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Abstract

The regularization properties of the total generalized variation (TGV) functional for the
solution of linear inverse problems by means of Tikhonov regularization are studied. Con-
sidering the associated minimization problem for general symmetric tensor fields, the well-
posedness is established in the space of symmetric tensor fields of bounded deformation, a
generalization of the space of functions of bounded variation. Convergence for vanishing
noise level is shown in a multiple regularization parameter framework in terms of the natu-
rally arising notion of TGV-strict convergence. Finally, some basic properties, in particular
non-equivalence for different parameters, are discussed for this notion.

Mathematical subject classification (2010): 65L09, 65F22, 65120, 46G05, 46B26.
Keywords: Linear ill-posed problems, total generalized variation, multiple parameter
regularization, symmetric tensor fields, spaces of bounded deformation, a-priori parameter
choice.

1 Introduction

This paper is concerned with establishing the total generalized variation (TGV) as a reg-
ularization functional for ill-posed linear inverse problems

Ku=f

in an Tikhonov regularization framework, i.e., the study of the minimization problem

| 5
min = | Ku — f°||% + TGV®
L g =l o(u)
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on a bounded domain © C IR? and for noisy data f° as well as a suitable K. The total
generalized variation, introduced in [8], is a functional which is able to regularize, according
to the set of parameters «, on different scales of smoothness up to a certain order k in terms
of the Radon norm. Like its basis, the total variation (TV), it allows for discontinuities
but also accounts for higher-order information if &k is greater than 1. The total generalized
variation is therefore better suited for modelling piecewise smooth functions than TV which
is commonly regarded as a model for piecewise constant functions.

While TGV was first applied as a regularizer in variational imaging for solving denois-
ing problems in LP(2) as well as in several other imaging contexts [6, 7, 14, 16, 17, 18],
the second-order version TGV? has been shown to give well-posed Tikhonov-regularized
problems

min  S[[Ku— f2% + TGV2 ()
uweLP(Q) 2 @
where K maps continuously between a Lebesgue space and a Hilbert space [10]. These
results heavily rely on the functional-analytic properties of the space of vector fields of
bounded deformation BD(2) which contains all integrable vector fields whose symmetrized
derivative is a Radon measure [25, 24]. For establishing generalizations for arbitrary orders
k of the TGV-functional, extensions of BD(2) to symmetric tensor fields of order [ have to
be considered. However, the functional-analytic properties of these spaces became available
only recently [5]. In this paper, the respective results are employed in order to extend the
regularization properties to TGV of orders greater than 2. Furthermore, the notion of total
generalized variation for scalar functions has also a natural generalization to symmetric
tensor fields. While again denoising problems can be solved quite easily and may, for
instance, be applied in diffusion tensor imaging (DTI) [27, 26], regularization properties
for general tensor order ! and arbitrary k are still open. As the treatment of general
symmetric tensor fields is inherent for proving well-posedness even in the scalar case, the
analysis in the current paper will also cover the tensor case.

The main results can be summarized as follows: First, for any tensor order [, differ-
entiation order k, any continuous linear operator K mapping from an LP-space (1 < p <
d/(d — 1)) on a bounded Lipschitz domain to a normed space, any f° € Y and ¢ > 1, a
solution of )

min “|Ku — oL + TGVE (u) (1.1)

weLr(Q,Sym!(IRY)) ¢

exists and depends stably on the data f. Here, TGV@’Z denotes the total generalized
variation of order k for symmetric tensor fields of order [ with weights a. For its precise
definition, we ask for the reader’s patience until Section 3. Second, choosing for each noise
level 6 an f® such that || f® — fT|ly < 6 for some exact data f! and letting the parameters
a tend to zero in an appropriate manner yields, under respective source conditions, to
the convergence towards a TGVZ*Z -minimizing solution with parameters o* for which some
can also be infinite. On the way of proving these results, we establish auxiliary properties



about the structure of TGV which are interesting on its own. The most important are
generalizations of [10] to arbitrary orders k and I: We have the probably more convenient
minimum representation as a differentiation cascade according to

k
TGVEL(y) = min ap_i||Ew;—1 — w; 1.2
a (u) w; €BD(Q,Sym! i (IRY)), ; k—il|Ewi—1 il M (1.2)
i=0,....k,

wo=u, wr=>0

where BD(£2, Sym!(IR?)) is the space of symmetric tensor fields of bounded deformation,
& the weak symmetrized derivative and || - || o4 denotes the Radon norm. Furthermore, the
norm equivalence

k,l
lullBav = [lulli + TGV (u)  ~  lullsp = [lufli + [|€u] 1

is established from which the coincidence of TGV-based Banach spaces with BD(§, Sym!(IR%))
follows. This, in turn, can be used to obtain LP-coercivitiy estimates which are necessary for
existence and stability of solutions for the Tikhonov-functional minimization problem (1.1).

It is worth mentioning that, as the result of the great interest in the recent years, the
study of regularization functionals in general, non-reflexive Banach spaces is now a well-
established part of the theory of inverse problems (see, for instance, [13, 21, 23] and the
references therein). In particular, regularization properties of the total variation and total
deformation are already known for some time [1, 22]. While in most of the literature, a
single regularization parameter is considered, there have also been some efforts to under-
stand regularization and convergence behaviour for multiple parameters and functionals.
However, all efforts aim towards regularization where multiple functionals are summed up
according to the regularization parameters [19, 15, 12] or regularization is achieved by
the infimal convolution of two functionals weighted by the parameters [20]. To the best
knowledge of the authors, convergence for multiple parameters in a minimization cascade
like (1.2) has not been considered so far.

The paper is organized as follows. Section 2 introduces into the concepts which are the
basis for the total generalized variation: Symmetric tensor fields and associated spaces. In
particular, the needed results about spaces of symmetric tensor fields of bounded deforma-
tion are collected. In Section 3, the functional-analytic framework for TGV-regularization
is established. In particular the above-mentioned minimum characterization, topological
equivalence and coercivity are obtained. Section 4 then deals with showing that TGV can
indeed be used as a regularizer for linear inverse problems by first obtaining existence and
stability of regularized solutions according to the Tikhonov-functional (1.1) and noisy data
and then showing convergence of these solutions to a TGV-minimizing solution as the noise
vanishes. As in this case, also the values of the TGV-functional converge, we can speak
of TGV-strict convergence. Section 5 discusses this convergence notion which is stronger
than weak™*-convergence but weaker than strong convergence. Finally, some conclusions
are drawn in Section 6.



2 Preliminaries

In the following, we will recall some notation and basic facts about the total generalized
variation, mainly for the reader’s convenience. More details can be found in [8, 5].

2.1 Basic tensor calculus

First, let us fix a space dimension d and introduce the tensor framework we are dealing
with. As we do not consider tensors in an differential geometric setting, we only consider
contravariant tensors, i.e., define the space T* (IRd) of tensors of order k as all k-linear
mappings, i.e.,
THRY) = {¢: R x - x R - R | € k-linear}.
k times

Beside the basic vector space operations, we consider the tensor product @ : 7% (IRd) X
THIRY) — TFH(IRY) defined by

E@n)(ar,...,ap1) = &(ar, .. ag)n(ar+1, - - -, akpr)
the reverse ordering = : 7*(IR%) — T*(IRY),

€<a17 cee 7ak) - g(ak, .- aal)
as well as, for k > 2, the trace tr : 7T#(IR%) — T*2(IR9),

d

tr(é)(ay,...,ax—2) = Zf(ei,al, ey Ag—2,€).

i=1
A scalar product and Frobenius-type norm for 7% (IRd) is then given by
En=utEen, [f=vE €

respectively. Finally, a tensor is symmetric if it is invariant under permutations of the
arguments, i.e.,

§(an(1), - any) = E(ar, ... ag) for all aq,...,a; € RY, 7 € S*.

We denote by Sym®(IRY) the subspace of symmetric tensors. The symmetrization || :
TF(IRY) — Sym*(IR%) given by

1
(|||€)(a1’ s ’ak) = E Z g(a’ﬂ'(l)7 s aw(k))

reSk

is then the orthogonal projection onto Sym*(IR9).



For a domain Q C IR¢, we call mappings from Q to 7*(IR%) and Sym* (IR%) tensor fields
and symmetric tensor fields, respectively. The Banach spaces of continuously differentiable
(symmetric) tensor fields are then given in the usual way. In the following, we use the
Banach space

C™(Q,X) ={u:Q— X | uis m times uniformly continuously differentiable},

|w)loom = max sup |V!® u(z)|
1=0,....m 2

as well as

CM(, X) ={ueC™,X) | suppu cC Q},

Gy (2, X) = G, X) in C™(2, X)

where X is either 7#(IR?) or Sym*(IRY) and V! ®u is the identification of the I-th derivative
of u with a tensor field (V! @ u) : Q — TFH(IR?) via

(Vi@ u)(x)(ay,...,ax) = Du(z)(at, ..., a) (a1, ... ape1).

Setting formally m = oo then means the intersection of the spaces for all m > 0. Likewise,
for a measure p on {2, measurable functions u : 2 — X as well as the corresponding
Lebesgue spaces Lk, (2, X) are also defined the usual way and we drop the subscript if x is
the d-dimensional Lebesgue measure.

Now, turning again to differentiation, note that the divergence divu : Q — 7#~1(IR%)
of a differentiable k-tensor field u : Q@ — T*(IRY) is given by

(divu) = tr(V @ u).

Observe that divw is symmetric if w is symmetric. Of course, this does not hold for
the derivative and we are in particular interested in the symmetrization of the derivative
Eu = |||(V @ u). For distributions v € D(Q, T*(IRY)), V @ u € D(Q, T*(IR%)) and
Eu € D(Q, Sym* 1 (IRY)) are defined in the weak sense by

(V& u, p) = —(u, dive), p € C(Q, TFHIRY)),
(Eu, ) = —(u, dive), p € C°(Q, Sym T (IRY)).

