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Abstract Convergence analysis is carried out for a forward-backward splitting/
generalized gradient projection method for the minimization of a special class of
non-smooth and genuinely non-convex minimization problems in infinite dimen-
sional Hilbert spaces. The functionals under consideration are the sum of a smooth,
possibly non-convex and non-smooth, necessarily non-convex functional. For separa-
ble constraints in the sequence space, we show that generalized gradient projection
method amounts to a discontinuous iterative thresholding procedure, which can
easily be implemented. In this case we prove strong subsequential convergence,
and moreover, show that the limit satisfies strengthened necessary conditions for
a global minimizer, i.e., it avoids a certain set of non-global minimizers. Even-
tually, the method is applied to problems arising in the recovery of sparse data,
where strong convergence of the whole sequence is shown, and numerical tests are
presented.
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projection method · iterative thresholding
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1 Introduction

In this article, we develop and analyze an iterative algorithm, which aims at
minimizing non-smooth and non-convex functionals, covering the important special
case of Tikhonov functionals for non-linear operators and non-convex penalty terms.
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The minimization of non-convex and non-smooth functionals is a delicate matter. On
one hand, there is a class of popular generic algorithms such as simulated annealing,
genetic algorithms and other derivative-free methods which can be performed
with minimal assumptions on the objective functional. However, they tend to
be impractical in higher-dimensional or infinite-dimensional spaces. On the other
hand, many minimization algorithms for non-convex problems, which are based on
derivatives, can be applied when the functional is sufficiently smooth. Convergence
can, under suitable conditions, be established, also in infinite-dimensional spaces
[1, 2]. When it comes to non-convex and non-smooth optimization problems in
high (or infinite) dimensions, as it is typical for inverse problems in mathematical
image processing or partial differential equations, there are only a few algorithms
available, for instance the graduated non-convexity algorithm, which works for
finite-dimensional, large-scale problems [3–5]. In the present paper, an alternative
approach for the numerical minimization of such functionals is proposed. More
precisely, we introduce a generalized gradient projection method (GGPM), which
involves proximity mappings for non-convex functionals and show convergence.

The class of problems the algorithms addresses is finding a minimizer of func-
tionals on real Hilbert spaces, that are the sum of a smooth part (with Lipschitz
continuous derivative) and a non-smooth, non-convex part. The algorithm is similar
in spirit to the well known proximal gradient methods, also known as forward-backward

methods (cf., e.g., [6,7]) or generalized gradient methods [8]: One takes forward gradi-
ent steps with respect to the smooth part, and then a backward (proximal) step with
respect to the non-smooth part. One difficulty here is, that, due to non-convexity,
the proximal step may be multivalued and not non-expansive. Recently (and after
this paper was published as a preprint), similar non-convex problems have been
treated with similar ideas, e.g., in [9, 10] and [11,12] in which the non-smooth part
is assumed to be convex, while the smooth part may be non-convex. In some of
these works, the so-called Kurdyka- Lojasiewicz (K L) inequality is assumed to hold
for the objective function. This is a powerful but weak assumption that allows in
this cases to conclude the convergence of the whole sequence of iterates. In this
work we do not use the K L inequalitym but use tools from algebraic geometry to
prove convergence of the sequence of iterates. More related work on non-convex
problems exists, e.g., for proximal-point methods [13] or for methods involving
non-convex projections [14]. While proximity operators are well-studied for con-
vex functionals [15], the non-convex case has been of interest to researchers only
recently [16,17].

In particular, we discuss, as an important example, separable non-smooth
functionals that are necessarily non-convex, where a complete characterization of
the proximity mapping will be derived. Under general assumptions, the GGPM can
then be shown to converge subsequentially to a stationary point if the step-sizes are
bounded away from a critical constant. However, we will see that these step-size can,
in general, not lead to global minimizers in the limit and that step-sizes approaching
this critical constant are beneficial. We therefore also consider a variant of the
GGPM, where subsequential convergence to so-called quasi-global minimizers, i.e.,
stationary points which share some necessary properties with the global minimizers,
can be ensured. Finally, we apply this framework to Tikhonov regularization for
solving the ill-posed linear inverse problem with non-convex penalties in sequence
spaces. If the exponent of the sequence space is also rational, the quasi-global
minimizers are shown to be discrete, leading to the convergence of GGPM for the
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whole sequence (a result which has been shown previously using semi-algebraic
functions and the Kurdyka- Lojasewiec inequality, [9]).

The paper is organized as follows: Section 2 presents the considered framework,
the GGPM for this case and derives some basic properties. In Section 3, we
investigate the proximity operator for certain one-dimensional non-convex functions.
In Section 4, we combine the results of the previous sections to treat the case
of separable non-smooth functionals in the infinite dimensional Hilbert space of
square summable sequences. There we show subsequential convergence of GGPM
to stationary points for step-sizes bounded away from a critical constant and
investigate quasi-global minimizers. We show that letting the step-sizes in GGPM
approach the critical constant, it is possible to obtain subsequential convergence to
such quasi-global minimizers. In Section 5, the results are specialized further to
sequence spaces with non-convex quasi-norms in sequence spaces and, in particular,
to Tikhonov regularization for linear inverse problems. Using tools from algebraic
geometry, it is shown that in this setting and for rational exponent of the sequence
space, the whole sequence converges to a quasi-global minimizer. Section 6 presents
numerical experiments and Section 7 summarizes and concludes the paper.

2 The Generalized Gradient Projection Method

The class of problems the algorithm addresses is finding a minimizer of the functional

min
u∈X

Tα(u) with Tα(u) := S(u) + αR(u)

in a real Hilbert space X. Here, S is assumed to be smooth, i.e., differentiable
with Lipschitz-continuous derivative. In contrast to that, the functional R may
be non-convex and non-smooth. The proposed method, GGPM, then consists of
iteratively computing

un+1 ∈ argmin
v∈X

∥∥v − un + sS′(un)
∥∥2

2
+ sαR(v).

Here, we assume, that S′, as well as the proximity mapping with respect to R, i.e.,
global minimizers of v 7→ 1

2 ‖v − w‖
2 + sαR(v), can efficiently be computed.

We start our analysis by first considering the general case of minimizing the
functional

Tα := S + αR. (1)

Throughout this paper, we assume the following on the involved functionals.

Assumption 2.1 (General setup) Let X be a real Hilbert space and α > 0. For
the functionals S : X → [0,∞[ and R : X → [0,∞] we assume

(a) S is weakly sequentially lower-semicontinuous and continuously differentiable,
the derivative S′ is Lipschitz continuous with constant

L := sup
x 6=y

∥∥S′(x)− S′(y)
∥∥

‖x− y‖ > 0.
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(b) R is proper, weakly sequentially lower-semicontinuous and coercive; in other
words, dom(R) 6= ∅, R(u) ≤ lim infn→∞R(un) whenever un ⇀ u, and finally
‖un‖ → ∞ implies R(un)→∞.

Observe that this implies, by the direct method, the existence of a minimizer
for Tα. Moreover, minimizing Tα does not reduce to the minimization of R as
the requirement that the Lipschitz constant of S′ is positive implies that S is
non-constant (if S is constant, then S′ = 0 and L = 0).

The generalized gradient projection algorithm we are proposing builds on the
gradient projection algorithm for constrained minimization problems, i.e., for a
smooth S and a non-empty, convex and closed set C one considers the problem
minu∈C S(u). Recall that in this case, the method performs a step along the
negative gradient −S′(un) with a suitable step-size sn, and by PC projects back
onto the feasible set: un+1 := PC(un− snS′(un)) (cf. [18,19]). The main idea of the
GGPM for the solution of (1) is to replace the convex constraint C by a general
functional R, and to replace the projection PC by the associated proximity operator,
and due to the similarity with the projection, we use the same notation, i.e.,

proxR : u 7→ argmin
v∈X

‖u− v‖2

2
+R(v). (2)

Hence, the GGPM reads as
u0 ∈ dom(R) , un+1 ∈ Gα,sn(un),

Gα,sn(u) := argmin
v∈X

∥∥u− snS′(u)− v
∥∥2

2
+ snαR(v).

(3)

It can easily be seen that this iteration and in particular, the proximity operator,
is well-defined if Assumption 2.1 is satisfied. The motivation for the consideration
of the minimization problem (2) is that, in practice and as we will see later, it
may be much easier to solve than the original problem since it only involves the
regularization term R.

In the non-convex case, the operator proxR may be set-valued because there
may be several global minima—moreover local minima may exist. However, if
one is able to evaluate proxR (or proxsαR, respectively), i.e., to calculate global
minimizers of ‖u− v‖2 /2 + sαR(v) with respect to v, then descent of the functional
value is guaranteed, as shown in the following proposition, which is proven along
the lines of [9, Section 5.1].

Proposition 2.1 (Basic descent) Let Assumption 2.1 hold true. Then, proxsαR is

non-empty for each s > 0 and it holds for every v ∈ Gα,s(u) that

Tα(v) ≤ Tα(u)− 1
2

(
1
s − L

)
‖v − u‖2 . (4)

From this proposition we conclude that a step-size 0 ≤ s ≤ L−1 does not increase
the objective functional Tα. However, since Tα is bounded from below we get that
the sequence (Tα(un)) converges as soon as 0 ≤ sn ≤ L−1 for each n. As a direct
consequence, we moreover have the following corollary.
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Corollary 2.1 (Decreasing difference of iterates) In the situation of Proposi-

tion 2.1 and with a step-size sequence (sn) satisfying 0 < s ≤ sn ≤ s < L−1 for each

n, the sequence (un) generated by the iteration (3) obeys∥∥∥un+1 − un
∥∥∥ → 0 as n→∞. (5)

Proof The assertion follows from the estimate

1
2 ( 1
sn
− L)

∥∥∥un+1 − un
∥∥∥2 ≤ Tα(un)− Tα(un+1)

and the observation that (Tα(un)) is a converging sequence. ut

In general, this does not lead to convergence, but if R is, for example, some power
of a norm in a space which is compactly embedded in X, i.e.,

R(u) :=

{
‖u‖pZ u ∈ Z
∞ u /∈ Z

, Z ↪−↪→ X, p > 0, (6)

then, from the boundedness of the sequence (Tα(un)), it follows that (R(un))
is bounded and hence (un) is relatively compact in X, admitting a convergent
subsequence unj → u∗ as j → ∞. It is however, not clear whether the limit is a
global solution (which is rather unlikely in general) or at least a point which is
stationary in some sense. At the current stage, however, we can state the following.

