SpezialForschungsBereich F 32 o

1S

Karl-Franzens Universitat Graz
Technische Universitat Graz

Medizinische Universitat Graz TU

Grazm

Medical University of Graz

Optimal control of the bidomain system (III):
Existence of minimizers and first-order

optimality conditions

Karl Kunisch Marcus Wagner

SFB-Report No. 2011-031 December 2011

A-8010 GRAZ, HEINRICHSTRASSE 36, AUSTRIA

Supported by the
Austrian Science Fund (FWF)

l—l—l I Der Wissenschaftsfonds.



SFB sponsors:
e Austrian Science Fund (FWF)
e University of Graz

e Graz University of Technology

Medical University of Graz

e Government of Styria

City of Graz

% Das Land
Steiermark

Stadt m Wissenschaft



01)

Optimal control of the bidomain system (III):

Existence of minimizers and first-order optimality conditions

Karl Kunisch and Marcus Wagner

1. Introduction.

In this work, we continue our investigations of optimal control problems for the bidomain system. After the
study of the monodomain approximation of the equations and a thorough stability and regularity analysis
of weak solutions for the full bidomain equations, as contained in the previous papers [ KUNISCH/WACGNER
11a] and [KuNIsCH/WAGNER 11B], we are now in position to analyze the related control problems with
respect to the existence of minimizers as well as to provide a rigorous proof of the first-order necessary
optimality conditions.

Let © € R? be a bounded domain and 7 > 0 a fixed time horizon. Then the bidomain system, representing

a well-accepted description of the electrical activity of the heart, is given by oV
8(I)tr .
5 + Lion(®yr, W) — div (M; V®; ) = I; for almost all (z,t) € @ x [0, T]; (1.1)
Dy
a@tt + Lion(®yp, W) + div (M. V®. ) = —I, for almost all (z,t) € Qx [0, T]; (1.2)
ow
e + G(Pyr, W) = 0 for almost all (z,t) € @ x [0, T]; (1.3)
nTM; Vo, =0 forall (z,t) €9Q x [0, T]; (1.4)
WM, V®, =0 forall (z,t) €dQx[0,T]; (1.5)
Dy (2,0) = ®;(x,0) — De(x,0) = Pg(x) and W(z,0) = Wy(z) for almost all z € Q. (1.6)

In this model, €2 represents the spatial domain occupied by the cardiac muscle, the variables ®; and ®. denote
the intracellular and extracellular electric potentials, and ®;. = ®; — &, is the transmembrane potential.
The anisotropic electric properties of the intracellular and the extracellular tissue parts are modeled by
conductivity tensors M; and M,.. The specification of the model for the ionic current Iy, in (1.1) and
(1.2) and the gating function G in (1.3) will be made below. We shall consider three so-called two-variable
models wherein [;,, and G depend on ®;. as well as on a single gating variable W, which describes in a
cumulative way the effects of the ion transport through the cell membranes (see Subsection 2.b) ). Finally,
the inhomogeneities I; and I, represent the intracellular and extracellular stimulation currents, respectively.

We shall investigate optimal control problems of the form

(1.7)
T T
(P) F(®4, P, W, 1) = / / r(@,t, (2, t), Pc(z,t), W(z,t)) dudt + 5 / 2 dx dt — inf!
Q 0 Qcon
subject to the bidomain equations (1.1) — (1.6) in its weak formulation (see (2.1) — (2.4) below)
and the control restriction I, € C (1.8)

The bidomain model has been considered first in [ TUNG 78] . A detailed introduction may be found e. g. in [ SUNDNES/
LINES/CAI/NIELSEN /MARDAL/TVEITO 06], pp. 21 — 56.



where

C={QI|I1eL>[(0,T), L*Q)], supp(I) C Qeon x [0, T], (1.9)
| I(z,t)| < R (V) (2,t) € Qr } € L¥[(0,T), L*(Q)].

For the description of the control domain, the linear operator Q: L*(Qr) — L*(Q7) defined by

1

Q1) = 1(5,0) ~ T (#) - 75—

1(7,1) d7 (1.10)
QCOn
has been used. When applied to a function I with supp (I) C Qcon X [0, T'], Q extends by zero the or-
thogonal projection onto the complement of the subspace { Z | chon Z(Z,t)dz =0 fora.a. t€(0,T)} C
L2 [(0, T), Lz(Qcon)]. Consequently, for I, € C, we have

/ I (z,t)dx = / I.(z,t)de = 0 for almost allt € (0, T), (1.11)
Q Qcon

what guarantees the solvability of the state equations (cf. Theorem 2.3. below). In problem (P), the extra-
cellular excitation I. acts as control, which is allowed to be applied on the subdomain €2.,, only. 02) The
pointwise constraint within the description (1.9) of C is included due to the obvious fact that one cannot
apply arbitrary large electrical stimulations to living tissue without damaging it. In mathematical terms, this
restriction is necessary in order to establish a stability estimate for the bidomain system (Theorem 2.4.).
For the first term within the objective (1.7), a typical choice is a tracking-type integrand related to a desired
state of the system. The integrand r(z,t, ¢, 7, w) should be measurable w. r. to  and ¢ and smooth w. r. to
the other variables. The second term expresses the requirement that — regardless of whether the pointwise
restriction within (1.9) is active — the overall stimulus should be as small as possible. Consequently, solutions
with little intervention to the cardiac system are favored.

Besides an existence theorem for global minimizers (Theorem 3.4.), the main result of the present paper is
the rigorous proof of the following set of first-order necessary optimality conditions for weak local minimizers

i tr i s ! , Ae o , consisting of the variational inequality
Dy, O, W, T, f (P f th 1 1
T A A
/ / (uIe — QPQ) . (Ie — Ie) dxdt > 0 for all admissible controls I, (1.12)
0 QCOTL

and the adjoint system

/E/ o a@%@mm3+gj@m> )¢mw+/'/VW‘ (VP +VPy) dadt (1.13)
/ / o (e b W) Jwdrdt Vo€ L2[(0.7), W@)]. Pi(r.) = 0:
T
/ VT M; VP, da dt +/ Vot (M; + M) VPydxdt = —/ 8T(<I>t,,¢’e,W)¢da:dt (1.14)
o Ja o Ja o JaOn
weLQ[(o,T),WL?(Q)]with/¢(x,t)dx20fora. ate(0,T), /PQ(x,t)dx:O(V)te(O,T);
Q Q

T
/ / 8P3 Z"(étr,W)Pl+%(<i>tr,W)P3)¢dxdt = —/O A(%(ét,,ée,ﬁ/))wxdt (1.15)
Vo e L2[(0,T), L*(Q)], Py(z,T) =0

92) For physiological reasons, the intracellular excitation I; must be set zero.



for the multipliers Py, P, and P; related to the weak state equations (2.1), (2.2) and (2.3) below, respectively
(Theorem 5.2.). The proof, which will be given by fitting the problem (P) into the framework of weakly
singular problems in the sense of ITo/KuNiscH, %) is based on two main ingredients. The first one is a
stability estimate for the primal equations (Theorem 2.4.), whose proof has been already provided in the
previous publication [ KUNISCH/WAGNER 11B]. Secondly, we need an existence proof for weak solutions of
the adjoint system, which is contained in the present paper (Theorem 4.2.).

In the literature, only a few studies related to the optimal control of the bidomain system are available as yet,
mostly restricted to the monodomain approximation. We mention [ AINSEBA/BENDAHMANE/RUIZ-BAIER
10], [BRANDAO/FERNANDEZ-CARA/MAGALHAES/R0OJAS-MEDAR 08], [ MUZDEKA /BARBIERI 05 ], [ KU-
NISCH/NAGAIAH/WAGNER 11], [NAGAIAH/KUNISCH 11] and [ NAGAIAH/KUNISCH/PLANK 11] and refer
to [ KUNISCH/WAGNER 11A], p. 3, for a closer discussion.

The paper is structured in the following way. In Section 2, the weak solution concept for the bidomain equa-
tions is outlined. We present the ionic models to be used and summarize the existence and stability theorems
for weak solutions of (1.1) —(1.6). Then, in Section 3, we restate the optimal control problem (1.7) — (1.8)
within function spaces, subsequently analyzing the structure of the feasible domain and establishing the
existence of global minimizers. Section 4 is concerned with the derivation of the adjoint system and the
existence proof for a weak solution of it. Finally, in Section 5, we state and prove the first-order necessary

optimality conditions for the control problem.

Notations.

We denote by L”(2) the space of functions, which are in the pth power integrable (1 < p < o), or are
measurable and essentially bounded (p = o0), and by WP (©) the Sobolev space of functions ¢¥: @ — R
which, together with their first-order weak partial derivatives, belong to the space L*(Q,R) (1 < p <
00). For spaces of Bochner integrable mappings, e. g. L? [(0, T), Wl’Q(Q)], we refer to the summary in
[ KuNisCH/WAGNER 11A], p. 20 f. Qp is an abbreviation for Q x [0, T']. The gradient V is always taken
only with respect to the spatial variables z. The characteristic function of the set A C R? is defined as
To: R* - R with I5(z) =1 <= =z € A and Ia(z) = 0 <= =z ¢ A. Finally, the nonstandard
abbreviation “(V)t € A” has to be read as “for almost all ¢t € A” or “for all ¢ € A except for a Lebesgue
null set”, and the symbol o denotes, depending on the context, the zero element or the zero function of the

underlying space.

2. Weak solutions of the bidomain system.

a) Parabolic-elliptic form of the bidomain system; weak solutions.

