SpezialForschungsBereich F 32

wOL

1S

Karl-Franzens Universitat Graz
Technische Universitat Graz

Medizinische Universitat Graz TU

Meﬂ;:al University of Graz GraZI

Parabolic control problems in
measure spaces with sparse
solutions

Eduardo Casas Christian Clason

Karl Kunisch

SEB-Report No. 2012-007 April 2012

A-8010 GRAZ, HEINRICHSTRASSE 36, AUSTRIA

Supported by the
Austrian Science Fund (FWF)

LLI I Der Wissenschaftsfonds.



SFB sponsors:
e Austrian Science Fund (FWF)
e University of Graz

e Graz University of Technology

Medical University of Graz

e Government of Styria

City of Graz

% Das Land
Steiermark

Stadt m Wissenschaft



PARABOLIC CONTROL PROBLEMS IN MEASURE SPACES WITH
SPARSE SOLUTIONS*

EDUARDO CASAST, CHRISTIAN CLASON#, AND KARL KUNISCH?

Abstract. Optimal control problems in measure spaces governed by parabolic equations are
considered, which are known to promote sparse solutions. Optimality conditions are derived and
some of the structural properties of their solutions, in particular sparsity, are discussed. A framework
for their approximation is proposed which is efficient for numerical computations and for which
convergence is proved and error estimates are provided. Numerical examples illustrate the structural
features of the optimal controls.
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1. Introduction. This paper is dedicated to the analysis and approximation of
the optimal control problem
(P)

. 1 2
ety 700 = 319 = vl + alulzzcan,

where I = [0,T] and y is the unique solution to the problem

Oy—Ay = u inQpr=0x(0,T),
y = 0 onXr=Tx(0,7T), (1.1)
y(z,0) = 0 in Q.

We assume that a > 0, y4 € L?(Qr) and € is a bounded domain in R", 1 < n < 3,
which is supposed to either be convex or have a C*! boundary I'. Hereafter M ()
denotes the space of regular Borel measures in Q and ||u||z2(r¢) denotes the norm of u
in the space L?(I, M(2)); see section 2 below for details.

Formulating the control problem in a measure space is motivated by the observation
that the resulting optimal controls possess sparsity properties (i.e., have small support),
which is desirable in many applications such as optimal sensor or actuator placement;
see [5, 2] in the context of elliptic equations. Although similar features can be achieved
using L' control costs, the corresponding control problem in general does not admit a
solution in the absence of further regularization because L' spaces lack the necessary
compactness properties. For parabolic problems, the situation is even more delicate
since (1.1) is not well-posed for right hand sides in M (€Q7) (which would require C(Qr)
regularity for the adjoint equation; see Definition 2.1 below). This leads to considering
controls in L?(I, M(£2)). The associated norm [|u||z2(rq) for the control is a natural
one from the point of view of well-posedness of the state equation (1.1) and allows for
sparsity in space. The numerical results will illustrate precisely this property of our

*The first author was supported by the Spanish Ministerio de Ciencia e Innovacién under projects
MTM2011-22711. The second and third authors were supported by the Austrian Science Fund (FWF)
under grant SFB F32 (SFB “Mathematical Optimization and Applications in Biomedical Sciences”)

fDepartmento de Matematica Aplicada y Ciencias de la Computacién, E.T.S.I. Industriales y de
Telecomunicacién, Universidad de Cantabria, 39005 Santander, Spain (eduardo.casas@unican.es).

Hnstitute for Mathematics and Scientific Computing, University of Graz, Heinrichstrasse 36, A-8010
Graz, Austria ({christian.clason karl.kunisch}@uni-graz.at).

1



2 E. CASAS, C. CLASON AND K. KUNISCH

formulation. The spatio-temporal coupling of the corresponding control cost, however,
presents a challenge for deriving numerically useful optimality conditions.

Besides the analysis of the control problem (P), the main focus of this paper
consists in providing an approximation framework which, in spite of the difficulties
due to the measure space setting, leads to implementable schemes for which a priori
error estimates can be provided. We show that the optimal measure controls can be
approximated efficiently by linear combinations of Dirac measures in space which are
piecewise constant in time. We point out that even after discretization, the control
problem is formulated and solved in the measure space.

Let us mention some related works. A similar approximation framework for elliptic
control problems in measure spaces was proposed in [2]. Differently from the elliptic
case, parabolic control problems with sparsity-promoting constraints have received
very little attention. In [3], sparsity properties of solutions to approximate control
problems for the heat equation using measures acting on a subdomain were studied.
Although not specifically concerned with parabolic equations, the approach of [9] covers
control problems with L*(I, L?(£2)) control costs (together with additional pointwise
control constraints). The resulting optimal controls have directional sparsity, i.e., their
support is constant in time. In contrast, we will show that solutions to (P) have a
non-separable sparsity structure.

This paper is organized as follows. In the next section, we discuss the functional
analytic setting of the control problem and analyze well-posedness of the state equation.
Section 3 is concerned with existence of and optimality conditions for solutions to
(P), the latter implying a sparsity property of the optimal controls. The proposed
approximation framework is the subject of section 4, where we introduce the discretiza-
tion (§4.1) and show convergence of solutions to the discretized state equation (§4.2)
and to the discrete optimal control problem (§4.3). Convergence rates are derived in
section 5. Section 6 addresses the numerical solution of the discrete control problem,
for which we derive a reformulated optimality system that is amenable to solution by
a semismooth Newton method. (The continuous counterpart of this optimality system
is sketched in Appendix A.) Finally, section 7 illustrates the structure of the optimal
controls with some numerical examples.

2. Function Spaces and Well-posedness of the State Equation. In this
section we first define the control space and give some of its properties. Then, we turn
to the analysis of the state equation.

2.1. Control Space. We denote by Cy(2) the space of continuous functions in
Q) vanishing on T' = 952, endowed with the supremum norm || - || Its topological
dual is identified with the space of regular Borel measures in §2, denoted by M(£).
Moreover, we have

lullm = sup{/ zdu: z € Cp(R2) and ||z]|eo < 1} = |u|(Q),
Q

where |u| denotes the total variation measure.

Associated to the interval I = [0,7] we define the spaces L?(I,Co(2)) and
L2(I, M(Q)), where L?(I,Cy(f2)) is the space of measurable functions z : [0,7] —
Co () for which the associated norm given by

T
21l L2(co) = (/0 12112 dt)

1/2



PARABOLIC CONTROL PROBLEMS IN MEASURE SPACES 3

is finite. Due to the fact that Cy(Q) is a separable Banach space, L2(I,Cy(f2)) is also
a separable Banach space; see e.g. [18, Theorem 1.5.18].

As a consequence of the non-separability of M(Q2), the definition of the space
L*(I, M(Q)) is more delicate. Indeed, we need to distinguish between weakly and
strongly measurable functions u : [0, T] — M (). Hereafter we denote by L?(I, M(12))
the space of weakly measurable functions u for which the norm

- 1/2
lullzz o = ( / lu(t)] 4 dt)

is finite. This choice makes L?(I, M(Q)) a Banach space and guarantees that it can
be identified with the dual of L?(I, Cy(£2)), where the duality relation is given by

(u, 2) £2(M),L2(Co) :/o (u(t), z(t)) dt,

with (-, -) denoting the duality between M () and Cy(2). The reader is referred to
[6, Section 8.14.1 and Proposition 8.15.3] for the different notions of measurability
and [6, Theorem 8.20.3] for the duality identification. (The distinction between weak
and strong measurability is not required for the space L2(I,Cy(€2)) because C(2) is
separable and hence both notions are equivalent; see [6, Theorem 8.15.2].)

2.2. Analysis of the State Equation. Given 1 < p < oo, we denote by Wol’p(Q)
the Sobolev space of functions of LP(€2) with distributional derivatives in LP(§2) and
having a zero trace on I' and we set WP () to be the dual of Wol’p(Q)7 with
(1/p") + (1/p) = 1. These spaces are reflexive and separable, and hence the spaces
L?(I,Wy?()) formed by the measurable functions y : [0, 7] — Wy?(Q) for which

the norm
T 1/2
il 2y = ( / (O dt)

is finite, are separable and reflexive Banach spaces whose dual is identified with
L2(I, W=1¢(Q)); see [6, Theorem 8.25.5].

The notion of solution to the state equation makes use of the following space of
test functions

Z={2c H*'(Q7):2=0o0n X7 and 2(T) = 0 in Q},

where
918l

H2’1(QT) = {Z S L2(QT) : 8,52’7 W S LQ(QT)7 with ,B S Nn, |ﬁ‘ S 2}

is endowed with the graph norm.
DEFINITION 2.1. We say that y € L*(Qr) is a solution to equation (1.1) if

T
/ y(—0rz — Az)dx dt :/ (u(t),z(t))dt+/ yo(z)z(z,0)dx, Vze Z. (2.1)
Qr 0 Q



4 E. CASAS, C. CLASON AND K. KUNISCH
THEOREM 2.2. For all (u,y) € LQ(I M(Q)) x L*(Q) the equation (1.1) has a
unique solution y. Moreover, y € L*(I, W P(Q)) for every p € [1, -2=) and there exist

'n—1
constants Cp, such that

9]l L2wrey < Cp (lullz oy + 1vollz2e)) - (2.2)

Proof. We adapt the proof of [1]. Let {uy}x be a sequence in C(Qr) satisfying
Uk N u in L2(I,M(Q)) and ||u;€||L2(L1) < ||u||L2(M) (23)

Let yx € L?(I, H}(2)) denote the variational solution to

Oy, — Ayr, = wp  in Qp,
Yk = 0 onXp, (2.4)
ye(2,0) = yo(z) in .

