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Abstract The recently introduced preconditioned Douglas-Rachford iteration (PDR) for convex-
concave saddle-point problems is studied with respect to convergence rates and applied to varia-
tional imaging problems with total variation (TV) and total generalized variation (TGV) penalty.
A rate of O(1/k) for restricted primal-dual gaps evaluated for ergodic sequences generated by
the PDR iteration is established. Based on PDR, new fast iterative algorithms for TV-denoising,
TV-deblurring and TGV-denoising of second order with L2 and L1 discrepancy are proposed.
While for denoising, symmetric (block) Red-Black Gauss-Seidel preconditioners are effective,
fast Fourier-transform (FFT) based preconditioners are employed for the deblurring problems.
Finally, for the L2-TGV denoising problem, an effective modified primal-dual gap is developed
which may serve as a stopping criterion. All algorithms are tested and compared in numerical
experiments. In particular, for problems where strong convexity does not hold, it turns out that
the proposed preconditioning techniques are beneficial and lead to competitive results.

Keywords Preconditioned Douglas-Rachford iteration · Primal-dual algorithms · Variational
image denoising and deblurring · Total Generalized Variation · Block preconditioner

1 Introduction

In this paper, we address the problem of efficiently computing solutions of TV and TGV-
regularized variational imaging problems for instances of the type

min
u∈X

F (u) + αTV(u), min
u∈X

F (u) + TGV2
α(u) (1)

where X is a discrete image space, F : X → R∞ a convex fidelity functional for recovering
the image u from some given data and TV and TGV2

α suitable discretizations of the total
variation and total generalized variation semi-norm, respectively. We propose iterative algorithms
which base on the recently introduced Preconditioned Douglas-Rachford (PDR) method for the
solution of certain convex-concave saddle-point problems [5]. For this iteration, we derive a
O(1/k) ergodic convergence rate in terms of restricted primal-dual gap functionals. Dedicated
linear preconditioners are developed which account for the differential structure of TV and TGV
as well as the possible underlying structure of the image reconstruction problem.
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Even in finite dimensions, the numerical optimization of the functionals in (1) is a challenge
due to the non-smooth nature of the problems. For convex optimization, first-order iterative algo-
rithms based on the resolvent of the subgradient of a proper, convex and lower semi-continuous
functional, or, equivalently, on the associated proximal mapping are an efficient and widely
used choice. They are most commonly employed in conjunction with splitting methods for the
underlying monotone operator inclusions. Today’s state-of-the art first-order iterative solvers
for (1) utilize a reformulation to such a monotone inclusion problem associated with a convex-
concave saddle-point problem as well as accelerated step-size strategies, the latter where appli-
cable. Chambolle and Pock’s first order primal-dual algorithm [9] is in particular efficient for
TV-regularized problems and can also be used for TGV penalty terms [3]. As it involves forward
evaluations with respect to a linear operator, it is conditionally stable, i.e., step-size constraints
have to be respected in order to ensure convergence. In contrast, the Douglas-Rachford splitting
method is a powerful and fully implicit algorithm for the solution of monotone operator inclu-
sions, i.e., unconditionally stable. However, it suffers from the need of solving, in each iteration
step, implicit equations which can be very expensive even in an inexact manner. In [5], the au-
thors introduced a preconditioned Douglas-Rachford splitting method which could help to deal
with the linear subproblems appearing in certain convex-concave saddle-point problems. In par-
ticular, under mild assumptions one as well as finitely many inner iterations of an approximate
linear solver is sufficient to establish convergence. The effectiveness of this approach for L2-TV
denoising problems (also known as the ROF model [23]) has already been shown in [5].

In this paper, we study more TV- and TGV-regularized imaging problems, and introduce new
preconditioned Douglas-Rachford splitting methods for TV-regularized problems in imaging, such
as L1-TV denoising, L2-TV and L1-TV deblurring, which have not been discussed in [5]. The
denoising problems are preconditioned by a symmetric Red-Black Gauss-Seidel method while
for deblurring, fast Fourier-transform (FFT) based preconditioners are introduced. Moreover,
we derive dedicated methods for TGV-regularized variational imaging problems where the un-
derlying linear system is more complicated and difficult to solve in a traditional manner. This
leads to symmetric block Red-Black Gauss-Seidel preconditioners and provides new ways to deal
numerically with TGV-regularized imaging problems, in particular, L2-TGV and L1-TGV de-
noising. Additionally, a new primal-dual gap for L2-TGV denoising is derived which constitutes
a provable upper bound for the functional distance to the minimum as well as an estimate for
the L2-norm of the distance to the minimizer.

Let us mention some recent results from the vastly available literature on methods for the
solution of monotone inclusion problems related to the considered non-smooth TV- and TGV-
regularized minimization problems. Common approaches typically base on monotone splittings
and lead to methods involving forward and backward (resolvent) evaluation. Indeed, classical
methods like proximal point [22], forward-backward splitting and the Douglas-Rachford itera-
tion [19], the Uzawa algorithm [26] as well as alternating direction method of multipliers (ADMM)
[15] fall into this class and interconnections between them exist [10, 14]. In this context, recent
developments focus on algorithms exploiting a specific structure of the monotone inclusions ap-
plicable to specific classes of minimization problems. While [5, 9] as well as this work build on
saddle-point formulations associated with primal-dual problems according to Fenchel-Rockafellar
duality, the papers [1, 2, 20, 27] aim at minimizing sums of convex functionals involving the com-
position with a linear operator and infimal convolution, allowing essentially the same flexibility.
Notably, the Douglas-Rachford iteration for the same splitting as for the PDR algorithm (but
without preconditioning) has been mentioned as a side remark in [8]. Moreover, Douglas-Rachford
iterations for a certain class of primal-dual problems have, for instance, also been introduced in
[1]. Furthermore, preconditioners have been discussed, in the context of nonsmooth optimization,
e.g., in [21, 29]. However, to the best knowledge of the authors, the combination of precondi-
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tioning techniques and Douglas-Rachford iteration based on saddle-point formulations as in [5]
and their application to the imaging problems presented in this paper can not be found in the
existing literature.

The organization of the paper is as follows. First, we briefly recall in Section 2 the abstract
preconditioned Douglas-Rachford splitting methods introduced in [5]. The ergodic convergence
of the PDR method including the classical Douglas-Rachford splitting method with respect
to restricted primal-dual gap functions is derived in Section 3. Section 4 then deals with the
application of these algorithms to certain TV-regularized variational imaging problems, mainly
L2- and L1-penalized denoising and deblurring. With the exception of L2-TV-denoising which
has already been treated in [5], this results in new iterative solution techniques. Section 5 then
deals with preconditioning TGV-regularized denoising problems. After shortly reviewing TGV
of second order and presenting the basic outline of the algorithms, we investigate the linear
system which needs to be preconditioned during the iteration. The actual preconditioner then
turns out to be a symmetric block Gauss-Seidel method on a modified equation that allows
for Red-Black ordering. Discussing the associated finite-difference stencils, we give details for the
implementation of the preconditioner as well as the resulting concrete methods. Stopping criteria
based on the primal-dual gap are discussing in Section 6. While for TV-regularized problems, the
algorithms allow for an efficient evaluation of the primal-dual gap, the situation is more difficult
for TGV-regularization. We introduce a modified primal-dual gap which establishes a provable
bound for the functional distance to the minimizer. In Section 7, thorough numerical tests are
performed which demonstrate the efficiency of all preconditioned algorithms discussed in this
paper. Finally, some discussions and conclusions are presented in the last section.

2 Abstract Preconditioned Douglas-Rachford Iterations

Let us shortly review the techniques and results from [5] for the solution of saddle-point problems
of the type

min
x∈domF

max
y∈domG

〈Kx, y〉+ F(x)− G(y). (2)

We fix X and Y as real Hilbert spaces and K : X → Y as a continuous linear mapping.
The functionals F : X → R∞ (where R∞ = (−∞,+∞] are the extended real numbers) and
G : Y → R∞ are proper, convex and lower semi-continuous. Recall that the Fenchel conjugate
functionals F∗ : X → R∞, G∗ : Y → R∞, given by

F∗(x) = sup
x′∈X

〈x, x′〉 − F(x′), G∗(y) = sup
y′∈Y

〈y, y′〉 − G(y′)

are again proper, convex and lower semi-continuous. With these notions, (2) can be regarded as
the Fenchel-Rockafellar primal-dual formulation associated with the primal and dual problem

min
x∈X

F(x) + G∗(Kx), max
y∈Y

−F∗(−K∗y)− G(y), (3)

respectively [11, 17]. Under suitable conditions, namely those which guarantee that the minimum
and maximum in (3) exist and coincide, primal-dual solution pairs (x∗, y∗) ∈ X × Y of (3) are
exactly the solutions of the saddle-point problem (2).

The preconditioned Douglas-Rachford iteration comes in two variants. The first, called PDR,
is suitable for general F and G for which the resolvents can be computed while the second,
called PDRQ, assumed that either the primal or dual functional is purely quadratic-linear. They
both employ linear preconditioners M for the solution of the equation Tx = b with T given by
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PDR Objective: Solve minx∈domF maxy∈domG 〈Kx, y〉+ F(x)− G(y)

Initialization: (x0, x̄0, ȳ0) ∈ X ×X × Y initial guess, σ > 0 step-size,
T = I + σ2K∗K, M − T ≥ 0

Iteration:


bk = x̄k − σK∗ȳk,

xk+1 = xk +M−1(bk − Txk),

yk+1 = ȳk + σKxk+1,

x̄k+1 = x̄k + (I + σ∂F)−1[2xk+1 − x̄k]− xk+1,

ȳk+1 = ȳk + (I + σ∂G)−1[2yk+1 − ȳk]− yk+1,

(PDR)

Table 1: The abstract preconditioned Douglas-Rachford iteration for saddle-point problems of
the type (2).

PDRQ Solve minx∈X maxy∈domG 〈Kx, y〉+ 〈 1
2
Qx− f0, x〉 − G(y)

Initialization: (x0, ȳ0) ∈ X × Y initial guess, σ > 0 step-size,
T = σQ+ σ2K∗K, M − T ≥ 0

Iteration:


bk = −σK∗ȳk + σf0

xk+1 = xk +M−1(bk − Txk)

yk+1 = ȳk + σKxk+1

ȳk+1 = ȳk + (I + σ∂G)−1[2yk+1 − ȳk]− yk+1,

(PDRQ)

Table 2: The abstract preconditioned Douglas-Rachford iteration for purely quadratic-linear pri-
mal functionals.

the problem. The preconditioner is applied by performing one step with respect to the splitting
T = M − (M − T ), i.e.,

xnew = xold +M−1(b− Txold).

As we will see immediately, T essentially depends on K and K∗ for which the application to
vectors can be assumed to be easily computable. Hence, the preconditioner M should be chosen
such that the application of M−1 is also easily computable and, in addition, a good approximation
of T−1. We will see in the course of the article that such a choice is indeed possible. To this end,
let us note the central condition on M which is needed to ensure convergence.

Definition 1 Let T,M : X → X be linear, continuous, symmetric and positive definite. Then,
M is called a feasible preconditioner for T if M − T is positive semi-definite.

In the PDR method, we set T = TPDR = I+σ2K∗K for some step-size σ > 0 and M a feasible
preconditioner for T , resulting in the iteration outlined in Table 1. For the PDRQ method, either
F or G is assumed to be purely quadratic-linear, here we restrict ourselves to the primal case,
i.e.,

F(x) =
1

2
〈Qx, x〉 − 〈f0, x〉

for Q : X → X linear, continuous and symmetric positive semi-definite and f0 ∈ X. In this case,
M should be a feasible preconditioner for T = TPDRQ = σQ + σ2K∗K for some σ > 0 (which
means in particular that we assume T to be positive definite). The iteration is then performed
according to Table 2 and needs less variables compared to PDR.

Convergence of both methods is summarized in the following theorem whose proof can be
found in [5, Theorem 2.3].
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Preconditioner T λI (λ+ 1)D MSGS MSSOR

Conditions — λ ≥ ‖T‖ λ ≥ λmax(T −D) — ω ∈ (0, 2)

Iteration type Douglas-Rachford Richardson Damped Jacobi
Symmetric

Gauss-Seidel
Symmetric SOR

D = diag(T ), T = D − E − E∗, E lower triangular, MSGS = (D − E)(T +D)−1(D − E∗),
MSSOR = ( 1

ω
D − E)(T + 2−ω

ω
D)−1( 1

ω
− E∗)

Table 3: Summary of common preconditioners and possible conditions for feasibility.

Theorem 1 Let M be a feasible preconditioner for TPDR and TPDRQ, respectively. If there exists
a saddle point for (2), then (PDR) and (PDRQ) converges weakly to a saddle point (x∗, y∗)
of (2), respectively.

