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A Smoothing Descent Method for Nonconvex
TV4-Models!

Michael Hintermiilleli2 Tao WUF

Abstract. A novel class of variational models with nonconvex ¢;-norm-
type regularizations (0 < ¢ < 1) is considered, which typically out-
performs popular models with convex regularizations in restoring sparse
images. Due to the fact that the objective function is nonconvex and non-
Lipschitz, such models are very challenging from an analytical as well as
numerical point of view. In this work a smoothing descent method with
provable convergence properties is proposed for computing stationary
points of the underlying variational problem. Numerical experiments are
reported to illustrate the effectiveness of the new method.

1 Introduction

In signal or image recovery from sparse data, it has been observed that models
based on nonconvex regularization typically outperform convex ones. In partic-
ular, variational models relying on {,-norm-type regularization with ¢ € (0, 1)
are of interest [BIT6l9]. Due to the particular choice of ¢, the associated func-
tional [|v||¢ := >, |v;|? turns out to be nonconvex, nondifferentiable and not even
locally Lipschitz continuous, and it is not a norm in the usual sense. These prop-
erties imply several challenges from an analytical as well as numerical point of
view in the treatment of such problems. In fact, analytically generalized deriva-
tive concepts are challenged [7] and, thus, the first-order optimality description
becomes an issue. Concerning the numerical solution of general nonsmooth min-
imization problems, we mention that while convex problems are rather well un-
derstood [I3IT9IT4] nonconvex ones are still challenging [T4|T]. For nonconvex and
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non-locally-Lipschitz problems, the literature on methods based on generalized
derivatives is rather scarce. However, taking the particular format of the un-
derlying nonsmoothness into account and possibly applying tailored (vanishing)
smoothing concepts, in [T6/4IGIT5IT2] solvers of the associated minimization
problems in sparse signal or image recovery were developed recently. In view of
these references, we note that [6/T5] requires conditions for the successful analysis
which ultimately rule out the ¢;,-norm-type regularization, [9] needs a sparsity
assumption, and [4] provides a method based on Bergman iterations and spe-
cific shrinkage-procedures, but does not include a convergence analysis. In [12] a
regularized nonsmooth Newton technique is proposed which relies on some kind
of local smoothing.

Motivated by smoothing methods see for example [6]), in this work, for solv-
ing the problem below, we present a descent algorithm combining a Huber-
type smoothing (which we call Huberization in the sequel) with elements of the
nonsmooth Newton solver from [12]. In fact, the smoothing method provides a
mechanism which allows us to drive the Huber-type smoothing of the £,-norm to
zero, thus, genuinely approaching a stationary point of the ¢;-norm-type prob-
lem. From the gradient of the Huberized objective, a suitable descent direction
for that objective is computed by the so-called R-regularized nonsmooth New-
ton method [12]. By this procedure, a variable-metric-type scaling is applied
to the steepest descent direction, thus, improving the convergence behavior of
the overall method. Moreover, convergence of the algorithmic scheme towards a
stationary point of is established.

The rest of the paper is organized as follows. In section 2, we introduce the
nonconvex TV?-model and establish the existence of solution and the necessary
optimality condition. A smoothing descent method and its convergence analysis
are presented in section 3. Finally, the proposed method is implemented on
various image processing tasks and the results are reported in section 4.

2 Nonconvex TV2-model

The nonconvex TVY%-model considered in this paper is formulated as follows:

min, )= 3 (5T + ATyl 4 K- 5E) . )

u€RI2I =
(1,5)€R

Here, (2 is a two-dimensional discrete image domain with |{2| being the number
of pixels in £2, u € RI*l represents the digital image which is to be reconstructed
from observed data z € RI?l, v € R2?I*I2 g the gradient operator, |(Vu);;|
denotes the Euclidean norm of (Vu);; in R?, K € RI’I*I?l is a continuous linear
operator (which, for instance, might describe blurring), and @ > 0, 0 < ¢ <
1, 0 < pu < « are user-chosen regularization parameters. In particular, if ¢ =1
and ¢ = 0, then corresponds to the conventional (convex) total variation
(TV-) model according to Rudin, Osher and Fatemi [I§]. We also note that y is
merely important for analytical purposes, and g = 0 is typically chosen in our
numerics in the case where K = [.



The existence of a solution of is guaranteed by the following theorem. Its
proof can be found in [12].

