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L°° FITTING FOR INVERSE PROBLEMS
WITH UNIFORM NOISE

Christian Clason*

March 1, 2012

For inverse problems where the data is corrupted by uniform noise, it is well-
known that the L* norm is a more robust data fitting term than the standard L
norm. Well-posedness and regularization properties for linear inverse problems
with L* data fitting are shown, and the automatic choice of the regularization
parameter is discussed. After introducing an equivalent reformulation of the
problem and a Moreau-Yosida approximation, a superlinearly convergent semi-
smooth Newton method becomes applicable for the numerical solution of L*
fitting problems. Numerical examples illustrate the performance of the proposed
approach as well as the qualitative behavior of L™ fitting.

1 INTRODUCTION

This work is concerned with the inverse problem
Kx =y,

where the given data y® contains uniformly distributed noise. Apart from being often used in
numerical tests of reconstruction algorithms, such noise can be used as a statistical model of
quantization errors appearing in digital data acquisition and processing [Widrow and Kollar
2008; Shykula and Seleznjev 2006]. Here we are especially (but not exclusively) interested
in the case where K is the solution operator for a (linear) partial differential equation, e.g.,
K = A~ Since this problem is ill-posed, regularization needs to be applied. It is well-known
that for uniform noise, the L>° norm is an appropriate term to measure the data misfit, leading
to minimizing a Tikhonov functional of the type

(1.1) mXinHKx—yéHLw—FocHtz,
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or — if the noise level & is known - a Morozov functional of the type
. 2 : 5
min ||x||©  subject to HKx—y HLDO < 6.
X

(These will be made precise below, cf. Section 2.) The difficulty arises from the non-differentia-
bility of the L* norm. This may be the reason why inverse problems in L* have received rather
little attention in the mathematical literature, even though there has been considerable recent
progress in the regularization theory in Banach spaces (see, e.g., [Burger and Osher 2004;
Resmerita 2005; Resmerita and Scherzer 2006; Hofmann et al. 2007; Pdschl 2009; Scherzer
et al. 2009]). Numerical methods for minimizing L* functionals have been investigated
in [Williams and Kalogiratou 1993a; Williams and Kalogiratou 1993b] for curve fitting and
parameter estimation for ordinary differential equations and in [Grund and Résch 2001;
Priifert and Schiela 2009; Clason, Ito, et al. 2010] for optimal control of partial differential
equations. There has also be some recent interest in L* functionals in the context of geometric
vision [Hartley and Schaffalitzky 2004; Sim and Hartley 2006; Seo and Hartley 2007].

Our main interest thus lies in deriving an efficient method for the numerical solution of
inverse problems with L* fitting. Following [Grund and R&sch 2001; Priifert and Schiela
2009; Clason, Ito, et al. 2010], our approach is based on an equivalent formulation of ():

rgl‘ixn ¢+ ox|? subject to HKX — yéHLm(Q) <c.

This can be interpreted as an “augmented Morozov regularization” for the joint estimation
of the unknown parameter x and the noise level = c. (In fact, if 6 is known, the proposed
approach can be used for the numerical solution of Morozov regularization (also called residual
method) by fixing ¢ = 8, see Remark 4.7 below.) For this formulation, we derive optimality
conditions based on an equivalent reformulation, introduce a Moreau-Yosida approximation
and show its convergence, and prove superlinear convergence of a semi-smooth Newton
method. We also address the automatic choice of the regularization parameter o using a
simple fixed-point iteration.

This paper is organized as follows. In Section 2, we address well-posedness and convergence
of a slight generalization of the Tikhonov functional (1.1). Section 3 is concerned with the
fixed point algorithm for the automatic choice of the regularization parameter . The numerical
solution of the L* fitting problem is discussed in Section 4. Finally, numerical examples for
one- and two-dimensional model problems are presented in Section 5.

2 WELL-POSEDNESS AND REGULARIZATION PROPER-
TIES

We consider for 1T < p < oo the problem

1
(P) min —HKx—ySHEOO(Q)—i—ng—oni,

xeX P 2



where K : X — L*(Q) is a bounded linear operator defined on the Hilbert space X, Q C R"™
is a bounded domain, xo € X is given, and y® € L™(Q) are noisy measurements with noise
level ||y" —y°||,.. Q) <O (y" = Kx' being the noise-free data). If the kernel of K is non-
trivial, we denote by x' the xo-minimum norm solution, i.e., the minimizer of ||x — xo||y
over the set {x € X : Kx = y'}. Our main assumption on K (needed for convergence of the
Moreau-Yosida approximation) is that

(2.1) xn — x!in X implies Kx,, — Kx'in L®(Q).

This holds if K is a compact operator or maps into a space compactly embedded into L*(Q)
(as is the case if K is the solution operator for a partial differential equation).

The results of this section are standard (see, e.g., [Engl et al. 1996, Chapters 5, 10], [Scherzer
et al. 2009, Chapter 3]), and are given here to make the presentation self-contained. The first
result concerns the well-posedness of (P).

