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LOCAL MINIMIZATION ALGORITHMS FOR DYNAMIC
PROGRAMMING EQUATIONS

DANTE KALISE*, AXEL KRONER', AND KARL KUNISCH?

Abstract.

The application of the dynamic programming principle in continuous-time optimal control prob-
lems leads to nonlinear Hamilton-Jacobi-Bellman equations which require the minimization of a
nonlinear mapping over the set of admissible controls. In the context of the numerical approxima-
tion of such equations, this minimization is often performed by comparison between a finite number
of elements of the control set. In this paper we demonstrate the importance of an accurate realization
of these minimization problems and propose algorithms by which this can be achieved effectively.
The considered class of equations includes nonsmooth control problems with ¢ penalizations.

Key words. dynamic programming, Hamilton-Jacobi-Bellman equations, semi-Lagrangian
schemes, first order primal-dual methods, semi-smooth Newton methods

AMS subject classifications.

1. Introduction. Since its introduction by Bellman in the 50’s, dynamic pro-
gramming has become a fundamental tool in the design of optimal control strategies
for dynamical systems. It characterizes the value function of the corresponding op-
timal control problem in terms of functional relations, the so-called Bellman and
Hamilton-Jacobi-Bellman (henceforth HIB) equations. We begin by briefly recalling
this setting in the context of infinite horizon optimal control.

We make the following assumptions. We equip R™ for n € IN with the Euclidean norm
[l - |l2. Furthermore, let

I R? x R™ — R, |f(z,u) — f(y,u)| < wrllz -y,
R R™ 5 R, [z, u) — Uy, u)| < wrlz —yl2,

(1.1)
for z,y € R? with ||z — y[l2 £ R and modulus wg: [0,00) — [0,00) satisfying
lim, g+ wr(r) = 0 of polynomial growth (cf. Ishii [9]), d,m € IN. Let the dynamics
be given by

(1.2) { y(t) = f(y(t), u(t)),

for t > 0, where * € R and u € U = {u: Ry — U measurable}, U C R™ compact.
We introduce the following cost functional J : U/ — R

J(u) = /000 I(y(s),u(s))e ds, A>0,
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where y is the solution of (1.2) depending on = and u. By the application of the
dynamic programming principle, the value function

v(x) = qirelzg J(u)

is characterized as the viscosity solution [3, Chapter 3] of

Mo(z) + sup{—f(z,u) - Vo(z) — l(z,u)} =0, zcR%L
uelU

There exists an extensive literature concerning the construction of numerical schemes
for HIB equations (citations). In particular, semi-Lagrangian methods are broadly
used schemes to solve HJB equations arising in optimal control problems, see, e.g.,
[8]. We illustrate the basic steps in the formulation of a semi-Lagrangian schemes for
our model problem.

The construction of a first-order semi-Lagrangian scheme begins by considering
an Euler discretization of the system dynamics with time step h > 0

{y"“ =y + hf(y"u"),

0
Yy =7z,

for n € N, z € R%, and controls u”™ € U. Then, the application of the discrete-time
version of the dynamic programming principle leads to the Bellman equation

v(z) + 81618{—(1 — A)v(x + hf(z,u)) — hl(z,u)} =0, =R

To discretize this equation in space we introduce a bounded domain Q = [a,b]? C R,
a,b € R, where we define a regular quadrangular mesh with N nodes and mesh
parameter k. We denote the set of nodes by Q; C 2. Let the discrete value function
let be defined in all grid points, V := {v(z)},eq,. However, note that x + f(z,u)
for z € €y is not necessarily a grid point, and therefore the value function has to
be evaluated by interpolation which is chosen as a linear one here. The interpolant
I['](x) is defined on the basis of the dataset V. The resulting fully linear scheme then
reads

(1.3) V(z) = rurglr]l{(l — A)I[V](z+ hf(z,u)) + hli(z,u)} = G(V), z€Q,

which can be solved by a fixed point iteration given as
Vitt =g

and a given initialization V.
Finally, once the value function is computed this allows to derive a feedback control
for a given state z € R? by

u(z) € arq%érlljax{—(l = M)IV)(z+ hf(z,u)) — hl(z,u)}.

A characteristic feature of the class of HJB equations arising in optimal control
problem is its nonlinear Hamiltonian,

sup{—f(z,u) - Vo(z) — l(z,u)},

uelU



which requires a parametric maximization (minimization) over the control set U. For
its discrete analogue G(V'), a common practice in the literature is to compute the min-
imization by comparison, i.e., by evaluating the expression in a finite set of elements
of U (see for instance [1, 7, 13] and references therein). In contrast to the comparison
approach, the contribution of this paper is to demonstrate that an accurate realization
of the min-operation on the right hand side of (1.3) can have an important impact
on the optimal controls that are determined on the basis of the dynamic program-
ming principle. In this respect, the reader can take a preview to Figure 4.2, where
differences between optimal control fields obtained with different minimization rou-
tines can be appreciated. Previous works concerning the construction of minimization
routines for this problem date back to to [4], where a Brent algorithm is proposed
to solve high dimensional Hamilton-Jacobi Bellman equations and to [6], where the
authors consider a fast semi-Lagrangian algorithm for front propagation problems. In
this latter reference the authors determine the minimizer of a specific Hamiltonian by
means of an explicit formula. Moreover, for local optimization strategies in dynamic
programming we refer to [12] for Brent’s algorithm and to [17] for a Bundle Newton
method.

In this article, a first-order primal-dual method (also known as Chambolle-Pock
algorithm [5]) and a semi-smooth Newton method [11, 16] are proposed within the
semi-Lagrangian scheme for the evaluation of the right hand side in (1.3). In contrast
to the minimization by comparison approach, the proposed algorithms lead for the
same CPU time to more accurate solutions. Since we preserve the continuous nature
of the control set, in some specific settings it is also possible to derive convergence
results for our minimization strategies. Furthermore, it provides a solid framework
to address challenging issues, such as nonsmooth optimal control problems with ¢!
control penalizations in the cost functional.

The paper is organized as follows. In Section 2 we begin by recasting the dis-
cretized Hamiltonian as a minimization problem explicitly depending on the control
u. In Section 3 we introduce and adapt the Chambolle-Pock and semi-smooth Newton
method for the problem under consideration, and in Section 4 we present numerical
examples studying the convergence of the schemes.

2. Explicitly control-dependent Hamiltonians. In this section we study the
numerical evaluation of the nonlinear Hamiltonian

(2.1) Lngllr}{(l = M)IV](x+ hf(z,u)) + hl(z,u)}.

