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ON COMPUTATION OF THE SHAPE HESSIAN OF THE COST
FUNCTIONAL WITHOUT SHAPE SENSITIVITY OF THE STATE
VARIABLE

H. KASUMBA AND K. KUNISCH

ABSTRACT. A framework for calculating the shape Hessian for the domain opti-
mization problem with a partial differential equation as the constraint is presented.
First and second order approximations of the cost with respect to geometry per-
turbations are arranged in an efficient manner that allows the computation of the
shape derivative and Hessian of the cost without the necessity to involve the shape
derivative of the state variable. In doing so, the state and adjoint variables are
only required to be Hélder continuous with respect to geometry perturbations.

1. INTRODUCTION

Many important questions arise in the study of shape optimization problems.
For instance, the existence and stability of optimal domains [HP91], the analysis of
convergence of fixed point methods for free boundary problems [Til97], and speeding
up of gradient type methods in shape optimization problems where the topological
structure of the shape changes during iteration [Bur04]. All these questions are
obviously linked to the second order information of the shape functional. Since the
pioneering work of Fujii [Fuj87], the computation of second order shape derivatives
has received a growing amount of attention, see for instance [DZ91a, Sim89, DZ91b,
HPI1, Til97]. In some of these contributions, the characterization of the shape
Hessian is given only in a formal manner. The approach taken by Fujii [Fuj87]
and Simon [Sim89] involves differentiation of the state equation with respect to
the domain. The state variable varies in a Hilbert space X which depends on the
geometry with respect to which optimization is carried out. To obtain sensitivity
information of Q — J(Q) = J(Q,u(Q)), a chain rule approach involving the shape
derivative of 2 — u(Q2) is chosen. The rigorous analysis of this intermediate step
is a non-trial task and as shown in Ito et al [IKPOS], there are cases where the
assumptions of this paper are applicable, while shape differentiability of the state
does not hold. Other techniques that bypass the computation of the derivative of the
state with respect to the domain are presented by Delfour and Zolesio in [DZ91a]
and [DZ91b]. In [DZ91a, DZ91b|, they use function space parametrization and
function space embedding methods, respectively, to characterize the shape Hessian
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2 H. KASUMBA AND K. KUNISCH

of the cost functional. However, these techniques depend strongly on sophisticated
differentiability properties of saddle point problems. In this paper, we present a
computation of the shape derivative of J under minimal regularity assumptions.
The technique we employ was first suggested in [IKP06] for computing the first order
information, and allows to compute the shape derivative of the mapping Q — J (Q)
without using the shape derivative of the state variable with respect to the geometry.
The method and the associated computation we present is general and is applicable
to a large class of boundary value problems. However, to make the exposition more
transparent, we present the results on a simple example rather than give a general
exhaustive theory. As an example, we consider the following shape optimization
problem:

. 1 9
(11) ain ) =5 [ =l a2
subject to
—Ay = fin Q,
(1.2) { y=0onI.

Here 2 is a domain with boundary I' := 9 of class C%!'. We shall denote by
H™(S), m € R, the standard Sobolev space of order m defined by

H™(S) = {u e L*S) | D*u € L*(S), for 0 < |a| < m},

where D is the weak (or distributional) partial derivative, and « is a multi-index.
Here S, which is either the flow domain €2, or its boundary I, or part of its boundary.
The norm || - || gm(s) associated with H™(S) is given by

[l = 3 / D*uf? dS.

laj<m

Note that H(S) = L*(S) and || - ||mows) = || - ||22(5)-

The data f is assumed to belong to the space H*(D), where D is a bounded hold
all domain, and s > 0 will be specified later on. We shall say that y is the state and
(1.2) is the state equation. The desired state yq in (1.1) is assumed to be in H'(D).
Our objective is to compute the first and second order derivatives of the cost J with
respect to {2 without the necessity of involving the derivative of the state y with
respect to €2.

2. DEFINITIONS

2.1. Shape derivative. Shapes are difficult entities to be dealt with directly, so we
manipulate them by means of transformations. If 2 is the initial admissible shape,
and €2; is the shape at time ¢, one considers transformations 7; : 2 — ;. Such
transformations can be constructed, for instance, by perturbation of the identity
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[DZ01]. To construct an admissible class of these transformations, let Q C D be a
bounded domain, and let

771(1 = {V € 02’1(1_)) : V|3D = 0}
be the space of deformation fields. The fields V € 7,, define for ¢t > 0, a perturbation
of €2 by means of

T Q= Q(V),
r— Ti(x) =2+ tV(zx).