Theorem 2.1. For o > 0 and given y®, there holds:
(i) There exists a unique solution x%, € X to problem (P);

(ii) For a sequence of data {ynnen such that y,, — y° in L®(Q), the sequence {xg}nEN of
minimizers contains a subsequence converging to x3;

(iii) If the regularization parameter x = x(0) satisfies

li li o
500 x(8) = 500 «8) =0

then the family {x s, }s_, has a subsequence converging to x' as 5 — 0.

Under a source condition, we obtain rates for the convergence in (iii). Assume that that
there exists aw € L>®(Q)" such that

(2.2) x —xp = K*w.

Theorem 2.2. If the source condition (2.2) holds, and « = O(5¢) with e € (0,1) in casep =1
and o« = O(8P ') in case p > 1, then the minimizer x5, of (P) satisfies

8 ifp=1
e —x < {0 YP=h
cdz  ifp>1T.

Proof. By the minimizing property of x3, we have

1 o 1 104
];HKXf’x =0T o) + EHXi —xoll% < EHKXT =0T o) + EHXT — %ol

0P «
< ) + zHXT —XolI%



and hence

1 104 oP

5||KX?X =Y [fe(a) + §||X{’« —xT|% < > + o(x" —x0,x" —x3)x.
Now by the source condition (2.2) we have

] X 6}‘) y
IS =90 ) SIS I < K )y

&P
< 7 + o |[Wllpe () Kxg =y liea)-

Inserting the productive zero 0 = y® — y® on the right hand side and applying the triangle
inequality yields

1 (o4
(2-3) EHKXSC _y‘SHEoo(Q) + EHXZSX - XTH%(

KxS —y° o) + Iy —y¥llie(a)).

5P
< ? +x HWHLN(Q)* (

If p =1, we have

o
(1= ot [ Wl o)) 1Kxe =Y [l (o) + S lxa = XTI < (1 + & [Wli )-)3,

from which the desired convergence rate follows by choosing choosing « = O(5¢). Forp > 1,
we use Young’s inequality ab < ]%ap + #bp' forp’ = -y, a = [Kx3, — y® |t~ (q) and
b = o ||[W||;« )+ and rearrange terms to deduce

1 /
Kxa —y°llieia) + o Wil () )™

1
—I—)IIKX§ Y’ [Fe(a) < — W= (q):

Hence, by adding the last term on the right hand side to both sides of (2.3), we obtain

o oF 1 ,
—Hxi _XTHi < ? + ‘XHWHLOO(Q)* 6 + ;(“’|W|‘Lw(n)*)p .

2
Taking o = O(8P ') then yields the claimed estimate. O

Note that for p = 1, () is an exact penalization, i.e., there exists «* > 0 such that for all
o < o, the minimizer x% of (P) with exact data y' satisfies x = x, cf. [Burger and Osher
2004; Hofmann et al. 2007].

Next we consider Morozov’s discrepancy principle [Morozov 1966], which consists in
choosing « such that

KX = y®[li= () = 10

for some T > 1.



Theorem 2.3. Assume that the source condition (2.2) holds, and that the regularization param-
eter o« = «(d) is determined according to the discrepancy principle. Then the minimizer x5, of
(P) satisfies

xS —xT[lx < c82.
Proof. By the minimizing property of x3, and the choice of «, we have
Ixa —xoll% < X" —xoll%,

from which it follows that

%% — xT|% < 2(x" —x0,xT = x%)x = 2(K*w, xT —x3)x
<2 HWHLOO(Q)* Kxh — Kxic||L°°(QJ
<2 [Wllsa) (YT =12 llee o) + [y° — K llie(a))
<2 ||W||L°<>(Q)* (1+1)9,
and hence the claimed estimate. O

Remark 2.4. If X is an adjoint operator, i.e., there exists K, : L' (Q) — X such that (K,)* =K,
the source condition can be stated as: There exists w € L' (Q) such that xT — xy = K, w.

3 PARAMETER CHOICE

Morozov’s discrepancy principle requires knowledge of the noise level, which is often not
available in practice. Here, we use a heuristic choice rule derived from a balancing principle
[Clason et al. 2010b; Clason et al. 2010a; Clason and Jin 2011], which involves auto-calibration
of the noise level. Although it is no rigorous justification, let us give a brief motivation of this
principle. Recall that the Morozov discrepancy principle chooses « such that the residual in
the appropriate norm is on the order of the noise level 8. In an iterative scheme, one would
start with a large parameter and reduce it until this condition is satisfied, making use of the
fact that the norm of the residual is monotonically increasing as a function of « (cf. Lemma
3.1 below). On the other hand, the regularization term is monotonically decreasing; one
could therefore equally choose « such that the regularization term reaches a certain value,
which is proportional to the noise level 8. If § is not known, this approach allows using the
current residual as an estimate of the noise level. If the true data and the noise are structurally
sufficiently different, it can be expected that

[[Kxa _yéHLW(Q) o

for a reasonable range of . This motivates considering the following heuristic principle:
Choose o« > 0 such that the balancing equation

x
G) S Ixa = %ol = 01lKxa = y*llie(a)



is satisfied. (Note that |[Kx" —y®[|1~(q) rather than [[Kx! —y®|[.. ) is the true noise level
by definition.) Here, o is a proportionality constant which depends on K and X, but not on .