For ¢ = (v, .. .,¥,) € D(Qr)" ! we denote by z € Z the solution to

—Oz— Az = o35, 0¥y in Qr,
z = 0 on X, (2.5)
2(x,T) = 0 in Q.

From the last two equations we get for any 1 < p < -5

/(woyHij By, yx) d dt = /

j=1 Qr

ugz dx dt + / yo(x)z(z,0) dzx
Q
< el 2z 120 g ory + 90l 20 1200 2

Let us define p > n such that A : W, ?(Q) — W~1?(Q) is an isomorphism for
each p' < p < p; see [10] for the existence of such a number p. In the following estimate
we use maximal regularity of the heat equation in an essential way. In fact, combining
[8, Theorem 5.4] and (2.3), we obtain for p’ < p < -5 the existence of a constant C,
such that

/ e | o — > 0a,t; dxdt:/ dJoyk-l-Zl/ngyk dz dt
Qr =1 j=1

n

< G (Ivollzacoy + lullzaan) D sl 2wy
j=0

From the density of {¢¢ — Z;L 102,05 1 € D(Qr)" T} in L2(I, W=17'(Q)) and the

duality identification L>(I, Wy (Q))* = L*(I, W17 (Q)), we deduce the boundedness
of {yx}2, in L2(I,W,*(€2)) and the existence of a constant C,, such that

il 2wy < G (lullzzan) + ollzqey) - (2.6)

Using the reflexivity of L2(I, Wy?()), we can obtain a subsequence, denoted in the
same way, and an element y € L2(I, WP (Q)) such that y, — y in L2(I, Wy (Q)).
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For 1 € L?(2r) arbitrary and z € Z solution to (2.5) for 1; =0, 1 < j < n, it
follows from (2.4) and (2.5) that

/ yk(fatzfAz)d:cdt:/ ykwodxdt:/ ukzdxdtJr/yO(x)z(x,O)d:c.
Qr Qr Qr Q

Passing to the limit in this identity and in (2.6), we obtain (2.1) and (2.2). Since 9; + A
is an isomorphism from Z to L?(€7) and using (2.1), the uniqueness follows.

Finally, since Wy ?*(Q) € W,"*2(Q) for p; > ps and the existence of a solution y
in L2(I, W, P(Q)) for i < p < —2 and the uniqueness in L?(7), we conclude the
independence of y with respect to p. O

Remark 2.3. 1- The solution to (1.1) belongs to L2(I, W, (Q)) for every 1 <
p < 727, and from the equation (1.1) we know that 9,y € L*(I,W~1P(Q2)). As a
consequence, we obtain that y € C(I, L?()); see [16, Proposition I111.1.2].

2- Under our regularity conditions, an equivalent definition for the solution to
equation (1.1) is the following: a function y € L?(I, Wol’p(Q)), with pp < p < -5 and
po = max{p’, nZ—f:Q}, is called a solution to (1.1) if

T
—/ (y(t), 0uz(t)) e -1, dt + VyVzdxdt
0 o Qr

:/0 (u(t),z(t))dt+/QZ/0($)Z(9CvO)dx

for all z € L?(I, Wol’pl (Q)) such that d;z € L2(I, W~1¢'(Q)) (which implies z(-,0) €
L?(Q2)) and z(T) = 0. This follows from (2.1) and the density of Z in this new space
of test functions. Observe that W, *(€2) C L?(Q) for p > py and hence y € L*(Qr).
Theorem 2.2 remains valid with this definition if we only assume for Q to have a
Lipschitz boundary. This is the regularity of 2 required to have the maximal parabolic
regularity; see [8]. We have chosen the above definition because it is more convenient
for the numerical analysis to be developed later in this paper.

3- The preceding theorem as well as the rest of the results given in this paper
are valid if we replace the heat operator in (1.1) by a more general parabolic operator
0y + A that enjoys maximal parabolic regularity.

We finish this section by proving a continuity result of the states with respect to
the controls.

THEOREM 2.4. Let {uz}32, C L*(I, M(Q)) be a sequence such that ux — u in
L2(I, M(2)). If yx and y denote the states associated to uj and u, respectively, then
vk = yll2(ar) — 0.

Proof. For every k, let z, € Z satisfy

=0z — Az, = y—yr inQr,
2 = 0 on X,
zip(x, T) = 0 in .

Then, from Definition 2.1 and using the boundedness of {u;}$2, in L*(1, M(Q)), we
have

T
Iy — yrll72 0 :/Q (y*yk)(*atzk*AZk)dl’dt:/o (u(t) — ur(t), zi(t)) dt

< lu = ugllL2 o 125l 2 (coy < CllzkllLz(co)-
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From Theorem 2.2, we know that y, — y in L?(Qr), therefore z;, — 0 in H>(Q7).
Since the embedding H*'(Qr) C L?(I,Co(Q2)) is compact, we get that ||z || z2(c,) — 0.
This convergence and the above inequality conclude the proof. O

3. Analysis of the Control Problem. In this section we establish existence
of an optimal control and derive the optimality conditions.

PROPOSITION 3.1. The control problem (P) has a unique solution .

Proof. Let {uy}72 | be a minimizing sequence. Obviously it is bounded in the space
L2(I, M(2)). Since the predual L?(I,Cy()) is separable, there exists a subsequence,
denoted in the same way, converging weakly-* to some @ € L2(I, M(Q)). From
Theorem 2.4 we get that y(uz) — y() strongly in L?(Qr). Hence, the weakly-* lower
semicontinuity of the norm || - || 2oy implies that u is a solution. The uniqueness is
a consequence of the strict convexity of J, which follows from the injectivity of the
control-to-state mapping. O

Hereafter @ will denote the solution to (P) and ¢ the associated state. Now, we
give the first order optimality conditions, which are necessary and sufficient due to the
convexity of (P).

THEOREM 3.2. There eists a unique element ¢ € H*1(Qr) satisfying

-0 p—Ap = Y—ya inQr,
p = 0 on X, (3.1)
oz, T) = 0 in €,
such that

T

/0 (alt), $(6)) dt + ol 2 ay = O, (3.2)
_ =a ifu#0,

el { 2o uZo (33)

Proof. Let us introduce j(u) = [Jul|z2(pm) and F(u) = 3|y(u) — deQLZ(QT)7 so that

J(u) = F(u) + «j(u). By the differentiability of F' and the convexity of j we obtain
F'(a)(u—a) + aj(u) —aj(@) >0 Yue L*(I, M(Q)),

and hence
/Q (5 — va)(w(u) — §) d di + aj(u) — aj() > 0.

Utilizing the adjoint equation (3.1) and the state equation (2.1), we deduce from the
above inequality

T
/O (ult) — a(t), 3(8)) dt + aj(u) — aj(@) >0 Vu e LA, MEQ).  (3.4)

Taking u = 2u and u =
setting u = u — v in (3.4

@, respectively, in (3.4) we obtain (3.2). On the other hand,
, it follows that

N|—=

~—

/O (v(t),o(t)) dt < a(j(a—v) = j(a) < allv|rzmy Yo e LI, M(Q)).  (3.5)
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By the duality L?(I, M(Q)) = L?(I,Cy(2))* we have that

1@llecy = max /O<v<t>,¢<t>>dtm. (3.6)

H'U‘lL?(M)Sl
Then, (3.3) is an immediate consequence of (3.2) and (3.6). O
From now on, we will assume that the optimal control @ # 0. By using (3.2)
and (3.3) we can prove some sparsity property for @. Let us consider the Jordan
decomposition u(t) = u™(t) —u~ (t) for almost every ¢ € I. Then we have the following

theorem.
THEOREM 3.3. For almost every t € I the following embeddings hold

Supp(a* (t)) C {z € Q: @@, 1) = —[|¢(t)llo }, (3.7)
Supp(u™(t)) C {z € Q: p(x,t) = +[6(t) ]| }- (3.8)

Proof. Since @ : I x Q — R is a Caratheodory function, there exists a measurable
selection t € I + x4 € Q such that @(z¢,t) = [|¢(t)]|eo; see [7, Chapter 8, Theorem
1.2]. Now, we define the element v € L?(I, M(Q)) by v(t) = sign(@(z))||u(t)|| m0e, -
We have to check that v : I — M(Q) is weakly measurable. To this end the only
delicate point is the weak measurability of ¢t € I — d,, € M(Q). This follows from the
measurability of the mapping ¢ — x; and the continuity of x € Q + 6, € M(Q) when
M(Q) is endowed with the weak-* topology. By definition of v we get

(v(t), o(1)) = lu@) [ mll (D)oo = —(alt), p(#)) (3.9)

||vL2<M>=</O ||u<t>||i4||6zt|i4dt> =</ ||u<t>i4dt>

= [|all Lz (m)- (3.10)

From (3.2), (3.9), (3.5) and (3.10) we obtain

and

1/2 1/2

T T
alltllpz(m) = —/0 (a(t), p(t)) dt < /O (v(t), o(t)) dt < al[v|L2(m) = alltl|Lzam)-
As a consequence of these inequalities and (3.9) we conclude that

[a®lmlle()lloe = —(alt),p(t)) fora.e tel (3.11)

Finally, (3.7) and (3.8) follow from (3.11) and Lemma 3.4 below applied to p = —uf(t).
0
LEMMA 3.4. Let p € M(Q) and z € Co(Q), both of them not zero, be such that

(1, 2) = [l mll2lloos (3.12)
and let = pu* — p~ be the Jordan decomposition of u. Then we have

Supp(ut) C Qp ={z € Q: 2(2) = +|2]|0 }, (3.13)
Supp(p=) C Q- ={z € Q: z2(x) = —||z|loc }- (3.14)
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Proof. We will prove (3.13), the proof of (3.14) being analogous. First we observe
that due to (3.12) we obtain for all measures v € M(Q) with ||v||pm < ||]|m that

(v, 2) < wllmllzlloe < llllmllzllco = (1, 2)- (3.15)

We have as well that
<M7Z> = <.u 7Z+> + <,LL7,Zi> - <:u+azi> - <,U,77Z+> S </L+,Z+> + <.U’7527>'

Moreover, the inequality is strict unless u™ and g~ are concentrated at the set of
points z € Q where z(z) > 0 and z(z) < 0, respectively. Let us define the sets

A ={zeQ:2(x) >0} and A_={z e Q:2z(x) <0}

and the measures v = pu* |4, , v~ = p~ |4_ and v = v" — v, Then we have that

IWllag < lplag and (v,2) > {11, 2) if Supp(u*) & Ay or Supp(u~) ¢ A_. Because of
(3.15) we conclude that Supp(u™) C A4 and Supp(p~) C A_. Now we distinguish two
cases in the proof of (3.13) depending on whether the norm bound is attained from
above.

