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A BALANCED ACCUMULATION SCHEME FOR PARALLEL

PDE SOLVERS

MANFRED LIEBMANN†, AUREL NEIC†, AND GUNDOLF HAASE†

Abstract. We present a load balancing technique for a boundary data ac-
cumulation algorithm for non-overlapping domain decompositions. The tech-

nique is used to speed up a parallel conjugate gradient algorithm with an alge-

braic multigrid preconditioner to solve a potential problem on an unstructured
tetrahedral finite element mesh. The optimized accumulation algorithm signif-

icantly improves the performance of the parallel solver and we show a nearly 50
percent runtime improvement over the standard approach in a benchmark run

with 48 MPI processes. The load balancing problem itself is a global optimiza-

tion problem that is solved approximately by local optimization algorithms in
parallel that require no communication during the optimization process.

1. Introduction

A typical parallel implementation of the finite element method using the do-
main decomposition approach requires the exchange of data on the domain bound-
aries in order to implement parallel linear algebra operations as building blocks
for Krylov-type algorithms [11]. Popular domain decomposition software packages
like METIS [8] produce well balanced domain decompositions with respect to the
number of finite elements per subdomain. This leads to well balanced parallel com-
putation times, which are usually proportional to the number of finite elements in
the subdomain. On the other hand the communication times are dependent on the
number of boundary elements of the subdomains. Although METIS minimizes the
global surface area of the boundaries, the boundary areas of the different subdo-
mains can still vary significantly. This fact leads to unbalanced MPI communica-
tion times and thus to a loss in parallel efficiency in boundary data accumulation
schemes. In this paper we present a parallel optimization scheme to globally reduce
imbalances in the MPI processes during the boundary data accumulation by reas-
signing the responsibilities for the data accumulation on the boundary vertices in
a balanced way. These imbalances furthermore counter code improvements based
on detailed latency and bandwidth analysis, see [1] as a related work regarding al-
gebraic multigrid. The reassignment introduces a unique master process for every
boundary vertex that is shared between different subdomains and thus is shared
between different MPI processes. The master process of a certain boundary vertex
is responsible for the collection of the data values from other processes, and for the
accumulation of these values, and the following redistribution of the accumulated
value. Balancing the number of vertices for all master processes is thus the main
goal of the redistribution process.

In Section 2 we present the problem statement and discuss the standard and
optimized accumulation algorithm. In Section 3 we state the optimization problem
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2 A BALANCED ACCUMULATION SCHEME FOR PARALLEL PDE SOLVERS

Figure 1. A discretized subdomain of the complex geometry used
for the benchmark [16]

for balancing the optimized accumulation algorithm and discuss the parallel im-
plementation of the algorithm. In Section 4 we introduce the benchmark problem
and discuss benchmark results for the standard and the optimized accumulation
algorithm in the context of a parallel conjugate gradient algorithm with algebraic
multigrid preconditioner for an elliptic partial differential equation. Section 5 con-
cludes with a discussion of the results.

2. Problem Statement

Let us consider a finite element simulation on a domain Ω ⊂ R3 that is repre-
sented by a three-dimensional tetrahedral mesh. For parallel processing we partition
the mesh into P ∈ N non-overlapping subdomains Ωp, p ∈ I := {p ∈ N : 1 ≤ p ≤ P}
using METIS [8].

Ω =

P⋃
p=1

Ωp (1)

Ωp ∩ Ωq = ∅, p, q ∈ I, p 6= q (2)

The subdomain boundaries are then naturally triangulated as shown in Figure 1
for our benchmark example and we define the boundary between two subdomains
as

Γp,q := Ωp ∩ Ωq, p, q ∈ I, p 6= q . (3)

We consider in this paper only non-overlapping finite element domain decomposi-
tions with uniquely distributed finite elements and duplicated subdomain boundary
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vertices [6, 7]. Nevertheless, these results also can be immediately applied to other
overlapping domain decompositions. In order to identify the set of vertices of the
triangulation on the subdomain boundaries we first define the vertex index set
Vp ⊂ N for the tetrahedral mesh that represents the subdomain Ωp, p ∈ I. Then

the index set of all vertices on Ω is given by

V =

P⋃
p=1

Vp (4)

and the vertex indices for the boundary Γp,q of two subdomains Ωp and Ωq can be
calculated as the intersection