This allows to define Sobolev spaces of weakly (symmetrically) differentiable functions. For
the analysis of the total generalized variation, we are in particular interested in symmetric
tensor fields whose weak symmetrized derivative is a Radon measure which will be described
in the following. But first, we recall that by Riesz’ representation theorem, the space of
Radon measures can be identified with the dual space of continuous functions vanishing at
the boundary. We take this as a definition, i.e.,

M(Q,X) = Cy(Q, X)¥, X e {TH*(RY), Sym*(IR9)}.



The Radon norm then corresponds to

lullag = sup {(u, @) | ¢ € Co(Q X)), llelloo < 1}

Besides the convergence associated with the norm, we naturally have a notion of weak*-
convergence. Also note that then, a distribution u € D(€2, X) then belongs to M(, X) if
and only if the supremum of (u, ¢) tested against all C°(€2, X) with ||¢|lec < 1 is finite,
as this characterizes whether u can be extended to Cy(£2, X) by density.

2.2 Symmetric tensor fields of bounded deformation

Definition 2.1. Let [ € IN, [ > 0. The space BD(£2, Sym!(IR%)) of symmetric tensor fields
of bounded deformation is defined as the Banach space

BD(Q, Sym'(IR)) = {u € L'(Q, Sym'(IRY)) | Eu € M(Q, Sym"™ (R%))},
[ullsp = [[ullr + I€ul[m-

Note that BD(Q, Sym!(IR%)) is indeed complete. The Radon norm of Eu can also be
expressed by the total deformation

Juls = 1D (w) = sup { [

u-dive dz | ¢ € CHQ, Sym' T (RY), gl <1} (21)
Q

For | € {0,1}, these spaces correspond to well-known spaces in the literature:
BD(Q, Sym’(IR%)) = BV(Q),  BD(Q,Sym!(IR%)) = BD(Q)

where BV(£2) denotes the space of functions of bounded variation [2] and BD(f2) the space
of vector fields of bounded deformation [25], which is studied, for instance, in mathematical
plasticity [24]. Also, for scalar functions u, we have TD®(u) = TV(u). The general
case | > 0 has only recently been introduced in [5]. All spaces of bounded deformation
are weaker than an analogous space of bounded variation which considers the full weak
derivative instead of its symmetrization. In particular, symmetric tensor fields of bounded
deformation are allowed to have jump discontinuities on hypersurfaces.
Analogously to BV(Q2), one can define a notion of weak* and strict convergence.

Definition 2.2. A sequence {u"} in BD(f,Sym!(IR%)) is said to converge to an u €
BD(2, Sym!(IRY)) in the weak* sense, denoted u™ = u, if

lim |[u" —ull; =0 and Eu > Eu in M(Q, Sym'™ (IRY)).

n—oo

It converges TD!-strictly to w if

lim |[u" —ul|l; =0 and lim TD!(u") = TD!(u).

n—oo n—o0



These notions are motivated by the following embedding and compactness results.
Theorem 2.3. Let 2 be a bounded Lipschitz domain. Then,
1. BD(Q, Sym*(IR%)) — L4/(@=D(Q, Sym*(IR?)) continuously and
2. BD(Q, Sym*(IRY)) « LP(Q, Sym”*(IR?)) compactly for 1 <p < d/(d —1).

It is then clear that bounded sequences in BD(Q, Sym*(IR%)) admit a subsequence
which converges in the weak*-sense. Also, we see that strict convergence implies weak™*-
convergence. In particular, the embeddings turn weak*-convergent sequences in BD(£, Sym* (IR9))
to weakly converging sequences in L% (=D (Q, Sym*(IRY)) (weakly* for d = 1) as well as to
strongly converging sequences in LP(2, Sym*(IR%)) for any p € [1,d/(d — 1)[ in a continuous
manner.

One can show that C°(Q, Sym*(IR?)) is dense in BD(f2, Sym*(IR%)) with respect to
strict convergence. Like functions of bounded variation, BD(2, Sym* (IR?)) possess appro-
priate boundary traces and a Gauss-Green formula is valid.

Theorem 2.4. Let Q C IR? be a bounded Lipschitz domain. Then, there exists a boundary
trace mapping i.e.,

v € L(BD(, Sym'(IR%)), L' (99, Sym'(R%))), ~u=ulpq forall ue C*(Q,Sym'(RY)),

which is sequentially continuous with respect to strict convergence in BD(Q, Sym'(IR%)) and
strong convergence in L'(9€, Sym” (IR?)).
For each u € BD(Q, Sym'(IR%)) and v € C'(Q, Sym T} (IR?)) the Gauss-Green formula

is valid, i.e.
/v d5u+/ u-divo dx:/ (yu)@v)-v dHd?
Q Q oN

where v denotes the outward unit normal on 0.

Moreover, we have a Sobolev-Korn-type inequality which relates the d/(d — 1)-norm
with the Radon-norm of the symmetrized derivative.

Theorem 2.5. Let Q C IR? be a bounded Lipschitz domain. Then:

1. The kernel of £ in D(Q, Sym!(IR?)) is a finite-dimensional subspace of Sym!(IRY)-valued
polynomials of degree less than [.

2. For any continuous projection R in L¥ (=D (Q, Sym!(IR?)) onto ker (&), there exists a
C > 0 only depending on Q and R, such that

lu — Rullg/g-1) < CllEullm for all u € BD(£, Sym!(IR%)).

Proofs of Theorems 2.3-2.5. See [5]. O



We will also need the result that a distribution is in BD(Q2, Sym!(IR%)) as soon as its
symmetrized derivative is a Radon measure.

Theorem 2.6. Let Q C IR? a bounded Lipschitz domain and u € D(Q, Sym'(IR?)) such
that Eu € M(Q, Sym! T (IRY)) in the distributional sense. Then, u € BD(£2, Sym!(IR%)).

Proof. The proof is shown in the appendix. O

Finally, we like to mention higher-order spaces which base on the iterated symmetrized
gradient EF = o ... 0 &.

Definition 2.7. For k,l € IN with £ > 1, [ > 0 define the spaces

BD*(Q, Sym'(IR%)) = {u € L' (2, Sym'(IRY)) | £¥u € M(Q, Sym'T*(IR?))},

k
[ullgpr = llully + €% ullm-

By Theorem 2.6 we have that for a Sym!(IR%)-valued distribution u on Q, &Fu €
M(Q, Sym' ¥ (IRY)) implies £F~1u € BD(Q, Sym'**~1(IR?)), hence

1€% [ = TDHFH(EN u).

Naturally, this leads to a higher regularity which generalizes and is thus comparable to
higher-order total variation. In particular, the spaces are nested in the sense that larger k
leads to smaller spaces.

Let us finally note that by considering weak*-convergence of {£¥u"} and convergence
{TDk=1 (™)}, respectively, a notion of weak* and TD!**~!strict convergence in BD¥ (2, Sym!(IR%))
analogous to Definition 2.2 can be established. It is then immediate that strict convergence
implies weak*-convergence and that bounded sets are weakly* sequentially compact.

3 Functional-analytic properties of TGV

Having collected the necessary notions, we are now able to define and analyze the total
generalized variation for symmetric tensor fields in a functional-analytic framework. As
already mentioned, we will not only consider the scalar version introduced in [8], but also
study a natural generalization to symmetric tensor fields of order [, first introduced in [27]
and its underlying spaces. As we will see, this generality is in particular useful for the
subsequent proofs.

Definition 3.1. Let Q ¢ IR? a bounded Lipschitz domain, l € IN, k € INwith k> 1,1 >0
and a = (g, ..., 1) with a; > 0 for each ¢ = 0,...,k — 1 a positive weight vector. The



total generalized variation of order k of the I-symmetric tensor field u € LL (Q, Sym'(IRY))
is then given by

TGV (1) = sup {/Qu ~divF v dz | v € CF(Q, Sym* T (IRY)), )
3.1
diviofleo < iy i =0,... &k — 1}.

The normed space of functions of bounded generalized variation BGV¥(Q, Sym!(IR%)) is
defined by

BGV*(Q,Sym'(IRY)) = {u € L'(Q, Sym'(IRY)) | TGVE! (u) < oo},
lullpav = [[ully + TGVE! (u).

Remark 3.2.

1. It is immediate that fixing k and [ but changing the weights « in TGV’O“;I yields equivalent
norms and hence the same spaces. We therefore denote BGV*(£2, Sym!(IR%)) without
a.

2. Also note that for k = 1, TGV¥!(u) = oo TD!(u) and hence BGV(Q, Sym!(IR%)) =
BD(£, Sym!(IR%)).

3. Finally, observe that TGVX! < a4 TD: As one can see from the definition (2.1),
the functional aj_; TD! can be obtained by replacing the constraint [|pfe < 1 by
l¢lloe < —1 in the respective supremum. Now, for each v € C¥(Q, Sym**(IR%)) which
is tested against in (3.1), divF~1 v satisfies Hdivki1 V]|oo < a1, hence the supremum
can only increase.

We are going to prove, in the following, that the equivalence BGV*!(Q2) = BD(Q, Sym!(IR%))
in the sense of Banach spaces actually holds true for all k. As a side-product, coercivity

estimates of the type
lu = Rullajqa—1) < C TGV (u)

where R is a projection in L% (=1 (Q, Sym!(IR)) onto ker(£F), will follow.

Throughout this section, we assume that TGV’O“;Z is given according to Definition 3.1. In
particular, €2 is a bounded Lipschitz domain, k,[ are appropriate orders and « is a positive
weight vector.

3.1 The minimum representation

We start with rewriting TGVX! in terms of a minimization problem which can be considered
dual to (3.1). In order to derive this dual problem, some basic facts about the spaces
BGV¥(Q, Sym!(IR?)) are needed.



Proposition 3.3. It holds that

1. TGVEL s lower semi-continuous in L'(Q, Sym!(IRY)),

2. TGV is a continuous semi-norm on BGVF(Q, Sym!(IR9)) with finite-dimensional ker-
nel ker(EF),

3. the space BGVF(Q, Sym!(IR%)) is a Banach space.

Proof. Note that u + [, u - divFv dz is a continuous functional on L!(£, Sym'(IR%)) for
each v € CF(Q, Sym** ! (IR%)). The functional TGV¥! is just the pointwise supremum of a
non-empty subset of these v and hence lower semi-continuous.