This is a nonstandard minimization problem requiring the evaluation of the nonlinear
mapping v — I[V](z + hf(x,u)) which depends on the discrete dataset V' and the
system dynamics f(x,u). Therefore, a first step towards the construction of local min-
imization strategies is to recast (2.1) by assuming specific structures for I[V], f(z,u),
and [(z,u), leading to explicit piecewise linear or quadratic optimization problems.
This section is split between the treatment of the interpolation I[V](x + hf(z,u)),
and the evaluation of I(z,u). For the sake of simplicity we restrict the presentation
to the two dimensional case d = 2. Nonetheless, the presented framework can be
generalized to higher dimensions without additional difficulties..

2.1. The interpolation operator. To analyze the interpolation operator we
consider for every node x € €, the patch of four triangular sectors defined upon the
neighboring nodes, cf. Fig. 2.1. Assume that the arrival point =+ hf(z,u) for x € Qy,
u € U, is located in a triangle defined by the points = = z!, 22, and 2% in R? with
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associated values Vp, V5, and V3 as indicated in Fig. 2.1. The linear interpolation
formula then reads for a mesh point x € Qy,

(2.2) I[V](z) = cxq +das + e
with
ri w1 c Vi
(2.3) 3 23 1 d | =1 W
| e Vs

Fig. 2.1: Arrival points and related control sets.

Note that for an arrival point x + hf(x,u) sufficiently close to x € Qy, i.e.

V2

h< 7GR,
it is in general possible to know a priori in which of the four triangular sectors it will
be located. In the following we restrict the consideration to the dynamics of the form

(2.4) f(z,u) = g(x) + Bu,

for B € R™™ ie. nonlinear in the state, linear in the control. In the special
case of the Eikonal equation there is a simple correspondence between the computed
triangulars in control and state spaces, see Subsection 2.3.

REMARK 2.1. Note that in the considered case of first order approzimations the
passage from the interpolation on one triangular sector to another one is continuous.
For the first order interpolation schemes in a point x € Qy, one might also think
of considering one interpolant for a macro-cell. This could be computed by using 2¢
suitably points. However, this means to consider a grid of size 2h, which leads to less
accuracy, which is, in particular, in higher dimensions a crucial issue. Alternatively
one could consider one interpolant for the macrocell which is defined piecewise over all
the triangular sectors. However, this piecewise smooth interpolation is not convenient
for numerical optimization. As a further alternative one can resort to higher order
interpolation schemes.



2.1.1. Relation between a local subdivision in the state and control
space. Let us briefly focus on the correspondence between triangles in state space in
which linear interpolation is done and an adapted decomposition of the control space.
We assume that h > 0 is chosen such that

_ 2
(2.5) R osup |lg(z) + Bulls < %k
U

zeQd,ue

Let the rows of B be denoted by {b;}%_,. Further, let xp denote a grid point in €,
let Z C {1,...,d} be an index set with complement Z<, and define a triangle Q7 C R¢
associated to xp for the interpolation and Z by

Qr={=zp+az||z|i <k, z;>0 for i € Z, z; <0 for i € I}.
Then
Ur ={ueU|g(zp)i+bu>0 for i €Z, g(xp); + bju <0 for i € I}

has the property that x4 = xp + h(g(xp) + Bu) € Q7 for u € Uz, and 0 < h < h. In
fact, = x4 —xp = h(g(zp) + Bu), and we obtain with (2.5) that ||z|; <k, z; >0
for i € Z and x; < 0 for : € Z<. Note also that

U= |Jus

Zew

where W is the set of all subsets of index sets in {1,...,d}.

2.2. Evaluation of the cost term. Having approximated the interpolation
term of the Hamiltonian, what is left is to provide an approximation of the running
cost {(x,u). If this term is defined in a pointwise manner, this imposes no additional
difficulty. For instance, in some of the examples we shall utilize

I _ 2, T2 o2 2 T2 2

(z,u) = |lz|z+ 5 ullz =27+ 23+ 2( 1tu3).
This introduces a constant and a quadratic term in u to be added to the above
presented expressions for the interpolant (cf. (1.3)). Inserting ! into (1.3), the explicit
dependence on u reads

(2.6) V]z = II%%{HI(I, Viu,7)},
(2.7) Hz(z,V,u,I)= Jrel%an{ﬁfz[V](x + hf(z,w) + hi(z,u)},

= min {ﬁ(czul +dzus +ez)+h ($2 + 92 + 1(“% + Ug))} )

ueUz 2
_.a b i - i
(2.8) = min {—Iu% + —Iug + éruy + dzus + €7},
uelz = 2 2

B=1—Xh,ar = hy,br = hy, é = ez,
dr = Bd; ,éz = Ber + h(z* + 7).
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REMARK 2.2. For minimum time optimal control problems, the resulting semi-
Lagrangian scheme for points x € Q. will read

V]s = Héilrjl{ﬁI[V](a:—i—hf(x—ku)) +1— B}, where B=e"", 1z Q,

see [8], and the Hamiltonian takes the simplified form

Hz(z,V,u,T) = min {ézu1 + dzug + é1}.
ueUz

To evaluate the right hand side in (2.6) numerically we compute (2.7) for Z € W by
applying numerical optimization methods and then determine the minimizer on the
macrocell by comparison over the Uz.

To determine the minimizer of the right hand side in (2.8) we define

a b _ 5 -
F(u) = %u% + gzu% + ¢ruy + drus + 7.

Then the minimization problem is given by

(2.9) min F(u), ZeW.
ueUz
In particular, the following types of cost functionals are of interest for scalars
a,b,c,d,e,r,l,s € R, where a,c > 0:
1. Infinite horizon problem with quadratic control cost:

a

(2.10) Fy(ur,uz) = 5

c

u% + buius + §u§ + duy + eus + 7.
The functional is smooth and convex if ac — b > 0.

2. Minimum time problem:

(2.11) Fyr(ug,us) = bujug + duy + eus + 7.

The functional is non-convex if b # 0 but smooth.
3. Minimum time/Infinite horizon problem with L!-control cost:

(2.12) Py (un, ug) = alug | + buyus + clug| + duy + eug + 1.

The functional is non-convex if b # 0 and non-smooth.
4. Infinite horizon problem with L2- and L'-control cost:

a c
(2.13)  Fin(uy,u2) = Eu% + l|us| + buyug + §u§ + slus| + duy + eug + 7.

The functional is convex if ac — b?> > 0 and non-smooth.

REMARK 2.3. IfU is compact all four functionals allow a minimum. If ac—b* > 0
it is unique for (2.10) and (2.11). For a discussion of optimal control problems of
dynamical systems for functionals (2.12) and (2.13) we refer to [2, 14].