We can compute a solution «* to (3.1) by the following simple fixed point algorithm
proposed in [Clason et al. 2010a]:

KXo, = Y®[lLe()

3lxe = xoll%

(3-2) Xk+1 =0

This fixed point algorithm can be derived formally from the model function approach [Clason
et al. 2010b]. The convergence can be proven similar to [Clason et al. 2010a]; the proof is
given here for the sake of completeness. We start by arguing monotonicity of the data fitting
and of the regularization term.

Lemma 3.1. The functions ||[Kxo — y°®|l1=(q) and ||x« — xo||x are monotonic in « in the sense
that for 1, x, > 0, there holds

(KXo, =Y° [l (@) — IKXa, = Y° [l () (7 — &2) = 0
and
([1%ecy _XOHi — |Ixa, —XoHi)(Oﬂ —ay) <0.

Proof. The minimizing property of x, and x, yields

1 p [od 2 1 P X1 2

- HKqu _y5HLoo(Q) + 7 onq _XOHX < ]; HKX(XZ _ySHLOO(Q) + 7 HXOQ _X0HX>
P 2 2 1 P X2 2

. HKXCXz _y5HLOO(Q) + 7 thxz _XOHX < E HKXOH _ySHLOO(Q) + 7 HXCXI _XOHX :

Adding these two inequalities together gives the second estimate. The first one can be obtained
by dividing the two inequalities by ; and «,, respectively, adding them together and using
the monotonicity of t — tP forp > 1and t > 0. O

We shall denote by
6 a«
1) = 0f[Kxa =% [|i=(0) = 5 [Ixa = X0llx

the residual in (3.1). The next lemma shows the monotonicity of the iteration (3.2).

Lemma 3.2. The sequence of regularization parameters {o }xcn generated by the fixed point
algorithm is monotonically increasing if r(xo) > 0 and monotonically decreasing if r(xo) < 0.

Proof. We argue by induction. If r(xg) > 0, then by the definition of the iteration, we have

o IKxay = YPle(0)
X1 = i 2
ZHXCXO _XOHX

> X0,



and similarly (with the opposite inequality) for r(«y) < 0. Now for any k > 1,

Okt 1 =0 (HKX(Xk _yéHL‘”(Q) ||KX(Xk71 _y6||L°°(Q_)>
+ - - —

%onck _XOH§( %thxkq _X0H§(
B 20
||X<Xk _X0||§(||X0¢k71 _XOHi
[1Kxe, = Y2 e (e = XollE = ¢er, = %o1%)
e = XollZ (1Ko, = Y® e ) — KXy, = Y lle(2))].

By Lemma 3.1, the two terms in parentheses both have the sign of (xy — &x_1), and thus the
whole sequence is monotonic. O]

Theorem 3.3. If the initial guess &, satisfies v(xo) < 0, then the sequence {xy} generated by
the fixed point algorithm converges to a solution to (3.1).

Proof. By Lemma 3.2 and r(ao) < 0, the sequence {x,} is monotonically decreasing. Since
by definition (3.2) it is clearly bounded from below by zero, convergence follows. O

Note that Theorem 3.3 gives a constructive method of choosing a suitable parameter o: Set
oo sufficiently large (e.g., o = 1) and select o small enough such that r(c) < 0 is satisfied.

Remark 3.4. The convergence of the fixed-point iteration solely depends on the monotonicity
properties of the fitting and of the regularization term. It can therefore be applied for finding
solutions to the balancing equation

aR(xe) = 0F (x5 y®)
for minimizers x, of the Tikhonov functional
@ (Fxsy®)) + aR(x),

where ¢ is any monotone, real-valued function and R, J are arbitrary functionals for which
the minimization problem is well-posed.

4 NUMERICAL SOLUTION

The numerical solution is based on a Moreau-Yosida approximation of an equivalent formu-
lation of (P), which can be solved using a superlinearly convergent semi-smooth Newton
method.



4.1 OPTIMALITY SYSTEM

To derive optimality conditions for solutions to (), we introduce an equivalent formulation
of (P) (cf. [Grund and Rosch 2001; Priifert and Schiela 2009; Clason, Ito, et al. 2010]). For
technical reasons (positive definiteness of the Hessian, see Theorem 4.4) we fix p = 2 from
here on. Without loss of generality, we also set xo = 0 and consider

2

2 : 5
(Pe) N gg(lxRT + = HXHX subjectto [[Kx —y°|| .., < c-

The strict convexity of the equivalent problem (P) directly yields the existence of a unique
minimizer (x*, ¢*) with x* = x5 from Theorem 2.1and ¢* = ||[Kx3 —y°® HLOO(Q)

First order optimality conditions can be derived under a regular point condition [Maurer
and Zowe 1979; Ito and Kunisch 2008]. Let j : X — X* denote the (linear) duality mapping of

the Hilbert space X, i.e., j(u) = 0 (15 H||§<> (x)