For the same reason, TGV’;’Z is convex. The positive homogeneity immediately follows
from the definition, hence TGV®! is a semi-norm. As

ITGVEL(uY) — TGVE (W?)] < TGVE (W — u?) < |lut — u?||Bay

for each u', u? € BGV*(Q, Syml(IR“i)), it is also continuous. Finally, for each v € C¥(Q, Sym*+!(IR%))
one can find a A > 0 such that ||divi(\v)|eo < o fori =0, ..., k—1. Hence, TGVF!(u) = 0
if and only if

/ w-divFo dez =0 for each v € C*(2, Sym* ! (IR))
Q

which is equivalent to u € ker(£¥) in the weak sense. As ker(&) considered on D(€, Sym!*#(IR%))
is finite-dimensional for each ¢ = 0,...,k — 1, see Theorem 2.5, the latter has to be finite-
dimensional.

Finally, it follows from standard arguments that for a lower semi-continuous semi-norm
F on a Banach space X, the subspace where F' is finite equipped with || - || x + F' is complete.
Applied to L'(Q, Sym!(IR%)) and TGV%!, this yields the third statement. O

As a further preparation for employing duality, we note:

Lemma 3.4. Leti > 1 and w;—1 € C5 *(Q, Sym! ™~ (IRY))*, w; € C3(, Sym! T (IRY))* be
distributions of order i — 1 and i, respectively. Then

I€wi—1 — willm = sup {(wi-1, dive) + (wi, ¢) | ¢ € CQ, Sym™ (IRY)), [leloo < 1}
(3.2)
with the right-hand side being finite if and only if Ew;_1 — w; € M(Q, Sym ™ (IR?)) in the
distributional sense.

Proof. Note that in the distributional sense, (w; — Ew;—1, ¢) = (w;—1, div @) + (w;, ) for
all ¢ € CX(Q,Sym™(IRY)). Since CX(9, Sym! T (IRY)) is dense in Cy(9, Sym! T (IRY)),
the distribution w; — Ew;_1 can be extended to an element in Cy(£2, Sym! ™ (IR%))* =
M(Q, Sym™*(IR?)) if and only if the supremum in (3.2) is finite. In case of finiteness,
it coincides with the Radon norm by definition. O

10



This enables us to derive the problem which is dual to the supremum in (3.1). We will
refer to this problem as the minimum representation of TGV'O‘“;’Z.

Theorem 3.5. For TGV’;’l defined according to Definition 3.1, we have for each u €
LL (Q,Sym!(IRY)):

k
TGVF (1) = min > apillEwiiy — willm (3.3)
w; €BD(Q,Sym' T (IRY)), —
i=0,...,k, -
wo=u, wr=0

with the minimum being finite if and only if u € BD(Q, Sym!(IRY)) and attained for some
wo, . .., Wy, where w; € BD(Q,SymH’(IRd)) fori=0,...,k and wog = u as well as wx, =0
in case of u € BD(Q, Sym!(IR%)).

Proof. First, take u € LL (€, Sym!(IR%)) such that TGVF!(u) < co. We will employ
Fenchel-Rockafellar duality. For this purpose, introduce the Banach spaces

X = CH(Q, Sym ™ (IRY)) x ... x CF(Q, Sym*H (IRY)),
Y = C3(Q, Sym' T (RY)) x ... x ¢F~1(Q, Sym* 1 (IR?)),
the linear operator
—U1 — div V2
AEE(X,Y), Av = ,
— V-1 — div Vi
and the proper, convex and lower semi-continuous functionals
k
F: X —]—o00,00], F(v) = —(u, divuy) + ZI{” . ||oo§ozk7i}(vi)7

=1
G:Y = |00, 0], G(w) = Iy, o) (w).

With these choices, the identity

TGVF (u) = sup —F(v) — G(Av)
veX

follows from the definition in (3.2). In order to show the representation of TGV®!(u) as in
(3.3) we want to obtain

TGV () = min F*(—A*w*) + G*(w*). (3.4)

wr*ey*

11



This follows from [3, Corollary 2.3] provided we can show that

Y = (J Mdom(G) — Adom(F)).
A>0

For this purpose, let w € Y and define backwards recursively: v, = 0 € C§(£, Sym**!(IR%)),
v; = w; — divvigr € CH(Q, Sym ™ (IRY)) for i = k —1,...,1. Hence, v € X and —Av = w.
Moreover, choosing A > 0 large enough, one can achieve that [[A71v|s < ap_; for all
i=1,...,k so Alv € dom(F) and since 0 € dom(G), we get the representation w =
A(0 — AX"1v). Thus, the identity (3.4) holds and the minimum is obtained in Y*. Now Y*
can be written as

= C5 (€, Sym T (IRT)* x ... x €5 (Q, Sym*HH(IRY))*,

with elements w* = (w?,...,wi_,), wi € C§(Q, Sym™(IR?))*, 1 < i < k — 1. Therefore,

with wg = u and wj, = 0 w eget asG*—O

F*(=A*w*) + G*(w*) = sup <<—A*w*,v> + (u, divoy) ZI{” lloo<an_s} UZ)>

veX
k—1
= sup ((u, divor) + ) (w, divvipr) + (w], UZ>>
veX, i=1
H'UzHoo<ak i
i=1,....k
k
= Zak_i( ~ sup (wi_q, div ) + (wy, vl>)
i=1 v;€CH(Q,Sym' T (IR)),

villo<1

From Lemma 3.4 we know that each supremum is finite and coincides with ||Ew}_; — w}||m
if and only if Ew} | —w} € M(Q, Sym**i(IRY)) for i = 1,..., k. Then, as wy, = 0, according
to Theorem 2.6, this already yields w}_, € BD(Q, Sym**'~1(IR%)), in particular w} | €
M(Q, Sym* =1 (IR?)). Proceeding inductively, we see that w} € BD(Q, Sym*+¢(IR¢)) for
each i = 0,..., k. Hence, it suffices to take the minimum in (3.4) over all BD-tensor fields
which gives (3.3).

In addition, the minimum in (3.3) is finite if u € BD(£, Sym!(IR%)). Conversely, if
TD!(u) = oo, also ||Ewf — wi|pm = oo for all wi € BD(Q,Sym' ™ (IRY)). Hence, the
minimum in (3.3) has to be oc. O

In particular, by Theorem 3.5 we have a rigorous proof of the minimum representation
for the scalar version discussed in [8, Remark 3.8]:

12



Remark 3.6. For | =1 it holds that
k

TGVE (u) = min ag—1||Ewi—1 — wil| m- (3.5)
wo=u, wr=0

Remark 3.7. The minimum representation also allows to define TGVE! recursively:
TGV, (u) = aol|€ul|a

TGVEH (y) = min k| Eu — wlamg + TGVEF (1) (3.6)
weBD(,Sym! T (IR?))

where & = (g, ..., 1) if @ = (g, ..., ak).

Remark 3.8. The total generalized variation is monotonic with respect to its weights. Let

a, B € ]Ri be two sets of weights such that a; < 3; for ¢ = 0,...,k — 1. Then, for each

admissible wy, ..., wy in (3.3) it follows

k Kk
> akillEwin —willm < BroillEwi—y — will v

i=1 =1

hence, TGVA! (1) < TGVZ’l(u) by taking the minimum on both sides.

3.2 Topological equivalence and coercivity

The next step is to examine the spaces BGV¥(Q, Sym!(IRY)). Again, our aim is to prove
that these space coincide with BD(Q, Sym!(IR%)) for fixed I and all k£ > 1. We will proceed
inductively with respect to k and hence vary k, [ but still leave {2 fixed. The induction step
requires some intermediate estimates as follows.

Lemma 3.9. For each k > 1 and | > 0 there exists a constant C7y > 0, only depend-
ing on Qk and | such that for each v € BD(Q,Sym!(IRY)) and w € ker(TGVFIT)
LY(Q, Sym' (IRY)),

IE@)Im < CL(IE@) =Dl + [[vll1)-

Proof. If this is not true for some k and [, then there exist (v,)nen and (W, )peny with
v, € BD(Q, Sym!(IRY)) and w,, € ker(TGVX!1) such that

1 _
I€@n)llpe =1 and = [lonlls +[|€(vn) = Wallp-

This implies that (@, )nen is bounded in terms of |- || in the finite dimensional space
ker(TGVE!T1) = ker(£F), see Proposition 3.3. Consequently, there exists a subsequence,
again denoted by (W,)nen and @ € ker(TGVE!Y) such that w, — @ with respect to
Il - ||r:. Hence, £(v,) — w. Further we have that v, — 0 and thus, by closedness of the
weak symmetrized gradient, £(v,) — 0, which contradicts to ||€(v)||am = 1. O
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For what follows, we like to choose a family of projection operators onto the kernel of
TGVE! = ker(£F) (see Proposition 3.3).

Definition 3.10. For each k > 1 and [ > 0, let Ry, : L¥(@=D(Q, Sym'(RY)) — ker(£¥) be
a linear, continuous and onto projection.

As ker(£F) (on Q and for symmetric tensor fields of order [) is finite-dimensional, such
a Ry always exists and is not necessarily unique. With the help of these projection, the
desired coercivity estimates can be formulated.

Proposition 3.11. For each k > 1 and | > 0, there exists a constant C' > 0 such that

[Eulla < C(J|ully + TGVg’l(u)) as well as lu — Rigulla/a—1) < C TGVE (u)
(3.7)
for all u € LY@=1(Q, Sym!(IRY)).

Proof. We prove the result by induction with respect to k. In the case k =1 and [ > 0
arbitrary, the first inequality is immediate while the second one is equivalent to the Sobolev-
Korn inequality in BD(£2, Sym!(IR%)) (see proposition [5, Corollary 4.20]).

Now assume both inequalities hold for a fixed k and each [ > 0 and perform an induction
step with respect to k, i.e., we fix [ € IN, (v, ..., ) with a; > 0, Q as well as Ry11,;. We
assume that assertion (3.7) holds for (ag,...,ar_1) and any I’ € IN.