Proposition 2.2 (Global minimizers are fixed points) Let Assumption 2.1 hold

true. For each global minimizer u∗ of Tα and any 0 < s < L−1, we have

Gα,s(u
∗) = {u∗}.

In other words: Each global minimizer of Tα is a fixed point of the GGPM (3).

Moreover, the graph Gα and the fixed points Uα,s, according to

Gα := {(u, v, s) ∈ X ×X × [0,∞[ : v ∈ Gα,s(u)},
Uα,s := {u ∈ X : u ∈ Gα,s(u)},

are closed sets.

Proof Choosing v ∈ Gα,s(u∗) and utilizing (4) implies

Tα(u∗) ≤ Tα(v) ≤ Tα(u∗)−
( 1

2s
− L

2

)∥∥v − u∗∥∥2 ,
hence ‖v − u∗‖2 ≤ 0, and consequently, v = u∗.

The closedness of Gα follows from continuity of S′ and the sequential lower-
semicontinuity of R since this shows that defining inequality for (u, v, s) ∈ Gα
stays true under limits. The closedness of Uα,s follows from is : u 7→ (u, u, s) being
continuous between X → X ×X × [0,∞[ and Uα,s = i−1

s (Gα). ut

Proposition 2.3 (Accumulation points are fixed points) If ((un, sn)) is a se-

quence generated by (3) with step-sizes satisfying 0 < s ≤ sn ≤ s < L−1, then each

accumulation point of (un) is in Uα,s for some s ∈ [s, s].
If (un) is relatively compact and possesses an isolated accumulation point, then the

whole sequence converges to some u∗ ∈ Uα,s.
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Proof Taking a sequence of iterates and step-sizes ((un, sn)) in (3), and assuming
that the subsequence (unj ) satisfies unj → u∗, one can extract another subsequence
(not relabeled) such that, additionally, snj → s for some s ∈ [s, s]. Now for the
sequence vn := un+1 ∈ Gα,sn(un), Corollary 2.1 implies that vnj → u∗, hence
(u∗, u∗, s) ∈ Gα by closedness, meaning u∗ ∈ Uα,s.

Now suppose that u∗ is an isolated accumulation point for (un), i.e., there is
a δ > 0 such that for each accumulation point u with ‖u∗ − u‖ < δ it holds that
u = u∗. Assume that not the whole sequence converges to u∗, i.e., there exists a
0 < ε < δ and infinitely many n with ‖un − u∗‖ ≥ ε. Denote by N the set of these n.
Since there exists a subsequence of (un) with limit u∗, we can find infinitely many n
with n ∈ N and n+ 1 /∈ N . Denote by (unj ) the subsequence associated with these
n. By construction ,

∥∥unj+1 − u∗
∥∥ < ε < δ, and by relative compactness, one can

choose another subsequence (still denoted by (unj+1)) with unj+1 → u for some u.
It follows that ‖u∗ − u‖ < δ, hence unj+1 → u∗, and since

∥∥unj − unj+1
∥∥ → 0, also

unj → u∗. Because of nj ∈ N , this is a contradiction, hence the assumption that
not the whole sequence converged must have been wrong. ut

The sets Uα,s in Proposition 2.2 describe, in some sense, the fixed points of the
iteration, hence Proposition 2.3 says that the GGPM converges subsequentially,
if it converges, to a fixed point. This may not be a satisfactory result at the first
glance, but one shall keep in mind that no convexity of R is assumed and hence,
one can not expect strong results in this general setting.

Remark 2.1 A crucial condition in this section is the assumption that the step-size
are strictly smaller than L−1. We will refer to L−1 as critical constant, as we will
observe in Section 4 that it plays a special role.

3 The One-dimensional Proximity Operator

In order to apply the algorithm (3) in infinite-dimensional spaces for separable
constraints R in the next section, we study one-dimensional penalty functions φ
and, in particular, the properties of the associated proximity operators. I.e., for
φ : [0,∞[→ [0,∞[ we investigate the multivalued function proxsαφ, i.e.,

proxsαφ(x) := argmin
y∈IR

(y − x)2

2
+ sαφ(|y|). (7)

In the following, we identify multivalued functions f : IR ⇒ IR with subsets of
IR×IR by its graph Gf , i.e., f(x) = {y ∈ IR : (x, y) ∈ Gf}. All pointwise operations
on multivalued functions like addition, multiplication then have to be understood
in an respective elementwise sense. This also applies to relations like ≤ and ≥.

As already mentioned, we are interested in the case where φ is necessarily
non-convex. As we will see, the multivaluedness of proxsαφ is often not as severe
as it may seem. Under suitable assumptions on φ it will be mainly single-valued
except for two points, where is admits exactly two values. Hence, we will drop the
term “multivalued” for the function proxsαφ in the following.

Throughout this paper, we usually assume the following on φ.

Assumption 3.1 (One-dimensional penalty function) Let φ : [0,∞[ → [0,∞[
be continuous and non-decreasing with φ(0) = 0.
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(a) φ is differentiable on ]0,∞[ with φ′(x)→∞ for x→ 0.
(b) The derivative φ′ is strictly convex on ]0,∞[ with φ′(x)/x→ 0 for x→∞.
(c) The function x 7→ φ′′(x)x is locally integrable on [0,∞[.
(d) It holds that φ(x)→∞ whenever x→∞.
(e) For each b > 0 there exists an a > 0 such that φ(x) ≥ ax2 for x ∈ [0, b].

Note that (a) already implies that φ cannot be convex. Moreover, from (b)
follows that φ′ is locally Lipschitz continuous and hence, φ′′ is almost everywhere
defined, so the requirement (c) indeed makes sense.

We start with the observation that it suffices to know proxsαφ(x) for x ≥ 0 as
one can easily see that

proxsαφ(−x) = −proxsαφ(x) for all x ∈ IR, proxsαφ(x) ≥ 0 for all x ≥ 0.

So, without any loss of generality, we may assume x, y ≥ 0. It is moreover useful to
observe a necessary condition for y ∈ proxsαφ(x):

y = 0 or x = (id +sαφ′)(y).

The following property on proxsαφ resembles a result from [3], namely that As-
sumption 3.1(a) guarantees that proxsαφ has a “dead-zone”.

Lemma 3.1 (Deadzone of proxsαφ) Let φ fulfill Assumption 3.1(a). Then, there

exists a κs > 0 such that

|x| < κs =⇒ proxsαφ(x) = 0.

Moreover, κs depends monotonically increasing on s.

Proof By definition of proxsαφ we have, for proxsαφ(x) 6= 0,

x = proxsαφ(x) + sαφ′
(
proxsαφ(x)

)
= (id +sαφ′)

(
proxsαφ(x)

)
.

Without any loss of generality, consider x > 0. Since φ′ ≥ 0 and φ′(y) tends to
infinity for y → 0, the value κs := infy>0 y + sαφ′(y) is positive, meaning that, for
all y > 0 we have (id +sαφ′)(y) ≥ κs, which proves the claim. Moreover, from the
definition of κs it is obvious that it depends monotonically increasing on s. ut

We need a preparatory lemma for proving continuity of the proxsαφ, the proof
of which is given in the Appendix. It utilizes the following notions: For f : I → IR
convex on some open interval I, define the monotone limits

f ′+(x) := inf
h>0

f(x+ h)− f(x)

h
, f ′−(x) := sup

h>0

f(x)− f(x− h)

h
for x ∈ I.

We have f ′− ≤ f ′+. For x ∈ I, f ′+(x) = f ′−(x) if and only if f is differentiable in x.
In this case f ′−(x) = f ′+(x) = f ′(x), which holds for almost every x ∈ I. Both f ′−
and f ′+ are monotonically increasing, strictly if f is strictly convex.

Lemma 3.2 Assumption 3.1(a)–(c) implies the following properties:

(a) for each s > 0, the function ρs : y 7→ y+sαφ′(y) exists on ]0,∞[, is strictly convex

and attains a minimum at some ys > 0,
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1

2

1 2
x

φ

1

2

1 2
x

φ′

1

2

1 2
x

ρs

1

2

1 2
x

ψ

φ(x) :=
√
x

1

1 2
x

φ

1

1 2
x

φ′

1

2

1 2
x

ρs

1

2

1 2
x

ψ

φ(x) := log(x1/3 + 1)

Fig. 1 Illustration of some φ satisfying Assumption 3.1, φ′, ρs (α = 1, s ∈ {1/2, 1, 2}) and ψ.

(b) the function ψ : y 7→ 2
(
φ(y) − yφ′(y)

)
/y2 is strictly decreasing and onto as a

mapping ]0,∞[→ ]0,∞[,
(c) we have, for y > 0 and any z ≥ (φ′)′−(y), that ψ(y) > −z.

Example 3.1 For p ∈ ]0, 1[, it can be verified that the functions φ(x) := xp, as well as
φ(x) := log(xp + 1), satisfy Assumption 3.1. In Figure 1, you can see an illustration
of the constructions in Lemma 3.2.

The continuity properties of proxsαφ can now easily be deduced.

Lemma 3.3 (Exact formula and continuity of proxsαφ) Assume that the As-

sumptions 3.1(a)–(c) are fulfilled and let ρs and ψ be defined as in Lemma 3.2. With

λs := ψ−1((sα)−1), τs := ρs ◦ ψ−1((sα)−1), (8)

the functions proxsαφ obey

proxsαφ(x) =

{
0, for |x| ≤ τs
sign(x)ρ−1

s (|x|), for |x| ≥ τs,

proxsαφ(x) ∈ ]−∞,−λs] ∪ {0} ∪ [λs,∞[.

In particular, proxsαφ takes exactly two values if |x| = τs, is left- and right continuous

there (in the sense that proxsαφ(±τs) are exactly the left and right limits). Moreover,

proxsαφ is continuous on {|x| 6= τs}.

Proof We fix s > 0 and denote Fx(y) := 1
2 (y− x)2 + sαφ(|y|). Furthermore, assume,

without any loss of generality, x ≥ 0 such that we only need to minimize Fx over
[0,∞[. Note the identities F ′x = ρs − x and (F ′x)′+ = (ρs)

′
+. From Lemma 3.2 we

know that there is a unique minimizer ys > 0 of ρs. In accordance to the notation
introduced in Lemma 3.1, we denote κs := ρs(ys).

We have already seen that proxsαφ(x) = 0 for x < κs. If x ≥ κs, we have, for
any y < ys with ρs(y) = x, that (F ′x)′+(y) = (ρs)

′
+(y) < 0 as otherwise, ys would
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not be the minimizer. Consequently, there exists a ε > 0 such that it holds that
ρs(y + h)− x < ρs(y)− x = 0 for 0 < h < ε, so

Fx(y + h′)− Fx(y) =

∫ h′

0

ρs(y + h)− xdh < 0 for each 0 < h′ < ε.

