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Abstract The recently introduced preconditioned Douglas-Rachford iteration (PDR) for convex-
concave saddle-point problems is applied to variational imaging problems with total variation
(TV) and total generalized variation (TGV) penalty. Based on PDR, we study and derive new
fast iterative algorithms for TV-denoising and TV-deblurring with L? and L' discrepancy, re-
spectively, as well as for TGV-denoising of second order, again with L? and L' discrepancy. While
for denoising, symmetric (block) Red-Black Gauss-Seidel preconditioners are effective, we pro-
pose fast Fourier-transform (FFT) based preconditioners for the respective deblurring problems.
For the L2-TGV denoising problem, we moreover derive an effective modified primal-dual gap
which may be used as a stopping criterion. All algorithms are tested and compared in numerical
experiments. For problems where strong convexity does not hold, it turns out that the proposed
preconditioning techniques are beneficial and lead to competitive results.

Keywords Preconditioned Douglas-Rachford iteration - Primal-dual algorithms - Variational
image denoising and deblurring - Total Generalized Variation - Block preconditioner

1 Introduction

In this paper, we address the problem of efficiently computing solutions of TV and TGV-
regularized variational imaging problems for instances of the type

min F'(u) + aTV(u), min F(u) + TGV2 (u) (1)

ueX ueX

where X is a discrete image space, F' : X — R, a convex fidelity functional for recovering
the image u from some given data and TV and TGVi suitable discretizations of the total
variation and total generalized variation semi-norm, respectively. We propose iterative algorithms
which base on the recently introduced Preconditioned Douglas-Rachford (PDR) method for the
solution of certain convex-concave saddle-point problems [3]. Dedicated linear preconditioners
are developed which account for the differential structure of TV and TGV as well as the possible
underlying structure of the image reconstruction problem.
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Even in finite dimensions, the numerical optimization of the functionals in (1) is a challenge
due to the non-smooth nature of the problems. For convex optimization, first-order iterative algo-
rithms based on the resolvent of the subgradient of a proper, convex and lower semi-continuous
functional, or, equivalently, on the associated proximal mapping are an efficient and widely
used choice. They are most commonly employed in conjunction with splitting methods for the
underlying monotone operator inclusions. Today’s state-of-the art first-order iterative solvers
for (1) utilize a reformulation to such a monotone inclusion problem associated with a convex-
concave saddle-point problem as well as accelerated step-size strategies, the latter where appli-
cable. Chambolle and Pock’s first order primal-dual algorithm [6] is in particular efficient for
TV-regularized problems and can also be used for TGV penalty terms [1]. As it involves forward
evaluations with respect to a linear operator, it is conditionally stable, i.e., step-size constraints
have to be respected in order to ensure convergence. In contrast, the Douglas-Rachford splitting
method is a powerful and fully implicit algorithm for the solution of monotone operator inclu-
sions, i.e., unconditionally stable. However, it suffers from the need of solving, in each iteration
step, implicit equations which can be very expensive even in an inexact manner. In [3], the au-
thors introduced a preconditioned Douglas-Rachford splitting method which could help to deal
with the linear subproblems appearing in certain convex-concave saddle-point problems. In par-
ticular, under mild assumptions one as well as finitely many inner iterations of an approximate
linear solver is sufficient to establish convergence. The effectiveness of this approach for L2-TV
denoising problems (also known as the ROF model [13]) has already been shown in [3].

In this paper, we study more TV- and TGV-regularized imaging problems, and introduce new
preconditioned Douglas-Rachford splitting methods for TV-regularized problems in imaging, such
as L'-TV denoising, L2-TV and L'-TV deblurring, which have not been discussed in [3]. The
denoising problems are preconditioned by a symmetric Red-Black Gauss-Seidel method while
for deblurring, fast Fourier-transform (FFT) based preconditioners are introduced. Moreover,
we derive dedicated methods for TGV-regularized variational imaging problems where the un-
derlying linear system is more complicated and difficult to solve in a traditional manner. This
leads to symmetric block Red-Black Gauss-Seidel preconditioners and provides new ways to deal
numerically with TGV-regularized imaging problems, in particular, L2-TGV and L'-TGV de-
noising. Additionally, a new primal-dual gap for L2-TGV denoising is derived which constitutes
a provable upper bound for the functional distance to the minimum as well as an estimate for
the L?-norm of the distance to the minimizer.

The organization of the paper is as follows. First, we briefly recall in Section 2 the abstract pre-
conditioned Douglas-Rachford splitting methods introduced in [3]. Section 3 then deals with the
application of these algorithms to certain TV-regularized variational imaging problems, mainly
L?- and L'-penalized denoising and deblurring. With the exception of L2-TV-denoising which
has already been treated in [3], this results in new iterative solution techniques. Section 4 then
deals with preconditioning TGV-regularized denoising problems. After shortly reviewing TGV of
second order and presenting the basic outline of the algorithms, we investigate the linear system
which needs to be preconditioned during the iteration. The actual preconditioner then turns out
to be a symmetric block Gauss-Seidel method on a modified equation that allows for Red-Black
ordering. Discussing the associated finite-difference stencils, we give details for the implemen-
tation of the preconditioner as well as the resulting concrete methods. Stopping criteria based
on the primal-dual gap are discussing in Section 5. While for TV-regularized problems, the al-
gorithms allow for an efficient evaluation of the primal-dual gap, the situation is more difficult
for TGV-regularization. We introduce a modified primal-dual gap which establishes a provable
bound for the functional distance to the minimizer. In Section 6, thorough numerical tests are
performed which demonstrate the efficiency of all preconditioned algorithms discussed in this
paper. Finally, some discussions and conclusions are presented in the last section.
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2 Abstract Preconditioned Douglas-Rachford Iterations

Let us shortly review the techniques and results from [3] for the solution of saddle-point problems
of the type
i Kz, F(x) — . 2
oo 7 o 2ng Kr v ¥ F () = 6ly) @
We fix X and Y as real Hilbert spaces and K : X — Y as a continuous linear mapping.
The functionals F : X — Ry (where Ro = (—00, +00] are the extended real numbers) and
G : Y — R, are proper, convex and lower semi-continuous. Recall that the Fenchel conjugate
functionals F* : X - R, G* : Y — R, given by

Frlw) = sup (v,0') = F(#),  G"(y) = sup. (,y") —9(/)

are again proper, convex and lower semi-continuous. With these notions, (2) can be regarded as
the Fenchel-Rockafellar primal-dual formulation associated with the primal and dual problem

min F(z) +G7(Ke),  max —F7(-K) - G(y), (3)
respectively [7, 11]. Under suitable conditions, primal-dual solution pairs (z*,y*) € X xY of (3)
are exactly the solutions of the saddle-point problem (2).

The Preconditioned Douglas-Rachford iterations introduced in [3] come in two variants. The
first, called PDR, is suitable for general F and G for which the resolvents can be computed while
the second, called PDRQ), assumed that either the primal or dual functional is purely quadratic-
linear. They both employ linear preconditioners M for the solution of the equation Tx = b with

T given by the problem. The preconditioner is applied by performing one step with respect to
the splitting T = M — (M —T), i.e.,

phew — xold + Mfl(b o T;L‘Old).
The central condition on M needed for ensuring convergence is the following.

Definition 1 Let T, M : X — X be linear, continuous symmetric and positive definite. Then,
M is called a feasible preconditioner for T if M — T is positive semi-definite.

In the PDR method, we set T = Tppr = I +02K*K for some step-size 0 > 0 and M a feasible
preconditioner for T', resulting in the iteration outlined in Table 1. For the PDRQ method, either
F or G is assumed to be purely quadratic-linear, here we restrict ourselves to the primal case,
ie.,

Fla) = 3(@r,) — {fo )

for @ : X — X linear, continuous and symmetric positive semi-definite and fy € X. In this case,
M should be a feasible preconditioner for T' = Tpprq = 0@ + a2KC*IKC for some o > 0 (which
means in particular that we assume T to be positive definite). The iteration is then performed
according to Table 2 and needs less variables compared to PDR.

Convergence of both methods is summarized in the following theorem whose proof can be
found in [3, Theorem 2.3].

Theorem 1 Let M be a feasible preconditioner for Tppr and Tpprq, respectively. If there exists
a saddle point for (2), then (PDR) and (PDRQ) converges weakly to a saddle point (z*,y*)
of (2), respectively.
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PDR Objective: Solve mingcdom 7 MaXycdomg (Kz,y) + F(x) — G(y)
Initialization: (29,2°,9%) € X x X x Y initial guess, o > 0 step-size,
T=I1+02K*K, M —T >0
Iteration: bE = zF — ok* g,
aF Tt =2k 4 MR — T2k,
YR = gF + oCab T, (PDR)

= zF 4+ (I 4 00F) 7227t — 2F) — oFH1,
="+ U +009) 2y T - g -yt

Table 1: The abstract preconditioned Douglas-Rachford iteration for saddle-point problems of
the type (2).