We will first show the uniform estimate for ||Eu||a¢ for which it suffices to consider
u € BD(Q, Sym!(IR%)), as otherwise, according to Theorem 3.5, TGVE+L{(y) = 0o. Then,
with the projection Ry 41, the help of Lemma 3.9, the continuous embeddings

BD(Q, Sym' ™ (IRY)) — L¥ (=D (Q, Sym' (RY)) — L'(Q, Sym' ! (IR?))
and the induction hypothesis, we can estimate for arbitrary w € BD(£, Sym!™! (IR%)),

[Eullam < Cr(ll€u — R paw||m + [lullr)
< Co([|Eu — wllam + [lw — Ry prawllaya—1y + lull)
< Cs()|Eu— wl|p + TGVE T (w) + [Jullh)
< Cy(apl|Euv — w]|pm + TGVEF (w) + [|ully)
for Cy, Cy, C3,Cy > 0 suitable. Taking the minimum over all such w € BD(2, Sym'**(IR%)

then yields
I€ulae < Ca(flufl + TGVE (u))

by virtue of the recursive minimum respresentation (3.6).
In order to show the coercivity estimate, assume that the inequality does not hold true.
Then, there is a sequence (u™)pen in LY @D (Q, Sym!(IRY)) such that

1
lu® = Biy10u”laj@-1y) =1 and  — = TGVLH (™).
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Note that ker(TGVATY) = ker(€#!) = rg(Rgy14), hence TGVEFL (y — Ry ju™) =
TGVEFLL (™) for each n. Thus, since we already know the first estimate in (3.7) to hold,

JE(u" — Rirga™)lla < Ca(TGVE () 4 [ = Ryyy 1), (3.8)

implying, by continuous embedding, that (u"—Ry41 u"),e is bounded in BD(€2, Sym!(IR%)).
By compact embedding (see Proposition 2.3) we may therefore conclude that u" — Ry ju”™ —
u* in LY(Q,Sym!(IR?)) for some subsequence (not relabeled). Moreover, as Rjyy1;(u” —
Ry1,u™) = 0 for all n, the limit has to satisfy Rj4q,u* = 0. On the other hand, by lower
semi-continuity (see Proposition 3.3)

0 < TGVFL () < liminf TGVEFLL(4) = 0,
n—oo
hence u* € ker(EF1) = rg(Ry11,). Consequently, limy, o0 u"—Rp 41 u" = u* = Ry u* =
0. From (3.8) it follows that also &(u™ — Rgy1u™) — 0 in M(Q, Sym ™ (IRY)), so u™ —
Ryy1u™ — 0in BD(Q, Sym! (IR%)) and by continuous embedding also in L% (4= (Q, Sym!(IR?)).
However, this contradicts ||u" — Rgy1,u"|l4/(g—1) = 1 for all n, and thus the claimed coer-
civity has to hold. O

Remark 3.12. Note that from the proof one can see that the constant C' only depends on
k,l, o, € and Ry;. This also applies for the C' and ¢ appearing in the following. We will,
however, not explicitely mention the dependency.

From Proposition 3.11 and Remark 3.2 we immediately get the following corollary:

Corollary 3.13. For k > 1 and I > 0 there exist C,c > 0 such that for all
u € BD(Q, Sym!(IR%)) we have

c(llulls + TGVE (W) < fJully + TD'(u) < C(Jlulls + TGVE! (u)). (3.9)

In particular, BGVF(Q, Sym!(IR?)) = BD(Q, Sym'(IR%)) in the sense of Banach space
isomorphy.

This topological equivalence for TGV now allows us to obtain bounds on the wy, . .., wr_1
in (3.3) as the following two propositions show.

Proposition 3.14. There exists a constant C' > 0 such that for each u € BD(Q, Sym'(IR%))
and w; € BD(Q, Sym™*(IRY)), i = 1,...,k — 1 being the minimizers in the minimium
representation (3.3) it holds that

llwill1 + ||Ewillm < C||Eul| am foralli=1,...,k—1.
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Proof. We will first show the boundedness of the w; in L'(€2, Sym!*(IR%)) by induction
with respect to i. Note that

a1 llwillr < ogp1]|Eu — willam + a1 |Eul e £ TGVE (u) + g1 || Eulla < 201 | Eul g

as TGVP! (u) < aj_1||€ullp by plugging in zeros in (3.3). Now, assume that, for a
i=1,...,k—2, it holds that |Jw;||; < C||Eul|sm for all u € BD(Q, Sym!(IR%)) and C' > 0
independent of u. Then, by employing the equivalence (3.9) and the minimum defini-
tion (3.3),

ap—i—1||wit1]1 < ap—i—1||Ewi — wit1||m + p—i—1]|Ewi|| m

< TGVE! () + C TGVFHT (w;) 4 Cllwilx
[o% ag

( 7"‘7ak—i—1)

k k
< (D ansligws —willag) + (Y ensllEws 1 —willae) + CllEullm
j=1

j=i+1
< CTGVE (u) + ClEullp < CllEulla

which implies the induction step. Hence, ||w;||; is bounded in terms of C||Eu|r for all
1=1,...,k—1 and also for i = k as wy = 0. Finally, for:=1,...,k—1,

ap—i—1||Ewil|pm < ap—i—1]|Ewi — wig1 || m + Qp—im1|wit |1
< TGVE (1) + i llwir 1 < ap_1]|Eufam + CllEulp < CllEul|m
which implies the desired estimate. O

This estimate can be interpreted as stability of the optimal higher-order information w;
subtracted from the respective symmetrized gradients Ew;_1 in the differentiation cascade.
In case the wi,...,wk_1 are not optimal, they still can be bounded if the sum in (3.3) is
bounded.

Proposition 3.15. Let, fori = 0,...,k — 1, {w!} be sequences in BD(Q, Sym'¢(IRY))
and denote by {wi} = 0 the zero sequence in BD(, Sym* ! (IR?)). If the sequences

k
lewgliad  and {3 onill€wiy — wf e}
=1

are bounded, then {w!} are bounded in BD(Q, Sym'**(RY)) fori=1,...,k — 1.

Proof. We show that for each i = 1,...,k — 1, it follows from {||Ew! ;|| m} bounded that
{w?} is bounded in BD(Q, Sym'(IRY)). Let 1 <i < k — 1 and assume that {||Ew? ;||r}
is bounded. We have, with & = («o, ..., ar_;—1), that for each n,

k
k—i,I+i
i Ewfy — willm + TGV (wf) < Y il Ewiy — wf|lm,
i=1
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hence {|[Ew | — w!|pm} and {TGVE " (1)} are bounded sequences. As {||Ew! || r}
is bounded, {||w!||1} is bounded and by the norm equivalence result (3.9), {w!} is bounded

in BD(Q2, Sym**(IR%)). Induction then shows the result. O

4 Regularization of linear inverse problems with TGV

4.1 Existence and stability

We are now able to prove existence and stability for TGV-regularized problems. We start
with a general existence result and first note a sufficient condition on F for F +TGV¥! to
be coercive in appropriate LP-spaces. Again, we leave k and [ as well as € fixed, the latter
being a bounded Lipschitz domain.

Proposition 4.1. Let p € [1,00[ with p < d/(d—1) and F : L?(, Sym!(IR%)) — |00, oc].
If
e I is bounded from below and
e there exists an onto projection R : L¥(@=1D(Q, Sym!(IR?)) — ker(E¥) such
that for each sequence {u™} in LP(Q, Sym!(IR%)) it holds that (4.1)

|Ru™|la/(a—1) = o0 and {||u" — Ru"{|4/@a—1)} bounded = F(u") — oo,
then F 4+ TGV is coercive in LP(£2, Sym! (IRY)).

Proof. We show for each sequence {u"} in LP(Q, Sym'(IR?)) that if {(F + TGVX!)(u™)} is
bounded, then {u"} is bounded. Let such a sequence be given. Then, as F' is bounded
from below, it follows that {F(u™)} as well as {TGV¥!(u™)} is bounded. The latter implies
that each v* € LY@=1(Q, Sym!(IRY)) (see Theorem 2.3). For the projection R chosen
in condition (4.1) for F, there exists a constant C' > 0 such that [[u" — Ru"||q/g-1) <
C TGVE (u™) for all n (see Proposition 3.11). Hence, {|u™ — Ru™||4/(4—1)} is bounded.
Moreover {||Ru"|[4/(a—1)} has to be bounded as otherwise, (4.1) yields that {F(u")} is
unbounded which is a contradiction. Finally, the continuous embedding of Lebesgue spaces
gives that {u"} is bounded in LP(£2, Sym'(IR%)). O

With the coercivity of F' + TGV’O?Z, existence of minimizers is immediate. We present
a proof for completeness.

Theorem 4.2. Let p € [1,00[ with p < d/(d — 1) and assume that

1. F: LP(Q,Sym!(IR%)) — ]—o0, 00| is proper, convex, lower semi-continuous,
2. F is coercive in the sense of (4.1).

Then, there exists a solution of the problem

min F(u) + TGV (y).
u€LP(Q,Sym! (IR?))

In case that there is a v € BD(Q, Sym!(IR?)) such that F(u) < oo, the minimum is finite.
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Proof. Note that TGV®!(u) is finite if and only if u € BD(Q, Sym!(IRY)). Thus, if F(u) =
oo for all u € BD(£, Sym!(IRY)), the functional is constant oo and a minimizer trivially
exists. Hence, assume in the following that F(u) < oo for some u € BD(Q, Sym!(IR%)).
Now, denote by G = F + TGV¥®! and consider a minimizing sequence {u"} for G which
exists since G is bounded from below.

Now, applying Proposition 4.1 for a p’ € [p,d/(d — 1)] and p’ > 1, it follows that
there exists a weakly convergent subsequence of {u"} (not relabeled) with limit u* €
LP(Q,Sym!(IR%)). As G is convex and lower semi-continuous (see Proposition 3.9), we
deduce that ©* is a minimizer by weak lower semi-continuity. As G is proper, the minimum
must be finite. O

This result can immediately be applied to linear inverse problems.