For each V € T4, there exists 7 > 0 such that T3(D) = D and {T}} is a family
of C*!-diffeomorphisms for |t| < 7 [DZ01]. For each ¢t € R with [t| < 7, we set
O =T(Q), T, =T,(T). Thus Qy =9, Ty =T, Q, CD.
Let J = [0,7] with 7 sufficiently small. Then the following regularity properties

of the transformation 7; can be shown, see for example ([IKP08, SZ92], [DZ01,
Chapter 7] ):

Ty = id t— T, € CYT,CHD;RY))
t— T e C(J,CHD; RY) t— I, € CY(J,C(D))
t— (DT,)"T € CY(J,C(D;R¥*9)) LT o=V

(21) G M=o =—V #DTili=0 = DV
LD =9 = =DV L1)i—o =divV
Lo =1 I =1
L A(t)]i=o = divV — (DV + (DV)T),

where

(2.2) I, ;= det DT}, A(t) := L(DT,)"Y(DT;)~ 7T,

and the limits defining the derivatives at ¢ = 0 exist uniformly in z € D.

Definition 2.1. For given V € T4, the Eulerian derivative of J at € in the direc-
tion 'V is defined as
J(Q(V)) — J(Q
(2.3) dJ(Q)V = lim (V) = J()
t—0t

The functional J is said to be shape differentiable at Q if dJ(Q)V exists for all
V € T.q and the mapping V — dJ(Q)V is linear and continuous on T,q. If J is
shape differentiable, then there exists a distribution G in 7% such that

(2.4) dJ(Q)V = (G, V)1 xTou-

The distribution G that is uniquely defined by (2.4) is called the shape gradient of
J at Q.
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2.2. Shape Hessian. Let V and W be given vector fields in 7,4. As in the previous
subsection, we associate with V and W the transformed domains ;(V) and Q,(W).

Definition 2.2. [DZ01] Assume that dJ(Q:(W))V ezists for all t € [0,7]. Then
the functional J is said to have a second order Eulerian semi-derivative at ) in
directions (V, W) if the following limit exists
Q —dJ(Q

(2.5) PJ(Q)(V,W) = lim dJ(LW)V = dJ(EYV.

t—0+ t
The functional J is said to be twice shape differentiable at Q if for all V, W € Ty
the second Eulerian semi-derivative d*J(Q)(V, W) exists and the mapping
(2.6) (V,W) = d®>J(Q(V,W) : Toq X Taa R

18 bilinear and continuous.

The distribution associated with the mapping in (2.6) is called the shape Hessian.
It will be shown that the shape Hessian has its support on the boundary of €2 and
that it is independent of the tangential component of W on the boundary. On
the other hand, the tangential component of V contributes to the shape Hessian in
general. Hence the shape Hessian is typically not symmetric.

3. SHAPE DERIVATIVE VIA RE-ARRANGEMENT OF THE COST

In this section we compute the shape derivative of J in (1.1) by re-arranging
the first perturbation of the cost with respect to the geometry. This result can be
obtained using the general theory developed in Ito et al [IKP08]. However, we felt
compelled to repeat some essential steps to give a basis for computing the second
order information.

Using Definition 2.1, the first derivative can be expressed as

. 1
By aw@V=tm o f [P an) - [ - o),
t—0t 2t Qt(V) Q
where 1, satisfies
—Ay, = f; in €,
<32) { Y = 0 on Ft-

We assume that
feHY(D) and vy, € HY(D).

The variational form of (3.2) is given by:
Find y; € X, := HJ(€) such that

(3-3) <g(y§>Qt)7¢t>Xt*xXt = (Vyt,V@/Jt)Qt - (ftﬂ/’t)Qt =0,
holds for all ¢, € X;.

Proposition 3.1. [GR86] There exists a unique solution y; to (3.2). Moreover,
since the domain is assumed to be of class C*', we have y, € H?*(Q) N Hy ().
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Observe that at t = 0, Y0 = ¥y € X, Qli=0 = Q, Xi|i1=0 = X, and (3.3) becomes
(34) <g<y7 Q)7¢>X*XX = (vy7 V¢)Q - (fa ’Qb)g = Oa

which is the weak formulation of the state equation (1.2) with homogeneous Dirich-
let boundary conditions. The functions y; and y in (3.1) are defined on different
domains. Therefore, to compute (3.1), one needs to transport y; back to 2. Any
function v, : €, — R2, can be mapped back to the reference domain by

(3.5) Y=y, 0T, : Q— R?

where (y; o Ty)(z) = y:(Ty(x)). Furthermore, the chain rule guarantees that the
gradients of y; and ' are related by

(3.6) (V) o Ty, = B, Vy',

(see [SZ92] Prop: 2.29) where B; := (DT;)~T. Consequently, the transformation of
(3.3) back to 2 is obtained as follows:
Find y* € X such that

37 (EW 1), V) xxx = (AW)VY, Vo — (f'11,)a =0 forall P € X.
It is shown in [HIKT09] that for any 0 < o < 1, the following result
a
(ADE.&) > 2lel,

holds for (¢,x) € R? x Q and 7 sufficiently small. Thus the bilinear form in (3.7) is
elliptic uniformly in ¢ € J. The adjoint state p € H}(2), is defined as the solution
to

(38) <5y(3/7 Q)w7p>X*><X = (y - ydaw)ﬂ fOl” all 1/} € H&(Q)a
where
(3.9) (Ey(y, D, p) x+xx == (V, Vp)a.