PDRQ Solve mingex maxyedomg (Kz,y) + (3Qz — fo,z) — G(y)

Initialization: (z°,7°) € X x Y initial guess, o > 0 step-size,
T=0Q+c2K*K, M —T >0

Iteration: b = —oK*§* + o fo
= gk 4 MR — TR
gL = gF 4 okt
7T =g+ (I +009) 2y — gt -yt

(PDRQ)

Table 2: The abstract preconditioned Douglas-Rachford iteration for purely quadratic-linear pri-
mal functionals.

Regarding the choice of the preconditioner M from given T, the feasibility condition allows for

great flexibility. The following proposition summarizes ways to construct feasible preconditioners,
see [3, Propositions 2.12, 2.14 & 3.2].

Proposition 1 Let T : X — X linear, continuous, symmetric and positive definite be given.
Then, the following update schemes correspond to feasible preconditioners.

(i) For My : X — X linear, continuous such that My — %T s positive definite,
kL2 gk Mo—l(bk: — Tz,
l‘k+1 — xk—‘rl/Q +M(;*(bk _ T$k+1/2).

(i) For M : X — X feasible and n > 1,

{xk+(i+1)/n — ghti/n + M71(bk _ Tl,k+i/n) ( )
’ 5

1=0,...,n—1.

(i) For T =Ty + Ty, with T1,T» : X — X linear, continuous, symmetric, Ty positive definite,
Ts positive semi-definite and M : X — X feasible for Ty, M — Ty boundedly invertible,

{x’““/z = ok M (08— o)~ Tat), (6)

(Ek+1 _ LL’k + M—l((bk _ Tgl‘k+1/2) _ Tl'k>



Preconditioned Douglas-Rachford algorithms for TV and TGV regularization 5

Preconditioner T by (A+1)D Msas Mssor
Conditions — A>T X2 Amax(T — D) — w € (0,2)

Symmetric ]
Gauss-Seidel Symmetric SOR

Iteration type Douglas-Rachford Richardson Damped Jacobi

D = diag(T), T = D — E — E*, E lower triangular, Mggs = (D — E)(T + D)~1(D — E*),
Mssor = (1D — E)(T + 222D)~1(L — E¥)

w

Table 3: Summary of common preconditioners and possible conditions for feasibility.

The update scheme (4) is useful if one has a non-symmetric “feasible” preconditioner My for
%T, then the concatenation with the adjoint preconditioner will be symmetric and feasible.
Likewise, (5) corresponds to the n-fold application of a feasible preconditioner which is again
feasible. Finally, (6) is useful if T can be split into T} +T5 for which T} can be easily preconditioned
by M. Then, one gets a feasible preconditioner for 7" only using forward evaluation of T5.

Several standard preconditioners can be seen to be feasible, including symmetric Gauss-Seidel
and SSOR. Table 3 provides an overview; for details, we refer to [3].

3 TV-Regularized Denoising and Deblurring

We start with preconditioning strategies for discrete TV-regularized problems, i.e.,

in F TV(u) = min F .
min F(u) +aTV(w) = min F(u) +a|Vull
Here, U is a discrete image space and V a discrete gradient operator which will be described in
the following. Following essentially the presentation in [1, 5], consider the image domain 2 C Z2
as the discretized grid

2={@7)4jeN, 0<i<N,-1,0<j <N, -1}

where N, N, are the image dimensions. In order not having to distinguish cases in the discretiza-
tion, we assume N, > 3 and N, > 3. We define the image space as U = {u: 2 — R} with
the standard L? scalar product. Finite differences are used to discretize the operator V and its
adjoint operator V* = —div with homogeneous Neumann and Dirichlet boundary conditions,
respectively. We define V as the following operator

- ()

where forward differences are taken according to

(OFu)y = Uiyl — Usjs %f(.)Si<Nw—1, (O u)s, = Uiyl — Usjs %fO'SJ'<Ny—1,
’ 0, ifi=N, —1, Y 0, if j =N, — 1.

With V = U? with the standard product scalar product, this gives a linear operator V : U — V.
The discrete divergence is then the negative adjoint of V, i.e., the unique linear mapping div :
V' — U which satisfies

(Vu,p)yv = (u,V'p)y = —(u,divp)y, YueU, peV.

It can be computed to read as
divp = 9, p' + 8?;]92



6 Kristian Bredies, Hongpeng Sun

involving the backward difference operators

U5, ifi = Oa U4,0, lfj = 07
(a;’u)i,j = § Uij — Ui—1,5, f0<i< N, — 1, (ay_u)z,j = § Uij — Ui -1, if 0 <j< Ny -1,
—UN,—1,j, lf’L:szl, 7’U,i7Ny_1, lfj:Nyfl

In order to define the discrete version of the TV (and later the TGV) functionals, we still need
the discrete versions of the L', L? and L> norms: For u € U, p = (p!,p?) € V, 1 <t < o0,

ol = (32 Tuagl) " oo = maxfugl,
> (.)€
(i,5)en
172\ 1/t
ol = (30 (102 +02)7) " ol = s, 2+ 672

(1,5)€R

Further, problem-specific discrete concepts will be introduced later in this section.

3.1 TV-Regularized Denoising Problems

Let us first apply the discrete framework for the total-variation regularized L?- and L'-type
denoising problems (see [13] for the L? case which is usually called the ROF model)

Llu— flI3 for L2-denoising,

min F(u) +al|Vuli,  F(u) = { (7)

|lu— flli  for L'-denoising,

with f: 2 — R a given noisy image and « > 0 a regularization parameter. As we are in finite
dimensions, both F and «|| - ||; are continuous, so one can employ Fenchel-Rockafellar duality to
obtain a equivalent saddle-point problem [7, 11] of type (2) with

X=U, Y=V, F=F K=V and §G=ZI{.<a}

while Z¢ denotes the indicator function of the set C, i.e.,

Ic(x)_{o ifzeC, -

oo else.

With these prerequisites, preconditioned Douglas-Rachford methods can be derived.
3.1.1 The L?-Denoising Case

Following [3], in the case of quadratic discrepancy, F' is purely quadratic-linear (up to a constant),
so one can use the iteration (PDRQ), i.e., the data

K=V, Q=1I, fo=f G=TI{p|.<a}-

The operator M should be a feasible preconditioner for oI — 02divV = ol — 0?A (where
A = divV) and will be discussed in Subsection 3.1.3. The iteration then needs the resolvent
(I +00G)~! =P, which reads as [1]

_ o1 D
Po(p) = (I +00G) Hp) = argmin =||p' —p||2+Z a(p) = ————— 9

with |p| = /(p')? + (p?)? in the pointwise sense.
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3.1.2 The L'-Denoising Case

Here, one may use the iteration (PDR). It turns out to be beneficial to scale the gradient with
a factor 7 > 0, leading to the following data:

K=V, F=|-~flli, 6=z}

Analogously, M should be a preconditioner for I — 02A. The resolvent of OF is moreover in-
volved which is known to realize a soft-thresholding (or shrinkage) operation around f, i.e.,
(I +00F)~t =8,(-, f) with

1
(I +00F) " (u) = arg min sl = ull3 + ollu’ = flh
S

=S,(u, f) = f +sign(u — f)max(0, |lu — f| — o).

The respective resolvent for 9G is again given by (9).

(10)

Remark 1 Alternatively, (PDRQ) may also be employed by introducing an additional dual vari-
able v € U and writing [|u — f|l1 = maxyeur (u,v) — (Zjv)<13(v) + (f,v)), resulting in the dual
space Y =V x U, operator Ku = (Vu,u), F =0 and

G(y) = G(p,v) = Gi(p) + G2(v), G1=Zfp|u<a}, G2 =T{ju<ty + ()

The proximal mapping for the dual functional can be computed separately for p and v. For Gy,
this is again given by (9), while for G5, we have

1
(I 4+ 00Gs) (v) = arvg/err[ljm §Hv’ — %+ o(f, V) +I{”UH00S1}(,U,)

(11)

= max(—1,min(1,v — o f)).

We will compare, in Section 6, the performance of both variants.