Corollary 4.3. For each K : LP(Q,Sym'(IR?)) — Y linear and continuous in some
normed space Y, each f € Y and each q € [1,00] there exists a minimizer of the corre-
sponding Tikhonov functional, i.e., a solution of

1
min ~||[Ku— f|% + TGVE (u). (4.2)
ueLr(Q,8ym'(R%) ¢

Proof. Denote by F(u) = %HKU — flI$ and G = F + TGVF!. Observe that both X =
ker(K) Nker(EF) and

Xl:{ueLp(Q,Syml(IRd)) ‘ /u-vd:c—Ofor allvEX} (4.3)
Q

are closed subspaces in LP(Q,Sym'(IR%)): Being a subset of ker(£¥) which is a finite-
dimensional space of polynomials, it is a finite-dimensional subspace of both LP(£2, Sym!(IR%))
and its dual space LP" (£, Syml(]Rd)). It is moreover easy to see that X1 complements X
in LP(£2, Sym!(IR%)). Since G(u+wv) = G(u) for each u € LP(Q, Sym'(IR?)) and each v € X,
it is therefore sufficient to minimize G over X .

Hence, consider F = F + I y. which is proper, convex lower semi-continuous and
bounded from below. To verify the coercivity condition (4.1), let R : L% (@=1)(Q, Sym!(IR%)) —
ker(£F) be an arbitrary continuous and onto projection. Suppose that {u"} is such that
[ Ru™||q/(a—1) — oo and {|lu"™ — Ru"(|q/@q—1)} is bounded. First, assume that u" € X+
for each n. Then, as K is injective on the finite-dimensional space ker(£¥) N X+, there
is a constant C' > 0 independent of n such that ||Ru”||q/q-1) < C|[KRu"|y for all n.
Consequently, one can find a M > 0 such that

CHIRU lay(a—1) = M < |KRu|ly = [IK|[[[u" = Ru"l|aya—1) = [Iflly < [Ku™ = flly
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for all n. As the left-hand side tends to oo, the right-hand side must also, hence F(u") =
F(u™) — co. Now, suppose u” ¢ X+ for some n. Note that " ¢ X implies F(u") = oo,
so we can apply the above argument to the subsequence of {u"} corresponding to the
elements in X+ to achieve that F (u™) — oo for the whole sequence. The application of
Theorem 4.2 then yields the desired statement. O

Remark 4.4. In case the norm || - ||y is strictly convex, it is immediate that K injective
implies that solutions of (4.2) are unique. In the general case, uniqueness may fail since
TGVEL is not strictly convex.

We will now turn to stability and regularization properties. The following is a conse-
quence of abstract standard results.

Theorem 4.5. The solutions of (4.2) are stable in the following sense: For a sequence
{f™} which converges to some f in'Y, there is a subsequence {u™} of solutions {u"},
where each u™ solves (4.2) with data f7, such that {u™} weakly* in BD(Q, Sym'(IR%)) to a
solution u* of (4.2) with data f. Each sequence of bounded solutions {u™} possesses such
a subsequence.

Moreover, for a weak* convergent subsequence of solutions u™ = u* in BD(£, Sym!(IR%))
we have that

TGV (u™) — TGVF (u*) as vV — 00.

Proof. The existence of a subsequence with the desired properties is a direct consequence of
[13, Theorem 3.2] applied to R = TGVX! 411 from Corollary 4.3 and weak* convergence
in BD(Q, Sym!(IR?)). Moreover, choosing R = TGVX! and noting that bounded sequences
in BD(Q, Sym!(IR%)) admit weakly* converging subsequences, we see from the proof of the
same theorem that the limit u* has to be a solution of (4.2) with data f. This also holds
true for TGVE! (u™) — TGVE! (u*) whenever u™ = u* as v — oco. O

We close the discussion on existence and stability by some immediate observations
concerning special cases of the above theorem.

Remark 4.6.

1. If ker(K) Nker(€¥) = {0}, then each sequence of solutions {u"} with bounded data
{f™} is bounded. Otherwise, the sequence of solutions constructed in the proof of
Corollary 4.3, i.e. where u™ € X' for each n, is bounded.

2. If 1 <p<d/(d—1), then weak™ convergence can be replaced by strong convergence
in LP(Q, Sym!(IR?)) as BD(Q, Sym'(IR%)) «— LP(Q, Sym!(IR?)) is compact (see Theo-
rem 2.3).

3. If the solution u* of (4.2) for data f is unique, then the whole sequence {u"} converges
weakly* to u*.
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4.2 Convergence for vanishing noise level

Likewise, regularization properties can be noted. These are again based on the results in
[13]. However, a slight modification accounting for multiple regularization parameters has
to be made.

Let us first take a look at how the total generalized variation behaves for fixed argument
and varying parameters. For this purpose, we like also to allow the weights co: We will
therefore denote by

Oé”H :I{O} if a = 00,
for any norm on a normed space. Then, for a = (ag,...,ax—1) €0, oo]}C we set
k
TGVF (1) = min Zak illEwi—1 — wi| ag (4.4)

w; €BD(€2, Sym!*T#(IR%)),
1/ 01 7k7
wo=u, wr=0

which is obviously well-defined (by the direct method, using the boundedness result in
Proposition 3.15) and coincides with (3.3) for positive weights. Also, we agree to set
TGV = 0.

Observe that a coefficient aj_; being infinity can be interpreted as a restriction w; =
Ew;_1 and consequently, a way of introducing powers of £ into (3.3). Indeed, setting
iop = 0, denoting by iy,...,ip the elements of the set {7 | 1<i<k, ap_; <oo} in a
strictly increasing manner as well as letting ipr41 = k, (4.4) can be rewritten as

M
TGVF (u) = __min Zak i €55 w1 — wj|| m.
w; €BDIHL 71 (Q,8ym" T (RY)), 5

j:07"'47M7
wo=u, gkiz]\/f’w]\{:O

The observation now is that fixing v and choosing a convergent sequence of parameters
«, the corresponding values of the TGV-functional converges, even if one allows co in the
limit.
Proposition 4.7. Let u € BD(Q, Sym!(IR%)) and {a"} be a sequence in 10, 00" which
converges to some a* €10,00]F. Then, TGV’;’TZL (u) — TGV];’*Z (u) as n — oo.

Additionally, for each sequence {u™} in BD(, Sym!(IR?)) with u™ = u it holds that
TGVE (1) < liminf,_ o TGVEL (um).
Proof. We will first bound the limes superior by TGV’;’*Z (u). For this purpose, we may
assume that TGVZ*l(u) < 00. This implies in particular that there are feasible wy, ..., wg
such that the minimum in (4.4) is attained. Denoting by M = {i | 1 <i <k, aj_, < oo}
and introducing ¢, = max;en af_,;/aj_, (where we agree to set ¢, = 1 if M = ()), one gets

k k
TGV (u) <) ofllEwis —willm < en > g lEwimy — wil|am = cn TGV (w).

i=1 =1
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Due to convergence of {a"}, we have ¢, — 1 as n — oo and consequently,

lim sup TGVF! (1) < TGV ().
n—oo

An estimate on the limes inferior will follow from the proof of the addition by taking
constant sequences. Hence, let {u"} be a sequence in BD(Q, Sym!(IR%)) which converges
in the weak™® sense to u. We may assume that liminf,, . TGVi’i (u) < oo. Introduce
wg, ..., wp the admissible tensor fields which admit the minimum in (3.3) for u™ and ",
respectively, as well as a the weights according to o; = inf,cv @ (which are positive due
to o' — «f as n — oo and « being positive). Hence,

k k
Hnint D o wis — wflae < mind D o Euts — ull
1= 1=
= liminf TGVE! (u™) < o0,
n—oo

It follows that the left-hand side is bounded for infinitely many n and as Ewg = Eu™ which
is bounded, so Proposition 3.15 implies the existence of a subsequence of {(wyg,...,w})}
(not relabeled) such that each {w!} is bounded in BD(Q, Sym!*(IR%)) and by weal*
sequential compactness of bounded sets, one can also assume that w} N w; for some
w; € BD(, SymHi(IRd)) and each ¢ = 0,..., k. Now, for an ¢ with aj _, < oo we get from
weak™ lower semicontinuity and the invariance of the limes inferior under multiplication
with a positive, convergent sequence that

o | €wiy — wfllae < liminf of €y — wl|m.

For i such that aj_, = co we have that {a}_,||Ew} | — w}'||sm} is bounded which implies
that || Ew]" | — w}'|[|am — 0 since aff_;, — 0o as n — oo and hence,

€y — w] e < liminf [IEwfy — wf s = 0.

Together,

k k
k.l -
TGVyx(u) < Zaz_i\\n‘?w;ﬂl —w;lm < Zlggfaz‘_i\lgwﬁl — wi'[| m
i=1 i=1
< liminf TGVF! (u™)

n—oo

which shows the addition.
Combining this with the estimate on the limes superior gives the stated convergence
for TGVZ;ZL (u). In particular, this includes the case TGVQ’f (u) = o0. O
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Theorem 4.8. Let 1 < p < d%‘ll with p < 00, q¢ € [l,00] and the operator K :
LP(Q, Sym!(IRY)) — Y be linear and continuous in some normed space Y. Take ff €Y
and {f} to be a sequence in' Y which satisfies | f* — f|ly < 6n for a monotonically de-
creasing null sequence {6,} of positive real numbers. Further take a sequence of positive
weights {a"} and, denoting by

Bp=min {of |0<i<k—1}, m=max {m'| lim ﬁaﬁ,i:ooforalli<m'}

n—oo ~Fn

suppose that .
1. B —0 and%—ﬁ—)O as n — oo,
2. there is a ut € BD™(Q, Sym!(IRY)) such that 1 = Kuf.

Then, there exists a sequence of solutions {u™} of (4.2) with data f™ and weights o™
possessing a BD(Q, Sym! (IR%))-weakly* convergent subsequence {u™} with limit u* such
that
1. u*isa TGVZ’*l—mimmizz’ng solution of Ku = f1 for some a* € [1, oo]k and
2. limy, 00 i TGVEL, (um) = TGVZL{(U*).

