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OPTIMAL CONTROL FOR ELLIPTIC SYSTEMS WITH
POINTWISE EUCLIDEAN NORM CONSTRAINTS ON THE
CONTROLS

KARL KUNISCH AND XILIANG LU

ABsTrRACT. Optimal control for an elliptic system with pointwise Euclidean
norm constraints on the control variables is investigated. First order optimality
conditions are derived in a manner that is amenable for numerical realisation.
An efficient semismooth Newton algorithm is proposed based on this optimality
system. Numerical examples are given to validate the superlinear convergence
of the semismooth Newton algorithm.

AMS Subject 49M15, 65J15

1. INTRODUCTION

Optimal control problems with control constraints and their numerical realiza-
tion have been studied intensively in recent papers, see e.g. [4, 5, 6, 7, 12, 15, 1§]
and the references cited there. In most previous discussions, the control constraints
are taken as simple constraints (e.g unilateral or bilateral constraints). For sys-
tems with vector-valued controls the constraints on the controls may have more
complicated structure. In [19, 20, 21] first order necessary and second order suffi-
cient optimality conditions for general convex constraints are obtained. In [20] a
numerical procedure is proposed which, however, does not concretely exploit the
structure of the constraint set and for which no convergence analysis is given. In
[141] an abstract semismooth Newton approach is investigated that is applicable for
constraints on vector-valued controls. The detailed realization in that paper is also
carried out for pointwise constraints on the components of the control vector. In
[11] and [9] semismooth Newton methods are investigated for affine constraints and
for constraints with convex polygonal type.

In this paper we focus on the investigation of the semismooth Newton approach
for pointwise Euclidean norm constraints (i.e., @(x) € K, where K is an ellipse)
on the control variables. We provide a convergence analysis in function spaces
and demonstrate that the numerical behavior is in accordance with the theory.
In the context of partial differential equations, which we have in mind here, vec-
tor valued controls arise, in optimal control involving systems of equations as for
instance in the context of the incompressible Stokes equations or the elasticity equa-
tions, where the control acts as external force which is bounded in its magnitude.
Here we consider linear systems of equations. To treat nonlinear systems with the

Key words and phrases. optimal control, control constraints, semismooth Newton method,
nonlinear constraint.
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2 KARL KUNISCH AND XILIANG LU

proposed techniques one can either apply a sequential quadratic programming pro-
cedure with an outer loop, within which the nonlinear differential equations are
replaced by linearized ones, or one treats the nonlinear system simultaneously with
the non-differentiable constraint. The analysis of this extension is conceptually
quite straightforward and involves primarily regularity theory of partial differential
equations.

Let us also recall that quadratic problems with Euclidean norm constraints on
the optimization variables arise as auxiliary problems in trust-region methods, see
e.g. |2] for the finite- and [17] for the infinite dimensional cases. The focus in this
context lies in the succinct update of the trust region radius and efficient suboptimal
solutions to the auxiliary problems.

For optimal control problem with unilateral or bilateral control constraints,
semismooth Newton method have been proved to be an efficient, locally super-
linearly convergent technique. In [5, 7] an algebraic manipulation linking a pa-
rameter of the complementarity system to the weight of the control cost, denoted
by a below, was the key technical step for proving superlinear convergence of the
semismooth Newton method. Here we cannot rely on this technique, but rather
we have to express the complementarity system in a manner which lends itself to
verify semismoothness in appropriately chosen function spaces.

Let 2 be an open bounded domain in R™, for n = 2 or 3 with smooth boundary
0. We choose a quadratic tracking type cost functional

I a
J(Z/:”) = 5”2/ - yd||2 + §||Eu||27

where « is a positive constant and the target function 7 € (L%(€2))™. The control
variable @ has support in a sub-domain Q C Q, and the operator F : (L*(Q))™
(L?(2))™ denotes the extension-by-zero operator. The state and control variables
satisfy an elliptic system with zero Dirichlet boundary condition:

(1.1) Aij = Ei,

where the vectors i and « have m-components and the elliptic operator A is a
bounded linear operator (H})™ ~ (H~1)™. Moreover, we assume that for v €
(L2(2))™ we have A~ 1v € (H}(Q))™N(H?(2))™ and for a constant C, independent
of v

(1.2) 1A oll2 < O],

where || ||2 denotes the norm on the vector - valued H?({2) space. Further notation
will be specified below. The optimal control problem is given by

Problem 1.1.
min J(7,@), such that equations (1.1) hold and|Bii(x) — b < 1, a.e. in Q.

The m x m matrix B is invertible, bisa given vector in R™, and |- | denotes the
Euclidean norm in R™. This model problem is in the linear-quadratic form, but
let us recall such problems also arise as the auxiliary problems in the sequential-
quadratic programming approach to genuinely nonlinear optimal control problems.

The paper is organized as follows. The optimality system is derived in section
2. In section 3, we focus on a special case, where Q = Q, B = I and b=0to
avoid some tedious notations. For this case, we give the details of super-linear
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convergence for a semismooth Newton algorithm. In section 4, we point out that
our results can be generalized in several directions, i.e., for a general subdomain
Q, a general invertible matrix B and translation vector b. In the last section 9,
numerical examples are given to depict the efficiency for the semismooth Newton
Algorithm.