Integrating the term (Vi, Vp)q, on the right hand side of (3.9) by parts, one obtains
the strong form of the adjoint equation in (3.8), that we express as

—Ap=y—ys in €
(3.10) {sz on I

The adjoint equation (3.10) possesses a unique solution p € H} (). Moreover, since
the domain is assumed to be of class C*!, we have that p € H3(2) N HJ ().

The existence of the primal and adjoint states allows the formulation of first order
optimality conditions for problem (1.2). The following lemmas shall be utilized.
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Lemma 3.1. [TKP0S§]
(1) Let g € C(J, W (D)), and assume that %(O) exists in L' (D). Then

d
— [ g(t,z) dQ|i=0 = @(O,x) ds) + /g(O,x)V ‘n dl.

(2) Let g € C(J,W>X(D)), and assume that %(0) exists in W (D). Then

d dg
— t,x) dli—o = | = ar
i [ o) aulo= [ oy ars [

<8g(0, x)

o + kg(0, x))V -n drl,

where k stands for the mean curvature of I.
The assumptions of Lemma 3.1 can be verified using the following result.

Lemma 3.2. [SZ92, Chapter.2]
(1) If y € LP(D), then t — yo T, ' € O(J, LP(D)),1 < p < <.
(2) If y € H*(D), thent — yo T, ' € C(J, HXD)).
(3) Ify € H*(D), then L(yo T, ")|i=o exists in H'(D)and is given by

d -
7T =0 = =(Dy)V.
Remark 3.1. As a consequence of Lemma 3.2, we note that %V(yonl) exists
t=0
in L*(D) and is given by
d _

For the transformation of domain integrals, the following well known fact will be
used repeatedly.

Lemma 3.3. Let ¢; € L'(), then ¢, 0 Ty € L'(Q) and

" dﬂt:/@oTt I, do.
Q

Q

Lemma 3.4. [IKP06] For any f € LP(D), p > 1, we have Pr%f oTy = f in LP(D).
%
3.1. Preliminary results.

Lemma 3.5. There exists a unique solution y* € HY () N H?(Q) to (8.7) fort >0
sufficiently small. Moreover,

t_
(3.11) lim [y = yllze) _ 0

t—0+ |t|% ’

holds, where y is the weak solution of (1.2).
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Proof. The existence and uniqueness of a solution to (3.7) is established in [DZ01,
Pg. 396]. Therefore, it suffices to show the second statement. Subtracting equation
(3.7) from (3.4), one obtains

(AOV (Y — ). Vo = —((A(t) = )Vy, V)o + (f'I; — f,¥)a
We have that y* —y belongs to Hj (). By standard elliptic regularity theory [Eva98,
Pg.317] we obtain that y* —y € H}(Q) N H?*(Q2) and

1
||;(yt — Y@ < Cp(t),

where p(t) := {||div(3(A(¢) — )VY)|lr2) + |3 (f'L: = f)||r2(0 } and C is some ap-
propriate constant which may be chosen independently of ¢. Following [HIK*09], we
can show that the right hand side in (3.1) is bounded uniformly in ¢. Consequently,

.1 _
lim —|ly" — yl|p2(@) < C lim oVt =0
t—0t

=0t /1
which implies (3.11). O
By linearity of £ in y, we have
(3.12) (€0, ) =&y, Q) =&y, V(v —y), Y)x-xx =0, forall v, P € X.
Lemma 3.6. The following result holds

lim 1 <g(yt7t> - g(yvt) - (g(ytaQ) - 5(% Q))7¢> =0,

t—0t ¢t X*xX
for every ¢ € X.

Proof. Let

G(t) = (€', 1)~ Ey,t) — (EW' Q) — €y ). ¥)

Then G(t) = [(ItBtV(yt—y), Bi)o—(V(y'—y), w)g] , and limy_,o+ %Q(t) = ( follows

from Lemma 3.5 and the differentiability of the mappings t — I;, t — B;. O

Theorem 3.1. Let y and p be the solutions to (1.2) and (3.10), respectively. Then
Oy Op

d -
313) €@ Dxaxho=— [ || Vendr- [ (- u)vy-v ao

X*xX

Proof. The proof is a minor modification of a similar result in [IKPO08]. Since 2 €
C*! y and p can be extended to functions in H?(D) which we again denote by the
same symbol. Furthermore, observe that

(E(y,1),p) x-xx = (A(H)VY, VD)o — (f'I, p)a
can be mapped back to €2; to obtain

<g(y7 t>7p>X*><X = (V(y o Tt_l)v V(p o iTt_l))Qt - <f7 (p © irt_l»ﬂt‘
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Thus, Lemma 3.1(1) and Lemma 3.2 imply that
WD) xeaxlia = [ (V30 V- Vo= ) d2t [ (Vg Vp)V n
Q r

where y = —Vy -V, p=—Vp- V. Note § as well as p do not belong to H}(Q) but
they are elements of H*(2). Applying Greens theorem implies

d -
22 (€W 1), P)xxxi=o :/

o

Since y, p € H}(Q2), we have

dy . . 0p dy dp
htd : : I =— L.
/F<anp+yan+Vy VpV n>d /[8n8n V.nd
The strong forms of the state (1.2) and adjoint (3.10) imply

d, s oy 0
7 w1 p)xex o——/[aigﬂv ndl = (y—ya: Vy - Vo

0 dp
(-y =D+ [ (52p+ise+Vy-VpV n) dr
-\ on

O

3.2. Shape derivative. In this subsection we establish the expression for the shape
derivative for the cost functional J. Since y — y4 € L*(Q2), the cost functional J(£2)
is well defined. The associated adjoint state p € X is given as a solution to (3.10).

