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Abstract. An approximation procedure for time optimal control problems
for the linear wave equation is analyzed. Its asymptotic behavior is investi-
gated and an optimality system including a transversality conditions for the
regularized and unregularized problems are derived. The regularized prob-
lem also serves as a starting point for numerical techniques. For this purpose
a family of parameterized optimal control problems, depending on the time
horizon 7 as parameter, is introduced. Each member of this family can be
solved by a locally superlinearly convergent semi-smooth Newton algorithm.
It is verified that the derivative of its minimal value functional of the pa-
rameterized problems coincides with the transversality condition of the time
optimal problems. Selected numerical examples are given.

Keywords. Time optimal control, wave equation, optimality condition,
transversality condition, minimal value functional, semi-smooth Newton method.

1 Introduction

This paper is devoted to the time optimal control problem

( T
min / dt
0

subject to 7 > 0,

Yy — Ay = xou in (0,7) x Q,

y(0) = y1, 1:(0) = w2, y(7) = 21, u(7) = 22 in
L Ju(t) || 2wy < 7, forae. t € (0,7).

Here, v > 0 is a fixed positive constant and 2 C R", n = 2 or 3 is a fixed
bounded domain with smooth boundary I'. Further w C () is a measurable
subset and y,u denotes the extension-by-zero operator from w to 2. The
initial and terminal states are fixed and - unless specified otherwise - are
assumed to satisfy

y1 € Hy (), 21 € Hy(Q), 12 € L*(Q), 2o € L*(Q).

We shall analyze an approximation scheme for () that can be used as
the basis for numerical approximation schemes and also to derive first order



necessary optimality systems. These conditions are complete in the sense
that they contain as many equations as unknowns. The optimality system
consists of the primal and adjoint equations, the maximum principle and
the transversality condition. Time optimal control for the wave equation
was investigated in the work of Fattorini [B, @], but there the transversality
condition is not addressed. In [B] the geometric form of the transversality
conditions in infinite dimensions is derived along the well-known lines of Lee
and Markus [[@] in finite dimensions. It states that the terminal state of
the adjoined equation is normal to a supporting hyperplane to the reachable
cone at the optimal time and the state (2, z9). This form, however, does not
appear to be applicable computationally. Rather we aim for an analytical
form of the transversality condition as utilized e.g. in [B], pg. 88, in the case
of time optimal control for ordinary differential equations. In the case of
time optimal control for parabolic problems such a form was obtained by
Barbu in [@]. The technique used there does not appear to be applicable for
(B). 1t could be used for the case where w = Q and the terminal constraint
y¢(T) = 25 is not enforced.

The development of numerical techniques for time optimal control prob-
lems, has received much attention in the context of ordinary differential equa-
tions. They are frequently categorized into direct and indirect methods. In-
direct methods based on multiple shooting techniques [@, 2| solve the two
point boundary value problem describing first order necessary conditions. In
[MM] a semi-smooth Newton method was recently proposed for solving the
non-smooth optimality systems. Direct methods on the other hand, consider
time optimal problems as a genuine nonlinear programming problems. They
are used in several variants, which frequently involve re-parametrization of
the controls as the unknowns. The new unknowns can be the switching times
as in [ or the arc durations as in [[.

While the focus of this work is put on time-optimal control of the wave
equation, it contains also two results that are of interest in a broader context:
It will be proved that when considering (I4) as minimization problem in the
control u with 7 as parameter, then the derivative of the value functional
with respect to 7 is given by the transversality condition associated to ()
Secondly we analyze the semi-smooth Newton method for mixed integral
(in space)-pointwise (in time) bounds. This widens the scope of the use of
semi-smooth Newton methods which are so-far well analyzed for point-wise
bounds.

The paper is organized as follows. In the remainder of this section we



recall regularity results on the controlled wave equation and also provide its
abstract form. Section 2 contains results on ([B) and a discussion of control-
lability results as far as they are relevant for the present paper. In Section 3
we introduce a family of approximating problems and derive their optimality
systems. These lend themselves to efficient numerical realizations. Then con-
vergence of the primal variables of the approximating problems to a solution
of (IB) is shown. Convergence of the adjoint variables is addressed in Section
4. There the maximum principle and the transversality condition for (&) are
obtained as well. As we shall see, the transversality condition requires us to
impose additional assumptions. If these assumptions are not met then the
justification of our approximation rests on the convergence of the primal vari-
ables only. Section 5 is devoted to the study of the parametric optimization
problems that arise from the regularized version of (IH) with u as the only
optimization variable, and 7 as parameter. We show that the derivative of
the value functional with respect to 7 is given by the transversality condition.
These parametric optimization problems are the innermost building block of
our numerical approach. Essentially they are optimal control problems for
the wave equation with spatial L?—norm bounds, pointwise in time, on the
controls. We show that semi-smooth Newton methods are applicable for this
class of problems and we verify their local superlinear convergence in Section
6. Here we show that the radial projections in L?*(2) are Newton differen-
tiable. The final Section 7 is devoted to the explanation of the numerical
approach and selected numerical examples.
Let us turn to

(1.1) {ytt — Ay = x,u in (0,7] x Q,

y(0) = y1, w(0) = v

where T" > 0 is fixed. For existence and uniqueness of weak and very weak
solutions, we have the following well-known result, [B, [J].

Theorem 1.1. Let y; € L*(Q), yo € H1(Q), and v € L*(0,T; L*(w)) be
given. Then there ezists a uniquely determined very weak solution y of (),
which satisfies

y € C0,T;L*(Q)), y. € C0,T; H(Q)).

If in addition y; € H} () and yo € L*(Q) holds, then there exists a uniquely
determined weak solution y of (), which satisfies

y € C(0,T; Hy(Q)), y: € C(0,T; L*(Q)), yu € L*(0,T; H1(Q)).
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If moreover y, € H*(Q), y» € Hy (), and uy € L*(0,T; L*(w)) holds, then
the solution y satisfies

y € C(0,T; H*(Q)), ye € C(0,T; Hy(Q)), yu € C(0,T; L*(5)).

In all cases, the mapping from (u,y1,y2) to (y,y:) is linear and continuous
between the indicated spaces.

To express () in abstract form we introduce the operators

0 I 0
A._<A0), B._(Xw),
N R
yo-<y2)7z'(22)7

y1(t) )
t) := .
Then the wave equation () is equivalent to the first-order evolution equa-
tion

and vectors

y: = Ay +B'LL,

(12 y(0) = yo.

The components of the solution of this equation fulfill y5 = (y1);. For con-
venience of notation we introduce the function spaces

H*(Q) 0<s<1/2
Y= HQ)N{y: yr=0} s>1/2
(H#(Q))* s < 0.

Let us define the following spaces, which take account of the regularity
of the components of solutions y of ()

Y. =YSx Y5

Here, the index s means that the first component of the vector function y €
Y? is in H*((2), whereas the second component, which is its time derivative,



is in H*71(Q). Given this notation, we have that the operator A is linear
and continuous in the following sense

AcL(Ys, Ysh.
Moreover, the operator B has the property
B € L(L*(w),Y").
With this notation, the previous results of Theorems [Tl can be expressed as

Corollary 1.2. Let yg € Y°, u € L*(0,T; L*(w)) be given. Then the first-
order equation (2) admits a unique very weak solution'y that satisfies

y € C(0,T;Y").

If in addition yo € Y' holds, then the first-order equation (I2) admits a
unique weak solution y that satisfies

y € C(0,T;Y"), y. € L*(0,T;Y?)
If moreover yg € Y2, uy € L*(0,T; L*(w)) then

y € C(0,T;Y?), y, € C(0,T;Y").

2 Problem (B), its transformation and con-
trollability
Concerning existence of a solution to ([B) we have:

Theorem 2.1. If there exists an admissible control u driving yo to z, then
there exists a solution (7*,y*,u*) of (B). Moreover 7* is unique.