Case I.- max e q 2(x) < ||z - In this case we prove that = 0. Indeed, let 2o € Q
such that z(x¢) = —||z]|ec and define v = —pu™(Q)d,, — p~. Then it is obvious that
lvllm = gl . I p # 0, since the support of 't is in Ay and max,cg 2(2) < ||2]|oo,
we have that

<Va Z> = HZ||OOM+(Q) - <[L—,Z> > <M+7Z> - <M_,Z> = <:U’72>a

which contradicts (3.15). Then, (3.13) holds.
Case II.- max,eq 2(2) = ||2]|c0. Let zo € Q be such that z(xg) = ||2]|co. We argue
by contradiction and assume that u*(S) > 0 where

S={z€Q:0<2(z) < |2|lco}-
We take v = p*(Q)d,, — 1~ and once again

[Vllae = llullave and (v, 2) = p* ( Q2] — (17, 2) > {p, 2),

since p*(S) > 0. Again this contradicts (3.15). Therefore, u*(S) = 0 and hence (3.13)
follows from the inclusion Supp(u*™) C A,. 0O

COROLLARY 3.5. There exists & > 0 such that u =0 for every a > a@.

Proof. Let us denote by J, the cost functional associated to the parameter «.
Similarly, let (uq, Yo, @o) denote the solution to the corresponding optimality system.
For each a > 0 we have the inequalities

1 1
§||Z/a - yd||2L2(QT) < Ja(ua) < Ja(0) = iHyd”%Q(QT)’

and consequently, [|[ya —Yall £2(or) < [|yallz2(@y) holds for every o > 0. From the adjoint
state equation (3.1) and the embedding of H*1(Qr) — L?(I,C(£)), we deduce the
existence of a constant C' > 0 such that

leallzz(co) < C'Ml@llm2a < Cllya — yallzr) < Cllvallz2r)-

Setting & = C||yal| 12 (), We obtain from the above inequality and (3.3) that u, =0
for every a > a. 0



PARABOLIC CONTROL PROBLEMS IN MEASURE SPACES 9

4. Approximation of the Control Problem. In this section €2 will be assumed
to be convex. We consider a dG(0)cG(1) discontinuous Galerkin approximation of
the state equation (1.1) (i.e., piecewise constant in time and linear nodal basis finite
elements in space; see, e.g., [17]). Associated with a parameter h we consider a family
of triangulations {Kj, }n>0 of Q. To every element K € K, we assign two parameters
p(K) and ¥(K), where p(K) denotes the diameter of K and ¢¥(K) is the diameter of
the biggest ball contained in K. The size of the grid is given by h = maxgei, p(K).
We will denote by {z; }jvz”l the interior nodes of the triangulation KCj,. The following
usual regularity assumptions on the triangulation are assumed.

(i) There exist two positive constants pg and Jq such that

h K
——— <po and Méﬁn

p(K) V(K)
hold for every K € Kj, and all h > 0.

(i) Let us set Qj = Ukex, K with Q, and ', being its interior and boundary,
respectively. We assume that the vertices of j placed on the boundary I'y,
are also points of I" and there exists a constant Cr > 0 such that dist(z,I") <
Crh? for every x € I'j,. This always holds if T" is a C? boundary. In the
case of polygonal or polyhedral domains, it is reasonable to assume that the
triangulation satisfies that I, = T'. From this assumption we know [14, Section
5.2] that

0\ Q) < CR2, (4.1)

where | - | denotes the Lebesgue measure.
We also introduce a temporal grid 0 =ty < t; < ... <ty, =T with 7, =t —tx_1
and set 7 = max;<<n, T. We assume that there exist pr > 0, Cqr > 0 and cqgr > 0
independent of h and 7 such that

T < pr7g, for 1 <k <N, and CQ,ThmaX{nQ} <7< CQTThmaX{"Q}. (4.2)

We will use the notation o = (7, h) and Q7 = Qp, x (0,7).

4.1. Discretization of the Controls and States. We first discuss the spatial
discretization, which follows [2]. Associated to the interior nodes {x; };V:hl of Kp, we
consider the spaces

Ny,
Up =1 up, € M(Q) 1 up = Zujémj, where {uj}j\f:’1 cR
j=1
and
Ny,
Yi=<yn€Co(Q):yn = Zyjej, where {y; ;-V:"I CR,,
j=1

where {e; ;-V:hl is the nodal basis formed by the continuous piecewise linear functions

such that e;(x;) = 0;; for every 1 <14, j < Nj. Such functions attain their maximum
and minimum at one of the nodes, and thus for all y, € Y3,

lynlloo = | Dax 15| = 19hoo,
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where we have identified y;, with the vector 4, = (y1,...,yn, )T € R¥» of its expansion
coefficients, and | - |, denotes the usual p-norm in RN% . Similarly, we have for all
up, € Up, that

Nh, Nh
lur|lm = sup Zuj((swj,v) = Z |u;j| = |tp]1 for all up € U.
[[v][eo=1 j=1 j=1

Hence endowed with these norms, Uy, is the topological dual of Y} with respect to the
duality pairing

(un,yn) =Y ujy; = iy, -

For every o we define the space of discrete controls and states by
Uy = {u, € L*(I,U3) : uol7, € Un, 1 <k < N}
and
Yo ={yo € L*(I,Y4) : Yo|1, € Vi, 1 <k < N},

where I, = (tx—1,t;]. The elements u, € U, and y, € )V, can be represented in the
form

N, N,
Ug = E Ug,pXe and Yy, = E Yk, h Xk
k=1 k=1

where Yy, is the indicator function of Iy, ug, € U, and yrn € Yj. Moreover, by
definition of U;, and Y}, we can write

N, Np N; Ny
Uy = E E UkjXk0z; and Yo = E E YkjXkEj-
k=1j—1 k=1j—1

Thus U, and Y, are finite dimensional spaces of dimension IV X N}, and bases are given
by {Xx0z, }x,; and {xxe;}x, ;. Identifying again u, with the vector i, of expansion
coefficients u;, we have for all u, € U, that

T N: Np
o122y :/ H ZZ“ijk5zj
0 " p=1j=1

2
dt
M

2 N, Np,
=3 [ S us,
M k=1"1c = j=1

2
N, Ni N,
12
= Tk E |t = E 7|k | 1
k=1 j=1 k=1
for iy = (ug1,--.,urn,)?, and similarly for all y, € )V, that

N~ 2 N,

2 _ . _ = |12

o sy = Do (g, sl ) = 2o il
k=1 k=1
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It is thus straightforward to verify that endowed with these norms, U, is the topological
dual of ), with respect to the duality pairing

N~ Np,
<ul75y¢7 = ZTk Zukjykj ZTk ﬁ 27 (43)
k=1 =

Now, we define the linear operators Ay : M(Q2) — Up C M(Q) and IIj, : Cp(Q2) —
Yy C Cp(£2) by

Nh Nh
Apu = Z(w e)0z, and Ipy = Zy(xj)ej
=1 =1

The operator IIj, is the nodal interpolation operator for Y;,. We have the following
result concerning the operator Aj,.
THEOREM 4.1 ([2, Theorem 3.1]). The following properties hold.
1. For every u € M(Q) and every y € Co(Q2) and yn, € Yy, we have
<’U,7 yh> = <Ahu7 yh>7
() = (An,y).