Bp,q := Vp ∩ Vq, p, q ∈ I, p 6= q . (5)

The union of all boundary vertex indices of one subdomain Ωp is represented by
the index set

Bp :=

P⋃
q=1
q 6=p

Bp,q, p ∈ I (6)

and the index set of all vertices on subdomain boundaries on the domain Ω is the
union

B =

P⋃
p=1

Bp . (7)

Under the assumption of linear finite element shape functions data has to be ex-
changed between subdomains for parallel computations only for the vertices on the
subdomain boundaries [10]. Parallel finite element computations are typically set
up using MPI [5] processes where a single MPI process handles the data and com-
putations of a single subdomain. We assume for the simplicity of the presentation
only scalar values to be associated with each vertex on the domain Ω.

The accumulation process that has to be typically performed for parallel linear
algebra computations by all MPI processes involves the exchange of data values as-
sociated with vertices on the subdomain boundaries between MPI processes and the
accumulation of these data values for each boundary vertex by each MPI process.

The standard accumulation (STD) is presented in Algorithm 1, whereas Algo-
rithm 2 shows the optimized accumulation (OPT).

Algorithm 1 Standard Accumulation (STD)

MPI process p executes:
Require: Bp,q, fp, f̃p, g̃p

CopyToBuffer(fp, Bp,q, f̃p)

MPIAlltoall(f̃p, Bp,q, g̃p, Bp,q)
AccumulateInPlace(g̃p, Bp,q, fp)

Algorithm 2 Optimized Accumulation (OPT)

MPI process p executes:
Require: Sp,q, Rp,q, fp, g̃p

MPIAlltoall(fp, Sp,q, g̃p, Rp,q)
Accumulate(g̃p, Rp,q)
MPIAlltoall(g̃p, Rp,q, fp, Sp,q)
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Algorithm 1, the standard accumulation algorithm, requires on the MPI process
p ∈ I all boundary vertex index sets Bp,q, q ∈ I and the data vector fp, where

fp holds the data values for all vertices in Vp. Furthermore the vectors f̃p and g̃p
are temporary communication buffers. The tilde denotes the temporary nature of
these vectors. The first function call CopyToBuffer fills the MPI send communica-
tion buffer f̃p according to the boundary vertex index distribution Bp,q. The second

function call MPIAlltoall exchanges the the data values f̃p with other MPI processes
and fills the MPI receive communication buffer g̃p with data values from other MPI
processes. The third function call AccumulateInPlace directly adds all data values
received in g̃p to the components of the vector f with the corresponding bound-
ary vertex indices. Note that the data accumulation scheme can also be replaced
by more sophisticated data handling schemes like interpolation or smoothing of
boundary data [9], or the handling of Lagrange multipliers in Mortar methods [18]
or FETI/BETI methods [15].

One advantage of the standard accumulation algorithm is the fact that only
a single MPIAlltoall communication call is required. On the other hand there
are serious disadvantages with the standard approach. One is that the CopyTo-
Buffer function call creates an imbalance between the MPI processes due to the
fact that the boundary vertices are not evenly distributed over all MPI processes.
Furthermore the AccumulateInPlace function suffers from the same imbalance in
the boundary vertex distribution when it executes the in-place-accumulation. This
effect can be seen in Figure /reffig:cpuacc, which shows the CPU execution times
in seconds of the standard (STD) and optimized (OPT) accumulation algorithm
for 24 MPI processes for a typical benchmark run. As a further effect the collective
MPIAlltoall communication call is also slowed down due to imbalances as shown
in Figure 3. Overall the standard accumulation algorithm is slowed down by the
CopyToBuffer, AccumulateInPlace, and the MPIAlltoall function calls. Actually
filling the communication buffers takes significantly more time than the MPI com-
munication over a modern QDR-Infiniband network. The overall timing of the
standard accumulation algorithm is depicted in Figure 4.

Algorithm 2, the optimized accumulation algorithm, introduces several improve-
ments over the standard approach. First of all the communication pattern is
changed. Instead of exchanging data values with all processes that hold a spe-
cific boundary vertex the optimized approach introduces the concept of a master
process for each boundary vertex. Only the master process is responsible for the ac-
cumulation of the data values of a specific boundary vertex and the communication
with the other processes holding this specific boundary vertex. In the algorithm
this is reflected by the two MPIAlltoall communication calls with asymmetric send
and receive buffers. The send buffer configuration in the first MPIAlltoall call is
denoted as Sp,q and the receive buffer configuration is denoted as Rp,q. In the sec-
ond MPIAlltoall call the roles of the send and receive buffers are exchanged. The
Accumulate function accumulates the data values in-place within the buffer g̃p.
Thus the buffer acts as send and receive buffer for the MPIAlltoall communication
functions.