REMARK 2.4. The term bujus naturally arises when bilinear interpolants are
constructed over quadrangular cells. For the triangular interpolation used throughout
this paper, we take b = 0.
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2.3. Special case: Eikonal dynamics. We consider the relation between the
subdivision of the state and control space in the context of minimum time problems
with Eikonal dynamics. To set up the control problem we introduce a target 7 C R™
closed, int(7) # 0, with smooth boundary and consider

inf{t € Ry : y(t,a) € T} if y(t,u(t)) € T for some t,
+o00 otherwise,

(2.14)  t(z,q) = {

where @ € U and y(-,u(-)) denotes the solution of (1.2) depending on the control.
Furthermore we assume a small-time local controllability assumption as formulated
in [8, p. 216]. The minimum time problem is defined as

T(z) = 5relgt(x,u)

and the minimum time function can be characterized as the viscosity solution of

sup {—f(, u)TVU(a:)} =1 inR\T,
(2.15) uet
v(z) =0 on T,

where R are all points in the state space where the time of arrival is finite. We
consider the dynamics

(2.16) flz,u) = < Z; ) , U={ueR?: ||luls <1}, =zeR?
which leads to an equation of Eikonal type.

For this problem we have a direct relation between the direction of the control
u and the identification of the arrival point in the state space; for instance, all the
arrival points in the first quadrant will correspond to controls belonging to the set
Upioy ={u €U [0 <up,0<up}. It is possible to express the interpolation operator
(1.3) for given node z piecewise as

(2.17) I[V](x + hf(x,u) = Iz[V](z + hf(z,u))

with 4+ hf(z,u) in quadrant Uz. For every quadrant we obtain control-dependent
formulas of the form

(2.18) Iz[V](x 4+ hf(z,u)) = czuyr + dzus + ez.

3. Algorithms for solving minimization problems of the form(2.9). To
solve minimization problems of type (2.9) we consider the following approaches:

a) Minimization by comparison over a finite subset Uspite C Uz.

b) First order primal-dual method: Chambolle-Pock algorithm, see [5].

¢) Second-order method: Two different types of semi-smooth Newton methods
depending on the smoothness of the cost functional.

d) If the functional is of type (2.11), the controls are located on the sphere or
in the origin and can be found by a classical Newton method with a suitable
chosen initialization over the parameterized sphere.

The minimization by comparison approach a) is broadly used in the literature.
It consists in choosing a finite subset Ugnite C U where the cost function is evaluated
and the minimum is selected among the corresponding values. Such a procedure in-
duces a different optimization paradigm, in the sense that the continuous nature of
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the control space is replaced by a discrete approximation. If a parameter-dependent
discretization of the control set is considered, where errors with respect to the con-
tinuous set can be estimated, the discretization has to be fine enough such that the
error is negligible compared to the errors introduced in the different discretization
steps of the overall scheme. Furthermore, accurate discretization of the control space
are far from trivial even in simple cases, as in the three-dimensional eikonal dynamics
where U = {u € R? : |ju|]| < 1}, and a spherical coordinate-based discretization of
the control introduces a concentration of points around the poles. In contrast to this
approach, we propose a series of numerical algorithms for the treatment of problems
of the form (2.9), which preserve the continuous nature of the optimization problem
at a similar computational cost.

3.1. The smooth case: Cost functionals of type (2.10) and (2.11). In this
section we consider control constraints of the type U = {u € R™ : |julls < 1}. To
solve the optimization problem for smooth cost functionals of type (2.10) and (2.11)
we present a first-order primal-dual algorithm and a semi-smooth Newton method.

3.1.1. Primal-dual algorithm. Here we assume that problem (2.9) can be
reformulated as
(3.1) min F(u) + Ix (u),

ueR’IYL

where F' is smooth, and convex and Ik (u) is the indicator function of K = Uz. This
fits in the setting presented in [5], where a primal-dual algorithm (also known as
Chambolle-Pock algorithm) is formulated, when using the same F', and by choosing
the mappings denoted by K and G in the reference by id and Ix. We recall the
algorithm in the following.

Algorithm 1: Chambolle-Pock algorithm
Data: Choose n =0, 7> 0,0 >0,7> 0,9 €[0,1], (uo,yo) € R™ x RY,
Ug = UQ-
repeat

Update 41 = (Yn+1, Un+1,Unt1) as follows

Ynt1 = (I + UaF*)il(yn + oy,
Up+1 = (I + TaG)_l(un - Ty’n,—‘,-l))

Up+1 = Upt+1 + 7-9(un+l - un)
Setn=mn+1.
until ||z, — Tp—1||Rdxrm xrm < 7

From identities from convex analysis, see [15], we have

(3.2) (I+710G)" (y) = argmin{M + IK(U)} = Pk(y),
u€Rm T
(3.3) w— (I+70F)  (u) =1 <I+ %w*)l (g)

where Py denotes the projection on K. From (3.3) we have with o = 1

(I +0dF") " (ou) = ou—o (I + %8F>1 (),



and hence

1, \"'/1
(I 4+ 00F*) " (u) zu—U(I+—8F> (—u) .
o o
In the case Z = {1, 2} the projection Pk is given by

max(0, p)
max(1, || max(0,p)]l2)

(34) PKiRm%Rm, PK(p):

This leads to Algorithm 2.
Algorithm 2: Chambolle-Pock algorithm (variant)

Data: Choose n =0, 7> 0,0 >0, 7> 0,9 € [0,1], (ug,yo) € R™ x RY,
Uy = UQ-

repeat

Update 41 = (Yn+1, Un+1,Unt1) as follows

1 "
Yni1 = Yn + Olin — o(I + ;aF)*l(% + ),

Up+1 = PK(un - Tyn+1)7
Up+1 = Upt1 + 7-9(un+l - un)

Set n =n+ 1.
until ||z, — Tn_1||gaxrmxrm < 05

If (I + 20F)~! is linear, the first step can be reformulated as

1 W
ni1 = (I +=0F) 9P (L +a,).
ag g

REMARK 3.1. Since the cost functional has only quadratic and linear terms it is
more convenient to use a linear interpolant rather than a bilinear one in the semi-
Lagrangian scheme, since it does not produce any bilinear terms. If F' has a bilinear
term it is very challenging to compute (I + %GF)_l in higher dimensions, since then
OF depends nonlinearly on u.

3.2. Semi-smooth Newton method. The Chambolle-Pock algorithm is a first
order algorithm which requires convexity of the functional. We refer to [18] for an
extension to a class of non-convex problems. As a second algorithm that we propose
we turn to the semi-smooth Newton method which does not rely on global convexity.
We recall some main aspects of semi-smooth functions, cf. [16].