Hence, y cannot be a local minimizer. As each global minimizer y ∈ proxsαφ(x)
of Fx is also a local one, it follows that either y = 0 or y ≥ ys. Now ρs is
strictly monotonically increasing on [ys,∞[: For ys < y1 < y2 it follows from
y1 = λys + (1− λ)y2 with λ = (y2 − y1)/(y2 − ys) ∈ ]0, 1[ and the strict convexity
of ρs that

ρs(y1) < λρs(ys) + (1− λ)ρs(y2) ≤ ρs(y2).

For y1 = ys the inequality follows from the uniqueness of the minimizer ys. Moreover,
limy→∞ ρs(y) =∞ since φ′ ≥ 0. Hence, there is exactly one y∗ ≥ ys with x = ρs(y

∗)
or, equivalently, F ′x(y∗) = 0. Thus, we just have to compare the values of Fx(0)
and Fx(y∗) in order to determine the minimizers. It turns out that

Fx(y∗)− Fx(0) =
(sαφ′(y∗))2

2
+ sαφ(y∗)− (y∗ + sαφ′(y∗))2

2

= sα
(
φ(y∗)− y∗φ′(y∗)

)
− (y∗)2

2
,

which leads to

sign
(
Fx(y∗)− Fx(0)

)
= sign

(
ψ(y∗)− (sα)−1) = sign

(
ψ−1((sα)−1)− y∗

)
= sign(λs − y∗);

the latter since ψ is invertible and strictly monotonically decreasing, see Lemma
3.2 (b). Finally, ρs is again strictly monotonically increasing on {y ≥ ys} and
x = ρs(y

∗), hence

sign
(
Fx(y∗)− Fx(0)

)
= sign

(
ρs(λs)− x

)
= sign(τs − x).

Note that necessarily τs ≥ ρs(ys) holds, and hence proxsαφ(x) = 0 for all x < τs

and proxsαφ(x) = ρ−1
s (x) for x > τs. For x = τs, there are the two minimizers: 0

and λs.
Finally observe that ρs can be continuously inverted on [λs,∞[, hence proxsαφ

is continuous on [τs,∞[ with the left limit in τs being λs. The claimed continuity
on [0, τs] is trivial, and it is easy to see that range(proxsαφ) = {0} ∪ {|x| ≥ λs}. ut

Remark 3.1 We remark that the threshold τs from (8) is always greater than the
minimum of ρs: The minimizer ys satisfies 1 + sα(φ′)′−(ys) ≤ 0 and consequently,
(φ′)′−(ys) ≤ −(sα)−1. According to the definition, (sα)−1 = ψ(λs), so due to
Lemma 3.2 (c) we have ψ(ys) > ψ(λs) and hence ys < λs. Since ρs is strictly
monotonically increasing on [ys,∞[, miny>0 ρs(y) = ρs(ys) = κs < τs follows.
Moreover, note that, in particular, we have that (ρs)

′
−(τs) > 0.

You can find illustrations of the functions proxsαφ for some particular φ in
Figure 2. In Section 4.3 we will see, that it will be crucial for the algorithm (3) to
consider non-constant step-sizes sn increasing to the critical constant. The following
lemma will be helpful in this context.
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1

2

1 2
x

proxsαφ

(τs, λs)

1

2

1 2
x

proxsαφ

(τs, λs)

φ(x) :=
√
x φ(x) := log(x1/3 + 1)

Fig. 2 Illustration of proxsαφ for some particular φ and s ∈ {1/4, 1/2, 1} (α = 1). Additionally,
the curve of breaking points (τs, λs) is depicted.

Lemma 3.4 (Joint continuity of proxsαφ(x)) Let Assumption 3.1(a)–(c) be sat-

isfied, λs and τs be as in (8), sn → s∗ monotonically increasing and xn → x∗. If

|x∗| 6= τs∗ , then proxsnαφ(xn)→ proxs∗αφ(x∗).

Otherwise, the accumulation points of (proxsnαφ(xn)) correspond to one of the

following three sets: {0}, {sign(x∗)λs∗}, {0, sign(x∗)λs∗}.

Proof Again, it suffices to assume that xn ≥ 0 for each n and x∗ ≥ 0. Then, note
that the set {(x, s) ∈ IR2 : s ∈ ]0,∞[, |x| 6= τs} is open as s 7→ τs is continuous on
]0,∞[.

Suppose that x∗ < τs∗ , implying that from some index on, xn < τs∗ . Con-
sequently, it holds that proxsnαφ(xn) = 0 from some index on, and this yields
limn→∞ proxsnαφ(xn) = 0 = proxs∗αφ(x∗). Analogously, x∗ > τs∗ implies that from

some index on, xn > τsn . Hence
(
x∗, s∗,proxs∗αφ(x∗)

)
is in

M := {(x, s, y) ∈ IR3 : s ∈ ]0,∞[, x ≥ κs, y ≥ ys},

denoting by ys and κs again the minimizing argument and minimum of ρs, respec-
tively. It is easily seen that F : M → IR, defined by

F (x, s, y) := y − x+ sαφ′(y) = ρs(y)− x,

is locally Lipschitz continuous in M . Moreover, for x∗ ≥ τs∗ we have that the
generalized partial derivative satisfies ∂F

∂y

(
x∗, s∗,proxs∗αφ(x∗)

)
> 0, the latter

since τs∗ > ρs∗(ys∗), see Remark 3.1. The implicit function theorem for Lipschitz
functions [20] implies the Lipschitz continuity of the mapping that locally param-
eterizes the fiber F−1(0), i.e., (s, x) 7→ ρ−1

s (x) = proxsαφ(x). We conclude that
proxsnαφ(xn)→ proxs∗αφ(x∗).

Finally, let x∗ := τs∗ and yn ∈ proxsnαφ(xn) for each n. Defining

I− := {n ∈ IN : xn ≤ τsn , yn = 0}, I+ := {n ∈ IN : xn ≥ τsn , yn 6= 0}

we get a disjoint partition of IN. Furthermore, provided that the respective sets are
infinite,

lim
n→∞
n∈I−

yn = 0, lim
n→∞
n∈I+

yn = ρ−1
s∗ (x∗) = λs∗ ,

the latter since necessarily, yn = ρ−1
sn (xn) for n ∈ I+, and (s, x) 7→ ρ−1

s (x) is also
locally Lipschitz continuous for x∗ ≥ τs∗ . The observation that at least of the sets
I−, I+ is infinite now gives the claimed statement. ut
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Note that we did not utilize Assumption 3.1(d)–(e) yet. These conditions will
play a role in the next section.

4 Application to Separable Constraints

The results of Section 3 will enable us to provide results on the GGPM beyond the
elementary ones from Section 2. First observe that Assumption 3.1(d)–(e) on φ

implies that the regularization functional R, according to

R(u) :=
∑
k

φ(|uk|), (9)

is necessarily non-negative, coercive and weak sequentially lower semi-continuous
in `2, see [21, Lemmas 3.2 and 3.4], consequently, Assumption 2.1(b) is satisfied.
We therefore assume in the following, in addition to Assumption 3.1, that X := `2

and S : `2 → [0,∞[ fulfills Assumption 2.1 (a).
Therefore, we can postulate that Assumptions 2.1 and 3.1 are fulfilled in the fol-

lowing. Assuming that S′(u) is computationally accessible, the main problem is the
evaluation of the proximity operator. However, fortunately in the case of separable
constraints, computing proxsαR is reduced to the evaluation of proxsαφ, accord-
ing to (7). Knowing the (generally multi-valued) mapping proxsαφ, iteration (3)
amounts to{

u0 such that
∑∞
k=1 φ(|u0k|) <∞,

un+1
k ∈ proxsnαR

(
un − snS′(un)

)
k

= proxsnαφ
(
unk − snS

′(un)k
)
.

(10)

We carry out convergence analysis for this iteration and we recover the result
from [9] that subsequential convergence to a stationary point holds if the step-sizes
are bounded away from the critical constant L−1 and 0. However, as the problem
is non-convex, there are usually stationary points, which are not global minimizers.
Then, we derive further necessary properties of the sought global minimizers of Tα
according to (1), which lead to the notion of quasi-global minimizers. This gives rise
to a refined variant of the GGPM for separable constraints, and using this variant
and letting the step-sizes increase to the critical constant L−1 in a suitable way
then also yields subsequential convergence to quasi-global minimizers.

4.1 Step-sizes Bounded Away From the Critical Constant

We give properties of the iterates of the GGPM. Define the support of a u ∈ `2 as
the set of indices where u does not vanish, i.e., supp(u) := {k ∈ IN : uk 6= 0}. Note
that, since proxsαφ(x) = 0 for all |x| < τs, all iterates un, n ≥ 1 have finite support.
The crucial observation now is that a change of support always implies a “jump”
of size κs and can hence occur only finitely many times.

Theorem 4.1 (Finite support changes and existence of strong accumulation

points) Let S, R and φ satisfy Assumption 2.1, (9) and Assumption 3.1. Consider

(un), generated by iteration (10) with step-size sequence (sn) satisfying

0 < s ≤ sn ≤ s < L−1.
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Then, all iterates un (n ≥ 1) have a finite support, and the support only changes finitely

many times.

Moreover, every subsequence of (un) has a strong accumulation point u∗, which is

a fixed point in the sense u∗ ∈ Gα,s(u∗) for some s∗ ∈ [s, s].

Proof Due to Lemma 3.1 there exists a κs > 0 such that |x| < κs implies
proxsnαφ(x) = 0 for all n, the latter since sn ≥ s > 0, and κs depends mono-
tonically increasing on s. Hence, each non-zero component of un has magnitude
greater or equal to κs. We conclude that, if the support of un+1 differs from un,
we have

∥∥un+1 − un
∥∥ ≥ κs. However, from Proposition 2.1 we deduce that also

(s−1 − L)κ2s
2

≤
(s−1
n − L)κ2s

2
≤ Tα(un)− Tα(un+1)

with the right-hand side going to zero as n→∞. Hence, a change of the support
can only occur a finite number of times.