3.1.8 The Preconditioner

In both the L? and L' case, M is required to be a feasible preconditioner for operators of type
T = M — pA for A\, u > 0 where A = divV can be interpreted as a discrete Laplace operator
with homogeneous Neumann boundary conditions [15]. In other words: Tu = b corresponds to a
discrete version of the boundary value problem

Au—pAu=0> in £,
b (12
au_ 0 on 0f2. )
v
With the choice of Vu, we get a finite-difference equation with five-point stencils according to
Table 4. As in [3], we will use a symmetric Gauss-Seidel update in conjunction with a Red-Black
enumeration scheme as follows. Let

rea = {(i,§) € 2|i+ j even}, Qptack = {(i,§) € 2]i+ j odd},

and write © = (Ured, Ublack) Where tpeq and uplack represent the image u on (24 and Qpjack,
respectively. A Gauss-Seidel update then performs an update according to red — black while its
adjoint corresponds to the reverse order black — red. One can easily see that a update of red and
black pixels, respectively, is idempotent. Thus, n steps of symmetric Red-Black Gauss-Seidel,
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SNw ! Sy SNE A+2p —p —H A+3p —p - A+2p
L TH 1L —H ] —H
J =SNw =Sn =SNE
—n —p —p
A+3p —p - A+dp —p —H A+3p
Sw 55 SE | —H 1 L —H 1 L —©
=Sw =So =Sg
—h —p —p
A+2p —p| |—p A+3p —p - A+2p
Ssw Ss SsE =Ssw =Ss =SsE

Table 4: Finite-difference stencils for Au—pAu with homogeneous Neumann boundary conditions.
The highlighted entry denotes the center element and u is assumed to be extended by arbitrary
values outside of (2.

denoted by SRBGSY ,, corresponds to the following procedure. Denoting N (4,5) = {(7',j") €
Q‘ li —i'| +]j — j'| = 1} the set of neighbor points of (i, ) in 2 and ¢; ; = #N(4,7) (which is
either 2, 3 or 4, depending on whether (i, j) is a corner, edge or interior point), we have

SRBGS}, (uf, b*) = (uF il ulitL),

k+(v+1/2)/n 1 k+v/n .o
(D), 5 = Ntoou _u(bﬁj +u > (i) (,7) € rea,
" (", EN (5,5)
k+(v+1)/n 1 k+(v+1/2)/n .o
(ublagk )/ )i»j = . (bﬁj Tt E (ured( 2/ )i’,j’) (Zaj) € Dlack,
At cijp

(i,3)EN (i,5)
v=20,...,n—1,

(bﬁj + K Z (ulgf;(lzk)i”j’) (273) S Qred~
(i,5")EN (i,5)

k+1y
(urcd )74»] By + Cij

(13)
According to Table 3, SRBGSK,# corresponds to a feasible preconditioner as it realizes a sym-
metric Gauss-Seidel step and of course, n-fold application SRBGSQ’ . 1s also feasible, see Propo-
sition 1.

8.1.4 The Algorithms

Putting the building blocks together, we get a PDRQ method for L2-TV denoising according
to Table 5 (which was already derived in [3]) as well as a PDR and PDRQ method for L!-
TV denoising according to Tables 6 and 7, respectively. As U and V' are finite-dimensional, all
algorithms converge to a respective solution by virtue of Theorem 1 for any choice of o > 0 and
7> 0.

Remark 2 For a specific choice of the step-size o and scaling 7, note that T is corresponding to
the Neumann problem (12), which possesses a unique solution as A > 0. However, for large u/\,
the problem approximates a pure Neumann problem which requires compatibility conditions
on b in order to be solvable. Numerically, the problem is ill-posed in this situation making the
preconditioner less effective. Therefore, 11/\ should not be chosen too large. On the other hand,
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PDRQ Objective: L2-TV denoising mingey 3llu— fl13 + o Vul
Initialization: (u®,9%) € U x V initial guess, o > 0 step-size,
n > 1 inner iterations for symmetric Gauss-Seidel
Iteration: uktl = SRBGS] , (uF, o (f + divp*)) according to (13)
PPl = pF 4 okt
EEL — Py (2pF Tt — pF) according to (9)
ﬁk+1 — ﬁk +p§ettl _ pk+1

Table 5: The preconditioned Douglas-Rachford iteration for L2-TV denoising.

PDR Objective: L1-TV denoising mingey ||Ju— fll1 + of|Vul1

Initialization: (u%,a%,p%) € U x U x xV initial guess,
o > 0 step-size, 7 > 0 gradient scaling,
n > 1 inner iterations for symmetric Gauss-Seidel

Iteration: uktl = SRBGS?,(UT)Q (uk, @k 4ot div[‘)k) according to (13)
pE+L = B 4 grvyht
ugehy = So(2uMtt —ak, f) according to (10)
aktl = gk 4 uftl gkt
pit = o) (207 —p*) according to (9)

_ _ k+1 ;
PR = gk g phtl ke

Table 6: The scaled preconditioned Douglas-Rachford iteration for L!-TV denoising.

PDRQ Objective: L'-TV denoising mingey |lu— flli + o[ Vaully

Initialization: (u®,9%,9%) € U x V x U initial guess, o > 0 step-size,
n > 1 inner iterations for symmetric Gauss-Seidel

Iteration: uktl = SRBGS?, , (uk, —ov* + o divp*) according to (13)
Pl = gk 4 ovuktl
vkl = gk 4 gyktl

pfettl = Pa(2p" T - p) according to (9)
e
vt = max (=1, min(1, 2051 — o — o)) according to (11)

_ _ k+1
ohHl = gk 4 Utett _ okt

Table 7: The PDRQ variant for L!-TV denoising.

if u/A is too small, solving (12) is close to the inversion of the identity (up to a factor), hence
the update step for u does not contribute much to the solution of the optimization problem.
Therefore, /A should not be chosen too low.

For the L2-TV-denoising problem these considerations suggest to take o such that 1+ o|l 4|
is moderate. Likewise, for L!-TV-denoising, it is reasonable to choose 7 = ¢/o with moderate
1+ c?||A| for the PDR method and, in view of (9) and (10), to choose o neither too large nor
too small. For examples on how ¢ and 7 might be chosen in order to make the methods efficient,
we refer to Section 6, where numerical experiments are presented.
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3.2 TV-Deblurring Problems

Next, the preconditioned Douglas-Rachford framework is applied to ill-posed linear inverse prob-
lems. We aim at applying it to deblurring problems of the type

(14)

1 _ 2 f L2_d bl .
min F(u) + ol Vulls, F()—{‘Z”“*“ JI3 for L2-deblurring,

lu*xr— fl1  for L'-deblurring.

Here, x : 2 — R is a given convolution kernel satisfying Zz j Ki,j 7 0. For sake of simplicity, we
choose to use the periodic convolution, i.e., u x k denotes

Ny—1Ny—1

(U*H)i,j: E E Ui—3' mod N,,j—35’ mod N, i’ 5’

i'=0 j'=0

with @ mod b being the unique number ¢ € {0,...,b—1} such that there is a d € Z with a = db+c.
We will refer to the periodic convolution operator with k as L and also introduce the periodic
gradient V), : U — V according to

Pty

_ + _ + _

Vou = (8:;)+u ;o (OFTu)ij = Witimod Nyj — Wigs  (OTU)ij = Uijt1mod N, — Uij
Yy

for (i,7) € 2 as well as the periodic divergence div, = —V} and Laplacian A, = div, V,. Let
us again discuss the preconditioned Douglas-Rachford iterations for L2- and L!-discrepancies
separately.

3.2.1 The L?-Deblurring Case

The discrepancy functional F(u) = |luxr — f||3 in (14) can be rewritten to be quadratic-linear,
hence, we employ again (PDRQ). Using the scaled gradient with a factor 7 > 0 data then reads
as

K=71V, Q=L"L, fo=L"f, G=T{p|<a/}-

Recall that L denotes the convolution operator with respect to «, i.e., Lu = u* & for all u € U.
Let us choose a feasible preconditioner for T = oL*L — (07)?A. One easily sees that M =
oL*L — (07)?A, satisfies M — T > 0 as

(M = T)u,u) = (=Apu,u) — (=Au,u) = [|[Vyul* = [Vu|? >0 for each u €U,

where the latter inequality is due to the fact that 0} u is just 92w with some entries replaced
by 0 (and the analog for 9, u). Since L* is the periodic convolution with the mirrored kernel, M
is the periodic convolution with the kernel x;; according to

fi/--Z/iNf'quel 0 -10
ky = ok % K+ (07)%k A, o * ST ka=|—-1 4 -1 (15)
(i,4) € £2 0 —1 0

where the highlighted entry corresponds to i = 7 = 0. Hence, M is diagonalized by the discrete
Fourier transform F and can be inverted by

1 Fu )

M—l —_ —1 —_ —1
u=7F (fHMW‘)) 7 (a|]:/<\2+(ar)2]-"/iA

(16)
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PDRQ Objective: L2-TV deblurring mingey % lu*k— fl13 4+ o Vulx

Initialization: (u®,p%) € U x V initial guess,
o > 0 step-size, 7 > 0 gradient scaling

Iteration: ubtl = F=1 (J:(f # ) & T};gi:ﬁ:TE;;Z(A - AP)Uk)) according to (15)
pk+1 = ;Ek + orVuktl
Peke = Payr (2071 = pb) according to (9)
e

Table 8: The scaled preconditioned Douglas-Rachford iteration for the solution of the L2-TV
deblurring problem.

provided that the denominator is positive in each point. This is however the case as (Fra):; =
8sin?(im/N,) + 8sin®(jm/N,) vanishes only for i = j = 0 and since (Fr)oo = >k #0by
assumption. In particular, M is positive definite, leading to its feasibility for 7.

Putting all together yields the PDRQ method for the solution of the L2-TV-deblurring prob-
lem, see Table 8. Of course, an implementation should precompute and store f x k' as well as
|Fk|? + 072 Frk and utilize the Fast Fourier transform (FFT) [1, 6] in order to gain maximal
efficiency.