DEFINITION 3.2 (Semi-smoothness). Let V C R* be nonempty and open, u € IN.
Then function f: V — RM is semismooth at x € V if it is Lipschitz continuous near
x and if the following limit exists for all s € R, v € IN:

lim Md.
Meaf(m+7—d)d—>s,‘r—»0+

Furthermore, there holds the following chain rule.

LEMMA 3.3 (Chain rule). Let V.C R¥ and W C RY be nonempty open sets,
g: V.= W be semismooth at x € V, and h: W — R", n € IN, be semismooth at g(x)
with g(V) C W. Then the composite map f := hog: V — R" is semismooth at x.
Moreover,
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To set up a semi-smooth Newton algorithm for (2.9) we proceed as follows. For
simplicity, we focus on the case Z = {1,2}. The first-order optimality condition for
cost functionals of type (2.10) and (2.11) can be formulated as

(3.5) u= Pg(u—9VF(u)) V>0

for u € R™, F = Fy or F = Fyr with projection Pk as in (3.4). We introduce
p =y —9VF(y) and choose ¥ such that 9V F(u) is of the same scale as y and rewrite
(3.5) as

u—9VF(u)—p=0.
Setting 8 = max(1, || max(0,p)||2) we define

Bu — max(0, p)
E(u,p,B8) = u—9VF(u)—p
B —max(1, || max(0,p)||2)

Now the optimality condition can be formulated as
E(z)=0

with z = (u,p,). Then we set up a semi-smooth Newton method with dx =
(du, dp, ) as presented in Algorithm 3.

Algorithm 3: Semi-smooth Newton algorithm

Data: Choose n = 0, initialization zg € Uz x R™ x R, n > 0.

repeat

Solve the Newton equation

5’”’[ DXPn20 yn
(3.6) DE(z,) = | L —9V?F(un) ~1 0 |62=-E(zn)

_pzDXp,, >0
0 Xm,>1 Tin — 1

(with matrix D, ., = diag(xp,>0) and m,, = || max(0,py)||2)-
Update
(3.7) Zn41 = zn +0z.
Setn=mn+1.

until ||z, — zp—1||Rmxrm xR < 75

We address solvability of (3.6).
LEMMA 3.4. Set M = I — 9V?F(u,) and we set ¢ = max(0,q) for ¢ € R™.
The Newton matriz is reqular if one of the following two conditions is satisfied:

1. my <1: B, #0, (ﬁMDxanO + I) reqular.
2. mp >1: 6, #0,

1
(3.8) I—- ﬁ_M reqular
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+
and {—min(pﬂT(I - ﬁM"’)_1 (—M"’%—’Z +ﬁ+)) + 1} # 0.
REMARK 3.5. For 3, =~ 1 condition (3.8) is closely related to the regularity of
the Hessian of F'. Moreover, if we set K = sup,cy,, ,, |V2F (u)|| and assume that 3,

are bounded away from 1, i.e. B, > k > 1. Then the choice ¥ < % implies (3.8).
Proof of Lemma 3.4. The two cases are considered separately. For m,, < 1 the
Newton-Matrix is given by

ﬁnl Dxpnzo Up,
DE(z)=|M =1 0
0 0 1

Bnd Dxpn>0> and hence

The regularity of the matrix follows from the regularity of ( M o

of (£MDy, 20+1).
For m,, > 1 the Newton-matrix is given by

BnI DXPnZD Un

DE(z,) = | M -1 0
0 —(51+)T

and leads to the Newton equations

(3.9) Brnbu — dp* + 6Buy, = 21,

(3.10) Mbu — op = 2o,
1

(3.11) ——") " opt +68 =12

n

for suitable 21, 2o € R™, 23 € R independent of (du, dp, d3). From the first and second
equations we obtain

—%M(dp*’ — 0Bun) +0p = 24

for z4 € R™. Without loss of generality we assume that the components of dp =
(6pT,8p~) are ordered with respect to active and inactive sets. Then we have

Lo rHyso+ 4 Uy
(3.12) (I — 5_M )op™ + 08M 5— =24
and hence
1 -1 YUy
(3.13) dpt =681 — 5_M+) (—M 5— + 2 ) .

With (3.11) we obtain

n
(3.14) {—i(pﬂT(I - iMﬂ*l <—M+£ + z;{)) + 1} 58 = B.

mn n 671
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THEOREM 3.6. Let @ be a strict local minimizer of (2.9). Under the assump-
tions of Lemma 3.4 the semi-smooth Newton method converges locally superlinearly
or terminates after a finite number of steps at u.

Proof. The operator E is semi-smooth and is as a composition of Lipschitz contin-
uous functions again Lipschitz continuous. Furthermore from Lemma 3.4 we obtain
the boundedness of the inverse derivative in a neighbourhood of .

Consequently, the assertion follows from [16, p. 29] and [10, p. 220, Thm. 8.3]. O

3.3. Approach for cost functionals of type (2.11). To treat the problem
(2.9) for cost functionals of type (2.11) we present an alternative approach. We show
that all possible minimizers are located on the sphere or in the origin; cf. also the
discussion in [6] where a linear functional is considered. To minimize over the sphere
we parameterize the sphere by polar coordinates and consider the restriction of the
functional on the sphere. There the minimizer can be found by applying a classical
Newton method.

LEMMA 3.7. For control problems (2.9) with cost functional (2.11) for r =0 all
minimizers are located either on the sphere or in the origin.

Proof. For simplicity we consider the case (2.9) for d = 2 and Z = {1,2}. Let
F(u) = duy + bujus + euz, u € R?, d,b,e € R. Then we have

VF(u) = (Cel Lﬁﬁ) . VPE(u) = (2 g) .

This implies, we have for b # 0 a saddle point with eigenvalues +1 in

€ L9
ba 2 — .

b

Uy = —

For b = 0 the minimum is reached in v = (0,0)”. Consequently, all minimizers are
on the boundary of Uy, 23. However, since the restriction of the bilinear functional
to the axes is linear the assertion follows immediately. O
In two dimensions the functional F' restricted to the sphere is given by
~ b . ) T
F(p) = acos(y) + 5 sin(2p) + csin(p), 0<p< 2.
3.4. The non-smooth case: Cost functionals of type (2.12) and (2.13).
In this section we consider two types of control constraints, box constraints as well as
Fuclidean constraints. Finally, we also present a splitting approach. methods.

3.4.1. Semi-smooth Newton in case of Euclidean norm constraints. In
this section we restrict the consideration to equations of Eikonal type and present
the approach for a two dimensional problem, therefore the control set is given by
U ={ueR?:|ulz2 <1}. Let us consider the equivalent problem formulation

(3.15) 3&}1@% E(u) + h(u),

where E: R? — R is smooth and

h(u) = { a(lu| + uzl), if uwe Us,

(3.16) 00, if u ¢ Uz.