Regarding the choice of the preconditioner M from given T , the feasibility condition allows for
great flexibility. The following proposition summarizes ways to construct feasible preconditioners,
see [5, Propositions 2.12, 2.14 & 3.2].

Proposition 1 Let T : X → X linear, continuous, symmetric and positive definite be given.
Then, the following update schemes correspond to feasible preconditioners.

(i) For M0 : X → X linear, continuous such that M0 − 1
2T is positive definite,{

xk+1/2 = xk +M−10 (bk − Txk),

xk+1 = xk+1/2 +M−∗0 (bk − Txk+1/2).
(4)

(ii) For M : X → X feasible and n ≥ 1,{
xk+(i+1)/n = xk+i/n +M−1(bk − Txk+i/n),

i = 0, . . . , n− 1.
(5)

(iii) For T = T1 + T2, with T1, T2 : X → X linear, continuous, symmetric, T1 positive definite,
T2 positive semi-definite and M : X → X feasible for T1, M − T2 boundedly invertible,{

xk+1/2 = xk +M−1
(
(bk − T2xk)− Txk

)
,

xk+1 = xk +M−1
(
(bk − T2xk+1/2)− Txk

)
.

(6)

The update scheme (4) is useful if one has a non-symmetric “feasible” preconditioner M0 for
1
2T , then the concatenation with the adjoint preconditioner will be symmetric and feasible.
Likewise, (5) corresponds to the n-fold application of a feasible preconditioner which is again
feasible. Finally, (6) is useful if T can be split into T1+T2 for which T1 can be easily preconditioned
by M . Then, one gets a feasible preconditioner for T only using forward evaluation of T2.

Several standard preconditioners can be seen to be feasible, including symmetric Gauss-Seidel
and SSOR. Table 3 provides an overview; for details, we refer to [5].

3 An Ergodic Convergence Rate

In this section, we derive an ergodic convergence rate for restricted primal-dual gaps associated
with the Lagrangian of the problem (2) with respect to sequences generated by the general PDR
method discussed in [5]. This includes, in particular, the cases in this paper (by letting N2 = I)



6 Kristian Bredies, Hongpeng Sun

as well as the original Douglas-Rachford method associated with the monotone+skew symmetric
splitting for the solution of (2), see [8] (by letting N1 = N2 = I).

In order to formulate the convergence statements, let us define the Lagrangian

L : domF × domG → R, L(x, y) = 〈Kx, y〉 + F(x)− G(y)

as well as the associated primal-dual gap:

G(x, y) = F(x) + G(K∗x) + F∗(−K∗y) + G(y) = sup
x′∈domF
y′∈domG

L(x, y′)− L(x′, y). (7)

Note that G(x, y) = 0 if and only if (x, y) is a saddle point of L. In case that a saddle point
exists, primal and dual solutions for (3) exist, the minimum and maximum coincides and

G(x, y) =
(
F(x) + G∗(Kx)−

(
min
x′∈X

F(x′) + G∗(Kx′)
))

+
(
F∗(−K∗y) + G(y)−

(
min
y′∈Y

F∗(−K∗y′) + G(y′)
))
,

(8)

meaning that G(x, y) estimates both the error in energy of the primal and dual problem for x
and y, respectively.

In the following, we will not consider the “full” gap but rather restrictions of the supremum
to bounded subsets X0 ⊂ domF , Y0 ⊂ domG as, for instance, also done in [9]. This restricted
primal-dual gap is then defined as

GX0×Y0(x, y) = sup
(x′,y′)∈X0×Y0

L(x, y′)− L(x′, y),

which obviously satisfies GX0×Y0(x, y) ≥ 0 as soon as there exists a saddle point of L in X0 ×
Y0. Our goal is to derive an asymptotic rate for an ergodic sequence generated by the general
preconditioned Douglas-Rachford iteration introduced in [5]. Recall that the latter has the form

xk+1 = N−11 [(N1 − I)xk + x̄k − σK∗yk+1],

yk+1 = N−12 [(N2 − I)yk + ȳk + σKxk+1],

x̄k+1 = x̄k + (I + σ∂F)−1[2xk+1 − x̄k]− xk+1,

ȳk+1 = ȳk + (I + σ∂G)−1[2yk+1 − ȳk]− yk+1

(9)

with N1 : X → X, N2 : Y → Y and linear, continuous, self-adjoint operators satisfying N1−I ≥ 0
and N2 − I ≥ 0. For the analysis of the method, it is useful to consider the vectors uk =
(xk, yk, x̄k, ȳk) and an associated degenerate inner product/semi-norm according to

〈u, u′〉M = 〈(N1 − I)x, x′〉 + 〈(N2 − I)y, y′〉 + 〈x̄, x̄′〉 + 〈ȳ, ȳ′〉, (10)

as well as ‖u‖2M = 〈u, u〉M for u = (x, y, x̄, ȳ) and u′ = (x′, y′, x̄′, ȳ′). In case of existence of a
saddle point, the iteration (9) converges weakly to a fixed point u∗ = (x∗, y∗, x̄∗, ȳ∗) for which
the pair (x∗, y∗) is a solution of (2), see [5, Theorem 2.3]. Now, consider{

xk+1
test = (I + σ∂F)−1[2xk+1 − x̄k] = x̄k+1 − x̄k + xk+1,

yk+1
test = (I + σ∂G)−1[2yk+1 − ȳk] = ȳk+1 − ȳk + yk+1.

(11)

It is clear that in case of weak convergence of the general algorithm, {(xktest, yktest)} also converges
weakly to a saddle point (x∗, y∗) of (2). Moreover, F(xktest) and G(yktest) are finite for each k ≥ 1.
Our aim is now to show a convergence rate for the associated ergodic sequences, i.e., for

xkerg =
1

k

k∑
k′=1

xk
′

test, ykerg =
1

k

k∑
k′=1

yk
′

test.
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Theorem 2 Let X0 ⊂ domF , Y0 ⊂ domG be bounded sets such that X0× Y0 contains a saddle
point of L. Then,

0 ≤ GX0×Y0(xkerg, y
k
erg) ≤ 1

k

[
sup

(x′,y′)∈X0×Y0

‖u′ − u0‖2M
2σ

]
= O(1/k) (12)

where u′ denotes the vector u′ = (x′, y′, x′ + σK∗y′, y′ − σKx′).

The proof of Theorem 2 relies on the following two lemmas.

Lemma 1 For the iteration sequence {uk} = {(xk, yk, x̄k, ȳk)}, we have for all k:

〈xk+1 − x̄k+1, xk+1
test 〉+ 〈yk+1 − ȳk+1, yk+1

test 〉 = 〈uk − uk+1, uk+1〉M.

Proof Note that the first two equations in (9) may be written as{
xk+1 = x̄k − σK∗yk+1 + (N1 − I)(xk − xk+1)

yk+1 = ȳk + σKxk+1 + (N2 − I)(yk − yk+1)
(13)

Hence, with the definition of the test elements (11),

〈xk+1 − x̄k+1, xk+1
test 〉 = 〈xk+1 − x̄k+1, x̄k+1 − x̄k〉 + 〈xk+1 − x̄k+1, xk+1〉

= 〈xk+1 − x̄k+1, x̄k+1 − x̄k〉
+ 〈x̄k − x̄k+1 − σK∗yk+1 + (N1 − I)(xk − xk+1), xk+1〉

= 〈x̄k − x̄k+1, x̄k+1〉 + 〈(N1 − I)(xk − xk+1), xk+1〉 − σ〈K∗yk+1, xk+1〉

and, similarly,

〈yk+1 − ȳk+1, yk+1
test 〉 = 〈ȳk − ȳk+1, ȳk+1〉 + 〈(N2 − I)(yk − yk+1), yk+1〉 + σ〈Kxk+1, yk+1〉.

Adding both expressions and employing the definition of the M scalar product (10), we get the
desired statement

〈xk+1 − x̄k+1, xk+1
test 〉 + 〈yk+1 − ȳk+1, yk+1

test 〉 = 〈uk − uk+1, uk+1〉M. ut

Lemma 2 For x ∈ domF , y ∈ domG and u = (x, y, x+ σK∗y, y− σKx) it holds, for all k, that

L(xk+1
test , y)− L(x, yk+1

test ) ≤ 1

2σ

(
‖u− uk‖2M − ‖u− uk+1‖2M − ‖uk − uk+1‖2M

)
. (14)

Proof By (11), we see

2xk+1 − x̄k ∈ xk+1
test + σ∂F(xk+1

test ), 2yk+1 − ȳk ∈ yk+1
test + σ∂G(yk+1

test )

which is equivalent to

xk+1 − x̄k+1

σ
∈ ∂F(xk+1

test ),
yk+1 − ȳk+1

σ
∈ ∂G(yk+1

test ).

By the definition of subgradient, we have, for (x, y) ∈ X × Y ,

F(xk+1
test )−F(x) ≤ 1

σ
〈xk+1 − x̄k+1, xk+1

test − x〉, G(yk+1
test )− G(y) ≤ 1

σ
〈yk+1 − ȳk+1, yk+1

test − y〉.
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Hence, employing Lemma 1 yields

L(xk+1
test , y)− L(x, yk+1

test )

≤ 〈y,Kxk+1
test 〉 − 〈x,K∗yk+1

test 〉+
1

σ
〈xk+1 − x̄k+1, xk+1

test − x〉+
1

σ
〈yk+1 − ȳk+1, yk+1

test − y〉

= 〈K∗y, x̄k+1 − x̄k〉 + 〈y,Kxk+1〉 − 〈Kx, ȳk+1 − ȳk〉 − 〈x,K∗yk+1〉

+
1

σ

(
〈uk − uk+1, uk+1〉M − 〈xk+1 − x̄k+1, x〉 − 〈yk+1 − ȳk+1, y〉

)
(15)

The identities (13) allow to reformulate parts of the right-hand side as

〈y,Kxk+1〉 − 〈x,K∗yk+1〉 +
1

σ

(
〈x̄k+1 − xk+1, x〉 + 〈ȳk+1 − yk+1, y〉

)
=

1

σ

(
〈x, x̄k+1 − x̄k + (N1 − I)(xk+1 − xk)〉 + 〈y, ȳk+1 − ȳk + (N2 − I)(yk+1 − yk)〉

)
.

Plugged into (15), this yields, letting u = (x, y, x+ σK∗y, y − σKx) and recalling (10),

L(xk+1
test , y)− L(x, yk+1

test ) ≤ 1

σ

(
〈x+ σK∗y, x̄k+1 − x̄k〉 + 〈y − σKx, ȳk+1 − ȳk〉

+ 〈(N1 − I)x, xk+1 − xk〉 + 〈(N2 − I)y, yk+1 − yk〉

+ 〈uk − uk+1, uk+1〉M
)

=
1

σ
〈uk − uk+1, uk+1 − u〉M.

Finally, the polarization identity gives 〈uk−uk+1, uk+1−u〉M = 1
2

(
‖uk−u‖2M−‖uk+1−u‖2M−

‖uk − uk+1‖2M and, consequently, the result. ut

Remark 1 With the prerequisites of Theorem 2, one immediately gets from (14) that

0 ≤ GX0×Y0(xk+1
test , y

k+1
test ) ≤ 1

σ

[
sup

(x′,y′)∈X0×Y0

‖uk+1 − u′‖M
]
‖uk − uk+1‖M → 0

as k →∞ since {uk} is bounded (due to weak convergence), u′ = (x′, y′, x′ + σK∗y′, y′ − σKx′)
is bounded for (x′, y′) ∈ X0 × Y0 and the iteration satisfies ‖uk − uk+1‖M → 0 as k → ∞, see
[5, Lemma 2.8]. Hence, the restricted primal-dual gap converges for the test sequences, however,
without a rate.

Let us eventually prove Theorem 2.
Proof of Theorem 2. Let (x, y) ∈ X0 × Y0. Since F and G are convex, L is convex in the

first argument and concave in the second argument. Thus, with the help of Lemma 2 and u =
(x, y, x+ σK∗y, y − σKx), we get

L(xkerg, y)− L(x, ykerg) ≤ 1

k

( k−1∑
k′=0

L(xk+1
test , y)− L(x, yk+1

test )
)

≤ 1

k

1

2σ

(
‖u0 − u‖2M − ‖uk − u‖2M −

k−1∑
k′=0

‖uk′ − uk′+1‖2M
)
≤ 1

k

‖u− u0‖2M
2σ

.

Taking the supremum then gives the result. ut
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Remark 2 Let one of the functions F or G be strongly convex, say F , i.e., there exists a γ > 0
with

F(x) + 〈x′′, x′ − x〉 +
γ

2
‖x′ − x‖2 ≤ F(x′) for all x, x′ ∈ X,x′′ ∈ ∂F(x).