It is well-known that the bidomain system (1.1) —(1.6) can be equivalently stated in parabolic-elliptic
form. Y In its weak formulation, the system reads as follows:

/(6% U+ VETM (Vi + VD, ) + Lion(@ur, W) 00 ) d = /Imd:c (2.1)
o\ ot o

Vi e WHQ), fora.a.te(0,T);

/Q(WTMN% + VYT (M; + M) VO, ) do = / (1i+1.)vde (2.2)

Q

‘V’wEWl’Q(Q) with /w(x)dxzo, fora.a.te€(0,T);
Q

93) [Iro/KUNISCH 08], p. 17 f.
99 Cf. [BOURGAULT/COUDIERE/PIERRE 09], p. 459, and [ KUNISCH/WAGNER 11B], p. 4, (2.1) — (2.6)
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/ (8872/ +G(<I>t,«,W)) Yde =0 VyeL*Q), fora.a.te(0,T); (2.3)
Q
Dy (2,0) = ®o(z) and W(x,0) = Wy(z) for almost all x € Q. (2.4)

Throughout the paper, the following assumptions about the data will be made:

Assumptions 2.1. (Basic assumptions on the data)

1) Q € R? is a bounded Lipschitz domain.

2) M;, M.: cl(Q) — R3*3 are symmetric, positive definite matriz functions with L™ (Q)-coefficients, obeying

uniform ellipticity conditions:

0<mll€1° <€M)€ <pl| €17 and 0 <y [[€]° S E"Me(2)€ < pa[|€° VEER® Ve  (25)
with @y, pe > 0.

3) The initial values ®o and Wy belong to the spaces L*(Q) and L*(Q), respectively.

The notion of a weak solution is as follows:

Definition 2.2. (Weak solution of the bidomain system)%) A triple (&4, ., W) is called a weak
solution of the bidomain system (2.1) — (2.4) on [0, T'] iff the functions @y, D. and W satisfy (2.1) — (2.4)

and belong to the spaces

®,, € C°[[0, T], L2 ()] n L*[(0,T), W *(Q)] n L*(Qr); (2.6)
o, € L*[(0,T), W(Q)]; (2.7)
wec’[[0,T], L*(Q)] (2.8)

while [, ®c(x,t)dz = 0 holds for almost all t € (0, T).

b) Two-variable models for the ionic current.

For the ionic current I;,, and the function G within the gating equation, the following three models will be
considered:

a) The Rogers-McCulloch model. °®)

Lion(psw) = b-p(p—a)(p—1)+¢-w =bp’ — (a+1)bp* +abp+pw; (2.9)
Glp,w) = ew—cKkyp (2.10)

with 0 <a <1,b>0, k>0 and € > 0. Consequently, the gating variable obeys the linear ODE
OW/ot+eW = ek Py,. (2.11)
b) The FitzHugh-Nagumo model. °7)

Lion(p,w) = ¢(p—a) (p =D +w = ¢* — (a+1) ¢’ +ap +w; (2.12)
Glp,w) = cw—ckep (2.13)

[ BOURGAULT/COUDIERE/PIERRE 09], p. 472, Definition 26.
[ROGERS/MCCULLOCH 94].
[FIrTzHUGH 61], together with [NAGUMO/ARIMOTO/Y OSHIZAWA 62].
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with 0 < a < 1, k > 0 and € > 0. Consequently, the gating variable obeys the same linear ODE (2.11) as
before.

¢) The linearized Aliev-Panfilov model.*®)

Lion(p,w) = b-p(p—a)(p—1)+o-w =bp*—(a+1)bp’ +aby +pw; (2.14)
Glp,w) = ew—ck((a+1)p—¢*) (2.15)

with 0 <a <1,b>0, k>0 and € > 0. The linear ODE for the gating variable is

OW/ot +eW = ek ((a+1) Py — D47 ). (2.16)

c) Existence and uniqueness of weak solutions; the stability estimate.

In [ KUNISCH/WAGNER 11B], the following results about weak solutions of the bidomain system (2.1) — (2.4)
have been obtained:

Theorem 2.3. (Existence and uniqueness of weak solutions) °?) Assume that the data within (2.1) —
(2.4) obey Assumptions 2.1., and specify any of the three models described in Subsection 2.b). Then the bido-
main system (2.1) — (2.4) admits for arbitrary initial values ®¢ € L*(Q), Wy € L*(Q) and inhomogeneities
L, I.e L™[(0,T), (WLQ(Q) )*], which satisfy the compatibility condition

/ (Ii(x,t) +Ie(x,t)) de = 0 for almost all t € (0,T), (2.17)
Q

a uniquely determined weak solution (P, P, W) on [0, T'| according to Definition 2.2.

Theorem 2.4. (Stability estimate for weak solutions)'?) Assume that the data within (2.1) — (2.4)
obey Assumptions 2.1., and specify any of the three models described in Subsection 2.b). Consider two weak
solutions (@, @', W'), (D", @, W") of (2.1) — (2.4), which correspond to initial values ) = ®ff = &g €
L*(Q), W, = WY = Wy € L*Q) and inhomogeneities I', 1./, I," and 1.,” € L>[(0,T), (le(Q))*]
with

/Q(Iz-’(a:,t) —i—[e'(a?,t)) dx = /Q<Ii”(x,t) +Ie"($c,t)) dx = 0 for almost all t € (0,T), (2.18)

whose norms are bounded by R > 0. Then the following estimates hold:

2
L2[(0, 1), w2(@)]

2
2 (0, 1), w2(@)]

2
wh2[(0,7),L2(@)]

| @4 — @4 | + | @y — @4 ||200[ +le — o (2.19)

[0.7].L2(9) |

2 2
+||W/_WH||L2[(0,T ]+HW’—W”|ICO[ }+IIW’—W”II

), L3(9) [0,T],L*(Q)

2 2
< C (I = E om0, 2 (woseen) ]+ 1 = L Wm0, (wrsien) ] )
Hq)tr/_q)tr// ||W1'4/3[(0,T),(WI*Q(Q))*] < C'M&X(”Ii/—fi// HLZ[(O,T),(WLZ(Q))*} , (2.20)

2
HIe/ - 1" ||L2 |Ii/ - 1" HLz[

2
[(O,T),(Wl’z(Q))*] ) | (O,T),(WIQ(Q))*} I HIe,_ICH ||L2[(O,T),(W1’2(Q))*:| ) .

See [ ALIEV/PANFILOV 96 ] . The linearized model is taken from [ BOURGAULT/COUDIERE/PIERRE 09], p. 480.

[ BOURGAULT/COUDIERE/PIERRE 09], p. 473, Theorem 30, together with [ KUNISCH/WAGNER 11B], p. 8, Theorem
2.8.

[KUNISCH/WAGNER 11B], p. 7 f., Theorem 2.7.



The constant C > 0 does not depend on I,’, I.', I’ and I.” but possibly on Q, R, &g and Wy.

The assumptions in Theorems 2.2. and 2.3. are in accordance to the analytical framework wherein the control

problem (P) will be studied in the next sections.

3. The optimal control problem.

a) Formulation of the problem within function spaces.

In order to provide a precise statement of the optimal control problem (P) (1.7) — (1.8) within an appropriate

function space framework, we introduce the following spaces:

Xy

[0, 7), w()]; Xg:Xlﬂ{Z|/Z(x,t)da::O(V)te(O,T)}; (3.1)
Q
Xy = L*[(0,7),L*Q)]; Xu4=L7[(0,T), L*Q)]. (3.2)

We will further specify the subspaces

X=X, n w0, Ty, (W) ] n C°[[0, T], L*(Q)]; Xo = Xo; (3.3)
Xz = Xz nWH[(0,7), (L*(Q)"] nc’[lo, T], L*()], (3.4)
which contain all polynomials and, consequently, lie dense in X1, X5 and X3, as well as the target spaces
7, = L**[(0,T), (W) ]; 22 = L*[(0,T), (W(Q)"]; (3.5)
Zs = L°[(0,T), (L*()"]; Zs = Z5 = L*(Q). (3.6)

The quadruples (®4,., D, W, I..) of state and control variables will be chosen from the space X x Xo x X3 % X,.
Recall the definition of Q: L*(Qp) — L*(Qr) as

QI ) = I(z,t) — 1o, () — I(3,1) di . (3.7)
| Qeon | J2con
With the aid of the operators
F: Xy x Xy x X3 x X4 2R (3.8)
EBi: Xy x Xo x Xg—=Z1; Fo: Xy x Xo x X4 = Zy; Fsy: Xy x X3 — Zs; (3.9)
Ey: X1 > Za; Es: X3 — Zs, (3.10)

the problem (P) will be restated now in the following way:
T
(P) F (P4, D, W, 1) = / / (@, t, @y, t), Pe(z,t), W(x,t)) dudt (3.11)
0o Ja

T
+ﬁ-/ /Ie(a:,t)dedt—nnf!;
2 0 Q

Ey (P4, @, W) = /(8(61? + Lion(Per, W)) z/;dx—f—/ VT M;(V®,, + V., )dz = 0 (3.12)
Q Q
Ve WH(Q) (V)te (0,T);
Ey(®yy, e, ) = /(WTMN%JFWT(MZ- +Me)V<I>e) dx—/[ewdx =0 (3.13)
Q Q

Vi e WH(Q) with [ (z)dz =0 (V)te (0, T);
Q

(@, W) = /Q (P04 @), W) )i = 0 Ve € 13@) (D)t (0, T); (3.14)




Ey(®y) = D4p(2,0) — Dp(z) = 0 (V)z € Q; (3.15)
Es(W) = W(z,0) —Wy(z) =0 (V)zeQ; (3.16)

[OvT}v (3.17)

LeC={QI|IeL™[(0,T),L*Q)], supp () C Qeon X
| <R () (a,t) €Qr} C LZ[(0,T), L*(Q)].