Theorem 4.1. Let (x*,c*) € X x R be the solution to (P.). Then there exist \y,A; € L*(Q)"
with

(4.1) <}\1)(p>L°0(Q)*,L°°(Q) <0, <}‘2> (p>L°°(Q)*,L°°(Q) >0
forall @ € L™(Q) with ¢ > 0 such that
}\1 + 7\2, Kx* >Loo Q) Lo(Q))

A1 — Az, — >°°(Q) L=(Q))

=
(OS) B
<}‘1>KX _y —C >L°° *Lo(Q))
=
L

)\2, x* -y +C> 0 (Q)*,1*(Q) *

Proof. Let G: X x R — L*(Q) x L*(Q) be defined by

Kx —y® —c
Glx,¢) = (—Kx +yy5 — c)

and let K denote the non-positive cone in L*(Q), i.e.,
K={yeL®Q):y <0}.

WithJ: X xR — R,
2

Cc
Jx,0) =S + 5 I3,

we can express (P.) as

(4.2) min J(x,c) subjectto G(x,c) € K x K.
(x,c)EXXR



The regular point condition for (4.2) is
(4.3) 0 cint (G(x*,c*) + G'(x*,c*)(X x R) — K x K),

where int denotes the topological interior and G’ is the Fréchet derivative of G. To verify
(4.3), we need to find X € X and € € R such that

(Kx* —y® —c*) +Kx —¢ < 0,
(—Kx* +y® —c¢*) —Kx—c < 0.

Since the minimizer (x*, c*) satisfies the L>°-bound, the terms in parentheses are non-positive
almost everywhere, and thus these conditions are satisfied for X = 0 and arbitrary ¢ > 0.
From [Maurer and Zowe 1979, Theorem 3.2], we then obtain the existence of (A7, —A,) in the
dual cone of K x K (i.e., satistying (4.1)) such that with Y := L*(Q) x L*(Q),

],(X*’C*) = (A1, —A2), G/(X*>C*)>Y*)Y
and
(M, =A2), G(X*, € ))yay =0

hold. Inserting the explicit form of ]/, G, and G’ yields (OS). ]

4.2 MOREAU-YOSIDA APPROXIMATION

To avoid dealing with the dual space of L*(Q)), we consider for y > 0 the Moreau-Yosida
approximation

2
. (¢ (08 2 ‘Y 8 2
P min _— + < [[x[[x + 5 [[max(0,Kx —y° —¢
(Py) (x,c)eXxR 2 2 Ixllx 2 H (©, Y )HLZ(Q)
Y . 2
+5 ||min(0, Kx —y® + C)HLZ(Q) ,

where the max and min are to be understood pointwise in Q. Since this is a strictly convex and
weakly lower semi-continuous problem in ¢ and x, there exists a unique solution (x,,cy) €

X xR,
We first address convergence of (x,, c,) to the solution (x*, c*) to (P.).

Theorem 4.2. Asy — oo, (xy,c,) converges strongly to (x*,c*) in X x R.
Proof. Let
Ay.1 =y max(0,Kx, —y® —c,), Ay.2 =y min(0,Kx, —y® +cy).
Due to the optimality of (x,, x, ) and the feasibility of (x*, c*), we have for all y > 0 that

(c*)?

(cy)? 2 1 2 o2
. 120)t 2y Ay 2ll32(0) < 3 + 7 %" I

2

X 2 1
(4.5) + Fl HXYHX + E H}\VJ



and hence that the families

-1 2 —1 2
{Xy}y>0) {Cy}v>0) {Y ||}‘%1 LZ(Q)}Y>O) {Y H}\%2|L2(Q)}y>o

are bounded. Consequently, there exists a sequence {yy}xeny and (X,€) € X x R such that
(Xy,s Cy, ) converges to (X, ¢) and

C
_CV)HiZ(_Q) < ; — O

Hmax(O, Kx, —y°

for y — oo, and similarly for min(0, Kx, —y® + ¢, ). Since Kx,, — KX strongly in L*(Q) by
assumption (2.1), this implies that

HKQ _HSHL“’(Q) <@

Taking the limit in (4.5), we thus find that (X, ¢) coincides with the unique solution (x*, c*)
to (P.). Due to uniqueness of (x*, c*), the whole family {(x,, ¢, )}, >0 converges in X x R to
(x*,c*). H

Since (P, ) is differentiable and strictly convex, straightforward computation yields the
necessary and sufficient optimality conditions

(05.) oj(xy) +vK* (max(0, Kxy —y® —cy) + min(0,Kx, —y® + ¢y)) =0,
v ¢y + v (—max(0, Kx, —y® —¢,) + min(0,Kx, —y® +cy), 1 >L2(Q] = 0.

Remark 4.3. Similarly to [Clason, Ito, et al. 2010, Theorem 3.1], one can show that as y — oo,

—y max(0, Kx, —y® —cy) = Aq,

vy min(0, Kx, —y® +c,) — Az

weakly-+ in L>®(Q)", with A1 and A, as given by Theorem 4.1.