We use standard notation for the Sobolev spaces W™P(2) and H"(2),r € N, 1 <

p < 00, and simplify the expression for the norm of elements in H" as || |, = || f|| g~
and ||f|| = || f]lzz. If the domain is not specified it is considered as 2. The vector
function

Ze (WhP(Q))™ = WP (Q,R™)

if and only if each coordinate of 7' is an element in W"P(Q2). We use (-, ) as inner
product in L?*(Q) (for scalar functions) or (L?(€2))™ (for vector functions). We
recall that H2({)) embeds continuously into C(£2) since n < 3 by assumption.

2. OPTIMALITY SYSTEM

We define the closed convex set K, in R™ by
K = {7 € R™,|B¥ - b| < 1},
and the subset K in (L2(Q))™ by
(2.1) K ={i e (L*(Q))™ : 4(x) € Kp,a.e. in Q}.

It is clear that K is a bounded convex closed cone in (L2(Q))™. By solving the
governing equation, we find the control to state mapping T : (L?(2))™ — (L*)™,
7 = T has form i = A~'Ei. Hence the cost functional J(¥, %) can equivalently
be represented as

J(@) = J(Td, i),

and Problem 1.1 can be rewritten in the following equivalent way:

(2.2) gél}l; J(@).

Theorem 2.1. There exists a unique solution (§*,d*) for Problem 1.1.

Proof. We consider its equivalent form (2.2). It can be checked that J is a lower
semi-continuous convex functional in (L?(Q))™. Since K is bounded, closed and
convex subset of (L?(Q))™, standard arguments imply the existence of an optimal
solution, and strict convexity implies its uniqueness. (Il

Next we will establish the optimality system. Since the reduced cost functional
@ +— J(u) is quadratic and uniformly convex, the necessary and sufficient optimality
condition can be written as

i eK, (J(@*),i-a")>0, Vielk.
It can be equivalently written as

(2.3) i = P (@* — 0J'(@")),
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where 6 is any positive constant and P is the projection operator from (L?(Q))™
to K. By virtue of the definition of projection operator, we find that (2.3) can be
put into pointwise projection form (see also Lemma 2.2 in [9]):

(2.4) i*(x) = P(@*(x) — 0J' (@*)(x)), a.e.in Q.
Here P is the projection operator onto K, in R™. Since j(ﬂ*) = %HT@* —gall* +
S| Eu*|]?, we have

J'(@*) = T*(T@* — 1) + «E*Ed* = E*A™*(§" — §4) + odl*,

where we use that i* = T@*, E* is a restriction operator from (L?(Q2))™ to

(L2(Q))™ and hence E*E is identity operator on (L2(Q))™. Let p* = —A~*(§* —74)
and choose § = X in (2.4). Then
(2.5) @*(x) = P(LE*p"(x)), a.e. in Q.

It remains to characterize the projection P in R™ explicitly. By definition, for any
given vector ¥ € R™, if ¥ € K,,, , then P(¥) = ¢. Otherwise, |[BP(¥) —b| =1 and
the vector ¥ — P(¥) points to the outer normal direction of the tangent space to
K,, at P(?), or equivalently, we can find a positive number n = n(z), s.t.,

(2.6) 7 — P(3) = n(BT (BP(7) - b)).

Using the above explicit expression of P, equation (2.4) can be written equivalently
in complementary form by introducing a Lagrange multiplier-like function A*(x):

(2.7) E*p* (x) = aii* (x) + A (x) BT (Ba*(x) — b),

(2.8) A (x) >0, |Bi*(x) — b <1, \*(x) - (| Ba*(x) —b| — 1) = 0.

This system holds a.e. in Q. Combing the definitions of the control to state mapping
and of the dual variable p*, and the complementary equations (2.7) - (2.8), we have:

Theorem 2.2. The optimality system for Problem 1.1 is given by

Primal equation Ay* = Eu*,
Adjoint equation Np* =gy — i,

Optimality condition E*p* = aii* + \*BT(Ba@* — b),

A >0, [B@* —b| <1, \* - (|[B@* —b| —1) =0,

where the optimality condition is understood in the a.e. pointwise sense, and \* €

L>(Q). Moreover, the solution of the optimality system is unique.

Proof. The optimality system have already been shown in previous discussion. To

argue that A\* € L>(Q) we first note that A* = 0 on the complement of the active
set

(2.10) A={xeQ:|Bi*(x)—bl =1}.
Moreover from the third equation in (2.9) we deduce that
(211) (E*p*(x))7 (@ (x) — B~'b) = ai* (x)7 (@*(x) — B~'b) + A*(x) for x € A.

Since @* € (L>°(9))™ and p* e (H*(Q))™ < (L®)™ for n < 3, we have \* €
L>(A) and hence \* € L>=(9Q).
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Due to the strict convexity of this optimization problem, the first order optimality
system is also sufficient. Then by the uniqueness of optimal pair (@*,*), we find
the optimal adjoint state p* is also unique. Moreover, the above argument shows
the Lagrange multiplier A* has an explicit form:

) — { 0 xeQ\A
(E*p*(x) — au*(x))T (@*(x) — B~'b) x € A.

Therefore the solution to the Lagrange multiplier is also unique. O

Remark 2.3. The projection representation for the optimality condition was stud-
ied in earlier papers, see e.g. [19, 21]. Theorem 2.2 expresses the fact that the op-
timality condition in our Euclidean norm constraint case can be reformulated as a
complementary condition. Later discussion will show that this optimality condition
is equivalent to a nonlinear equation.