Then, for (x∗, y∗) ∈ X0 × Y0 a saddle point of L, we can estimate γ
2 ‖x − x∗‖2 ≤ L(x, y∗) −

L(x∗, y) ≤ GX0×Y0
(x, y) for γ > 0 and all (x, y) ∈ domF × domG, see [9, Equation (36)].

Consequently, limk→∞ xkerg = x∗ with rate

‖xkerg − x∗‖ ≤
√

2

kγ

[
sup

(x,y)∈X0×Y0

‖u− u0‖M√
2σ

]
= O(1/

√
k).

Proposition 2 If L possesses a saddle point (x∗, y∗) and F , G are strongly coercive, i.e.,

F(x′)

‖x′‖ → ∞ for ‖x′‖ → ∞, G(y′)

‖y′‖ → ∞ for ‖y′‖ → ∞,

then there exist bounded X0 ⊂ X and Y0 ⊂ Y such that for all k,

G(xktest, y
k
test) = GX0×Y0

(xktest, y
k
test) and G(xkerg, y

k
erg) = GX0×Y0

(xkerg, y
k
erg).

Proof Denote by ({xkt }, {ykt }) either ({xktest}, {yktest}) or ({xkerg}, {ykerg}). In both cases, the {xkt },
{ykt } as well as the functional value sequences {F(xkt )}, {G(ykt )} are bounded: This follows, on
the one hand, from {xktest}, {yktest} being bounded due to weak convergence (see [5, Theorem
2.3] and (11)) and, consequently, from the definition of xkerg and ykerg. On the other hand, Re-

mark 1 and Theorem 2, respectively, give the boundedness of G{x∗}×{y∗}(x
k
t , y

k
t ) for which the

the boundedness of {F(xkt )}, {G(ykt )} can easily be deduced (using the definition, the continuity
of K as well as the fact that {F(xkt )}, {G(ykt )} are bounded). Now,

〈Kxkt , y′〉 + F(xkt )− 〈x′,K∗ykt 〉 + G(ykt ) ≤ ‖K‖‖xkt ‖‖y′‖ + F(xkt ) + ‖K‖‖ykt ‖‖x′‖ + G(ykt )

so boundedness as well as strong coercivity allows us to choose a C > 0 independent of k such
that ‖K‖‖ykt ‖‖x′‖+F(xkt ) < F(x′) for all ‖x′‖ > C as well as ‖K‖‖xkt ‖‖y′‖+G(ykt ) < G(y′) for
‖y′‖ > C. This implies L(xkt , y

′)−L(x′, ykt ) < 0 for all ‖x′‖ > C, ‖y′‖ > C and as G(xkt , y
k
t ) ≥ 0,

we can conclude, letting X0 = {x′ ∈ domF
∣∣ ‖x′‖ ≤ C}, Y0 = {y′ ∈ domG

∣∣ ‖y′‖ ≤ C}, that

G(xkt , y
k
t ) = sup

x′∈domF
y′∈domG

L(xkt , y
′)−L(x′, ykt ) = sup

(x′,y′)∈X0×Y0

L(xkt , y
′)−L(x′, ykt ) = GX0×Y0

(xkt , y
k
t ).

As C is independent from k, this holds for the whole sequence. Furthermore, one can choose
C > 0 such that the above identity is true for both choices of {xkt }, {ykt }. ut

Hence, in the situation where this proposition is applicable, the primal-dual gap according
to (7) converges for the test sequences {xktest}, {yktest} and we also have the rate O(1/k) for the
ergodic sequences {xkerg}, {ykerg}.
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4 TV-Regularized Denoising and Deblurring

We start the application of the preconditioned Douglas-Rachford iteration to imaging problems
with preconditioning strategies for discrete TV-regularized problems, i.e.,

min
u∈U

F (u) + αTV(u) = min
u∈U

F (u) + α‖∇u‖1.

Here, U is a discrete image space and ∇ a discrete gradient operator which will be described in
the following. Following essentially the presentation in [3, 7], consider the image domain Ω ⊂ Z2

as the discretized grid

Ω = {(i, j) | i, j ∈ N, 0 ≤ i ≤ Nx − 1, 0 ≤ j ≤ Ny − 1}

where Nx, Ny are the image dimensions. In order not having to distinguish cases in the discretiza-
tion, we assume Nx ≥ 3 and Ny ≥ 3. We define the image space as U = {u : Ω → R} with
the standard L2 scalar product. Finite differences are used to discretize the operator ∇ and its
adjoint operator ∇∗ = −div with homogeneous Neumann and Dirichlet boundary conditions,
respectively. We define ∇ as the following operator

(∇u) =

(
∂+x u
∂+y u

)
,

where forward differences are taken according to

(∂+x u)i,j =

{
ui+1,j − ui,j , if 0 ≤ i < Nx − 1,

0, if i = Nx − 1,
(∂+y u)i,j =

{
ui,j+1 − ui,j , if 0 ≤ j < Ny − 1,

0, if j = Ny − 1.

With V = U2 with the standard product scalar product, this gives a linear operator ∇ : U → V .
The discrete divergence is then the negative adjoint of ∇, i.e., the unique linear mapping div :
V → U which satisfies

〈∇u, p〉V = 〈u,∇∗p〉U = −〈u,div p〉U , ∀u ∈ U, p ∈ V.

It can be computed to read as
div p = ∂−x p

1 + ∂−y p
2

involving the backward difference operators

(∂−x u)i,j =


u0,j , if i = 0,

ui,j − ui−1,j , if 0 < i < Nx − 1,

−uNx−1,j , if i = Nx − 1,

(∂−y u)i,j =


ui,0, if j = 0,

ui,j − ui,j−1, if 0 < j < Ny − 1,

−ui,Ny−1, if j = Ny − 1.

In order to define the discrete version of the TV (and later the TGV) functionals, we still need
the discrete versions of the L1, L2 and L∞ norms: For u ∈ U , p = (p1, p2) ∈ V , 1 ≤ t <∞,

‖u‖t =
( ∑
(i,j)∈Ω

|ui,j |t
)1/t

, ‖u‖∞ = max
(i,j)∈Ω

|ui,j |,

‖p‖t =
( ∑
(i,j)∈Ω

(
(p1i,j)

2 + (p2i,j)
2
)t/2)1/t

, ‖p‖∞ = max
(i,j)∈Ω

√
(p1i,j)

2 + (p2i,j)
2.

Further, problem-specific discrete concepts will be introduced later in this section.



Preconditioned Douglas-Rachford algorithms for TV and TGV regularization 11

4.1 TV-Regularized Denoising Problems

Let us first apply the discrete framework for the total-variation regularized L2- and L1-type
denoising problems (see [23] for the L2 case which is usually called the ROF model)

min
u∈U

F (u) + α‖∇u‖1, F (u) =

{
1
2‖u− f‖22 for L2-denoising,

‖u− f‖1 for L1-denoising,
(16)

with f : Ω → R a given noisy image and α > 0 a regularization parameter. As we are in finite
dimensions, both F and α‖ · ‖1 are continuous, so one can employ Fenchel-Rockafellar duality to
obtain a equivalent saddle-point problem [11, 17] of type (2) with

X = U, Y = V, F = F, K = ∇ and G = I{‖v‖∞≤α}
while IC denotes the indicator function of the set C, i.e.,

IC(x) =

{
0 if x ∈ C,
∞ else.

(17)

With these prerequisites, preconditioned Douglas-Rachford methods can be derived.

4.1.1 The L2-Denoising Case

Following [5], in the case of quadratic discrepancy, F is purely quadratic-linear (up to a constant),
so one can use the iteration (PDRQ), i.e., the data

K = ∇, Q = I, f0 = f, G = I{‖p‖∞≤α}.

The operator M should be a feasible preconditioner for σI − σ2 div∇ = σI − σ2∆ (where
∆ = div∇) and will be discussed in Subsection 4.1.3. The iteration then needs the resolvent
(I + σ∂G)−1 = Pα which reads as [3]

Pα(p) = (I + σ∂G)−1(p) = arg min
p′∈V

1

2
‖p′ − p‖22 + I{‖p‖∞≤α}(p′) =

p

max(1, |p|/α)
(18)

with |p| =
√

(p1)2 + (p2)2 in the pointwise sense.

4.1.2 The L1-Denoising Case

Here, one may use the iteration (PDR). It turns out to be beneficial to scale the gradient with
a factor τ > 0, leading to the following data:

K = τ∇, F = ‖ · −f‖1, G = I{‖p‖∞≤ατ }.

Analogously, M should be a preconditioner for I − σ2∆. The resolvent of ∂F is moreover in-
volved which is known to realize a soft-thresholding (or shrinkage) operation around f , i.e.,
(I + σ∂F)−1 = Sσ(·, f) with

(I + σ∂F)−1(u) = arg min
u′∈U

1

2
‖u′ − u‖22 + σ‖u′ − f‖1

= Sσ(u, f) = f + sign(u− f) max(0, |u− f | − σ).

(19)

The respective resolvent for ∂G is again given by (18).
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j

i

SSW SS SSE

SW SO
SE

SNW SN SNE

[
λ+ 2µ −µ
−µ

]
︸ ︷︷ ︸

=SNW

[
−µ λ+ 3µ −µ

−µ

]
︸ ︷︷ ︸

=SN

[
−µ λ+ 2µ

−µ

]
︸ ︷︷ ︸

=SNE −µ
λ+ 3µ −µ
−µ


︸ ︷︷ ︸

=SW

 −µ
−µ λ+ 4µ −µ

−µ


︸ ︷︷ ︸

=SO

 −µ
−µ λ+ 3µ

−µ


︸ ︷︷ ︸

=SE[
−µ

λ+ 2µ −µ

]
︸ ︷︷ ︸

=SSW

[
−µ

−µ λ+ 3µ −µ

]
︸ ︷︷ ︸

=SS

[
−µ

−µ λ+ 2µ

]
︸ ︷︷ ︸

=SSE

Table 4: Finite-difference stencils for λu−µ∆u with homogeneous Neumann boundary conditions.
The highlighted entry denotes the center element and u is assumed to be extended by arbitrary
values outside of Ω.

Remark 3 Alternatively, (PDRQ) may also be employed by introducing an additional dual vari-
able v ∈ U and writing ‖u−f‖1 = maxv∈U 〈u, v〉 −

(
I{‖v‖∞≤1}(v) + 〈f, v〉

)
, resulting in the dual

space Y = V × U , operator Ku = (∇u, u), F = 0 and

G(y) = G(p, v) = G1(p) +G2(v), G1 = I{‖p‖∞≤α}, G2 = I{‖v‖∞≤1} + 〈f, ·〉.

The proximal mapping for the dual functional can be computed separately for p and v. For G1,
this is again given by (18), while for G2, we have

(I + σ∂G2)−1(v) = arg min
v′∈U

1

2
‖v′ − v‖22 + σ〈f, v′〉+ I{‖v‖∞≤1}(v′)

= max
(
−1,min(1, v − σf)

)
.

(20)

We will compare, in Section 7, the performance of both variants.

4.1.3 The Preconditioner

In both the L2 and L1 case, M is required to be a feasible preconditioner for operators of type
T = λI − µ∆ for λ, µ > 0 where ∆ = div∇ can be interpreted as a discrete Laplace operator
with homogeneous Neumann boundary conditions [25]. In other words: Tu = b corresponds to a
discrete version of the boundary value problem

λu− µ∆u = b in Ω,

∂u

∂ν
= 0 on ∂Ω.