Theorem 3.2. The shape derivative of J(y,2) exists and it is given by the expres-
si0n

(3.14) Q)V = /Bigp L —yd)l\/'-ndf‘.

Proof. The general result in [IKPO8] can be utilized to derive the expression in

(3.14). However, we provide the proof here in a more elegant way than earlier in
[IKPO8]. Let Ay := J(yt, ) — J(y, Q). Then

_ Loy e 1
Ay —/Q(It2(y Ya) 2(y Ya) > dS2.
We can express Ay as Ay = Ay 1(t) + Aq12(t) + Ay 3(t) + Ay 4(t), where
1 1
3.15) Auilt) = [ 1[50 - ) - §<y )~ (v~ vatf — )] 49
Q
Aual) = (=D av =) 4% Avalt) = [ 0 vus’ —v) a2
Q Q

At) = /Q(zt - 1)%@ — ya)? dS.
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From (3.15) and the embedding of H}(2) into L?*(Q), it follows that
AL ()] < Klly' - 1/||%{1(Q)

where K > 0 does not depend on ¢t € J. Using Lemma 3.5 and Lemma 4.1, we
have that

o1
lg}% ZAL](t) = 0.
Next, observe that

Ayt
‘ 1}52()‘ gD )HLOOHy vallm @ l1y" = ylla o)

1
Therefore, by Lemma 3.5 and (2.1), one obtains Pr% |¥A172(t)| = 0. Using the
4>
adjoint equation (3.8) with ¢y = y* — y € X we have that

As(t) = (& (1, DY — ), p)xexx
—(E(y, 1) — E(y,0), p)x+xx
< ( ! ) ( 7Q) _Sy(y79)<yt_y>7p>X*><X

— (W) = E(y,t) — EW, D) + E(Y, Q) p)xexx-
By Lemma 3.5, equation (3.12), and Lemma 3.6, we find
A 5(1) d

T A

3.16
dy Op
= | 22—V -ndl — -V dSQ)
 Pnon + /Q (y —ya)Vy ;

where we use (3.13). Since y € H*(Q), it follows that 3(y — ya)? € W(Q). This

implies that & [z(y o T — yy) } exists in L'(Q), [SZ92, Pg.65]. Hence, since
=0

Ay 4(t) fQ Sy o Ty —ya)? d — [, 3(y — ya)? dQ, we have by Lemma 3.1(1),

that
DALY d 1,
lim — %/Qj(yOTt —ya)"| i,
drl 1
3.17 — )’ ~(y— )V -
(317) - [ Slwer —w] a0+ [ -V nar,

1
_/(y—yd)Vy-VdQ—I—/E(y—yd)QV-ndF.
Q r

Hence, (3.16) and (3.17) yield the desired expression for the shape derivative. [
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4. SHAPE HESSIAN VIA RE-ARRANGEMENT OF THE COST

In this section we compute the shape Hessian of J in (1.1) by re-arranging the
second order perturbation of the cost with respect to the geometry. Using the di-
vergence theorem, we can express the first derivative derived in the previous section
as follows

4I(Q)V = /Q div([%(yd)2+Vy-Vp]V> a0,

Using Definition 2.2, the second order Eulerian semi-derivative of J at €2 in direction
(V, W) can be expressed as

LIV W) — lim PEOW)V —dI(@)V

t—0t t ’
where
1
(4.1) dJ(Q;(W))V = div [§y§ + Vy; - Vp ]V d% (W),
2 (W)
and v, p; satisfy
(42) —Ayt = ft n Qt<W), Y = 0 on Ft(W),
(4.3) —Apr =y —ya in (W), p,=0 on I'}(W).

The weak form of (4.3) is given by:
Find p; € H}((W)) such that

(4.4) (Voe, Vi) auw) = (U — Ya, Ye)auw)  for all ¢y € Hy(Q(W)).

The transformation of (4.4) back to 2 leads to the problem
Find p' € X such that

(4.5) (AB)VD, Vi)a — (v —ya) 1, ¢)o =0 forall ¢ € X,
4.1. Preliminary results.

Lemma 4.1. There exists a unique solution pt € HY(Q) N H?(Q) to (4.5) fort >0
sufficiently small. Moreover,

t_
(4.6) lim ||p PHH?(Q) _

t—0+ ’t‘%

holds, where p is the weak solution of (3.10).