Proof. A subsequential limit argument based on Theorem I readily implies
the assertion. ]

In all that follows, it will be convenient to transform problem ([B) to the
fixed time interval I = (0,1). The transformed time optimal control problem



reads:
((min 7

subject to 7 > 0 and
(P) Y — T2 Ay = TAXU
y(0) = y1, Giy(0) = Tyo
y(1)

(

L Jw(t) || 2@y <, for ae. t € (0,7).

= z1, 3ty(1) =Tz

Obviously, the original problem (IH) and the transformed problem (B) are
equivalent.
Let us define the set of admissible controls by

Upg = {u € L™(I; L*(w)) : u(t) € U a.e. on I},
where U is given by
U= {ue 1wl <)

Using the abstract operators introduced in Section 1, problem (B) is further
equivalent to

( .
min T

subject to 7 > 0 and

(P) y = 7(Ay + Bu) on (0, 1],
Y(O) = @TYO7 y(l) = @TZ7
\ U € Uad7
. I 0 .
where yo = (y1,%2), 2 = (21,22) € Y', and O, = 0o ) We turn to a brief

discussion of controllability. System (IT) is called controllable in time 7" > 0,
if for any (y1,v2) € Y?, there exists u € L*(0,T;w) such that this control
drives the system to rest, in the sense that y(7') = y;(T") = 0. Controllability
is equivalent to the following observability inequality

T
(2.1) |(P1, P2)| L2 (@) x H-1(2) SC/ /Ip(t,x)|2dxdt,
0 w
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where

p(T) =p1, p(T) = po,

for a constant C independent of (p;,pe) € L*(w) x H Y (w) = Y, see e.g.
[M@]. Due to finite speed of propagation T" and w have to satisfy appropriate
conditions for controllability to hold. For w C €2, it is required that 7T is suffi-
ciently large and that w satisfies certain geometric conditions as for instance
the geometric control condition, see for instance [B] and the references given
in [[].

{ptt—ApIOin (0,T) x w

3 A family of regularized problems

In this section we discuss a family of regularized problems that is obtained
by penalization. Their optimality condition is derived and convergence of
the primal variables is proven. For £ > 0 we consider

(

. 3 1
min J.(7,0) =7 (14 Sl + 5o llv(1) - Ol
subject to 7 > 0 and
y: = TAy + 7Bu, on (0, 1],

Y(O) = @TyOa
(U S Uad'

Here and below the norm on Y? = L?(Q) x H~'(Q) is chosen to be
VIS0 = [lvillZzg) + (=2) " w2, v2) 120,
where w = (—A) ! vy is the solution of
—Aw=vin Q,w=0o0nT.
Proposition 3.1. Problem ([B]) admits a solution.

Proof. Let (T, Yn,u,) denote a minimizing sequence. Since J. is bounded
from below, the sequence 7, is bounded, and therefore admits an accumu-
lation point 7. Since u, € U,y for all n, the sequence {u,} is bounded in
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L>(I; L*(2)). By Theorem I, the sequence y,, is bounded in C'(I;Y') N
CY(I;Y?). Choosing a weakly converging subsequence of {u,} in L*(I; L*(w))
and of y, in L?(I; YN H(I;Y?) there exists (7,7, @) such that we can pass
to the weak subsequential limit in

(Yn>t = Tn(AYn + Bun)

yn(0) = O7,¥0

to find that .
yi = 7(Ay + Bu)
y(0) = Ozyo.
Weak lower semi-continuity of J. implies that (7, @) is a solution to (). O

In the sequel, (7.,y., u.) denotes a solution of the penalized problem ([F])
for e > 0.

Theorem 3.2. Fore — 07 let {(7.,y.,u:) }eso denote a family of solutions
of (B3). Then we have that

T. =T, fore =07,

and (ye,u.) is uniformly bounded in (L>=(I; YY) NH(I;Y%)) x L>(T; L*(w)).
Moreover, for each weakly-star converging subsequence {(ye, ,u.,)} with
Ye, ="y in (LYY NHNLY?),  we, =" @ in L®(1; L*(w)),

the limit (y, @) is a solution of the original time-optimal control problem (B).
If @ is bang-bang, i.e. ||U(t)| 12y = v for a.e. t € I, then the convergence
(Vewtte,) = (7,7) s strong in (C(I; YY) N H (1Y) x L(T; 1(w)).

Proof. Let (7%, y*,u*) denote a solution of (IB). Since it is feasible for the
penalized problem we have
(3.1)

€ 1 . Eu «
e (14 Sl ) + 52190 = Onzlo < 7 (L4 S lagrie) -

This implies that limsup 7. < 7* and hence {7.}.5¢ is bounded.

Moreover due to the control constraints and Corollary I3, the set {y., U }-c(0,]

is bounded in

(C(LYYNHYI;Y?) x L2(1; LP(w)).
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Let us choose a subsequence ¢, — 0 such that ., — 7, u.,, —* @ in
L®(I; LA (w)), ye, =y in L¥(LYY)NHY(I;Y?) as n — oo. Arzela-Ascoli’s
theorem and the compact embedding Y! in Y imply that we can choose €,
such that y., —y in C(I;Y?) as g, — 0. By (B1)

YE,1(1> — 21 in L2(9>7 TEYE,Q(l) - 7:'22 in H_l(Q)
It further follows that y solves
y: = TAy + 7B,
y(0) = Ozyo, y(1) = Osz.

Since U,q is weakly closed, we have that @ € U,4. Hence, (7,y,a) is fea-
sible for the time-optimal control problem with 7 < 7*. Since 7* was the
minimal time, 7 = 7* and (7,y,u) is a solution of the time-optimal control
problem. The minimal time 7* is unique, and consequently the whole family
7. converges to 7* as € — 0%.

If u is bang-bang, then we have by feasibility of u., and weakly lower-
semicontinuity of norms

||1~L||L2(1;L2(w)) = v > limsup ||Uen||L2(I;L2(w))

> lminf [Jue, || 270200 > 18] 22 (1502 (0))-

This implies norm convergence limy, o ||te, ||22(r22w)) = ||| L2(1:02(0)) and
the strong convergence, as stated, is obtained. O]

The assumption on the bang-bang nature of all time-optimal controls
holds for the case w = €, see Fattorini [@, Thm. 6.12.3, p. 304]. The verifi-
cation utilizes a controllability property.

Corollary 3.3. Under the assumptions of the previous theorem, we have
ly=(1) = ©rz|y0 < (| — 77| + O(e))
fore — 0F.

Proof. This is a direct consequence of (Bdl) and the fact that the set of
admissible controls is bounded. O



Lemma 3.4. Let ¢ > & > 0 be given. Then the solutions (7.,y.,u.) and
(Ts’ays’aua’) Satisfy

Tellttel 21,22 — Hye( )=Orzllye < merlluerllzz ey = Hys( )=0-.2]50.

Proof. By optimality of (7., y.,u.) we have

5 1
Te (1 + §||UEH%Z(I;L2(W))> + %HYE(U - @\EZH%/O

€ 1
< 7 (1 Sl e ) + g2l (D) = Ozl
/

1
Sw(k%ﬂwhwm@0+—ﬂ%ﬂ%4%ﬂ&

e—¢

+557 (mle s - llyed) - O 2l

This can be further estimated by optimality of (7., y., us) by

[0

1
(L%H%Mummg+—ﬂﬁﬂ%4%ﬂ%

€ 1
Te (1 + 5““5”%2(1-9( ))) + —HYa(l) — O0..2;

e—¢ 9
(el e — —lly 1) Ozl ).
Hence
e—¢
2
5 (el — ol - €2l )
e—¢ 1
<= (wmam@mm—;;waw—@@ﬂ%)
which proves the claim for € > & > 0. ]

Let V(e) denote the optimal value functional of the penalized problem,
i.e.

V(e) := Jo(ye, ue)

subject to the constraints in ([FJ).
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Proposition 3.5. The optimal value function V' is locally Lipschitz contin-
uous from (0,00) to R.