(21)

With the choice of ∇u, we get a finite-difference equation with five-point stencils according to
Table 4. As in [5], we will use a symmetric Gauss-Seidel update in conjunction with a Red-Black
enumeration scheme as follows. Let

Ωred = {(i, j) ∈ Ω
∣∣ i+ j even}, Ωblack = {(i, j) ∈ Ω

∣∣ i+ j odd},

and write u = (ured, ublack) where ured and ublack represent the image u on Ωred and Ωblack,
respectively. A Gauss-Seidel update then performs an update according to red→ black while its
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PDRQ Objective: L2-TV denoising minu∈U 1
2
‖u− f‖22 + α‖∇u‖1

Initialization: (u0, p̄0) ∈ U × V initial guess, σ > 0 step-size,
n ≥ 1 inner iterations for symmetric Gauss-Seidel

Iteration: uk+1 = SRBGSn
σ,σ2

(
uk, σ(f + div p̄k)

)
according to (22)

pk+1 = p̄k + σ∇uk+1

pk+1
test = Pα(2pk+1 − p̄k) according to (18)

p̄k+1 = p̄k + pk+1
test − pk+1

Table 5: The preconditioned Douglas-Rachford iteration for L2-TV denoising.

adjoint corresponds to the reverse order black→ red. One can easily see that a update of red and
black pixels, respectively, is idempotent. Thus, n steps of symmetric Red-Black Gauss-Seidel,
denoted by SRBGSnλ,µ, corresponds to the following procedure. Denoting N (i, j) = {(i′, j′) ∈
Ω
∣∣ |i − i′| + |j − j′| = 1} the set of neighbor points of (i, j) in Ω and ci,j = #N (i, j) (which is

either 2, 3 or 4, depending on whether (i, j) is a corner, edge or interior point), we have

SRBGSnλ,µ(uk, bk) = (uk+1
red , u

k+1
black),

(u
k+(ν+1/2)/n
red )i,j =

1

λ+ ci,jµ

(
bki,j + µ

∑
(i′,j′)∈N (i,j)

(u
k+ν/n
black )i′,j′

)
(i, j) ∈ Ωred,

(u
k+(ν+1)/n
black )i,j =

1

λ+ ci,jµ

(
bki,j + µ

∑
(i′,j′)∈N (i,j)

(u
k+(ν+1/2)/n
red )i′,j′

)
(i, j) ∈ Ωblack,

ν = 0, . . . , n− 1,

(uk+1
red )i,j =

1

λ+ ci,jµ

(
bki,j + µ

∑
(i′,j′)∈N (i,j)

(uk+1
black)i′,j′

)
(i, j) ∈ Ωred.

(22)
According to Table 3, SRBGS1

λ,µ corresponds to a feasible preconditioner as it realizes a sym-
metric Gauss-Seidel step and of course, n-fold application SRBGSnλ,µ, is also feasible, see Propo-
sition 1.

4.1.4 The Algorithms

Putting the building blocks together, we get a PDRQ method for L2-TV denoising according
to Table 5 (which was already derived in [5]) as well as a PDR and PDRQ method for L1-
TV denoising according to Tables 6 and 7, respectively. As U and V are finite-dimensional, all
algorithms converge to a respective solution by virtue of Theorem 1 for any choice of σ > 0 and
τ > 0.

Remark 4 For a specific choice of the step-size σ and scaling τ , note that T is corresponding to
the Neumann problem (21), which possesses a unique solution as λ > 0. However, for large µ/λ,
the problem approximates a pure Neumann problem which requires compatibility conditions
on b in order to be solvable. Numerically, the problem is ill-posed in this situation making the
preconditioner less effective. Therefore, µ/λ should not be chosen too large. On the other hand,
if µ/λ is too small, solving (21) is close to the inversion of the identity (up to a factor), hence
the update step for u does not contribute much to the solution of the optimization problem.
Therefore, µ/λ should not be chosen too low.
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PDR Objective: L1-TV denoising minu∈U ‖u− f‖1 + α‖∇u‖1
Initialization: (u0, ū0, p̄0) ∈ U × U × V initial guess,

σ > 0 step-size, τ > 0 gradient scaling,
n ≥ 1 inner iterations for symmetric Gauss-Seidel

Iteration: uk+1 = SRBGSn
1,(στ)2

(
uk, ūk + στ div p̄k

)
according to (22)

pk+1 = p̄k + στ∇uk+1

uk+1
test = Sσ(2uk+1 − ūk, f) according to (19)

ūk+1 = ūk + uk+1
test − uk+1

pk+1
test = Pα/τ (2pk+1 − p̄k) according to (18)

p̄k+1 = p̄k + pk+1
test − pk+1

Table 6: The scaled preconditioned Douglas-Rachford iteration for L1-TV denoising.

PDRQ Objective: L1-TV denoising minu∈U ‖u− f‖1 + α‖∇u‖1
Initialization: (u0, p̄0, v̄0) ∈ U × V × U initial guess, σ > 0 step-size,

n ≥ 1 inner iterations for symmetric Gauss-Seidel

Iteration: uk+1 = SRBGSn
σ2,σ2

(
uk,−σv̄k + σ div p̄k

)
according to (22)

pk+1 = p̄k + σ∇uk+1

vk+1 = v̄k + σuk+1

pk+1
test = Pα(2pk+1 − p̄k) according to (18)

p̄k+1 = p̄k + pk+1
test − pk+1

vk+1
test = max

(
−1,min(1, 2vk+1 − v̄k − σf)

)
according to (20)

v̄k+1 = v̄k + vk+1
test − vk+1

Table 7: The PDRQ variant for L1-TV denoising.

For the L2-TV-denoising problem these considerations suggest to take σ such that 1 + σ‖∆‖
is moderate. Likewise, for L1-TV-denoising, it is reasonable to choose τ = c/σ with moderate
1 + c2‖∆‖ for the PDR method and, in view of (18) and (19), to choose σ neither too large nor
too small. For examples on how σ and τ might be chosen in order to make the methods efficient,
we refer to Section 7, where numerical experiments are presented.

4.2 TV-Deblurring Problems

Next, the preconditioned Douglas-Rachford framework is applied to ill-posed linear inverse prob-
lems. We aim at applying it to deblurring problems of the type

min
u∈U

F (u) + α‖∇u‖1, F (u) =

{
1
2‖u ∗ κ− f‖22 for L2-deblurring,

‖u ∗ κ− f‖1 for L1-deblurring.
(23)

Here, κ : Ω → R is a given convolution kernel satisfying
∑
i,j κi,j 6= 0. For sake of simplicity, we

choose to use the periodic convolution, i.e., u ∗ κ denotes

(u ∗ κ)i,j =

Nx−1∑
i′=0

Ny−1∑
j′=0

ui−i′modNx,j−j′modNyκi′,j′
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with amod b being the unique number c ∈ {0, . . . , b−1} such that there is a d ∈ Z with a = db+c.
We will refer to the periodic convolution operator with κ as L and also introduce the periodic
gradient ∇p : U → V according to

∇pu =

(
∂p+x u
∂p+y u

)
, (∂p+x u)i,j = ui+1modNx,j − ui,j , (∂p+y u)i,j = ui,j+1modNy − ui,j

for (i, j) ∈ Ω as well as the periodic divergence divp = −∇∗p and Laplacian ∆p = divp∇p. Let
us again discuss the preconditioned Douglas-Rachford iterations for L2- and L1-discrepancies
separately.

4.2.1 The L2-Deblurring Case

The discrepancy functional F(u) = 1
2‖u∗κ−f‖22 in (23) can be rewritten to be quadratic-linear,

hence, we employ again (PDRQ). Using the scaled gradient with a factor τ > 0 data then reads
as

K = τ∇, Q = L∗L, f0 = L∗f, G = I{‖p‖∞≤α/τ}.

Recall that L denotes the convolution operator with respect to κ, i.e., Lu = u ∗ κ for all u ∈ U .
Let us choose a feasible preconditioner for T = σL∗L − (στ)2∆. One easily sees that M =
σL∗L− (στ)2∆p satisfies M − T ≥ 0 as

〈(M − T )u, u〉 = 〈−∆pu, u〉 − 〈−∆u, u〉 = ‖∇pu‖2 − ‖∇u‖2 ≥ 0 for each u ∈ U,

where the latter inequality is due to the fact that ∂+x u is just ∂p+x u with some entries replaced
by 0 (and the analog for ∂+y u). Since L∗ is the periodic convolution with the mirrored kernel, M
is the periodic convolution with the kernel κM according to

κM = σκ′ ∗ κ+ (στ)2κ∆,

{
κ′i,j = κNx−i−1,Ny−j−1,

(i, j) ∈ Ω
κ∆ =

 0 −1 0

−1 4 −1
0 −1 0

 (24)

where the highlighted entry corresponds to i = j = 0. Hence, M is diagonalized by the discrete
Fourier transform F and can be inverted by

M−1u = F−1
( 1

FκM
(Fu)

)
= F−1

( Fu
σ|Fκ|2 + (στ)2Fκ∆

)
(25)

provided that the denominator is positive in each point. This is however the case as (Fκ∆)i,j =
8 sin2(iπ/Nx) + 8 sin2(jπ/Ny) vanishes only for i = j = 0 and since (Fκ)0,0 =

∑
i,j κi,j 6= 0 by

assumption. In particular, M is positive definite, leading to its feasibility for T .

Putting all together yields the PDRQ method for the solution of the L2-TV-deblurring prob-
lem, see Table 8. Of course, an implementation should precompute and store f ∗ κ′ as well as
|Fκ|2 + στ2Fκ∆ and utilize the Fast Fourier transform (FFT) [3, 9] in order to gain maximal
efficiency.
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PDRQ Objective: L2-TV deblurring minu∈U 1
2
‖u ∗ κ− f‖22 + α‖∇u‖1

Initialization: (u0, p̄0) ∈ U × V initial guess,
σ > 0 step-size, τ > 0 gradient scaling

Iteration: uk+1 = F−1
(F(f ∗ κ′) + F(τ div p̄k + στ2(∆−∆p)uk)

|Fκ|2 + στ2Fκ∆

)
according to (24)

pk+1 = p̄k + στ∇uk+1

pk+1
test = Pα/τ (2pk+1 − p̄k) according to (18)

p̄k+1 = p̄k + pk+1
test − pk+1

Table 8: The scaled preconditioned Douglas-Rachford iteration for the solution of the L2-TV
deblurring problem.

4.2.2 The L1-Deblurring Case

This case is slightly different from L1-TV-denoising as the proximal mapping associated with
‖L ·−f‖1 is not easy to compute. We therefore introduce another dual variable v ∈ U and obtain
(again, with a gradient scaling τ > 0) the saddle-point formulation

min
u∈U

max
p∈V
v∈U

〈τ∇u, p〉+ 〈Lu, v〉 −G1(p)−G2(v). (26)

G1 = I{‖p‖∞≤α/τ} and G2 = I{‖v‖∞≤1} + 〈f, ·〉 (also see Remark 3). For (PDRQ), this leads to
the data

X = U, Y = V × U, K =

[
∇
L

]
, Q = 0, f0 = 0, G(y) = G(p, v) = G1(p) +G2(v),

and we have to choose a preconditioner for T = σ2K∗K = σ2L∗L − (στ)2∆. Again, M =
σ2L∗L−(στ)2∆p is feasible and can be computed as in (25) with a straightforward modification.

This results in the PDRQ algorithm for L1-TV-deblurring which can be found in Table 9.
This version assumes that it is beneficial to compute the convolution via pointwise multiplication
on the Fourier side, hence the transformed variable ûk has been introduced. Again, one should
consider precomputing Fκ and σ|Fκ|2 + στ2Fκ∆ as well as using the Fast Fourier transform in
order to obtain maximal efficiency.

5 TGV-Regularized Denoising Problems

Having discussed the derivation of preconditioned Douglas-Rachford algorithms for TV regular-
ization, we now turn to developing preconditioned iterative methods for total generalized varia-
tion (TGV) regularization, for simplicity of second order. The concept of TGV, introduced in [7],
realizes a convex regularizing functional which automatically adapts to higher-order smoothness
while sharing the convenient properties of TV, in particular, the ability to model images with
edges or, more generally, discontinuities on hypersurfaces. Especially, TGV is able to significantly
reduce the so-called staircasing effect in the solutions, i.e., the undesired appearance of edges. It
works convincingly well in various fields, e.g., for linear inverse problems [6], for diffusing tensor
imaging [28], for JPEG decompression [4], for multichannel images [3] and in magnetic resonance
imaging (MRI) [18].

The second-order total generalized variation TGV2
α is defined as in [6, 7].
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PDRQ Objective: L1-TV deblurring minu∈U ‖u ∗ κ− f‖1 + α‖∇u‖1
Initialization: (u0, p̄0, v̄0) ∈ U × V × U initial guess, û0 = Fu0,

σ > 0 step-size, τ > 0 gradient scaling

Iteration: ûk+1 =
F
(
τ div p̄k + στ2(∆−∆p)uk

)
−F v̄kFκ

σ|Fκ|2 + στ2Fκ∆
uk+1 = F−1ûk+1

pk+1 = p̄k + στ∇uk+1

pk+1
test = Pα/τ (2pk+1 − p̄k) according to (18)

p̄k+1 = p̄k + pk+1
test − pk+1

vk+1 = v̄k + σF−1(ûk+1Fκ)

vk+1
test = max

(
−1,min(1, 2vk+1 − v̄k − σf)

)
according to (20)

v̄k+1 = v̄k + vk+1
test − vk+1

Table 9: The scaled preconditioned Douglas-Rachford iteration for L1-TV deblurring.