Theorem 4.2 suggests a continuation strategy for the numerical computation: Solve (OS,,)
for fixed vy > 0, choose yi1 > vk, and compute the next solution (x,,,,,cy,,,) using
(Xyy» Cy, ) as starting point.

4.3 SEMI-SMOOTH NEWTON METHOD

To solve the optimality system (OS, ) with a semi-smooth Newton method [Kummer 1992;
Chen et al. 2000; Hintermiiller et al. 2002; Ulbrich 2002], we consider it as an operator
equation F(x,c) =0for F: X x R — X* x R,

Flx, c) = < aj(x) + yK* (max(0, Kx —y® — ¢) + min(0, Kx —y® + ¢)) )

c+vy <—max(0, Kx —y® —¢) + min(0, Kx —y® + C)>1>L2(Q)

10



We now argue the Newton differentiability of F. Recall that a mapping F : X — Y between
Banach spaces X and Y is Newton differentiable at x € X if there exists a neighborhood N(x)
and a mapping G : N(x) — L(X,Y) with

T [F(x +h) —F(x) — G(x + h)h|y
1im
In]—0 Il

— 0.

(Note that in contrast with Fréchet differentiability, the linearization is taken in a neighbor-
hood N(x) of x.) Any mapping DnF € {G(s) : s € N(x)} is then a Newton derivative of F at
X.

Now it is well-known (e.g., from [Ito and Kunisch 2008, Theorem 8.5]; see also [Schiela
2008]) that the function z — max(0, z) is Newton differentiable from LP (Q) to L9(Q) for
any p > q > 1. Furthermore, the chain rule for Newton derivatives (e.g., [Ito and Kunisch
2008, Lemma 8.15]) yields that for a linear operator B with range contained in L?(Q), the
Newton derivative of max(0, Bv) at v in direction dv is given pointwise by

(B&v)(t), ifv(t) >0,

(DN max (0, Bv)év)(t) = {O, ifv(t) <0.

Since for any x € X we have Kx € L*(Q), the mapping
(4.6) x — max(0, Kx —y® —¢)

for fixed c is Newton-differentiable from X to L' (QQ) C L*(Q)* with Newton derivative in
direction 6x € X given by (Kdx)x;, where

s
X1(t)—{] if (Kx —y® —¢)(t) > 0,

(47) o if (Kx—y® —¢)(t) 0.

Similarly, the embedding which maps c € R to the constant function t — ¢ € L*(Q) yields
Newton-differentiability of (4.6) with respect to ¢ for fixed x € X fromRto L' (Q) C L®(Q)",
with Newton derivative in direction dc € R given by (—&c)x;. One proceeds analogously for
the min terms by defining

A
(48) Xz(t):{] (e —y "+ o)) <0,

0 if(Kx—y®+c)(t) > 0.

Altogether, F is Newton-differentiable from X x R — X* x R with Newton derivative at
(x,c) € X x R given by

o’ (x)dx + YK*((x1 + X2)Kdx) + ydcK*(—x1 +X2)
DnF(x,c)(dx,dc) =

)

Y (—X1 + X2, KdX)12(q) + (1 +v (X1 + X2, ]>L2(Q)> dc
For given (x*, c¥), a semi-smooth Newton step consists in solving for (5x, 5c) € X x R in

(4.9) DnF(x¥, ¢*) (8%, 8¢) = —F(x*,c¥)

11



and setting x*"! = x* + 8x, ¢! = ¢* 4 &c. It remains to show uniform invertibility of
the Newton step, which will imply local superlinear convergence of the sequence of iterates
(x¥, ck).

Theorem 4.4. For every «,y > 0, the sequence (x*, c*) of iterates in (4.9) converges superlin-
early to the solution (x,,c,) to (OS,), provided that (x°, c°) is sufficiently close to (x,cy).

Proof. For arbitrary (x,c) € X x Rand (5%, dc) € X x R, we have

(&%, 6¢), DNF(x, ¢) (0%, 6c))(XXR)*’(XxR) =« HéxHi + 6¢?

2 2
+Y <||(X1 +X2)K5XHL2(Q) +28¢ (—x1 +X2>K5X>L2(Q) +¢? [x1 +X2||L2(Q)> .
Since x; and x> are characteristic functions of disjoint sets, we can estimate separately

)

1 K8X|[720) — 2 (8ex1, K8X) 1200y + 18X [IT2(0) = X1 (KSx — 8¢) 1200

=
2 2 2
||X2K5X||L2(Q) + 2 (dcxa2, K5X>L2(Q) + H50X2||L2(Q) = |Ix2(Kox + 5C)||L2(Q >

=0
| = 0.
This implies

(8%, 8¢), DNF(x, €) (8%, 8¢)) xxm (xxr) = O |I8%1% + 8¢

and thus that DN F(x, ¢) is an isomorphism independent of (x, c¢), and the local superlinear
convergence follows from standard results (e.g., [Ito and Kunisch 2008, Th. 8.5]). O

The following finite termination property (e.g., [Ito and Kunisch 2008, Rem. 7.1.1]) will be
useful in formulating a continuation scheme in y. Let

.A]f:{tGQ: (Kx* —y® —c¥)(t) >0},
A ={te Q:(Kx*—y® +c*)(t) < 0}.

denote the sets of points where the L*°-norm bound is active in iteration k.
Proposition 4.5. If AX™" = A¥ and A5 = AK, then F(x**1,c**1) = 0.