)

Proof. The existence and uniqueness of a solution to (4.5) can be established in an
analogous was as in Lemma 3.5. Subtracting equation (4.5) from (4.4) at t = 0, one

obtains for ¢ € HJ ()
(AOV ' =), Vi)a = —((A(t) = DV, Vib)a + (¥ — ya)le — (y — ya)s ¥)o
= (div((A®t) = DVp),¥)a + (' — ya) It — (y — ya), ¥)a.
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We have that p’ —p belongs to H}(Q2). By standard elliptic regularity theory [Eva98,
Pg.317] we obtain that p' —p € H}(Q) N H*(Q) and

H—(p — )|z < Cp(t),

where (t) = {lIdiv(2(A®) — DY) [z2() + IH((0" — vl — (5 — y)ll 2oy} and
C' is some appropriate constant which may be chosen independently of ¢. Following
[HIK*09], we can show that the term ||div(7(A(t) — I)Vp)||r2@) is bounded uni-
formly in ¢. Furthermore, Lemma 3.5 also suggests that || (4" —va) [ — (y—va)||12(0)
is bounded uniformly in ¢. Consequently,

I
0t /T Vit ||
which implies (4.6). O

P’ = pllaae < € Jim p(H)vE=0

For the computation of the second order derivative, presence of y and p as states
suggests the introduction of two adjoint states (3, P) € H*(Q) x H?(2). Following
[DZ91b], we introduce (3, P) as solutions to the equations

/ div([Vy : vmv) + APS + PAS + Vp-VE dQ =0, for all § e H*(Q),

Q

/ div<[vg : vp]v) + AJP +JAP +Vij- VP + 3% dQ2 =0, for all §e H* Q).
Q

By integrating the second order terms in the expressions above , we obtain

(4.7)

)y
/div([Vy-Vﬁ]V) Vp-VE dQ+/—E+g—p dl'’ =0forall peV,
Q
A oy ~ 0P
/div([vg-vp]v)—vg-vp+gz A+ [ Pp iy gar=oforall gev,
9} 8n 811

where V = H2(). Note that multiplying (1.2) and (3.10) by P € V and & € V,
respectively, one obtains

(E(y,Q),P)y =0 forall PeV,
<E(p,y,Q),i>T =0 forall eV,
where T := V* x V and

oy ~ opP
anp+ya ) dr,

(gnz v g—§p> ar.

(4.8) @@ﬂ%ﬂrELUﬁ—VyVﬂdQ+/(
19 (Eey.D.Sr= [ (0-w-vp-v5) a0+ [

r
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Using the divergence theorem on the boundary terms in (4.8) and (4.9), one obtains
the equations on (W) as follows

(E(y:, 2(W)), pt>’rt =0 forall P e Vs,
<E<pt7 Y, Qt(W)), it>‘rt =0 for all it € Vt,
where T; := V; x V, and

(4.10)

<E(yt> Qt(W)), pt)“rt = / ftpt -V - th + diV(Vyt pt + th ?/t) th(W),

Q1 (W)

<E(pt7yt7 Qt(W»a 2t>Tt 1:/ (yt - yd)it - Vp; - Vit th(W)
Q: (W)

+ / div(Vp, 3y + V3 py) dQ(W).
Q: (W)

Transforming (4.10) back to 2, one obtains
(4.11)

(E(y',t), Py = /(Lsftﬁt — A(t)Vy' - VP! + I,(B,), VL) dQ = 0,
Q

(E(pt,yt 1), Sy = / (I,(y' — ya)2! — A@R)Vp! - VI + I,(B,), VIL) d = 0,
Q

where

0t .= B,Vy'P' + B,VPY!, ' .= BVp'St + BV, 6:= B,VyP + B,V Py,
0y := VyP + VPy, 0 =BVy'P+ BVPy.
Lemma 4.2. Let

W(t) = <E~(yt7t) - E(yvt) - (E(yt7 Q) - E(va)>7P>T>

and
S(t) = (EW'.y'.t) - B,y 1) = (B0, Q) - B,y 9)).) .
Then
lim 1V\/(t) =0, lim 1S(t) = 0.

t—0+ ¢ t—0+ ¢

1
Proof. 1t suffices to prove that lim+ =W(t) = 0, since the second expression follows
t—0

in an analogous way. Using (4.11) with P! replaced by P and (y', P") replaced by

A~

(y, P), we obtain

(4.12) (E(yt,t), P)y = / LftP — A(t)Vy' - VP dQ + / I,(By), Vo5 dQ,
Q Q
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and

(4.13) (E(y,t), P)y = / Lf'P — A(t)Vy - VP dQ + / I,(By), Vo, d9,
Q Q
respectively. Subtracting (4.13) from (4.12), one obtains

(E(y',t), Py — (E(y,t), P)y —/ —A(t)V8y - VP + I,(B,) V(0 — 0;) dS,
Q
where dy = y* — y and op = p' — p. Replacing y by y' in (4.8) and subtracting the
result from (4.8), we obtain