Definition 2 Let Ω ⊂ Rd be a bounded Lipschitz domain and α = (α0, α1) > 0 regularization
parameters. The Total Generalized Variation of second order of u ∈ L1

loc(Ω) is the value assigned
by the following functional

TGV2
α(u) = sup

{∫
Ω

udiv2 q dx
∣∣∣ q ∈ C2c (Ω,Sd×d), ‖q‖∞ ≤ α0, ‖div q‖∞ ≤ α1

}
. (27)

Here, Sd×d is the set of symmetric matrices and C2c (Ω,Sd×d) denotes the vector space of com-
pactly supported, twice continuously differentiable Sd×d-valued mappings. The divergences div q ∈
C1c (Ω,Rd) and div2 q ∈ Cc(Ω) are defined by

(div q)i =

d∑
j=1

∂qij
∂xj

, div2 q =

d∑
i=1

∂2qii
∂x2i

+ 2
∑
i<j

∂qij
∂xi∂xj

while the norms of q ∈ Cc(Ω,Sd×d), p ∈ Cc(Ω,Rd) are given by

‖v‖∞ = sup
x∈Ω

( d∑
i=1

|qii(x)|2 + 2
∑
i<j

|qij(x)|2
)1/2

, ‖p‖∞ = sup
x∈Ω

( d∑
i=1

|pi(x)|2
)1/2

. (28)

For our purposes, we will utilize that TGV2
α can be expressed as a minimum [6]:

TGV2
α(u) = min

w∈BD(Ω)
α1‖∇u− w‖M + α0‖Ew‖M (29)

where BD(Ω) denotes the space of vector fields of Bounded Deformation [24] which is the set
of vector fields whose weak symmetrized derivative Ew = (∇w + ∇wT )/2 is a matrix-valued
Radon measure. Moreover, ‖ · ‖M denotes the Radon norm for the corresponding vector-valued
and matrix-valued Radon measures (the L1-type norm for measures).

We are therefore concerned with discrete denoising problems of the type

min
u∈U
w∈V

F (u) + α1‖∇u− w‖1 + α0‖Ew‖1, F (u) =

{
1
2‖u− f‖22 for L2-denoising,

‖u− f‖1 for L1-denoising,
(30)
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with the notation of Section 4 and E being a discretization of the symmetrized derivative which
will be described in the following. For this purpose, consider the spaces

U = {u : Ω → R}, V = {u : Ω → R2}, W = {u : Ω → S2×2}.

where U and V have already been introduced in Section 4. We identify elements in q ∈ W with
q = (q1, q2, q3) ∈ U3 and employ the scalar product

〈q, q′〉W = 〈q1, (q′)1〉U + 〈q2, (q′)2〉U + 2〈q3, (q′)3〉U .

Utilizing forward differences, the symmetrized derivative can be defined as follows

Ew =

[
∂+x w

1 1
2 (∂+y w

1 + ∂+x w
2)

1
2 (∂+y w

1 + ∂+x w
2) ∂+y w

2

]
=

 ∂+x w
1

∂+y w
2

1
2 (∂+y w

1 + ∂+x w
2)


where the second equation has to be understood in terms of the identification W = U3. Con-
sequently, the negative adjoint realizes a discrete negative divergence operator according to
〈Ew, q〉W = −〈w,div q〉V for all w ∈ V , q ∈W , leading to

div q =

[
∂−x q

1 + ∂−y q
3

∂−x q
3 + ∂−y q2

]
.

With ∆w = (∆w1, ∆w2), we can express the operator E∗Ew = − 1
2∆w − 1

2∇− div+ w where

div+ is the discrete divergence using forward differences and ∇− is the discrete gradient using
backward differences. Finally, we need to define meaningful norms: For 1 ≤ t < ∞ and q ∈ W ,
let

‖q‖t =
( ∑
(i,j)∈Ω

(
(q1i,j)

2 + (q2i,j)
2 + 2(q3i,j)

2
)t/2)1/t

, ‖q‖∞ = max
(i,j)∈Ω

√
(q1i,j)

2 + (q2i,j)
2 + 2(q3i,j)

2.

With these definitions, we are able to give a meaning to the discrete denoising problems (30).
Proceeding in the lines of Subsection 4.1, we derive the preconditioned Douglas-Rachford algo-
rithms separately for L2- and L1-denoising and develop a suitable preconditioner afterwards. For
TGV2

α, the latter turns out to require more effort than for the TV case.

5.1 L2- and L1-Denoising

We follow the lines of, e.g., [3] and write (30) as a saddle-point problem according to

min
u∈U
w∈V

max
p∈V
q∈W

〈∇u− w, p〉V + 〈Ew, q〉W + F (u)− I{‖p‖∞≤α1}(p)− I{‖q‖∞≤α0}(q). (31)

Therefore, X = U × V , Y = V ×W and, denoting x = (u,w), y = (p, q),

K =

[
∇ −I
0 E

]
, F(u,w) = F (u), G(p, q) = I{‖p‖∞≤α1}(p) + I{‖q‖∞≤α0}(q) (32)

for which the resolvent of ∂G is easy to compute: It is given by (18), i.e., the pair (Pα1(p),Pα0(q))
where

Pα1(p) =
p

max(1, |p|α1
)
, Pα0(q) =

q

max(1, |q|α0
)

(33)
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and |p| =
√

(p1)2 + (p2)2 as well as |q| =
√

(q1)2 + (q2)2 + 2(q3)2 for p ∈ V and q ∈ W (also
compare with (18)). In case of L2-denoising, (PDRQ) will be employed with

Q =

[
I 0
0 0

]
, f0 =

[
f
0

]
.

In case of L1-denoising, (PDR) will be used with a scaling of K by a positive factor τ > 0 as
already utilized in Section 4. This leads to the following operators to be preconditioned:

TL2- TGV =

[
σI − σ2∆ σ2 div
−σ2∇ σ2(I − div E)

]
, TL1- TGV =

[
I − (στ)2∆ (στ)2 div
−(στ)2∇ (1 + (στ)2)I − (στ)2 div E

]
.

(34)

5.2 The Preconditioner

Choosing λu, λw, µ > 0, our goal is now to find preconditioners for

T =

[
λuI − µ∆ µ div
−µ∇ λwI − µdiv∇

]
which corresponds to a discrete solution of the system of partial differential equations

λuu− µ∆u+ µdivw = bu,

−µ∇u+ λww − µdiv Ew = bw in Ω,

∂u

∂ν
= 0, (∇w +∇wT )ν = 0 on ∂Ω.

(35)

By definition, feasible preconditioners require T to be invertible, which can easily be verified.

Lemma 3 If λw ≥ µ, then T is a positive definite operator.

Proof For x = (u,w) we have

〈Tx, x〉X = λu‖u‖22 + µ‖∇u‖22 − µ〈u,∇∗w〉 − µ〈w,∇u〉+ λw‖w‖22 + µ‖Ew‖22
≥ µ‖∇u− w‖22 + λu‖u‖22.

It can be seen that if 〈Tx, x〉X = 0, then u = 0 and w = 0 leading to x = 0. ut

Like in the TV case, we would like to employ a suitable Red-Black Gauss-Seidel method. However,
as − div Ew = − 1

2∆w− 1
2∇− div+ w contains discrete mixed derivatives, the corresponding finite-

difference stencil will no longer depend only the 4-neighborhood of a pixel but also involve points
from the 8-neighborhood. This problem can be circumvented by performing a suitable Red-Black
Gauss-Seidel preconditioning on the equation T ′(u,w) = (bu, wu) according to

[
λuI − µ∆ µ div
−µ∇ λwI − µ∆

]
︸ ︷︷ ︸

=T ′

[
u
w

]
=

[
bu
bw

]
or


λuu− µ∆+ µdivw = bu,

−µ∇u+ λww − µ∆w = bw in Ω,

∂u

∂ν
= 0,

∂w

∂ν
= 0 on ∂Ω.

(36)

This is justified by the following lemma.

Lemma 4 It holds that T ′ − T ≥ 0.
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Proof For x = (u,w) one computes

〈(T ′ − T )x, x〉X = µ‖∇w‖2 − µ‖Ew‖2 = µ
(
‖∂+y w1‖2 + ‖∂+x w2‖2 − 2 ‖ 12 (∂+y w

1 + ∂+x w
2)‖2︸ ︷︷ ︸

≤ 1
2‖∂

+
y w1‖2+ 1

2‖∂
+
x w2‖2

)
≥ 0.

ut

It is then clear that feasible preconditioners M for T ′ are also feasible for T . Now, as (36) is a
finite-difference equation for x = (u,w1, w2), it can be represented, as in the case of (21), by
finite-difference stencils with the difference that each entry corresponds to a 3× 3 matrix. Here,
each grid point is associated with a triple xi,j = (ui,j , w

1
i,j , w

2
i,j). Again, we have to distinguish

whether a grid point is in the interior, on a boundary edge or a corner. Adopting the notation
of Table 4, the center element can be computed to beλu + 2µ µ µ

µ λw + 2µ 0
µ 0 λw + 2µ


︸ ︷︷ ︸

=CNW

λu + 3µ µ µ
µ λw + 3µ 0
µ 0 λw + 3µ


︸ ︷︷ ︸

=CN

λu + 2µ 0 µ
0 λw + 2µ 0
µ 0 λw + 2µ


︸ ︷︷ ︸

=CNEλu + 3µ µ µ
µ λw + 3µ 0
µ 0 λw + 3µ


︸ ︷︷ ︸

=CW

λu + 4µ µ µ
µ λw + 4µ 0
µ 0 λw + 4µ


︸ ︷︷ ︸

=CO

λu + 3µ 0 µ
0 λw + 3µ 0
µ 0 λw + 3µ


︸ ︷︷ ︸

=CEλu + 2µ µ 0
µ λw + 2µ 0
0 0 λw + 2µ


︸ ︷︷ ︸

=CSW

λu + 3µ µ 0
µ λw + 3µ 0
0 0 λw + 3µ


︸ ︷︷ ︸

=CS

λu + 2µ 0 0
0 λw + 2µ 0
0 0 λw + 2µ


︸ ︷︷ ︸

=CSE

The off-center entries are all the same for each pixel and only depend on the position relative to
the center. Denoting

R =

[
−µ 0 0
−µ −µ 0
0 0 −µ

]
, U =

[
−µ 0 −µ
0 −µ 0
0 0 −µ

]
.

and their adjoints by R∗ and U∗, respectively, the block stencil for (36) is given by[
CNW R
U∗

]
︸ ︷︷ ︸

=SNW

[
R∗ CN R

U∗

]
︸ ︷︷ ︸

=SN

[
R∗ CNE

U∗

]
︸ ︷︷ ︸

=SNE UCW R
U∗


︸ ︷︷ ︸

=SW

 U
R∗ CO R

U∗


︸ ︷︷ ︸

=SO

 U
R∗ CE

U∗


︸ ︷︷ ︸

=SE[
U
CSW R

]
︸ ︷︷ ︸

=SSW

[
U

R∗ CS R

]
︸ ︷︷ ︸

=SS

[
U

R∗ CSE

]
︸ ︷︷ ︸

=SSE

(37)

adopting again the notation for the different types of grid points from Table 4 and highlighting
the center element. Based on this, a block Red-Black symmetric Gauss-Seidel iteration can be
performed, needing only forward evaluation of U , U∗,R,R∗ and the inverses of the center matrices
C{·} which can be computed explicitly. Denoting by bi,j =

(
(bu)i,j , (b

1
w)i,j , (b

2
w)i,j

)
for (i, j) ∈ Ω,

Ci,j the corresponding center element for the grid point (i, j), introducing xred and xblack on Ωred
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and Ωblack, respectively and extending them outside their domain by 0, n-fold application of the
block Red-Black symmetric Gauss-Seidel method, denoted BSRBGSnλu,λw,µ, corresponds to

BSRBGSnλu,λw,µ(xk, bk) = (xk+1
red , x

k+1
black)

(x
k+(ν+1/2)/n
red )i,j = C−1i,j

(
bi,j −R∗(xk+ν/nblack )i−1,j −R(x

k+ν/n
black )i+1,j

− U(x
k+ν/n
black )i,j−1 − U∗(xk+ν/nblack )i,j+1

)
(i, j) ∈ Ωred,

(x
k+(ν+1)/n
black )i,j = C−1i,j

(
bi,j −R∗(xk+(ν+1/2)/n

red )i−1,j −R(x
k+(ν+1/2)/n
red )i+1,j

− U(x
k+(ν+1/2)/n
red )i,j−1 − U∗(xk+(ν+1/2)/n

red )i,j+1

)
(i, j) ∈ Ωblack,

ν = 0, . . . , n− 1,

(xk+1
red )i,j = C−1i,j

(
bi,j −R∗(xk+1

black)i−1,j −R(xk+1
black)i+1,j

− U(xk+1
black)i,j−1 − U∗(xk+1

black)i,j+1

)
.