Proof. For g, > 0, we obtain by (B3), which does not utilize ¢ > &’

/

E—¢€ 1
3 (reluelagasin = o lve(t) = Ol )

Vie) < V(') +

which gives

e =€

V) - Vi) < 5

1
(ellucllZagrizaon + 5 Iv=(1) — ©nzl}o
2 1 2
Tl By + 5y (1) = On 2l ).

The term in parentheses on the right-hand side is bounded for £, &’ in bounded
subsets of (0, 00) and hence the claim follows. O

First order necessary optimality conditions for ([F]) are derived next. To
employ the method of transposition the adjoint state p. is defined as the
solution to

(3.3) —p: =TA’p,
with terminal condition

YE,l(l) — 2

1
(34) p<1) = E ((—A)_l(yfg,Q(l) o 7_522>> :

Here A* is given as adjoint of A:

., (0 A
w02,

Hence, equation (B33) with terminal condition (B3) is a wave equation in the
second coordinate p. 2 with

5tpa,2 = —TePe1-
It will be convenient to introduce the notation
P =Yl xY”,

11



which will be used for s = 0,1,2. The index s with Y® and P*® denotes the
regularity of the wave function for the primal state y and the adjoint state
p. We may note that (Y*)* = P(=), By Corollary [2 we have the following
regularity result for p..

Corollary 3.6. Let y. € C(I;Y'). Then (B3) - (BA) admits a unique
solution p. € C(I; P?) N CY(I; P').

Theorem 3.7. Let (7.,y.,u:) be a local solution of ([P1). Then there exists
p. € C(I; P?) N CY(I;PY) such that the following optimality system holds:

~—

( 8ty5 = TaAY6 + TEBUEa YE(O - @TeYO

Ya,l(l) — 21 2
((_A)_I(Ys,2<l) - TEZQ)) v

Te(eue + B™Po, u — ue) r2(r.12(wy) = 0, for all u € Upg

— thg = TEA*pE) pa(l) =

(ORI

(3.5)

€
1+ 5”“5”%2(1;L2(w)) + (Ay: + Bue, Pe)r2yo), 2rpy) +

L (Y2, P,2(0)) 22y — (22, Pe2(1)) 22(02) = 0.
The optimal control u. has the additional reqularity

ue. € O(I; L*(w)) and dyu. € L™(I; L*(w)).
Moreover, if yo € Y? then
y. € O(I; YY) NCHI; Y.

We refer to the four assertions in (B3) as primal- and adjoint equations,
optimality- and transversality condition. Note also, that B*p. is the restric-
tion operator to w given by (B*p.)(z) = pe2(z) for z € w.

Proof. Let us take u € Uyg and set h = u — u.. Further let y € C(I;Y?)
denote the solution to the sensitivity equation of the primal equation, i.e. to

0,y = 7.(Ay + Bh)
y(0) = 0.

12



Then the directional derivative 0,J. (7, us)h at (-, u.) in the admissible di-
rections h satisfies 0,J. (7., u:)h > 0 and it is given by

aujs(T& ue)h = 57—5(“67 h)L2(I;L2(w)) + (S’(l), p€(1)>L2(Q)

1
d .
:57-€<u57h)L2(I;L2(w))+/0 %(Y(f)yps(t))m(m

1

= 57—5(“57 h)LQ(I;L2(w)) + Ta/ ((AS’ + Bh, p£> - <5’7 A*pa>) dt
0

= T.(eus + B'pe, h) r2(1,2(w)) > 0,

proves the optimality condition. Similarly let ¥ denote the solution of the
sensitivity equation of the primal equation with respect to 7 > 0, i.e. of

aty = TaAy + AY& + Bu,

$(0) = (;) .

€ 1 .
0=0;Je(Te,ue) =1+ §Hu€H%2(I;L2(w)) + g<}’s(1) — 0,2, y(1))yo

Then

1
(1) - 05, ©02)yo
£
e R .
=1+ 5““6”%2(1;L2(w)) + (¥(1), pe(1))22(0) = (Pe2(1), 22) L2(0)
1
d

9 ~
— 1+ §Huallizu;m(w)> + (¥(t), Pe(t)) 2@) + (42, Pe2(0)) 2(@)

o dt
— (22, Pe2(1))12(0)
1
= 1+ fluclaze + / ({7 A9 (1) + Aye(t) + Bue(t), pe(1))
— (¥(), L APe(1))) dt + (32, Pe2(0)) 12() — (22, P2(1)) 12(@)
=1+ §HU6||%2(I;L2(W)) + /01<Ay€(t) + Buc(t), pe(t)) di

+ (ya, pz—:,2<0))L2(Q) - <Z27ps,2(1>>L2(Q)

which proves the transversality condition. The optimality condition is equiv-

alent to .
us(t) = Py <—ngp5,2(t)) faa. tel,

13



which implies that u. € C(I; L*(w)), hence the point-wise representation
holds everywhere on the closed interval. Here Py denotes the canonical
projection in L?*(w) onto U. With Lemma BR below, we conclude dyu. €
L>(I; L*(w)), which in turn gives the higher regularity y. € C(I;Y?). O

Lemma 3.8. Let ¢ € C'(I; L*(w)) be given. Then u defined by

u(t) = Pu(q(t))
is in C(I; L*(w)) with Oyu € L*™(I; L*(w)) and ||0pu|| oo (1,22(w)) < 2/10:4]| oo (1;02(w)) -
Proof. The definition of U implies that

q(t)

u(t) = max(1, |q(t)||r2(w)/7)’

which proves u € C%!(I; L*(w)). Then the weak time derivative of u satisfies

oy~ 10 la(®) 2y < 7
hu(t) = 4 la@)l3s, 0a®)—(a(t).0ia(t)) 12 (ya(®)

T, la@) 2wy > -
Due to the regularity of ¢ we have dyu € L>=(I; L*(w)). 0

The following two corollaries concern themselves with the transversality
condition of the regularized problems.

Corollary 3.9. (Pointwise transversality). Let yo € Y? and let (7.,y.,u:)
be a local solution of ([B) with associated adjoint state p.. Then we have

£
1+ 5”“5@“%2@) + (Ay:(t) + Buc(t), p:(t))r2(
+(Y2, Pe,2(0)) r2(0) — (22, Pe2(1)) 2) = 0
forallt € I.

Proof. Due to the regularity of y. and p., we have y. € C'(I;Y!), Ay. €
CHI; YY) = CYI;(PY)*), and p. € CY(I;P'). Hence the mapping t
(Ay:(t), P(t))@1)- p1 is continuously differentiable. Additionally, the opti-
mality conditions imply

(3.6) (cuc(t) + B pe(t), Opuc(t))r2(w) =0

14



for almost all ¢ € I. Let us define the function
€
g(t) == §||us(t)!|iz(w) + (Aye(t) + Bue(t), pe(t))@1)-pr-
Differentiating w.r.t. ¢, we obtain for almost all t €
8tg(t) = <€u€<t> + B*pa(t), 8tu€(t))L2(w)
+ <Ay€(t) + Bug(t), 8tp€(t)>(P1)*7P1 + <Aaty€(t>, p[.;(t)>(1:1)*7p17
which proves that d,g € L*(I). Taking (BE) into account, we obtain
Oig(t) = (Ay.(t) + Buc(t), 0ip:(t)) @1y pr + (AOy:(t), P(t)) @1y~ p1
1
= 7__ (<ath-:(t>7 atp€<t)>(P1)*,P1 - <atYE<t>7 atps(t»(Pl)*,Pl) = 07

£

hence 0;¢(t) = 0 on I, and ¢(t) = constant on /. This implies the claim. [

The transversality condition of Corollary B for ¢ = 1 can be simplified
using the explicit expression for p.(1).