The optimality condition for the nonsmooth problem (3.15) is given by
0 € VE(u) + 0h(u),
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where Oh denotes the subdifferential. of the convex function h Setting ¢ = —VE(u)
the optimality condition can be equivalently written as

= —VE(u),
(3.17) 1 ()
q € Oh(u).
With the convex conjugate we obtain equivalently
= —VE(u),
(3.18) ¢=~VE(u)
u € 0h*(q),

with

W(g) = sup (v-q = h(v)).

Note that on Uz

v-q—h(v) = (@1 — ar)v + (g2 — az)va
with
(3.19) ap =sgn(Lly)a, oo =sgn(Lq)a
and

(3.20)

I 1, ifZ={1,2} or T = {1}, I — 1, ifZ={1,2} or I = {2},
YT -1, T ={2}or T =10, 2T —1, fZ=0or I ={1}.

For fixed ¢ and v € Uz we define

l(v) = (@1 — ea)vr + (g2 — 2)va.
The sup of this linear function is attained on 0Uz. We distinguish four cases
sgn(qr — o) #sgn(L1) A sgn(ge — ag) #sgn(Le) = hi, 1,(q) =0,
A sgn(qz — az) #sgn(Lla) @ hi, 1,(¢) =q —a,
A sgn(ge — az) =sgn(La) : hi, 1,(¢) =g —«a,
A sgn(gqz — az) =sgn(La) :
h1,.1,(q) = sup(qi — a1) cosp + (g2 — az)sing

) =sgn(L1)
sgn(qn — a1) # sgn(Lq)
‘ ) =sgn(L1)

= sgn L1

pEA
with
0<p<i UI={L2),
Top<n  ifI={2},
_ 2
(3.21) A= 7T<<,0§377T if 7 =0,

I cp<or I={1}.

In the following for simplicity in the following we only consider the problem for

7 = {1,2}. From the first order condition we obtain the following relation between ¢
and

(3.22) tangp = 2% 50,
g1 — «
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Summarizing we have

(@1 —a)cosp+ (g2 —)sing, if q1,¢2 > a,

-, if g <a, >
(3.23) h*(q) _ q2 : q1 q2
07 if q1,q2 < @,
@ — ifq1>a,q <o

with ¢ given by (3.22) and for the derivative

(U}l (Q)va (q))Tv if q1, G2 > @,

0,1)T, if g1 <o, g > a,
(3.24) vt =4 Y mese

(Oa 0) ) if Q1 <a, g2 <aq,

(1,0)T, if g1 > a, g2 <.

To set up a semi-smooth Newton method we introduce a piecewise affine, contin-
uous regularization of the gradient in a e-tube around the discontinuity and define

(3.25)
(w1(q), w2(q))", if g1, g2 > a+e,
(0,17, ifgr <a, gg>a+e,
<O,q2;a>T, fqgr<a a<gp<ate,
V(h*(q). = { (0,0)7, if 1 <o, g2 <a,
(qlga,O)T, fa<g <a+e, g2 <a,
(1,0)7T, ifgr >a+e @2 <a,
S(wn (@) wa(g)", i < i, @< ga, and g - (a,0)7) <<,
where

g2 — &
g1 —«

r=|q—(a,a)], 0=tan"! ( > , and gp = e(cos(),sin(0)) + (o, a).

The semi-smooth Newton method is presented in Algorithm 4.
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Algorithm 4: Semi-smooth Newton algorithm

Data: Choose n = 0, initialization 2o = (go, uo) € R? x Uz, > 0.
repeat
Solve the Newton equation

320 (Cowran © 1) = (i )

Update

(3.27) Znt1 = 2Zn +02.

Set n =mn+ 1.
until ||z, — 2p—1||r2xr2 < 7

We can conclude the following theorem.
THEOREM 3.8. Let u € R? be a strict local minimum of (3.15). If

(3.28) I = V2E(un)d(Vh* (4n))e

is reqular for all k, the semi-smooth Newton converges locally superlinearly.
Proof. We introduce the piecewise affine function

G:R* xR* = R? xR?, G(q,u) = ((gn + VE(u), —0h™(9))- + ).

G is semi-smooth and together with condition (3.28) we get directly the regularity of
the Hessian in the Newton equation given in (3.26). From both conditions we derive
locally superlinear convergence as in Theorem 3.6. O

3.4.2. Semi-smooth Newton in case of box constraints. Now, let the con-
trol set be given by U = {u € R™ : u, < u < up} with u, <0 < up, ug,up € R% As
in the previous section, we consider a cost functional of the type

(3.29) 3&}1@% E(u) + h(u),

where F is smooth and

(3.30) h(u) = { a(lur| + |uzl), if u € Ur,

00, ifuéUsz.

Proceeding as in the previous section we distinguish four cases

sgn(qr — a1) # sgn(L1) A sgn(ge — a2) # sgn(La) © h, 1,(q) =

sgn(qi — 1) =sgn(L1) A sgn(ge — a2) # sgn(La) : hy, 1,(q) = |q1 — a1t
sgn(qr — a1) #sgn(L1) A sgn(ga — az) = sgn(La) : hLl, 2(Q) lg2 — aaluy,
sgn(q1 — 1) = sgn(L1) A sgn(ge — az) =sgn(La) : hi, 1,(q) =1 — a1fua

+ g2 — aalup
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with aq, g as in (3.19) and Ly, L as in (3.20). Further there holds

(Sgn(ql) Ug, Sgn(QQ) ub)T7 if >, g >

0,sgn U T, if g1 < > a,
(3.31) Vh*(q) = ( gT(QQ) 2 na 2

(Oa 0) ) if <o g <aq

(Sgn(Q1) Uq, O)Ta if >, g <o

for T = {1,2} and accordingly for the other cases. To set up a semi-smooth Newton
method we regularize the first component of the gradient with ramps of width ¢ at
|¢g1| = « and the second component with ramps at |g2| = «. The overall algorithm
has the same form as the semi-smooth Newton method in (3.26).

By a similar consideration as in the previous section Theorem 3.8 holds also for
the semi-smooth Newton method described above.