2. For every u € M(Q) we have
[Anullae < lullags
Apu = uin M(Q) and ||Apul|p — |Jullag as b — 0.

3. There exists a constant C > 0 such that for every u € M(§) we have

R n
= Antllw o) < CR =" Jull g, 1<p< —,

s — Anll gyt - < Chllullaa,

with (1/p’) + (1/p) = 1.
Similarly to A, and Il we define the linear operators

®, : L2 (I, M(Q)) = U, C L*(I, M(2))
and

U, : L2(I,C0(Q)) = YV, C L*(I,Co(Q))
by

N; Np

P ufZTk/ Ap(u thk*ZZ /Ik )s€5) dt Xx0z,,

k=1 j=1

N: N

ainTk/I thkuZ /I,c y(xj,t) dt xre;.

k=1j=1

Analogously to Theorem 4.1 we obtain the following result concerning ®, and ¥, .
THEOREM 4.2. The following properties hold.
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1. For every u, € U, and every y, € Y, we have

Douy =uy and Yoy, = Yo (4.4)

2. For every u € L*(I, M(2)) and every y € L*(I,Co(Q)) and y, € Y, we have
<U, y0> = <(I)au7 y0>a (45)

(u, Woy) = (Pou, y). (4.6)

3. For every u € L*(I, M(Q)) and y € L*(I,Co(9)) we have

[Poull 2y < [lullL2 vy, (4.7)
IWoyllLz(co) < lllLz(co)- (4.8)
4. For every u € L*>(I, M(R)) and y € L*(I,Co(2)) we have
‘I)gu A U imn LZ(I,M(Q)) and ||‘I)Uu||L2(M) — ||u||LZ(M)7 (49)
U,y — y in L*(I,Co(Q)). (4.10)

Proof. The formulas of (4.4) follow from the linearity of the operators and the
identities @, (x10z,) = X190z, and ¥, (xie;) = xpe; for all 1 <1< N, and 1 < i < Np,.

Identity (4.5) is a consequence of (4.4) and (4.6). Let us prove the latter. First we
observe that

N Np
. 1
P u= ZZuijkéxj, with uy; = P ’ (u(t), e;) dt, (4.11)
k=1j=1 k
N. Np
U,y = Z Zyijkeja with yg; = */ x]7 (4.12)
k=1j5=1
From (4.11) and (4.12) we have
T N. Np
@)= [ (@O0t =3"3 s [ b vlpa

0 k=1j=1

N, Ny N, Ny

DN / )t =30 e
k=1j=1 k=1j=1
Analogously we get
T N Nh
) = [0, a0t = 3> s [ ) e

0 k=1j=1

N, Ny N, N

=33 / wlt) ) =32 e
k=1j=1 k=1j=1

as desired.
We turn to (4.7). First we recall that the norm of ®,u is given by

o\ 1/2

NT Nh,
[@oullzomy = | D7k [ D luss]
k=1 Jj=1
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Next we define y, € Y, by

Np,
k= (Z |uki|> sign(ug;),
=1

where we set sign(0) = 0. For y, we compute the expressions

T N~ Np
e = [ u®ueO)dt =Y [ > ys(ale)es)de
0 k=1"Tr j=1
2
NT Nh Nh
= Tkzykjukj ZTk Z|uka\ = ”(I)UUH%Z(M) (4.13)
k=1 j=1 j=
and
1/2
T
||yUHL2(Co) = (/0 ||yo(t)||c2>odt> Z/I Zykjej
o\ 1/2
N Ny
=D 7 [ D] Juwsl = |5 ullL2(m)- (4.14)
k=1 j=1

From (4.13) and (4.14) we deduce

1®oullfengy = (uye) < lull 2o 19ollz2ico) = lull L2 | oull L2,

which implies (4.7).
To establish (4.8) we choose y € L*(I,Co(£2)) and estimate

N,
1Voyll2(co) = (; /zk (‘Pay)(t)lloodf>

1/2

||
N+ 1 Np, 9 1/2
(ZHZ(/ N
. 1/2 : 1/2
<<§jljk [ e ||oodt)> <CZ / ||y<t>||§odt)

= 19llL2(co)-

Before proving (4.9), we will consider (4.10). It is well known that (4.10) holds
for functions in C°°(€r) vanishing on Y7. From the density of these functions in
L3(I,Co(£2)) and from inequality (4.8) we deduce (4.10).

Finally, we prove (4.9). From (4.7) we know that {®,u}, is bounded in the
space L?(I, M(Q)). Then, there exists a subsequence, denoted in the same way, and
an element @ € L?(I, M(Q)) such that ®,u — @ in L*(I, M(f)). Then, for every
y € L*(I,Cy(Q)) it holds that

T

lim [ (Bou)(t), y(t)) dt = / (alt), y(t)) dt.

o—0 0
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Using (4.6) and (4.10) we find
T T T
lim [ (Dou)(t),y(t)) dt = lim | (u(t), (Voy)(t)) dt :/0 (u(t), y()) dt.

o—0 0 o—0 0

Combining these two equalities we have that

T T
/ (at), y(t)) dt = / ((t) y() i Vy € LA(I, Co(9),
0 0

therefore u = @ and the whole sequence {®,u}, converges weakly-* to w.
By the convergence ®,u — u and (4.7) we obtain

[ullz2ry < lminf [ @oul| L2 v < limsup [@oullz2 ) < 2,
4 o—0

which concludes the proof of (4.9). O

We finish this section by proving the following approximation result.

THEOREM 4.3. Let y and y° be the solutions to (1.1) corresponding to u and ®,u,
respectively. Then there exists a constant C > 0 independent of u and o such that

1y — ¥l z2 ) < CR* 2 |lullr2(vy Vu € L2(1, M()). (4.15)

Proof. Let f € L?>(Qr) be arbitrary and take z € Z satisfying

-0z —Az = f inQp,
z = 0 onXrp, (4.16)
z(z, T) = 0 in€Q.

Due to the convexity of €2, there exists a constant C independent of f such that
HZ||H2,1(QT) S CHfHLz(QT) By (2.1) and (46) we get
T

T
/ (y—y°)f dodt = / (u(t) — (Bou)(t), =(1)) dt = / (ult). =(t) — (Toz) (1)) dt
Qr

0 0

< flullzzmy 2 = Wozll2(co)-
(4.17)
Now, we will prove that

12 = WozllL2(0) < CR*™ % |2]lm2.1(0)- (4.18)

From the error estimates of the interpolation in Sobolev spaces [4, Chapter 3] we get

r 1/2 T
e = Mazlece = ( / ||z<t>—nhz<t>||zodt> <o ( | 10, dt>

S ChQ_% ||Z||H21(QT)

1/2

(4.19)
Here and below C denotes a constant independent of o. By an inverse inequality (see
[4, Theorem 17.2]) and using (4.2) for the last inequality in the following estimate we
obtain

N 1/2

. . )

IMhz — U0zl 120y = (Z/ I, 2(t) — 7/ I, 2(s) ds| dt)
=11k I >

Tk
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v 1/2
S 4 / TT=(8) — Thh(s)|2, ds dt
k=1 Tk I I

1/2
C
e (Z/ Tz (t) — Thz(s) (|72 () ds dt)

1/2
C
+L i / / ITTa=(s) — 2()3a o d e
hn/2 /T —~ 1. )1, L2(Q)
1/2
h"/z\f <Z/ 12(2) (S)H%Z(Q) det)
o 02(0) dO||7 2y ds dt
S hn/2HZHH (Qr) h”/Q\f (Z/Ik /Ik ||/ tZ ”L (@) ds >

hW+r s
< Oz el ar < CR27 % |zl a2 (0n)- (4.20)

Inequality (4.18) follows from (4.19) and (4.20). Finally, (4.17) and (4.18) leads to

IN

IN

IN

1/2

/2

/ (y— ) fdudt < Ch* 2 ||z]| g2a () < CR*7 2 || fll2r) YV € LP(Qr),
Qr

which implies (4.15). 0

4.2. Discrete State Equation. In this section we approximate the state equa-
tion and provide error estimates. We recall that I was defined as (tx—1,tr] and
consequently yi.n = Yo (tr) = Yol1,, 1 < k < N;. To approximate the state equation
in time we use a dG(0) discontinuous Galerkin method, which can be formulated
as an implicit Euler time stepping scheme. Given a control u € L?(I, M(RQ)), for
k=1,...,N, and z;, € Y} we set

o 1
<yk’hykl’h7zh) + a(Yk,ns 2n) = */ (u(t), zn) dt,

Tk Tk I (421)
Yo,n = Yoh,

where (-,-) denotes the scalar product in L?(f2), a is the bilinear form associated to
the operator —A, i.e.,

aly, z) = / VyVzdz,
Q
and yop is an element of Y}, satisfying for some Cy > 0

llvo — youllr-1() < CohllyollL2(o)- (4.22)

For instance we can choose for yg, the projection Ppyg of yo on Y; given by the
variational equation

(Pryo, zn) = (Yo, 2n) Vzn € Y.
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For any such choice of yqp, the estimate (4.22) implies that there exists a constant
C1 > 0 independent of h such that

[yonll2) < Cillyollr2(o)- (4.23)
Indeed, by using an inverse inequality and the well known estimates for the projection

operator P : L?(2) — Y},, we obtain

C
lyonllz2) < llyorn — Pryollz2@) + [[Prvollz2@) < EHZJOh — Pryolla-1c) + llvollz2 ()

C
<5 (Ilyon — yollrr-1(2) + lvo — Pryollzr-1(0) + llwoll 220
< (C+Dllyollz2()-

Obviously (4.21) defines a unique solution y,. Let us observe that from (4.5) we
have the following important consequence.

LEMMA 4.4. Let y, and §, denote the solutions to (4.21) associated to the controls
u and ®,u, respectively. Then the identity y, = ¥, holds.