(38)
Let us show feasibility. This is implied by the following general theorem about block symmetric
Gauss-Seidel and block SSOR:

Proposition 3 Let N,m ≥ and T ∈ RmN×mN be a symmetric, positive definite block matrix
with blocks Ti,j ∈ Rm×m for i, j = 1, . . . , N and ω ∈ ]0, 2[. Then, block SSOR, i.e.,

x
k+1/2
i = (1− ω)xki + ωT−1i,i

(
bi −

∑
j<i

Ti,jx
k+1/2
j −

∑
j>i

Ti,jx
k
)

i = 1, . . . , N,

xk+1
i = (1− ω)x

k+1/2
i + ωT−1i,i

(
bi −

∑
j>i

Tj,ix
k+1
i −

∑
j<i

Tj,ix
k+1/2
i

)
i = N, . . . , 1,

(39)

is well-defined and feasible for the solution of Tx = b.

Proof Denoting T = D − E − E∗ with D = diag(T1,1, . . . , TN,N ) the block diagonal matrix of
T , and E, E∗ the negative block lower and upper triangular matrix, respectively, the two steps
in (39) correspond to the application of the preconditioner M0 = 1

ωD − E followed by M∗0 . By
Proposition 1 (i), we only need to check the positive definiteness of M0 − 1

2T . Note that since
T is positive definite, each Ti,i is positive definite, hence 〈Ti,iξ, ξ〉 ≥ c‖ξ‖2 for c > 0 and each
ξ ∈ Rm, i = 1, . . . , N . Hence, for x ∈ RmN ,

〈(M0 − 1
2T )x, x〉 = ( 1

ω − 1
2 )〈Dx, x〉 + 1

2 〈(E∗ − E)x, x〉 = ( 1
ω − 1

2 )〈Dx, x〉 ≥ c( 1
ω − 1

2 )‖x‖2. ut

Hence, by Proposition 1 (ii) and Lemmas 3 and 4, BSRBGSnλu,λw,µ as described in (38) is feasible
for the solution of (36) provided that λw ≥ µ. It can therefore been written as

xk+1 = xk +M−1(bk − T ′xk)

with M − T ′ ≥ 0. To apply the preconditioner for T , i.e., the discrete solution of (35), we have
replace T ′ by T which means to correct the data according to

xk+1 = xk +M−1
(
bk + (T ′ − T )xk − T ′xk

)
.

The corrected data then reads as

(b′)k = bk+(T ′−T )xk =

[
bku
bkw

]
+

[
0 0
0 µ

2 (∇− div+−∆)

] [
uk

wk

]
=

[
bku

bkw + µ
2 (∇− div+−∆)wk

]
. (40)

In the algorithms, the block symmetric Gauss-Seidel preconditioner according to (38) is then
applied to the data xk and (b′)k.
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PDRQ Objective: L2-TGV denoising minu∈U 1
2
‖u− f‖22 + TGV2

α(u)

Initialization: (u0, w0, p̄0, q̄0) ∈ U × V × V ×W initial guess, σ > 0 step-size,
n ≥ 1 inner iterations for block symmetric Gauss-Seidel

Iteration: bku = σ(f + div p̄k)

bkw = σ
(
(p̄k + div q̄k) + σ

2
(∇− div+−∆)wk

)
(uk+1, wk+1) = BSRBGSn

σ,σ2,σ2 (uk, wk, bku, b
k
w) according to (38)

pk+1 = p̄k + σ(∇uk+1 − wk+1)

qk+1 = q̄k + σEwk+1

pk+1
test = Pα1 (2pk+1 − p̄k) according to (33)

p̄k+1 = p̄k + pk+1
test − pk+1

qk+1
test = Pα0 (2qk+1 − q̄k) according to (33)

q̄k+1 = q̄k + qk+1
test − qk+1

Table 10: The preconditioned Douglas-Rachford iteration for L2-TGV denoising.

Remark 5 An alternative to this approach would be to apply one block symmetric Gauss-Seidel
step according to (38) for T and iterate n times. This results in a preconditioner which performs,
n times, a correction according to (40) and a red → black → red update according to (38).
Compared to (38), n more corrections and red updates have to be performed.

5.3 The Algorithms

The PDRQ algorithm for the solution of the L2-TGV2
α denoising problem with the block sym-

metric Gauss-Seidel preconditioner as previously described is summarized in Table 10. Likewise,
the PDR algorithm for L1-TGV2

α denoising can be found in Table 11. For the latter, it can be
noted that F does not depend on w, hence (I + σ∂F)−1 is the identity with respect to the
w-component leading to w̄k = wk for each k if w0 = w̄0. Hence, w̄k can be replaced by wk, a
step which has already been incorporated in the algorithm. It is then clear by Theorem 1 that
both algorithms converge. The u-part then gives a solution to the original denoising problem.

6 The Primal-Dual Gap as Stopping Criterion

For convex-concave saddle-point problems (2) which correspond to the solution of the primal
and dual problem (3), the primal-dual gap according to (7) can be used to estimate both the
primal and dual error in energy, see (8), in case a saddle point exists. Thus, if the PDR iteration
is stopped if G(x, y) ≤ ε for some ε > 0 and some iterate (x, y), we can conclude that the pair
(x, y) is ε-optimal for both the primal and dual problem. However, in general, G(x, y) = ∞
might occur for the iterates or might not converge to 0, hence, the “full” gap is not suitable as
a stopping criterion.

Nevertheless, from Section 3 we know that restricted gaps associated with bounded sets and
evaluated for the test sequences according to (11) converge, i.e., GX0×Y0(xktest, y

k
test) → 0 as

k → ∞, see Remark 1, so these may always be used for a stopping criterion. If F and G are
strongly coercive, the restricted gap associated with sufficiently large bounded sets coincides with
the “full” gap, see Proposition 2. Thus, in this special case, G(xktest, y

k
test) → 0 as k → ∞ and

hence, the primal-dual gap can be used as a stopping criterion.
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PDR Objective: L1-TGV denoising minu∈U ‖u− f‖1 + TGV2
α(u)

Initialization: (u0, w0, ū0, p̄0, q̄0) ∈ U × V × U × V ×W initial guess,
σ > 0 step-size, τ > 0 gradient scaling,
n ≥ 1 inner iterations for block symmetric Gauss-Seidel

Iteration: bku = ūk + στ div p̄k

bkw = wk + στ
(
p̄k + div q̄k + στ

2
(∇− div+−∆)wk

)
(uk+1, wk+1) = BSRBGSn

1,1+(στ)2,(στ)2
(uk, wk, bku, b

k
w) according to (38)

pk+1 = p̄k + στ(∇uk+1 − wk+1)

qk+1 = q̄k + στEwk+1

uk+1
test = Sσ(2uk+1 − ūk, f) according to (19)

ūk+1 = ūk + uk+1
test − uk+1

pk+1
test = Pα1/τ (2pk+1 − p̄k) according to (33)

p̄k+1 = p̄k + pk+1
test − pk+1

qk+1
test = Pα0/τ (2qk+1 − q̄k) according to (33)

q̄k+1 = q̄k + qk+1
test − qk+1

Table 11: The scaled preconditioned Douglas-Rachford iteration for L1-TGV denoising.

In the following, we discuss situations in which the gap can be guaranteed to converge or in
which the problem can be reformulated such that convergence of the gap may be established,
namely the L2-TV and L2-TGV denoising problem, respectively.

6.1 L2-TV Denoising

For the L2-TV denoising problem, the primal-dual gap is well-known, see [9], for instance. It
reads as

GL2- TV(u, p) =
‖u− f‖22

2
+ α‖∇u‖1 +

‖ div p+ f‖22
2

− ‖f‖
2
2

2
+ I{‖p‖∞≤α}(p) (41)

which corresponds to (7) with the data K = ∇, F(u) = 1
2‖u−f‖22 and G(p) = I{‖p‖∞≤α}(p). Both

F and G are strongly coercive, so one can conclude that GL2- TV converges for the test sequence
(uktest, p

k
test). Furthermore, GL2- TV is continuous on U ×{‖p‖∞ ≤ α} hence, as uktest− uk → 0 as

k →∞, we can also use GL2- TV(uk, pktest) ≤ ε as stopping criterion. The latter may directly be
incorporated into the algorithm in Table 5.

Moreover, recall that F is strongly convex with γ = 1 as ∂F(u) = {u− f} and

‖u′ − f‖22
2

− ‖u− f‖
2
2

2
− 〈u− f, u′ − u〉 ≥ ‖u

′ − u‖22
2

.

Consequently, 1
2‖uk−u∗‖22 ≤ GL2- TV(uk, pktest), see Remark 2, meaning that the primal-dual gap

can also be used to control the approximation error with respect to the solution in norm.
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6.2 L2-TGV Denoising

If αTV is replaced by TGV2
α, the data (32) has to be used for the saddle-point problem. One

computes the primal-dual gap function as

GL2- TGV(u,w, p, q) =
‖u− f‖22

2
+ α1‖∇u− w‖1 + α0‖Ew‖1 +

‖ div p+ f‖22
2

− ‖f‖
2
2

2
+ I{0}(p+ div q) + I{‖p‖∞≤α1}(p) + I{‖q‖∞≤α0}(q).

(42)

Here, the algorithm according to Table 10 generates (pk+1
test , q

k+1
test ) for which I{0}(pk+1

test + div qk+1
test )

might be infinite, rendering this primal-dual gap practically useless as stopping criterion.

To circumvent this problem, first suppose that we know that 1
2‖u − u∗‖22 ≤ CL2 for u ∈ U

and some u∗ belonging to a solution pair (u∗, w∗) of (30). Then,

‖u− f‖22
2

− ‖u
∗ − f‖22

2
= 〈u− f, u− u∗〉 − ‖u− u

∗‖22
2

≤
√

2CL2‖u− f‖2.

Thus, by optimality, we have for any w that

α1‖∇u∗ − w∗‖1 + α0‖Ew∗‖1 ≤
(‖u− f‖22

2
− ‖u

∗ − f‖22
2

)
+ α1‖∇u− w‖1 + α0‖Ew‖1

≤
√

2CL2‖u− f‖2 + α1‖∇u− w‖1 + α0‖Ew‖1 = CTGV.

(43)

In this case, we may restrict the problem to (u,w) satisfying α1‖∇u− w‖1 + α0‖Ew‖1 ≤ CTGV

with the minimizers staying the same:

Lemma 5 Let, for a u∗ associated with a solution pair (u∗, w∗) of (30), CTGV ≥ 0 such that
α1‖∇u∗ − w∗‖1 + α0‖Ew∗‖1 ≤ CTGV. Then, the solutions of

min
u∈U
w∈V

‖u− f‖22
2

+α1‖∇u−w‖1 +α0‖Ew‖1 subject to α1‖∇u−w‖1 +α0‖Ew‖1 ≤ CTGV (44)

coincide with the solutions of (30).

Proof As u 7→ 1
2‖u − f‖22 is strictly convex, the u∗ belonging to a solution pair (u∗, w∗) of the

unrestricted problem (30) must be unique. By assumption, α1‖∇u∗−w∗‖1 +α0‖Ew∗‖1 ≤ CTGV

and since the optimal value is also unique, α1‖∇u − w‖1 + α0‖Ew‖1 ≤ CTGV for any solution
pair (u,w). Hence, any solution of the unrestricted problem is also a solution of the restricted
problem (44).

Conversely, if (u∗∗, w∗∗) is a solution of the restricted problem, then for each (u,w) ∈ U × V
we have, as (u∗, w∗) is a solution of (30) with α1‖∇u∗ − w∗‖1 + α0‖Ew∗‖1 ≤ CTGV,

‖u∗∗ − f‖22
2

+ α1‖∇u∗∗ − w∗∗‖1 + α0‖Ew∗∗‖1 ≤
‖u∗ − f‖22

2
+ α1‖∇u∗ − w∗‖1 + α0‖Ew∗‖1

≤ ‖u− f‖
2
2

2
+ α1‖∇u− w‖1 + α0‖Ew‖1.