From now to the end of section 3, we will focus on a special case, i.e., Q = Q,
B =1 and b = 0. Extensions will be considered in Section 4. In this case, one can
observe for any nonzero vector ¢ in R™, its projection P(¥) is collinear to itself.
Therefore, we have

—

U
2.12 Pi@)= ————.
(2.12) @) max(1,|v])

The optimality condition for the special case reads

" P(x)
pr(x) = —F——-—.
) = (GO
Setting 5*(x) = max(q, [p*(x)|), the complementary condition in (2.9) is replaced
by a nonlinear equation and the whole optimality system is given by:

AF =,

T (x) = P(

Q |=

(2.13) ANP* =G — ",
pr =g, B =max(a, [p"]).

From this optimality system, we deduce that the optimal solution (§*, @*) enjoys
additional regularity. This is important to prove superlinear convergence of the
semismooth Newton algorithm in the next section.

Corollary 2.4. Given §; € (L*)™, the optimal solution satisfies @* € (W1P)™,
where p =6 forn =3, and p < oo for n =2 with Q@ C R™.

Proof. Let the index p = 6 for n = 3 and p < oo for n = 2. From the second
equation in (2.9) and since ¥, %; € (L?)™, and by the Sobolev embedding theorem
(c.f. Theorem 4.31 in [1]), we have

prE (H(Q))™ = (WH(Q)™ = (C()™.

This implies that |[p*| € C(Q) and f* = max(q, [p*]) € C(Q2). Therefore 4* = f;:* €
C () as well. To check that the derivative is in L?, we define two subsets of Q2 by

m;ﬂxeﬂﬂﬁ@ﬂ>%h Oy = {xe€Q:px)| <al.
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Thanks to |[p*| € C(£2), these two set ;, i = 1,2 are open. In 2, we have
P Vp*
p*[?

ﬂr.vﬁ*p —akpoo
[ = [ TSR P [ g <o
N o, |PF*P (5)% Ja,

This implies that [p*| € W1P(Q). By max(0,-) : WP s WP (see Corollary 6.18
in [10]), and the third equation in (2.9), we obtain 8* € W?(;). On the other
hand, 8* = a in Q5. Since ;, i = 1,2 are two open sets, with ; N Qs # O,
dist (991, 90) > 0 and Q5 UQy = Q we find

B* e WHP(Q, UQy) = WhHP(Q).

VIp| =

Therefore

Using @* = ,Z,:;, we find

y S
[ vy = gy e

op—1 * poo op—1 _‘poo
< Wl f |+ E Bl g 9| < oo,

where the tensor product (- ® -) for two column vectors is defined by

P < 20 [ (BRI + [p* @ VB[P)

(2.14) ’171 ® 172 = 171’[75

Therefore @* € (WhHP)m, O
As a consequence of Corollary 2.4 under additional regularity assumptions on

the operator A (e.g. that its coefficients are C%1(£2)) and on the boundary of

(e.g. that 9 is of class C?!) the optimal solution enjoys the additional regularity
g e (Wapym,

3. SEMISMOOTH NEWTON ALGORITHM

We will use a semismooth Newton method to solve the nonlinear system (2.13).
First ¢* can be replaced by 4. Let 2 = (¥, P, 0)t, and

Aj-5
(3-1) F(z)=| ANP+9—da :
B — max(«, |p])

where max(a, |p]) is defined pointwise. Associated to p define the active set and
inactive set as

(3-2) A={x:p(x)[>a}, T={x:[pKx)|<a}.

The active set we defined here is different from the previous definition (2.10) which
was used to in proof of Theorem 2.2. The Newton derivative of F' at x can be
written as follows, see e.g. [7]

1
B
(3-3) DyF(x) = A ;

0 —%XA I

A —
1

o T
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where x4 is a characteristic function. Now we introduce the semismooth Newton

iteration from x* to x*t1. Define the active sets and inactive sets at iterative level
k as
(3.4) Al = {x: |ﬁk(x)\ > al, T+ = {x: |]3'k(x)| < a}.

Then the Newton step
DnF(zF) (a1 — 2F) = —F(a®)

is equivalent to the system of equations,

&
Agk—H = gikﬁk-i_l + (;k)z (ﬁk - Bk—H),
(3-5) ARt = gy — g,
e k41
81 = g+ B

Existence of solution to (3.5) under the assumption that (8%, 5*) is sufficiently close

to (8*,p*) will be argued in Theorem 3.5 below.
We give the semismooth Newton algorithm in Algorithm 1. Step 4 ensures that
B* > «a, and hence the right hand side of first equation in (3.5) is well-defined.

Algorithm 1 Semismooth Newton Algorithm

1: Set k=0, initialize p°, 8° > 0.

2: Let AF = {x: |p*| > a}, IF = {x: |p*| < a}.
3: Solve (g**1 p**1 gE+1) from system (3.5).
4: Replace ! by max(a, BF*1).

5: stop or update k = k + 1, and go to 2.