(E(y,Q)—E(yt,Q),fJ)T:/de-vﬁ dQ—/( 5 P+—§y> dr.
Q r n

Furthermore, the divergence theorem implies that

/ (a(éy)ﬁ v %531) dr = / divy d€,
r an an QO

where v = (Véy) P 4+ (VP)dy. Therefore W(t) = Wi (t) + Wa(t), where

Wi (t) = /Q ((I—A(t))VéyVP) ds,

Walt) = | BB~ 00) = ex¥ do
Observe that Ws(t) can be expressed as
Wi (t) = /Q (L(B))k — ex)V (0] — 04) + exV (0] — O — 1) dS2
- /Q (L(By)x — )V (0, — ) + div(6" — 6 — ) dQ

— [(B)— VG 0 a2+ [ —0—a)mar,

r

where A
r _ 9(dy) £ P
and
0" — 60 = (B,Voy)P + (B,VP)dy.
Let
Waa(t) == /(It(Bt)k —ex) V(0 — k) d€,
0
and

Wao(t) = /F(Q’" —0—7)-ndl.
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Then the following estimates hold,
(War (D) < |[(1e(Bo)k — ex)llooll0k — Okl|

< 1Bk = en)lloo (11Billscl 1691122 1Pl + 1 Bello 1P 182 ).
Waa(®)] < 201(B2) = 1)l (116912l 1 P11 ).
W) < 1T = AW oo (11691122 P12 ).

Analogously, we can find the estimates for S(¢). The result follows from Lemma
3.5, Lemma 4.1, and the differentiability of the mappings t — A(t), t — I;, and
t — B;. OJ

The following lemma will become important in what follows.

Lemma 4.3. Let py := (po T, 1), Sy := (N0 T 1Y), yy :=yo Ty L, Py:= (Po T )
and

G(Qt(W), Y, D, p, ZA]) = / fpd) - Vy¢ : Vp¢ + dZU(V:lM, p¢ + Vpd, y¢) th<W)
Q: (W)

+/Q w (Yo — Ya) X6 — Vg - V4 + div(Vpg Sy + V4 py) d%(W).
Then the partial derivative of G(Q:(W), y, p, P, 2) with respect to t is given by
8,Glimo = — /Q dw([vy Vp+Vy- vp]v) Q) + /F(Vy VP +Vp V)W -n dI,
where § = —Vy- W € H\(Q), p= —Vp- W € H\(Q), P = —VP- W € H'(Q),
and 3 = =V - W € H'(Q).

Proof. Since p, ¥, y and P belong to H?(Q), pg, f]¢, Yy and P¢ also belong to H?(2)
by Lemma 3.2(2). Furthermore, the derivatives of p, T and P, with respect to ¢ at
t = 0 exist in H'(Q2) by Lemma 3.2(3) and are given by p , f], 7, and p, respectively.
Thus, using Lemma 3.1 (1) with g(z,t) = fPy— V-V Py +div(Vys Py+V Py ys)+
(Y — yd)f]¢ — Vps - Vid, + div(Vp, id, + Vf](b D), We obtain

0,Gli—o :/ (fP —Vy-VP+div(Vy P+ VP y)>w ndl
I
(v~ a)S ~ Vp- VE + div(Vp £ + VS ) )W - n dr
(4.14) (P =Wy VP +div(Vy P+ VP y)) o

(Y — 4a)S — Vp - VS + div(Vp 3 + VS p)) 0

+ o+ 1
S~— 55—
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+/ﬂ (yi _Vy-VP 4+ div(Vy P+ VP y)) 0
+/Q (—vp-vi+div(vpi+v2p)) 4.
Note that (4.8), (4.9) imply that the third and forth integrals in (4.14) vanish, i.e.,
(E(y,Q), P)y = /Q (ffD Yy VP4 div(Vy P+ VP y)) dQ) = 0,

(E(p,y,9),S)r = / (v = 9a)% = Vp- V8 + div(Vp £+ VS p) ) d2 =0,

Q

respectively. In addition, utilizing (4.7) with p = p and § = ¢, one obtains for the
last two integrals in (4.14)

/(gi—vy-vPMiv(vg P+v15y')) dQ:—/
Q

i div([Vy - vp]v) 49,

/Q (— V- VS + div(Vp 5 + VS p)) d) = —/Qdiv<[Vy : vp]v) ).
Furthermore, observe that
/Fdiv(Vy P+VPy) dF:/F2Vy~VI5+Ay P+ AP ydl.
Since Ay + f =0on I', and y = 0 on I', we have for the first integral in (4.14)
/F(fP—Vy-VP—Irdiv(Vy P+ VP y)>W~ndF:/FVy~VPW-ndF.
Analogously for the second integral,
/F((y—yd)i—vp-vimiv(vpi+v2p))w-ndr:/va-viw-ndr.
Consequently,
9,Gli—o = — /Q div([Vy -Vp+ Vy- Vp]v) dQ + /F(Vy VP +Vp-VE)W -n dl.
O

4.2. Shape Hessian. In this subsection we establish the expression for the shape
Hessian for the cost functional J. In what follows, we shall make use of the the
summation convention. For instance, where necessary, the divergence of a vectorial
function 1 shall be expressed as

where e; stands for the i-th canonical basis vector in R?. Furthermore, we shall
make use of the transformation of the divergence from ;(W) to Q. Using (3.6),
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and the summation convection in (4.15), one can express this transformation as
(4.16) (div ;) o T, = DYiB/'e; = (By); VY,

where (B;); denotes the i-th row of B; = (DT;)~ 7.