3.2.2 The L'-Deblurring Case

This case is slightly different from L'-TV-denoising as the proximal mapping associated with
IL-—f]l1 is not easy to compute. We therefore introduce another dual variable v € U and obtain
(again, with a gradient scaling 7 > 0) the saddle-point formulation

minmax (7Vu,p) + (Lu,v) — G1(p) — G2(v). (17)

uelU peV

velU

G, = Zypll o</} and Gy = o<1y T (f,-) (also see Remark 1). For (PDRQ), this leads to
the data

X=U Y=VxU, K:[Z}, Q=0, fo=0, G(y)=G(pv)=Gi(p) + Ga(v),

and we have to choose a preconditioner for T = ¢?K*K = o?L*L — (07)?A. Again, M =
02 L*L —(07)?4, is feasible and can be computed as in (16) with a straightforward modification.

This results in the PDRQ algorithm for L!'-TV-deblurring which can be found in Table 9.
This version assumes that it is beneficial to compute the convolution via pointwise multiplication
on the Fourier side, hence the transformed variable @* has been introduced. Again, one should
consider precomputing Fx and o|Fk|? + o072 Fka as well as using the Fast Fourier transform in
order to obtain maximal efficiency.

4 TGV-Regularized Denoising Problems

Having discussed the derivation of preconditioned Douglas-Rachford algorithms for TV regular-
ization, we now turn to developing preconditioned iterative methods for total generalized varia-
tion (TGV) regularization, for simplicity of second order. The concept of TGV, introduced in [5],
realizes a convex regularizing functional which automatically adapts to higher-order smoothness
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PDRQ Objective: L'-TV deblurring mingey |lu*k— fll1 + ol Vulls

Initialization: (u?,p%,7%) € U x V x U initial guess, 4 = Fu?,
o > 0 step-size, 7 > 0 gradient scaling
F(rdivp® + o12(A — Ap)uF) — FokFr

o|Fk|2 + 012FKkA
uk+1 — f_lﬁk+1

pFHL = gk 4 orvuktl

Iteration: okl =

k+1 _ .
pt;gt = oe/‘r(ka+1 —p") according to (9)

_, = k+1
pk+1 :pk +pt:s—t _pk+1

vl = gk 4 o F-1 (k1 FR)
vit! = max(—1,min(1, 208+ — 5% — o f)) according to (11)

_ ~ k+1
TR = gk 4 gkl ket

Table 9: The scaled preconditioned Douglas-Rachford iteration for L'-TV deblurring.

while sharing the convenient properties of TV, in particular, the ability to model images with
edges or, more generally, discontinuities on hypersurfaces. Especially, TGV is able to significantly
reduce the so-called staircasing effect in the solutions, i.e., the undesired appearance of edges. It
works convincingly well in various fields, e.g., for linear inverse problems [4], for diffusing tensor
imaging [16], for JPEG decompression [2], for multichannel images [1] and in magnetic resonance
imaging (MRI) [12].

The second-order total generalized variation TGV? is defined as in [4, 5].

Definition 2 Let 2 C R? be a bounded Lipschitz domain and a = (ag, ;) > 0 regularization
parameters. The Total Generalized Variation of second order of u € L}, .(12) is the value assigned
by the following functional

TGV2(u) = sup {/ udiv? ¢ dz ) q € C2(2, SN, |lqlloo < ap, [|divgle < al}. (18)
2
Here, S?%4 is the set of symmetric matrices and C2(§2, 59*?) denotes the vector space of com-

pactly supported, twice continuously differentiable §%*?-valued mappings. The divergences div g €
CH(2,RY) and div? ¢ € C.(£2) are defined by

d d
0.+ 92a:: Oq;i
(divg); = i div? g = E q;z +2 E i
g i<j

— Jx;’ L~ Ox 0x;0x;
Jj=1 =1

while the norms of q € C.(£2,S%?), p € C.(2,R?) are given by
d ) o\ 1/2 d )\ 1/2
lolloe = sup (Y lau@) P +23 " lay@)F) " Iplee =sup (3 pa@)?) . (19)
T€R N i<j T€R N
For our purposes, we will utilize that TGVi can be expressed as a minimum [4]:

TGV2 (u) = i YVu — £ 20
o(u) wlin a1||Vu — wl| pm + aol|Ewl| m (20)

where BD({2) denotes the space of vector fields of Bounded Deformation [14] which is the set
of vector fields whose weak symmetrized derivative Ew = (Vw + Vw!)/2 is a matrix-valued
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Radon measure. Moreover, || - ||4¢ denotes the Radon norm for the corresponding vector-valued
and matrix-valued Radon measures (the L!-type norm for measures).
We are therefore concerned with discrete denoising problems of the type

min F(u) + a1 Vu = ws + ao[€u]1,
weV

Flu) = {%u — fl3 for L?-denoising, (21)

~\llu—fli  for L'-denoising,

with the notation of Section 3 and £ being a discretization of the symmetrized derivative which
will be described in the following. For this purpose, consider the spaces

U={u:2—->R}, V=~{u:2->R*}, W={u:2— 5>}

where U and V have already been introduced in Section 3. We identify elements in ¢ € W with
q=(¢',¢% ¢*) € U? and employ the scalar product

(¢.4"Yw = (a", (@)")v + (@ (d)Dv +2(¢*, (d)*)v.

Utilizing forward differences, the symmetrized derivative can be defined as follows

+,,,1 1(9+.,1 +,002 3;[11)1
Sw — oFfw 5 (0w +8mw)} B o
— |19+ ,1 + 092 + 0,2 =
3(Oyw + 07 w?) 9y w %(8;11)%—1—3;'11)2)

where the second equation has to be understood in terms of the identification W = U3. Con-
sequently, the negative adjoint realizes a discrete negative divergence operator according to
(Ew,qyw = —(w,divg)y for all w € V, g € W, leading to
. ;¢ + 0 q?
divg = [ -l I
0 ¢ + 0, q

With Aw = (Aw', Aw?), we can express the operator £*éw = —3Aw — AV~ div’ w where
div?t is the discrete divergence using forward differences and V~ is the discrete gradient using
backward differences. Finally, we need to define meaningful norms: For 1 <t < oo and ¢ € W,
let

t/2\ 1/t
lalle = (32 (0l + (@25 +20a2))”) 7 Nalleo = max (/(al,)? + (a2,)° +2(a,)
(i,5)€N ’

With these definitions, we are able to give a meaning to the discrete denoising problems (21).
Proceeding in the lines of Subsection 3.1, we derive the preconditioned Douglas-Rachford algo-
rithms separately for L?- and L'-denoising and develop a suitable preconditioner afterwards. For
TGVi, the latter turns out to require more effort than for the TV case.

4.1 L?- and L'-Denoising

We follow the lines of, e.g., [1] and write (21) as a saddle-point problem according to

min max (Vu—w,p)v + (Ew, )w + F () = Zgjp|w<ar} (P) = Z{|iql e <ao} (@) (22)
weV qeW
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Therefore, X =U x V,Y =V x W and, denoting z = (u,w), y = (p, q),

k= B 51] » Flu,w) = F(u), G(p0) = Liploosar) P) + Ljalosao} () (23)

for which the resolvent of 9G is easy to compute: It is given by (9), i.e., the pair (Py, (p), Pa,(q))
where

P p =T 24
maX(l,%) @ max(l,%) 29

Pa (p) =

and [p| = /(p1)? + (p?)? as well as |q| = \/(¢1)? + (¢?)? +2(¢%)? for p € V and ¢ € W (also
compare with (9)). In case of L2-denoising, (PDRQ) will be employed with

o a-ff

In case of L!-denoising, (PDR) will be used with a scaling of K by a positive factor 7 > 0 as
already utilized in Section 3. This leads to the following operators to be preconditioned:

T _JeI —0%A  o?div T _[I—(o7)2A (o7)% div
PTGV = 52V o2(I —divE)|? TV T —(07)2V (14 (o7))I — (o7)2divE|"
(25)
4.2 The Preconditioner
Choosing A\, Ay, i > 0, our goal is now to find preconditioners for
T Aol — pA pdiv
T —uV A —pdivV
which corresponds to a discrete solution of the system of partial differential equations
At — pAu 4+ pdivw = by,
—uVu+ Apyw — pdivEw = b, in 2, (26)
? =0, (Vw+Vwhr=0 ondn.
v

By definition, feasible preconditioners require T to be invertible, which can easily be verified.

Lemma 1 If A, > pu, then T is a positive definite operator.
Proof For x = (u,w) we have

(T, 2)x = Nullull3 + ol V)3 — plu, Viw) — plw, V) + Ao f|wll3 + pllEwl3
> (ol Vu = wl3 + Aullul3-

It could be seen that if (Tz,2)x = 0, then « = 0 and w = 0 leading to = = 0.
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Like in the TV case, we like to employ a suitable Red-Black Gauss-Seidel method. However,
as —divEw = —%Aw — %V‘ div' contains discrete mixed derivatives, the corresponding finite-
difference stencil will no longer depend only the 4-neighborhood of a pixel but also involve points
from the 8-neighborhood. This problem can be circumvented by performing a suitable Red-Black
Gauss-Seidel preconditioning on the equation T"(u,w) = (b,, w,,) according to

Attt — pA + pdivw = by,
—uVu + Apyw — pAw = by,
ou ow

w0 v

A — pA pdiv | by
—uV o Al — pA| |w| T by

=7

in !27 (27)

=0 on O0f2.