Corollary 3.10. Let (7.,y.,u:) be a local solution of ([F1) with associated
adjoint state p.. Then we have

(Ay:(1), Pe(1))r2(0)2 = (Or.2, A"P(1)) L2(0)2-
If additionally z € Y? then it holds
(37) (Ay5<1), p5<1))L2(Q)2 = <A@T€Z, pt‘(l))(PO)*,PO-
Proof. Using the definition of p.(1) and of the operator A, we find

(Ay=(1), P(1)) 22 = (¥z2(1), Pea(1))z20) + (Ayen(1), Pe2(1) 20

1 1
= g(yea(l), Ye1(1) = 21)r2() — E<YE,1(1>> Yeo(l) — Te22)12(0)
1 1
= —g(y6,2(1)7 21)r2(0) + g(ya,l(l)a Te22)12(0)
1 1
= _g(yﬂ(l) — Te22, 21)12(0) + g(ye,l(l) — 21, Te22) 12(Q)-

Again by the definition of p.(1), we have

(Aye(1), p=(1)) 22 = (APe2(1), 21)g-1(0),m1 () + (Pe1(1), Te22)12(0)-
If z € Y?, then Az € Y' = (P°)*, which finishes the proof. O
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Remark 3.11. The relationship between primal and adjoint variables as well
as z, expressed in equation (BZ2) is remarkable in its own right. In fact, if the
regularized problem ([F]) had been defined with the terminal conditions as
constraint y(1) = ©,z, rather than as penalty, then this would again result
in (B7).

Corollary 3.12. Let the assumptions of the Corollary B be satisfied and
assume that z € Y2. Then the transversality condition at t = 1 is given by
€
(3.8) 1+ §||Ua(1)\|%2(w) + (AO~z + Buc(1), p-(1)) @) po
+ (Y2, Pe,2(0)) 2(0) — (22, Pe2(1)) 2(0) = O.

Proof. The claim follows directly from the result of Corollary B9 for ¢t = 1
using (B72). O

4 Passing to the limit ¢ — 0" in the optimal-
ity system

Here we are concerned with the asymptotic behavior of (B3) as e — 0. For
the primal equation this was addressed in Theorem BZ. Throughout this
section we will impose the regularity assumption

(4.1) Yo,z € Y2

Furthermore, we will utilize the controllability assumption. For convenience,
let us reformulate the observability inequality (E-) for the transformed sys-
tem on the interval I. If the original wave equation is controllable for 7' > 0
then it holds

IP(MBe < C T IB*PllT2(r220)

for all functions p satisfying the adjoint equation —p, = T'A*p, where the
constant C' is given by (E70).
We start with two lemmata.

Lemma 4.1. For each t € I we have

* * 1 *
(1) B (0) 2y = (1 [B°p0) 2, 1B PO

= —elluc(®)lZ2() — Ylleue(t) + B pe(t) ] L2

(4.2)
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and
(43) (uaa B*pa)LQ(I;L2(w)) = _6||ua||%2(I;L2(w)) - 7”5“5 + B*pEHLl(I;LQ(w))-

Proof. Inactive case £||B*pe(t)|| 12wy < v: Then u.(t) = —1B*p.(t), and

&

* 1 * *
(ue(8), B'P=(t)) r200) = —ZIB™P=(D) 72y = —7IBPe(t)l| 20)-
Since (ue(t), B*Pe(t))r2(w) = —€lluc(t)l72(,) and euc(t) + B pe(t) = 0, we

find (E2) for the inactive case.
Active case 1||B*p.(t)||r2w) > 7: Here uc(t) = —mB*pa(ﬂ,

which gives

* * 1 *
(ue(t), B*Pe(t)) 2(w) = —7IIB*Pe(t) | 22(w) > _EHB P-(t) [ 72()-
Moreover
ellus (172w + YMeus(t) + B po(t)l| 2

2 ey * *
=&y +7(1_ ) Bpet 2w:7Bp5t 2(w)s
BT ) IRl = BP0l

which proves the second equality in (E). Equality (E33) follows from (E22).
[l

Lemma 4.2. Let z € Y2. Then there exists € > 0 and § > 0 such that
lp<(1)]lpo > & for all e € (0, &],

Proof. 1f the claim was false, then there exists a sequence {e,}°2, with

lim ¢, = 0 and lim ||p.,(1)|[po = 0. By Theorem [, moreover, lim p., =
n—00 n— 00 n—o0

0 in C(0,T;PY). From (BX) we have

En
L+ 7”%”(1)”%2@) + (Az1, Pe,2(1)r2(0) + (Pey,1(1)s Te,22) -1,

+ (Xwle, (1), Pen2(1))r2() + (Y2, Pen2(0)) 22(0) — (22, Peyn2(1)) £2¢0) = 0.

Since z € Y? by (E) all addends tend to zero except for the first one. This
is impossible. O
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In Corollary BI2 the requirement that z € Y? could have been avoided
by replacing (A©,.z, p-(1))po)-po by (0:.2, A*p.(1))12(q)2. For the proof
of Lemma B2, however, it was essential to pass the operator A on z.

In the following theorem we consider, according to Theorem B2, a weakly-
star convergent subsequence of {(7¢, ¥, u.) }e>0, denoted by the same symbol
with

(4.4) (1o, ye,ue) =* (75,7, @) in Rx (L®(I; YH)NH (I; Y?) x L*(I; L*(w)),
as € — 0*.

Theorem 4.3. Suppose that () is controllable for some T < 7 and let
{(7e,¥:,u:)} denote a sequence of solutions to ([B]) converging weakly™ in
R x (L°(I; YY) N HY(I; Y°) x LA(I; L*(w)) to a solution (7*,y,1) of (B)
ase — 0T,

Then, if w is bang-bang or if the sequence {%
P!, there erists a non-trivial p € C(I; P°) such that

}ee(0,1) 18 bounded in

S’t = T*ASI + B a? 5’(0) = ®T*y07 S’(l) - ®T*Z7
(45) — f)t = T*A*f),
T (B P, v — ) r2(1,02w)) = 0 for all u € Ugg.

Proof. The first equation in (E33) follows from (E) and (83). The terminal
condition for ¢ was proven in Theorem B2.
For € € [0, €], with £ defined in Lemma B3, consider

(46) B1) = oo

This sequence contains a weakly convergent subsequence in P? with limit
p(1) € P where we denote the subsequence by the same symbol. Let p.
and p € C(I;P) denote the solutions of the adjoint equations with terminal
conditions p.(1) and p(1), respectively. It follows that p. —* p weakly star
in L>°(I; PY). Let us show that the weak limit p satisfies (E3).

We divide the second and third equations of (B3) by ||p:(1)||po and pass
to the limit ¢ — 07 to obtain the second equation of (E=3).

To prove the third equation of (E3H), we have to show the convergence
(B*Pes te) r2(1;02(w)) — (B*P, ) 12(1;22(w))- 1f on one hand 4 is bang-bang, we
have by Theorem B2 the strong convergence u. — @ in L*(I; L*(w)), which
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proves (B*pe, ue) 2102wy — (B*P, @)r2(1;2(w))- If on the other hand the
p:(1)

Ip=(1)llp0

have weak convergence of another subsequence p.(1) — p(1) in P!, which

implies weak* convergence of p. —* p in L¥(I;PY) N H'(I;P°) to p €
C(I;PYYy N HY(I; P%). Arzela-Ascoli’s theorem and the compact embedding
P! in P° imply that p. — p in C(I; P%) as € — 0. Hence, in both cases we
have for a subsequence

sequence { } is bounded in P! then we can argue as follows. We

(4.7) (B*Pe, u) 22102 (w)) — (B™P, 0) 121,02 (w))-

This allows us to pass to the limit in the fourth equation of (B3) to obtain
the third equation of (E=3).