Next we will prove the superlinear convergence of Algorithm 1. For this purpose
we introduce

(j.vq_kv’yk) = (:ljk7pkaﬁk) - (gﬁkvﬁ*vﬁ*)
This quantity satisfies the error equation

% 1 ko
AT+ = 56*‘17[% _ﬁ*’yk + 4(,;;)2 ('Yk — ’7k+1),
(3.6) A*@htt = —Zh+1
ko k1
ARl — P \;g’cl Xar + RF,
where
S

e P -q
Rk = max(a, |ﬁk|) - max(a, |p |) - |251€| XAk -

By the chain rule, p — max(«, |p]) is Newton differentiable from L to LP, for any
1 <p<oo (cf [7]), and Dy max(e, [p]) = f5xa. Hence

IR ||e = o(llg* | 2=)-
Let us briefly outline the following arguments. We start with the technical Lemma
3.1. The Newton iteration (3.5) which is suggested by the structure of the error
equation (3.6). Then in Lemmas 3.2 and 3.3 it is verified that the assumption
of Lemma 3.1 are applicable for (3.6) so that we obtain the appropriate a-priori
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estimate which allows us to prove wellposedness and superlinear convergence in
Theorem 3.5.

Lemma 3.1. Consider the elliptic system with zero Dirichlet boundary condition
as

(3-7) L.
ANG=—-Z.

Let A be a nonnegative linear operator in L((L*)™,(L*)™), i.e. (§,Ad) > 0, for
all § € (L*(Q))™, and let B € L((L?)™,(L*)™) be a perturbation operator which
satisfies |(7, BY)| < 5= |ql|3~, where k is a constant such that

(3-8) lull® + fJuli~ < sllA™l®,  ¥Yu e H? N Hy.

{ AZ=(A+ B)j+h,

Then system (3.7) has a unique solution (Z,q) for any h € (L?(Q))™, and we have
the a-priori estimate

(3-9) Ill2 + [I2]] < Clil],
for a constant C independent of h.

Proof. We only need to check inequality (3.9), the existence being guaranteed by
the Fredholm alternative (c.f. Theorem 5.11 in [3] ). Taking the inner product of
(3.7) with ¢ we have

(AZ, Q) + (B, @) + (h.§) = (AZ,9) = — | A*q)1%,

and hence

IA* T+ (AZ, ) = ~(Bi+h,d) < o= i3 + 2 RI2 4= 12 < S IA* 725 1)1
’ T ok 2 2K -2 2

Together with ||7]|2 < C||A*q]|, this gives estimate (3.9). O

We now return to the error equation. From the first and third equations of (3.6),
we have

(3.10) )
1 1 ﬁk - ght1 ,yk ,Yk .

AT = 1§ — o | s + RY ) 5 it - ot | = MR R,
B ge\ I LR

where, using v* = gF — g*, ¢* = p* — p*,

(3.11) B
1 1 p*@p 1 yk RF

MF = = X | B = BT —A"p) = ")

g\ 7 \ g )= 5

1 1 1 1 5 @ pk
(a2) M= (I - H(ﬁ")m) L (B*”H(p“*)mk - W’m>,

Dk Ek

where

[P~

EEr it >0,
Omsxm i p* =0.
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Lemma 3.2. If 3% > «, then D* is a nonnegative operator in L((L?)™, (L*)™),
i.e. (¢, D*q) >0 for all ¢ € (L?(Q))™. Moreover if ||p* — p* ||z + 8% — B*|I11 <,
for sufficient small €, then we have

. 1
(313) @ B < 5l

Proof. We first check that DF is nonnegative. From the optimality system (2.9),
we find p* = 0 & ¢* = 0. Then defining

Z = {x:[p"(x)] >0},

we have

o3 e 3

1 N 1 p*®p uF Ut
3-14 jHP XA = 27 T XZXAF = —o
Baa) P P = g XX = T

XzZXAk,a-€. in .

Hence for any ¢ € (L?)™, we obtain

o S q qg u*eur
(%Dk@ = ((L @) - (@7 WXZXA“I)-

Let @ = —L and compute
/ﬂk

= —%\2

@0t = it - [

Xz Xardz > ||u]* - / |w|?|i* |dx > 0.

The last step is due to the constraint |@*| < 1. Next we check that E* satisfies
(3-13). By (3.14),

EY = ! pﬂki(gﬁkXzXAfv—71 pL@kaAk
pEB* || (BF)2 [P
B 1 p*ep 1 pFoph 1 pFeph
O\ B BRI ) TR ] AN
B (\ﬁ’“l—\ﬁ*l)ﬁ*@ﬁ*x AH(ﬁ’“—ﬂ*)ﬁ*@ﬁ*X AH(ﬁ*—*’“)@ﬁ*X P
- * Z 4 - Z T oo XZ
Bk 3+ % ||p* | " (BF)2 8+ (5| " (BF)2|p%| "
Ny No N3
+ﬁ’“®(ﬁ"fﬁ*)x 1 ﬁ*@ﬁ*x
T kol XZNAR T T oo T 1 XAF\Z>
(B%)2|p*| a (B*)2 |p*] \
N4 N5
hence

(@, E*q)] < (@, Ni@)| + (@, N2@)| + (@, N3@)| + |(7. Na@)| + (7. Ns )|
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‘We need to estimate each term:

(19" — p*) || 1
(@, N1q)| < */ |7~k‘|‘ﬂ2szAkdx < gllﬁ*\lm\\ﬁ’“ =PIl < Celldli,

. D C
(¢, N2q)| <3 [l 1% = B*||q1*x znarda < gllﬁ*\\%ml\ﬂ’“ — B 1177~ < Cell @l

o [p*

p"—p)Ip 1
@ Nsd| < / 0P PO sy e < 15 a5 = 7 < el

Pt —p)Ip 1 .
@l [ w\cﬂ%mm < Sl — Il < el

— 1 —g
@Ned] < oy [ M 2de < 17 = 7 s | < el
The last inequality follows from the fact:
7o k€ AR\ Z.
If € is sufficiently small, we obtain (3.13). O

Lemma 3.3. Let 8% > o, and ||p* — p*||pa + ||B¥ — B* ||+ < €, then for sufficiently
small €, we have |h*| = o(e).