The full procedure for computing a numerical approximation of the solution to problem
(P.) is given as Algorithm 1.
Finally, we remark on how the presented approach can be simplified in special cases.

Remark 4.6. In the case where K is the solution operator for a linear partial differential equation,
i.e., K = A~ for a partial differential operator A : Y — Y* O X on the reflexive Banach
space Y, (OS,) can be reformulated in a more convenient way by introducingy = A~ 'x as
an independent variable and using a Lagrange multiplier approach to enforce the constraint
Ay = x. This leads to a (semi-smooth) block optimality system, which in many cases can
again be reduced to a pair of equations for (y,c) only. Take X = L*(Q), i.e., j(x) = x, and
assume that A is an isomorphism from W = H/}(Q) N H?(Q) to W*. Due to the embedding
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Algorithm 1 Semi-smooth Newton method with continuation

1: Choose (x%,¢%), v, T>1,&e >0, k*, y*;setj =0
2: repeat

3 Incrementj < j + 1

4 Setxo=x1"", k=0

5 repeat

6: Increment k < k + 1

7 Compute indicator function of active sets : x¥, x5 from (4.7) and (4.8)
8 Solve for dx, dc in (4.9).

9 Update x* = x*~1 + 8x, c* = c* 1 + 8¢
10: until XX = x¥and x5 = x5, ork = k*

1 Setx) =xy, ¢ =cy

12: Sety) =1y !
13: until [[KX) —y®||ixq) < c+eory=v*

W < Co(Q), we have that the range A~'(X) embeds compactly into L>(Q). Inserting
Yy = A~ 'x, € Winto the first equation of (OS,) yields

aAy, +YA" (maX(anv —y° - ¢y) +min(0,y, —-y°+ Cv)) =0.

Since the term in parentheses is in L>°((Q)), the mapping properties of A~* yield that Ay, € W.
We can thus apply A* to the whole equation to obtain that (y,, c, ) satisfies F(y,, ¢, ) = 0 for
F:WxR— W xR,

Fy o [ XATAYFY (max(0,y —y® —c) + min(0,y —y° +c))
(Yre) = ct+y <_ max(0,y —y® —¢) + min(0,y —y° + C)’]>L2(Q) .

Since y € W, the function F is semi-smooth with Newton-derivative

xA*AdY + v(x1 +X2)dy + vde(—x1 +X2)
DnF(y, ¢)(8y,8c) =
) ’ Y (=X1 +X2,8Y)12(0) T (1 +v (X1 + X2 ]>L2(Q)> dc

Superlinear convergence of the semi-smooth Newton method can then be proven in analo-
gously to Theorem 4.4, using the fact that A is an isomorphism from W to W*. Given y, we
can then compute x, = Ay,. Note that due to the linearity of the operators, we can further
reformulate the Newton step in terms of the new iterate (y**', c**') only:

(ocA*A +y(x2 +x1) y(x2 —x1) ) (yk“> _ (Y(Xz +X1 )yé>
Y {x2 _X1)’>L2(Q] T+v(xi +X2>1>L2(Q) k! Yixa —x1)y®/)"

Remark 4.7. The presented approach can also be applied to the Morozov regularization

1
min — ||x\|§< subjectto  ||Kx —y5|\Lm(Q) <6
xeX 2
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by fixing ¢ = & in the above derivations. Applying the same Moreau-Yosida regularization as
above yields the optimality conditions F(x,) = 0 for F : X — X*,

F(x) = aj(x) + yK* (max(0, Kx —y® — 8) + min(0, Kx —y® +§)) ,
with Newton derivative
DnF(x)ox = (o' (x) +vK*(x1 +Xx2)K) ox.

Well-posedness, convergence as y — oo and superlinear convergence of the semi-smooth
Newton method can be shown as for the Tikhonov regularization (with obvious simplifica-
tions).

5 NUMERICAL EXAMPLES

In this section, we illustrate the effectiveness of the L* fitting approach as well as some of its
qualitative features on one- and two-dimensional model problems. The MATLAB implemen-
tation for both examples can be downloaded as http://www.uni-graz.at/~clason/codes/
linffitting.zip. All numerical tests were performed with MATLAB (R2011b) on a single
core of a 3.4 GHz workstation with 16 GByte of RAM.

5.1 INVERSE HEAT CONDUCTION PROBLEM

This example is an inverse heat conduction problem, posed as a Volterra integral equation of
the first klnd (benchmark problem heat in [Hansen 2007]).! Here, Q = (0,1), X = L?(Q)
and (Kx)( f 0 s) ds. Hence, K is a compact linear operator from L?(Q) to L*®(Q).
The kernel k(s t) and the exact solution x'(t) are given by

75¢2 0<t< L,

3 3 : s

—t) 2 3420t—2)3-20t) L <tg<2

k(s,t) = ue o, xT(t) =41 2((20t3) . ) 5 1
0 otherwise.