Proof. At first note that, as shown in Corollary 4.3, there always exists a solution u" € X+
of (4.2) with data f™ and weights o™ (where X is given by (4.3)). We denote by {u"} a
sequence of such solutions.

Then we define a" = %—: S ]0,00[k. For the ¢ for which lim, . &} _, = oo we set
a; = oo while for the remaining i, an accumulation point o € [1,00[ of {&}_,} can be
found. This gives a o* € [1,00]F and a subsequence {a™} such that &™ — a* as v — oo.
From now on, we will consider {u™}, the corresponding subsequence of solutions.

Now let uf € BD™(Q, Sym'(IR%)) such that Ku' = fT which exists by assumption.
Then, TGVZ;ZI,, (u') is a null-sequence: Indeed, first note that TGV’;}{V (ul) = B, T GV]O%’,ZL,, (ul)

according to the primal representation (3.3), for instance. Proposition 4.7 then implies

lim TGVEL (uf) = TGVF! (uh)

ny
v—0o0 «

for which the right-hand side is finite which can be seen by (4.4) plugging w? = it
for 0 < ¢ < m, wy = 0 for m < i < k into the corresponding minimization problem.
Consequently, TGVZ;ZH, (u") = 0 as v — co. With that, we get

[ Ku™ — |3 O,

+TGVEL (™) < +TGVEL (W) =0 as v—oo (4.5)

and hence, Ku™ — fTin Y. Also, dividing the inequality in (4.5) by $3,, leads to

K ny _ |4 54
TGVEL (u™) < IR = ™y TGVEL (u™) < S 4+ TGVEL (uh)
Bn,q B, q
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for which the assumption on {f,} yields

q

lim sup TGVYL, (u™) < limsup (571” +TGVE, (uT)> = TGVY! (uh). (4.6)
V=00 ) n, 4

The next step is to bound {u™} in terms of the BD(Q, Sym!(IR¢))-norm. For this purpose,

let R : LY(@=1(Q, Sym!(IR?)) — ker(E*) be a linear, continuous, onto projection. Denoting

1=(1,...,1) € IR*, we get, by Proposition 3.11 and monotonicity with respect to the

weights (Remark 3.8)

™ — Ru™ || g/0q-1y < C TGV (u™) < C TGVEL (u™
/(d-1) 1 &

and hence boundedness of [[u™ — Ru""|[4/(4—1). Similar as in the proof of Corollary 4.3,
injectivity of K on X+ implies the existence of a constant such that [|[Ru™||g/q—1) <
C||K Ru™ ||y and, consequently, for C' > 0 sufficiently large,

CHRUu™ laja-1)~C < [KRu™ |ly [ Kl[lu™ = Ru™ |-~ IlF™ Iy < [Ku™ — f*|ly

with right hand side being bounded. Thus also {||Ru""(|4/(4—1)} — and hence {|[u""||4/(4—1)}
— is bounded. In order to obtain a bound on {|[Eu™ ||sr}, we use Proposition 3.11 and
monotonicity again to estimate

lu aa < € (Ju [y + TGVE @) ) < Cllum s + CTGVEL (™) (47)

anv

where the last term is bounded again due to (4.6) and the boundedness of ||u""||4/(4—1)-
Thus {u™} is bounded in BD(£2, Sym!(IR?)) and possesses a subsequence (not rela-
beled) weakly* converging to some u* € BD(£, Sym!(IR%)). By virtue of the embedding
result of Theorem 2.3, u™ — u* also in LP(£2, Sym'(IR?)) and since K is weakly sequentially
continuous, Ku™ — Ku*. As Ku™ — f1, it follows that Ku* = fT.
To show the convergence of {TGVZ}ZLV (u™)}, observe that the addition in Proposi-
tion 4.7 gives

kel o« o k)l ,
TGV x(u*) < h,,rglo%f TGV, (u™)
which in turn implies

TGVE! (u*) < liminf TGVEL, (u™) < limsup TGVAL, (u™) < TGV (uf)

anv anv
v—oo V—00

Now since u' is arbitrary in BD™ (2, Sym!(IR%)) such that Kuf = f, and since TGV];’*I (u) =

oo for any u € LP(2, Sym!(IR%)) \ BD™(Q, Sym!(IR%)) (according to (4.4) and noting that
aj_;, = oo for 1 <i < m) we get that
Kl x k,l l(TRd
TGV (u*) < TGV (u) for any u € LP(Q, Sym'(IR?)) such that Ku = fT,
meaning that u* is a TGVz’f-minimiZing solution of Ku = ff. Considering u* in the
estimate on the limes superior (4.6) then gives TGVY! (u™) — TGVZ’*I (u*)asv — oco. O

anv
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One can think of many refinements and extensions of the above theorem.

Remark 4.9.

1. For any sequence {u"} of solutions which is bounded in L'(£2, Sym!(IR?)) there already
exists a subsequence with the properties stated in Theorem 4.8.

This is because then, for a subsequence where {a"™} converges, the corresponding
{Eu™} is already bounded (see (4.7)), leading to the desired boundedness in BD(2, Sym!(IR%)).

2. If {ﬁ%az_m} is bounded for some m such that there is a uf € BD™(Q, Sym!(IR%)) with
Ku' = f1, then TGVZ’i (u!) = 0 and Ku™ — f1asn — oo, i.e., for the whole sequence.

In this case, we can extract from each subsequence of {u"} another subsequence {u"}
such that lim,_, @™ = o* for some o* with o} _, < oco. As ul € BD™(Q, Sym'(IR%))
we have lim, oo TGVZ’,{V (ul) = TGV];’*Z (u!) < oo again by Proposition 4.7. Tt follows
that TGVZ’TILV (u?) — 0 and Ku™ — f! as v — oco. As the initial subsequence was
arbitrary, the convergence also holds for the whole sequence.

3. If the whole sequence {a"} converges to some a*, then each accumulation point of
{u"} is a TGVI;;Z -minimizing solution of Ku = fT. In case the latter is unique, we get
weak™-convergence of the whole sequence {u"}.

4. In view of the conditions 5, — 0 and % — 0 one might interpret {3,} as the “regular-
ization parameter” and {a"} as fine-tuning parameters.

Nevertheless, it is also possible to formulate conditions on {a™} which lead to the same
conclusion without introducing {4, }: For instance, a}_, , — 0foral <m' <k, g—% —0

K3

for each 1 < i < k and the existence of uf € BD*(, Sym!(IR%)) such that Kuf = f1 is
sufficient.

In order to see this, note that we immediately have 5, — 0. Suppose that there
q

exists a ¢ > 0 and an infinite set N C IN such that g—z > c for all n € N. Then,

since the minimum is taken over finitely many elements, there is an ¢ such that 5, =

o' for infinitely many n € N. Consequently, i—% > ¢ for infinitely many n which

contradicts lim,,— o i—% = 0. This establishes g—i — 0 as n — oo. For the above 1,
we also have that {B%a?} does not tend to infinity, so m < k — i and, consequently,
BD™(€Q, Sym!(IR?)). This also shows that we are in general not able to determine m
without further assumptions on {a"}.

These conditions on {a"} are clear stronger than the ones stated in Theorem 4.8. This
applies in particular for the regularity assumption uf € BD*(Q, Sym!(IR%)). In fact,
the m introduced in the theorem is the smallest m for which the argumentation carries
through under the assumption u! € BD™(Q, Sym!(IR¢)).
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5. If o* is finite, then for the subsequence {u™ } obtained in the theorem it also holds that
TGV];’*Z (u™) — TGV];’*Z (u*) as v — 0.
By lower semi-continuity of TGV(’;’,f, we only need to establish an estimate for the limes
superior. For this purpose, denote by wg,...,w} the feasible symmetric tensor fields
which establish the minimum in the primal representation (4.4) for TGVZ’T{V (u™). Ob-
viously, these also realize TGVE’}W (u™). Hence,

k k
kyl v 2%
TGV: (u™) <> ahlEwiy —wf|lm < e, Y ape llEwy — wf | am
i=1 i=1
c
= TGV];’TIL,, (u"™)
B,
where ¢, = max;—o__ 10 /&;” which is finite by assumption. The right-hand side
then converges appropriately, giving limsup,,_, ., TGV];’f (u™) < TGVZL{(U*).

n
@y
n
Qi1

6. If the ratios {

then {a"} is also bounded and hence, each accumulation point o* will always be finite.
If these ratios converge and the limit is strictly positive, then accumulation points are

unique up to a positive common factor. The latter follows from ;ﬁl = lim, 0o aan—?l
meaning that the ratios of adjacent entries of a* are independent from each subsequence
of {&™}. As a consequence, the set of TGVZ’f—minimizing solutions is independent of

the accumulation point a*.

} are bounded from above and below away from 0 fori =1,...,k—1,

Collecting some of these results finally gives:

Corollary 4.10. If, in the situation of Theorem 4.8, the items 1. and 2. are replaced by

a .
1. o} =0 andi—%—)O asn — oo for somei=0,...,k—1,
2. {Oz{l} converges to some positive value for each i =1,...k — 1,

3. there exists a u' € BD(Q, Sym!(IR?)) such that Kul = f1,
then it holds that there ezists a o* € 0, oo[k and a subsequence {u™ } weakly* converging
to some mz’nimum—TGVZ’*l solution u* in BD(S2, Sym'(IR?)) such that

Ku" — ff and TGVZ’*Z (u") — TGV];’*Z (u") as n — oo

for the whole sequence.
If the mmimum—TGVZ’f solution is unique, then u™ = u* as n — co.