3.4.3. A splitting approach. To treat the cost functionals (2.12) and (2.13)
with L'-terms we can reformulate the problem without non-differentiable terms by
doubling the number of variables. This is illustrated for the two dimensional case
with two dimensional control (u,v) € Uz. For a scalar z € R we define z, =
max(0, z), z— = min(0, z) (in particular zyz_ = 0 and |z| = z4 — z_). Then problem
(2.9) with cost functional (2.13) is given by

min  au® 4 au? + w? + w? +buyvy —bu_vy — bugv_ + bu_v_
U4, U—, V4,V + +

+llug —u_) +s(vg —v_) +dur +u_) +e(vy +v_)+r, st
gi + bi <Zi - ZL_> >0,
upu_ =0, wvyv_ =0,
uy >0, vy >0, vw_>0, v_ >0,
lull3 +llvll3 < 1, w,ve Uz

with g chosen as in (2.4) and b; as the columns of B. This problem formulation can
be simplified, by distinguishing four cases depending on Z; e.g. for Uy 2y we obtain
the equivalent problem

min au? + cvl +bujvy + (I +d)uy + (s+e)vp +r, st

U,V

(332) gi + bi (Zj;) > 0; =1, 2;

U+ZO, U—I—Zov

2 2
ui +vy <L

Problem (3.32) can be solved by using algorithms of Section 3.1.

4. Numerical examples. In this section we present a set of numerical tests
aiming at studying the performance and accuracy of the algorithms presented in the
previous sections. We begin by assessing the performance of the proposed numerical
optimization routines as a separate building block.
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4.1. Preliminary tests. We consider a generic two-dimensional minimization
problem of the form

1
(4.1) grgg§IIUI|§+L'U+WIIUI|1

subject to Euclidean norm or box constraints, i.e. U = {u € R? | |lulls < 1} or
U={uecR?|0<u; <1,0<uy <1}, respectively. Results presented in Tables 4.1,
4.2 and 4.3 show the different performance scenarios found under different costs and
constraints. For every setting we can observe that the minimization by the comparison
algorithm (see Section 3) requires very fine discretizations of the control variable
(and thus, higher CPU time) to achieve similar error levels as the optimization-based
counterpart.

Algorithm Tolerance Iterations CPU time | - ||z error
Chambolle-Pock 1E-4 9 7.3E-5[s] 4.31E-5
Semi-smooth Newton 1E-4 5 1.3E-2 [s] 7.74E-9
Comparison (1E4 evaluations) - - 1.1E-3[s] 1.6E-2
Comparison (2E3 evaluations) - - 6.6E-4 [s] 4.1E-2

Table 4.1: Performance tests for an ¢2-cost (i.e. ¥ = 0) with Euclidean norm constraint.

Algorithm Tolerance Iterations CPU time || - ||z error
Semi-smooth Newton 1E-4 101 4.53E-3 [s] 1.51E-3
Comparison (4E4 evaluations) - - 5.18E-3 [s] 5.77E-3
Comparison (2E5 evaluations) - - 2.08E-2 [s] 2.80E-3

Table 4.2: Combined £2- and ¢1-cost (v = 0.1) with box constraint.

Algorithm Tolerance Iterations CPU time || - ||2 error
Semi-smooth Newton 1E-4 58 147E-2 [s] 1.23E-3
Comparison (2E3 evaluations) - - 8.56E-4 [s|] 4.18E-2
Comparison (1E5 evaluations) - - 1.20E-2 [s] 1.47E-2

Table 4.3: Combined ¢2- and ¢1-cost (v = 0.1) with Euclidean norm constraint.
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4.2. Interplay with the semi-Lagrangian scheme. Having embedded the
minimization routines within a semi-Lagrangian scheme, we show in Fig. 4.1 the
evolution of the average iteration count per gridpoint (at every fixed point iteration
of the semi-Lagrangrian scheme), for both a minimum time and an infinite horizon
optimal control problem subject to Eikonal dynamics. Note the difference in the
evolution of the subiteration count depending on the considered control problem. In
the minimum time problem nodes that have not received information propagating
from the optimality front are still minimized with irrelevant information until they
are reached by the optimality front, whereas in the infinite horizon case “correct”
information is available for every node from the first iteration due to the presence
of a running cost. In this latter case, the impact of the available information from
the previous semi-Lagrangian iteration is similar to a warm start of the optimization
routine.

Minimum time problem Infinite horizon problem

101

Average minimization count
Average minimization count
™
&

N s o

0 20 40 60 80 100 120 140 160 180 ) 50 100 . 150 200
Semi-Lagrangian iteration count Semi-Lagrangian iteration count

Fig. 4.1: Subiteration count for 2D control problems with Eikonal dynamics

4.3. Infinite horizon problems with /5 running cost. We present three dif-
ferent numerical tests for infinite horizon optimal control problem with cost functional
and running cost given by

e 1
J(u,7) = / Ua(s),u(s)e s, and  1u2) = SlelB+ Zlulf, 2> 0,1>0.
0
As common setting, the fixed point iteration is solved until
1
[Vt — v < 5/@2, n=1,23,...,

where k stands for the space discretization parameter and the stopping tolerance for
the inner optimization routine is set to 10~4. Further common parameters are A = 0.1
and o = 2, and specific settings for every problem can be found in Table 4.4.

Test 1: 2D Eikonal dynamics. In this test we consider Eikonal dynamics of
the form

(4.2) fle,u) = (ur,u2)™, [[(ur,ug)]2 < 1.

We study the accuracy and performance of the semi-Lagrangian scheme with dif-
ferent minimization routines: discretization of the control set and minimization by
comparison, a semismooth Newton method given in Algorithm 3, and the approach
by Chambolle and Pock given in Algorithm 1. In order to make a fair study of the
different routines, we chose the discrete set of controls for the comparison algorithm



Test Q U h
Test 1 [=1,1]2  Jjullz <1 V2,
Test 2 [~1,1]%  Jul2 <1 %k
Test 3 [~1,12  |lulloo £0.3 =k

19

Table 4.4: Parameters for Tests 1-3.

such that the CPU time for the semismooth Newton method and the Chambolle-Pock
algorithm is almost the same. Table 4.5 shows errors in both the value function and
in the optimal control between the exact solutions v and w and their numerical ap-
proximations Vj, and Uy, for the different schemes. Errors are computed with respect
to the exact solution of the Hamilton-Jacobi-Bellman equation, which is not readily
available in the literature. Since it is useful for numerical investigations, it is provided
in Appendix B. The results show that we have similar CPU time of the approaches
and independently of the meshsize, the optimization-based schemes yield more accu-
rate approximations of the value function and the associated optimal control than the
approach based on comparison. Further results are shown in Fig. 4.2, where we also
consider nonhomogeneous Eikonal dynamics