It remains to argue that p(1), or equivalently that p is nontrivial. By
Lemma (E) we have

(uaa B* f)a)LQ([;LQ(w)) = _50—5||ua||%2([;L2(w)) - ’YHEUaUa + B*f)5||L1(I;L2(w))>

where 0. = , which is is bounded due to Lemma BE=. This implies

that

1
lPe(Dllpo

P)/HB*IEV)EHLI(I;LQ(w)) = 7‘|_505u5 + eou. + B*f)EHLl(I;LQ(w))
< yeoe|lucll L rr2w)) + vlleocuc + B Pell L2 w))
= 7€Us||us||L1(1;L2(w)) - 50£||u8||%2(1;L2(w)) — (e, B*f’a)L2(1;L2(w))'

Due to controllability with 7" < 7* there exists ¢ € (0,&] such that for
e € (0,£] the system is controllable for all 7., and there exists a constant ¢
such that

1= [[p-(D)][po < &B Pell72(r.r2(0)) < B Pell Lt 2 1B Pell oo (i) -
Combining the last two estimates we find for ¢ € (0, €]
c * o~ *
1< ;HB Pellzoo(r.r2w)) [v0e el iz w)) — €0ellucllr2(rr2wy) — (ue, B*Pe) 1212200 -

The first and the second addend in the brackets on the right hand side tend
to zero for ¢ — 07, the third addend converges according to (E=1). If the
weak subsequential limit of p. in L*(I; L?*(w)) was zero this contradicts the
above inequality and concludes the proof. O
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Theorem asserts that the optimality system (E33) is qualified, i.e.

p # 0. Moreover u*(t) = —'y% for B*p(t) # 0.

In case {p:(1) }-c(0,4 is bounded in P, there is no need for the normalizing
step in (A@).

Corollary 4.4. Suppose that () is controllable for some T < 7* and let

{(7e,¥:,u:)} denote a sequence of solutions to ([B) converging weakly™ in
R x (L°(I; Y)Y N HY(I; Y°)) x LA(I; L*(w)) to a solution (7*,¥,4) of (B)
ase — 07,

Let us assume that the sequence {p.(1)}eea) s bounded in P'. Then
for a subsequence we have that p. — p strongly in C(I;P°), p.(1) — p(1)
weakly in P, with p # 0 satisfying (E3).

Proof. Using a compactness argument as in the proof of the previous theo-
rem, we have p. — p in C(I; P?) for a subsequence. Passing to the limit in
(B3) gives (EH). To argue that p is qualified we proceed as in the proof of
Theorem E=3 and, using Lemma B, we obtain

E *
0 <6 < [lp(Dfpo < ;HB Pell Lo (1 12(w)) <’Y5HUSHL°°(I;L2(w))
—5||Ua||Loo(I; L2(w)) — (Ua, B*pE)LOO(I; L2(w))>-

Hence it is impossible that p. converges weakly to zero, which proves that p
is qualified. m

Remark 4.5. A similar result can be proven if {p.(1)}.c(,] is bounded in

P° and @ is bang-bang. Then for a subsequence p. —* p weakly-star in
L>(I;PY), po(1) — p(1) weakly in P°, with p # 0 satisfying (£3).

Remark 4.6. Since yo € Y? in case y» = 0 and z = 0 the pointwise
transversality condition can be used to show that {B*p.(1)} is bounded
in L*(w). In fact the transversality condition (B3J) implies that

6 *
1+ 5”“5(””%2(@ + (ue(1), B*'pe(1)) 2wy = 0.
By Lemma B= we obtain
8 *
L+ §||u€(1)||2L2(w) = —(uc(1), B'pe(1)) r2(w)

= elluc(1)[122() + Ylleue(1) + B pe(1)[| 2w
> elluc(1)]| 2200y + VIB Pl 2wy — Yllete(D]l 22w,
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and the boundedness of {B*p.(1)}.s¢ in L?(w) follows. In case w = Q it
follows that {p.2(1)}.s0 is bounded in L*(Q2). See also [0}, where this is
used in the context of time-optimal control of parabolic equations. For the
hyperbolic equation considered here, we do not know whether {p.(1)}.~¢ is
bounded in PY. Possibly this could be achieved by also applying an indepen-
dent control to the y; component of the state which is not valid in practice,
however.

In the final result of this section we address transversality of the origi-
nal problem (IH). Here we are confronted with the difficulty of an inherent
regularity gap. In view of the observability inequality (E) the (normal-
ized) family of adjoint states has to be considered in P° as we did, to
guarantee that p is nontrivial. This allows only C(I; P°) regularity of p.
Since y € C(I; Y') one cannot pass to the limit in the integral form of the
transversality condition as given in the last equation of (BH). One can resort
to the pointwise transversality condition at ¢ = 1, and exploit the regularity
assumption z € Y2

But to pass to the limit in the product (u.(1),B*p.(1)) requires that
u.(1) — (1) in L?(Q2), which appears to necessitate additional assumptions.

Theorem 4.7. Suppose that () is controllable for some T" < 7* and let
{(72,¥:,u:)} denote a sequence of solutions to ([B) converging weakly*
R x (L°(I; Y)Y N HY(I; Y°)) x LA(I; L*(w)) to a solution (7*,¥,4) of (B)
as € — 0. Let us assume that i is continuous from the left att = 1.

If {p-(1)}eco, is bounded in P, then there exists a nontrivial p €
C(I; P') such that (E3) holds and

(4.8) 1+ (AF(1) + Bii(1), p(1))poy-.po
+ (Y2, P2(0)) £2(02) — (22, P2(1)) £2(02) = O.

If {”p ol 0}5601 is bounded in P' and ||p.(1)|po — oo for e — OF,
€ P

then there exists a nontrivial p € C(I; PY)N H(I; PY) such that (E3) holds
and

(4.9) (Ay(1)+Ba(l), p(1))@oy-po + (¥2, P2(0)) r2(0) — (22, P2(1)) 22(0) = 0.

Proof. Let {p-(1)}-c(0,1) be bounded in P'. Then by Corollary EZ there
exists a subsequence converging strongly in C(I;P%) to p, where p # 0
satisfies (E33). Let us denote this subsequence by p. again.
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Next we aim at passing to the limit in (B3). First note that we have by
strong convergence B*p.(1) — B*p(1) in L?*(w).

If on one hand B*p(1) = 0 then we have (u.(1), B*p.(1)) — 0 = (a(1), B*p(1)).
If on the other hand B*p(1) # 0 then there is ' such that ||B*p.(1)| r2(w)

C B*p.(1

> e for all ¢ < &/, which implies that u.(1) = vm for all e < ¢’

B*p:(1) B*p(1) 2 .

Hence u.(1) = B, ) T strongly in L*(w). By con

tinuity of @ at ¢ = 1 we obtain a(1) = ~ m. Hence, it holds
L4(w

(ue(1), B"pe(1)) — (u(1), B*p(1)).
Since p.(1) — p(1) in P! and z € Y!, we can pass to the limit in (BX)
and obtain

1+ (AO,z + Bu(l), p(1))@oy- po + (2, P2(0)) r2(0) — (22, P2(1)) £2(0) = 0.

Since y(1) = ©,+z by Theorem B2, we obtain (A3R).

The case that {”pps D ~}ee(0,1) is bounded in P! with ||p.(1)|lpo — oo can

be treated analogously, only that this time we apply the normalizing step
(@) as in the proof of Theorem B=3. In particular, one needs to divide (B3)
by [|pz(1)||po before passing to the limit € — 07. Moreover, by Theorem
we obtain that (E3) is fulfilled. O

In order to be able to pass to the limit in the integrated form of the
transversality condition we additionally assume that @ is bang-bang.

Corollary 4.8. Let the assumptions of the previous Theorem B1 be fulfilled.
In addition, let us assume that @ is bang-bang.
If {p-(1)}ee(01] is bounded in P, then p given by Theorem G4

fulfills
1+ (Ay + B, P) 2,01y, 22011y + (Y2, P2(0)) £2(02) — (22, P2(1)) £2(02) = O.

]f{Hpg o 0}56(0,1] is bounded in P and |p-(1)|po — oo fore — 0%, then p
given by Theorem T fulfills

(Ay + B, P)r2(r;p1y),22(r;p1) + (42, P2(0)) 22(0) — (22, P2(1)) 22() = 0.

Proof. If 4 is bang-bang, then u. — @ strongly in L?*(I; L?(w)) by Theorem
B2 in addition to (Ed). Moreover, we have y. — y strongly in C(I;Y?).
Hence, it holds Ay, +Bu. — Ay + B strongly in L?(I; YY) = L*(I; (P)*).
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If {p.(1)}.e0, is bounded in P!, then we have p. — p in L?(I;P'), where
p satisfies (A4). Hence, we can pass to the limit in the last equation of (B3)
to obtain the claim in the first case.