Proof. Recall the definition (3.11),
LA o BF
hk—k( (B¢ —~+"p) - 6kp>

[Ehith
and v* = g% — 3*. Then

k
(”T)Qq*n <
()2
< >2

1
a7 s = ofe),

1 —k
< 17 e ¥l = o(e),

1
I (/3k)2p ) < 2 5% | Lal| R || 4 = o(e),
which completes the estimate. 0

Remark 3.4. Since Q) is bounded domain, the assumption ||p* — p*||z+ + ||BF —
B*||lLe < € is stronger than the assumption in Lemma 3.2, and this technical as-
sumption will be used to prove superlinear convergence.

Now we move to our convergence result for the semismooth Newton method.

Theorem 3.5. Superlinear convergence for Algorithm 1.
IfFIB% — B*||pe + [IP* — p* ||+ < € and € > 0 is sufficiently small, then the Newton
iteration in Algorithm 1 is well defined and ||B*+1 — B*|| 11 + ||p P~ P |loo = 0(€).

Proof. To prove local wellposedness of the Newton step (3.5), we will use the er-
ror equation (3.6). Substituting v¥*1 into the first equations in (3.6), we obtain
equation (3.10). Let

=A, E'=B, =z t'=¢g h"=h

where D¥ E* and h* are defined in (3.12) and (3.11). By Lemma 3.2, it is noticed
that D* and E* satisfy the conditions in Lemma 3.1. Therefore, by Lemma 3.1, the
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error equation (3.6) admits a unique solution if € is sufficiently small. This implies
that (3.5) admits a unique solution (F*+1, gF*1, B¥+1) if || 8% — 5*|| La + ||p* — P || 1+
is sufficiently small.

We next argue superlinear convergence. Combining Lemma 3.1 and Lemma 3.3
we have

175 = 5"ll2 + 174 = 7 < ClIR"|| = ofe).

In particular this also implies that |[p**! — 5*|| L~ = o(¢). Then we notice that
k41 gt k ot 1 k
13441 = Blls < I e + 1M s < U = 7 s + 141 = of)

Thanks to 8* > «, the projection step does not increase error, i.e.

|85 (x) — B*(x)| = |max(a, B (x)) — B*(x)| < | (x) — B (x)], a.e. in Q.
Then we obtain
1B = B*||pa + 7T = 5% lloe = 0(e),

and this concludes the proof. [l

Remark 3.6. We eliminated the control variable @ from the optimality system
using p'= fu. The semismooth Newton algorithm can also be applied if we treat @
as an independent variable.

4. GENERALIZATION

We will discuss a few generalizations which are related to Problem 1.1. Recall
the optimality system we have obtained in Theorem 2.2,

AJ* = Ei*,

e

NP* = ga— 7",
E*p* = ai* + \* BT (Bi* — b),
A >0, |Ba* —b| <1, \*-(|Ba* —b| — 1) = 0.

To apply the semismooth Newton algorithm in general case, we need to rewrite the
optimality system in terms of a system of nonlinear equations which are Newton
differentiable. Since the primal and adjoint equations are both linear, we only focus
on the optimality and the complementary conditions.

In this section we generalize our previous work in three directions, namely the
case where the control @ is supported in a subdomain  C €, the case of an
arbitrary translation vector l;, and the case of an invertible linear transformation
B. For simplicity of discussion, we take each generalization individually, but these
generalization can be combined.

Our goal in the following subsections is to rewrite the optimality system into
equivalent nonlinear equations and to prove that these nonlinear equations are
actually Newton differentiable, and hence that the semismooth Newton method
provides an efficient algorithm with locally superlinear convergence.
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4.1. Extension to a control domain  C Q.

Recall the definition of the bounded linear operator E : (L?(Q))™ — (L?(Q))™ as
the extension-by-zero operator and its dual operator E* : (L2(Q))™ ~— (L2(Q))™
is the restriction operator E* f = JFXQ Therefore the optimality condition can be
equivalently expressed as

Dxg = oll + 2.
Using the similar arguments as in equation (2.13), the optimality and complemen-
tary conditions can be expressed in the following nonlinear equation
Pxa =B, B =max(a, 7).

For a given 7, € L?(2), the adjoint equation provides a solution p€ H2NHg () <
Co(€2). Then the mapping p'— max(c, |p]) is Newton differentiable (c.f. [5]) from
L*> to LP, for any p < oo. Hence this nonlinear equation can be solved by a
semismooth Newton algorithm as in section 3.

4.2. Extension to a general translation vector b.
In this case, the optimality system reads

7= aii+2X\(@ —b),
and it can be equivalently expressed as
7—ab=(a+2)\)(7—b).
We can then rewrite the optimality condition and complementary condition as
5—ab=Bi, B= max(a, | — ag|)

by applying the same argument as in equation (2.13). This is again a Newton
differentiable function and the semismooth Newton algorithm is applicable.

The first two generalizations are straightforward, but the next case which involves
a general linear transformation B, is rather complicated.

