1 ≤ z2. By lemma 25, x1 and x2 are solutions to (A.6) with
resp. z = z1 and z2 and λ1 ∈ ∂V ∗(z1), λ2 ∈ ∂V ∗(z2) and V (z1) = V ∗∗(z1) and
V (z2) = V ∗∗(z2). The upper estimate on V ∗∗ follows, since V ∗∗ is convex. By definition
and by lemma 25,

V ∗∗(z) ≥ λ1z − V ∗
1 (λ1) = λ1(z − z1) + V (z1), (A.14)

and the same holds with λ2 and z2; this proves the lower estimate.
We give a geometrical proof of (A.13), illustrated by figure 3 (on the right). On

this figure, the coordinates of points I1 and I2 are resp. (z1, V (z1)) and (z2, V (z2)).
The bold lines D1 and D2 correspond to the lower estimate of V ∗∗, their slopes are
resp. λ1 and λ2. The upper estimate is the segment [I1, I2]. The greatest gap between
the lower and the upper estimate is given by e.

The line D′
2 is the parallel to D2 passing by I1. Finally, the points A and B are

the intersections of resp. D′
2 and D1 with the vertical axis passing by I2. Note that

AB = (λ2 − λ1)(z2 − z1). Let us set α = BI2
AB . We have α ∈ [0, 1] and e = α(1−α)AB.

The value of α is given by

α =
1

λ2 − λ1

(V (z2)− V (z1)

z2 − z1
− λ1

)

. (A.15)

The first inequality in (A.13) follows, and the second one follows from the inequality:
α(1− α) ≤ 1/4 for all α ∈ [0, 1].

A.3 Relaxation

We finish this section with two equivalent relaxed formulations of problems (A.6). We
assume now that

V (−∞) := lim
z→−∞

V (z) > −∞. (A.16)
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This is equivalent to assume that the unconstrained problem infx∈S f(x) has a finite
value. The value function V being non decreasing, it is thus bounded from below, and
so is its convex envelope. Moreover, since V is non decreasing, its domain {z |V (z) <
+∞} is an interval of the form (−∞, z̄) or (−∞, z̄], therefore the convex envelope has
the same domain.

Let us fix a random variable ξ, of uniform law on [0, 1]. We denote by M(S, ζ)
the space of random variables with value in S and measurable with respect to ζ. We
introduce a new family of optimization problems, that we call relaxed problems, with
value V r(z):

V r(z) := inf
X∈M(S,ζ)

E
[

f(X)
]

s.t. E
[

g(X)
]

≥ z. (A.17)

This family is linked to the family of problems (A.6). Instead of taking one decision
x, we are allowed to make depend the decision on ζ, and the constraint must only be
satisfied “in expectation”.

Lemma 27. The relaxed value function V r is the convex envelope of V :

V r = conv(V ). (A.18)

Proof. Let z be such that conv(V )(z) < +∞. By Carathéodory’s theorem,

conv(V )(z) = inf
z1,z2,α∈[0,1]

αz1+(1−α)z2=z

αV (z1) + (1− α)V (z2).

Let z, let ε > 0, let z1 ∈ R, z2 ∈ R, α ∈ [0, 1], x1 ∈ S, x2 ∈ S be such that

z = αz1 + (1− α)z2,

αV (z1) + (1− α)V (z2) ≤ conv(V )(z) + ε/2,

f(x1) ≤ V (z1) + ε/2, g(x1) ≥ z1,

f(x2) ≤ V (z2) + ε/2, g(x2) ≥ z2.

We set: X = x1 if ζ ∈ (0, α), x2 otherwise. The variable X is feasible for (A.17) and
therefore, V r(z) ≤ conv(V )(z) + ε. Passing to the limit, we obtain that V r ≤ conv(z).

Let z ∈ R be such that V r(z) < +∞, let ε > 0, let X be an ε-solution of (A.17).
Let Z be the real random variable defined by Z = g(X). Then,

conv(V )(z) ≤ E
[

V (Z)
]

≤ E
[

f(X)
]

≤ V r(z) + ε.

Passing to the limit, we obtain that conv(V ) ≤ V r and finally the equality.

Lemma 28. Let z ∈ R, let X be a relaxed optimal solution to problem (A.17). Let Z
be a real random variable, adapted to ξ and such that

E
[

Z
]

≥ z and Z ≤ g(X) almost surely. (A.19)

Then, X is a solution to the problem (A.6) with the level z = Z almost surely. More-
over, if λ ∈ ∂V r(z), then λ ∈ ∂V (Z) and X is a solution to the penalized problem
(A.8) almost surely (that is to say, V ∗(λ) = −(f(X)− λg(X)) almost surely).
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Proof. Let us prove the first part of the lemma. First, by lemma 27,

E
[

f(X)
]

= V r(z) = conv(V )(z) = conv(V )(E
[

Z
]

) ≤ E
[

V (Z)
]

. (A.20)

Moreover, V (Z) ≤ f(X) almost surely, since Z ≤ g(X) almost surely. Combined with
(A.20), it follows that f(X) = V (Z) almost surely. Note that it follows also that
V r(z) = E

[

V (Z)
]

.
Let us prove the second part of the lemma. Let λ ∈ ∂V r(z), using the fact that

V r,∗ = V ∗, we obtain that

E
[

λZ − V ∗(λ)
]

≥ λz − V r,∗(λ) = V r(z) = E
[

V (Z)].

Since λZ − V ∗(λ) ≤ V (Z), we obtain that λZ − V ∗(λ) = V (Z) almost surely and
therefore that λ ∈ ∂V (Z) almost surely. Finally, X is a solution to the penalized
problem almost surely by lemma 25.

Let us denote now by P(S) the set of probability measures on S. With a similar
proof to the one of lemma 27, we can show that

V r(z) = inf
µ∈M(S)

∫

S
f(x)dµ(x) s.t.

∫

S
g(x)dµ(x) ≥ z. (A.21)

Instead of taking one decision, we are allowed to take several decisions simultaneously.
The cost function and the constraint are now linear with respect to the new optimiza-
tion variable µ.

When V r is lower semi-continuous and such that V r(z) > −∞, for all z, then it is
equal to V ∗∗. This means that it can be computed with a dual approach, motivated
by lemma 25, and that error estimates can be derived with lemma 26. Note that we
need the existence of optimal solutions to the penalized problems.
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