[ 1(z,1)

Assumptions 2.1. are imposed on the data of problem (P). The numbers T' > 0, x > 0 and R > 0, the
functions ®o € L*(Q) and Wy € L*(Q) as well as the Lipschitz subdomain Q,, C Q are fixed. The functions
Lo, and G will be specified according to any of the models from Subsection 2.b). Concerning the objective

functional F', we assume the integrand
r(z,t,o,mw): @ x [0,T] x R® - R (3.18)

to be measurable with respect to x and ¢ and continuous with respect to ¢, n and w. With regard to (3.7)

and (3.17), in the second term of F' the original integration domain ., from (1.7) can be replaced by €.

b) Structure of the feasible domain.
Proposition 3.1. The control-to-state-mapping C 3 I, — (P, Do, W) € Xy X Xg x X3 is well-defined.

Proof. Recall that [, I.(z,t)dz = 0 for almost all t € (0, T'). Consequently, the data within the problem
(3.11) — (3.17) satisfy the assumptions of Theorem 2.3. with I; = o, and the existence of a uniquely

determined weak solution (@4, ®., W) of the bidomain system is guaranteed for any feasible control I. €
CcL™[(0,T),L*Q)]. =

Proposition 3.2. The control domain C C L™ (Qr) forms a closed, convex, weak*-sequentially compact

subset of the space X4.

Proof. Obviously, C is a convex subset of X4. In order to confirm closedness, consider a norm-convergent
sequence { Q IN } with members in C N X4 and limit element I. Since the sequence { IV } of the generating
functions is uniformly bounded in L>[ (0, T), L (Qeon) |, it admits a weak*-convergent subsequence IV /
with a limit element I still satisfying the conditions supp (I) € Qeon % [0, T'] and | I(z,t)| < R (V) (z,t) €
Qr. The weak*-continuity of the operator @ implies then Q IV —xXs QT and I = QI € C. Now the weak*-
sequential compactness of C is obtained from [ ROLEWICZ 76|, p. 301, Theorem VI.6.6., together with p. 152,
Theorem IV.4.11. Finally, || I |1 g,y < 12 implies | QI ||« (q,) < 2R, and C belongs even to L>®(Qr). m

Proposition 3.3. The feasible domain B of the problem (P) is nonempty and closed with respect to the
following topology in X1 x Xo x X3 X X4: weak convergence with respect to the first three components, and

weak* -convergence with respect to the fourth component.

Proof. The existence of feasible solutions follows via Theorem 2.3. from Proposition 3.1. Consider now a
sequence of feasible solutions {(@tTN,(I)eN,WN,IeN)} with ®,.N —=%X1 ¢, &, N X2 o, WV ~Xs |y
and I,N =~ X4 [, From Proposition 3.2. we already know that I, belongs to C. Further, from [KUNISCH/
WAGNER 11B], p. 7, Theorem 2.6., we obtain uniform bounds with respect to N for the norms of o,
o, N, WN, 9®,N /ot and OWN /dt, implying weak convergence of 8<I>tTN//8t, V@tTN/ and 8WN//315 as well
as a. e. pointwise convergence of o, " on Qr along a suitable subsequence. Consequently, passing to the
limit N’ — oo in (2.1) — (2.4), we may confirm that ((thr, P, W) solves the bidomain system with right-hand
sides I; = 0 and fe. [



c) Existence of global minimizers.

Theorem 3.4. (Existence of global minimizers in (P)) We impose the assumptions from Subsection
3.a) on the data of (P). Assume further that the integrand r(z,t, o, n,w): Q x [0, T] x R* = R is bounded

from below and convex with respect to ¢, n and w. Then the problem (P) admits a global minimizer.

Proof. Since r is bounded from below, the problem (P) admits a minimizing sequence { (®;,, ®.~, W,
I.N)} of feasible solutions. Due to the uniform boundedness of || I,V |, with respect to N, the norms
| @, x> |l N Ix, and || W ||y are uniformly bounded as well (cf. again [ KUuNiscH/WAGNER 11B],
p. 7, Theorem 2.6.), and we may pass to a subsequence {(@tTN,, o.M WN/,IEN/) }, which converges to a
feasible quadruple ((f)m &, W, fe) in the sense of Proposition 3.3. The lower semicontinuity of the objective
follows as in [DACOROGNA 08], p. 96, Theorem 3.23., and p. 97, Remark 3.25.(ii). Consequently, denoting

the minimal value of (P) by m, we get

m = lim oo, F(@,N &N W 1N (3.19)

2 hmian/*)OO F(étrN/a(beNp? WN/vleN/) 2 F(i)tra (I)e7W7je) 2 m,

and the quadruple (., ®., W, 1,) is a global minimizer of (P). m

4. The adjoint equations.

a) Derivation of the adjoint system.

Throughout the following sections, we will further assume that the integrand r(z,t, ¢, n,w) within the ob-
jective (3.11) is continuously differentiable with respect to the variables ¢, n and w. For the optimal control

problem (P), let us introduce now the formal Lagrange function

E(cbtra @e,mIe,PlaP27P37P4»P5) = F(cbtra (I)e,m.[e) + <P1 ) El(q)tﬂq)evw)> (41)
+( P2,y Bo(@u, @e, L)) + (P3, E3(®u,W)) + (Pa, Ea(®u)) + (Ps5, Es(W))

with multipliers

P, e L'[(0,T), W”(Q)]- (4.2)
P,e L*[(0,T), W m{Z|/ (z,t)dz =0 (V)te(0,T)}; (4.3)
Py e L[(0,T), L (Q)} P, P5 e (L*(Q))". (4.4)

Differentiating £ at the point (‘i)tr, ., W, fe) in a formal way with respect to the variables ®y,., . and W,

we find the adjoint equations

D<I>tTF (étr; (i)e,W,jc) + <P1 ) Dq)tr El((i)tra(i)evw)> (45)
+( P2, Dq>trE2(‘i>tr, O, 1)) + (P, D<1>trE3(<i>tr7 W)) + (P, D<I>tTE4((i)tr)> = 0;

Do, F (94, &, W, 1.) + (P, Do, E1(®4y, @, W)) + (Ps, Do, Bo(®yr, @, 1)) = 0; (4.6)

Dy F(®,,®,,W,1.) + ( Py, Dy Ey(®4, &, W)) + (Ps, Dy E3(®4,,W)) + (Ps, Dy Es(W)) = 0.



After choosing Py = —P;(-,0) and Ps = —P5(-,0) (this choice is possible by Theorem 4.2. below), the

adjoint system takes the following form:

/ / T+ alwn@ W)P1+g£(¢tr’W)P3)wdxdt+/ /WT (VP +VP)dedt (4.8)

_// @(ét,.,ée,w))wdxdt Vg e 12[(0,T), W(Q)], Pi(z,T) = 0;
Q

T
/ /WTM vpldde/ /WT (M; + M.)VPydzdt = / /?((ﬁ)tr,@e,ﬁ/)wdxdt (4.9)
o Jaon

Ve L2[(0,T), WH(Q)] with /szt (V)te(O,T),/Pg(x,t)dx:O (V)te(0,T);
Q
T
// 8P3 8Iwn(<I>tr,W)P1+g—G(<I>tr, )P3>1/1dxdt:—/ /Q(;Z(étr,ée,ﬁ/))wxdt (4.10)
0

Yo e L2[(0,T), L*(Q)], Py(x,T)=0.

b) The reduced form of the adjoint system.

First, we apply to the system (4.8) — (4 10) the transformation s = T —¢, thus defining P, (:c s) = Pi(x,T—s),

1< 3, @tr(x,s) = &y (x, T—5), o, (z,5) = O (2, T—s5), W(w s) = W(x,T—s) and I (z,s) = I,(x,T—s)
etc. By abuse of notation, we suppress all tildes, thus simply replacing ¢ by s and —9P;/0t, —0P3/0t by
OP;/0s and OP5/Js, respectively. Then the adjoint system, in analogy to the primal bidomain equations,

can be rewritten in terms of the bidomain bilinear form as a reduced system:

d OLion , & oG ~
SR 0) AP, 0) + [ (20 W) Pyt S W) P ) wde = (S(s),0) (01)
Ve WH(Q);
S o)+ [ (L@ ) P @ W) P ) vde = (@b, 0) (@12)
Vi e LP(Q);
Piz,0) =0 (V)zeQ; Py(z,0) =0 (V)zecQ (4.13)

n [0, T'] in distributional sense (cf. [ KUNISCH/WAGNER 11B], p. 5 f., Theorem 2.4. Here the bidomain
bilinear form A: W"?(Q) x W"?(Q) — R is defined as ibid., p. 5, (2.22) through

At b0) = [ VOTM Vindat [ VOTMVinda (114)

where {/;e € W1’2(Q) is the uniquely determined solution of the variational equation
/QV{/;GT(MiJrMe)de:v = f/leTMi Vide Vi € WH(Q) with /Qz/de:O (4.15)
satisfying /Q?Ze der =0,

and the linear functionals S(s) € (W1’2 () )* are defined through

<‘§(8)7 1/J> = *<§7;((i)tm (i)e’w)v ¢> 7/QVE:3FM1 V”(/Jd:L’ (416)



10

where 9, € w2 (Q) is the uniquely determined solution of the variational equation

/VE;F(MiJrMe)VzZ;dx = <@(<i>m d., W), v) Ve W Q) with /wdx:O (4.17)
Q on Q

satisfying / P, dr=0.
Q

The component P, of the solution of (4.8) — (4.10) is uniquely determined as the sum P, = ¢, + . Note

that this reformulation is even possible without imposing the additional compatibility condition

A g—;(ﬁ)tr(m‘,s),i)e(ams)W(x,s)) de =0 (M)se(0,T). (4.18)

c) Existence of weak solutions.