Theorem 1 (Existence of solution) Suppose that KerVNKerK = {0}, then
there exists a global minimizer for the variational problem ,

Note that due to the presence of the power-g term the objective f in is not
even locally Lipschitz continuous. This causes difficulties when using the Clarke
generalized gradient of f [7] for describing stationarity of a point u. However,
distinguishing smooth and nonsmooth regions of f through the norm of the
gradient of u, stationary points of can still be characterized by the following
Euler-Lagrange-type system:

{—,uAu + KT (Ku—2)+aVT(|Vuli2Vu) =0, if (Vu);; #0; @)

Vu =0, otherwise.

The disjunctive nature of the above system, which is due to the nonsmoothness of
f, causes severe difficulties in the design of solution algorithms. In the following,
we propose a smoothing descent method, which generates a sequence that has
an accumulation point satisfying .

3 Smoothing descent method

The smoothing descent method proceeds iteratively as follows. In each iteration,
the TV9-objective is smoothed locally around the nondifferentiability by a Huber
function which is controlled through the parameter v > 0. The Huber function

reads
oy (3B >
! Iyr2s?, if 0<s<n,

and the associated Huberized version of is given by

min £,(0)i= 30 (BT +ap ((Tu) + 31K —2) . @

ueRILI (e
The corresponding Huberized Euler-Lagrange equations is
Viy(u) = —pAu+ K" (Ku—z)+aV' (max(|Vul,7)?2Vu) =0.  (4)

Here the max operation is understood in a componentwise sense.

Clearly, the Huberized objective f is continuously differentiable and bounded
from below. Therefore, can be solved by well-known standard solvers for
smooth minimization problems; see, e.g., [I7]. In this work, however, we utilize
a tailored approach by employing the so-called R-regularized Newton scheme
which was very recently proposed in [12]. In order to globalize the Newton iter-
ation, a backtracking Armijo line search is used which is particularly tuned to
the structure of the problem of interest.



For completeness, we provide a self-contained introduction of the R-regularized
Newton method in the appendix. Essentially, this method is a generalization of
the lagged-diffusivity fixed-point iteration [2002/5], which alleviates diffusion non-
linearity by using information from the previous iterate. Moreover, with aid of
the infeasible Newton technique [I1], a sufficient condition can be derived for
obtaining a descent direction in each iteration; see Theorem [0] in the appendix.
The descent property is important for the Armijo-based line search globaliza-
tion; see [I7] and the references therein for a general account of Armijo’s line
search rule.

When is solved with sufficient accuracy, for instance with respect to the
residual norm || f,« (u**1)||, then the Huber parameter is reduced and the current
solution serves as the initial guess for solving the next Huberized problem. The
resulting overall algorithmic scheme is specified next.

Algorithm 2 (Smoothing descent method)
Choose 0 <T7<1, 0<0 <1, p>0, ¥>0. Then iterate as follows:

1. Compute a descent direction 6u® for fyr at u®, ie. V foe (uF)Tour <0, for
the Huberized problem (@ by the R-reqularized Newton method.
2. Perform an Armijo line search, i.e. determine the size a* > 0 such that

Jon (u* + a*ou”) < for (u®) + Taka,Yk (u®) T ou®, (5)
and set uFt1 = uk + akFsuk.

S IF||V foe (WPt || > pyF, then set v =4k otherwise, set AFF1 = k.
4. If % > 7, then set k :=k + 1 and return to Step 1; otherwise stop.

In our experiments, we shall always fix the parameters 7 = 0.1, § = 0.8, p = 0.1.
Next we present the convergence analysis for the smoothing descent method.
For this purpose, we take 7 = 0.

Lemma 3 The sequence generated by Algorithm[g satisfies

lim 4% =0, liminf ||V f,x (u¥*1)]| = 0.
k—o00 k—ro0

Proof. Define the index set
K= {k: "1 =04} (6)

If K is finite, then there exists some k such that for all k > k we have v* = 'y’_f
and ||V fx (u*T1)|| > py*. This contradicts the fact that the first-order method
with Armijo line search for solving the smooth problem min,, f.(u) generates a
sequence (u*) such that liminfy_, o IV f e (uF)|| = 0, cf. [10]. Thus, K is infinite
and limg_,o0 v* = 0. Moreover, let K = (k!)?°, with k' < k? < ..., then we have
IV £, (¥ +1)[| < py*" = 0 as 1 — oo. Hence, liminf |V £ (u**1)]| = 0.