0,

This is justified by the following lemma.
Lemma 2 [t holds that T — T > 0.

Proof For x = (u,w) one computes

(T = T)w,a)x = p| Vol — plewl* = p(loyw!|* + |0F w?|* = 2]|3(05w" + o w?)[?) > 0.

<310 wh|2+ 3 [10F w? |2

It is then clear that feasible preconditioners M for T” are also feasible for T. Now, as (27) is a
finite-difference equation for z = (u,w',w?), it can be represented, as in the case of (12), by
finite-difference stencils with the difference that each entry corresponds to a 3 x 3 matrix. Here,
each grid point is associated with a triple x; ; = (ui’j,wij?wf,j). Again, we have to distinguish
whether a grid point is in the interior, on a boundary edge or a corner. Adopting the notation
of Table 4, the center element can be computed to be

[Mu+2p  p I [(Mu+3p  p I Au+2u 0 Iz
I Aw + 21 0 I Aw + 3 0 0 Aw + 24 0
L # 0 Awt2uf [ p 0 Awt3pl [ w 0 Aw+2pu]
=Cnw =Cn =CNE
[Aw+30  p po ] [Patdn p g ] [M+3e 0 o]
m Aw + 3 0 m Aw +4p 0 0 Aw + 3p 0
L 0 Ao +3p| | p 0 Awt+4p| | p 0 Aw + 3p
—Cw =Co —Cp
A +2  p 0 1 [M+3p p 0 1 [Mu+2e 0 0
m Aw + 21 0 I Aw + 3 0 0 Aw + 21 0
o 0 Ae+2u] [ 0 0 Aw+3p] [ 0 0 Aw+ 20
=Csw =Cs =Csp

The off-center entries are all the same for each pixel and only depend on the position relative to
the center. Denoting

- 0 0
R=|-p—p 0|, U=
0 0 —p

- 0 —p
0 —pu O |.

0 0 —pu
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and their adjoints by R* and U*, respectively, the block stencil for (27) is given by

exw R| [R* ex R| [R* cws
u* u* u*
=SNW ZSN =SNE
u r u 7 u
Cw R R* Co R R* Cp
ux us | U (28)

———
=Sw =So =Sk
u I u ] u
Csw R R* Cs R R* Csk
=Ssw =Ss =SsE

adopting again the notation for the different types of grid points from Table 4 and highlighting
the center element. Based on this, a block Red-Black symmetric Gauss-Seidel iteration can be
performed, needing only forward evaluation of U, U*, R, R* and the inverses of the center matrices
C{.y which can be computed explicitly. Denoting by b; ; = ((bu)i,j (bs,)i,j> (b2)i,;) for (i,7) € £2,
Ci ; the corresponding center element for the grid point (¢, j), introducing @eq and Tplack 0N 2red
and (2pjack, respectively and extending them outside their domain by 0, n-fold application of the

block Red-Black symmetric Gauss-Seidel method, denoted BSRBGSY , . corresponds to

BSRBGS}, 5, (a%,0F) = (25!, aflh)

k+(v+1/2 1 k+ k+
(TR, 5 = G (b — R* (@l Vim1 — R(@nl Vi1,

k+v/n * k+v/n ..
— Uil — U (@i g1 (1,5) € £rea;
(@ahG Mg = Gt (big — R (g2 = R@ERYDIM
- U(ﬂf’:;i(uﬂ/?)/n)i,j—l - U*(mf(ii(uﬂ/z)/n)i,jﬂ) (4,7) € Potack,

v=0,...,n—1,

k — k k
(rea) )iy = Cif (bij — R*(@ifi)i-1 — R(Thihad)i+1

k k
— Uit )i — U (@i )i )

(29)
Let us show feasibility. This is implied by the following general theorem about block symmetric
Gauss-Seidel and block SSOR:

Proposition 2 Let N;m > and T € R™VX™N be o symmetric, positive definite block matriz
with blocks T; ; € R™>™ fori,j=1,...,N and w €)0,2[. Then, block SSOR, i.e.,

2F TV = (1 - W)k + wT; (bi - Zﬂ,jx§+1/2 - ZTi,j$k> i=1.N,
o = (U w)al T o (b= Y Tt = Y Tal) =N,
j>i j<i

1s well-defined and feasible for the solution of Tx = b.

Proof Denoting T = D — E — E* with D = diag(T41,...,Tn,~n) the block diagonal matrix of
T, and F, E* the negative block lower and upper triangular matrix, respectively, the two steps
in (30) correspond to the application of the preconditioner My = %D — E followed by Mj. By
Proposition 1 (i), we only need to check the positive definiteness of My — 27" Note that since
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T is positive definite, each T;; is positive definite, hence (T; ;£,&) > c||€||* for ¢ > 0 and each
£e€R™, i=1,...,N. Hence, for € R™V,

(Mo = 3T)z,2) = (5 = 3)(D,2) + 5((E" = E)z,2) = (§ — 3)(D,2) > c(§ - 3)|lalf*.

1
w 2

Hence, by Proposition 1 (ii) and Lemmas 1 and 2, BSRBGSY_ ,  , as described in (29) is feasible
for the solution of (27) provided that A, > p. It can therefore been written as

af = ok 4 MR — T R)
with M — T > 0. To apply the preconditioner for T, i.e., the discrete solution of (26), we have
replace T” by T which means to correct the data according to

xk-‘rl — xk‘ 4 M—l(bk + (Tl _ T)a:k _ T/.’Ek)

The corrected data then reads as

() = b 4 (1~ T — | Y] 4 [O 0 wl bu (31)
- TR T 0 8(Vodiv —A) | [wk| T bk + &(V divT —A)wk |

In the algorithms, the block symmetric Gauss-Seidel preconditioner according to (29) is then
applied to the data z* and (b').

Remark 3 An alternative to this approach would be to apply one block symmetric Gauss-Seidel
step according to (29) for T and iterate n times. This results in a preconditioner which performs,
n times, a correction according to (31) and a red — black — red update according to (29).
Compared to (29), n more corrections and red updates have to be performed.

4.3 The Algorithms

The PDRQ algorithm for the solution of the LQ—TGVi denoising problem with the block sym-
metric Gauss-Seidel preconditioner as previously described is summarized in Table 10. Likewise,
the PDR algorithm for L'-TGV? denoising can be found in Table 11. For the latter, it can be
noted that F does not depend on w, hence (I + 0dF)~! is the identity with respect to the
w-component leading to w* = wF for each k if w® = w°. Hence, @* can be replaced by w*, a
step which has already been incorporated in the algorithm. It is then clear by Theorem 1 that
both algorithms converge. The u-part then gives a solution to the original denoising problem.

5 The Primal-Dual Gap as Stopping Criterion

For convex-concave saddle-point problems (2) which correspond to the solution of the primal
and dual problem (3), the so-called primal-dual gap provides, if finite, an upper estimate on the
functional distance to a minimizer and maximizer of the primal and dual problem, respectively,
in case that both exist. It is defined as

&(z,y) = F(x) + G*(Kz) + F*(=K"y) + G(y). (32)

The primal-dual gap vanishes exactly in the saddle-points, i.e., &(z*,y*) = 0 if and only if
(x*,y*) solves (2). Moreover, in case Fenchel-Rockafellar duality holds,

6 (w,y) = (F(2) + 0" (Ka) ~ (min F(a') + G (Ka)) )

+ (FK) + 6() — (min ' (-K7y) + 6() ).
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PDRQ Objective: L2-TGV denoising mingey 3llu— flI3 + TGVZ (u)
Initialization: (u®,w?,p°,q%) € U x V x V x W initial guess, o > 0 step-size,
n > 1 inner iterations for block symmetric Gauss-Seidel
Iteration: bk = o (f + div p*)
bk = o (p* +diva®) + %(V’ divt —A)wk)

(ubH1 wht1) = BSRBGS” , oz(uk, wk bk bk according to (29)
pk+1 — pk 4 O.(vuk—O—l _ ,wk+1)
qk+1 — qk: +a.gwk+1

Pt = Pay (20 — ) according to (24)
- - k41

prtl = pk +ptc-'s—t — pk+1

At = Pag(24°F1 - ¢*) according to (24)

_ _ k+1
gl = gk 4 gkl — gt

Table 10: The preconditioned Douglas-Rachford iteration for L?-TGV denoising.

PDR Objective: L-TGV denoising mingey |lu— flli + TGV (u)

Initialization: (w0, w?,a@%,5%,@°) €U x V x U x V x W initial guess,
o > 0 step-size, 7 > 0 gradient scaling,
n > 1 inner iterations for block symmetric Gauss-Seidel

Iteration: bk = @k + o7 divp®
bk = wk 4+ o7 (p* + divg* + %(V’ divt —A)wk)
(uFtt whtl) = BSRBGS?’1+(M_)27((”)2(uk7 wk bk bk according to (29)

pk+1 — I_Jk + UT(Vuk+l _ wk+l)
g+ = g5 4 orEwkt]
ughy = So(2uMtt —ak, f) according to (10)

_ _ k41
Gkl = gk g htl ket

k= Pay (2071 — pF) according to (24)
PR = pF 4 pitl — ph
gt = Pao (2¢F+1 — g*) according to (24)
¢ =+ g —atH

Table 11: The scaled preconditioned Douglas-Rachford iteration for L!-TGV denoising.

so, if &(x,y) < e for some € > 0, the pair (z,y) is e-optimal for both the primal and dual
problem.