(4.3) fla,u) = (14 Xea>05(2)) (ur,u2)”, [l(ur, uz)ll2 <1

with Xu,>0.5(2) corresponds to the indicator function of the set {x = (z1,xz2) |z2 >
0.5}. The figure shows that both approaches, the SL-scheme with a semismooth inner
optimization block and the one with a comparison-based routine, lead to very similar
value functions. This is clearly not the case for the optimal control fields depicted
in rows 2 and 3 of Fig. 4.2. Even by a post-processing step it would be difficult to
obtain the results in the third row from those in the second row.

k=005 (402 DoF) k=002 (802 DoF)

Algorithm CPU time |Jv—=VWu|1  |lu—=Ux|x CPU time |v—=Vi|1 |lu—Urlh
Comparison 63.52 [s] 3.12E-2 3.84E-2 5.76E2 [s] 1.96E-2 1.74E-2
Semismooth Newton 77.25[s]  2.62E-2 1.61E-2 7.27TE2 [s] 1.36E-2 7.21E-3
Chambolle-Pock  63.05 [s] 2.60E-2 1.42E-2 5.77E2 [s] 1.36E-2 6.83E-3

Table 4.5: Infinite horizon control of 2D Eikonal dynamics. CPU time and errors for a
semi-Lagrangian scheme with different minimization routines. The comparison algorithm
was run with a discrete set of 1280 control points in every node.



20 Dante Kalise, Axel Kroner, Karl Kunisch

Value function Value function

1 1 ! 1 1

Optimal control u; via comparison algorithm

1

Az 264 EI. 42

Fig. 4.2: Infinite horizon control with 2D Eikonal dynamics. Left: continuous dynamics.
Right: discontinuous dynamics.

Test 2: 3D Eikonal dynamics. As a proof of the concept we consider the
infinite horizon optimal control of three dimensional Eikonal dynamics

f(o,u) = (ur,u,uz)®,  ||(ur,ug,uz)|la < 1.

Errors and CPU time are shown in Table 4.6. The values for the comparison-based
algorithm are similar. By the Chambolle-Pock algorithm we obtain more accurate
solutions of the control field for a similar amount of CPU time.

Test 3: Triple integrator with two control variables. In this test the
dynamics are given by a triple integrator with two control variables subject to box
constraints

fl@oy, zu,u2) = (y, 2 +ur,u2)’,  Ju| <a, lus] b, a,beR.
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k=0.1 (20° DoF) k=005  (40° DoF)

Algorithm  CPU time [[o—V3|1  |lu—Ux|x CPU time |v—Vil1  |Ju—Uxnlh

Comparison  93.76 [s] 2.49E-2 2.46E-2 2.89E2 [s] 1.02E-2 1.89E-2
Chambolle-Pock 97.25 [s]  9.92E-3 2.07E-2 2.01E2 [s] 5.66E-3 1.22E-2

Table 4.6: Infinite horizon control of 3D Eikonal dynamics. CPU time and errors for a
semi-Lagrangian scheme with different minimization routines. The comparison algorithm
was run with a discrete set of 5120 control points.

The purpose of this example is to stress that the minimization strategy that we have
introduced can be also applied to non-Eikonal dynamics, where the correspondence
between octants in the state space and the control field is not trivial. For the sake of
completeness the control space decomposition procedure for this example can be found
in Appendix A. In this particular case, every octant will have associated a different
rectangular sector in the control space for its arrival points. Results for the value
function, optimal controls and trajectories are shown in Fig. 4.3. In the second row
of this figure, we observe distinct differences between the optimal controls obtained
from the Chambolle-Pock and comparison-based algorithms. These differences in the
control lead to different approximated steady states as it can be seen in the left of the
second row of Fig. 4.3. To also highlight the effect of closed-loop control we carried
out an experiment with additive structural and output noise. In the third row of
Fig. 4.3, the resulting states from open and closed-loop control can be compared.

4.4. Infinite horizon problems with combined /- and /;-cost. We present
two numerical tests for infinite horizon optimal control problems with cost function
and running cost given by

Tuw) = [ tats)u(s)eds
0
1 2, 2 2
,2) = 2l + 2l +mllull, 2 >0, 3 >0, A > 0.

The stopping rule for the fixed point iteration is defined in the same way as in the
previous set of examples. All the optimization-based routines have been solved with
a semismooth Newton method as the inner block, with a regularization parameter
€ = le — 3. Further common parameters are A = 0.1 and 2 = 2, and specific settings
for every problem can be found in Table 4.7.

Test 4: 2D Eikonal dynamics. This test considers the same two dimensional
dynamics as in Test 1, the only difference being the inclusion of an ¢;-penalization in
the cost functional. For the inner optimization block we apply the semismooth Newton
method presented in Algorithm 4. Results are shown in Fig. 4.4, where differences
in the shape of the value function can be observed as the ~; weight increases. In the
second row of Fig. 4.4, the effect of sparsity on the first control component can be
seen from the fact that it is identically zero in a band around the origin. Moreover,
the width of the band increases with ~;. As for the value function, introducing the
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Isosurtace V =1 Isosurtace V =2 Isosurtace V =3

_1 —
T 1
0 \\\\ -
B
Effect on the state trajectories of the minimization routine Effect on the input signal of the minimization routine
06 .
i X, (1) Chambolle-Pock algorithm U, () Chambolle-Pock algorithm
\ X,(t) Chambolle-Pock algorithm u,(t) Chambolle-Pock algorithm
04r Xy(t) Chambolle-Pock algorithm u, () Comparison algorithm
X, (t) Comparison algorithm === U,(t) Comparison algorithm

=== X,(t) Comparison algorithm
== X,(t) Comparison algorithm

0.4
06 . . . . . . .
0 5 10 15 20 10 15 20
Time [s]
Open and closed loop solutions under state perturbation 03 Closed loop control under state perturbation
12 -
*,(t) Open-loop u,() with noise
1 == %,(t) Open-loop 0.25 u,(t) with noise
08 %,(t) Open-loop \{ u,(t) without noise
: ——x,(t) Closed-loop 0.2 4 U, (1) WithoU NOISE
0.6 ——x,(t) Closed-loop
Xy(t) Closed-loop
0.4 b

0 5 1‘0 15 20 0 5 10 15 20

Time [s] Time [s]
Fig. 4.3: Triple integrator with two controls, numerical results with £ = 0.05. Top: different
isosurfaces. Middle: differences in the optimal control lead to different trajectories. Bottom:
the feedback approach leads to robustness with respect to noise in the dynamics.

Test Q U h k

Test 4 [—1,1]2  Jjullz <1 V2E o 0.025
Test 5 (0,273 |lulloo <0.3 0.2k 0.2

Table 4.7: Parameters for Tests 4-5.

{1 term breaks its radially symmetric structure, as it is shown in the first row of Fig.
4.4.