Theorem 4.1. (A-priori estimates for weak solutions of the adjoint system) The optimal control
problem (P) is studied under the assumptions from Subsection 3.a). Within the problem, any of the three
models from Subsection 2.b) is specified. Assume further that the integrand r(z,t,p,n,w) is continuously
differentiable with respect to @, n and w. If ($y., Do, W, 1,) is a feasible solution of (P) with

or »~ ~ &~ 0Or,~ .~ . 0Or . + . 4 2

— (P, @, W)y, — (P, @, W), =— (P4, @, W) € L™ (0,T), L°() | ; 4.19
then every weak solution (Py, Ps, P3) € LQ[(O, T), Wl’Q(Q)] X LQ[(O, T), Wl’Q(Q)} x L*(Qr) of the
adjoint system (4.8) — (4.10) obeys the estimate

+ Py +10P/0s 72 1 (4.20)

2
[t ”CO[[O,T],L2(Q)] [0, 1), wh2(@)] ) (ni2e)” ]

+ 1 P2 ||2L2[( +1 Ps IIZO[ ]t 10P3/0s ||7200y < C

0,7), W] [0,T], L3(Q)

where the constant C > 0 does not depend on Py, Py, P3 but on (<f>tr, P, W,fe) and the data of (P).

Assumption (4.19) about 9r(®4,., ®., W)/dn is rather restrictive since, in general, only ®, € L2[(O, T),
W?(Q)] can be guaranteed. ') In fact, the bidomain system does not allow for smoothing of ®. or ®; in
time but only of ®,.

The a-priori estimates yield the following existence theorem for the adjoint system:

Theorem 4.2. (Existence of solutions for the adjoint system) Under the assumptions of Theorem
4.1., the adjoint system (4.8) — (4.10) admits a weak solution (Py, Pa, P3) with

Poe C°[[0, 7], LX) ] nL' (0, T), W3(Q)]; (4.21)

Py € L*[(0,T), Wh3(Q)]; /Pg(x,t)dx:() (V)te (0,T); (4.22)
Q

Py e 10, T], L*()]. (4.23)

Proof of Theorem 4.1. Throughout the proof, C denotes a generical positive constant, which may appro-
priately change from line to line. Further, we will specify in (3.12) — (3.14) the Rogers-McCulloch model.
The necessary alterations in the case of the other models will be discussed at the end of the proof.

1 1 t+e 2
" An example of a functional satisfying (4.19) is given by 3 / ( %% / S (z,7)dT — ‘I)ref(ﬂf)) dz.
Q

t—e
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o Step 1. Since I, € L[ (0, T), L*(Q)], it holds that &, € L[ (0, T), WH*(Q)] and W € C°[[0, T],
L4(Q)] . In fact, we rely on the estimate [ KUNISCH/WAGNER 11B], p. 22, (3.31), which reads after the
insertion of I; = o as follows:

t
N 2 2 ~ 2 A 2
0 0) ey < € (141190 @y + W laiey + 17 oy + | 1) ey ar) (420
~ 2
< O (14110 720 + I Wo 2@y + A+ D) 1 e[ 0,7y, 2] ) (4.25)

for arbitrary ¢ € (0, 7). Thus the claimed regularity of ®,, is confirmed. Note that
t
W(z,t) = Wo(x)e ™t +er / By (x,7) e dr (4.26)
0

belongs to C° [[0,T], L4(Q)} together with ®4,.(-,7), Wy € L*(Q).
e Step 2. An estimate for the right-hand side of (4.11). We start with

Lemma 4.3. Under the assumptions of Theorem 4.1., for arbitrary € > 0 the following estimate holds:

- 3¢
(360, 9)| < g (1 5@ 80 0) gy + 1 5 (@in 8 ) ey ) + 5 10 ey (420

The constant C' > 0 does not depend on € and .

Proof. Inserting ¢, € W"?(Q) as a feasible test function into (4.17), we get from the uniform ellipticity of
M; and M, and the Poincaré inequality:

— 2 —T —T or —T
CllTe Ny < [ V00 (M4 M)VE, da < (G 00, 50 (4.28)
1 S 2 €= 2
< H ((I)tﬁ E,W) ||(W1’2(Q))* + 5 ||¢e ”le?(g) (V)S € (07 T)?
and with e = C'/2, we arrive at
C — 2 or P
S 1Pl < G 5p@n e e < G 5@ e W) e (4.29)
From (4.16), we obtain
~ or . —T
[(S(s),9) | < | <8w(¢’n~,q>e,W), V) [+ (Ve M, V) | (4.30)
1 or € 9 1 ,— 2 e’ 9 9
< 27€H 8 (q)t’m e )H(le(ﬂ))* +§||w||W12(Q)+27€/H’(/}€HL2(Q)+§HMZ || ! H’(/}HL2(Q) (431)
1 . 1 — 2 € (M2) '
< g 1 e W) [y + 5 1T sy + (5 + 2259 ) 16 ey (432)
1, 0r ~ 4+ - C  or (Mz) !
% I %(%, Do, W) 72y + 55 oe | 877( trs B, W) 172 + (2 + ) [REX [ (4.33)

by (2.5) and (4.29). Taking &’ = /(2 (u2)?), we get (4.27). m

e Step 3. The estimates for || P || Specifying the derivatives of

r>=[[0,7],L2(2) | and || Py HL"O[[O,T],LQ(Q)] :
I;on and G according to the Rogers-McCulloch model, we have

Olion + . A . oG

(4, W) = 3b(d)2 —2(a+1)bdy + ab+ W %(ém W) = —ek; (4.34)

i = = . 0G

%(&tr, W) =e. (4.35)
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Inserting P (s) as a feasible test function into (4.11), we get for arbitrary €1, e > 0 with [ KUNISCH/ WACGNER
11B], p. 6, Theorem 2.4., 2), and Lemma 4.3. above

1d ) ,
5 = I Ps) ey + (A(P1,P1)+5IIP1 22 ) (4.36)
aIwn
/‘ ($o, W ]\Pl\dm/]—@m [P ]+[ (505, PO+ 81 Py =
1d
3 ds | Pr(s) HLZ(Q) + B8 Py ||W1,2(Q)
<C/ |(i)tr|2+|(i)tr|+’W‘+l>|P1|2dx+Elﬂ'//’P1P3’d{I; (4.37)
C 351
+ o (e <<1>fr,<1>e,w>uLz(m+|| (B W) [0y ) + =71 P gy + 811 Pl
Ce - . R 2 C
< 422 (|q>t,‘|2+|<1>tr|+|w|+1) ]P1’2dx+(2—+35/<+,8)HP1||2L2(Q) (4.38)
Q
2 351
+3ek| P32 + (|| (Dir, B, W) (1720 +H (<I>tr,<I>e,W) ”i%m) + Py e
C 2/3 /3 C
< 252(/(|%| +|<1>tr|+|w|+1 :c /|p1 d:r +(2—+3sn+ﬂ)\\P1||2L2(Q) (4.39)
C’ 361
+3en H Py ||L2(Q) (” 7((1)1%(1)67”/) || 2(Q) + H ((I’tn ‘I)eaW) Hi%g)) +— || Py ”Wl 2(Q) -

From Step 1 we know that ®;.(s) € W"(Q) < L°(Q) and W(s) € L*(Q) for all s € (0, T), and the
respective norms are essentially bounded. Thus we get

/Q (190(3) [* 4 [ @) | + [ ()| +1) e < O (1903) 3500 + | D0r(3) 5500

2 3
W (s) [y +1) < €, (440)

and estimate (4.39) can be continued as follows:

1d ) ) ) o .
5 25 | i) 2 + Bl P llwagq) < Ceall Prlliogg) + (r +3en46) P32y (4.41)
C 3e
2 1
+ 3er || Py ||L2(Q) (” 7((1)”,@@71/‘/) || 2(0) + H ((I)tra (I)67 W) HLQ(Q ) 4+ || P ”Wl 2(0)
361 5
< ( o +ng) 1Py 13y + C (1 + —) 1P 132y + Cll Ps 320, (4.42)

or -
251(H (tr,@e,W)HLQ(Q)JrH (<I>tr,<I>E,W)||L2(Q)),

Further, inserting Pj as a feasible test function into (4.12), we find

1d )
3 ds I P (720

8Iion o z oG , » 2 1o} 2 2 A
< /‘ (CIJtT,W)“PngMer/‘—(CI)”,W)’ |P3|2dx+/’£(<1>m<be,W)’|P3|dx (4.43)
Q

< /|‘i)tTP1P3‘dx+5”P3 ||L2(Q +C|‘7(¢tra¢)67w) || Q)+C||P3 ||L2(Q) (444)

1
/ @ P[P o+ (5 e+ C) IPs 3 mwn T (@i, e W) 32 (4.45)

2
C€3 1
< I Py 122 +( +5+C) | 311220 +C|| (<I>tr,<I>P,W) 12200 - (4.46)
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Combining (4.42) and (4.46), we obtain
d
(1P 200y + I Ps(3) 7200y ) + 281 P ey (4.47)

e 1 1
< (71+2052+ch) 1Py |20 Q)+c(2+f) I Py 22 + (—+2e+4c) I Py 220

= D@ e W) a0 + 1 5 <<I>tr,<1>e,W>||m))+2C|| (@17 e, W) 132

Now we fix the parameters €1, €2, €3 > 0 in such a way that the terms with || Py |12, annihilate. After
majorizing the factors on the right-hand side by a uniform constant, Gronwall’s inequality yields for all
€[0,T]:

| Pr(3) 2200 + 1 Po(s) 1220y < € (1| P1(0) ||ia @+ 1 Ps(0) [22qq (4.48)
Soo0r o 4 .
+ (||—<<I>tr,<1>67W>|| oy H I o (@tr@e,W>HLz(m+|| O (o e, ) 2 ) )

<e (\|—<<1>tr,<1>e,w>||m N (B ) [, 1 50 O o W) [y ) - (449)
Consequently, we get the estimate

1P

<[ (0.7).2(®)] + Ps?