Theorem 4.1. The shape Hessian of J()) exists and it is given by the expression

2T (V, W) = /

r
Proof. Let A := dJ(Q(W))V —dJ(Q)V, © := 3435 + (Vy, Vp)|V, and

O := [3y5 + (B, Vy', B,Vp")|V. Then using Lemma 3.3, (3.6) and (4.16), we can
express A as

. . 1
<Vy VP +Vp- VS + din([ 5y} + Vy vp]V)>W ‘n dr.

(4.17) A= / L(B)AVO. — e, VOy dO.
Q
We re-write the right hand side of (4.17) such that A = S(t) + R(t), where
(4.18) S(t) == / L((B)rVO;, — e, VOy}) d,
Q
(4.19) R(t) = / (Lex VO — exVOy) do,
Q
and

, 1
0" = [gva+ (Vy', VPV
The task now is to evaluate lim |R(t)|/t+1S(t)|/t. We will do this in several steps.
t—0

To this end, the terms on the right hand side of (4.19) and (4.18) are rearranged to
obtain R(t) := Ry(t) + Ra(t) + Rs(t) and S(t) := Si(t) + Sa(t), respectively, where

Ri(t) = / (I, = D)exV (O] — O)) d  Ro(t) = / exV (O] — Oy) d,
Q Q
Ry(t) = / (I, — 1)e, VO, de,
(4.20) @
510 = [ LU(BLT(O] - 0F) ~ av(e] - 6) aa
Sg(t) = /Q]t((Bt)kVGZ - ekV@k) dQ,
and

1
0% = [592 + (Btvya Bth)]V-

We now evaluate li%1+ |Ry(t)|. Note that by using the relation ab—cd = (a —¢)(b—
t—
d)+ (a—c)d+c(b—d), with a = Vy', b = Vp', ¢ = Vy, and d = Vp, we can express
O" — O as
0" -0 =[(Vy', Vp') — (Vy, Vp)]V,

(4.21) = [(Voy, Vep)]V + [(Véy, Vp) + (Vy, Vép)]V,
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where dy = y' — y and dp = p' — p.
Using (4.21), the divergence theorem, the trace theorem and the fact that dy €
Hi(Q) N H*(Q), ép € Hi () N H*(Q), we can estimate 1|R;(t)| as

1 (5p
- <_ — oo
|R1()| t||[t 1|z /‘ 5 an ‘dl“

1 d(dy) dp 0y6‘(5p)
#llt_lHLoo/’ on 8n on on )V n‘ dr

—_

< 2l = Uz [10yl| 2 0Pl 20 [V - [ L=y

HH—

e =z l10yll 2Pl 2@V - 0| p2e(ry
+ ;||ft = Ul |yl 2@ 10pl 2@ [V - 0| 22o ()

Using Lemma 3. 5 Lemma 4.1, and the differentiability of the mapping ¢t — I, it
follows that hrn ]Rl( )| = 0.

Ry(t
Next, we evaluate lim 2t< ) Observe that by using (4.15) and (4.21), one can
t—0+

express Ry(t) in (4.20) as Ry(t) = Xi(t) + As(t), where
Xi(t) == /Qdiv<[(V5y, V5p)]V> s,
(t) = /Q aiv({(Véy, Vi) + (Vy, Vop)]V') ds2

Using the divergence theorem and the fact that dy,dp € Hi(Q) N H?(), we can

express X (t) as
_ [ 9(%y) 9(9p)
2(1(75)_/F G5V n

and the following estimate holds

o)< 152200y ar

|52
2l On

5H V -n||e, by the trace th .
. ‘ D H2(Q)|l n|| o) y the trace theorem

[V - nl| g

< e
L2(T)

Therefore, by Lemma 3.5 and Lemma 4.1 we have

lim —\Xl( )< 111317H5y|\m(9>\/||5p|!ﬂ2 [V -0l = 0.

t—0+
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(1)
t

Next, we need to evaluate lim . Using (4.7), we can express X»(t) as

t—0t

X(t) = /Q (vay-vﬁ—5y2> 40 — / (%(ZJP gﬁ 5y) dr

+/Q(v5p-vi) dQ—l(%i+g—i(5p)> dr,

where (y,p) € H*(Q) x H?(Q) satisfy (1.2) and (3.10). Observe that X,(t) can be
expressed as