By assumption, Tα is coercive and hence, has a subsequence (unj ) with weak
accumulation point u∗. Without any loss of generality, we can also assume that
limj→∞ snj =: s∗ with s∗ ∈ [s, s]. By Theorem 4.1 there is an iteration index j0 and
a finite set Λ ⊂ N such that u

nj
k = 0 for j ≥ j0 and k /∈ Λ. Hence, we have for the

finitely many k ∈ Λ that u
nj
k → u∗k as j →∞, and infinitely often u

nj
k = u∗k = 0 (for

j > j0), which shows strong convergence of (unj ) to u∗. The above argumentation
holds true for every subsequence of (un). Finally, due to Proposition 2.3, it holds
that u∗ ∈ Gα,s∗(u∗). ut

Note that similar arguments have been used in [22] for φ := χIR\{0} in the finite
dimensional case.

In general, we do not know whether this fixed point is a global minimizer.
This is, of course, due to the non-convexity of Tα, where necessary conditions for
optimality, which are based on differentiation, are in general not sufficient. However,
the step-sizes sn being bounded away from the critical constant L−1 encourage the
iteration converging to local minima: Indeed, in Section 6.3 we show a (numerical)
example in which non-critical step-sizes produce non-global solutions.

4.2 Necessary Conditions for Global Minimizers

Now we address the question to which extent global minimizers of Tα can be
identified. We start with the following necessary condition.

Proposition 4.1 (Necessary conditions for global minimizers) Let R be accord-

ing to (9) and let φ fulfill Assumption 3.1. For λL−1 and τL−1 according to (8), each

global minimizer u∗ of Tα possesses the following properties:

(a) The set Λ := {k ∈ IN : u∗k 6= 0} is finite,

(b) for all k ∈ Λ it holds that −S′(u∗)k = α sgn(u∗k)φ′(|u∗k|) and |u∗k| ≥ λL−1 ,

(c) for all k /∈ Λ it holds that |S′(u∗)k| ≤ LτL−1 .

Proof Suppose u∗ ∈ `2 is a global minimizer of Tα. Obviously, −S′(u∗) ∈ `2.
Exploiting the condition that limx↓0 φ

′(x) = ∞, we are able to find an ε > 0
such that |φ′(x)| ≥ 1 for 0 < x ≤ ε. Take a k for which |u∗k| ≤ ε and u∗k 6= 0,
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define (Tα)k : IR → IR by (Tα)k(x) := Tα(uk∗(x)), where ((uk∗(x))k := x and
(uk∗(x))l := u∗l if l 6= k, and differentiate to get

S′(u∗)k + α sgn(u∗k)φ′(|u∗k|) = 0 ⇒ |S′(u∗)|k = αφ′(|u∗k|) ≥ α.

Consequently, α−2
∥∥S′(u∗)∥∥2 ≥ #{k ∈ IN | |u∗k| ≤ ε ∧ u

∗
k 6= 0}, and since the norm is

finite as well as only finitely many u∗k can satisfy |u∗k| > ε, Λ := {k ∈ IN : u∗k 6= 0}
has to be finite. This proves the first assertion as well as the first part of the second.

Next, we will show that, if u∗k 6= 0 and |u∗k| < λL−1 for some k, setting u∗k to
zero strictly decreases the functional value of Tα and hence, u∗ was not a global
minimizer. Let v∗k := 0 and v∗l := u∗l for l 6= k such that v∗ − u∗ = −u∗kek. Expand
S at u∗ and compare Tα(v∗) with Tα(u∗):

Tα(u∗)− Tα(v∗) = α

∞∑
l=1

φ(|u∗l |)− α
∑
l 6=k

φ(|u∗l |)−
〈
S′(u∗)

∣∣ v∗ − u∗〉
−
∫ 1

0

〈
S′
(
u∗ + t(v∗ − u∗)

)
− S′(u∗)

∣∣ v∗ − u∗〉 dt

≥ u∗kS
′(u∗)k − L

(u∗k)2

2
+ αφ(|u∗k|)

=
α(u∗k)2

2

(2
(
φ(|u∗k|)− |u

∗
k|φ
′(|u∗k|)

)
(u∗k)2

− (L−1α)−1
)
,

remembering that u∗k 6= 0 implies S′(u∗)k = −α sgn(u∗k)φ′(|u∗k|). The term on the
right-hand side is positive if and only if |u∗k| < ψ−1

(
(L−1α)−1

)
= λL−1 (also confer

Lemma 3.2), thus |u∗k| < λL−1 implies Tα(v∗) < Tα(u∗). Hence, for u∗ being a
global minimizer, it is necessary that |u∗k| ≥ λL−1 for each k ∈ Λ, concluding the
proof of the second assertion.

For the remainder, we will utilize a similar line of argumentation. Take a k /∈ Λ,
i.e. u∗k = 0 and denote by w∗k := −S′(u∗)k. Our interest is in finding sufficient
criteria which lead to a functional descent by just varying the k-th component. Let
v∗l := u∗l for l 6= k and v∗k ∈ IR. With this, we get, similarly to the above,

Tα(u∗)− Tα(v∗) ≥ w∗kv
∗
k − L

(v∗k)2

2
− αφ(|v∗k|)

= −L
(1

2

(
v∗k −

w∗k
L

)2
+
α

L
φ(|v∗k|)

)
+

(w∗k)2

2L
. (11)

Maximizing the right-hand side with respect to v∗k gives v∗k = proxL−1αφ

(
w∗kL

−1
)

which is only non-zero if |w∗k| ≥ LτL−1 , see Lemma 3.3. Moreover, the solutions
of (7) are only non-unique in ±τL−1 , so

|w∗k| > LτL−1 ⇒ 1

2

(
v∗k −

w∗k
L

)2
+
α

L
φ(|v∗k|) <

(w∗k)2

2L2
,

and plugging this into (11) yields Tα(u∗)−Tα(v∗) > 0. Consequently, if |w∗k| > LτL−1

for a u∗k = 0, then u∗ was not a global minimizer what was to show. ut

Note that the thresholds (8) for s = L−1 play an important role for global opti-
mality as they occur in the necessary conditions. The properties (a)–(c) moreover
tell us what is necessary for the GGPM to be able to detect global minimizers.
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Definition 4.1 (Quasi-global minimizers) A point u∗ ∈ `2, which fulfills the
conditions (a)–(c) in Proposition 4.1, is called a quasi-global minimizer of Tα.

Remark 4.1 In order to get consistent results, we use, in the sequel, a single-valued
selection of Gα,s:

G+
α,s(u)k :=


0, if uk 6= 0, |uk − sS′(u)k| < τs

0, if uk = 0, |uk − sS′(u)k| ≤ τs
ρ−1
s (uk − sS′(u)k), if uk 6= 0, |uk − sS′(u)k| ≥ τs
ρ−1
s (uk − sS′(u)k), if uk = 0, |uk − sS′(u)k| > τs

, (12)

where we defined ρ−1
s (x) := −ρ−1

s (−x) for x ≤ −τs (and hence we have for all
|y| ≥ λs that ρ−1

s

(
y + sα sign(y)φ′(|y|)

)
= y ). The rule (12) basically tells in the

ambiguous cases to select 0 whenever uk = 0, and the non-zero value of proxsαφ
otherwise.

Proposition 4.2 (Global minimizers need critical step-sizes) A global mini-

mizer u∗ for the Tikhonov functional Tα is a fixed point of G+
α,L−1 . Conversely, each

fixed point of this mapping is a quasi-global minimizer of Tα.

Proof Let u∗ be a minimizer and denote again by Λ the set of indices, where u∗k 6= 0.
If k ∈ Λ, then −L−1S′(u∗)k = L−1α sgn(u∗k)φ′(|u∗k|) as well as |u∗k| ≥ λL−1 ; hence∣∣u∗k − L−1S′(u∗)k

∣∣ =
∣∣u∗k + L−1α sgn(u∗k)φ′(|u∗k|)

∣∣ = ρ 1
L

(
|u∗k|

)
≥ ρ 1

L
(λ 1
L

) = τ 1
L

as ρL−1 is strictly monotonically increasing on [λL−1 ,∞[ (also see Remark 3.1).
Consequently, by the particular single-valued selection v∗ := G+

α,L−1(u∗), according

to (12) always yields the non-zero value, i.e.,

v∗k = ρ−1
L−1

(
u∗k − L

−1S′(u∗)k
)

= ρ−1
L−1

(
u∗k + L−1α sign(u∗k)φ′(|u∗k|)

)
= u∗k

by the definition of ρL−1 . Take a k /∈ Λ and observe that |L−1S′(u∗)k| ≤ τL−1

implies G+
α,L−1

(
u∗ − L−1αS′(u∗)

)
k

= 0 again by the single-valued selection (12).

Hence v∗k = u∗k = 0, and consequently, u∗ is a fixed point.
Now suppose that u∗ obeys u∗ = G+

α,L−1(u∗). Obviously, u∗ has only finitely

many non-zero coefficients, meaning that property (a) of Proposition 4.1 is satisfied.
For u∗k 6= 0 we have

u∗k − L
−1S′(u∗)k = u∗k + L−1α sign(u∗k)φ′(|u∗k|),

thus S′(u∗)k + α sign(u∗k)φ′(|u∗k|) = 0, and since the range of proxL−1αφ is the set
{0} ∪ {|x| ≥ λL−1}, see Proposition 3.3, we also have property (b). Finally, u∗k = 0
means that L−1|S′(u∗)k| ≤ τL−1 , so |S′(u∗)k| ≤ LτL−1 , implying that u∗ also obeys
property (c). ut

These results suggest that the GGPM should actually look for fixed points of
Gα,L−1 . However, taking L−1 as a step-size does not give strict descent of Tα
(cf. Prop. 4.3). However, with step-sizes carefully approaching the critical constant
one can still subsequential convergence to a fixed point of G+

α,L−1 .
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4.3 Step-sizes Approaching the Critical Constant

Motivated by the findings in the previous subsection, we now proceed with a case
where the step-size sequence (sn) approaches L−1. Again, the main problem here
is that s = L−1 does not necessarily lead to functional descent in Proposition 2.1.
Hence, we refine the Lipschitz continuity assumption for S′ to obtain results in
this setting.

Definition 4.2 (Refined Lipschitz continuity) Let K : `2 → `2 be Lipschitz
continuous with constant L > 0. Then, the Lipschitz constant is sharp in only

finitely many dimensions, iff there exists an orthogonal projection P onto a finite-
dimensional space and an L∗ < L such that, with Q := id−P , the estimate

‖K(u)−K(v)‖2 ≤ L2 ‖P (u− v)‖2 + (L∗)2 ‖Q(u− v)‖2 (13)

is satisfied for each u, v ∈ `2 .