Proof. The only point which does not directly follow from Remark 4.9 is the convergence of
{TGVZ’*l (u™)}: For an arbitrary subsequence of {u"} we can choose another subsequence

25



(not relabeled) such that {a™} — o and u™ = u* as v — oo with u** being a

minimum—TGVi’f* solution. From Remark 4.9 we know that o = ca™* for some ¢ > 0 and

that «** is also a minimum-TGV . solution. Hence, as o** is finite,

TGV (u™) = ¢ TGV g (™) — ¢ TGVEL (w**) = TGVE (1) = TGVF! (1)

as v — 00. This shows the desired convergence statement.
Finally, in case of uniqueness of a TGVZ’f—minimizing solution, we additionally have

. . o . *
u** = u* in the above argumentation, giving u" — u* as n — oo. O

In particular, in view of of this corollary, the situation for multiparameter regulariza-
tion with TGV is, in special cases, similar to the one-parameter case: Letting noise and
parameters tend to zero appropriately then yields solutions which converge to a minimal-
TGVg’f—solution with convergence in terms of TGV];Lf . This is the motivation for studying
this kind of strict convergence in the next section (see also Theorem 4.5).

5 TGV strict convergence

Definition 5.1. Let £, € IN, k> 1,1 > 0 and a € ]O,oo[k. We say that the sequence
{u"} in BD(Q, Sym'(IR?)) converges strictly with respect to TGV or TGVELstrictly to
an u € BD(, Sym'(IR%)) if

|u™ —ull; =0 and TGVE(y") = TGVH(u) as n — .

Kl
In this case, we also write u” TGVe' 4 as n — oo in BD(Q, Sym! (IR%)).

Some properties of this generalization of strict convergence in BD(£2, Sym‘(IR%)) follow
immediately.

Remark 5.2. Strict convergence with respect to TGV’;’l can equivalently be defined by
u" 5y in BD(Q,Sym!(IR%) and TGVH!(u") = TGVF (u) as n — oo,

This is because by the compact embedding BD(£2, Sym!(IR?)) <« L!(, Sym!(IR?)) (see
Theorem 2.3), u” - u implies ||[u™ — u|l; — 0. On the other hand, if ||u™ —ul|; — 0
and TGVF(y") — TGVF!(u), then {u™} is bounded in BD(£2, Sym!(IR%)) (according to
the norm equivalence in Corollary 3.13) and admits a weakly® convergent subsequence
with limit «* which has to coincide with u, again by compact embedding. The usual
subsequence argument then shows weak*-convergence of the whole sequence, i.e. u” = u
in BD(Q2, Sym!(IR%)) as n — oo.
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Remark 5.3. From the fact that strong convergence in BD(2, Sym!(IR%)) implies conver-
gence of the corresponding TGV%! values (as TGV¥! is continuous in BGV*(Q, Sym!(IRY)) =
BD(Q, Sym!(IR?)), see Corollary 3.13) and the alternative definition of TGV¥{-strict con-
vergence in Remark 5.2 we obtain the following implications for an arbitrary sequence {u"}
and u in BD(Q, Sym!(IR%)):

k,l
TGV *
W=y = U —"u = u"—-u

as n — oo in BD(£, Sym'(IR?)). None of the converse implications is true.

The notion of TGVg’l—strict convergence is thus intermediate between strong and weak™
convergence. As for the strict convergence in BV (Q) and BD(£2, Sym!(IR%)), we have that
the set of smooth functions is dense with respect to TGV’O“;l—strict convergence, a property
which fails when strong convergence is regarded. This is a consequence of the following
approximation result:

Lemma 5.4. Let | > 0. For each u € BD(Q,Sym!(IRY)) and w € BD(£, Sym't!(IR%))
there exists a sequence {u’}, § > 0 in C®(Q, Sym'(IR%)) N BD(Q, Sym!(IRY)) such that

[’ —ully >0 and [[Eu’ —wlpm — [Eu—wlp as §—0.

Proof. The proof uses techniques from the proofs of [11, Theorem 5.2.2] and [2, Theorem
3.9]. Let u € BD(Q, Sym!(IR%)) and w € BD(Q, Sym'*!(IRY)) be fixed. For each § > 0,
construct v’ as follows.

Choose a countable number of sets (€2)nen such that Q@ = (e O, Q, cc Q for
all h € IN and any point of © belongs to at most four sets €, (cf. [2, Theorem 3.9] for a
construction of such sets). Further, let (¢ )ren be a partition of unity relative to () e,
ie., ¢ € CX(Q,) with ¢, > 0 for all h € IN and >, .y n = 1. Finally, let p € C°(IR?) be
a standard mollifier, i.e., p is radially symmetric, non-negative and satisfies fIRd pdr=1.
Denote by p. the function given by p(z) = ¢~ ¥p(z/¢).

As p is a mollifier, we can find, for any h € IN, an €, > 0 such that supp((u¢p) * pe, ) C
Qp, supp((wop) * pe,) C Qp, and

/Q |(udn) * pe, — up| da < 2775, /Q|(w¢h) % Pe, — wop| do < 276

as well as
/ |(u @ Vp,) * pe,, —u @ V| de < 2716
Q

Set u® = 3", o (uen) * pe,. This defines the sequence {u’} for which we are verifying the
claim.

First of all, each u® € C*°(€2, Sym!(IR%)) as the sums in the definition of u’ are locally
finite. We also immediately see that

/ﬂ]u‘s—uy dr < Z/Q\(u¢h)*p5h—u¢h|dx<5

helN
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which proves |[u® —ull; — 0 as & — 0. Next, let ¢ € CX(9, Sym' 1 (IR?)) such that
llolloo < 1. Testing with div ¢, dualizing the convolution with pe, , using the identities

S div(p e pey) = div (1% ) — (V@ (5 ).
tr(Von @ (¢ % pe,)) -u=tr(u® Von) - ¢ * pe,

and squeezing in ), . u ® Vo, = 0 then leads to

/Qu‘;'diVSO do=>" /Q((uqSh) %pe,) divp do =Y /ﬂuéﬁh'diV(Peh ) dw

helN helN

— Z /Qu ~div(pn (e * pe,)) — u - tr(Véh ® (@ * peh)) dz

helN

= Z[—/chh(go*peh) ng—/Q((U®V¢h)*Peh—u®V¢h)-@dx}.

helN

This can be used to estimate, after the adding and subtracting » , v (¢rw) * pe,, and using
[olloo < 1 as well as sup,cq, |¢ * pe, |(z) < 1,

/Q—u‘;-divgo—w-cpdw— Z[/Qd)h(@*p%) d(Eu — wL?)

helN

+ /Q((thw) % e, — dpw) - dz
+/Q((U®V¢>h) % Pe, —UR Vp) @ dﬂ?}

< Z [/Q bn d|Eu — w| +2*”5+2*h5]

helN
< |[€u — wl|pmg + 26.

Taking the supremum over all ¢ € C2°(£2, Sym' ™ (IR?)) with ||¢||ec < 1 and letting § — 0

we see that limsups_,q[|[Eu® — w|m < [[Eu — w|a. On the other hand, as u’ — w in
LY, Sym!(IRY)) as § — 0, we get from lower semi-continuity that
|Eu — w|| aq SligniglfHEua—wHM < [|Eu — w|pm. O
ﬁ

Proposition 5.5. Let k,l € IN, £k > 1,1 > 0 and o € ]0,00[k. Then, for each u €
BD(Q, Sym!(IRY)) there exists a sequence {u™} in C*(2, Sym!(IR%)) N BD(£, Sym'(IR%))
such that {u™} converges TGVEL strictly to u.

Proof. Let u € BD(£2, Sym'(IR%)) and choose w* € BD(£2, Sym'*(IR%)) such that

TGVE (u) = a1 [|Eu — w* || pg + TCVE M (w¥)

a
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for & = (o, ..., 1) agreeing that TGV%JH = Ifp1. Such a w* exists, see Theorem 3.5.

For each § = 1 we now set u" = u® with u® € C*®(€, Sym!(IR%)) N BD(Q, Sym'(IR%))
according to the construction in Lemma 5.4. By the minimization characterization (3.3)
of TGV,

TGVE (™) < a1 [|Eu”™ — w* || + TGVE B (1)

and as for the sequence {u"} it holds that ||Eu"™ — w*||pm — [|[Eu — w*||pm as n — oo, it
follows that

lim sup TGVE (u™) < a1 [|Eu — w*|| g + TGVE M (%) = TGVE! (u).
n—oo
On the other hand, lim,, o u™ = u in L' (22, Sym!(IR%)), so lower semi-continuity of TGV%!
(see Proposition 3.3) gives

TGVF(u) < lim inf TGVF (™)

which establishes the TGV%lstrict convergence to u. O

Remark 5.6. Note that, given u € BD(£, Sym'(IR?)), the construction above yields an
approximating sequence {u"} for fixed order k£ € IN and weights « € 0, oo[k. Since the
elements of this sequence depend on the respective minimizers w, ..., w} for (3.3) (see the
construction in Lemma 5.4), we cannot assure that {u"} also converges strictly to u with
respect to any other choice of k or a (except for the trivial case where & = Ao with A > 0,
i.e., if the minimizers remain the same).

Although strong convergence with respect to the norm in BGV*(Q, Sym!(IR%)) for all is
equivalent for all weights and orders, the situation is different for TGVg’l-strict convergence.
We show, in the following, counterexamples which demonstrate that for k € {1,2} already
convergence notions arise for which neither one is stronger than the other. This justifies
in particular a dedicated proof for TGV];’l—strict density of smooth functions.

Example 5.7. Let  =]0,1[ and o = (ap, 1) with a; > 0. We construct a sequence {u"}
and u in L'(Q) such that {u"} converges strictly to u with respect to TGV? and does not
converge strictly to w with respect to TV, in particular there is a 6 > 0 and ng € IN such
that |[TV(u") — TV(u)| > § for all n > ny.