To achieve a highly balanced MPI communication as shown in Figure 3 it is
necessary to evenly distribute the boundary vertices to the master processes. This
leads to a global optimization problem that is stated in the next chapter. The main
advantage of the optimized accumulation algorithm is the one-to-one mapping of
a boundary vertex to a master process. This means that now the MPIAlltoall
communication function can directly use the data vector fp as a send and receive
buffer for the communication. Thus, no buffer copies are required and this is
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Figure 2. CPU execution times excluding MPI communication
times in seconds for the standard (STD) and the optimized (OPT)
accumulation algorithm for 24 MPI processes for the benchmark
example measured with Scalasca.
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Figure 3. MPI communication times for the standard (STD) and
the optimized (OPT) accumulation algorithm for 24 MPI processes
for the benchmark example measured with Scalasca.
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Figure 4. Total runtimes in seconds for the standard (STD) and
the optimized (OPT) accumulation algorithm for 24 MPI processes
for the benchmark example measured with Scalasca.

reflected in the huge relative CPU runtime advantage of the optimized accumulation
algorithm shown in Figure 2.

3. Optimization Problem

To state the optimization problem we first have to define the set of pairs of
connected boundary vertex indices and MPI process numbers.

Ep :=

P⋃
q=1

(Bp,q × {q}), p ∈ I (8)

The set Ep is thus the edge set of the directed graph that connects the set of
boundary vertex indices Bp on processor p ∈ I to the set of MPI process numbers
I. The adjacency matrix Rp of the directed graph is then defined by

Rp
i,j :=

{
1, (i, j) ∈ Ep

0, otherwise
, i ∈ Bp, j ∈ I . (9)

The goal of the global optimization algorithm is to assign in a balanced way a
master MPI process q ∈ I for every boundary vertex index in the global boundary
index set, v ∈ B, under the constraint (v, q) ∈ Eq. To obtain an efficient parallel
optimization algorithm we modify the optimization problem. First, every MPI
process selects a set of boundary vertex indices B̂p ⊂ Bp with a globally unique
criterion.

B̂p := {v ∈ Bp : p− 1 ≡ v − 1 mod P} (10)

Note that the modulo criterion does not require any communication between the
MPI processes for the vertex index selection to be unique. The corresponding
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restriction of the edge set Ep is given by

Êp :=
{

(v, q) ∈ Ep : v ∈ B̂p

}
, p ∈ I (11)

and the corresponding restriction of the adjacency matrix Rp is defined as

R̂p
i,j :=

{
1, (i, j) ∈ Êp

0, otherwise
, i ∈ B̂p, j ∈ I . (12)

Second, a local optimization algorithm is executed on every MPI process p ∈ I for
the boundary vertex index set B̂p again without communication. Third, after the
local optimization algorithms have finished on all MPI processes the master MPI
process distributions for the boundary vertex indices are exchanged between the
MPI processes. This is the only step in the parallel optimization algorithm that
requires communication.

To formulate the functional for the local optimization algorithm on MPI process
p ∈ I we have to define the target distribution n̄pq of the number of master MPI

processes q ∈ I assigned the boundary vertex index set B̂p. For this purpose we first
define the number of boundary vertex indices Np that fulfill the selection criterion
as the cardinality of the boundary vertex index set B̂p.

Np :=
∣∣∣B̂p

∣∣∣ (13)

Note that the distribution of the boundary vertex indices is unique and with the
global number of boundary vertex indices defined as N := |B| we get the relation

N =

P∑
p=1

Np . (14)

We choose as target distribution for the number of master processes the approxi-
mate uniform distribution

n̄pq :=

⌊
νpqN

p +Np

P

⌋
−
⌊
νpqN

p

P

⌋
, p, q ∈ I (15)

with the shift function defined as

νpq := q + p− 2 mod P, p, q ∈ I . (16)

The purpose of the shift function is to distribute the remainder of the integer
division Np/P more evenly across all MPI processes. Note that for the uniform
distribution holds

n̄pq ∈
{⌊

Np

P

⌋
,

⌊
Np

P

⌋
+ 1

}
, q, p ∈ I (17)

and

Np =

P∑
q=1

n̄pq , p ∈ I . (18)

Although, more important is the sum over the distribution n̄pq with respect to all
MPI processes p ∈ I.