L°°[(O T), LQ(Q)] S (” ((I)t’“’ (I)G’W) ||L2(QT) (4.50)

+ —(%, be, W) (220, + || (i, b, W) 22, ) -

e Step 4. The estimate for | Py ||* We return to (4.47). Choosmg €1, €2, €3 > 0 according

[0, 1), w2@)]"
to 3e1/2 4+ 2Cey + Cez = 8 and equalizing the constants on the right-hand side, we get the following

inequality:
Bl Pi(s) H?/Vl’z(ﬂ) <C ( | P1(s) Hiz(n) + [ Ps(s) Hi2(Q) (4.51)
+ || 7(q)trvq)eaW HLQ(Q + H ((I)m q)m W) ||L2(Q + ” ((I)m cI)e’ W) Hi?(Q)) .

Inserting (4.50) into (4. 51) we arrive at

or or
1 P(8) sy < € (115 g B e W) 320y + 11 50 (1B W) [y + 1 5 (B B W) [
+ || 7((1)2% (I)ev W) ||L2(Q) + H (@trv éev W) HL2(Q) + ” ((I)trv q)ev W) HL2(Q)) g (4~52)

T
4 4 s & s
||P1 ||L4[(0,T),W1’2(Q)] = / ||P1(S) ||W1’2(Q) ds < O<1+”67(©t7"’(1)evw) ”14[(077«)’112(9)]

or
gy @b W)L a1 |57 o, b 1) I3 oy 2] ) (4.53)
e Step 5. The estimate for || 8P1/68 ||L2 [0,y (wha@) "] Exploiting the definition of the dual norm, we
start with
T
2 o 2
10RO a1y 1y (wioen)'] = | [ (oR(s)0s ) [ ds (4.54)
r Olion , » oG , .
:/0 s_gp\_A(Pl,w)—/Q( 5 (<I>tr,W)P1+%(<I>m W) P )zpdx+<s b)Y | ds (4.55)
T A ~ ~ 2
< C/ (sup}A(P1,¢)|2+sup(/ (1@ "+ [+ [W]+1) [ P[] ]dw) (4.56)
0 Q

+s~1.1.pszi<;2(/{2’P3||1p|dx)2+s?})|<§(s),1/1>|2)ds.
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The four terms on the right-hand side of (4.56) will be estimated separately. For the first term, we get with
[KuNisCcH/WAGNER 11B], p. 6, Theorem 2.4., 2):

T T
2
/0 sup | A(Py, ) |* ds < / sup 72 | Po(s) [0y 1 Bz s < 2N a 0y wragey] - (457)

which is bounded by (4.53). For the second term, we obtain

T A ~ ~ 2
[ s ([ (180 + 120 4] +1) [ 2] o] ar)"as )
0 - Q

< [ (f (1Pl i ) an) ([ 7)™ (o)

Analogously to (4.40), the first factor on the right-hand side of (4.58) may be estimated by a constant, and
we get (4.59)

ngl_p (o [* 4 || 4 [ W[ +1) [ ][] dr ) ds < Ts_gp ) gy 16 oy ) s
0 Q 0

T

< A Sup(C. ||P1(S)HW1’2(Q) : H¢||W1’2(Q)) \ C”Pl HLQ[(O T) Wl 2(0)] (460)
which is bounded again by (4.53). The third term will be estimated by means of

T 2 T
s £2 12 (/Q| Pyl || dx) ds < C /O sup || P3(s) 220 - 119 3205 s (4.61)
T
2 2 2
<C /0 sup || P3(s) 2y - 1 ¢ [z ds < Cll P31z, (4.62)

which is bounded by (4.50). Finally, applying Lemma 4.3. with ¢ = 1, we get for the last term
T
5 2
sup| (S(s), ) | ds
0 ..

< / s (5 (uf<<1>tr,<1>e,w>||m e <¢>tr,<1>e,w>||L2 @) F 110 e ) ds (463)

<c(1+] —(<I>m B, W) | e (B )} (4.64)

L4 (0, 1), 22 | (o, 1), L2(Q)])
By assumption of the theorem, the right-hand side is bounded as well. Summing up, from (4.57), (4.60),

(4.62) and (4.64), we get the claimed bound for || 9P /0s ||i2 [0.1). (wi2(@)']

e Step 6. The estimate for || OPs/0s ||i2(QT). We start again by using the dual norm:

T
|0Ps/0s |72,y = ||8P3/asHLZ[(O’T),(LQ(Q)) ] /O leigg)ﬂ\ (0Ps(s)/0s, )| ds (4.65)
T OlLion .+ oG . or 2
_/0 S.l.l.p\/g(_ S (1, W) Py = S (1, W) Py = 5 (1, B0, 1) ) o[ ds (4.66)

T . 2
<c/0 sgp((/ﬂmtruplumdx) +<5/Q|P3||1/J|dx) (4.67)
2
/|— Bip, b, W) | |0 da )" ) ds
4 - 2 2 2 2 2
<C A (SUP | ®r(s) ||L4(Q) | Py HL‘*(Q) |l ||L’-’(Q) + SUP | P HL2(Q) |l ||L2(Q) (4.68)
50 | 5 (Bups 0, 1) g 193 )

C/ | ‘I)tr( )||L4(Q) | P1 ||W12(Q) + I Ps ||L2(Q) + || ((I)tmq) e W W) Hiz(g))d& (4.69)
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By Step 1, the norms || (i)tr(S) I Li(q) are essentially bounded. Consequently, we get

2
10P5/0s 7200 < C (WP Ia gy ey + 1 Ps Iimcan + 1l 5 O (i @ W) gy ) (470)

and the claimed bound follows from (4.50) and (4.53).

e Step 7. The estimate for | P, |? Inserting Py(s) € W"?(Q) with Jo Pa(z,s)der =0 as a

LQ[(O T),wh 2(9)]
feasible test function into (4.9), the uniform ellipticity of M;, M, and the Poincaré inequality imply

| Pa(s) ||§V1,2(Q) <C /QVP;(MH—ME)VPgdx (4.71)
T or
C( VB MVEde+ | o By, B, W) Py dm) (4.72)
Q
< C (1Pl 1 Pt )+ (5 (BB ), o)) 12| ) (4.73)

since, by Assumption 2.1., 2), the entries of M; are essentially bounded. Consequently, applying the genera-

lized Cauchy inequality twice, we get

9 1 2 €4 2
[ P2(s) w120y < C <E VP H(Wl,z(m)* + 5 1 P2 w20 (4.74)
1 or , » A a 2 €5 2
+ | 2 By, B, W + 2P ey )
2 | 877( ¢ )”mm 5 12 [lw2q)

for arbitrary e4, 5 > 0. With the choice (g4 +¢5) = 1/C, we arrive at

1 2 2 ?
2 1 Po(3) oy < O (1P I ggoy) 1 57 <<1>tr,q>e,w>||L2(m) — (4.75)
2
2 2 3 T
< .
HP2||L2[(O,T),WI,2(Q)]\20(HVP1||L2[(07T>7<W1,2(9)>]+|| <¢>tr,<1>e,w>||L2(QT)) (4.76)

where the right-hand side is bounded by Step 5.

e Step 8. Conclusion of the proof. The fact that P; belongs even to C° [[0,T], LQ(Q)] can be confirmed
analogously to [BOURGAULT/COUDIERE/PIERRE 09], p. 478, Subsection 5.3. As a consequence of the
imbedding theorem [EvANS 98], p. 286, Theorem 2, P5 € C’O[[O, T], L2(Q)] holds true as well. Conse-
quently, the norms on the left-hand side of (4.50) can be replaced by C° [[o,T], L*(Q) |-norms, and the
proof is complete. m

Remarks. 1) If the Rogers-McCulloch model in (3.12) — (3.14) is replaced by the FitzHugh-Nagumo model,
the proofs of Theorems 4.1. and 4.2. can be repeated with only minor alterations.