If {W}EG(O ] is bounded in P!, then the scaled sequence m
bounded in C(I;P'). Dividing the last equation of (B3) by ||p.(1)|lpo, gives
the claim in the second case. O

18

Remark 4.9. If |7. — 7*| = O(e), then due to Corollary B3 and the relation
[pe(1)[lpr = 2[lye(1) — ©r.2|yo the sequence {p.(1)} is bounded in P*.

Remark 4.10. In case w = Q and {p-(1)}.¢(0,1) bounded in P' we have

a(t) =y 22

- for ¢ sufficiently close to 1~
1P2(8)l[ 2()

by Lemma B2 and the strong convergence p. — p in C(I;P?). Since p €
C(I;P') the assumption that @(1) is continuous at ¢t = 1 is automatically
satisfied in this case.

Remark 4. 11 Let us remark that we cannot use the auxiliary sequence
pe = {”p (1)” } to prove the results of Theorems B3 and B=4 in the case

that {p.(1)} is not bounded in P'. While the limiting process in the first-
order system can be done as in the proof of the Theorem E74, it seems to be
impossible to prove that a subsequence of p. converges to a non-zero limit
point.

Remark 4.12. Our formulation of the regularized problems ([F]) realizes the
terminal constraint by means of penalty. We could alternatively consider

m1n7(1+ ||U||L2(1L2( )))

subject to 7 > 0, and
(4.10)

yi =7Ay+ Bu, on (0,1]
\ y(0) = ©,y0, (1) = ©,2, u € U,

where the terminal condition is kept as explicit constraint. For every € > 0
problem (EM) has a solution (7., ¥, u.) which satisfies the monotonicity
properties, for 0 < g¢ < &1,

T*STEOSTglgT(l—f—%)
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and

ey |2 ip2w)) < e ll2 2@y < 10”22y,
which can be verified with arguments analogous to those in [H]. Developing
a Lagrangian theory for (EI0), however, is impeded by the fact that the
constraints in (EI0) are not differentiable in the natural norms. Specifically

we define
e(r,u) : R x L*(I; L*(w)) = Y"

given by e(r,u) = y(7,u)(1) = (y(r,u)(1), y¢(7,u)(1)). Note that e is not
differentiable with respect to 7. In fact, e, (7, u) would be the solution to

yi=TAy+ Ay +Bu

#(0) = (5)

evaluated at 1. Since Ay € C(I;Y?) only, this does not guarantee that
y(1) € Y!, in general.
5 A parametric optimization problem

Throughout this section we fix ¢ > 0, and we consider, for any 7 > 0 the
minimization problem with respect to the variable w:

( . 5 1
min 7 (14 flulfa ) + 52 I¥ (1) — Ozl

u€ Uyqg
) subject to
y: = TAy + 7Bu on (0, 1],

\ y<0) = @r}’o-

Clearly this problem admits a unique solution (y,, u,) € (C(I; Y")NC'(I;Y?)) x

L?(I; L*(w)) and the necessary and sufficient optimality condition is given by

( Oy, = TAy, + TBu,, y.(0) =0,y

( (eur + B pr,u — Uz ) 2102wy > 0, for all u € Uyq.
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Here we use the index 7 for the solution to ([F]), since our attention fo-
cuses on the dependence of the solution on this parameter. The main ob-
jective of this section is to verify that the derivative of the value func-
tion of the cost associated to ([F]) is given by the transversality condi-
tion, which is the last equation in (BX). Some preliminaries will be re-
quired. Let us note that these results apparently cannot be directly de-
rived from well-known abstract sensitivity results. This is due to the fact
that these results require us to express the constraint in an abstract set-
ting, in which the partial differential equation in ([7]) is transformed to an
equality constraint of the form e(y,u) = 0. The natural domain for e is
(LA(LYYH N HY (LY Ny : (y2)e — TAy € L*(Q)}) x L*(I; L*(w)). This
space endowed with the natural norm is a Banach space. However, the do-
main for e depends on the parameter 7, and the abstract results appear not
to cover this case.

Theorem 5.1. Let yo € Y2 Then for every compact subset J C (0,00)

the mapping 7 — (Y-, ur, Pr) 1s globally Lipschitz continuous from J to
(C(LYH)NCHI; YY) x LA(1; LA (w)) x (C(1;P?) N CYI; PY).

Proof. Let J C (0,00) be compact and choose arbitrary 7 € J, 7 € J. Further
set

(57-7 5}’7 5”7 6p) = (? — T, Y7 = Yr, Ur — Ur, P7 — pT)7

where (y,,u,,p;) is the solution to ([P]), and analogously for (y=, uz, pz).
Then we have
(5.2)

(

0,0y = 7(Ady + Bou) + 07(Ays + Buz), dy(0) = (572/2) )

— 0y0p = TA"dp + 0TA"p+, dp(l) = B ((—A)l(é};f;((l)) B (5722)) ,

(671'7 + B*Pr, U — UT)LQ(I;L2(w)) > 0,
L (eur + B'p=,u — u?)Lz(];y(w)) >0, forall ueUy.

Since yo € Y? we have by Corollary 2

{¥+,Pr}res is bounded in W,
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where W = (C(I; Y?)NCY(I; YY) x (C(I; P?) N CY(I; Pt)). Moreover there
exists a constant K7 such that

( ) ||5y||C(I;Y2)ﬂC'1(I;Y1) < K1(|57—| + |5U|L2(I;L2(w)))
5.3
10plcprnct(po) < Ki([67] + 18y (1)[lyo).
Let us note here that the scalar form of the first equation in (B32) is given by

Oi0y1 = T(Ady1 + 6u) + 7(Ay=1 + ur)0T + 0701 y7 2.
dy1(0) =0, 0;,6y1(0) = 67 .

Setting © = ur and u = wu, in the two inequalities of (B3) we obtain,
after rearranging terms,

(5.4) €H6UH%2([;L2(w)) < —(B"0p, 0u) r2(1;12(w))-

Next we take the inner product in L*(I; L*(2)) of the first equation in (E2)
with dp and of the second equation with dy. After integration by parts and
subtraction of the two resulting equations we obtain

(9y(1),0p(1))—(dy(0),p(0)) = 7(B du, 8p)+07((Ay++Buzr, 0p)—(A’pr, dy)).
where all inner products are taken in L?(I; L?(£2)). The initial condition for
op(1) and (BE3) imply that

1
gllé.V(l)II%go + 7e|6ull L2 (1;22(w))

ot
< T e Uya 0 -s + Bl (157] + 5 (1) )

+ K7 |0ull 2 (1:02 () (107 ] + |0y (1) lyo)
+ Ko |o7|(|67| + |6y (1) |lyo) + Ka|d7|([07] + || 6| L2 (1,02 ),

where K5 is a constant independent of 7,75 € J. By Young’s inequality we
find the existence of a constant K3, independent of 7,7 € J, but depending
on ¢, such that

[0y (D)[lyo + [[0ull 2122wy < K3|d7].
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From the first equation of (B=3) we deduce that
16y llcwyeyner gty < KaloT|,
and by the second equation in (B2)
10P||lc(r:p2)nct ety < Ky|dT],

for a constant K, independent of (7,7) € J x J but depending on ¢, and
yoe Y% zeYhL m

Theorem 5.2. Let yo € Y? and let (y, 1w, p) denote a weak* cluster-point of
%<<YT+G'7 Ur o, pT+O')_<YT7 Ur, pT>> in (LOO(Ia Yg)ﬂWLOO(Iv Yl)) XLQ(Ia LQ(W)) X
(L (L PHNWES(I;PY) aso — 0T Then (y, 4, p) in (C(I; Y*)NCHI; Y1) x
LA(I; L*(w)) x (C(I; Py N CY(I; P) and it satisfies the sensitivity system

(
o0y = 7(Ay + Bu) + Ay, + Bu,, y(0) = (;)
2

(5.5) 4

— 0 =TAD+ Ap-, p(1) = é <(_A)—1y(§'/(21<>1) - Zz>)

l (eu, + B*p,, u)LQ(I;P(w)) = 0.