For instance, compact linear operators have a Lipschitz constant which is sharp
in only finitely many dimensions. For concrete examples, we ask for the reader’s
patience till Section 5. With the help of Assumption 4.2, we get the following
refinement of Proposition 2.1.

Proposition 4.3 (Refined descent for critical step-sizes) Let S, R satisfy As-

sumption 2.1 with the Lipschitz constant of S′ being sharp in only finitely many dimen-

sions. Then, for each u ∈ `2, 0 < s ≤ L−1 and v ∈ Gα,s(u), the functional descent of

Tα can be estimated by

Tα(v) ≤ Tα(u)− 1

2

(1

s
− L

)
‖P (v − u)‖2 − 1

2

sL∗ + 1

sL+ 1

(1

s
− L∗

)
‖Q(v − u)‖2 . (14)

Proof Using that v ∈ Gα,s(u) solves the minimization problems in (3) and that S′

satisfies (13), we obtain for v 6= u:

Tα(v)− Tα(u) ≤
∫ 1

0

〈
S′
(
u+ t(v − u)

)
− S′(u)

∣∣ v − u〉 dt−
‖v − u‖2

2s

≤
∫ 1

0

t
(
L2 ‖P (v − u)‖2 + (L∗)2 ‖Q(v − u)‖2

)1/2
dt ‖v − u‖ −

‖v − u‖2

2s

=
1

2

((
L2 ‖P (v − u)‖2 + (L∗)2 ‖Q(v − u)‖2

)1/2 − ‖v − u‖
s

)
‖v − u‖ . (15)

Note that L∗ ≤ L ≤ 1/s, so the difference on the right-hand side is actually
non-positive. By writing

√
a−
√
b = (a− b)/(

√
a+
√
b) and estimating, it becomes

(
L2 ‖P (v − u)‖2 + (L∗)2 ‖Q(v − u)‖2

)1/2 − ‖v − u‖
s

≤
(
L+

1

s

)−1
(
L2 − s−2

)
‖P (v − u)‖2 +

(
(L∗)2 − s−2

)
‖Q(v − u)‖2

‖v − u‖ . (16)

Combining (15) and (16), rewriting (L∗)2 − s−2 = (L∗ + s−1)(L∗ − s−1) and
expanding finally gives (14). ut
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Proceeding similarly to Section 4.1 we would like to show that the support of
the iterates un stay in a finite set even for s = L−1.

Lemma 4.1 (Uniform finite support for critical step-sizes) Let S, R and φ

satisfy Assumption 2.1, (9) and Assumption 3.1 with the Lipschitz constant of S′ being

sharp in only finitely many dimensions. For (un), generated by iteration (10) with

step-sizes

0 < s ≤ sn ≤ s := L−1,

the supports of all un for n ≥ 1 are still contained in a finite set.

Proof First recall that, by Proposition 2.1, (Tα(un)) is a non-increasing sequence.
Hence, as Tα is coercive (as a consequence of Assumption 3.1, see the beginning of
this section), (un) is bounded. In the sequel, we examine the bounded sequence
(vn) given by vn := un+1 − un.

Let P and Q be chosen according to Assumption 4.2. First, we like to show
that, for each ε > 0 there exists a k0 ∈ IN such that for the truncation operator
Mk0 defined by

(Mk0u)k :=

{
0, k ≤ k0
uk, k > k0

,

it holds that
∥∥Mk0Pv

n
∥∥ ≤ ε for all n. For this purpose, choose an orthonormal

basis z1, . . . , zm for rangeP such that Pu =
∑m
j=1

〈
zj
∣∣u〉 zj . Then, for each u ∈ `2,

∥∥Mk0Pu
∥∥ ≤ ( m∑

j=1

∥∥Mk0zj
∥∥) ‖u‖ .

Choosing k0 large enough, one can achieve that the sum becomes arbitrarily small.
In particular, as (vn) is bounded, we can find for any given ε > 0 a k0 ∈ IN, such
that

∥∥Mk0Pv
n
∥∥ ≤ ε for each n.

Next, we show that Qvn → 0 as n → ∞. Assume the opposite, i.e., there
exists a c > 0 such that

∥∥Q(un+1 − un)
∥∥ ≥ c for infinitely many n. For these n,

Proposition 4.3 yields

c2

2

snL
∗ + 1

snL+ 1

( 1

sn
− L∗

)
≤ Tα(un)− Tα(un+1),

which is a contradiction since the right-hand side tends to zero as n→ 0, while the
left-hand side is bounded away from zero. Hence, Qvn → 0 as n→∞.

Setting ε := κs/2, we are thus able to find a k0 and n0 such that∥∥Mk0v
n
∥∥ ≤ ∥∥Mk0Pv

n
∥∥ +

∥∥Qvn∥∥ ≤ κs

2
+
∥∥Qvn∥∥ < κs

for all n ≥ n0. Now, as in Theorem 4.1, if the supports of un+1 and un differ
for some index k ≥ k0, then

∥∥Mk0(un+1 − un)
∥∥ =

∥∥Mk0v
n
∥∥ ≥ κs, hence n < n0.

Consequently, the support of un does only change finitely many times outside
of {1, . . . , k0}. As u1, . . . , un0 have finite support, it follows by induction that the
support of all iterates un, n ≥ 1 are contained in a finite set, which is the statement
we wanted to show. ut
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The previous lemmas and propositions are the essential ingredients for proving
subsequential convergence of the GGPM when (sn) is monotonically increasing
with limit L−1 in a suitable manner. This will be done in the following theorem.

Theorem 4.2 (Strong subsequential convergence to quasi-global minimiz-

ers) Let S, R and φ satisfy Assumption 2.1, (9) and Assumption 3.1 with the Lipschitz

constant of S′ being sharp in only finitely many dimensions. If the GGPM is performed

according to (12) with step-size choice

sn :=
n+ 1

L(n+ 1) + 1
,

then (un) is relatively compact and possesses a strong accumulation point u, which is

a quasi-global minimizer of Tα.

Proof Note that (un) is bounded and, by Lemma 4.1, contained in a finite-
dimensional subspace, hence relatively compact. To show the existence of a strong
accumulation point as stated, we claim that, for each ε > 0 and each n0 ∈ IN, there
exists a n ≥ n0 such that

∥∥un+1 − un
∥∥ < ε. Assume the opposite, which means that

there is a ε > 0 and a n0 such that
∥∥un+1 − un

∥∥2 ≥ ε2 for all n ≥ n0. According to
Proposition 2.1,

ε2

2

( 1

sn
− L

)
≤ Tα(un)− Tα(un+1),

which yields, by the particular choice of sn, after summing up,

n1−1∑
n=n0

1

n+ 1
≤ 2

ε2
(
Tα(un0)− Tα(un1)

)
for any n1 > n0. Since (Tα(un)) is a non-increasing sequence, the right-hand side
is bounded as n1 →∞, while the left-hand side is not, a contradiction.

Hence, the above statement has to hold. Choosing ε := 1
j for each j ∈ IN, we

can therefore construct a subsequence for which
∥∥unj+1 − unj

∥∥ → 0 as j →∞. As
(unj ) is still bounded and the supports of unj are contained in a finite set (confer
Lemma 4.1), there exists a strongly convergent subsequence. Hence, by further
restricting (unj ), we can achieve that also unj → u for some u ∈ `2.

Next we show that unj+1 = G+
α,snj

(unj ) → G+
α,L−1(u) as j → ∞. From the

above immediately follows that G+
α,snj

(unj )→ u, hence it suffices to show that also

G+
α,snj

(unj )k → G+
α,L−1(u)k for each k. Since S′ is Lipschitz continuous, it holds that

unj−snjS′(unj )→ u−L−1S′(u). In particular, u
nj
k −snjS

′(unj )k → uk−L−1S′(u)k
for each k. If, for a fixed k, it holds that |uk − L−1S′(u)k| 6= τL−1 , then

G+
α,snj

(unj )k = proxsnjαφ
(
u
nj
k − snjS

′(unj )k
)

→ proxL−1αφ

(
uk − L−1S′(u)k

)
= G+

α,L−1(u)k

by Lemma 3.4. If |uk − L−1S′(u)k| = τL−1 , then Lemma 3.4 and the fact that

G+
α,snj

(unj )k = u
nj+1

k → uk give either uk = 0 or uk = ρ−1
L−1

(
uk − L−1S′(u)k

)
6= 0.

In both cases, uk = G+
α,L−1(u)k by the definition (12).

Thus, u = G+
α,L−1(u) from which Proposition 4.2 gives the desired properties.

ut
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1

2

1 2
x

proxsαφ

(τs, λs)

1

2
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x
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p = 1/2 fixed, s = 1 fixed,
s ∈ {1/4, 1/2, 1} p ∈ {7/8, 3/4, 1/2, 1/4}

Fig. 3 Thresholding functions proxsαφ for φ(x) := |x|p according to Lemma 5.1 for α = 1 and
different values of s and p.

To summarize, this means that one can design an algorithm for which at
least one subsequential limit u shares the same necessary conditions as the global
minimizer u∗. Hence, if Theorem 4.2 is applicable, one can argue that the GGPM
produces reasonable approximations to a minimizer of Tα.

5 Application to `p Penalties

This section deals with the special case φ(x) := |x|p with 0 < p < 1, which is
clearly a non-convex penalty. First, it is analyzed how the proximity operator
can be calculated (cf. [23,24]). This result can be easily derived from the general
statements of Lemma 3.3.

Lemma 5.1 (The proximal mapping for `p penalties) Let 0 < p < 1 and α > 0.

The function φ(x) := |x|p satisfies Assumption 3.1. The corresponding proxsαφ and

thresholds, according to (8), can be expressed by (slightly abusing notation)

proxsαφ(x) =

{
0, for |x| ≤ τs(
· + sαp sign( · )| · |p−1

)−1
(x), for |x| ≥ τs

,

τs :=
2− p
2− 2p

(
2sα(1− p)

) 1
2−p , λs :=

(
2sα(1− p)

) 1
2−p .

Proof All the statements can easily be verified by computation. Assumption 3.1(d)–
(e) is almost trivially fulfilled. Regarding Assumption 3.1(a)–(c), note that φ

is arbitrarily differentiable on ]0,∞[. The function φ′ is strictly convex because
of φ′′′ > 0 for positive arguments. We have φ′(x) → ∞ as x → 0, as well as
φ′(x)/x = pxp−2 → 0 as x → ∞. Moreover, xφ′′(x) = p(p − 1)xp−1 is easily seen
to be locally integrable on [0,∞[. Clearly, ψ(y) = 2(1− p)yp−2, so one computes

λs =
(
2sα(1− p)

)1/(2−p)
, and consequently

τs = ρs(λs) = λs + sαpλp−2
s λs =

(
1 +

p

2− 2p

)
λs =

2− p
2− 2p

(
2sα(1− p)

) 1
2−p .

ut



Minimization of Non-smooth, Non-convex Functionals by Iterative Thresholding 19

The functions proxsαφ perform a thresholding, and for p varying from 1 to 0
they evolve from soft to hard thresholding as already noted in [23,24], see Figure 3.
With Proposition 4.1 in mind, we also get the following.