Without loss of generality we can assume « = (3,1). At first we set up the approxi-
mating scheme: For any Lipschitz continuous function u € C%*(]0,1]) (which will be fixed
later) we can define

u”(x):a:—%—i—u(%) if ace]%,i;:l}ﬂ](),l[ (5.1)

See Figure 1 (a) for an illustration. It follows then by pointwise convergence of {u"} to u
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(a) (b)

Figure 1: (a) Illustration of a function u (blue) and its approximation u™ (red) for n = 16
according to (5.1). (b) Illustration of u according to (5.4) for k = 8.

and Lebesgue’s dominated convergence theorem that ||u™ — u||; — 0 as n — oco. Further,
defining wp(z) = 1 the constant one function, the weak derivative of u™ is given by

ety i—1\ 1
(u”)’:wo—Z(u(ﬁ)—u( - >_ﬁ)5%’ (5.2)

and the measure ¢d,, is a delta peak at xzy. Thus, its Radon norm can be given by
| i i—1
i1+ (5
e =1+ 3Ju(7) - (5

1
=1+ [ @) da

= L () () ] o

n

)=l = S
i=1 (5.3)

where

Since wu is Lipschitz continuous, {f™} converges to v’ — wy pointwise almost everywhere.
Further, the sequence {f™} is uniformly bounded, thus by Lebesgue’s dominated conver-
gence theorem we get

1 1
TV(u") = [[(u")lm =1 +/0 [/ ()] dz — 1 +/0 | (2) = wo(x)| d

as n — oo. For each w € BV(Q2) we now have

1—1

1 1
- ) = =]+ Bl
n n

Y = + Bl = b — il + 5 Ju(2) = of
1=1

> S fu(5) —u() = 3] = 1Y = wollag + Bl g

n n
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which implies that wg is a solution for the minimization problem associated with TGV?Z.
Thus,
TGV (") = [[(u™) = wollm — [[u — wollx

as n — oo. Now for k € IN even, sufficiently large such that % < B, define u € L'(Q) such

that
@<= {2 Hoelt i ok 5.4
ulxr) = . . . 1 —. .
R I A —

Again we refer to Figure 1 (b) for an illustration. We aim at showing that wy also realizes
TGV (u), i.e.,

TGVi(w) = min ol ~wly + By = B’ — woll.

According to [9, Section 4.1] this is the case if there exists a v € H}(£2) such that
/(@) € sgn(u/(2) — wo(x))
v(z) € Bsgn(wp(z))

for almost every = € Q where sgn(t) = {1} if ¢ > 0, sgn(t) = {—1} if ¢ < 0 and sgn(t) =
[—1,1] if ¢ = 0. One easily verifies that the first condition, —v’ € sgn(u’ — wy) is satisfied

for
e 2 if 2 241 i
v(z) = T 1336}]?, k.[’ 0<i<—.
cm2 iteeap 05T

Further we have that ||v]o < £ < 3, implying the second condition, thus wp is a minimizer.
If follows that
TGV2(u) = Bl|u' — woll1 = lim TGVZ(u"),
n—oQ

thus {u"} converges strictly with respect to TGV?Z to u. But, as u is monotone, TV (u) = 1
and (5.3) implies

’TV(u") — TV(u)’ — [ —wplly >0 as n — oco.
Hence, {u"} and u have the claimed properties.

Example 5.8. In the same situation as Example 5.7, we can also construct a sequence
{u"} and u which converges strictly to u with respect to TV and does not converge strictly
with respect to TGV? and with the additional property there is a § > 0 and ng € IN such
that [TGVZ(u") — TGVZ(u)| > 6 for all n > ny.

This is done in a similar manner. First, we approximate an arbitrary Lipschitz contin-
uous u € C1(Q) by

u”(x):u(l) if xe}i,i_Fl

n n n

} n1o,1[.
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Clearly, ||u™ — u|l1 — 0 as n — oo. Moreover, we get that

=S (o) - ()

1=

and, consequently,

n—1 . =1
=) (= S [ e ae= v

as n — 0o, meaning TV-strict convergence of {u"} to u.
One now sees that w = 0 then gives as solution to the minimization problem associated
with TGV? (u™), hence

TGV (u™) = TV (u") — TV(u)

as n — 0o. But choosing u(x) = z for x € ]0, 1] implies, as u € ker(£?), that TGV (u) =
0 # TV (u), so the TGV?2-values converge but {u"} does not converge TGV?2-strictly.

Besides the density of smooth functions (Proposition 5.5), there might be more prop-
erties for TGVX ! strict convergence similar to known results for the classical strict conver-
gence in BV or BD (for instance, the continuity of the trace mapping [5, Theorem 4.14]).
However, as the convergence notions are different for each order k and weight «, dedicated
proofs seems to be necessary for each of these properties. A complete discussion is hence
outside the scope of this paper.

6 Conclusions

Since well-posedness of Tikhonov-regularization as well as convergence of the regularized
solutions for vanishing noise level can be established, we can indeed speak of the TGV
functional as a regularizer for linear inverse problems. The functional-analytic framework
is given by the spaces BD(£2, Sym!(IR?)) which are topologically equivalent by the spaces
induced by the TGV®! semi-norm, i.e., BGV¥(Q, Sym!(IR%)). In particular, the prereq-
uisites for respective theorems show that TGV-regularization can essentially be employed
whenever it is possible to employ TV or TD-regularization. This holds true, for instance,
for a variety of mathematical imaging problems.

Moreover, we see that besides the choice of the appropriate Banach space, the regu-
larization functional itself also has an important qualitative effect on the regularization
procedure: Although strong and weak* convergence in BD(€, Sym!(IR%)) are equivalent,
the intermediate notion of TGV’;’l—strict convergence is generally different for different
choices of k and «. This seems to be related to the qualitative difference of solutions
for the Tikhonov-functional minimization problem with TV and TGV? which has been
observed in practical applications.
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A Proof of Theorem 2.6

The result will essentially follows by duality arguments. In the following, let Q c IR?
always be a bounded Lipschitz domain. Furthermore, denote by

ker(€)* = {g e LY(Q, Sym* (IR?)) ‘ /Qg cude=0VYu e ker(é’)}.

which is a closed subspace of L%(£2, Sym*(IR%)) since all elements in ker(€) are polyno-
mials and therefore contained in L> (9, Sym®(IRY)). As ker(&) is finite-dimensional, it is

immediate that
LY, Sym®(IRY)) = ker(€) @ ker(£)*

and as both subspaces are closed, the open mapping theorem implies that we can find a con-
tinuous projection R : L4(Q, Sym*(IR%)) — L%(2, Sym*(IR?)) such that rg(R) = ker(£) and
ker(R) = ker(€)*. The adjoint R* is then a continuous projection in L (@~ (Q, Sym* (IR%))
onto ker(£)++ = ker(&) with kernel ker(£)+ and both subspaces interpreted as annihilators
in L% (@=1(Q, Sym*(IR?)).

Lemma A.1. The closure of the set
U={—divo |ve C(Q, Sym* H(IRY)), ||Jv]|lee < 1}
in L4(Q, Sym*(IRY)) Nker(E)* contains 0 as interior point.
Proof. Let us verify that the functional F : L% (4= (Q, Sym*(IR%)) — [0, oo},
Flu) = [[€ulm + Loy (')

is coercive. For a sequence {u"} in L% (4= (Q, Sym*(IRY)) with lu"][4/(4—1) — oo we have,
for each n, either F(u™) = oo or u™ € BD(Q, Sym*(IR%)) N ker(R*). In the latter case,
R*u™ = 0 hence, the Sobolev-Korn-inequality gives

lu™la/a—1) < CllE™ |pm = CF(u™)

for some C' > 0 independent of n. Together, this implies F'(u™) — oo resulting in the
coercivitiy of F.

The Fenchel conjugate F* : L4, Sym*(IR?)) — |—o0, 00| is consequently continuous
at 0 (see [4, Theorem 4.4.10]). As ker(R*) = rg(id —R*), this can be computed to be

F*(g)= sup (g, u) — [[Euflm = sup (9, u— Ru) — [|E(u — Ru)||m
u€ker(R*) weLd/(d=1) (Q,Sym* (IR%))
= sup (9 — Rg, u) — E(u)||m = I (g — Rg)
u€L/(4=1)(Q,Sym* (IRY))
= Iz(9 — Rg).
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Continuity in 0 now means that there is an € > 0 such that B.(0) C (I — R)_ILU). In
particular, for each g € L4(Q, Sym*(IR?)) Nker(£)* with ||g||q < €, g = g — Rg € U which
is what we intended to show. O

With this prerequisite, we are able to prove the theorem.

Proof of Theorem 2.6. Let u € D(Q,Sym*(IR%)) such that u € M(Q, Sym*T1(IR)) in
the distributional sense. Our aim is to show that also u € L*(€, Sym*(IR%)).

Set X = L4(Q, Sym*(IR?)) N ker £+ which is, with the induced norm, a Banach space.
Choose ¢ > 0 such that

B;s(0) Cc {—divg | g e CgO(Q,Symk+1(Rd)), llglleo < 1} C X.
Such a § exists due to Lemma A.1. We test v with — div g where g is in the set
K1 = {g € C(Q, Sym* " (IRY)) | flglloo < 67", [ =divglla < 1}
which is obviously contained in

Ky = {g € C°(Q, Sym" ™ (IRY)) | [|glloo < 6}

Hence, by the fact that £(u) € M(Q, Sym*+1(IR?)) and density we get

sup (u, —divg) < sup (u, —divg) = sup (Eu, g) = 07 Y|Eul|am.
geK geK? g€CH(2,Sym*+1(IRY)),
llglloo <81

As can be seen by straightforward computation, {— divg ‘ g € K1} = B1(0) in X, so the
supremum on the left-hand side corresponds to the norm of u in X*, hence u can be ex-
tended to an element in X* (which we do not relabel). Now, X is a closed subspace in
LY(Q, Sym* (IR?)), so the Hahn-Banach theorem yields an extension v € L(Q, Sym*(IR%))* =
LY@=D(Q, Sym*(IRY)). In particular, v € L'(Q, Sym*(IR%)).

Interpreted as a distribution, u—v belongs to the kernel of £: For each g € C°(Q, Sym*+1(IR%))
we have

(u—wv, —divg) = (u —u, —divg) =0

since —divg € X. Consequently, u — v is a polynomial of degree less than k (see [5,
Proposition 3.3]) and in particular in L'(£2, Sym”*(IR%)). Finally, it follows that u = v +
(u —v) € LY, Sym*(IRY)), i.e., u € BD(£, Sym”*(IR%)). O
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