2) Consider now (3.12) — (3.14) with the linearized Aliev-Panfilov model. Then, in the proof of Theorem 4.1.,
the first modification concerns (4.26), which must be replaced by

W(z,t) = Wo(z)e ™t +ek /o ( (a+1)®y(x,7) — 2 (, T)) e dr | (4.77)

thus belonging to C° ([0, T], LB(Q)] only. Nevertheless, (4.40) remains true. Further, considering

oG

% (B W) = —cr(a+1)+erdy,, (4.78)
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estimation (4.36) ff. has to be modified in the following way: On the right-hand side of (4.37), the term
ek [o| Py Ps|dz must be replaced by

m(aﬂ)/|P1P3|dx+m/|ci>trplpg|dx. (4.79)
Q Q

The estimation of the first member of (4.79) runs as above; for the second one we get analogously to (4.44)
ff. with arbitrary g > 0:

/ ‘(I)“ P, P3|dl‘ N / |(I)trP1 |2 d],‘—|— ||P3 ||L2(Q (480)

< i“(/ ([ /2(/ Ptar) e s (4.81)
2 Q Q 256 L)

< O (D180 lrsa 1P By + 5o 1 Ps 2y ) (4.82)

S g @S lwre) 15 w2 T 5215 2@ ) :

and due to &, € L™ [(O7 T), W1’2(Q) ], Steps 3 and 4 can be completed as before. A further alteration
concerns the estimations (4.54) ff. in Step 5. In (4.56), the term sup  e*r? ([, |Ps| \1/1|dx)2 must be
replaced by

2 . 2
sup eZHQ(a+1)Q(/ Pyl [0]dr ) +sup &8(/ |y Py | ) (4.83)
Q Q
providing the following estimate for the second member:
R 2 o 2
sup ( /Q (B0 Pyyplde ) < Csup || Pyl - [ 80(s) ooy 19 5000y < ClIPsIGay,  (489)

due again to the essential boundedness of the norms || ®,.(s) w12 (q) as well as to the imbedding wh(Q) <

L° (©2). Then Step 5 can be finished as above, and the remaining parts of the proof remain unchanged.

Proof of Theorem 4.2. e Step 1. Approxzimate solutions for the reduced system. By [ BourcauLT/CoOU-
DIERE/PIERRE 09 |, p. 464, Theorem 6, the bidomain bilinear form A( -, -) gives rise to an orthonormal basis
of eigenfunctions { ¢; } within the space Wl’Q(Q), which are related to eigenvalues 0 = A\g < A\; < Ao < ...
For N € Ny, let us define the subspaces

N
XVQ) = {v=3 i |co, s en €RY CWH(Q), (4.85)
i=0
and the functions PV, PN : Q x [0, T'] — X according to
N N N N
P (z,s) = Zzopi,N(S) Yi(z);  P3(x,s) = Z:o qi,n () ¥i(z) (4.86)

where p; N, ¢in: [0, T] — R are solutions of the initial value problem

PNED s pion(s)+ 3 ) [ S @0 W) i) o) d (187
N ple ~ .
+Z:Oqi,N(5)' (9(,0(‘1%“ )"/}z( )1/}]( )d(E— <S(S)awj>a 0<]<N,
d j N 811'071 = 2
%(3) £ 3 pn(s)- /Q (G, W) i) () (4.88)
N oG . . 9
+ Z;) QZ,N(S)/g;%((I)th)wl(x) ¢y($) dx = <8T ((I)tmq)ww) ¢]>a Og.] gN?

pin(0) = 05 ¢jn(0) =0 0<j<N. (4.89)
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Specifying the data for (4.87) — (4.89) according to the Rogers-McCulloch model, the problem reads as

dp. N
7])];[]\;(5) + Ajpin(s) + > pin(s) /
1=0

(3b((i)tr)2+2(a+l)bétr+w+ab)¢i1/)jdit (4.90)
Q

—ergin(s) = (S(s),¥;), 0<j<N;

da; N ~ .
7%’62\;(8) + ;)pi,N(s)'/Q(I)trwiwj dr + eqjn(s) = —( w@m eW) W), 0<j<N; (491

pin(0) =05 ¢jn(0) =0 0<j<N. (4.92)

Obviously, all integrals with respect to x are well-defined and the coefficients as well as the right-hand sides
are integrable with respect to s at least. Then, by [ WARGA 72], p. 92, Theorem I1.4.6., the initial-value
problem (4.90) — (4.92) admits a unique solution (p07N, iy DNN 5 QON 5 -5 qN7N) S (Wl’l(O7 T) )2(N+1).
The same holds true if the Rogers-McCulloch model within (4.87) — (4.89) is replaced by another model from

Subsection 2.b). As a consequence of the orthogonality relations, P{¥ and Pi¥ obey the equations

SPE .0+ AR ) 0) + [ (@) R + G W) PY ) i (1.9
= (S(s), v) V¢ eXN(Q);
SO 0+ [ (TGO RY 4 G @ ) Y ) o (194)

_ or N
- <aw( tr’(PGvW) 7/’) VT,Z}GX (Q)

In this sense, the functions P{¥, P{ can be interpreted as approximate solutions of the reduced adjoint

system.

e Step 2. A-priori estimates for the approzimate solutions P}, Pi¥. The functions P{¥, P obey the a-priori

estimates from Theorem 4.1. More precisely, the following holds:

Lemma 4.4. Let the assumptions of Theorem 4.1. hold for the data of (P) and a feasible solution (¥4, ®.,
W, I;) Then for all N € Ny, the functions P}, PN satisfy the estimate

HPIN HCO[[O T],L? Q)] + HPIN ||L4|:(07T)’W1=2(Q)] + HaPIN/aSHQL?[(O,T)’(WLZ(Q))*] (4'95)

2 2
+||P?fVHCO[[07T],L2(Q)] +||8P?fv/88“L2(QT) < C

for a constant C > 0 independent of N.

Proof. We rely on the proof of Theorem 4.1. First, we observe that (4.50) and (4.53) remain true if P;
and Pj are replaced by P}V and P since, in Steps 2 — 4 of the proof above, the reduced equations must be
studied only for the special test functions P (s), P (s) € XV (Q). Lemma 4.3. carries over as well. Further,

we observe that

T
|oPN /85|’ L2 )] = sup (0PN (s)/0s, v) | ds (4.96)
! L [(O,T),(W (Q)) ] /0 19 w120y =1 !
T
dp;
:/0 sup H-Zb b N( )wl, 20 ¢ ;)| ds (4.97)

o0
Y e w12 =1

Jj=0
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T
dpz N 2
-/ ap (5 PNy S ) P as (499)
0 oo i=0 =0
I3 e v llwragg =1
T N 9
= sup | (0PN (s)/0s, v) | ds. (4.99)
0 peXh, I w120 =1

By (4.93), the calculations from the proof of Theorem 4.1., Step 5, can be repeated now, resulting in a
uniform bound for || PV /ds

from Step 6 since

H2L2[(0,T) (wre@) ] In the same manner, we may repeat the derivation

T
2 2
|\8P§7V/8s||L2[(07T)7(L2(Q))*} = / sup | (OP3Y(s)/0s, )| ds (4.100)
0 [[¥llp2@ =1
r 2
= / sup ’ (0P (s)/0s, ¥) | ds, (4.101)
0 peXxN, ”d’”LZ(n):l

and we obtain a uniform bound for ||dP} /s ||2LQ(QT) as well. The arguments from Step 8 hold without
alterations. If the Rogers-McCulloch model in (3.12) — (3.14) is replaced by another model from Subsection
2.b) then the corresponding modifications of the proof of Theorem 4.1. carry over to the proof of Lemma

4.4. as well. m

e Step 3. An exact solution for the reduced adjoint system. Lemma 4.4. implies that we may select a

subsequence { (PYN', PN')} of { (PN, PN)} with convergence to limit elements in the following sense:

PV el wr@] p (4.102)
PN s 201 (wr@) ] B (4.103)
py _rfom.r@] p (4.104)
PN’ jds Lo (@) ] g (4.105)
Consequently, taking an arbitrary element 1; € Wl’Q(Q) from the orthonormal base, we find
~ O0lL;on oG =
<P(8)»¢j>+A(P1(S)J/’j)+/Q( 90 (<I>mW)P1+8 (Pir, )P3)¢jdx—<5(8)v¢j>
. d ’ aIwn T !
= tim (G (P AP ) ) + [ (T Y (4.106)
N'—oc0 ds Q a(p

+ G @ W) P )y de = (5(5), ;) = 0

since ¢; € XV " for all sufficiently large N’ € IN. For the same reason, it holds that

~ 0Lion oG or - s -
(@) )+ [ (T2 W) P+ G (@0 W) P )y o+ (0 (B B W) )
d 0Lion . 0G . . /
= dim (P (s), ) + /Q (G2@e W) PN+ 52 (@0, W) PY' ) 0 da (4.107)
0
(5 (@ b W), ;) ) = 0,

Weak continuity of the distributional differential operator implies that P=dp, /ds and @ = dPs/ds in the
sense of distributions. Further, it obviously holds that P;(z,0) = lim y,_,., P (z,0) = 0 and P3(z,0) =
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lim y/ . PN (x,0) = 0. Since {¢; } lies dense in W"*(Q) as well as in L*(), the functions P; and Ps form
a weak solution of the reduced adjoint system.

e Step 4. Completion of the adjoint solution. As indicated in Subsection 4.b), the solution (Pj, P3) of
the reduced adjoint system may be completed to a weak solution (Py, P2, Ps3) of the adjoint system where
P, e LQ[(O7 T), Wl’Q(Q)} with [, Po(z,s)dz =0 (V)s € (0, T') is uniquely determined by Pi, Ps. This
finishes the proof of Theorem 4.2. m.

5. Necessary optimality conditions.

a) Statement of the theorems.