The noisy data are generated by setting

o) =Kxf(t) + (1),  te(0,1),

where &(t) is a uniformly distributed random value in the range [—d Ymax, d Ymax] for a noise
parameter d > 0 and Ymax = ||KXT||co.

For the numerical solution of the inverse problem Kx = y®, we apply Algorithm 1 (with
T=10,k* =10, (x%¢c®%) = (0,0),v° = 1andy* = 10'?) and discretize the integral equation

'MATLAB code (version 4.1) and documentation is available from http://www2.imm.dtu.dk/~pch/
Regutools.
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Table 1: Comparison of automatic parameter choice (estimated noise level cy,, parameter oy,
reconstruction error ey ) with sampling based optimal choice («,, €,) for different
noise parameters d and noise levels 6

d ) Cb oy €p Xo €o

0.1 7.910e-03 7.854e-03 2.325€-03 3.558¢-02 1.865€-03 3.262€-02
0.2 1.586e-02 1.598e-02 4.735€-03 5.297€-02  2.519€-03  4.573€-02
0.3 2.378e-02 2.290e-02 6.385e-03 5.369e-02 8.684€-03 5.075€-02
0.4 3.171€-02  3.121€-02 1.019€-02 1.029€-01 1.937€-02 9.587e-02
0.5 3.940€-02 3.794€-02 1.131e-02 6.799€-02 1.335€-02 6.698e-02
0.6 4.733e-02 4.667e-02 1.484e-02 8.854€-02 6.559€-04 8.846€-02
0.7 5.554€-02 5.474€-02 1.548e€-02 4.361e-02 1.826€-02  4.329€-02
0.8 6.335e-02 6.301€-02 1.726€-02 5.242e-02 3.280€-02 5.239€-02
0.9 7116e-02 6.985e-02 1.875€-02 3.446€-02 3.224€-02 3.374€-02

using collocation and the mid-point rule at n = 300 points (unless stated otherwise). The
parameters in the fixed-point iteration for the automatic parameter choice are fixed at «y = 0.1
and o = 0.008. The fixed-point iteration is terminated if the relative change in o is less than
103 or after 20 iterations.

A typical realization of noisy data is displayed in Figure 1a for d = 0.3 and Figure 1c for
d = 0.6. The fixed-point iteration (3.2) converged after 6 (4) iterations for d = 0.3 (d = 0.6),
and yielded the values 6.50 x 1073 (1.65 x 102) for the regularization parameter «. The
respective reconstructions x, are shown in Figures 1b and 1d. To measure the accuracy of the
solution x, quantitatively, we compute the L?-error e = ||x, —x'|| 2, which is 2.48 x 1072 for
d = 0.3and 7.56 x 102 for d = 0.6. For comparison, we also show the solution to the L? data
fitting problem, where the parameter o has been chosen to give the smallest L? error. Clearly,
the L? reconstructions are significantly less accurate than their L* counterparts, especially at
the “tail”

The performance of the automatic parameter choice is further illustrated in Table 1, which
compares the balancing parameter oy, with the “optimal’, sampling-based parameter «, for
different noise levels. This parameter is obtained by sampling each interval [0.1x, o] and
[oth, 100,] uniformly with 51 parameters and taking as o, the one with smallest L*-error
€0 = ||x«, — x'||12. Both the regularization parameters and the reconstruction errors agree
closely, and the noise level is well estimated by the optimal L> bound cy,. Table 1 also illustrates
the robustness of the L data fitting, since the reconstruction error does not significantly
increase with increasing noise level. This can be attributed to the fact that the structural
properties of the noise (e.g., sign changes of the noise, which is neither more nor less likely
for increasing d) is more important than the magnitude.

Finally, we address the performance of the semi-smooth Newton method. Table 2 shows
the convergence history of the Newton iteration (in terms of the number of changed points
in the active sets A,", A, after each iteration) for d = 0.3, fixed o« computed by the balancing
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Figure 1: Results for inverse heat conduction problem

principle and fixed y = 102, corroborating both the locally superlinear convergence (Theorem
4.4) and the finite termination property (Proposition 4.5). The behavior of the full continuation
strategy is similarly illustrated in Table 3, demonstrating that a feasible solution (i.e., attaining

the L*® bound) is reached at y = 10° with comparative computational effort.