Proof. Existence of the weak cluster point follows from Theorem Bl. Passing
to the limit in the first two equations of (E22) we obtain the first two equations
of (B3), which hold as equalities in L*(I;Y') and L?*(I;P') respectively.
Since y(0) € Y? and Ay, + Bu, € H'(I;Y') we find moreover that y €
C(I;Y?) N CYI;Y"') and analogously p € C(I;P?) n C(I;P'). Setting
U = Ur4, in the first inequality of (E2) we find (cu, +B*pr, @) L2(1;02(w)) = 0.
From the second inequality with w, replaced by u- and v = u,,, it follows
that (eu, + B*p,, ) r2(1;22(w)) < 0. Combined this implies the third equation
in (B3). O

Let V denote the value functional associated to ([F]), i.e.
€ 9 1
(5.6) V(r)=rT <1 + §HUTHL2(I;L2(w))> + gﬂyT(l) — 0,2||yo,

and set L?(Q) = L*(Q) x L*(2). The following result establishes smoothness
of V and the relationship of “£V(7) to the transversality condition.
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Theorem 5.3. Let yo € Y2 Then 7 — V(1) is continuously differentiable
on (0,00) and

d €
d—TV(T) =1+ 5”“7”%2(1;&’(@) + (Ayr + Bur, pr) 2120

+ (Y2, Pr2(0)) L2() — (22, Pr2(1)) 22(02)-

Proof. Let 7 € (0,00) and let (y, u, p) denote a weak cluster point according
to Theorem B2 as o — 07. To save notation it will be convenient to set

£ .
b=(1+ 5”“7“%2(1;L2(w))) + 7E(Ur, W) L2(1;22(w))-

We compute

fim ——(V(r 4 0) = V(7)) = b+ = (y-(1) = O, 3(D)yo — = (Pra1), )20

n—00 0, 5

=b+ (p-(1),y(1)r2) — (Pra2(1), 22)r2(0)

:b+/0 %(pT(tLY(t))m(m+(pT(0),y(o))L2(m_(pm(l)’%)wm

1 1
=b—7 / (A*p, (1), y(t))r2) + / (p-(t), TAy(t) + TBu(t) + Ay, (¢)
0 0
+ BuT(t))LQ(Q) + (pr2(0), ?/2)L2(Q) — (pr2(1), Z2)L2(Q)
1
€ . )
=(1+ §||u7||?1;L2(m)> + 7(eur + B pr, ) sL2() + /0 (p-(1), Ay-(1)

+ Bu,(t))120) + (Pr2(0), 2) r2(0) — (Pr2(1), 22) 20

By (63) we have (cu, +B*p,, @) (r.r2(q)) = 0. Hence lim 1(V(7+0)—V(7))

. . . . U%O‘F
exists and it is given by

d €
EV(T) =1+ §||u7||%2(I;L2(w)) + (Pry Ay + Bur) 121,120

+ (pT,2(0)7 yQ)LQ(Q) - (pT,2(1)> Z?)LQ(Q)a
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as desired. The expression on the right hand side coincides with the ex-
pression that arises in the transversality condition. Note that due to extra
regularity requirement that yo € Y? we have that Ay € L*(I; L?()), so that
we can avoid the duality pairing that we used in the transversality condition
in (B3). Finally, by Theorem B 7 — V(1) is Lipschitz continuous. O

We conclude this section with an asymptotic estimate of V(1) as 7 — oo.

Theorem 5.4. Let us assume that there are positive constants 1y, Coy such
that for all T > 1 there exists a control wy . that is admissible for the original
time-optimal control problem (B) and which satisfies

. < -1
s ; w)) =
HUOTHLOO(ILQ( )) COT .

Then there exist constants €9 > 0 and ¢ > 0 independent of T such that for
all 7> 19 and € € (0,e9) we have

V(r)—71)|<ce 1

a
dr

V(1) — 1‘ <cT 12

Proof. Let us take 7 > 79. Then vy, is admissible for ([P]) and hence

€ 1 € _
T§HUT”%Q(1;L2(M)) + 2—8HYT(1) — 0,230 < T§||U0,r||%2(1;L2(w)) <cerh

This proves the first claim.
This estimate further implies that

1
(5.7) lpr(Dller = ~lly7(1) = ©rzllyo < T2,

where ¢ is used as a generic constant, independent of 7.

Testing the adjoint equations, cf. (B3), —p,, = TApy and —p,» = 7P~
by p;, and —p/ ;, respectively, subtracting the resulting equations, and in-
tegrating on (¢,1), t € (0,1), gives the energy equation

||Pr,1(t)||%2(9) + va7,2(t)||%2(9) = ”pﬂl(l)H%Q(Q) + HVPTQ(UH%%Q)
for all t € (0,1) and 7 > 0. Together with (BZ2) this proves

1P+ ooty < € 77 Y2
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Analogously one obtains the estimate

HyTHLOO(Yl) <c (HyoHYl + HUTHH(I;LZ(w))) )

with ¢ > 0 independent of 7, which shows that Ay, is bounded in L>(I;Y?)
uniformly with respect to 7. This implies that

sup <AYT(t) + BUT<t)7 pT(t)>Y0,P1 <c 7__1/27
tel

which, together with Theorem B33 and (BE70), proves the second claim. ]

In the case of w = €1, the assumption of the previous theorem on the
existence of controls ug , is satisfied due to a result by Fattorini [B].

6 Semi-smooth Newton algorithm for the reg-
ularized optimality system associated to ([P])

The algorithm for solving (B), which will be described in the following sec-
tion, relies on an efficient numerical method to solve ([P]). For this purpose
we use a semi-smooth Newton method. This section is is devoted to justifica-
tion of the method in the sense of verifying its local superlinear convergence.

In view of (E0I) a control u, which depends on 7 and ¢, is a solution to

(73), if and only if

1
(61) Fu=u + PUad (Exwpﬂg) = 0,

where p, = p,(u) is defined through the primal and adjoint equations in
(BD). Here F is considered as an operator from L*(I; L*(w)) to itself. We
shall verify below that Py, : C(I; L*(w)) — L*(I; L*(w)) is Newton differ-
entiable [A] with Newton derivative denoted by DPy ,. Since v — y, — P2
is a continuous linear mapping from L*(I; L*(w)) — C(I; L*(w)), a semi-
smooth Newton iteration can be applied to (Ed). Given uy, we compute
Ugt1 = U + Ou by solving

(6.2) DF(uy) du = —F (uy),

where DF(u) =1+ DPy,,.
Next we address Newton differentiability of radial projections in L?(w)

and L*(I; L*(w)).
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Proposition 6.1. The projection Py : L*(w) — L*(w) given by Py(p) =

pmin(1, P )) is Newton differentiable with Newton derivative given by
L4 (w

h if Ipllcew) < v
(6.3) DPy(p)h = yh o M
121l 22w Ipll72..)

if IPllc2@w) > -
Proof. We need to argue that

lim + h) — P, — DPy(p+h)h|| =0
for any p € L*(w), see e.g. [B, page 261]. Throughout the proof || - || stands

fOI' ” . HLQ(w)-
Let us first consider the mapping G : L?(w) — R given by
. Y
G(p) = min(1, —).
2]l
Then
if [Ipl] <~

0
DG(p)(h) = :
—E® Wz i [pl >y
is a Newton derivative for G at any p € L?(w). Since G is Fréchet differen-
tiable for every u with ||p|| # 7 it suffices to consider the case ||p|| = 7. Let
{h,} be an arbitrary sequence in L*(w) converging to 0. It has subsequences
hl and h? with ||p+ hl|| <~ and ||p + hZ|| > ~. For the first we have

1
(6.4) n
= lim —(1-1-0)=0
n—oo || Ay

For the second one we find

(6.5)
1
Jim WW(I? +hy) — G(p) — DG(p + hi)hi
v 1 1 1 2 1 2 2 72
= lim — (0 b)) — = (P b)) + 5 (P By By)
n—o0 ||h2|| (||p+h2|| ||p|| Ipl? Ipl® lp+ Aol