Definition 5.1. (Weak local minimizer) A quadruple (®., ®., W, 1.), which is feasible in (P), is called
a weak local minimizer of (P) iff there exists a number € > 0 such that for all admissible (P4, e, W, I.) the

conditions

[ @4 — Purllx, < e, ||q)e_q36||x2 <€, ||W_WHX3 <e, [[e—LIellx, <€ (5.1)
imply the relation F(@m @e, W,fe) < F(Dyy, O, W, L).
The necessary optimality conditions for weak local minimizers of (P) can be formulated as follows:

Theorem 5.2. (First-order necessary optimality conditions for the control problem (P)) We study
problem (P) under the assumptions of Subsection 3.a), specifying within (3.12) — (3.14) any of the three
models from Subsection 2.b). Assume further that the integrand r(x,t,p,n,w) is continuously differentiable
with respect to ¢, n and w. If a quadruple (., &, W, 1.) € Lz[(O7 T), W1’2(Q)] X L2[(07 T), W172(Q)]
x L*(Qr) x L>[(0,T), LQ(Q)] is a weak local minimizer of (P) with

or or

& TF & & Tr o~ - = 4 2
%((I)t’r'a (I)e;W)v ain((btr'v (peaW)v %(th (I>€7W) el [(07 T)a L (Q)] (52)

then there exist multipliers P, € L4[(0, T), Wl’z(ﬂ)], P, e Lz[(()7 T), WI’Q(Q)] N{Z]| [, Z(z,t)dx
=0 V)t e (0,T)} and Py € L*(Q), satisfying together with (@4, &, W, 1.) the adjoint equations

(4.8) — (4.10), which are solved in weak sense, as well as the optimality condition
T A A~
/ / (MIS—QP2>~(IE—Ie)dasdt>O Vi ecC. (5.3)
0 Jcon

Corollary 5.3. (Pointwise formulation of the optimality condition) Under the assumptions of Theo-
rem 5.2., let the optimal control I, be represented as I, = QI with I € LOO[(O, T), LQ(Q)], supp (f) -
Qeon X [0, T] and | I(x,t)| < R for almost all (z,t) € Qp. The optimality condition (5.3) from Theorem
5.2. then implies the following Pontryagin minimum condition, which holds a. e. pointwise:

I(l’o,to)' (M'Qj(fﬂo,to)fQPQ(l’o,to)) = Min ﬂ(ﬂ'@j(l’o,to)7QP2(.’£0,t0)> (54)
~R<n<R
(V) (xo,to) € Qeon X [O, T]
Consequently, for a. e. (x,t) € Qeon X [0, T'] the following implications hold:
o 1 ~
QI(x7t)_;QP2(m7t) >0 = I(l‘,t) = _R;
o 1 ~
Ql(x,t)—;QPz(a:,t) <0 = I(z,t) = R and (5.5)

H(a,t) € (-R, R) —> Qf(x,t)—iQPg(x,t) ~ 0.
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Corollary 5.4. (Regularity of weak local minimizers) Under the assumptions of Theorem 5.2., consider
a weak local minimizer (itr, <i>e, W, fe) of (P), whose control part I, = Q I s generated by a function I with
|f(a:,t)| <R a. e Then I, f Qcon belongs to the space LOO(QCO,L x [0, T]) n LQ[(O, T), Wl’z(Qcon)] )

Fur numerical purposes, it is useful to specify the Gateaux derivative of the reduced cost functional F:C—
R. It is defined through

F(I) = F(®y(L), ®c(l), W(L), I.) (5.6)

with the aid of the control-to-state mapping I, — (‘btr(Ie), D (1), W(Ie)), which is well-defined by
Proposition 3.1.

Corollary 5.5. (First variation of the reduced cost functional) Under the assumptions of Theorem
5.2., the Gateauz derivative of the reduced cost functional F at I. € C is given through

DIpF(je) = /U'fe - QPQ(fe) (57)

where ( Pi( ), Pa(I.), Ps( c)) denotes the solution of the adjoint system (4.8) — (4.10) corresponding to
(q)tr( 6)7 cbe( 8)7 W Ie)a e)

b) Proof of the necessary optimality conditions.

Proof of Theorem 5.2. As mentioned in the introduction, the proof of the necessary optimality conditions
for (P) is based on the stability estimate for the bidomain system (Theorem 2.4.) and the existence theorem
for the adjoint system (Theorem 4.2.), which will be invoked in Steps 2 and 3 of the proof, respectively.

e Step 1. Variation of the weak local minimizer in a feasible direction. Assume that (@tm ée,W,fe) is a

weak local minimizer of (P). If I, € C is an arbitrary feasible control with || I, — I, || <e

L=[(0,7), L]
then, by Proposition 3.2., all controls

I(s) =I.+s(I.—1.), 0<s<1, (5.8)

belong to C as well. By Proposition 3.1., for every I.(s) € L™[(0, T), L2(Q) |, there exists a corresponding
weak solution (®-(s), Pc(s), W(s)) € X1 x Xg x X3 for the bidomain system on [0, T'] . Thus the quadruples
(Per(s), De(s), W(s), I.(s)) are feasible in (P) for all 0 < s < 1. On the other hand, from | KUNISCH/ WAGNER
11B], p. 7, Theorem 2.7. it follows that every feasible solution of (P) within a closed ball

U (D4, Do, W, 1) = K(yy, Ce) x K(D,Ce) x K(W,C6) x K(I,e) € Xy x Xy x Xz x Xy (5.9)

can be generated in this way.

e Step 2. Lemma 5.6. For all I, € C, || I, — I || < € implies that

=[(0, 1), 2]

. 1 a2 A2

lim — [ @4(s) = @yflx, = 0;  lim — ||<I>tr( )= @ullz, = 0; (5.10)
5—)0+0 s—0+0

A 2
lim — ||‘1> (s) = ®ellx, = 0; (5.11)
s—0+0 S

~ 1 ~
lim f|| W(s) =Wy, =0 and lim =|W(s)—W|% = 0. (5.12)
5—04+0 S s—0+0 S
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Proof. The stability estimate [ KUNISCH/WAGNER 11B] p. 7, Theorem 2.7., (2.38), implies
A 2 2 2 A 2
[@er(s) = Cerllx, = [ @e(s) = Purllr2[ 0,7y, wr2)] S O 1Le(s) = Lelli=[ (o, 1), (wr2(2))"]

.2 L2
<C.HIe(s)—IGHLN[(O’T)’LQ(Q)]:CSQ||IC—IGHLM[(O’T)’L2(Q)] —  (5.13)

. 1 A2 . L2

m  — || @4(s) = Py [lx, < lim Cs|l L. — I ||Loo[(0’T)7L2(Q)] =0 (5.14)
s—0+4+0 S s—0+0
as well as

A2 A 2 A 2
[ @e(s) — Pelx, = ”(I)E(S)_CDGHLz[(O,T),Wl*Z(Q)] < O 1Le(s) — L HL‘”[(O,T),(WLZ(Q))*]

A 2 ~ 2
<O~HIe(s)—IeHLm[(OyT)yLz(Q)]:052||Ie—IeHLoc[(OyT)7L2(Q)] = (5.15)

. 1 A2 . .2

lim = || @c(s) — P, < lim Cs| I — 1 ||Loo[(0}T)’L2(Q)] =90 (5.16)
s—0+0 S s—040
and

A2 L2 . 2
[W(s)=Wlx, = IW(s) =Wli2q, < C- ||I€(s)_IeHL"C[(O,T),(WLQ(Q))*]
A 2 A 2
< C'Hle(s)—IeHLW[(o,T),L?(Q)] = Cs® ||Ie—IeHL°°[(o,T),L2(Q)] = (5.17)

. 1 A2 ) A2
SLIBT}FO;H Wi(s) =Wy, < SEEOCSHIE_IeHLOO[(O,T),L2(Q)] = 0. (5.18)

S2
In an analogous manner, the relation with || W (s) — W ||x, can be confirmed. In order to establish the relation

with || @(s) — @y II%, we rely on [ KUNISCH/WAGNER 11B] p. 7, Theorem 2.7., (2.39), which leads to

1 @er(s) = @ I, = [ Bins) = S s (0,7, (wrcen )| (5.19)
< C? - Max ( [ 1e(s) — I Hiw[(o,T),(W“(Q))*] I Le(s) = I ||i°°[(o,T),(W1»2(Q))*} ) (5.20)
< C'MaX(32HIe—je”QLOO[(o,T),L?(Q)]v54||Ie—feHiw[(o,T),Lz(Q)]) = (5.21)
im0 (s) - [, (5.22)

) . 2 3 .4 7
< SBQOC'MaX(SHIe*Ie ||Lw[(o,T),L2(Q)]aS ||Ie*IeHLoo[(o,T),L2(Q)}) =0. =

e Step 3. By Theorem 4.2., associated with (ét,.,ée,W,IAe), there exist functions P; € (L4/3[(O, T),
(W) )" = L*[(0,T), W Q)], o e (L*[(0,T), W ()])" = L*[(0, T), W"*(Q)] with
Jo Pa(z,t) de = 0 for almost all t € (0, T') and Ps € (LZ[(O, T), (L2(Q))*] )* = L*(Qyp) satisfying the
system (4.8) — (4.10) as weak solutions. Consequently, P, P, and Pj solve the adjoint equations (4.5) — (4.7)
together with P, = —P;(-,0) and P; = —P5(-,0). With these functions, we may derive the following
estimates:

Lemma 5.7. The following estimates hold true:

lim (P1, Do, E1(®4, e, W) (D4,(5) — D4y) + Do, E1 (D, e, W) (De(5) — D) (5.23)
s—0+

+ Dy By (D4, e, W) (W (s) = W) ) = 0;

hg}ro 5 <P2 s D‘i’tr EZ((I)tra ., Ie) ((I)tr(s) - (I)tr) + Do, E2(<I)t7"7 ., Ie) ((I)e(s) - (I)e) (524)
s—