Remark 5.1 If S : `2 → [0,∞[, one can immediately estimate the number of non-zero
coefficients for a minimizer u∗ of Tα:

S(0) = Tα(0) ≥ Tα(u∗) ≥ α
∞∑
k=1

|u∗k|
p ≥ #{u∗k 6= 0}α

(
2L−1α(1− p)

)p/(2−p)
implies

#{u∗k 6= 0} ≤ 2S(0)
(
(2α)2/pL−1(1− p)

)p/(p−2)
.

The above shows that the GGPM is applicable for `p-penalties with S, according
to Assumption 2.1 (a), and leads to convergence whenever one of the Theorems 4.1
or 4.2 is applicable. Roughly speaking, without additional assumptions we only
get subsequential convergence to stationary points. In some situations, where
more about the structure of the problem is known, one can actually see that
the additional assumptions introduced in Section 4 are satisfied, and convergence
can be established. One class for which this is possible is the usual setting of
Tikhonov regularization for the solution of linear inverse problems. In the following,
let, in addition to 0 < p < 1, H be a Hilbert space, K : `2 → H be linear and
continuous, f ∈ H be some given data, which is usually noise-perturbed, and α > 0
a regularization parameter. Set

S(u) :=
‖Ku− f‖2H

2
, R(u) := ‖u‖pp =

∞∑
k=1

|uk|p (17)

and consider again

min
u∈`2

Tα(u) with Tα(u) := S(u) + αR(u),

which now amounts to Tikhonov regularization. Note that S′(u) = K∗(Ku − f)
is Lipschitz continuous. Clearly, the Lipschitz constant is given by ‖K∗K‖, and
Theorem 4.1 is applicable with 0 < s ≤ sn ≤ s < ‖K∗K‖, yielding subsequential
convergence to stationary points. We moreover observe the following:

Lemma 5.2 (Linear operators with sharp Lipschitz constant in only finitely

many dimensions) Consider S according to (17), with K : `2 → H being bounded

and continuous. If the space, for which K∗Ku = ‖K∗K‖ u holds, is finite-dimensional

and ‖K∗K‖ is not an accumulation point of the eigenvalues of K∗K, then S′, according

to S′(u) = K∗(Ku− f), has a Lipschitz constant which is sharp in only finitely many

dimensions.

Proof The statement follows immediately by setting P as the projection onto
the eigenspace for ‖K∗K‖ and noting that K∗K = ‖K∗K‖ P + QK∗KQ, where
‖QK∗KQ‖ < ‖K∗K‖. ut
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Algorithm 1 GGPM for Tikhonov regularization with `p-constraints.

1: Input: K : `2 → H, f ∈ H, α > 0, 0 < p < 1.
2: Initialize u0 with

∑
k |u0k|p <∞, set L← ‖K∗K‖, n = 1.

3: repeat
4: Set sn ← (n+ 1)/(L(n+ 1) + 1).
5: Calculate threshold

τn :=
2− p
2− 2p

(
2snα(1− p)

) 1
2−p .

6: Calculate vn = un − snK∗(Kun − f).
7: for k do
8: if (|vnk | ≤ τn ∧ unk = 0) ∨ (|vnk | < τn ∧ unk 6= 0) then

9: Set un+1
k ← 0.

10: else
11: Set un+1

k ←
(
· + snαp sign( · )| · |p−1

)−1
(vnk ).

12: end if
13: end for
14: Set n← n+ 1.
15: until stopping criterion fulfilled

In particular, Theorem 4.2 is applicable for compact operators K and hence,
we have strong subsequential convergence to a fixed point even in the case of
sn := (n+ 1)/(L(n+ 1) + 1). The GGPM for minimizing Tα with (17) in this
situation is summarized as an abstract method in Algorithm 1.

In the remainder of this section, we show that, for rational p ∈ ]0, 1[ and K

satisfying the so-called “finite-basis injectivity” (FBI) property [8], all accumulation
points for the iterates generated by GGPM are isolated. This will imply the
convergence of the whole sequence. The proof bases on algebraic considerations for
the stationary points.

Proposition 5.1 (Discreteness of quasi-global minimizers for rational p) Let

R and S according to (17) with K satisfying the FBI property, i.e., K is injective

whenever restricted to finitely many coefficients. Furthermore, let p be rational, i.e.,

p := q/r with q, r ∈ IN as well as r > q ≥ 1.

Then, the set of quasi-global minimizers of Tα is discrete.

Proof We split the proof of this proposition into several steps. First, denote by
U the set of quasi-global minimizers according to Definition 4.1, and denote by
supp(v) := {k ∈ N| vk 6= 0} for v ∈ U . The first claim is that there exists an ε > 0
such that for all u, v ∈ U with ‖u− v‖ < ε, we have supp(u) = supp(v). Suppose
that for some u, v ∈ U it holds that supp(v) 6= supp(u). Then, there exists a
k ∈ N such that either uk 6= 0 and vk = 0, or uk = 0 and vk 6= 0. Without any
loss of generality, let vk = 0. From condition (b) for quasi-global minimality (see
Proposition 4.1) it follows that |uk − vk| = |uk| ≥ λL−1 . Therefore ‖u− v‖ ≥ λL−1

and the statement follows with ε = λL−1 .

Let now I ⊂ N be an arbitrary finite set. We show that {u ∈ U : supp(u) = I}
is a finite set. Together with the above, the statements of the proposition will
then follow. Since I is finite, span(I) := span{ek : k ∈ I} ∼= RN , where N = #I.
Therefore, there exists a matrix representation KI ∈ RN×N of the operator K
restricted to span(I). Due to the the FBI property, K is injective on span(I), and
consequently, KI is a regular matrix. This implies that K∗IKI is a symmetric and
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positive definite matrix. Without any loss of generality we assume from now on
that I = {1, . . . , N}, u = (u1, . . . uN ) ∈ RN , f = (f1, . . . fN ), and K = KI . Again
by condition (b) for quasi-global minimality, every u ∈ U has to satisfy the system
of equations

uk 6= 0 and −S′(u)k = α sign(uk)p|uk|p−1 for k ∈ I.

Since S′(u) = K∗(Ku− f) we get the system of equations

uk 6= 0 and
(
K∗(Ku− f)

)
k

+ α sign(uk)p|uk|p−1 = 0, (18)

for all k ∈ I. Now fix a sign pattern of u, i.e., let σ ∈ {−1, 1}N be given. Letting
v ∈ CN ,

tk =

{
αp, if σk = 1

−αpe−
iπ(q−r)

r , if σk = −1,

and writing vr := (vr1, . . . , v
r
N ) as well as t := (t1, . . . , tN ), we consider the system

of complex equations

K∗(Kvr − f) + diag(t)vq−r = 0, for v ∈ (C \ {0})N . (19)

Each u solving (18) with sign(u) = σ gives a solution to (19) via

vk =

{
u
1/r
k , for uk > 0

(−uk)1/re
iπ
r , for uk < 0.

If there are only finitely many v ∈ (C \ {0})N solving (19), then, by injectivity
of u 7→ v on (IR\{0})N → (C\{0})N , there are only finitely many u solving (18)
with sign(u) = σ. Consequently, as there are only finitely many σ ∈ {−1, 1}N , the
solution set of (18) has to be finite.

In order to show that (19) has finitely many solutions, we like to employ
Lemma A.2. For this purpose, we multiply with diag(vr) from the left to get the
new system

diag(vr)K∗Kvr − diag(K∗f)vr + diag(t)vq = 0, v ∈ CN ,

whose solutions are a superset of the solutions of (19). After substituting X = vr

and a = vq and setting A = K∗K, b = −diag(K∗f), c = 0 and d = t, we arrive at
the system

diag(X)AX + diag(X)b+ diag(X) diag(a) + diag(a)d = 0,

ar = Xq,

which fulfills all conditions of Lemma A.2, and hence has only finitely many solution
vectors (X, a). Now observe that there are at most qN possible v ∈ CN , which
are mapped to one (X, a) ∈ C2N by X = vr and a = vq (which is rather a rough
estimate). Thus (19) has only finitely many solutions, and consequently, (18) has
also only finitely many solutions. ut

Collecting the results, we finally have the following convergence statement.
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Theorem 5.1 (Strong convergence to quasi-global minimizers for rational p)

If p ∈ ]0, 1[ is rational and K : `2 → H is linear, continuous and such that

(a) the set {u ∈ `2 : K∗Ku = ‖K∗Ku‖} is a finite-dimensional subspace,

(b) the eigenvalues of K∗K do not accumulate at ‖K∗K‖ and

(c) K satisfies the FBI property,

then each sequence (un) generated by Algorithm 1 converges to a quasi-global minimizer

of Tα.

Proof Relative compactness of (un) and subsequential convergence to a quasi-global
minimizer follows immediately from Theorem 4.2. According to Proposition 5.1,
the latter form a discrete set in `2, which implies that u∗ is isolated. Therefore,
the whole sequence converges to u∗ by Proposition 2.3. ut

Note that the restriction that p has to be rational might appear unsatisfactory
at the first glance. From the practical point of view, however, machine numbers are
most commonly represented with finite precision and rational by definition. Hence,
the restriction does actually not matter in numerical computations.

Remark 5.2 (`0 penalties) We remark on the (not covered) limiting case p = 0, i.e.

min
u∈`2

‖Ku− f‖2

2
+ α#{uk 6= 0}. (20)

In fact, this problem is not well-posed for general α > 0 due to the lack of coercivity
of the functional #{uk 6= 0}. Indeed, one can construct a compact linear operator
such that the minimization problem (20) admits no solution: For a given α > 0
choose a f ∈ `2 such that ‖f‖2 /2 > α, and the support of f is infinite. Denote by
(fn) the sequence according to

fnk :=

{
fk, if k ≤ n,
0, else

,

and define K : `2 → `2 by Ku :=
∑∞
n=1

un
n f

n, which gives a linear, continuous and
compact operator. With un := nen we deduce

inf
u∈`2

‖Ku− f‖2

2
+ α#{uk 6= 0} ≤ lim

n→∞

‖Kun − f‖2

2
+ α = α .