4.3. Extension to a general invertible matrix B.
For a general m x m invertible matrix B, the optimality and the complementary
conditions hold in a pointwise a.e. sense as in Theorem 2.2:

(4.1) P (x) = (ol + \*BT B)a*(x),

(12 NG > 0, |BE* ()| < 1, A*(x) - (BE* ()] — 1) = 0.
Equation (4.1) is equivalent to

(4-3) B~T5* = (aD + \I)(Ba*),

where D = (BBT)~! is a symmetric, positive definite (SPD) matrix. The eigenval-
ues of D satisfy

(4-4) 0<& <& < <& < oo
Lemma 4.1. Given a nonzero vector p, the real valued function
hs(A) : A= [(aD + XI)~'B~Tp|

is well-defined and strictly monotonically decreasing in (—a&1,00). Moreover, limy_, oo hp(\) =

0.
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Proof. First we observe for every A > —a&;, the matrix aD + A is also a SPD
matrix, hence it is invertible, and the function hy is well-defined. Now we check
the monotone property. Let

—af) <A <X, @=(aD+MD)TBTE @ = (aD+ NI BT,

and define

= (aD+MI)"YaD+ X\I)"'B7Tp.
Clearly ¢ is not the zero vector. Since matrices D + A1 and aD + A31 commute,
we have

@1 = (aD +X21)q, ¢ = (aD+ M\ I)q.

Therefore,
AP =12+ (e = A)d* =2l + (2 = M)?|g” + (2 = M)(@, )

> @2+ (A2 — M) (@D + M1)§,q) > |3,

which implies the strict monotonicity. The last claim limy_,o hz(A) = 0 is straight-
forward. 0

If hy(0) = [(aD)"'B~Tp] > 1, then there exists by Lemma 4.1 a unique A > 0,
such that hp(\) = 1. With the help of this fact, we can define a mapping g : p'+— A
as
(45)

0 if [(aD)™'B~Tpl < 1,
9(p) =

the unique nonnegative solution to hz(\) =1 if |(aD)™*B~Tp] > 1.

Lemma 4.2. Using the function g(p) as above, we can rewrite the optimality and
the complementary conditions (4.1) - (4.2) in one equation:

7 (x) = ai@* (x) + (5" (x)) BT Ba* (x), a.e. in Q.

Proof. Throughout the proof we evaluate the operators at a fixed point x €
which is not indicated in the notation. We first assume that (4.1) - (4.2) hold. If
hy(0) = [(aD)"*B~Tp*| < 1, we have |Bu*| = hy (A*) < hy(0) < 1 and hence
A= 0= g(p*). On the other hand, if hy(0) = [(aD)"*B~Tp*| > 1, then a proof
by contradiction implies that it must be an active point, i.e., |Bu*| = 1. To see
that, we assume this point is not active, i.e. |Bu@*| < 1. By the complementary
condition (4.2), A* = 0. Hence |B@*| = hy-(A*) > 1 which is a contradiction.

In this case, \* satisfies hp« (A\*) =1, and hence \* = g(p*).

Conversely, if

7 = air* + g(57) BT B,

we can then define \* = g(p*). Equation (4.1) is clearly satisfied. For the com-
plementary condition (4.2), we only need to check A*(|Bu*| — 1) = 0. Suppose
A* = g(p*) > 0. From (4.5) we have

|(@D)"'B~Tp*| > 1 and hy-(A\*) = 1.
The later equality implies by (4.3) that
1 =hzp(\) = [(aD + X 1)"'B~Tp*| = | B
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By singular value decomposition, we can express D as
D=Q'Dg,
where Q is an orthonormal matrix and D is a diagonal matrix of the form diag(&1, &2, ..., Em).
Then the equation
l(aD+X)"'B~Tp =1

can be simplified as

(D 4+ XI)"'QB~Tp = 1.
Let

P=QB = (Prs s )
Then equation |(aD 4+ AI)"'QB~Tj| = 1 becomes
i P

7(0451 e ce 7(a€m+)\)2 =1.

(4.6)

We define the set

O={GeR™: (D + X)~'§| =1, for some A > 0}
and observe that it can be equivalently expressed as
(4.7) O={7€R™: |(aD)"'q| > 1}.

This follows from the fact that A\ — |(af) + M)7L7|, with ¢ € R™, is strictly
monotonically increasing on (—a&;,00), which can be argued as in the proof of
Lemma 4.1. We further define F : O — (0,00) by

A e F() & (D + A)71q) = 1.

Lemma 4.3. The following properties hold.

(1) The map F is a well defined single valued function.
(2) O is open, and the function F is continuously differentiable in O.

Proof. (1) By definition of O, for any p € O, F(p) is not empty. We notice that
0 ¢ O. Since A — |(aD +2AI)~1p] is strictly monotonically decreasing from (0, oc)
to R, the operation F is a single valued.
(2) Let G : R™ x (0,00) — R be given by
2 2
ql qm
G(q1, oy s \) = ———— o — ]
(@104 N) = e o0y (0€m + 20)2

Then G is a smooth function in the domain R™ x (0,00). At any point p =
(p1, -y Pm) € O, there exists a unique A € (0, 00), such that A = F (). This implies
that G(p1,...,Pm, A) =0, and

oG p} P2,
a2 ((ag1 T T g e ) <O

By the implicit function theorem, (c.f. pp.224 in [13]): there exists an open neigh-
borhood U(p) C R™, such that for any ¢ € U(p), we can find a unique 7 € (0, c0),
such that G(¢,7) = 0. This defines a smooth map 7 = 7(¢) from U(p) to R.