In order to use the primal-dual gap in conjunction with (PDR) and (PDRQ), it has to be
finite for quantities which are easy to derive from the iterates. For the PDR method, we can see
that in case of weak convergence,

af L = (I + 00 F) Y228 — zF] = ZhFL 4 Pt — gk g

Vit = (I +00G) 29" — g = g™t 4yt g g
where (z*,y*) is a saddle point. As . and yl are in the range of the resolvents of the
subdifferential, the associated functional values must be finite, i.e., F(zk ) < 0o, G(yE ) < .

However, we cannot guarantee that G*(Kzf,.) < oo and F*(—K*yk,) < oo and this has to be
derived from the functionals. Likewise, for the PDRQ method, the can choose zF_ = x* and
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obtain finite F(xk ). If Q is positive definite, then also F(—K*yk,) < oo. In general, however,
Q is only assumed to be positive semi-definite, so F(—K*yk,,) might be infinite.

One possibility to circumvent the problem of infinite primal-dual gaps is to consider the
restricted primal-dual gap as done in [6] which requires an a-priori bound on the distance of the
set of saddle points to the initial guess. As this restricted gap might be difficult to compute in
practice, we pursue the following approach: Deriving a-priori a suitable set in which the saddle
points are contained, we possibly modify F and G outside this set such that the solution set
remains the same and F* as well as G* is finite everywhere. This way, the modified gap is always
finite and can be used as a stopping criterion.

In the following, we discuss problems in which either the primal-dual gap is always finite on
the iterates or the outlined approach can successfully be carried out. In particular, we derive a
modified primal-dual gap for TGV.

5.1 L2-TV Denoising

For the L2-TV denoising problem, the primal-dual gap is well-known, see [6], for instance. It
reads as
lu— £l3

Grapv(u,p) = B — +a||Vull: +

[divp+ fl13 /113
2 2

+ Z{p)l e <a} (P) (33)

which is always finite for the pair (uk+17pf;t1) provided by the algorithm in Table 5 and can

directly be used as stopping criterion.
Note that an optimal pair (u*,p*) satisfies —p* € d(a]| - ||1)(Vu*) and w* = divp* + f, so

U — 2 u* — 2 .
Bre () 2 1Ty oy, - 2T oy,
_ 2 * 2
SIS T
2 * (|2 o x||2
B MR [

meaning that the primal-dual gap can also be used to control the approximation error with
respect to the solution in norm.

5.2 L2-TGV Denoising

If a TV is replaced by TGV?, the data (23) has to be used for the saddle-point problem. One
computes the primal-dual gap function as

u—fl3 divp + f||3 flI?
&2 rav(u,w,p,q) = = 712 + a1]|Vu — w1 + agl|Ew]1 + I 5 _ 1113

2 2 2 (34)
+ Zioy (p + div @) + Z{jjp| <a1} (P) + Z{ gl <ao} (@)-

Here, the algorithm according to Table 10 generates (p55), ¢&tl) for which I{O}(pf;tl +divglth
might be infinite, rendering this primal-dual gap useless as stopping criterion.

To circumvent this problem, first suppose that we have a L'-norm bound C,, available for w*
belonging to a solution pair (u*,w*) for problem (21), i.e., (u*, w*) optimal implies ||w*||; < C,.
Then, we can choose

u— fl3
F(u,w) = w + Z(jjwli<cy (W)
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This does obviously does not change the solution set of problem (21). On the dual side, however,
T0y (p+div q) becomes Cy||p +div ¢|| . For w given, taking max(C,, [|w||1) instead of C,, leads
to a finite F(u,w) and a primal-dual gap according to

, lu - /13 Idivp+ I3 1113
O rav(ww,p @) = 2+ Vu—wl +aollEwl + R - B

+ max(Cly, [[w][1)[[p + div qlloo + Zyjpflw<ar} (P) + Ll e <0} (@)

which is finite for (uFT1, wh+! pFtl ¢Ftl) according to Table 10 and can be used as a stopping
test test

criterion.

Lemma 3 Let (u*,w*) be a solution of (21). Then, for (u,w,p,q) €U xV xV x W,

u— u* 2 .
W= < 6 ravnw,pa) and [y < 2(,/32N, N, 8 1 rgy (uw,pra) + | Vulh)

If lw*|l1 < Cuw, then the inequalities also hold for &% 1 instead of G2 pay.

Proof As &2 pqgy is a primal-dual gap function, we have

2 * 2
u— uw* — f
G2 pav(u,w,p,q) > % + a1 ||[Vu —wl|1 + aol|Ewl[r — %

— || Vu* — w*||1 — apl|Ew™||1-
Choosing a dual solution pair (p*,¢*) (which has to exist as Fenchel-Rockafellar duality is ob-
viously applicable), optimality conditions tell that u* = divp* + f, p* + divg* = 0, —p* €
d(aq| - 1) (Vu* — w*) and —¢* € O(apl| - ||1)(Ew™). Hence,

= fI5 _ Jwr = fI5
2

QjLQ—TGV(u, w, P, q) > <(vu - w) - (VU* - w*)v _p*>

2
+ (Ew — Ew*, —q")
2 * (|2
= ||u2\|2 - ||u2||2 + (u—u", f) + (u—u*,divp*) + (w — w*, p* + divg¢*)
B
5

This proves the first estimate. Proceeding further, we get by the Cauchy-Schwarz estimate and
by ||V < /8 that

[Vu— Vu*|1 < /NoNy|[V(u—u)|]2 < /8Ny Nyllu —u*|]2 < \/32NzNyQ5Lz_TGV(u7w,p, q).

Consequently,

[Vl < /320N, o vy (e w, p, ) + [V

while plugging in (u*,0) into the objective functional in (21) gives aq || Vu* —w*||1 + ag||Ew*||1 <
aq||Vu*||1 such that

[w*lly < IVu® —w*[ly + [[Vu*[p < 2[[Vu']ly < 2(\/32N1Ny6L2-TGV(u»w7p7 q) + [Vully).-

Now, if [[w*||; < C\, the same argumentation can be carried out for Qﬁg;’_ ray instead of &2 rqy.
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Lemma 3 gives us a way to obtain the bound C, and to improve it if possible. We can amend the
PDRQ method as follows. Choosing initial values (p°, ") such that ||p°]e < a1, |4°]c0 < o
and p¥ + div @ = 0, we update C,, according to

(Cw)O = 2(\/SQNINyéLz—TGV(uO7woaﬁo,qo) + HVU‘O”l)V

(36)
(Culnn = 2(/B2NLN, 6 i (w1, wb 1 b ghE)) + [Vt 1))

with (u*+ wh 1l pEtl ¢k tl) provided by the PDRQ algorithm in Table 10. The functional

Qﬁ(LC;’_“%’CGV evaluated as these points provides, in particular, an effective primal-dual gap and can

be used as stopping criterion.

6 Numerical Experiments

We implemented and performed numerical computations for each of the proposed algorithms
using Matlab (MATLAB and Image Processing Toolbox Release 2012b, The MathWorks, Inc.,
Natick, Massachusetts, United States) with 8 cores each at 3.40GHz. Comparisons with general-
purpose primal-dual algorithms for the solution of (2) were performed, using the methods in [6]
as a reference. Additionally, numerical tests with ADMM or split Bregman [8, 10] were performed
where applicable.

6.1 TV-Denoising Problems
6.1.1 L?-Denoising

For L2-TV denoising problems, besides the proposed PDRQ, the accelerated first order primal-
dual algorithm [6] is also chosen. Their parameter setting is as follows.

— ALG2: O(1/k?) accelerated primal-dual algorithm introduced in [6] with adaptive step sizes,
70 =1/L, w0, L? = 1,7y = 0.7 and L = 8. Here we use the same notations for the parameters
7, o together with 6 as in [6] throughout this section.

— PDRQ: Preconditioned Douglas-Rachford method for pure quadratic-linear primal (or dual)
functionals in (2). A symmetric Red-Black Gauss-Seidel preconditioner is employed (see Ta-
ble 5). The notation PDRQ(c, n) represents the step size o and n iterations for the precon-
ditioner.

The stopping criterion is chosen as the normalized primal-dual gap &2 v /(N N, ) given by (33)
and N, N, being the number of pixels in the image, see also [3, 6].