Nq :=

P∑
p=1

n̄pq , q ∈ I (19)

Our main goal of the optimization process is to balance Nq, the number of boundary
vertex indices a MPI process q ∈ I is responsible for in the optimized accumulation
algorithm. Since every MPI process locally optimizes towards an approximate
uniform master distribution, the sum of these distributions is again an approximate
uniform distribution, as desired. The implementation of the shift function avoids
the accumulation of the remainders of the integer division Np/P on a single MPI
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process. Without the shift the last MPI process p = P would always get a remainder
contribution and thus would distort the desired uniform distribution. In any case
the global optimization target is consistent due to the fact that

N =

P∑
q=1

Nq . (20)

Define the master set Mp ⊂ B̂p × I, p ∈ I as all pairs of corresponding bound-
ary vertex indices and master MPI process numbers. The master MPI process
distribution for the master set Mp is then given by

npq :=
∣∣∣{v ∈ B̂p : (v, q) ∈Mp

}∣∣∣ , p, q ∈ I . (21)

With these definitions we can finally define the local functional for the optimiza-
tion problem.

Jp =

P∑
q=1

(
npq − n̄pq

)2
, p ∈ I (22)

The quadratic functional measures the deviation of the master distribution
npq , q, p ∈ I from the approximate uniform distribution n̄pq , q, p ∈ I. The global
functional is defined as the sum over the local functionals.

J =

P∑
p=1

Jp (23)

Algorithm 3 Optimization algorithm (SIM)

MPI process p executes:
Require: n̄p, rp, cp, dp, K; lp, np, mp

for j = 1→ Np do
lpj ← (231 − 1) ∗ j mod cpj
b← rp

dp
j+lpj

mp
j ← b

npb ← npb + 1
end for
Jp ←

∑P
q=1

(
npq − n̄pq

)2
k ← 1
while Jp 6= 0 ∧ k ≤ K do
for j = 1→ Np do
lpj ← lpj + 1 mod cpj
a← mp

j

b← rp
dp
j+lpj

if (npa − n̄pa)− (npb − n̄
p
b) ≥ 1 then

mp
j ← b

npb ← npb + 1
npa ← npa − 1
Jp ← Jp + 2 [1− (npa − n̄pa) + (npb − n̄

p
b)]

end if
end for
k ← k + 1

end while
return mp, Jp
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The local optimization algorithm (SIM) that executes on MPI process p ∈ I,
shown in Algorithm 3, implements a randomized local search strategy inspired by
the simulated annealing approach [17, 3]. The input parameters are the vector
of the local approximate uniform distribution n̄p ∈ NP , the three vectors of the
compressed row storage (CRS) representation of the restricted adjacency matrix

R̂p, where rp ∈ I |Êp| is the vector of the column indices, cp ∈ NNp

is the vector
of the number of non-zero elements per row, and dp ∈ NNp

is the vector of the
one-based displacements to the beginning of the matrix rows in the vector rp. The
integer K ∈ N is the iteration limit. The temporary vector lp ∈ NNp

stores the
current positions of the master MPI process number in the CRS data structure
for the round robin update and the temporary vector np ∈ NP stores the current
master distribution. The output vector mp ∈ IN

p

is the master MPI process
number distribution for the boundary vertex set B̂p and the value of the functional
Jp.

The algorithm starts with a pseudo-random initialization of the master distri-
bution np and the calculation of the initial functional Jp. The algorithm then
proceeds with local updates of the master distribution until the functional is zero,
or a maximum number of iterations has been reached. In every iteration step a
new master is selected from the set of master nodes for the given boundary vertex
index v ∈ B̂p in a round robin fashion. If the master MPI process number changes
from a to b, then npa will be decremented by one and npb will be incremented by one
and the functional changes according to

Jp
new − J

p
old = (npa − 1− n̄pa)2 + (npb + 1− n̄pb)2

− (npa − n̄pa)2 − (npb − n̄
p
b)2

= 2 (1− (npa − n̄pa) + (npb − n̄
p
b)) . (24)

To decide if the change will be accepted we use the criterion Jp
new − J

p
old ≤ 0, or

equivalently

(npa − n̄pa)− (npb − n̄
p
b) ≥ 1 . (25)

This criterion allows changes that keep the functional constant and thus prevents
the optimization process to get stuck prematurely in a local minimum.