Theorem 4 Assume that the sequence (u¥) generated by Algorithm@ 1s bounded.
Then there exists an accumulation point u* of (u¥) such that u* € RI®l satisfies
the Euler-Lagrange equation @



Proof. In view of the result in Lemma (3, there exists a subsequence of (u*),
say (u¥'), such that limy_ e IV £ (u* T1)|| = 0. Since (u*') is bounded, by
compactness there exists a subsequence of (u*'), say (u*"), such that (u¥")
converges to some u* as k” — +oo. We show that u* is a solution to . On
the set {(4,7) € £2: (Vu*);; = 0}, the conclusion follows automatically. On the
set {(i,7) € £2: (Vu*);j # 0}, we have that max(|Vu*" 1 4%") = |Vu*| > 0 as
k" — oco. Therefore, it follows from

IV £ ()| <V for (@) = V()] + [V four (@] = 0, (7)
that u* satisfies .

4 Numerical experiments

In this section, we report on numerical results obtained by our algorithm for
various tasks in TV?-model based image restoration. The experiments are per-
formed under MATLAB R2009b on a 2.66 GHz Intel Core Laptop with 4 GB
RAM.

4.1 Denoising

We first test our algorithm on denoising the “T'wo Circles” image; see Figure
This image, shown in plot (a), is degraded by zero-mean white Gaussian
noise of 7% and 14% standard deviation respectively; see plots (b) and (c). The
parameters ¢ = 0.75, p = 0 are used in this example. The restored images of
two different noisy images are given in plots (d) and (e). In the following, we
use the data set in (b) to investigate the numerical behavior of Algorithm 2] in
details.

Robustness to initialization. Note that our algorithm is intended to find
a stationary point of the TV?-model (which is often a local minimizer in our
numerical experiments). It is worthwhile to check the quality of such local so-
lutions. In Figure 2| we implement the algorithm starting from three different
choices of initializations; see the first row. The corresponding restored images are
shown in the second row, which are visually indistinguishable. We also remark
that choosing a relatively large initial Huber parameter 4" in general strengthens
the robustness of the algorithm against poor initializations.

Choice of stopping criteria. As the stopping criteria (step 4) of Algorithm
depends on 7, here we suggest an empirical way based on the histogram for
choosing a proper 7 in an a posteriori way. As we know, the TV9%-model tends
to promote a solution with very sparse histogram. This is numerically confirmed
by the histogram plots in Figure [3| Therefore, it is reasonable to terminate the
algorithm once there is no longer significant change in the sparsity pattern of the
histogram. In our particular example, this suggests that ¥ = 10™* is a proper
choice. The same choice of 4 will be used in all the following experiments.

Miscellaneous numerical behavior. We further demonstrate the numer-
ical behavior of the algorithm in Figure[d] All data points in the plots are taken



6

from those iterations with k € IC; see @ for the definition of K. As v* decreases,
our algorithm is well behaved in terms of objective value, PSNR, and residual
norm. Qualitatively a similar numerical behavior is observed in the experiments

that follow.

(c)

Fig.1: Denoising: (a) “Two Circles” image. (b) Corrupted with 7% Gaussian
noise. (c¢) Corrupted with 14% Gaussian noise. (d) Restoration of (b) with a =
0.05. (e) Restoration of (c¢) with a = 0.12.

4.2 Deblurring

In Figure 5| we test our algorithm on deblurring the 256-by-256 phantom image
depicted in plot (a). The original image is blurred by a two-dimensional truncated
Gaussian kernel yielding

@' + 152
(Ku);j = Z exp <— Ui i j— i
ij T 2|ok|? i—i/,j—j

Then white Gaussian noise of zero mean and 0.05 standard deviation is added to
the blurred image; see (b). We apply our algorithm with ¢ = 0.75, a = 0.01, p =



(h)

Fig. 2: Initialization test: (a) Observed image as initial guess. (b) Tikhonov reg-
ularized image as initial guess. (c) Rotated image as initial guess (d) Random
initial guess. (e), (f), (g), and (h) are the restorations from (a), (b), (¢), and (d)
respectively.

107%, and u® = 2. In plot (c) the restored image is shown. Its PSNR-value is
27.6672.

4.3 Compressed sensing

We also apply our algorithm on a k-space compressed sensing problem; see Figure
@ The observed data z is constructed as follows: z = SFugpye, where F' is
the 2D discrete Fourier transform and S is a 20% k-space random sampling
matrix. We reconstruct the image by solving our TV?-model with ¢ = 0.75, a =
0.001, u = 1075, and u® = 0. The corresponding restored image is shown in
(e). This result is compared with the reconstruction obtained from the inverse
Fourier transform in (c) and the reconstruction obtained from the TV-model in
(d) with ¢ = 1, @ = 0.02, u = 10~°. In our implementation of the TV-model,
« is chosen in order to obtain an image with optimal PSNR. In the left part of
Table[I], we provide the comparison of the three candidate methods with respect
to PSNR and CPU time. It is observed that the inverse Fourier transform is
computationally cheap but only yields a poor result. The TV method takes
about 6 seconds but still cannot recover the image to fine details. Our TVY
method takes about double the CPU time of TV and provides an almost perfect
reconstruction.
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Fig. 3: Histogram of u**! (k € K).

residual norm

Fig. 4: Numerical behavior (k € K): (a) TVi-energy f(u**1). (b) PSNR(uf*1).
(¢) Residual norm ||V f,x (u*+1)]].