For the computations, a butterfly image with size 768 x 512, see Figure 1(a), was corrupted by
10% Gaussian noise, see Figure 1(d) and denoising was performed with different regularization
parameters and stopping tolerances, see Figure 1 for some of the results. Additionally, Figure 1
contains a table which shows the respective iteration numbers and CPU timings. In a moderate
range of the primal-dual gap, PDRQ turns out to be faster than ALG2, in particular for higher
regularization parameters. In the detailed comparison for o = 0.5 in Figure 2, it can be seen
that this range roughly spans 10~2 and 10~7 both in terms of iteration number and computation
time. Below 10~7, the optimal asymptotic convergence speed of O(1/k?) of ALG2 becomes visible
which PDRQ apparently does not admit, making ALG2 faster there.
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(d) Noisy image, noise level: 10% (e) ALG2, a =0.1,e = 1076 (f) ALG2, « = 0.5, e = 1076

a=0.1 a=0.5
e=10"* e=10"°6 e=10"% e=10"°6
ALG2 19 (0.72s) 96 (3.69s) 115 (4.38s) 766 (29.615)

PDRQ (3,1)12(0.76s)  (3,1)72(4.49s) (12,1) 61(3.765) (12,1)313(19.23s)

Fig. 1: L?-TV denoising: Results and performance. (a) shows the original 768 x 512 butterfly
image while (d) is a noisy version which has been corrupted by 10% Gaussian noise. (b) and (c)
are the denoised images by the PDRQ algorithm with different regularization parameter a and
normalized primal-dual gap less than 107%, respectively. (e) and (f) are the respective outcomes
of Chambolle-Pock’s ALG2 algorithm. The performance of the algorithms used for comparison
can be seen in the table. Iteration number and computation time are shown in the format k(t).
Additionally, the parameters (o, n) are given for PDRQ.

6.1.2 L'-Denoising

Using an L' discrepancy for TV-regularized denoising according to (7) is often beneficial to
remove outliers as it is robust with respect to geometry perturbations. We performed experiments
for the following algorithms.

— ALG1: O(1/k) primal-dual algorithm introduced in [6] with constant step sizes, the dual step
size 10 = 0.02, T0L? = 1, = 1 with L = /8 as proposed in [6].

— ADMM: Alternating direction method of multipliers [8, 10] based on part 4.4 of [8] with
B = 1.5 and a = 30 where f3 is the coefficient of the L! data fidelity term and «/2 is the
coefficient of the augmented term of ADMM. We use 15 inner symmetric Red-Black Gauss-
Seidel iterations to approximately solve the linear elliptic equation.

— PDR: Preconditioned Douglas-Rachford method with symmetric Red-Black Gauss-Seidel pre-
conditioner and scaled gradient according to Table 6. Here, 0 = 0.1, 7 = 1/0 and n = 1.

— PDRQ: Preconditioned Douglas-Rachford method for the pure quadratic case with symmetric
Red-Black Gauss-Seidel preconditioner according to Table 7. Here, 0 = 16 and n = 1.

As a practical primal-dual gap is not available, the stopping criterion is chosen as the normalized
error of the primal energy (E* — E*)/E*, i.e., EF is the functional value in (7) for u* and E* is
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— ALG2 — ALG2
101 F —PDRQ |4 107 E —PDRQ |34

O(1/k?)

O(1/k)

Normalized Primal-Dual Gap
Normalized Primal-Dual Gap

1078 F

| | |
100 10t 102 10 10* 0 60 120 180 240 300

Iterations CPU Time (s)

(a) Numerical convergence rate of normalized primal- (b) Numerical convergence rate of normalized primal-
dual gap compared with iteration number. dual gap compared with iteration time.

Fig. 2: L2-TV denoising: Numerical convergence rates. The normalized primal-dual gap is com-
pared in terms of iteration number and computation time for Figure 1(d) with = 0.5. Note the
double-logarithmic and semi-logarithmic scale, respectively, which is used in the plots.

obtained by a large number of iterations, we use 10° in this article. It is chosen as the minimal
value with respect to all algorithms used for comparison.

Computations were performed on the 256 x 256 Lena image (Figure 3(a)) corrupted by 25%
salt-and-pepper noise (Figure 3(d)) with regularization parameter @ = 2/3, see Figure 3 for the
outcome for some of the algorithms. The table in Figure 4(a) show the numerical evaluation with
comparison of the iteration numbers and CPU time cost for the four algorithms. Figure 4(b)
is the detailed comparison of iteration numbers. It could be seen that both PDR, PDRQ and
ALG1 effectively admit the asymptotic convergence rate of O(1/k?) which is good for L'-type
problems but not covered by the theory. In the example, both PDR and PDRQ admit the best
performance, with PDRQ being faster for low tolerances.

6.2 TV-Deblurring Problems
6.2.1 L?-Deblurring

We consider the model of L2-TV deblurring as stated in (14). For comparison, we choose again
ALG]1 from [6], utilizing the following setup.

— ALGI1: O(1/k) primal-dual algorithm introduced with constant steps, 7 = 6, 70L? = 1,0 = 1
with L = /8 as in [6].

— PDRQ: Preconditioned Douglas-Rachford method with scaled gradient and preconditioner
M = oL*L — (07)?4, according to Table 8. Here we choose, for step size, ¢ = 15 and the
scaling parameter as 7 = 1/0.

Again, stopping is performed based on the normalized error of energy.

Computations have been carried out for the 512 x 512 house image in Figure 5(a) which
has been degraded by motion blur of approximately 40 pixels and Gaussian noise with standard
deviation 0.01, see Figure 5(b). The regularization parameter « has been chosen as 0.0005, such
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(a) Original image

(d) Noisy image, noise level: 25% (e) ALGl, « =2/3, e =10"* (f) ALG1l, a =2/3, e =10"°

Fig. 3: LTV denoising: Results. (a) shows the 256 x 256 input Lena image while (d) is a
noisy image for which 25% of the pixels are corrupted by salt-and-pepper noise. (b) and (c)
are the denoised images by the PDRQ algorithm with regularization parameter o = 2/3 and
different tolerances e for the normalized error of energy. (e) and (f) are the respective outcomes
of Chambolle-Pock’s ALG1 algorithm. Note that the solutions are not unique.

10°

— ALG1
107" E — ADMM (3
— PDR
1072 — PDRQ |3
a=2/3 w07k ;
il O(1/k?)
e=10"% e=10"5 e=10"6 10

ALG1 214(1.34s)  528(2.95s) 779 (4.31s)

ADMM  250(8.07s) 617(21.54s) 903 (32.06s) 107k
( O(1/k)
(

Normalized Error of Energy

PDR 100(0.69s)  235(1.69s) 475 (3.66s)
PDRQ  111(0.65s) 227(1.39s) 450 (3.08s)

107k

107°

(a) Comparison of iteration numbers and CPU time cost. -

10-9 I L
10° 10 10°
Iterations

! §
10° 10*

(b) Numerical convergence rate compared with iter-
ation number.

Fig. 4: L'-TV denoising: Performance table and numerical convergence rates. (a) shows the
performance of the four algorithms in terms of iteration numbers and CPU times. (b) depicts
the numerical performance rate in a double-logarithmic scale.
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that TV-regularization is effective, see Figure 5 for the results, in particular a comparison to the
Wiener filter as well as a table with performance results. Figure 6 shows numerical convergence
rates and CPU timings. Note that the proposed PDRQ outperforms ALG1 with appropriate step
size. Also, both PDRQ and ALGI converge fast, however, PDRQ needs less iterations.

(a) Original image

(d) PDRQ, o = 0.0005, ¢ = 10=*  (e) PDRQ, a = 0.0005, ¢ = 10~5  (f) PDRQ, a = 0.0005, ¢ = 10~

a = 0.0005
e=10"% e=10"5 e=10"96

ALG1  270(11.46s) 521 (24.18s) 939 (43.91s)
PDRQ 138(9.13s)  185(17.55s) 531 (29.84s)

Fig. 5: L2-TV deblurring: Results and performance. (a) shows the 512 x 512 input image and
(b) is the degraded image (~ 40 pixels motion blur, Gaussian noise, standard deviation 0.01).
(c) is the result of Wiener filtering and (d), (e) and (f) are the results of the PDRQ algorithm
with normalized error of energy less than €. The table shows the iteration number and CPU time
needed for the normalized error of energy to get below e.

6.2.2 L*-Deblurring

Computations were performed for the TV-deblurring algorithm with L! discrepancy using the
following algorithms and setup.

— ALG1: O(1/k) primal-dual algorithm with constant step sizes, dual step size 7 = 0.05, T L? =
1, 0 = 1 with L = /9 as proposed in [6].
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— ALG1

Normalized Error of Energy
Normalized Error of Energy

| | |
10° 10* 102 10° 10* 0 60 120 180 240 300

Iterations CPU Time (s)

(a) Numerical convergence rate compared with iteration (b) Numerical convergence rate compared with iteration
number. time. Every algorithm runs for 300 seconds.

Fig. 6: L2-TV deblurring: Numerical convergence rates. The plots show a comparison of iteration
numbers and CPU time. Again, a double-logarithmic and semi-logarithmic scale, respectively, is
used in the plots.

— PDRQ: The scaled preconditioned Douglas-Rachford splitting method with preconditioner
M = o%L*L — (07)*A,, according to Table 9, step-size ¢ = 5 and scaling parameter 7 = 1/0.

The algorithm again stops once the normalized error of energy falls below a certain tolerance.