Test 5: 3D car model. In our last test, the dynamics are given by a nonlinear
3D car model with two control variables:

f(z,u) = (uy cos(xs), uy sin(xs), ug)
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Vaue function v, = 0.3 Value function vy = 2

-1

Optimal control u; with v = 2

Fig. 4.4: Sparse control of Eikonal dynamics. Top: inclusion of an ¢; cost breaks the
radially symmetric structure of the solution. Bottom: the sparsity of the optimal control
translates into a zero band around of the origin, depending on the weight ;.

with u; € [~wi,wi], and us € [—wa, wa], w1 > 0, wy > 0. For this problem we
implement the semi-smooth Newton algorithm with box constraints introduced in
Section 3.4.2. Results are shown in Fig. 4.5. The first row shows isovalues which are
consistent with the literature (refs.) for car models. The addition of an ¢1-cost shrinks
the region of a given cost. The second and third rows depict the effect of sparsity
in both control variables, creating regions of zero action. A direct consequence of
this can be seen at the bottom of Fig. 4.5, where the inclusion of the additional ¢;-
cost generates optimal trajectories which do not reach the origin due to the interplay
between the control cost and the discount factor of the optimal control problem.

Concluding remarks. We have presented a numerical algorithm for the solution
of HJB equations based on a semi-Lagrangian discretization and the use of different
local minimization strategies for the approximation of the corresponding numerical
Hamiltonian. The numerical results show a more accurate resolution of the optimal
control field at a similar computational cost as the currently used schemes. Further-
more, the proposed approach can be also adapted to treat non-differential costs such
as {1 penalizations on the control. Since the numerical approximation of the Hamilto-
nian constitutes one building block within the construction of approximation schemes
for HJB and related equations, the idea of using local minimization techniques can be
conveniently recast in similar problems, such as front propagation problems and dif-
ferential games, and in related approximation techniques, like fast marching schemes,
policy iteration methods and high-order approximations.
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Appendix A: Decomposition of the control space for Test 3. We make
an explicit presentation of the decomposition of the control space of Test 3. The
dynamics is given by

f(xvyaZaUhUQ):(yvz+ulau2)a |U1| <a, |u2| Sbv a7bE]R-

For a given departure point (x4, yq,24) € R?® and a sufficiently small h, we want to
identify a relation between subsets Uz of the control space U = [—a,a] x [—b,b] and
the location of the corresponding arrival points

(q,Yd, 2a) + "(yd, za +ui,u2), (u1,u2) € Ur.

In the three-dimensional case, the control set U can be decomposed into at most eight
disjoint subsets, one per octant with

U= J Uz

Icw

for W = {1,2,3}. Since every octant defines a unique linear interpolant, we solve
eight different minimization problems, and then compute the global nodal minimizer
by comparison. For instance, let us consider the sector

Q{1,2,3} = {(x,y,z)|xd <2, Y4 <Y, 2da < 2, ({E—xd)—f— (y_yd)+ (Z_Zd) < k}7

where the evaluation of the arrival point is defined upon the linear interpolant Iy o 3y
depending on the points (xq, Ya, 2d), (Ta+k,yd,24a), (Td,yd+k,za), and (x4, Ya, 24+
k). The subset Uy 23y related to this interpolant reduces to

Ui,2,37 = {(u1,u2) € Ulzqg +us >0, ug > 0}.

Note that for this definition to be meaningful, we need to assume that y4 > 0, other-
wise Uqy 2,33 = 0. Also note that the condition (x — zq) + (y — ya) + (2 — za) < k is
omitted by assuming a sufficiently small / ensuring it. The next subset Uy, 3y relates
to the sector

Q{2,3} = {(x,y,z) |xd >, Yd <Y, 2d < 2, —(ir—ifd) + (y _yd) + (Z_Zd) < k}7
and is given by
U{273} ={(uy,u2) €U |zqg+u >0, us >0}.

Note that Uy 2 3y = Uy 3y, however, Uy, 3 is nonempty only when yq < 0. Therefore,
for a given departure point, depending on the coordinate y4, only one of these two
subsets will be active with arrival points in different sectors Qyy2,31 or Q2,33 (with
different interpolation data). In a similar way, the remaining six subsets can be
obtained. By assuming a linear structure of the control, the identification of the
control subsets is simple, as it will only require the resolution of linear inequalities
where the departure point enters as a fixed data.

Appendix B: Exact value function for Test 1. The exact value function
for the infinite horizon optimal control problem with Eikonal dynamics in Test 1 is
derived. The HJB-equation has the form

l=[13 ¥ "
(4.4) v+ max {—uTVU . (TQ + §Hu|\§ =0, zeR",
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where U = {u € R?||Jul|s < 1}, for which we want to obtain an explicit solution. If
%vaﬂz < 1, then u* = —%V'U provides a maximum for the expression in brackets,
and the HJB-equation becomes

1 1
€+ o[V = 5 lel3 = 0.

Switching to polar coordinates (r, ) this equation can be expressed as

r2

1 2 1 2
M @) + 5 (0l @) + g0, 9)%) = 5 = 0,

and assuming that the solution is radially symmetric

2
2

2 =
The resulting expression for v; is the solution of (4.4), if (v1), < ~ which results in

r<2((\+ %)% —A)~! =:7. We note that v, (7) = 37.
We turn to the case that %HVUHQ > 1. In this case the max in (4.4) is achieved on

The ansatz v1 = Ar?, leads to AAr? + %AQTQ — 2 =0 and hence A = T( A2+ %—)\).

the boundary of U at u* = _HVV+H2' Again we look for a radially symmetric solution
in polar coordinates

r
(4.5) Mo(r) + o (r)] - = = 1.

2 2
Assuming that v, > 0 we make the Ansatz va(r) = ar? + br + ¢ + de~". Inserting
into (4.5) and comparing coefficients we obtain

1 5, 1 y 1 a
=—r"—- = — 4+ — +de” V.

va(r) " /\2r+2)\+/\3+ e

Continuous concatenation with vy at 7 implies that

A S i S
(4.6) d=e [(2 + )\2)7" o ]
Note that this latter coupling yields that v(r) is a C1(R™) function and therefore it is

also a classical solution of eq. (4.4). Summarizing we have

4
(/A2 + == X)r? forr <T
o(r) = 7

B 1 2 1 Yy 1 —Ar —
ﬁr _Fr+ﬁ+ﬁ+de for r > T,

w2

where d is given in (4.6).
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Fig. 4.5: Sparse control of a 3D car model. Top: different isosurfaces with different ¢; cost.
Rows 2 and 3: effect of sparsity on the optimal control field. Bottom: optimal trajectories
with and without sparsity.