The rest of the section is devoted to the proof of the stability of the scheme (4.21)
and to the derivation of error estimates for ||y — ys|/12(,), where y and y, are the
solutions to (1.1) and (4.21) associated to a given control u € L?(I, M(f2)). To this
end, we introduce some operators that will be used in the proof of the theorems. For
every h we consider the Ritz projection Ry, : Hi () — Y}, given by

a(yn, Rnz) = alyn,z) Yyn € Yy,

From the theory of finite elements we know that for all z € H?(Q) N HE (),

{ Iz = Ruzll2() + hllz = Ruzllm@) < Ch2||2llm2@), (4.24)

|2 = Rpz|po() < Ch*™ % ||z| g2

Now, for every o = (7,h) we define R, : L*(I, H}(2)) — Y, by

N. N.
1 T
RUZ = E 7/ ha(t) dtxk = E Zk,h Xk-
=1 Tk J I k=1

The operator R, enjoys for all z € L2(I, H}(Q)) and y, € ), the property

T N,
| atwott) o)~ Ras®)dt =3 [ atonnxt)) =t =0, (@29
0 k=1"Tk
Indeed, for every k =1,..., N, we have

/m%wmm=/m%mmmw

Ik Ik

1
:Tka(yk,hv?k/l Ry z(t) dt) :/ a(Yn,k, 2n,k) dt.
k

Iy

THEOREM 4.5. Given a control u € L*(I, M(R)), let y, be the solution to (4.21)
corresponding to u. Then, there exist constants C; > 0, i = 1,2, independent of u and
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o such that

NT
Z lyk,n — ykfl,h”%z(ﬁ) + T e ||Vyk,h||%2(9) <Ci (||y0||%2(sz) + ||UH%2(M)> )

k=1
(4.26)

1Yo llz2@r) < C2 (IlwollL2() + lullz ) - (4.27)

Proof. Let us set zp, = Yrn — Yr—1,5 i (4.21). Then we obtain for 1 < k < N, that

1 1
=k = yr—1nllLz () + aen Yrn = Yr-1.0) = — / (u(t), yr,h = Yr—1,n) dt.
Tk Tk J1y

From here we get with the aid of an inverse estimate [4, Theorem 17.2]

1 1
;||yk,h — Yk-1ullZ2) + i[a(yk,h; Yk,n) — @(Yk—1,hs Yk—1,h)]

1 , 1
< a”yk,h — Yk—1,nll22(0) i[a(yk,hayk,h) — a(Yk—1,n Yk—1,n)

+ a(Yr,n — Yk=1,hs Yk,h — Yk—1,h)]

1 2
= EHyk,h — Ye—1.1ll72(0) + A(Yk,hs Yk,h — Yk—1,n)

1
=— [ (u(t),yr,n — Yr—1,n) dt
Tk Iy
1
< 7\/7_—k||UHL2(Ik,M)”yk,h - ykfl,h”oo
—n/2
< Ch

SN wllz2 (e, a0 1Yk — Yr—1.nll22(0)

C?h="1 1 )

< THU”L%I;C,M) + 5 lykn = vz
C?*0rCar, 12 1 )

< THUHL%Q,M) + EHyk,h — Yk—1,h \Lz(Q).

In the last inequality we have used (4.2). Summing from k£ =1 to m and using (4.2),
it follows that

C?prCao,r

1 m
= Z 1y, — ykﬂ,h“%zm) + a(Ym,h, Ym,h) — a(Yon, Yon) < ||u||2L2(M)~

k=1

Hence

m
Z 1y = ys-10ll72(0) + TIVYmalT20) < Cllvoll 7y + llullZzany)-  (4:28)
k=1

Here we have used an inverse inequality, (4.2), and (4.23) to get

Cr
T||90h||%11(9) < ﬁ||y0h||2L2(Q) < CHy0||2L2(Q)'
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Finally, since 1 < m < N, is arbitrary, (4.26) follows from (4.28).

Now we prove (4.27). Given f € L%*(Qr), we take z € Z satisfying (4.16). Inte-
grating by parts we get

=Z/{ O (Ynns (1)) + alynn, (1))} dt

{(yk,haz(tk—l) — 2(tk)) +/ a(yk,h,z(t))dt}

I,

Il
2 szz

= {(yk,h — Y1,k 2(tr-1)) +/1 a(yk,haz(t>)dt} + (Yon, 2(0)).

Taking z, = R,z, we get from the above identity and (4.25) that

N,

/ Yof dadt = {(Ykh — Yr—1.1s 2k.0) + Tea(Yk.ns 26.0) } + (o, 2(0))
Qr k=1

N
+ Z {(yk,h = Yk—1,hs 2(tk—1) — 2k,n) + / a(Yk,h, 2(t) = 2k,n) dt}
Iy

h=1
T N,
= / (u(t), 2o (t)) dt + (yon, 2(0)) + Z (Yk,h — Yk—1,hs 2(tk—1) — 2Zu,n)- (4.29)
0 k=1

Let us estimate each of these terms. From the definition of z, and (4.23) we obtain

T
/O (u(t), 20 (1)) dt + (yon, 2(0)) < [lullz2(myllzollz2(co) + WorllLz (o) 12(0) || 220y
< Cllzllmza @ lull 2y + Yol L2(@)),

(4.30)
where we have used that there exists a constant C' > 0 independent of ¢ such that

||Rav||L2(CU) < CHU”H?J(QT) Yv € H2’1(QT). (431)
Indeed,

N 1/2 N 1/2
: 2 e )
Rovlliscy = (22 f, IR at) = — | Ruv(s)ds| _at

=11k 1 Ve TR I, o0

1/2
<Z | Rnv(s)|2, ds) .

Using (4.24) we deduce that

IA

[Brw]loo < [[Brw — wlloo + [[wlloe < CRElw]la2(0) + lwlleo < Cllwlla2(o

for every w € H?(Q) N H(Q), with k =1 if n < 2 and x = 1/2 if n = 3. Then, (4.31)
follows from the above inequalities.
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Concerning the last term of (4.29), we will prove

N,
> Wk = k1.0 2(tk-1) = 26.8) < CB"| 2] 20 ) ([ull L2 vy + lvoll 2 (), (4:32)
k=1

where & is defined as above. First we observe that (4.26) implies

N,
| Yk — Yk—1,0> 2(tk—1) — 2&,1)]

k=1

1/2

N, Y2 /N,
< (Z e, — ykl,h”%z(szh)) (Z [2(te—1) — Zkﬁ%?(m))
k=1

k=1

N,
< C(llullLz(am) + lyollz2(@)) (Z [2(tk—1) = zk,n
k=1

1/2
|22(Qh)> : (4.33)
From the definition of z, and (4.24) we deduce

9 1/2
l2(tk—1) = zk.nllL2 () = (/ dl’)
Qp,
1 1/2
< ( / =(tes) — ha(s)|2dsdx)
Tk Ja, JI
1 1/2
< (/ |2(tp_1) — 2(s)|? dsdx)
Tk JQ, JIy,
1 1/2
- _ 2
# (5 [ 120 = Rl )
1/2
< (/ / / |8tz(0)|2d0dsdx>
Qh Ik Ik

) 1 ) 1/2

Ch?./p
< V702l L2 1, L2 (0)) + TTH

L {#z(tk=1) — Rpz(s)}ds
Tk I

2l L2 (1, m2(2)

< CR* (|02l L2 (1, 22 () + 2] 2 (10 12 (02)))-

Inserting this estimate in (4.33) we infer (4.32). Finally, (4.29), (4.30) and (4.32) imply
that

/Q yo f dedt < C| ||z (ull 2o + lollzz) ¥/ € L(Qr),
T

which is equivalent to (4.27) O

In the next theorem we show error estimates for the discretization of the state
equation.

THEOREM 4.6. Given u € L?(I, M(R)), let y and y, be the solutions to (1.1) and
(4.21). Then, there exists a constant C' independent of u € L?(I, M(S2)), yo € L%(),
and o such that

1y = Yo llz2(2r) < CR™([[ullL2(my + lvollL2(@))s (4.34)
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where k =14fn<2and k =1/2 if n =3.
Proof. As in the proof of Theorem 4.5, we take an arbitrary element f € L?(Q7),
z € Z solution to (4.16), and z, = R, 2. Then, from (2.1) we obtain

T
/Q o) d it = / (ult), 2(t)) dt + / o)z (z,0) da
Z —(Yrhy O 2() + ayin, 2(t)) } dt.  (4.35)

Integrating by parts we get

=

-

Z/I (Yk,n, Op2(t)) dt = (Ynn> 2(t—1) — 2(tx))

T

= > Wrkn — Yr—1,h 2(tx—1)) + (Yon, 2(0)).