Hence, (u∗∗, w∗∗) is a solution of the unrestricted problem. ut
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The restricted problem (44) can be written in terms of (3) with data similar to (32):

K =

[
∇ −I
0 E

]
, F(u,w) =

‖u− f‖22
2

, G(p, q) = CTGV max
(

0,max
(‖p‖∞

α1
,
‖q‖∞
α0

)
− 1
)
. (45)

This leads, in particular, to the dual problem

max
p∈V
q∈W

‖f‖22
2
−‖ div p+ f‖22

2
−CTGV max

(
0,max

(‖p‖∞
α1

,
‖q‖∞
α0

)
−1
)

subject to p+div q = 0 (46)

hence, the associated primal-dual gap thus becomes, for α1‖∇u− w‖1 + α0‖Ew‖1 ≤ CTGV,

GCTGV

L2- TGV(u,w, p, q) =
‖u− f‖22

2
+ α1‖∇u− w‖1 + α0‖Ew‖1 +

‖ div p+ f‖22
2

− ‖f‖
2
2

2

+ I{0}(p+ div q) + CTGV max
(

0,max
(‖p‖∞

α1
,
‖q‖∞
α0

)
− 1
)

and GCTGV

L2- TGV(u,w, p, q) =∞ otherwise. Plugging in (u,w,−div q, q) the modified gap simplifies,
if α1‖∇u− w‖1 + α0‖Ew‖1 ≤ CTGV and ‖q‖∞ ≤ α0, to

GCTGV

L2- TGV(u,w,−div q, q) =
‖u− f‖22

2
+ α1‖∇u− w‖1 + α0‖Ew‖1

+
‖f − div2 q‖22

2
− ‖f‖

2
2

2
+ CTGV max

(
0,
‖ div q‖∞

α1
− 1
)
.

(47)

Note that the PDRQ iteration yields ‖qktest‖∞ ≤ α0, hence, one can achieve the prerequisites
for (47) by replacing CTGV by α1‖∇uk − wk‖1 + α0‖Ewk‖1 if necessary and evaluating at
(uk, wk,−div qktest, q

k
test). However, an estimate CTGV still has to be obtained which can be done

by (43) and an estimate CL2 based on the following lemma.

Lemma 6 Let (u∗, w∗) be a solution of (30) and CTGV ≥ 0 such that α1‖∇u∗ − w∗‖1 +
α0‖Ew∗‖1 ≤ CTGV. Then, for (u,w, q) ∈ U ×V ×W with α1‖∇u−w‖1 +α0‖Ew‖1 ≤ CTGV and
‖q‖∞ ≤ α0, we have

‖u− u∗‖22
2

≤ GCTGV

L2-TGV(u,w,−div q, q)

for GCTGV

L2-TGV(u,w,−div q, q) according to (47).

Proof By Lemma 5, the solutions of the restricted and unrestricted problems coincide, hence
(u∗, w∗) is optimal for the restricted problem. A dual solution pair (p∗, q∗) for (46) obviously has
to exist and we furthermore see that Fenchel-Rockafellar duality holds (since, e.g., F is continuous
and G∗ is continuous on a set with non-empty interior). Consequently, the primal-dual pair
(x∗, y∗) = ((u∗, w∗), (p∗, q∗)) is a saddle point of the associated Lagrangian and optimality can
equivalently be expressed by the primal-dual system −K∗y∗ ∈ ∂F(x∗) and Kx∗ ∈ ∂G(y∗) with
the data (45). The last inclusion is equivalent to y∗ ∈ ∂G∗(Kx∗), thus, for x = (u,w) ∈ U × V
and y = (p, q) ∈ V ×W , the associated primal-dual gap satisfies

G(x, y) ≥ F(x∗) + G∗(Kx∗)−F(x∗)− G(Kx∗)
= F(x)−F(x∗) + 〈K∗y∗, x− x∗〉 + G∗(Kx)− G∗(Kx∗)− 〈y∗,Kx−Kx∗〉
≥ F(x)−F(x∗) + 〈K∗y∗, x− x∗〉.

Now, −K∗y∗ ∈ ∂F(x∗) means −K∗y∗ = (u∗ − f, 0) as the subgradient is a singleton, see the
definition of F in (45). Plugging in y = (−div q, q) for some q ∈ W with ‖q‖∞ ≤ α0 and
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assuming α1‖∇u − w‖1 + α0‖Ew‖1 ≤ CTGV, the above estimate becomes, by virtue of (47) as
well as bilinear computations,

GCTGV

L2- TGV(u,w,div q, q) ≥ ‖u− f‖
2
2

2
− ‖u

∗ − f‖22
2

+ 〈u∗ − f, u∗ − u〉 =
‖u− u∗‖22

2
. ut

Consequently, once a bound CTGV has been found, we can use Lemma 6 to estimate CL2 and (43)
to obtain a possibly tighter bound for CTGV. Therefore, the PDRQ method may be amended as
follows. Starting with u0 = 0, w0 = 0, p̄0 = 0 and q̄0 = 0, compute additionally

C̃0 = α1‖∇f‖1
(CTGV)k+1 = max

(
C̃k, α1‖∇uk+1 − wk+1‖1 + α0‖Ewk+1‖1

)
Gk+1 = G

(CTGV)k+1

L2- TGV (uk+1, wk+1,−div qk+1
test , q

k+1
test )

C̃k+1 = min
(
C̃k,

√
2Gk+1‖uk+1 − f‖2 + α1‖∇uk+1 − wk+1‖1 + α0‖Ewk+1‖1

) (48)

and stop as soon as Gk ≤ ε for some given tolerance ε.
Note that {C̃k} is non-increasing and since the iterates (uk, wk, pktest, q

k
test) converge to a

primal-dual solution as k → ∞, we can find a bound CTGV ≥ 0 with CkTGV ≤ CTGV for each
k. With such a constant, 0 ≤ Gk ≤ GCTGV

L2- TGV(uk, wk,− div qktest, q
k
test) for each k and as the

right-hand side can be expressed by (47), continuity and the limit of the iterates being a solution
imply convergence to zero. Consequently, Gk → 0 as k →∞ meaning that the stopping criterion
is eventually fulfilled.

7 Numerical Experiments

We implemented and performed numerical computations for each of the proposed algorithms
using Matlab (MATLAB and Image Processing Toolbox Release 2012b, The MathWorks, Inc.,
Natick, Massachusetts, United States) with 8 cores each at 3.40GHz. Comparisons with general-
purpose primal-dual algorithms for the solution of (2) were performed, using the methods in [9]
as a reference. Additionally, numerical tests with ADMM, split Bregman [12, 16] as well as the
methods in [1, 2, 8, 27] were performed where applicable.

7.1 TV-Denoising Problems

7.1.1 L2-Denoising

For L2-TV denoising problems, besides the proposed PDRQ iteration, various first order primal-
dual algorithm were chosen for comparison. Their parameter settings are as follows.

– ALG2: O(1/k2) accelerated primal-dual algorithm introduced in [9] with adaptive step sizes,
τ0 = 1/L, τkσkL

2 = 1, γ = 0.7 and L = 8. Here we use the same notations for the parameters
τ , σ together with θ as in [9] throughout this section.

– DR: The original Douglas-Rachford splitting method as in Remark 2.9 of [8]. Here, the discrete
cosine transform (DCT) is used for calculating the inverse of the elliptic operator I − γ2∆.
The step size γ is chosen as 3 or 12 and λn = 1 which is corresponding to the PDR case with
M = T .

– DR1/DR2: Douglas-Rachford type primal-dual methods (Algorithm 3.1 & 3.2, respectively)
as in [1]. The parameters are chosen as σ = τ = 1.5

√
2, λn = 1.5, n ≥ 1 for DR1 and

τ = σ = 1/
√

8, and λn = 1.5, n ≥ 1 for DR2.
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(a) Original image (b) ALG2, α = 0.5, ε = 10−6 (c) DR1, α = 0.5, ε = 10−6

(d) Noisy image, noise level: 10% (e) VU, α = 0.5, ε = 10−6 (f) PDRQ, α = 0.5, ε = 10−6

α = 0.1 α = 0.5

ε = 10−4 ε = 10−6 ε = 10−4 ε = 10−6

ALG2 19 (0.48s) 96 (2.14s) 115 (2.34s) 766 (15.86s)
DR (3) 15 (2.32s) (3) 69 (10.70s) (12) 77 (11.84s) (12) 334 (46.28s)
DR1 13 (0.60s) 269 (12.01s) 323 (14.29s) 5352 (241.39s)
DR2 17 (0.67s) 360 (12.51s) 430 (14.87s) 7135 (244.39s)
M+S 25 (1.14s) 553 (24.93s) 662 (29.09s) 10988 (558.75s)
PDRQ (3,2) 9 (0.38s) (3,2) 66 (2.36s) (12,2) 38 (1.33s) (12,2) 309 (10.78s)
VU 17 (0.51s) 360 (11.81s) 430 (13.31s) 7135 (220.99s)

Fig. 1: L2-TV denoising: Results and performance. (a) shows the original 768 × 512 butterfly
image while (d) is a noisy version which has been corrupted by 10% Gaussian noise. (b), (c), (e)
and (f) are the denoised images given by the ALG2, DR1, VU and PDRQ algorithm, respectively,
with regularization parameter α and such that the normalized primal-dual gap is less than 10−6.
The performance of the algorithms used for comparison can be seen in the table. Iteration number
and computation time are shown in the format k(t). Additionally, the parameters (σ, n) are given
for PDRQ and the parameter (σ) is for given for DR.

– M+S: A primal-dual type algorithm for composite monotone inclusions as in [8]. Here the
step size γn = (1− ε)/

√
8, n ≥ 1, with ε = 1/(10(

√
8 + 1)).

– PDRQ: Preconditioned Douglas-Rachford method for pure quadratic-linear primal (or dual)
functionals in (2). A symmetric Red-Black Gauss-Seidel preconditioner is employed (see Ta-
ble 5). The notation PDRQ(σ, n) represents the step size σ and n iterations for the precon-
ditioner.

– VU: A forward-backward splitting algorithm for monotone inclusions proposed in [27]. The
parameters are chosen as τ = σ = 1/

√
8, λn = 1.5, n ≥ 1.

The stopping criterion is chosen as the normalized primal-dual gap GL2- TV/(NxNy) given by (41)
and NxNy being the number of pixels in the image, see also [5, 9].

For the computations, a butterfly image with size 768×512, see Figure 1(a), was corrupted by
10% Gaussian noise, see Figure 1(d) and denoising was performed with different regularization
parameters and stopping tolerances, see Figure 1 for some of the results. Additionally, Figure 1
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(a) Numerical convergence rate of normalized primal-
dual gap compared with iteration number.
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Fig. 2: L2-TV denoising: Numerical convergence rates. The normalized primal-dual gap is com-
pared in terms of iteration number and computation time for Figure 1(d) with α = 0.5. Note the
double-logarithmic and semi-logarithmic scale, respectively, which is used in the plots.

contains a table which shows the respective iteration numbers and CPU timings. It turns out
that for this experiment, the methods ALG2 and PDRQ are the most competitive in terms of
both iteration numbers and CPU time. In a moderate range of the primal-dual gap, PDRQ
can be seen to be faster than ALG2, in particular for higher regularization parameters. The
detailed comparison for α = 0.5 in Figure 2 shows that this range roughly spans 10−3 and 10−7

both in terms of iteration number and computation time. Below 10−7, the optimal asymptotic
convergence speed of O(1/k2) of ALG2 becomes visible which PDRQ apparently does not admit,
making ALG2 faster there. Additionally, Figure 2(a) shows that the speed of PDRQ and DR
method coincides in an asymptotic way when compared by iteration numbers since they are both
variants of the Douglas-Rachford splitting method. However, Figure 2(b) tells that PDRQ is
indeed an improvement of the original Douglas-Rachford method with proposed preconditioners
with respect to computational speed.

7.1.2 L1-Denoising

Using an L1 discrepancy for TV-regularized denoising according to (16) is often beneficial to
remove outliers as it is robust with respect to geometry perturbations. We performed experiments
for the following algorithms.

– ADMM: Alternating direction method of multipliers [12, 16] based on part 4.4 of [12] with
β = 1.5 and α = 30 where β is the coefficient of the L1 data fidelity term and α/2 is the
coefficient of the augmented term of ADMM. We use fast DCT methods to compute solutions
of the linear elliptic equation in each iteration step.

– ALG1: O(1/k) primal-dual algorithm introduced in [9] with constant step sizes, the dual step
size τ0 = 0.02, τσL2 = 1, θ = 1 with L =

√
8 as proposed in [9].

– PDR: Preconditioned Douglas-Rachford method with symmetric Red-Black Gauss-Seidel pre-
conditioner and scaled gradient according to Table 6. Here, σ = 0.1, τ = 1/σ and n = 1.
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(a) Original image (b) PDR, α = 2/3, ε = 10−4 (c) PDRQ, α = 2/3, ε = 10−5

(d) Noisy image, noise level: 25% (e) ALG1, α = 2/3, ε = 10−4 (f) ALG1, α = 2/3, ε = 10−5

Fig. 3: L1-TV denoising: Results. (a) shows the 256 × 256 input Lena image while (d) is a
noisy image for which 25% of the pixels are corrupted by salt-and-pepper noise. (b) and (c)
are the denoised images by the PDRQ algorithm with regularization parameter α = 2/3 and
different tolerances ε for the normalized error of energy. (e) and (f) are the respective outcomes
of Chambolle-Pock’s ALG1 algorithm. Note that the solutions are not unique.