As the support of f is infinite, each u = vek for some v 6= 0 and k ∈ IN results in
a ‖Ku− f‖2 /2 + α > α. For u = 0 we get the functional value ‖f‖2 /2, which is
greater than α. This is obviously also true for each u ∈ `2 with #{uk 6= 0} ≥ 2.
Hence, no minimizer exists, cf. [25] and [26].

Although the problem (20) generally admits no solution, one can try to apply
the GGPM with quadratic fidelity and the separable penalty term

S(u) :=
‖Ku− f‖2

2
, R(u) := α

∞∑
k=1

φ(|uk|) , φ(x) =

{
0, if x = 0

1, if x 6= 0 .

One easily sees that the minimization problem for proxsαR, i.e.,

min
v∈`2

∞∑
k=1

(
uk − s

(
K∗(Ku− f)

)
k

)2
+ αφ(|uk|),
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can be solved by doing a hard-thresholding on w = u− sK∗(Ku− f):

proxsαR
(
w
)
k

=

{
0, for |wk| ≤

√
2sα

wk, for |wk| ≥
√

2sα
.

This iteration has been studied in finite dimensions in [22].
Note that the structure of the iteration is the same as for the `p-penalties with

0 < p < 1. Furthermore, with 0 < s < L−1, Proposition 2.1 is still applicable, and
since hard-thresholding also induces a jump, the iterates (un) do not change the
sign pattern from some index on, reducing the iteration to

un+1
k = unk − s

(
K∗(Kun − f)

)
k

for k being in some finite set. This amounts to a Landweber iteration in finite
dimensions, which always converges.

Hence, the hard-thresholding operation of [22] still converges in the infinite-
dimensional setting even though a global minimizer does not necessarily exist. The
`p-setting where 0 < p < 1 has the advantage that we can get both: well-posedness
as well as convergence of the algorithm.

6 Numerical Examples

We illustrate the behavior of the proposed algorithm with two examples. The
purpose of this section is to give an impression of the characteristics of the algorithm,
especially since it behaves somehow discontinuous.

6.1 Reconstruction With a Partial DCT-Matrix

The purpose of this example is to demonstrate the typical behavior of the iterated
thresholding algorithm on a simple example. We considered the finite dimensional
problem of reconstruction of a spiky signal from partial discrete cosine transformed
(DCT) measurements. We generated an operator by taking 64 random rows of a
DCT matrix of size 256× 256. We generated spiky data by randomly choosing ten
entries to have normally distributed values, added 5% noise and chose α = 5 · 10−4.
Moreover, we chose to use the increasing step-size rule sn := (n+ 1)/(L(n+ 1) + 1).
Figure 4 illustrates the behavior of the iteration. We plotted the behavior of the
functional value Tα, and also the norm difference between two iterates

rn :=
∥∥∥un − proxsnαR

(
un − snK∗(Kun − gδ)

)∥∥∥ . (21)

We observe that the functional value is monotonically decreasing, and from time to
time it jumps down. This effect is due to the jump in the iteration mapping Gα,sn
and happens when one coefficient jumps out of or into the dead-zone of Gα,sn .
These jumps are also present in the plot of the residual r, and of course, they are
smaller for larger p since the jump in Gα,sn is smaller. Finally one observes that,
from some point on, the residual decreases monotonically. This may be due to the
fact that the support of the minimizer is identified and not changing anymore and
the algorithm behaves like a usual gradient descent.
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Fig. 4 Two typical runs for the partial-DCT example. Top row: p = 0.1, bottom row: p = 0.9.
Left column: development of the objective value Tα(un), right column: development of the
residual from (21).
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Fig. 5 Example with a smoothing operator. Left original solution u†, middle: original data g†,
right: noisy data gδ (5% noise).

6.2 Deblurring of Spikes

This purpose of the next example is to show the difference of the minimizers for
different values of p. In this numerical example, we considered a discretized linear
blurring operator F combined with a synthesis operator B associated with simple
hat-functions. We generated a solution which consists of a few spikes and hence, has
a sparse representation in hat functions. We generated noisy data with 5% noise,
see Figure 5. Then, we chose α = 5 · 10−5 and p = 0.1. Motivated by the previous
example, we applied our algorithm until the norm of the residual rn from (21) fell

below the threshold 1 ·10−9, leading to a reconstruction uα,δp . To make a comparison

with different values for p we calculated the discrepancy for
∥∥∥FBuα,δp − gδ

∥∥∥ and

chose α such that we obtained the same discrepancy for different values of p. The
result is depicted in Figure 6. Concerning the properties of the solutions, one may
note that smaller values of p lead to higher sparsity for the same discrepancy and
to a more accurate reconstruction of the height of the peaks.
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Fig. 6 Reconstructions for different values of p. The first row shows the norm of the residual,
i.e.

∥∥un − proxsαR(un −K∗(Kun − gδ)
∥∥. The second row shows the reconstructed uα,δ (and

with slim lines the original u†).

6.3 Local Minimizers and Step-sizes

In this experiment, we used the same set-up as in Section 6.2. We created another
spiky solution u† and produced noisy data gδ. Now we fixed p = 0.2, α = 2 · 10−4

and ran GGPM with different step-sizes sn. In the top-row of Figure 7 we show
the progress of the objective function for stepsizes sn ≡ 0.2/L, sn ≡ 0.5/L and
sn := (n + 1)/((n + 1)L + 1), respectively (L = ‖FB‖2). Note that the stepsizes
that are bounded away from 1/L lead to larger objective values and hence, the
method got stuck in a local minimizer. For the increasing stepsize, we obtain the
lowest objective value and moreover, one that satisfies the additional necessary
conditions for global minimizers (cf. Section 4.2). In the bottom row of Figure 7 we
show the calculated minimizers u0.2, u0.5 and uinc, corresponding to the different
stepsizes. Note that indeed, the small stepsize misses several peaks and also that
the minimizer for sn ≡ 0.5/L still misses one peak and also has several peaks at
slightly shifted positions (compared to the peaks obtained with the increasing
stepsize, cf. rightmost graph in Figure 7).

7 Concluding Remarks

We considered instances of non-smooth and non-convex minimization problems
split into a smooth and a non-smooth, non-convex part with simple proximal
mapping. Our analysis shows that, even in the general case of functionals, the
proposed GGPM algorithm has convenient convergence properties. In the special
case of separable constraints, our method amounts to an iterative thresholding
procedure and is rather easy to implement. We remark that non-smooth and
non-convex optimization problems are fairly hard to solve. Our algorithm gives
strong subsequential convergence in the general separable case as well as strong
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Fig. 7 Influence of the stepsize in GGPM. Top: Distance to the smallest objective value
which could be produced for the different stepsizes (sn ≡ 0.2/L dashed, sn ≡ 0.5/L dotted,
sn := (n+ 1)/((n+ 1)L+ 1), solid.) Bottom row: Corresponding local minimizers. Rightmost:
Difference between the minimizers for sn := 0.5/L and sn := (n+ 1)/((n+ 1)L+ 1).

convergence if the smooth part is a squared discrepancy term with a compact
operator satisfying the FBI property and non-convex sequence space quasi-norms
penalties with rational exponent. Therefore, there is good reason to hope that it
may reach a global minimizer in the special case of separable constraints. The
question whether for irrational exponent it may happen that the minimizers are
not discrete, is still open.

Finally, again for the latter special case, there is an approach based on iterative
reweighting techniques [27] which also produces subsequences which converge to
a critical point. However, one can show that these methods provably run into
non-global minima if initialized wrong (e.g., if the operator equals the identity
and too small or too large initialization) and no general strategy for the choice of
initialization is available. This problem is partly circumvented in our method by
step-sizes which approach the critical constant, cf. Section 4.3.

As possible generalizations of the GGPM one could imagine (in the spirit of [12])
to also allow for non-convex but smooth terms for the gradient step and it may
even be possible to incorporate an inertial force like in the heavy ball method or
an acceleration in Nesterov style (also, cf. [12]).

A Appendix

A.1 Proof of Lemma 3.2

As φ is non-decreasing, φ′(y) ≥ 0 for all y > 0, hence limy→∞ φ′(y) ≥ 0 (with ∞ allowed).
Thus, each ρs is a strictly convex function with ρs(y) → ∞ for y → 0 and y → ∞, which
implies that a unique minimizer ys > 0 exists.

Next, note that since ρs is strictly convex for some s > 0, it is locally Lipschitz. Conse-
quently, φ′ is locally Lipschitz and in particular absolutely continuous on compact intervals
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contained in ]0,∞[. This implies that φ′ is differentiable almost everywhere in ]0,∞[, with
φ′(y1)− φ′(y0) =

∫ y1
y0

φ′′(t) dt for each y1 > y0 > 0. Moreover, by assumption t 7→ tφ′′(t) is

Lebesgue integrable on [0, y] for each y > 0, hence Fubini’s theorem is applicable. We compute

φ(y)− yφ′(y) = φ(0) +

∫ y

0
(φ′(τ)− φ′(y)) dτ = −

∫ y

0

∫ y

τ
φ′′(t) dt dτ = −

∫ y

0
tφ′′(t) dt.

Since (φ′)′− is strictly monotonically increasing and coincides with φ′′ where the latter exists,

i.e., almost everywhere in ]0,∞[, we get for y > 0 and any z ≥ (φ′)′−(y) that

−
∫ y

0
tφ′′(t) dt =

∫ y

0
t(φ′)′−(t) dt > −z

∫ y

0
tdt = − zy

2

2
.

This already proves ψ(y) > −z. For ψ being strictly decreasing, consider y > 0 where φ′′(y)
exists and deduce

ψ′(y) =
2

y

( 2

y2

∫ y

0
tφ′′(t) dt− φ′′(y)

)
< 0 ⇔ ψ(y) > −φ′′(y),

where the latter has already been established. Hence, ψ′ < 0 almost everywhere in ]0,∞[ and
as ψ is also locally Lipschitz in ]0,∞[, it is absolutely continuous in each compact interval
contained in ]0,∞[. Consequently, one can conclude that ψ is strictly monotonically decreasing.
Moreover, ψ(y) > −(φ′)′−(y) also implies ψ(y)→∞ as y → 0 since φ′(y) is bounded around

0 whenever (φ′)′−(y) is bounded around 0. Finally, from the assumptions φ(y) → ∞ and

φ′(y)/y → 0 as y → ∞, it follows with L’Hôpital’s rule that φ(y)/y2 → 0. Consequently,
ψ(y)→ 0 as y →∞ and, together with the above, ψ : ]0,∞[→ ]0,∞[ is onto. ut

A.2 Tools from Algebraic Geometry

This section contains some technical lemmas for algebraic equations in order to prove Proposi-
tion 5.1. We make here use of the theory of Gröbner bases for solving algebraic equations.