5.2 INVERSE SOURCE PROBLEM IN 2D

As a two-dimensional test problem, we consider the inverse source problem for an elliptic

partial differential operator on the domain Q C R? with homogeneous Dirichlet boundary

conditions, i.e., K= A~1, X = L?(Q), with

Ay = —aAy + (b, VYy);2 o) + cy
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Table 2: Convergence behavior of the semi-smooth Newton method for fixed y = 10? (shown
are the number of points n(k) that changed in the active sets after iteration k)

k 1 2 3 4 5 6 7 8

nk) 144 8 39 19 8 1 1 O

Table 3: Convergence behavior of the semi-smooth Newton method with continuation (shown
are the number of points n(k) that changed in the active sets after iteration k)

Y 1€0 1€1 1€2 1€3 1€4 1€5 1€6

k 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 5 1 2 3 4 1 2 1

nk) 115 25 7 o 91 35 5 o 38 15 5 0 15 8 4 2 O 5 3 1 O 1 O O

fora € CO"(Q) withr > 0and a > « > 0 pointwise, b € CO7(Q)?, ¢ € L®(Q) with
c — V - b > 0 pointwise. This guarantees (for QO smooth or a parallelepiped) that A is an
isomorphism from W = H}(Q) N H?(Q) to W* and hence thaty € C°(Q). Here, we choose
a=1,b=(-2,0)",¢c =0,and Q = [0, 1]°. The exact solution is given by (cf. Figure 2a)

T 1 iy < Jand [ty < 5,
x'(t,t2) = )
0 otherwise.

The exact datay" = A~'x is shown in Figure 2b.

For the numerical solution of the inverse problem u = A~'y?, we apply the reformulated
algorithm according to Remark 4.6, and discretize the differential operators using standard
finite differences on a uniform mesh of size 128 x 128. The parameters in the semi-smooth
Newton method with continuation and the fixed-point iteration are identical to the one-
dimensional case.

To further illustrate the qualitative behavior of L* fitting, we choose noisy data corrupted by
deterministic errors which fit into the uniform noise framework. The first example considers
data subject to quantization error, where we set

:
Yo (t) = ys [Uy—(t)] y o Ys =T <131€a5< (y'(t) — min (yT(t))) ,

with ny, denoting the number of bins and [s] denoting the nearest integer to s € R (i.e., the
data is rounded to ny, discrete equispaced values, cf. Figure 3a for n, = 10 and Figure 4a for
N, = 5). Again we compare the solutions to the L* fitting problem (where the regularization
parameter is chosen using the fixed-point iteration) with reconstructions obtained from
standard L? fitting (where the parameter is exhaustively selected to yield the lowest L? error),
in Figures 3b, 3¢ and 4b, 4c. The difference in reconstruction artifacts can be observed clearly:
The L* artifacts are strongly localized and impulse-like, while the L? reconstruction shows
typical ringing. In particular, the support of the exact solution x' is accurately captured by
the L* reconstruction, while the L? reconstruction is non-zero everywhere.
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x

(a) exact solution x' (b) exact data yf

Figure 2: Two-dimensional test problem: exact solution x' and data yf

(b) L* reconstruction x4 (c) L? reconstruction x4

Figure 3: Reconstructions from quantized data (n, = 10), comparing L* and L fitting

(a) datay® (b) L™ reconstruction x4 (c) L? reconstruction x4

Figure 4: Reconstructions from quantized data (ny, = 5), comparing L* and L? fitting
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(a) datay® (b) L* reconstruction x (c) L? reconstruction x4

Figure 5: Reconstructions from checkerboard noise (d = 0.9), comparing L and L? fitting

Table 4: Comparison of reconstruction errors for L* fitting (e,,) and L? fitting (e;) for checker-
board noise of different magnitude d

d 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

€x 0.10961 0.1096 0.10961 0.10959 0.10963 0.10962 0.10961 0.1096  0.1096
e, 0.15625 0.19176 0.22549 0.25568 0.26619 0.26829 0.26978 0.27086 0.27173

The second example serves as a “best-case” noise for L™ fitting. Based on our observation
in the one-dimensional case, we conjecture that the reconstruction error is largest in regions
where the sign of the noise does not change. We therefore choose as additive “noise” a checker-
board pattern on the discrete mesh of constant magnitude and alternating sign. Specifically,
let ti; = (t1,5,t2,5), 1 <1,j < 128, be a vertex of the uniform mesh and set

yé(tij) = UT(tij) + (=1 d[ly

for a noise parameter d > 0. For data with d = 0.9 (Figure 5a), the L reconstruction is able
to accurately capture support and shape of the true solution, while the L? reconstruction is
far from the target. The robustness of L* fitting in this case is further illustrated by Table 4,
where it can be seen that the reconstruction error is virtually independent of the magnitude
of the checkerboard noise, in contrast to L? fitting.

6 CONCLUSION

For measurements subject to uniformly distributed noise, such as arising from statistical
models of quantization errors, L™ fitting is more robust than standard L fitting. The non-
differentiability can be addressed by introducing a Moreau-Yosida regularization together
with a continuation scheme, which allows application of a superlinearly convergent semi-
smooth Newton method. The regularization parameter can be chosen automatically using
a heuristic choice rule that does not require knowledge of the noise level. This approach is
useful for a wide variety of linear inverse problems.
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For nonlinear problems, the extension would be straightforward (subject to usual nonlin-
earity and second order condition, cf. [Clason and Jin 2011]). By combining the methods of
the current work with those of [Clason and Jin 2011], Tikhonov functionals of L*-L! type (i.e.,
L* fitting with regularization terms of L type, also known as “Dantzig selector” [Candes
and Tao 2007]) could be treated. Finally, a stochastic analogue of the considered uniform
noise models in function spaces would be of great interest.
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