α = 2/3

ε = 10−4 ε = 10−5 ε = 10−6

ADMM 250 (2.21s) 617 (5.73s) 903 (8.09s)
ALG1 214 (1.01s) 528 (2.55s) 779 (3.41s)
PDR 100 (0.62s) 235 (1.64s) 475 (3.12s)
PDRQ 111 (0.58s) 227 (1.23s) 450 (2.58s)

(a) Comparison of iteration numbers and CPU time cost.
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Fig. 4: L1-TV denoising: Performance table and numerical convergence rates. (a) shows the
performance of the four algorithms in terms of iteration numbers and CPU times. (b) depicts
the numerical performance rate in a double-logarithmic scale.
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– PDRQ: Preconditioned Douglas-Rachford method for the pure quadratic case with symmetric
Red-Black Gauss-Seidel preconditioner according to Table 7. Here, σ = 16 and n = 1.

As a practical primal-dual gap is not available, the stopping criterion is chosen as the normalized
error of the primal energy (Ek−E∗)/E∗, i.e., Ek is the functional value in (16) for uk and E∗ is
obtained by a large number of iterations, we use 105 in this article. It is chosen as the minimal
value with respect to all algorithms used for comparison.

Computations were performed on the 256× 256 Lena image (Figure 3(a)) corrupted by 25%
salt-and-pepper noise (Figure 3(d)) with regularization parameter α = 2/3, see Figure 3 for the
outcome for some of the algorithms. The table in Figure 4(a) shows the numerical evaluation
with comparison of the iteration numbers and CPU time cost for the four algorithms. Figure 4(b)
is the detailed comparison of iteration numbers. It could be seen that both PDR, PDRQ and
ALG1 effectively admit the asymptotic convergence rate of O(1/k2) which is good for L1-type
problems but not covered by the theory. In the example, both PDR and PDRQ admit the best
performance, with PDRQ being faster for low tolerances.

7.2 TV-Deblurring Problems

7.2.1 L2-Deblurring

We consider the model of L2-TV deblurring as stated in (23). For comparison, we choose again
ALG1 from [9], utilizing the following setup.

– ALG1: O(1/k) primal-dual algorithm introduced with constant steps, τ = 6, τσL2 = 1, θ = 1
with L =

√
8 as in [9].

– PDRQ: Preconditioned Douglas-Rachford method with scaled gradient and preconditioner
M = σL∗L − (στ)2∆p according to Table 8. Here we choose, for step size, σ = 15 and the
scaling parameter as τ = 1/σ.

Again, stopping is performed based on the normalized error of energy.
Computations have been carried out for the 512 × 512 house image in Figure 5(a) which

has been degraded by motion blur of approximately 40 pixels and Gaussian noise with standard
deviation 0.01, see Figure 5(b). The regularization parameter α has been chosen as 0.0005, such
that TV-regularization is effective, see Figure 5 for the results, in particular a comparison to the
Wiener filter as well as a table with performance results. Figure 6 shows numerical convergence
rates and CPU timings. Note that the proposed PDRQ outperforms ALG1 with appropriate step
size. Also, both PDRQ and ALG1 converge fast, however, PDRQ needs less iterations.

7.2.2 L1-Deblurring

Computations were performed for the TV-deblurring algorithm with L1 discrepancy using the
following algorithms and setup.

– ALG1:O(1/k) primal-dual algorithm with constant step sizes, dual step size τ = 0.05, τσL2 =
1, θ = 1 with L =

√
9 as proposed in [9].

– PDRQ: The scaled preconditioned Douglas-Rachford splitting method with preconditioner
M = σ2L∗L− (στ)2∆p according to Table 9, step-size σ = 5 and scaling parameter τ = 1/σ.

The algorithm again stops once the normalized error of energy falls below a certain tolerance.
Computations were carried out for the 490 × 490 original image in Figure 7(a) subjected to

motion blur of 30 pixels and corruption of 50% of the pixels by salt-and-pepper noise, see 7(d).
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(a) Original image (b) Degraded image (c) Wiener filter

(d) PDRQ, α = 0.0005, ε = 10−4 (e) PDRQ, α = 0.0005, ε = 10−5 (f) PDRQ, α = 0.0005, ε = 10−6

α = 0.0005

ε = 10−4 ε = 10−5 ε = 10−6

ALG1 270 (9.46s) 521 (17.87s) 939 (30.10s)
PDRQ 138 (7.30s) 285 (12.60s) 531 (23.40s)

Fig. 5: L2-TV deblurring: Results and performance. (a) shows the 512 × 512 input image and
(b) is the degraded image (≈ 40 pixels motion blur, Gaussian noise, standard deviation 0.01).
(c) is the result of Wiener filtering and (d), (e) and (f) are the results of the PDRQ algorithm
with normalized error of energy less than ε. The table shows the iteration number and CPU time
needed for the normalized error of energy to get below ε.

With α chosen as 0.1, the PDRQ algorithm already produces visually appealing reconstructions
after 50 iterations, see Figure 7 for an overview of the results. Performance values and plots can
be found in Table 8 and represents the iteration numbers and iteration time cost for different
stopping tolerances. It could also be seen that a significant speed-up with respect to time is
achievable with PDRQ. The numerical convergence rate of PDRQ and ALG1 seems to be faster
than O(1/k) and a little slower than O(1/k2).
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time. Every algorithm runs for 300 seconds.

Fig. 6: L2-TV deblurring: Numerical convergence rates. The plots show a comparison of iteration
numbers and CPU time. Again, a double-logarithmic and semi-logarithmic scale, respectively, is
used in the plots.

7.3 TGV-Denoising Problems

7.3.1 L2-Denoising

The following algorithms and the parameter settings are used in our numerical experiments and
comparison.

– ALG1: O(1/k) primal-dual algorithm discussed in [3, 9] with constant step sizes, the dual
step size τ = 0.05, τσL2 = 1, θ = 1 with L =

√
12.

– FB/FBF: Forward-backward and forward-backward-forward type algorithms as discussed in
[2]. The parameters are chosen as follows: σ = τ = 1/

√
8, θ1 = γ1 = 1−1/50, θ2 = γ2 = 1/

√
8,

λn = 1.5, n ≥ 1 for FB and γn = (2
√

8 + 1)/(2
√

8(
√

8 + 1)), n ≥ 1 for FBF.
– PDRQ: The preconditioned Douglas-Rachford splitting method for quadratic problem ac-

cording to Table 10. Here, 1 inner iteration for the block symmetric Red-Black Gauss-Seidel
preconditioner is performed. The step size is chosen as σ and the method is denoted by
PDRQ(σ) in the evaluations.

Stopping criterion is the normalized modified primal-dual gap Gk/(NxNy) according to (48).

We tested the algorithms on the 512× 357 pixel image shown in Figure 9(a) subjected to 5%
and 10% percent Gaussian noise, see Figure 9(d). Choosing α0 = 2α1 as in [7], we performed
L2-TGV denoising with parameters α1 = 0.05 and α1 = 0.1, respectively, depending on the noise
level. Results and a numerical performance table are depicted in Figure 9. Figure 10 shows a
detailed comparison with respected to iteration number and iteration time for the two algorithms.
Here, ALG1 and PDRQ are competitive for all noise level and stopping tolerances. Furthermore,
it may be seen that PDRQ is faster than ALG1, in particular if one aims at highly accurate
numerical solutions. The plot also reveals that the normalized primal-dual gap admits oscillations.
This numerical instability can be regarded as the price on has to pay for a provable upper bound
for the distance to the minimizer as well as for the distance 1

2NxNy
‖uk − u∗‖22,
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(a) Original image (b) PDRQ, α = 0.1, 50 iterations (c) PDRQ, α = 0.1, 100 iterations

(d) Degraded image (e) PDRQ, α = 0.1, ε = 10−4 (f) PDRQ, α = 0.1, ε = 10−5

Fig. 7: L1-TV deblurring: Results. (a) shows the 490× 490 input brain image which is gratefully
taken from [13]. (d) is the degraded image with motion blur of 30 pixels and 50% of salt-and-
pepper noise corruption. (b) and (c) are the results of by the PDRQ algorithm after 50 and 100
iterations. (e) and (f) show the reconstructions for the normalized error of energy less than ε.

7.3.2 L1-Denoising

For the final denoising experiment, we again compare PDR and ALG1 with the following pa-
rameters.

– ALG1: O(1/k) primal-dual algorithm discussed in [3, 9] with constant step sizes, dual step
size τ = 0.01, τσL2 = 1, θ = 1 with L =

√
12.

– PDR: The scaled preconditioned Douglas-Rachford splitting method with symmetric block
Red-Black Gauss-Seidel preconditioner according to Table 11. The step size is chosen as
σ = 0.1, the scaling τ as 3/σ and 1 inner iteration for the preconditioner is performed.

For comparison, the iteration is stopped when the normalized error of energy (Ek−E∗)/E∗ falls
below a tolerance where, again, E∗ is precomputed.

The L1-TGV denoising algorithms were tested on the 510 × 383 image in Figure 11(a) for
which 30% of the pixels have been corrupted by salt-and-pepper noise (Figure 11(d)). With
the regularization chosen as α1 = 1.0 and α0 = 2α1, results for the compared methods and
different stopping tolerances are depicted in Figure 11 while a performance table and a plot
showing numerical performance rates can be found in Figure 12. Here, it can be seen that PDR
is significantly faster than ALG1 with respect to iteration number and iteration time with speed-
ups ranging between 2 to 3.
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α = 0.1

ε = 10−4 ε = 10−5

ALG1 626 (27.58s) 2164 (96.72s)
PDRQ 205 (9.67s) 1148 (52.80s)

(a) Comparison of iteration numbers and CPU time cost.
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(b) Numerical convergence rate compared with iter-
ation number.

Fig. 8: L1-TV deblurring: Performance table and numerical convergence rates. (a) shows the
performance of the compared algorithms in terms of iteration numbers and CPU times. (b)
depicts the numerical performance rate in a double-logarithmic scale.

8 Discussion and Conclusions

We derived an ergodic convergence rate of O(1/k) for restricted primal-dual gaps of the iterates
generated by the preconditioned Douglas-Rachford method in [5]. Furthermore, these methods
have been applied for various discrete variational imaging problems. Different preconditioning
strategies for both TV and TGV regularized problems have been developed. While for TV-
regularized denoising, the symmetric Red-Black Gauss-Seidel is an effective preconditioner, we
proposed a respective symmetric block Red-Black Gauss-Seidel iteration for TGV-based denois-
ing problems. In both cases, these preconditioners are tailored for the underlying differential
structure which is an discrete elliptic equation in the TV-case and an discrete elliptic system
of PDEs in the TGV-case. For L2-TGV denoising problems, we moreover derived an effective
primal-dual gap which gives a provable bound to the distance in functional values and which can
also be used to estimate the L2 norm to the optimal solution.

The numerical results show that PDR and its variants have the potential to bring out appeal-
ing benefits and fast algorithms, provided that efficient preconditioners are found. The algorithm
are most beneficial in situations where accelerated primal-dual methods can not be applied which
is the case for problems which are not strictly convex. This is the case for L1 discrepancies as well
as for TGV regularization. Indeed, significant speed-ups were achieved in these situations. Nev-
ertheless, there are some open questions that need to be figured out. The possibility to accelerate
the convergence speed of PDR and its variants to the optimal convergence speed of first-order
methods, i.e., O(1/k2), is, for instance, an important aspect to investigate in the future.
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(a) Original image (b) PDRQ, α1 = 1, ε = 10−4 (c) PDRQ, α1 = 1, ε = 10−5

(d) Noisy image, noise level: 30% (e) ALG1, α1 = 1, ε = 10−4 (f) ALG1, α1 = 1, ε = 10−5

Fig. 11: L1-TGV denoising: Results. (a) shows the 510× 383 original image while (d) is its noisy
version which has been corrupted by 30% salt-and-pepper noise. (b) and (c) are the denoised
images by the PDR algorithm with the stopping criterion of the normalized error of primal energy
less than ε. (e) and (f) are the respective outcomes of Chambolle-Pock’s ALG1 algorithm.

α1 = 1.0

ε = 10−4 ε = 10−5

ALG1 1761 (49.10s) 9897 (264.17s)
PDR 396 (19.46s) 1408 (69.67s)

(a) Comparison of iteration numbers and CPU time
cost.
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(b) Numerical convergence rate compared with iteration
number.

Fig. 12: L1-TGV denoising: Performance table and numerical convergence rates. (a) shows the
performance of the compared algorithms in terms of iteration numbers and CPU times. (b)
depicts the numerical performance rate in a double-logarithmic scale.
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