4.4 Integral-geometry tomography

In Figure[7] we apply our algorithm on integral-geometry tomography. The given
data z in (b), also known as the sinogram, is constructed by taking the 2D Radon
transform of the underlying image every 15 degrees (out of 180 degrees). The
matrix K in this example is a discrete Radon transform of size 1235-by-4096.
We utilize our TV?-model with ¢ = 0.75, o = 0.001, = 107%, and «° = 0. The
restoration is shown in plot (e). This result clearly outperforms the one shown
in plot (c), which is obtained by filtered backprojection, and the one shown in
plot (d), which is obtained from the TV-model with ¢ = 1, a = 0.02, p =



(a) (b) (c)

Fig.5: Deblurring: (a) 256-by-256 Phantom. (b) Noisy blurred image;
PSNR=21.7276. (c) Restored image; PSNR=27.6672.

()

Fig.6: Compressed sensing: (a) 64-by-64 Phantom. (b) 20% k-space random
sampling. (c¢) Direct reconstruction by FFT. (d) Reconstruction by TV-model.
(e) Reconstruction by TV9?-model.

1076. In our implementation of the TV-model, « is chosen in order to obtain an
image with optimal PSNR. In the right part of Table [l} we again compare the
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three candidate methods with respect to PSNR and CPU time. Similar to the
compression sensing example, the TV? method costs more CPU time than the
other two methods (but still less than double the CPU time of the TV method)
but yields an almost perfect reconstruction.

Fig. 7: Integral-geometry tomography: (a) 64-by-64 Phantom. (b) Sinogram. (c)
Reconstruction by filtered backprojection. (d) Reconstruction by TV-model. (e)
Reconstruction by TV?-model.

4.5 Reconstruction of multi-coil MRI raw data

We now extend the methodology to magnetic resonance imaging (MRI), by con-
sidering the following model:

L
. 1 (6% [e79)
min > [Ku—zlP+ > =Z[(Vu)lf+ Y =E(Wuw)ei |t (8)
uw€ERILI 2 o L _q

=1 (i,5)€82 (i) €=

with K; := PF(oju). Here ag and oy, are two positive parameters, L is the num-
ber of coils of the MRI machine, (z;) denote the raw data collected by each coil,
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Compressed sensing Integral-geometry tomography
IFT TV INA FBP TV INA
PSNR |[13.68  25.74  44.48 PSNR |15.14 23.18 51.26
CPU <1 6.68 12.72 CPU <1 3.82 7.27
Table 1: Comparison with respect to PSNR and CPU time (in seconds).

(07) are the given (or precomputed) coil sensitivities, F' is the two-dimensional
discrete Fourier transform, and P represents some given radial projection op-
erator in the k-space. Moreover, W : RIl — RI=l is a user-chosen transform,
typically a 2D discrete wavelet transform, and = denotes the wavelet transformed
domain.

Note that in addition to the TV? regularization, we include the ¢?-norm of
wavelet coefficients in the regularization in order to allow the reconstruction to
be richer than patchwise constant images. Nevertheless, our algorithm presented
in this paper can be extended without agonizing pain to the problem ().

Indeed, as a straightforward extension of Theorem the solution of (8)) exists
provided that KerVNKerW N(NE  KerK;) = {0}. The Euler-Lagrange equation
for appears as

agVTpg + oW Tpy + Zle KIT(Klu —2) =0,
(Pg)is = |(Vu)i;|972(Vu)j, if (,5) € 2 A (Vu)i; # 0,
(Pw)irjr = [(Wu) @ T2 (Wu)ijr, if (i',5') € E A (Wu)iryr #0.

The associated Huberized problem can be analogously formulated as

eleQZHKzu—le Ty Z ey ([(Vu)ig|) + o Z o~ ([(Wuw)ir i),

(i,5)€R (i',j))ex

and the corresponding Huberized Euler-Lagrange equation is given by

L
agVT(max(|Vu|,’y)q_QVu)+awWT(maX(|Wu|,7)‘1_2Wu)+z K, (Kju—z) = 0.
=1

We shall not go into further details but remark that the R-regularized method
in the appendix can be used to solve the above smooth problem by treating the
gradient term and the wavelet term independently. Thus, Algorithm [2] can be
implemented.