From this result, we conclude that U(p) C O, which implies that the set O is open.
From (1) we find that 7 = F(q) for any ¢ € U(p). Therefore, the function F is
continuously differentiable in O. (]
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We next extend F from O to all of R™ by setting

. F(q) for ge O
(48) F@) = { 0 for ¢ € O°.

From (4.7) it follows that O¢ is a closed convex neighborhood of the origin.
Lemma 4.4. The mapping F : R™ — R! is semismooth.

Proof. The set of concern is the boundary T' of @. On this set F is assigned
the value 0. Moreover by construction, if ¢, — ¢q with ¢, € O and g € " then
lim,, 4 F(¢n) = 0, and hence F is continuous on R™.

Next we characterize the derivative of ¢ — A(q) at some ¢ € int @. We observe
that F(g) = A is equivalent to | (aD + AI)717|2 = 1. Let 7/ = F/()h denote the

—

derivative of \ at ¢ in direction h and set

E =aD + M\, where A = A(Q).

Then
(G EVFE Prm = (71T, € R)gm
and hence
- - - 1 o
(4.9) F' = F(Qh = o—=—o—s—(E71G, E R)gm, for 7€ O.

(E-1q, E72q)rm
For ¢ € T', expression (4.9) provides the directional derivative into the exterior of
O°. Since F(q) =0 for 7€ I' we find
(4-10) .
(‘7:/)+ = f/(q)(qe - q) = T((O‘D)ilqﬁv (aD)71(§G - @)Rm) (Te € Oa ie Fa
[(aD)~2q]?
where (F')* denotes the directional derivative of F at ¢ € I into the exterior of O,
at ¢ € T into the interior of O¢ is clearly 0.

whereas the directional derivative (F)
From this discussion and (4.9), (4.10) we also conclude that F is locally Lipschitz
continuous on R™.

We next argue that F is globally Lipschitz continuous on R™. In view of (4.9),
(1.10) and since F' = 0 in the interior of O° it suffices obtain a bound on the
operator norm of f’(q) for ¢ — oo. For this purpose observe from (4.6) that
asymptotically for |glgm — 0o we have that A(q) behaves like |q|gm. Together with
the fact that there exists a constant k; independent of ¢ and A such that

Ma)lal < |Eql = |(aD + @) 1)al < k(e +A(9)ldl
this implies that
1
(E-1q,E2Q)zm
But (E~1q, E~2h)pm < %V_ﬂ ~ ‘q@”. Combined with (4.9) and (4.11) this

implies global Lipschitz continuity of F from R™ to R. To ascertain semismoothness
of F it now suffices to show that at every ¢ € R™

(4.11) ~ |g|lgm for |g|gm — 0.

1 -
(4.12) lim =(F(q+ h)h —

- L ]:—/((f)ﬁ) =0,
J+RED 2 ,|hlam—0 h
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[5], pg.218, where Dz C R™ denotes the set where F is differentiable, which in
our case is R™ \ " and F’ denotes the directional derivative of F. Property (4.12)
follows from the fact that F is C? in O as well as in O¢\ T'. This concludes the
proof. O

Now we can characterize the map g(p) : p'— X by

(4-13) 9(p) = Q'F(QBTp),

where F is defined in (4.8).

From Lemma 4.4 and the techniques utilized in its proof it follows that g :
R™ — R! is semismooth. This mapping induces in a canonical way a substitution
operator from (LP1(2))™ to LP2(Q2) which we denote by the same symbol. The
following result addresses its semismoothness.

Proposition 4.5. If 1 < py < p; < 00, then the substitution operator associated
to g considered as mapping from (LP1(Q))™ to LP2(Q) is semismooth.

Proof. This follows from well-known results on substitution operators for semis-
mooth functions, see [15], or [16], pg. 56, 61, or [3], pg. 235. O

The optimality and complementarity involving a general matrix B can therefore
be expressed as

(4.14) 7 = ai* + g(p*) BT B,

where the semismooth function g(p) is defined as in (4.5)

Here p' can be considered as independent variable, satisfying primal and adjoint
equations, or as dependent variable, considered as function of @* € (L?(Q2))™. In
any case under appropriate regularity condition on 92 and the coefficients of A,
7 can be considered as element of (H2(2) N H(2))™ . Considering the product
structure involving g(p*) and u*, equation (4.14) is a semismooth equation in (at
least) L!(€). Even though the function g(p) is well defined and serves for verifying
the local superlinear convergence of the semismooth Newton method, it may be
difficult to realize it in practice since we need to solve the 2m-order polynomial
equation in the algorithm,

S S

(€1 +2A)? (Em +A)?
When m = 2, this can be solved explicitly. If m > 3, the explicit solution does not
exist in general. Therefore the implementation is still a challenging problem.