=
Il

From this identity, (4.21), and (4.25) we deduce

Z —(Yk,n, Oz(t)) + alyk,n, 2()) } dt

1M 107

/Ik { Yieoh — Yh—1,h, 2(te—1)) +/ a(Yk,hs z(t))} dt + (yon, 2(0))

Iy

/ { Yk,h — Yk—1,h> Zk,h) +/ a(yk,h,zk,h)} dt
Ik Ik

T

N
+ / Yk,h — Yk—1,h, 2(tk=1) — 2k,1n) + (Yon, 2(0))
=1

T
= [0+ [ (o)t 0
0 0
N,
+ kZ_l/Ik (Whh — Yk—1.h, 2(tk—1) — 2k.1)-
Inserting this identity in (4.35) we infer
T
/ (Y —yo)fdxdt = / (u(t), 2(t) — Rez(t)) dt + / (50(2) — yon (2))2(x,0) da
Qr A i
N,
_ ; /I]C (Yroh — Yk—1,n, 2(tk—1) — 2k,n).  (4.36)

Let us estimate each of these three terms. For the first term we observe that

|2 = Rozll2(co) < Ch™ (2] g2 (07
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The proof of this inequality is the same than the one of (4.18); it is enough to replace
II, by Ry and to use (4.24). Using this inequality we obtain the first estimate as
follows:

T
/0 (ult), 2(t) — Roz(t)) di

< Nlullzzmllz = Rozl L2 (co)

< Ch5||u||L2(M)HZHHZJ(QT)~ (4.37)

For the second term we proceed with the aid of (4.23):

‘_/Q(y()(x) —yon(x))z(x,0) dx

< lyo — vorllz-1 () 12(0) | &1z ()
< Chllyollz(o 12l 21 () - (4.38)

Finally, the third term of (4.36) was estimated in (4.32). Thus, using (4.37), (4.38),
and (4.32) in (4.36) the inequality

/Q (v — o) f dedt < CH*(Jull 2a + l9oll 22|l 2 (o)
T
< CR*(|lullp2aty + llwoll L2 1 2220

is obtained, which leads to (4.34) O

4.3. Discrete Optimal Control Problem. The approximation of the optimal
control problem (P) is defined as

1

(Po) uesz(I}g\lA(Q)) Jo(u) = §||ya ~YallZ2(@pr) + llullz(m),
where y,, is the discrete state associated to u, i.e., the solution to (4.21). Let us observe
that analogously to J, the functional J, is convex. However, it is not strictly convex.
This is a consequence of the non-injectivity of the control-to-discrete-state mapping
and the non-strict convexity of the norm of L?(I, M(£)). Although the existence of a
solution can be proved in the same way as for the problem (P), we therefore cannot
claim its uniqueness. Nevertheless, if @, is a solution to (P,) and if we take @, = ®,U,,
then Lemma 4.4 and the inequality (4.7) imply that J, (i) < J, (@), hence @, is
also a solution to (P,). Since for u, € U,, the mapping u, — Yo (ty), with y,(u,) the
solution to (4.21) for u = u,, is linear, injective and dimU,, = dim ), this mapping is
bijective. Therefore, the cost functional J,, is strictly convex on U,, hence (P,) has
a unique solution in U,, which will be denoted by %, hereafter. We summarize this
discussion in the following theorem.

THEOREM 4.7. Problem (P,) admits at least one solution. Among them there exists
a unique solution i, belonging to U,. Moreover, any other solution @ € L*(I, M(2))
to (P,) satisfies P, = Uy -

Remark 4.8. The fact that (P,) has exactly one solution in U, is of practical
interest. Indeed, recall that, as an element of U, , 4, has a unique representation of
the form

N Np

Uy = Z Z akthkémj .

k=1j=1
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Then, the numerical computation of %, is reduced to the computation of the coefficients
{tg; : 1 <k < N;, 1 <j < Np}, see Section 6.

We finish this section by analyzing the convergence of the solutions in U, to
problems (P,) to the solution to (P).

THEOREM 4.9. For every o, let U, be the unique solution to (P,) belonging to Uy
and let 4 be the solution to (P). Then the following convergence properties hold for
o— 0t

Uy —a in L2(I, M()), (4.39)
%ol L2y = Nl L2y (4.40)
19 = ¥ollL2(r) — O, (4.41)
Jo (o) — J (), (4.42)

where § and Y, are the continuous and discrete states associated to u and 4., respec-
tively.
Proof. First of all, let us show that

Uy = uin L*(1, M(Q))  implies  |lys — yllz2(2p) — O, (4.43)

where y, and y are the discrete and continuous states associated to the controls u,

and u, respectively. Indeed, let us write y — yo = (¥ — y°) + (y° — y» ), where y? is the

continuous state associated to u,. Then by Theorems 2.4 and 4.6 we deduce (4.43).
Turning to the verification of (4.39), we observe that

_ _ 1 1
ol 2y < o) < T (0) = 5 lal32 0,0 < 50l

which implies the boundedness of {i, }, in L?(I, M(f2)). By taking a subsequence, we

have that @, — u in L?(I, M(Q)). Then using (4.1), (4.43), lower semicontinuity of
the norm || - ||z2(aq) and (4.9) we obtain

J(u) < liminf J,(4,) < limsup Jy (i, ) < limsup J,(¥,a) = J(a).
o—0 o—0 o—0
Hence u = @ by the uniqueness of the solution to (P), and the whole sequence {@, },

converges weakly-* to @. In addition, the above inequality implies (4.42). Using again
(4.43), we deduce (4.41). Finally, (4.40) follows immediately from (4.41) and (4.42). 0

5. Error Estimates. This section is devoted to the proof of error estimates for
the optimal costs as well as for the optimal states. We still require 2 to be convex and
in addition we assume

2 ifn=1,
yg € L*(I,L7(Q)) withr={ 4 ifn=2, (5.1)
% if n = 3.

As in the previous sections, we denote by 7 and g, the continuous and discrete states
associated to the optimal controls % and u,, respectively.
THEOREM 5.1. There exists a constant C > 0 independent of o such that

| J () — Jo(s)| < Ch, (5.2)

where k =14fn <2 and k=1/2 if n = 3.
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Proof. Taking r as in (5.1) and using Holder’s inequality and (4.1), we deduce that
for all ¢ € L2(I,L"()) and n = 2 or 3,

r—2 I
Nl 2 van)) < IPllc2r,or@vaan |2\ 2l 2 < Clldll2 @ uyh?  (5.3)

holds. Observe that Q = €, for n = 1, consequently (5.3) holds with C' = 0.
Let y and y, be the continuous and discrete states associated to a given control w.
As a consequence of (4.34) and (5.3), with ¢ = y — y4, we obtain

ly = vall 220y = 9o = YallZ2(np| < 1Y = vallZ2r,220\00))

+ (ly = yallz2@ur) + 190 = yallL2(@ur)) 1Y = Yol L2(0r)
< C (Ily = yall3aor@any + Iell 2 + oz ) B, (5.4)
Now, by the optimality of u and u, we have
J(1) = Jo(u) < J(@) = Jo (o) < J(Uo) = Jo(ts),
and hence
|J (1) = Jo(to)| < max{|J(a) = Jo(u)|, [ (Us) = Jo(Us)]} - (5:5)

From (4.40) we deduce that {@, }, is bounded in L?(I, M(f2)). Therefore, (2.2) implies
that the continuous associated states {ya, }» are bounded in L2(I, W, (Q)) for every
1 < p < =25, and therefore in L?(I, L"(Q2)) as well. We now apply (5.4) with u = i,
and u = @, respectively. Together with (5.5) this establishes (5.2). 0
In the following theorem we establish a rate of convergence for the states.
THEOREM 5.2. There exists a constant C' > 0 independent of h such that

Hg - gUHL2(QT) < Ch%v (5'6)
with K as defined in Theorem 4.1.

Proof. Let S : L*>(I, M(Q2)) — L*(Qr) and S, : L*(I, M(Q)) — L?*(Q7) be the
solution operators associated to the equations (1.1) and (4.21), respectively. From
(4.34) it follows that

[Su = Soul|2(0r) < CR™(lull2(my + Yol L2(e))- (5.7)
By the optimality of @ we have for all u € L*(I, M(£)) that
(St — ya, Su— Su) + o||ullL2pm) — llullL20] 2 0,

where (-,-) now denotes the scalar product in L?(Q7). In particular, taking u = i,
we get

(S’EL — Yd, SUy — S’ﬁ) + Oé“lao-HLZ(M) — ||ﬂHL2(M)] > 0. (5.8)
Analogously, the optimality of @, implies that

(Saao' — Yd, So"a - Saﬂa) + a[”ﬂHLz(M) - ||/ELU||L2(M)] > 0. (59)
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We point out that by definition of Y}, we have S,u = 0 in I x (2 \ Q). Then, the
scalar product above in L?(Q7) coincides with that in L?(Q,7). Now, we rearrange
terms in (5.9) as follows:

(Sﬂo — Yd, Sﬂ - Sﬂa) + (Soﬂo - Sﬂov Saﬂ - Saaa)
+ (Y4, 5% — S,u + Spliy — StUy) + (S, Sott — St + Sty — Solis)
+afllal L2 (my = o llz2(an] = 0. (5.10)
Adding (5.8) and (5.10) we obtain

|Sa — Saag||2L2(QT) = (St — Syiiy, St — Syiy)
< (Soliy — Stig, Soti — Syly)
+ (yq — Sty, St — Soti + Sy — SUy). (5.11)

Let us estimate the right hand terms. For the first one we apply the Cauchy—Schwarz
inequality and use (5.7) to deduce

(Solig = Stg, Soti— Sots) < ||Sotie — Sts| 12 ()| Sot— Sotic || 120y < CR™, (5.12)

where we have used that {i,}s, {Sst}s and {S,is}, are bounded due to (4.40) and
(4.27). For the second term we use once again (5.7) to obtain

(ya — Sty, ST — Syt + Soliy, — Sty)
+ [[ya — Sto || 2 () 1(S = S0 ) (@ — Uy || L2(0r)
+ C(|t — o || L2y + Yol 2())h™ < CR”, (5.13)

where we have also used that y; € L*(I, L"(2)) and (2.2). Finally, (5.11), (5.12) and
(5.13) prove (5.6). 0
Remark 5.3. Let us observe that (5.2) and (5.6) imply that

1]l 22y — 8ol L2 | < Ch2

for some constant C' > 0 independent of o.

6. Numerical Solution. We now address the computation of minimizers 4, of
problem (P, ). First of all, we note that if we define yq, as the L?(Q,7) projection of
yq on YV, then

1 1
o () = 5o = Ya.o T2, + allull Lz + 51190 = yaollZz @)
2 2

Therefore, the problems (P,) and

~ 1
(Qo) Jo(u) = §|Iyg - yd,a”%z(gw) + a||u||L2(M)

min
weL2(1,M())
are equivalent. In this section we present a numerical algorithm to solve (Q,) as an
alternative formulation to (P, ).