In this experiment, the MRI data are collected from four coils, i.e. L =
4. We choose ¢ = 0.75, ay = 1075, a,, = 2 x 107°, and W to be the 4th-
order Daubechies wavelet transform [§]. The reconstructed images using various
numbers of radial projections are shown in Figure[8] Depending on the resolution
(or detail) desired by practitioners, our method helps to reduce the necessary
number of k-space samples and therefore to speed up the overall MRI data
acquisition.
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(d) 24 radial projections. (e) 16 radial projections. (f) 12 radial projections.

Fig. 8: Reconstruction of four-coil MRI raw data.

Appendix: R-regularized Newton method

Here we provide a brief and self-contained description of the R-regularized New-
ton method. The interested readers can find more details in the recent work
[12].

A regularized-Newton-type structure generically arises in the classical lagged-
diffusivity fixed-point iteration [20]. Let u* be our current iterate in solving the
Huberized problem . By introducing a lagged-diffusivity weight

k

w* = max(|Vub|, 7)1+,

and a dual variable
p := w” max(|Vul,7) " Vu,
with 0 <r <2 — g, the reweighted Euler-Lagrange equation @) appears as

{—,uAu—FKT(Ku—z)—FaVTp:O, ©)

(w*) ™! max(|Vul,7)"p = Vu.
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Given a current approximation (uk , p’“)7 we apply a generalized linearization to
@D and obtain the generalized Newton system

—pA+K'K oV, suk]  [pAukf — KT(Kuk — 2) — aV T pk
—C*(r)V  D((m*)2~e) | | op* | — Vub — (mF)2-apk ’
where
m = max(|Vut], 7).

1, if \(Vuk)”| > 7,
0, otherwise,

v~ {

5 _ D(V,u*) D(V, u*)
k(o o T k\—q, k x y
and D(v) denotes a diagonal matrix with the vector v as diagonal entries.
After eliminating dp”*, we are left with the linear system

HE (r)ouf = =V £, (u"), (10)
where
H*(r) := —pA+ K"K +aV " D((m*)172e)C* (r)V.
The Newton system can be rewritten as
(H* + BR)ou* = =V [, (u"), (11)

with 8 = 2—¢—r, where H* := H* (2—q) is the Hessian from the non-reweighted
primal-dual Newton method [20/T1], and

_ D(Vu) D(V,u")
k T k\—2 k T 2
= D Y .
serves as a regularizer on the Hessian H*. This coins the name R-regularization
in connection with Newton’s method.

Next we aim to establish a sufficient condition on the R-regularization weight
B in order to guarantee that H"(r) is positive definite and, therefore, su” is a
descent direction for f, at u”. For this purpose we invoke an infeasible Newton
technique [1TI12).

The infeasible Newton technique involves two modifications in constructing
the system matrix H"(r). First, we replace p* by p* , where

Pk = X ax (m*)1=1pF
T max((mF)e=1, [pt]

p+ - Xar ).
Note that the modified p’i satisfies its feasibility condition, i.e.

|(pi)”| < |(Vuk)ij\q_1, whenever |(Vuk)ij| > . (12)
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Secondly, we replace C*(r) by its symmetrization denoted by é’ﬁ (r), i.e.

Ck(r) = 5 =1 —rD(x.x(mF)™9)
D((ph)e Vau®) D(L((p) Vb + (ph), V,uk))
D(5((ph)aVyu® + (p5)y Vaur)) ((P5)y Vyu®)

Accordingly, the system matrix H* in is replaced by H fﬁ with
HY == —pA+ KK 4+ oV D((m*)72e)C* (2 — q)V,

and the regularizer R* is replaced by Ri with

Lemma 5 Let 0 <r <1 (or equivalently 1 —q < 8 <2 —q) and the feasibility
condition hold true. Then the matriz Cﬁ (r) is positive semidefinite.

The proof of Lemma [5| is given in [12]. Thus, the positive definiteness of the
R-regularized Hessian H ﬁ + ﬂR’i follows immediately from its structure and
Lemma, 5

Theorem 6 Suppose the assumptions of Lemma [5 are satisfied. Then the R-
reqularized Hessian H fﬁ + BR{? is positive definite.

Thus the descent direction du* in the R-regularized Newton method imple-
mented in step 1 of Algorithm [2] can be now obtained by solving the linear
system

(HY + BRE)ouF = —V £, (u"),

withl—g¢g<pB<2—q.

In all experiments in section 4, we consistently choose § = 1 — ¢. This choice
has the interesting interpretation that we actually relax the TV9-model to a
weighted TV-model (with weight updating in the outer iterations); see [12].
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