~

(1) = (B, t) - B(.t) - (B, Q) - B, 9).P)
+ <E(pt,yt,t) — E(p,y,t) — (E(p", 4", Q) — E(p,y,Q)), 2>T
+ <E(p7y7t>’i]>'f - <E~(p7y70)7i>'f + <E(y7t)7p>'r - <E(y70) p)'fa

where the extra terms (F(y’, ), P)T, (E(y,0), ph, (E(pt, ot 1), f])T, and (E(p, v, 0), Z>T
introduced, vanish by (4.10), (4.11) and the fact that (E(y,0), P)y = (E(y,Q), P)x,
and (E(p,y,0), %)y = (E(p,y,Q),%)y. Utilizing the notation used in Lemma 4.2,

we obtain

Xo(t) =W(t) + S(t) + (E(p,y, 1), Z)x — (E(p, y,0), X)y
+<E(yat)>P>T_< (y> )>P>T-

Using Lemma 4.2, we obtain

o1 d d - .
(4.22) Jim (1) = %E(y, P;t)]i—o + B0, y, i t)]i=o.

The expressmn on the right hand side of (4.22) can be computed by transformlng
y, P, p,Z defined in  back to Q,(W) viay — yo T, ", prspo Ty, P Po T,
and ¥ — o T, *. Utilizing Lemma 4.3, one obtains

1 -
1, 300 =0l
(4.23) - / div([Vy - Vp+ Vy - V5]V df
Q
+/(Vy-v15+vp-vi)w-ndr.
r

We shall revisit R3(t) later on. Let us now provide an estimate for |S;(t)|/t. Observe
that

Si(t) = /Q L(((B)i — ex)V(O), — ©5) + e,V Q) d2

= / L(div((B; — I)(©" — ©%)) + divQ) dO
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where

Q:=0"-6°-0"+0 =[((B,— I)Véy, B,Vp") + (Vdy, (B, — I)Vp")
+ (B Vy, (B, — I)Vép)
+ ((B: = I)Vy, (B, — I)Vép)|[V

and
@t -0’ :[<BtV5y7 Btth) + (Btvy7 Btvdp)]v

Hence we have
1 1 .
2510] < IEllvmiey [ Jdiv(G (B~ D)@' — %) + Q) do
Q

Using the divergence theorem, and the trace theorem, we obtain the following esti-
mate

1
2510 < ([l @ IV - 0l [z (P(8) + R(T)),
where

1
P(t) = 1= (Be = D=l Bil o= (10920 1P| 1202 + 19l 20 19P] 120,

and

1
R(t) 3=||;(Bt — I)|| o< || Bel| o <||5y||H2(Q)||ptHH2(Q) + ||?J||H2(Q)||5PHH2(Q)>
(B = Dllz= 1oyl 12 1P| 20
Using Lemma 3.5, Lemma 4.1, and the differentiability of the mapping t — B;, one
1
obtains lim |=S;(¢)| = 0.
t—0t+ T
We combine the remaining expressions, i.e., R3(t) and Sy(t) into Q(t) such that

Q(t) := Sa(t) + Rs(t). Then Q(t) can be expressed as

Q(t) = / L(B)RVO: — ex VO, dOL.
Q

t
Next, we evaluate lim @ Using Lemma 3.3, (4.15), (4.16), and (3.5), we obtain

t—0t

/ (B)wVO: o T, ! dUW(W) — / ex VO, dQ
(4.24) W “

/ div (©° o T, 1) d%(W) — / div © dfQ.
2 Q

t
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Dividing the expression in (4.24) by ¢ and making use of (3.6), the definition of the
shape derivative, Lemma 3.1(1), and Lemma 3.2(3), we obtain

i 02 o (L Ve V) W)
(4.25) - /Q div([vy-vp+Vy : vp]v) )
+ /Fdiv([%yg +Vy-Vp]V)W - n dl.
Collecting the results in (4.23) and (4.25), we obtain
I W) = lig G+ gy S

~ - 1
= / (Vy VP +Vp-VX+ div([§y§ +Vy- Vp]V))W -n dl.
r
U

Remark 4.1. The proof of Theorem 4.1 reveals that the essential ingredients
for establishing the expression for the shape Hessian of cost functional J are the
properties of Lemma 3.5 and Lemma 4.1.

Remark 4.2. The method and the associated computation we presented can be
applied to a large class of boundary value problems and a general cost functional
J(u,,T) depending, besides u and €2, on a codimension one manifold I'. With
respect to the latter, suppose that the shape derivative of J(u, (2, T") exists and can
be expressed in the form

dJ(Q)(V) = /F g(Q)V - n dr,

where g(Q2) € H*?(I'). Then there exists an extension of g(€2) denoted by Q(f) €
H?(2) such that

4I(Q)(V) = / div (Q(Q)V) do.

Q

Here Q(£2) depends on the state and adjoint variables u and p, respectively. If u
and p are Holder continuous with exponent greater or equal 1/2 with respect to
geometrical perturbations, then one can derive the shape Hessian of J using our
approach.
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