Due to the spatio-temporal coupling of the norm in L?(I, M(f2)), its subdifferential
is difficult to characterize. However, using Fenchel duality combined with an equivalent
reformulation that decouples the spatio-temporal structure, we can obtain optimality
conditions that can be solved using a semismooth Newton method.
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For the reader’s convenience, we recall the Fenchel duality theory, e.g., from
[7, Chapter 4]. Let V and Y be Banach spaces with topological duals V* and Y*,
respectively, and let A : V' — Y be a continuous linear operator. Setting R = R U {oo},
let F:V - R,G:Y — R be convex lower semi-continuous functionals which are
not identically equal oo and for which there exists a vy € V' such that F(vg) < oo,
G(Avp) < oo, and G is continuous at Avg. Let F* : V* — R denote the Fenchel
conjugate of F defined by

F*(q) = sup(g, v)v=,v — F(v),
veV

which we can calculate using the fact that
F*(q) = (g,v)v+v — F(v) if and only if ¢ € dF(v). (6.1)

Here, 0F denotes the subdifferential of the convex function F, which reduces to the
Gateaux-derivative if it exists, and the left hand side arises from differentiating the
duality pairing.

The Fenchel duality theorem states that under the assumptions given above,

inf F(v) 4+ G(Av) = sup —F*(A%q) — G*(—q), (6.2)
veV geY *

holds, and that the right hand side of (6.2) has at least one solution. Furthermore, the
equality in (6.2) is attained at (7, q) if and only if

{ A*G € OF(v), 63)

—q € 0G(Av),

where the derivative of the duality pairing again enters the left hand side.

We now apply the Fenchel duality theorem to (Q, ), which we express in terms of the
expansion coefficients ;. Let Ny = N, x N}, and identify as above u, € U, with the
Vector iy = (U1, .-+, UIN,, ;- - -, UN+N, )L € RN of coefficients, and similarly Yd,o € Vo
see Section 4.1. To keep the notation simple, we will omit the vector arrows from here
on. Denote by M, = ({e;, e@)f}c‘:l the mass matrix and by Aj, = (a(e;, ek))f,’gzl the
stiffness matrix corresponding to Yj. For the sake of presentation, we fix yg = 0. Then
the discrete state equation (4.21) can be expressed as L,y, = u, with

Tfth + Ay, 0 0
—1 —1
LU’ — 77_1 Mh 7_2 Mh+Ah O ERNO‘XNO‘-
0 . .
(Note that the “mass matrix” corresponding to ((51j,ek>)§vl’;:1 is the identity.) In-
troducing for v, € RN the vectors vy = (vp1,..., v, )t € RV» 1 <k < N, the

discrete optimal control problem (Q,) can be stated in reduced form as

LN N, 1/2
min 3 ;Tk[[/;lua — Ya.olh MLy "t — Yaolk + (Z Tk|uk§> :

- ERN.
o €RT k=1
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We now set A : RNVe — RNe Ay = L1,
N, 1/2
F:RM SR, =a (Zmukﬁ) ,
]
1 T
G:RY R, G(v) = 5 Tk(vk — Yar)T Mp(vk — Ya k),

=1

and calculate the Fenchel conjugates with respect to the topology induced by the
duality pairing (4.3). For G, we have by direct calculation that

N, N,
G*(q) = sup ZTka Uk — 5 ZTk (v = Yak)" M (01, = ya,r)
vERN 1 2o
1
=3 Zﬂc ((gk + Mpyar)" My gk + Mnya k) — Yo s Mnyar)
k=1

since the supremum is attained if and only if g; = M}, (vy — yax) for each 1 <k < N,

due to (6.1) and the definition of the duality pairing. For F, we appeal to the fact

that in any Banach space the Fenchel conjugate (with respect to the weak-x topology)

of a norm is the indicator function of the unit ball with respect to the dual norm (see,
g., [15, Example 2.2.6]), and to the duality between U, and ), to obtain

1/2
. NT 2 <
F*(q) = talq) :== 0 if (Ek:1 Tk|%\oo) <a,

oo otherwise.

The adjoint A* : RN> — RN (with respect to the above duality pairing) is given by
L;T. Dropping the constant term in G* and substituting p, = A*q,, i.e., ¢o = LLp,,
we obtain the dual problem

i ol — M ML, — M, o(Po). 6.4
nin, 5 Zm Lo polk — Mpyar)" My ([Lgpolk — Mayar) + ta(ps) (6.4)

Since vg = 0 = Awg satisfies the regular point condition, the Fenchel duality theorem
is applicable, implying the existence of a solution p, which is unique due to the strict
convexity in (6.4).

While the second relation of (6.3),

Tk(LZﬁo)k = Tth(Lz;l'aa - yd,o)k forall 1<k< N, (65)

can in principle be used to obtain u, from p,, the first relation remains impractical
for numerical computation. We thus consider the following equivalent reformulation of
(6.4), which decouples the spatio-temporal constraint given by the term ¢4 (ps):

N
- I ¢ T T T
pGGRNI}rHCH i §k§:17k([Lgpa]k Mpya )" M, ((LEpolk — Mryar)

S.t. [Pkl <cpforalll <k <N, and Zchi =a?,
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where ¢, = (c1,...,cen. )T € RY7. Since the constraints satisfy a Slater condition
(take p, = 0 and ¢ = T~'/2a, 1 < k < N,), we obtain (e.g., from [12]) existence of
Lagrange multipliers u,lg,u% € RV 1 <k < N,, and A € R such that the (unique)
solution (P, ¢y ) satisfies the optimality conditions

Tlc[LoMg_l(L?;ﬁo - MU?/dp)]k = /’(‘Ilg + M%v 1<k< N,

Ny,

S (ks +4Ey) + 2278, =0, 1<k <N,

j=1

(ue) (o — &) =0, ()" (r+6) =0, pp <0, puy >0, 1<k<N,,

N,
E Tkéi —a?= 0,
k=1

where M, € RN>*No is a block diagonal matrix containing N, copies of Mj.

We now rewrite the optimality system in a form amenable to the numerical solution
using a semismooth Newton method. First, p;. and u} are scaled by 74 > 0 to eliminate
this factor from the first and second relation (which does not affect the complementarity
conditions). Using the componentwise max and min functions, the complementarity
conditions for u}, u7 and Py, can be expressed equivalently for any v > 0 as

(6.6)

e+ max(0, —py + (e — &) =0, pi +min(0, —pi +(Pk + &) = 0.
Since ui =0if p, > —¢ and u,lc = 0 if px < ¢, we have by componentwise inspection
max(0, —py, + (B — &)) = max(0, —pry, — pii +Y(Pk — T))-

We argue similarly for the min term. Furthermore, comparing the first relation of (6.6)
with (6.5), we deduce that i, = p. + pi for all 1 < k < N,. Finally, to avoid having
to form M !, we introduce j, € RV= satisfying

Ly Do = Mo (Jo — Yd.o)-
Inserting these relations into (6.6), we obtain for every v > 0 the optimality system
L,§, — Uy =0,
Lgpo — Mo (s = Ya.0) =0,
g + max(0, —ax + y(Pr, — &) + min(0, —ay +v(Pr + &) =0, 1<k <N,

Ny,

D [~ max(0, =tk + Y(Pr — &) + min(0, — . + y(Pk + ¢))]; + 2\ =0,

j=1

1<k<Ng,

N,

Zrkéi —a?=0.

k=1

(6.7)

Since the max and min functions are globally Lipschitz mappings in finite dimen-
sions, this defines a semismooth equation which can be solved using a generalized
Newton method; see, e.g., [13, 11]. Here we recall that the Newton derivative of
max(0,v) with respect to v is given componentwise by

hi if v, >0,

D 0,v)h]k =
[ NmaX( U) ]k {0 otherWi597
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and similarly that of min(0, v). In practice, we have to account for the possibly local
convergence of the Newton method. To compute a suitable starting point, as an
initialization step we successively solve a sequence of approximating problems that are
obtained from (6.7) by replacing the max and min terms with

max(0,v(pr — ¢x)) and  min(0,y(pr + C)),

respectively, and letting + tend to infinity. (This can be interpreted as a Moreau—
Yosida regularization of the complementarity conditions.) Since now uj no longer
appears in the argument of the max and min functions, it can be eliminated from the
optimality system using the third equation (which also allows computing @ given
(D, Cx)), yielding

sz’y - Ma(y’y - yd,a) =0,
Loyy + v[max(0, py — ¢y) + min(0, p, + ¢,)] = 0,

Np,
ZV [— max(0, py i — Cy,x) + min(0, py . + C’Y7k>]j + 20k =0, 1<k<N;
Jj=1

N,
E chfhk —a?=0.
k=1

(6.8)
Starting with v = 1 and p® = y° =0, &® = T~/2q and \° = 1, we solve (6.8) using a
semismooth Newton method, increase v, and compute a new solution for increased ~y
with the previous solution as starting point. Once a solution satisfies the constraints
(or a stopping value v* is reached), we use it as a starting point for the solution of
(6.7) with v = 1.