5. NUMERICAL TEST

Here we validate the superlinear convergence for a few simple test problems.
The first and second numerical examples involve the vector Laplace equations on
the unit square [0, 1] x [0, 1] with homogenous Dirichlet boundary condition. The
optimality system from section 2 is given by

_AT :a'*a T‘BQ:():
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TABLE 1. super-linear convergence

iter. number 1 2 3 4 5|6
ly* — v 1.982 | 4.195e-1 | 5.183e-2 | 5.371e-3 | 2.812¢-7 | 0
H 2.117e-1 | 1.236e-1 | 1.0367e-1 | 5.235e-5 | 0
Ip* — p*|| 3.575 | 3.877e-1 | 2.534e-2 | 3.437e-3 | 4.974e-8 | 0
“Z'jff;fp“” 1.084e-1 | 6.537e-2 | 1.356e-1 | 1.437e-5 | O
185 — B*|| | 1.982e-1 | 3.094e-1 | 1.626e-1 | 1.718¢-3 | 4.236e-7 | 0
Bt B 1.561 | 5.255¢-1 | 1.057e-2 | 2.466e-4 | 0
[6F=1—5"] : : : :

TABLE 2. number of iterations for Algorithm 1

a =0.1]0.01 | 0.001 | 0.0001

p? = 0.1 rand 5 6 6 7
p? = 1o rand 5 6 6 8

p® = 10« rand 5 7 8 26
p° = 100a rand 6 7 9 37
p? = 1000cx rand 6 8 12 NA

Our first example involves the construction of an the exact solution as follows:
given a function p* with enough regularity, define 8* = max(a, |p*|), @* = ﬂ%ﬁ*,
7 = (=A)7tu* and let §; = ¥ — Ap*. Then for any given initial guess p°, 5,
we can apply Algorithm 1 to find the solution to this problem, and we choose the
residual level as a stop criterion.

In the numerical test, we choose p* = a(sin(4rzy), sin(8rzy) +z(1—2)y(1—vy)),
and compute 8%, u*, ¥* and ¢, accordingly. For this example, we observe superlinear
convergence in Table 1 for & = 0.001 and random initial guess p°, 3°. It is also noted
from Table 2, that for a decreasing sequence of o values and large random initial
guesses, the algorithm always convergence in a few steps except in the most extreme
case.

Our second example is slightly different. This time we do not construct an exact
solution to compare with our approximation. Instead we let ; = ca(sin(rzy) +
x + 3y, sin(27zx) + cos(2my)), where ¢ is a constant between 10 to 100 to make the
constraint active at the optimal solution. We observe that for a relatively large a
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TABLE 3. number of iterations for Algorithm 2

a® | 0.10.010.001 | 0.0001

a = 0.001 3 3 10

a = 0.0001 3 3 4 9

(a > 0.02), the convergence is not sensitive to the initial guess. After decreasing
a, the convergence region becomes smaller. With randomly chosen initial data
the algorithm may not converge. We therefore introduce a continuation technique
which is explained in Algorithm 2. With this procedure the algorithm is robust.
We use it with a® = 0.1 and p = 0.1 for the following two test problems:

(1) @« =0.001, ¢ = 30, i.e., g = 0.03(sin(wzy) + = + 3y, sin(27x) + cos(27y)).

(2) o =0.0001, ¢ = 80, i.e., g = 0.008(sin(mzy) + x + 3y, sin(27wx) + cos(27y)).
In Table 3, we record the number of iterations at each sub-problem as a* becomes
small with (p*, %) as the initial guess. The total number of iterations is less than
20. Figure 1 depicts the Lagrange multiplier for each of the two cases (we plot
B =a+ ). As expected these quantities are W1 regular.

Algorithm 2 Continuation Algorithm

1: Choose a large ' (e.g. a = 0.1), and random initial guess (p°,3°), apply

Algorithm 1, let it converges to (7%, p, 81).
2: For k =1,2,..., let a* = pa*~!, where p is a constant less than 1 (e.g. p = 3).

3: Apply algorithm 1 for o, with (p*, 8*) as our initial guess, let the algorithm

converges to (yFT1 phtl ghtl)

4: Stop (if the desired a value is achieved) or go to 2.

FiGUurE 1. Lagrange multiplier in second example

alpha = 0.001 alpha = 0.0001

9.9.0%9% e\

BN
OSBOOEHA

0.5

For the last numerical example we consider the Lamé system from the theory of
linearly elastic materials. The governing equation is given by

7VA:J7 (>‘ + V)VdIVg = ﬂ:a g'aﬂ = 67
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TABLE 4. super-linear convergence for the linear elasticity system

iter. number 6 7 8 9 10
g% — y*=1|| | 7.7260-5 | 1.107e-6 | 1.393¢-8 | 3.749¢-14 | 2.349¢-20
e 14321 | 1.285e-2 | 2.692e-6 | 6.266e-7
lp* — Y| | 2.636e-5 | 2.912e-7 | 5.148e-10 | 1.517e-15 | 1.475e-20
A 1.1050-2 | 1.768¢-3 | 2.947e-6 | 9.723e-6
185 — 51| | 1.844e-5 | 2.613¢-7 | 3.628¢-9 | 1.282¢-13 | 9.158¢-21
N 1.417e-2 | 1.388e-2 | 3.524e-5 | 7.144e-8

where v and \ are the Lamé coefficients. Let the controls be constrained to satisfy
li(x)] <1, a.e.x € . The optimality system reads
—vAY — (A +v)Vdivy = 4,

—

Jloa =0,
—vANF— A+ v)Vdivi = Ga — 7, Plag =0,

p'= B, B = max(a, |p).

We apply Algorithm 1 to solve the above optimality system. In our numerical
test, the Lamé coefficients are chosen to be v = 1, A = 1000, o = 0.01, y; =
(5 + sin(zy),2 — cos(2z — y?)). The initial guess is taken to be 5% = a, p° = 0.
To discretize the optimality system, we use conforming P, finite element to avoid
possible locking phenomena due to A > v. From Table 4, we can observe that
the number of iteration is larger than for the first two numerical examples, but the
algorithm again converges super-linearly at the end.
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