Computations were carried out for the 490 x 490 original image in Figure 7(a) subjected to
motion blur of 30 pixels and corruption of 50% of the pixels by salt-and-pepper noise, see 7(d).
With «a chosen as 0.1, the PDRQ algorithm already produces visually appealing reconstructions
after 50 iterations, see Figure 7 for an overview of the results. Performance values and plots can
be found in Table 8 and represents the iteration numbers and iteration time cost for different
stopping values. It could also be seen that a significant speed-up with respect to time is achievable
with PDRQ. The numerical convergence rate of PDRQ and ALG1 seems to be faster than O(1/k)
and a little slower than O(1/k?).

6.3 TGV-Denoising Problems
6.8.1 L?-Denoising

The following algorithms and the parameter settings are used in our numerical experiments and
comparison.

— ALG1: O(1/k) primal-dual algorithm discussed in [1, 6] with constant step sizes, the dual
step size 7 = 0.05, 70L? =1, # = 1 with L = /12.

— PDRQ: The preconditioned Douglas-Rachford splitting method for quadratic problem ac-
cording to Table 10. Here, 1 inner iteration for the block symmetric Red-Black Gauss-Seidel
preconditioner is performed. The step size is chosen as ¢ and the method is denoted by
PDRQ(0) in the evaluations.

Stopping criterion is the normalized modified primal-dual gap 6%;“_ rav/ (NeNy) according to (35)
with C,, the L'-estimate for w, updated according to (36).
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(a) Original image (b) PDRQ, a = 0.1, 50 iterations (c) PDRQ, a = 0.1, 100 iterations

(d) Degraded image (e) PDRQ, a =0.1, e = 10~* (f) PDRQ, a = 0.1, = 10~5

Fig. 7: L-TV deblurring: Results. (a) shows the 490 x 490 input brain image which is gratefully
taken from [9]. (d) is the degraded image with motion blur of 30 pixels and 50% of salt-and-
pepper noise corruption. (b) and (c¢) are the results of by the PDRQ algorithm after 50 and 100
iterations. (e) and (f) show the reconstructions for the normalized error of energy less than e.

We tested the algorithms on the 512 x 357 pixel image shown in Figure 9(a) subjected to 5%
and 10% percent Gaussian noise, see Figure 9(d). Choosing oy = 23 as in [5], we performed
L2-TGV denoising with parameters o; = 0.05 and o; = 0.1, respectively, depending on the noise
level. Results and a numerical performance table are depicted in Figure 9. Figure 10 shows a
detailed comparison with respected to iteration number and iteration time for the two algorithms.
It may be seen PDRQ is faster than ALG1, in particular if one aims at highly accurate numerical
solutions. The plot also reveals that the normalized primal-dual gap admits oscillations. This
numerical instability can be regarded as the price on has to pay for a provable upper bound for
the distance to the minimizer as well as for the distance ﬁ“uk —u*|)3,

6.3.2 L' -Denoising

For the final denoising experiment, we again compare PDR and ALG1 with the following pa-
rameters.

— ALG1: O(1/k) primal-dual algorithm discussed in [1, 6] with constant step sizes, dual step
size 7=0.01, ToL? =1, § = 1 with L = /12.
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a=0.1
e=10"% e=10"°

ALG1 626 (29.30s) 2164 (120.78s)
PDRQ 205(11.49s) 1148 (63.24s)

Normalized Error of Energy

(a) Comparison of iteration numbers and CPU time cost.

7 L L L
10° 10 10? 10* 10
Iterations

(b) Numerical convergence rate compared with iter-
ation number.

Fig. 8: L-TV deblurring: Performance table and numerical convergence rates. (a) shows the
performance of the compared algorithms in terms of iteration numbers and CPU times. (b)
depicts the numerical performance rate in a double-logarithmic scale.

(d) Noisy image, noise level: 10% (e) ALGl, @1 = 0.1, ¢ = 1074

a1 = 0.05, noise level: 5% a1 = 0.1, noise level: 10%
e=10"% e=10"°6 e=10"% e=10"96
ALG1 338 (14.65s) 3867 (167.44s) 544 (23.59s) 6017 (262.26s)

PDRQ  (3,1) 146 (14.05s)  (3,1)1449(139.27s)  (4,1)190(18.13s)  (4,1) 2117 (203.15s)

Fig. 9: L2-TGV denoising: Results and performance. (a) shows the 512 x 357 input train image
and (d) is a noisy image which has been corrupted by 10% Gaussian noise. (b) and (c) are the
denoised images by the PDRQ(4) algorithm with normalized primal-dual gap function less than
e. (e) and (f) are the respective outcomes of Chambolle-Pock’s ALG1 algorithm. The table shows
iteration number and computation time k(¢) for both algorithms and noise level of 5% and 10%.
For PDRQ), step size and inner iterations for the preconditioner are denoted by (o, n).



Preconditioned Douglas-Rachford algorithms for TV and TGV regularization 29

10

— ALG1
— PDRQ(4)

-
=)
>

Normalized Primal-Dual Gap

10°6 |

1077 E L L L
10° 10! 10% 10% 10*
Iterations

(a) Numerical convergence rate compared with iteration
number.

10° I
— ALGI1
—PDRQ(4)

107"

1072

Normalized Primal-Dual Gap

200
CPU Time (s)

300 500

(b) Numerical convergence rate compared with iteration
time. Every algorithm runs for 500 seconds.

Fig. 10: L2-TGV denoising: Numerical convergence rates. The plots show a comparison of iter-
ation numbers and CPU time. Again, a double-logarithmic and semi-logarithmic scale, respec-
tively, is used in the plots.

— PDR: The scaled preconditioned Douglas-Rachford splitting method with symmetric block
Red-Black Gauss-Seidel preconditioner according to Table 11. The step size is chosen as
o = 0.1, the scaling 7 as 3/c and 1 inner iteration for the preconditioner is performed.

For comparison, the iteration is stopped when the normalized error of energy (E* — E*)/E* falls
below a tolerance where, again, E* is precomputed.

The L'-TGV denoising algorithms were tested on the 510 x 383 image in Figure 11(a) for
which 30% of the pixels have been corrupted by salt-and-pepper noise (Figure 11(d)). With
the regularization chosen as a; = 1.0 and oy = 2a1, results for the compared methods and
different stopping tolerances are depicted in Figure 11 while a performance table and a plot
showing numerical performance rates can be found in Figure 12. Here, it can be seen that PDR
is significantly faster than ALG1 with respect to iteration number and iteration time with speed-
ups ranging between 2 to 3.

7 Discussion and Conclusions

We derived and investigated numerically concrete preconditioned Douglas-Rachford methods for
various discrete variational imaging problems. They all base on the abstract algorithms intro-
duced in [3]. Different preconditioning strategies for both TV and TGV regularized problems have
been developed. While for TV-regularized denoising, the symmetric Red-Black Gauss-Seidel is
an effective preconditioner, we proposed a respective symmetric block Red-Black Gauss-Seidel
iteration for TGV-based denoising problems. In both cases, these preconditioners are tailored for
the underlying differential structure which is an discrete elliptic equation in the TV-case and an
discrete elliptic system of PDEs in the TGV-case. For L2-TGV denoising problems, we moreover
derived an effective primal-dual gap which gives a provable bound to the distance in functional
values and which can also be used to estimate the L? norm to the optimal solution.

The numerical results show that PDR and its variants have the potential to bring out appeal-
ing benefits and fast algorithms, provided that efficient preconditioners are found. The algorithm
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(a) Original image (b) PDRQ, a1 =1, =10"* (c) PDRQ, a1 =1, = 1075

(d) Noisy image, noise level: 30% (e) ALGl, a1 =1, e =10"4 (f) ALGl, 01 =1,e =107"

Fig. 11: L1-TGV denoising: Results. (a) shows the 510 x 383 original image while (d) is its noisy
version which has been corrupted by 30% salt-and-pepper noise. (b) and (c) are the denoised
images by the PDR algorithm with the stopping criterion of the normalized error of primal energy
less than €. (e) and (f) are the respective outcomes of Chambolle-Pock’s ALG1 algorithm.

10
— ALG1
10°
3 1
2 10
=i
m 9
a; = 1.0 3 107?
e=10"* e=10"° ER
ALG1 1761 (73.34s) 9897 (414.32s) g o
PDR 396 (35.92s) 1408 (126.84s) 755
3 107°
z
(a) Comparison of iteration numbers and CPU time 10-6
cost.

1077 L L - L
10° 10 10% 10° 10*

Iterations

(b) Numerical convergence rate compared with iteration
number.

Fig. 12: L'-TGV denoising: Performance table and numerical convergence rates. (a) shows the
performance of the compared algorithms in terms of iteration numbers and CPU times. (b)
depicts the numerical performance rate in a double-logarithmic scale.

are most beneficial in situations where accelerated primal-dual methods can not be applied which
is the case for problems which are not strictly convex. This is the case for L' discrepancies as well
as for TGV regularization. Indeed, significant speed-ups were achieved in these situations. Nev-
ertheless, there are some open questions that need to be figured out. The possibility to accelerate
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the convergence speed of PDR and its variants to the optimal convergence speed of first-order
methods, i.e., O(1/k?), is, for instance, an important aspect to investigate in the future.
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