We present the most important notations and definitions, which are needed for the theory
here for the sake of convienience and in order to provide an uniform notation. A brief introduction
to Gröbner bases can also be found in [28].

Definition A.1 (Some notations and definitions in polynomial rings)

– We denote by P the polynomial ring C[X1, . . . , Xn] in n variables with complex coefficients.
– A subgroup I of P with respect to + is called an ideal of P, iff for all f ∈ P and all g ∈ I

the product fg is also in I. We write I C P if I is an ideal of P.
– Let F be a subset of P. The set

〈F 〉 =
⋂

F⊂ICP

I

is called the ideal generated by F . It holds that

〈f1, . . . , fm〉 =
{ m∑
i=1

gifi : fi ∈ F, gi ∈ P for i = 1, . . . ,m
}
.

– For α ∈ Nn
0 the power product Xα is defined by Xα := Xα1

1 · · ·X
αn
n .

– We denote with T ⊂ P the set {Xα : α ∈ Nn
0 } of power products. A power product Xα

is mixed if αi > 0 for at least two i.
– The lexicographical order <lex of multindices α, β ∈ Nn

0 is defined as

α <lex β ⇔ ∃m > 0 : (∀i < m : αi = βi) ∧ αm < βm.
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– The total degree lexicographical order ≺ on the set T of power products is defined by

t1 ≺ t2 ⇔ t1 := Xα, t2 := Xβ , α, β ∈ Nn
0 ,

|α| < |β| ∨ (|α| = |β| ∧ α <lex β)

with |α| = ∑n
j=1 αj .

– For a polynomial f ∈ P we define the coefficient of the power product t of f as C(f, t).
– We define the support of the polynomial f as supp(f) := {t ∈ T : C(f, t) 6= 0}.
– The degree of the polynomial f is defined by deg(f) := max {|α| : Xα ∈ supp(f)} while

the degree with respect to Xi is given by degXi (f) := max {αi : Xα ∈ supp(f)}.
– The leading powerproduct of f is defined by LPP(f) := max≺{t : t ∈ supp(f)}.
– The trailing term of f is the smallest powerproduct in supp(f) with respect to ≺.

Definition A.2 (Varieties) Let I ⊂ P be a set of polynomials. Then the variety of I is
defined as V (I) := {c ∈ Cn : f(c) = 0 for all f ∈ I}.
Definition A.3 Let F ⊂ P. The initial ideal with respect to the order ≺ is defined by
In≺(F ) := 〈{LPP(f) : f ∈ F}〉.
Definition A.4 (Gröbner basis) Let I C P be an ideal and ≺ the lexicographical total
degree order. A finite G ⊂ I such that In≺(I) = In≺(G) is called a Gröbner basis for I with
respect to ≺.

We call G a reduced Gröbner basis iff additionally

(i) each g ∈ G is normed, i.e., the leading coefficient, C(g,LPP(g)), is 1,
(ii) the set {LPP(g) : g ∈ G} minimally generates In≺(I), i.e., for all g ∈ G it holds that

In≺(G \ {g}) 6= In≺(G), and
(iii) no trailing term of any g ∈ G lies in In≺(I).

One can show that a reduced Gröbner basis exists for each ideal I and that it is unique. We
will use the following characterization of Gröbner bases (the proof can be found in [29, Section
3.5] or [30, Theorem 2.4.1]).

Theorem A.1 Let I C P be an ideal and let G ⊂ I be a finite set of normed polynomials.
Then, the following statements are equivalent:

(i) G is a Gröbner basis for I with respect to ≺.
(ii) It holds that {LPP(f) : f ∈ I} = {tLPP(g) : g ∈ G, t ∈ T}.

Theorem A.2 is also from the theory of Gröbner bases, and gives a connection between the
finiteness of varieties and the structure of the reduced Gröbner basis (the proof can be found
in [29, Section 3.6], [30, Proposition 3.7.1]).

Theorem A.2 Let I C P be an ideal, and G the reduced Gröbner basis with respect to ≺.
Then, the following statements are equivalent:

(i) V (I) is finite.
(ii) There exists g1, . . . , gn ∈ G, and m1, . . . ,mn ∈ N0, such that LPP(gi) = X

mi
i .

(iii) The quotient space P/I is a finite dimensional C vector space.

Finally, we have all the tools to obtain the desired results about the solutions of algebraic
equations. They are formulated in the following two lemmas.

Lemma A.1 Let n ∈ N, A ∈ Cn×n be a Hermitian positive definite matrix. The system of
quadratic equations diag(X)AX = 0, has only the trivial solution X = 0.

Proof Let X be a solution of diag(X)AX = 0. Then, for each i, we have Xi = 0 or (AX)i = 0.
Hence, we can rearrange the indices 1, . . . , n in such a way that for a 1 ≤ k ≤ n, that
X1, . . . , Xk 6= 0, and Xk+1, . . . , Xn = 0. In order to exchange the indices i and j, we have
to exchange the i-th and the j-th rows as well as the i-th and j-th columns of A. Since the
eigenvalues of A are invariant under those operations, the resulting new matrix Ã is also positive
definite and Hermitian. Since Xk+1, . . . , Xn = 0 we can eliminate the corresponding rows and

columns of the system. Denoting the resulting matrix by ˜̃A and X̃ = (X1, . . . , Xk), it follows
that

˜̃AX̃ = 0.

From the Sylvester criterion we know that ˜̃A is positive definite as it is a submatrix of Ã.
Therefore, X̃ = 0, and hence, X = 0. ut
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Lemma A.2 Let A ∈ Cn×n be a positive definite, Hermitian matrix and b, c, d ∈ Cn. Then,
the system

diag(X)AX + diag(X)b+ diag(X) diag(a)c+ diag(a)d = 0,

ari = Xq
i , i = 1, . . . , n,

with r > q has only finitely many solutions.

Proof Define the polynomials

fi := f(X1, . . . , Xn) = Xi

( n∑
j=1

AijXj

)
+Xibi +Xiaici + aidi = 0

and

f̃i = Xi

( n∑
j=1

AijXj

)
.

Furthermore set Ĩ = 〈f̃1, . . . , f̃n〉.
Let G̃ be the reduced Gröbner basis for Ĩ with respect to the total degree lexicographical

order ≺. From Lemma A.1 and Theorem A.2 we know that there are m1, . . . ,mn ∈ N such
that LPP(g̃i) = X

mi
i for i = 1, . . . , n. Since G̃ ⊆ Ĩ there are rij ∈ P, such that

g̃i =

n∑
j=1

f̃jrij (22)

for all i = 1, . . . , n. Let us now fix some i ∈ {1, . . . , n}.
Next note that f̃i only contains quadratic power products and that X2

i ∈ supp(f̃i) since

Aii > 0 by positive definiteness of A. Therefore, deg(f̃i) = 2. Now split each rij according to

sij :=
∑

t∈supp(rij),
deg(t)≤mi−2

C(rij , t)t tij :=
∑

t∈supp(rij),
deg(t)>mi−2

C(rij , t)t.

We claim that
∑n
j=1 tij f̃j = 0. Assume the opposite and observe that for each t ∈ T with

deg(t) > mi − 2 and each j = 1, . . . , n it follows that C(tf̃j , s) = 0 for each s ∈ T with

deg(s) ≤ mi. Consequently, C(
∑n
j=1 tij f̃j , s) = 0 for each s ∈ T with deg(s) ≤ mi implying

that deg(
∑n
j=1 tij f̃j) > mi since

∑n
j=1 tij f̃j 6= 0. But we also have that

mi = deg(g̃i) = deg
(∑
j

sij f̃j +
∑
j

tij f̃j

)
,

and deg
(∑

j sij f̃j

)
≤ mi, from which the contradiction deg(

∑n
j=1 tij f̃j) ≤ mi follows. Hence,∑n

j=1 tij f̃j = 0. In particular, g̃i =
∑n
j=1 sij f̃j , so, by possibly replacing rij with sij , we can

achieve in (22) that deg(rij) ≤ mi − 2 for each j = 1, . . . , n.
We define the polynomials hi :=

∑
j rijfj and consider them elements of the polynomial

ring P̃ := C[a1, . . . , an, X1, . . . , Xn] in 2n variables, and extend the order ≺ to P̃, i.e., we

consider a1 ≺ . . . ≺ an ≺ X1 ≺ . . . ≺ Xn. Additionally, we denote by T̃ the set of power
products of P̃. It follows that

hi =
∑
j

rijfj =
∑
j

rij(f̃j + bjXj + cjXjaj + djaj)

=
∑
j

rij f̃j +
∑
j

rij(bjXj + cjXjaj + djaj)

= g̃i +
∑
j

rij(bjXj + cjXjaj + djaj).
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Since we assumed that the bj , cj and dj are constants, deg(rij) ≤ mi − 2 implies that

deg
(∑
j

rij(bjXj + djaj)
)
≤ mi − 1, deg

(∑
j

rijcjXjaj

)
≤ mi

and since aj ≺ Xi for all j we have

LPP(hi) = LPP(g̃i) = X
mi
i .

Now we define the ideal J C P̃ generated by f1, . . . , fn and the polynomials kj = arj −X
q
j ,

j = 1, . . . , n. Clearly, h1, . . . , hn ∈ J . Also, LPP(hi) = X
mi
i and LPP(ki) = ari for i = 1, . . . , n,

the latter since r > q.
In order to prove that V (J) is finite we consider the reduced Gröbner basis G for J with

respect to ≺. By the above, we have X
mi
i , ari ∈ {LPP(f) | f ∈ J}, and by Theorem A.1

{LPP(f) : f ∈ J} = {tg : g ∈ G, t ∈ T̃} . Hence, for each i = 1, . . . , n, X
mi
i = ti LPP(gi)

and ari = ti−n LPP(gi−n) for some g1, . . . , g2n ∈ G, and t1, . . . , t2n ∈ T̃. This is only possible

if there exist m̂1, . . . , m̂2n such that LPP(gi) = X
m̂i
i and LPP(gi+n) = a

m̂i+n
i for i = 1, . . . , n.

This implies by Theorem A.2 that V (J) = V ({f1, . . . , fn, k1, . . . , kn}) is finite, which is what
we wanted to show. ut
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