+( Py, Dy, Bs(®y, e, L) (I — 1) ) = 0;

hg}ro 3 <P3 , D<1>t7_ Es(®4, W) (P4r(s) — i) + Dy E3(Pir, W) (W (s) — W) > =0. (5.25)
S—r
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Proof. We restrict ourselves to the proof of (5.23), noting that (5.24) and (5.25) can be confirmed in a
completely analogous manner. Due to our assumptions on the differentiability of r, the principal theorem of
calculus in its Bochner integral version ') is applicable. For the feasible solutions (®4,(s), ®.(s), W(s), I.(s))
and (&, d., W, 1,), we get from the first state equation in (P), (3.12):

0 = E1(P(s), e(s), W(s)) — E1(Pyr, @, W) = /01 Dio,.a.w) E1( @+ 7 (Pi(s) — i),
Do+ 7 (Pe(s) = Do), W+ T (W(s) = W)) (Prr(8) — Piyy Pe(5) — e, W(s) — W)dr = (5.26)
0= (P, /O1 (Do) i (@47 (i) = B1r) B+ 7(e(s) — B0) W47 (W(s) — W)
(Dir(s) = Bor, De(s) — Do, W(s) = W)
— Doy o) Bt (i, Be, W) (B40(5) — By, @, (5) — Do, W(s) — W)) dr )
+ (Pr, D@ya.w) E1t(Dir, Do, W) (Dir(5) — Bty @) — Do, W(s) = W)) (5.27)

= (P, /OI(D% Bi(®p 4T, @+ 70t ,W A7) (Pi(s) — Byp) — Doy, Er (D, e, W) (B4(5) — D)
+ Do, By(®pp+ 7o, B+ 7., W+ 7)) (De(5) — Do) — Do, Er (D, Do, W) (D (s5) — B) (5.28)
4 D Br(®py 7 S0t 7o, W7 ) (W(s) = W) — Dy Er ($r, o, W) (W () —W)) dr)
+ (Pi, Dg, E1(®pr, e, W)(D4(s) — @ir) + Do, E1(Piy, B, W)(Pe(s) — D)
+ Dw El((i)tra o, W)(W(S) - W) > .

By [YosIipA 95], p. 133, Corollary 1, we have

|<P1,/01(...)d7>| < ||p1ZI.H/01(...)dT|;Zl <P

Consequently, for the first summand within (5.28), it holds that

1
2 / | oo |l - (5.29)
0

1 1 1 . R X
lim f|<P1,/ (..)dr)| < lim ||P1\Z*(/ | D, E1 (P4 + 7., @+ 7. . WHT.L) (5.30)
0 s—040 1 0

s—04+0 S
~ A o 1 o
— Doy, Ey(B1r, e, W) 5, 1) | Bor(s) = Ber g, dr

1
~ A ~ A ~ o 1 A
+ / H D<I>e El(q)tr+7 v, @+ T, Wt T'“a) - D<I>e El(q)tr,q)evw) ||£(X2 Z1) g ” (I)e(s) - o, ||X2 dr
0 )

1
” ~ o ~ ~ o 1 ~
+ / | Dw Er( @4+ 7., @+ 7., W +7...,) = Dy By (94, D, W) HE&S 73 W (s) =W g, dr
o : :
1 R R R 1 R
< Eﬂo [ Py [l (/O Ly ( [ @er(s) = Purllg, + | Bels) = P llx, + W (s) = Wig, ) 3 [ @er(s) = Purllg, dr

1 1
~ A o 1 ~
[ Lar ([ 1ar (19006) = g, + 1190 = bell, + W) = Wg, ) 5 19els) = b I, dr

1
A - o 1 A
[ Lar (19000) = i, + 190 = b, + W) = Wg, ) $ 1 W) =Wl dr (531

with Lipschitz constants L1, Lo, L3, whose existence is ensured by the twice continuous Fréchet differen-
tiability of Ey with respect to @, ®. and W. With reference to Lemma 5.6., the estimate (5.31) may be

12) [BERGER 77], p. 68, (2.1.11).
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continued as follows:

lim 1|<P1,/01(...)dr>|

s—0+0 S
. 1 1 N - . 2
< dim Pl 5 (ot Lo+ L) - (1 @uls) = Burllg, + 11 @els) = b llx, + W) = Wil ) (5:32)
s—0+4+0 S 1 3
. 1 A2 1 L2 1 22
< dim | Pl € (£ 1@uls) = urlz, + 5 1@e(s) = e lix, + - 1W(s) = W g, ) =0, (5.33)
5040 1 s s s

and this implies the first of the claimed relations, namely

hf)IJer ; <P1 5 D(I)tr El(q)tra (I)e, W) (‘btr(S) — (I)tr) + Dq>e E1 ((I)tr; <I>e7 W) (CI)E(S) — (I)e) (534)
s—

+ Dy By (®pr, @, W) (W(s) = W) ) = 0.

From the second and third state equations (3.13) and (3.14), the limit relations (5.24) and (5.25) can be
derived in a completely analogous way. m

Since ®4.(s) and W (s) take the same initial values as &, and W, respectively, it holds further that

lim 3<P4, Da, Ei(®4) (94(s) — @y) ) = lim 1<P5,DW Es(W)(W(s)—W)) =0.  (5.35)
5—0+0 S 5—0+0 5
e Step 4. The first variation of the objective. Choose now € > 0 small enough in order to ensure that
the difference F(®4(s), ®.(s), W (s), I(s)) — F (4, &, W, I.) of the objective values is nonnegative for all
quadruples (®,.(s), D.(s), W (s), I.(s)) belonging to the closed ball U (&4, &, W, I.) defined in (5.9). As a
consequence of our assumptions about the integrand r, the first variation may be written as

0 < 5+F((i)tr7 §€7 Wa fe) (‘btr(l) - (i)tra (I)e(l) - (Apea W(l) - Wa Ie - je)

1 o N A A
= lim - (F(@tr(s) Bo(s), W(s), I(s)) — F(dyy, e, W, Ie)> (5.36)
s—040 S
1 ~ ~ o~ ~ ~ ~ o~ ~
= lim - (D% F(®4, b0, W, L) (B1r(5) — D) + Do, F(Dyy, b, W, 1) (®u(s) — Be) (5.37)
s—040 S

+ Dy F (@1, @e, W L) (W(s) = W) + Dy, (i, 00 W L) (L) ~ L) ).

Together with Lemma 5.7. and (5.35), we obtain

1 ~ ~ A A ~
0< lim - (Dq,tT,F(fbm Go, W, L) (®u(s) — byr) (5.38)
s—040 S

+( Py, Dy, E(®4, &e, W) (D4(5) — 1) ) + ( Po, Doy, Ea(Dyr, @, L) (Pi(s) — D) )
+( Py, Day, E3(®ir, W) (®1r(s) = Pir) ) + ( Pa, Day, Ea(b4r) (®1r(s) — 1) )

+ Do, F(®p, ®e, W, 1) (Bo(s) — Do)
+{ P, Dy, E\(®1, @, W) (Be(s) — @) ) + ( Po, Do, Eo(Pyr, @, L) (De(s) —

K>

e))

+ Dy F(®4, &, W, 1) (W (s) — W)

+{Pi, Dy By(®4, B, W) (W(s) — W)
+{ Py, Dy E3(®4, W) (W(s) = W) )+ ( Ps, Dy Es(W) (W(s) = W))
+ Dy, F(&y, &0 W 1) (Ie(s) = L) + (Po. Dr, Bo(®yy, b L) (I — 1)) )

Y+ ( Py, Dy Bao(®y, @e, L) (W(s) — W))
)
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where the first three parts vanish since Py, Py, P3 together with Py = —P;(-,0) and P; = —P5(-,0) solve
the adjoint equations (4.5) — (4.7). Note that, by Subsection 4.a) above, these equations take the claimed

form. Consequently, we arrive at

0< lim E(D,e F(be, @0, W, 1) (T(s) ~ L) + ( Py, Dr. Ba(®yr, 80, 1) (I — 1)) ) (5.39)
s—04+0 S
T . R T R R

:/ /(ule—P2)~(Ieer)dzdt:/ /(ﬂ]efQP2>'(Ieer)dxdt (5.40)
0 Q 0 Q

for arbitrary I. € C. Since I, and I, vanish outside Qeon X [0, T'], this confirms the claimed optimality

condition (5.3), and the proof is complete. m

Proof of Corollary 5.3. Using the representations I, = QI and I = Q I, inequality (5.40) may be

rewritten as
T T
og/0 /Q(M-QI—QPQ)-(QI—QI)dxdt:/0 /Q(M-QI—QP2)~(I—I)dxdt (5.41)
T
:/ / (n-Qi-QP)-(1-1)duat (5.42)
0 QCOTL
VIeL®[(0,T), L*(Q)] with supp (I) C Qeon x [0, T] and [I(z,t)| < R (V) (z,t) € Q.

To (5.42), we may apply a Lebesgue point argument analogous to [ KUNISCH/WAGNER 11A], p. 19 f., Proof
of Corollary 3.6., in order to get

(u - Q I(xo,t0) — QPQ(:EO,tO)) - (no — I(zo,t0)) =0 Vg € [=R, R] (V) (x0,t0) € Qeom x [0, T], (5.43)

and this implies the conditions (5.4) and (5.5). m

Proof of Corollary 5.4. This is implied by (5.5) since Q P, ‘ Qeon € LQ[(O, T), Wl’Q(Qcm)] together
with P, € L[ (0, T), W'?(Q)]. u

Proof of Corollary 5.5. We can follow the proof of Theorem 5.2. where only in (5.36), (5.38) and (5.39)

the minorization by 0 must be deleted. m
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