4. Benchmark

To validate the performance of the standard and optimized accumulation algo-
rithms we solve an elliptic PDE, discretized with linear tetrahedral finite elements,
that describes the electric potential on the rabbit heart [13, 14] shown in Figure 5,
with a parallel conjugate gradient algorithm with algebraic multigrid preconditioner
(PCG-AMG). The parallel algebraic multigrid (AMG) solver uses a simple agglom-
eration based setup scheme and implements a V-cycle with a single Jacobi pre- and
post-smoothing step [2, 16, 10].

The setup of the finite element simulation for the electric potential problem on
cardiac tissue

−∇ · (σ∇u) = f, in Ω (26)

u = g, on ∂Ω (27)

was done with the cardiac arrhythmia research package (CARP) [12]. The tetrahe-
dral mesh of the simulation domain Ω, which represents the geometry of a simplified
model of a rabbit heart, contains 5,082,272 elements and 862,515 vertices. For more
details on the original problem setting and its solution we refer the reader to [13, 14].

The benchmark runs were performed with 6, 12, 24, and 48 processor cores on
the Mephisto cluster. The cluster contains five compute nodes with two six-core
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Figure 5. Image of the TBunnyC finite element mesh provided
by G. Plank

Table 1. Total runtimes in seconds and parallel efficiency for the
PCG-AMG solver for two linear solves.

Runtime Efficiency
Processors OPT STD OPT STD

6 2.38 2.40 1.00 1.00
12 1.22 1.24 0.97 0.97
24 0.69 0.77 0.86 0.78
48 0.57 0.84 0.52 0.36

Table 2. MPI communication times in seconds for the standard
(STD) and optimized (OPT) accumulation algorithms measured
with Scalasca.

OPT STD
Processors min mean max min mean max

6 0.03 0.05 0.06 0.02 0.07 0.08
12 0.04 0.05 0.06 0.03 0.06 0.14
24 0.09 0.11 0.12 0.10 0.15 0.21
48 0.27 0.27 0.28 0.52 0.53 0.58

Intel Xeon X5650 CPUs running at 2.67 GHz and 96 GB RAM per node and is
connected with a Mellanox 40 Gb/s QDR-Infiniband network.

In our benchmarks we measured the total runtime of two consecutive PCG-
AMG solver runs with a relative accuracy goal of 10−12 with a different number
of processors and compute nodes. The total runtimes and parallel efficiency with
respect to strong scaling are given in Table 1. The difference in the setup times
for the PCG-AMG solver with respect to the standard and optimized accumulation
algorithm turned out to be negligible. The setup of the parallel communication
including the optimized accumulation algorithm is only about 10 percent slower
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Table 3. Computed values of the functional J for different levels
of the AMG algorithm and different numbers of processors.

Processors
Level 6 12 24 48

1 0 0 4 146
2 0 0 10 168
3 0 2 14 372
4 0 12 70 420
5 0 12 88 262
6 0 4 38 82
7 0 2 16 18
8 0 0 6 8
9 0 0 2 4
10 0 2 2

than the standard approach. While the parallel communication setup itself takes
only about one percent of the total PCG-AMG setup time. Table 1 shows that
the parallel efficiency of the PCG-AMG solver with the optimized accumulation
algorithm is significantly improved. With 48 processors the performance advantage
of the PCG-AMG solver with the optimized accumulation algorithm manifests in
a speedup of 47 percent. Table 2 contains the minimum, maximum and average
MPI communication time of both accumulation algorithms. The OPT algorithm
outperforms STD with a significantly reduced average communication time as well
as smaller deviations.

For the detailed performance analysis shown in the Figures 2, 3, 4 we used the
parallel profiling software Scalasca [4, 19]. Although Scalasca provides a detailed
view of many aspects of a parallel program, the instrumentation introduces a certain
overhead that leads to increased runtimes. In this light the time measurements with
Scalasca cannot be directly compared to the runtimes of optimized code.