Remark 6.1. By virtue of the chosen discretization (specifically, the adjoint con-
sistency of discontinuous Galerkin methods and the discrete topology mirroring the
continuous one), the discrete optimality system (6.8) coincides with the discretiza-
tion of the continuous optimality system obtained by applying Fenchel duality, the
relaxation approach and a Moreau—Yosida approximation to problem (P). Since the
continuous optimality system may be of independent interest, the derivation is sketched
in Appendix A.

7. Numerical Examples. We illustrate the structure of the optimal controls
with some one-dimensional examples. For this purpose we set Q = (=1,1), T = 2,
v = 107" and consider the state equation

Y —vAy = u,
y(0) =0,

with homogeneous Dirichlet conditions. The spatial domain is discretized using N;, =
128 uniformly distributed nodes (which corresponds to h ~ 0.0156). Following (4.2),
we take N, = 1024 time steps (which corresponds to 7 ~ 0.00195). The targets are
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(a) 21 (b) 22 (c) z3

Fig. 7.1: Targets for numerical experiments

chosen as (see Figure 7.1)

z1 =t(1 —|z|),
1 if0.25 <t <0.75 and 0.25 <z < 0.75,
zg =13 if1.25<t<1.75 and —0.25 <z < —0.75,
0 otherwise,
1 if o —0.25 — t/4] < (0.2 + ¢/20),
zg =141 if |[x+0.25+¢/4] < (0.2 —1¢/20),
0 otherwise.

The semismooth Newton method for the solution of the optimality system (6.7) is
implemented in MATLAB, where the initialization is calculated as discussed in Section
6 with v41 = 107, and v* = 10'2. For each target the optimal control is computed for
a=107% and o = 10~ L. In every case, the discrete optimality system is solved to an
accuracy below 107!2, and the bounds on p, and on ¢, are attained within machine
precision.

The respective optimal controls u, (in the form of linearly interpolated expansion
coefficients uy;), optimal states y, and bounds ¢, are shown in Figure 7.2-7.4. The
predicted sparsity structure of the optimal controls can be observed clearly: The
spatio-temporal coupling of the control cost predominantly promotes spatial sparsity;
see Figure 7.3b in particular. The structural features of the norm |[|ul|z2(aq) are further
illustrated by the fact that larger values of « lead to both increased sparsity in space
and increased smoothness in time. It is instructive to compare the optimal controls
obtained with our |u|z2(r) regularization to those obtained numerically using a
(Moreau—Yosida approximation of a) M(€r) norm penalty term. Figure 7.5 shows
the latter for all considered targets and values of oe. While for o = 1072 both types of
control have comparable structure, for & = 107! the controls in M(€7) demonstrate
strong temporal sparsity which is absent in the case of controls in L?(I, M(1)).
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1-10°% T T T T T T T T T 91072 T T T T T T T T T
9107 1 8.10-2
8 7-107%
7.
6-1072
G-
_ 51072
%5 =
8 8
4.1072
4.
5 31072
2.1074 1 21072
1104 4 1-1072
0 . . . . . . . . . 0

Fig. 7.2: Optimal control u,, state y, and bound ¢, for target z; and o = 1072 (left),
a=10"1 (right).
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5.1073 T T T T T T T : : 0.16 T T T T T T T T T
5.10-3 F |
45-10 ol |
4.1070 F 1
0121 1
3.5-107% 1 B
3.103 | i 0.1 i
X 25-107%F 1 X 8-1072f |
E
03| |
2-10 60| 1
151078 |- 1
4-1072f 1
1-1073 1
51074 | 1 21072 1
0 . . , . . 0 . . . . \ . . . .
0 02 04 06 08 1 L2 14 16 18 2 0 02 04 06 08 1 12 14 16 18 2
t t
(e) Co (f) Co

Fig. 7.3: Optimal control u,, state y, and bound ¢, for target zo and o = 1072 (left),
a=10"1 (right).
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6-107% T T T T T T T T T 0.18 T T T T T T T T T

0.16

5-107% - 1
0.14
41078 1 0.12
0.1

T30 1 s

81072
21073 1 61072
4-1072

1-107% 1
| 2.1072

(e) ¢o

Fig. 7.4: Optimal control u,, state y, and bound ¢, for target z3 and o = 1072 (left),
a=10"1 (right).



PARABOLIC CONTROL PROBLEMS IN MEASURE SPACES

(a) target z1, o = 1073 (b) target z1, @ = 101

(c) target z2, o = 1073 (d) target 22, « = 1071

(e) target z3, a = 1073 (f) target 23, a = 107!

Fig. 7.5: Optimal controls with M(Qr) penalty.

33
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10-27

10-28 |-

10-14 |-
10-29 |-

103 |-

10-16 [
10-31 |-
10-32 |- 4 10-18 |-

10-33 |-

10-54 |- 1
== |Jn = Jne| ——lyn — yn-l

—o(h) —O(h)

10732 i i i i i i I & | | | | | I I
1071 10717 107 107 107t 1071 10712 1078 107! 1071 10717 10716 107 107t 107 10712 1070 107!
h h

(a) Functional value Jp, (b) L? norm of state yy,

Fig. 7.6: Ilustration of convergence order for target z; and o = 0.1.

We now investigate the convergence behavior as h — 0. In the absence of a
known exact solution, we take as a reference solution the computed optimal discrete
control and optimal discrete state on the finest grid with Nj» = 256 and N,» = 4096,
corresponding to h* &~ 0.00781 and 7* ~ 0.000488. As a representative example, we
consider the target z; and o = 0.1. Figure 7.6a shows the difference |J;, — Jp,«| for
a series of successively refined grids with N, = 32,40,...,128 and N,) = %N}%.
The observed approximately linear convergence rate agrees with the rate obtained
in Theorem 5.1. The corresponding L? error ||y, — yn-| > of the discrete states also
decays with a linear rate, which is faster than predicted by Theorem 5.2. A similar
behavior was observed in the elliptic case; see [2].

8. Conclusion. For the appropriate functional-analytic setting of parabolic opti-
mal control problems in measure spaces, there exists a straightforward approximation
framework that retains the structural properties of the norm in the measure-valued
Banach space and allows deriving numerically accessible optimality conditions as well as
convergence rates. In particular, although the state is discretized, the control problem
is still formulated and solved in measure space. The numerical results demonstrate
that the optimal controls exhibit the expected sparsity pattern.

Appendix A. Continuous Optimality System. In this section we sketch the
derivation of the continuous optimality system using Fenchel duality and the relaxation
approach. Let S : L2(I, M(2)) — L?(Q2) denote the solution operator corresponding
to the state equation (1.1). It will be convenient to introduce the parabolic differential
operator L such that the solution y to (1.1) satisfies Ly = u. Then we can express
problem (P) in reduced form as

1

i S — yall? .
wer A o) 219 ~ vallLe o) + allullzmay
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To apply Fenchel duality, we set

F:L2(I,M(Q)) - R, Fv) = afvllr2,m@),
1

G:L*(Qr) = R, G(v) = §||U — yallZ2 s

A LA, M(Q)) = L*(Q7), Au = Su.

Similarly to the discrete case, the Fenchel conjugates (with respect to the weak-x
topology) are given by

F*:L2(I1,C(Q)) — R, F*(q) = ta(q)
G : L*(Qr) = R, G*(q) = §||q +yall 20 — §||yd\|%2(QT)a
where

ralq) = 0 i flgll2r,0000)) <
“ oo otherwise.

Due to the definition of the solution to (1.1) via duality (see Definition 2.1), we obtain
the existence of a weak-* adjoint operator A* := S* : L?(Q7) — L*(I, Cy(Q)) defined
via the solution to (2.4). Furthermore, there exists a weak-* adjoint L* of L such that
for given g € L?(Q2r), the solution z € L?(I, Cy(f2)) of (2.4) satisfies L*z = 1pg. The
dual problem is then found to be

1
min -
q€L2(Qr) 2

llg — de%%QT) + ta(5%q).
We again substitute p = S*q € L?(I,Cy(f2)), i.e., ¢ = L*p, introduce ¢ € L*(I) by
c(t) == lp(t)|loo fora.e. 0 <t <T,

and consider

1
. Lipe _ 9
peLQ(I;Cf)I(lfl?I)l),ceLz(l) 2 I2"p yd||L2(QT)
s. t. |p(t)||oo Sc(t) fora.e. 0<t<T (A.l)

T
and / c(t)? dt = o?.
0

The Moreau—Yosida regularization of (A.1) is given by

: 1 * 2 7 2
PEL?(1,Co(®),ceL2(I) §HL P~ Yallzzir + 2 lmax(0,p = e)ll22(0r)

+ | min(0, p + )72

T
s. t. / c(t)*dt = o?,
0

where the max and min functions should be understood pointwise in €2 for almost
every 0 <t < T. Its solution is denoted by (p,,cy) € L*(I,Co()) x L?(I). Since the
cost functional is Fréchet differentiable and a Slater condition is again satisfied for
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the constraint on ¢ (take ¢ = T~/2a), we obtain existence of a Lagrange multiplier
Ay € R. Introducing once more y,, satisfying L*p, = y — yq, this yields the continuous
optimality system

L*py = (yy —ya) =0,
Ly'Y + ’ymax(07p’y - C'y) + ’ymin(O,pv + C,y) =0,

’y/ —max(0,py — ¢y) + min(0, py + ¢y) dz + 2X,cy =0,
Q

T
/ c%dt—oﬂzO.
0

By approximating p, and ., in V,, using the fact that for linear finite elements the
pointwise maximum and minimum is attained at the nodes, and the adjoint consistency
of discontinuous Galerkin methods (i.e., (L*), = L), we recover (6.8).
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