Figure 2 shows the CPU execution times excluding the MPI communication
times for the standard and optimized accumulation algorithms for 24 MPI pro-
cesses. It is clearly visible that the standard accumulation algorithm suffers from
the unbalanced boundary vertex distribution with huge fluctuations in the CPU
runtimes across all MPI processes, while the optimized algorithm is extremely well
balanced. In Figure 3 only the MPI communication times are shown for the two
accumulation algorithms. Again for the standard algorithm the fluctuations in the
MPI communication times are more pronounced compared to the optimized algo-
rithms. It is not possible to perfectly balance the MPI communication, because
the number of boundary vertices in a subdomain cannot be changed, and thus the
amount of data that has to be exchanged varies across all MPI processes. Still,
for the standard algorithm the imbalances in the CPU execution times amplify the
imbalances in the collective MPI communication routines. Finally, Figure 4 shows
the total runtimes of the accumulation routines for all MPI processes. The opti-
mized accumulation algorithm is overall about three times faster than the standard
accumulation algorithm.

As a last topic we look at the performance of the optimization algorithm in
the context of the algebraic multigrid preconditioner with respect to the value of
the functional J on different multigrid levels. Table 3 gives an overview of the
effectiveness of the optimization algorithm on different multigrid levels and for
different numbers of processors. Interestingly, for 6 processors the optimization



12 A BALANCED ACCUMULATION SCHEME FOR PARALLEL PDE SOLVERS

Table 4. The global number of boundary vertices for different
levels of the AMG algorithm and different numbers of processors.

Processors
Level 6 12 24 48

1 29461 44581 62756 83738
2 14003 20948 29225 38326
3 4721 6874 9305 11609
4 1285 1793 2180 2413
5 306 347 358 360
6 60 61 65 58
7 15 13 14 12
8 5 5 4 5
9 2 1 2 2
10 1 1 1

Table 5. The global sum of all local boundary vertices for differ-
ent levels of the AMG algorithm and different numbers of proces-
sors.

Processors
Level 6 12 24 48

1 59482 90475 128241 172715
2 28746 43686 62218 83765
3 10068 15243 21725 29178
4 2990 4631 6470 8827
5 885 1347 1994 2953
6 268 452 793 1196
7 88 145 286 497
8 30 60 90 240
9 12 12 48 96
10 6 24 48

algorithm always attains the global minimum. The effectiveness slightly decreases
with an increasing number of processors. Still, compared to the global number of
boundary vertices N = |B| given in Table 4 or the global sum of the local boundary

vertices M :=
∑P

p=1 |Bp| given in Table 5 the deviation from the global minimum
is small. Furthermore, Table 6 gives the average number of MPI processes sharing
a boundary vertex.

5. Discussion

In the presented work we show that in the context of parallel linear algebra algo-
rithms, imbalanced subdomain boundary areas can induce not only imbalances in
the computational load across MPI processes during the boundary data accumula-
tion, but also can cause additional waiting times for collective MPI communication
routines. We discuss a standard and an optimized accumulation algorithm, while
the latter introduces balanced sets of master MPI processes for the boundary vet-
rices, that are used for the boundary data accumulation. Furthermore we present
a parallel optimization algorithm for the master MPI process selection and show
the effectiveness of the algorithm in a PCG-AMG solver benchmark for an elliptic
model problem. The Parallel benchmarks also show that the optimization algorithm
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Table 6. The average number of processors sharing a boundary
vertex for different levels of the AMG algorithm and different num-
bers of processors.

Processors
Level 6 12 24 48

1 2.02 2.03 2.04 2.06
2 2.05 2.09 2.13 2.19
3 2.13 2.22 2.33 2.51
4 2.33 2.58 2.97 3.66
5 2.89 3.88 5.57 8.20
6 4.47 7.41 12.20 20.62
7 5.87 11.15 20.43 41.42
8 6.00 12.00 22.50 48.00
9 6.00 12.00 24.00 48.00
10 6.00 24.00 48.00

does not have a significant impact on the solver setup time, while the runtime for
the optimized accumulation routine is significantly reduced, leading to a nearly 50
percent runtime improvement of the PCG-AMG solver benchmark with 48 MPI
processes, compared to the standard approach.

The research was supported by the Austrian Science Fund FWF project SFB
F032 ”Mathematical Optimization and Applications in Biomedical Sciences”.
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