1 1
~ lim <<H 2|y (2 ><p7hi>+—(hi,hi>>=0-
L T WF e TN
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Here we used that

(66) 1 1 1

— =+ s (e, h) = o (1R]1%).
lp Al Al el

In the proof of the following proposition we shall use the fact that o in (E3)
is uniform with respect to p in sets of the form {p : p < ||p|| < R}, where
0<p<R.
With (633) Newton differentiability of G’ holds. Newton differentiability
of Py is now an easy consequence. In fact, we have
(6.7)
Py (p+h)— Py (p)—DPy(p+h)h

= (p+ h) min (1, ) — p min (1, —> + p (min(1, )
Ip+ Al lp+ Al ( lp + Al

. Y . Y
—min(l, —)) —hmin (1, ——— )| —p DG (p+h)h
(o) = min (1 g ~pPE G+

=p(Glp+h) = Gp) = DG (p+h)h) = o(||hl]).
O

Remark 6.2. Note that in (B4) we assigned the value 0 to DG(p) for p at
the critical value ||p|| = . This corresponds to the equality sign in (E33)
which appears in the first, rather than the second line.

Similarly to considerations above, one can prove that the mapping

~ 0 i p] <
DG(p)(h) =
(p)(h) {_#(p, h)2  if [[pl]] > v

is a Newton derivative of G too. Here, the proof has to be modified in the
case ||p|]| = v only for a subsequence h? with ||p + h3|| = . Then one has

0= |lp+hollI* = [Ipl* = [IB31° + 2(p, 7).
which implies (p, h3) = —1||h3||?. Then (E3) has to be replaced by

1
1
= lim 1—1+—=(p+hy,h)
S P TAPEL )
1.1

h2, k) = 0.

-
277 8, gy e P
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For our purpose the projection operates pointwise in time on elements
p € C(I; L*(w)). We denote it by the same symbol.

Proposition 6.3. The projection Py, : C(I; L*(w)) — L*(I; L*(w)) given

by Py,,(p)(t) = p(t) min (1, m) is Newton differentiable with Newton
L4(w

deriwative given by (DPy)p(t)) as in (B33).

Proof. Let p € C(I; L*(w)) Further let {h,} be a sequence in C(I; L?(w))
with h, — 0 in C(I; L*(w)). Let

Ky ={t: [p@)ll <}, Ko ={t: [p(t)] =}, and Ky = {t : [[p(t)]| > 7}
We need to estimate
lim, e (fi | Po(p(t) + ha(t)) — Pu(p(t)) - DPU<p<t>+hn<t>>hn<t>||2dt>%
< limysoo ([, a(t)d)2 + (fie, alt)dt)® + ([ a(t)dD)?),

where ¢(t) denotes the integrand of the integral on the left hand side. By
Lebesgue’s bounded convergence theorem

tim [ aae = [t 1o(0) + halt) = ) = ha(0)dt =0

n—oo
1

1

and hence lim,,_,o 77— Hh””cu o < i, alt )2 = 0. Similarly by (E3)

1 1
1 2 1 2
lim ————— (/ q(t)dt) lim ——— (/ 0(||hn(t)\|4)dt) =0.
oo |[hnllorzw) \Jrk, = [|hn oz w) \Jk,

To obtain the estimate on Ky we express h,(t) = hl(t) + h2(t), where

o @ IO+ ra@ <7 [0 o) + B0 <
a0 = {olfupm Bl > 7. h”“)‘{hn<t>ifnp<t>+hn<t>u>v
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By (B22) we find using a splitting similar to (B3)

N

([ q@dtf = ([ (600)-+ hale) - Go(0) = DG{o(0) + hale)ha(0)) ) P

=1 ( /K 2 (GO +R2(6) = Go(1) ~ DG(pa(t) + hi(t))hfl(t)fdt);
2 1 1 1 ) 2

=0 (/K <Hp(t) ol Tl Ter (1) dt)
2 1 1 ) 2 3

i (/K ((upmus T+ hz<t>u3) (ele), ’W))) dt)

+2* (f, s mapiora)’

<4 ( /K o<hi<t>>2dt)2+$( /K ||hi<t>||4<||p<t>||2+||p<t>||-||hi<t>||+||hi<t>||2>2dt)

1
2

1

1 3
e[ o) oo
Y K
1
. 1 2 . .
and consequently lim,, . Tlou i ( | s q(t)dt) = 0. This concludes the
proof. n

Let us reconsider (B32) and set pr = p (ux), the solution to the first two
equations in (B0) with u, replaced by u. Let us further note that the Fréchet
derivative of u — p(u) at wuy in direction 4, denoted by p’ = p’(ux) dy
satisfies

oy =7Ay' + 7Bou, y'(0)=0
(6.8) { o iy L yi(1)
ow =t o= (4

We further set

IT={tecl:|pra(®)|r2w <evyand A={t €l :|pr2(t)|r2@w) > eV}
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Then (B32) can equivalently be expressed as

YXAXw [ Pr2 , Pr2 1 , 1
ou + (P — (7, Ph) L2 (A L2 (w ) + —XzXwPy = —ui, — Py, (—prm) ;
Iprall \77 Pkl IIprall’ 2 (AL () € 2 a\ z

where the norms are taken in L?(I; L*(w)). Setting up,; = ux + du the
Newton update can be expressed as

(6.9)
1 A Pr2 , P
uk+1+_XIprk+1,2+M (pk+1,2 — k2 i, Pr+1,2 — pk,2>L2(1;L2(w))) = 0.
€ P2 IPe2ll [Pkl
Proposition 6.4. The Newton update up,, is the unique solution to
(6.10)
( 1
s T [Pr2 ()]l 22 2 1 2
J = — —_— H|*dt + —|y(1) — ©,
win Jy.0) = 7 [ (IR0 ) pug a4 yia) - 0,2l
subject to

y: = TAy +7Bu on (07 1]7 Y(O) = @Ty07

| (u(t). Prat)) i) = ~APra®ll 2o for t € A

Proof. Existence of an unique solution to (B0) follows from the linear
quadratic structure of the problem. To derive the necessary and sufficient
optimality system for (BI0) we consider the Lagrangian associated to (B10),
which is given by

L(y,u,p,p) = J(y,u)+(p, —y: + TAy + 7Bu)

(1()s (w()s Pr2()) 22wy + YPr2() 22 (0)) 2204 R)-
It follows that the adjoint equation for (E1M) is given by

~Op=7Ap, p(1)= <(_ A)’figl(_l)zl_ m))
and that
T max <%,E) U+ TP2 + X4t Pr2 =0 on (0,1) X w.
Consequently
(6.11) u—i—épg:OonIXw,
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||Pk,2H

1
(6.12) U+ p2 + ;upm =0on A X w.

The latter equation implies that

P2 (t)]l 220 1
T ult), Bra(®) o HPa(t), PralD) o+ Ol Pr2(D) () = 0
By the last equality in (EI0)

1
_Hpk,Q”%Z(w) + (P2(), Pr2(t)) L2 () + ;N(t)HPk,Q(t)H%%w) =0

and hence
-

— 5 (P2(t), pk,2(t))L2 o fort € A.
T2 (0] @

u(t) =7

By (B12) we find for t € A

)+ (m(t) + pald) (1 B <p2<t>,pk,2<t>>L2(w>>> o
L2(w)

_l’_
|| Pk2 (t) ||pk,2 (t) ||%2(w)

or equivalently for t € A
(6.13)

u(t)+ (pz(t) __Pealt) (pz(t) — Pra(t) L@) ) .
12(w)

1Pr2(t) || 2(w) 1Pk2(t) || 2(w) "Pr2()] £2(w)

Combined, (E10) and (B3) imply that (B9) is satisfied with (w41, Prr1) =
(u, p). O

Uniform boundedness of the generalized derivatives of F' is addressed
next.

Proposition 6.5. For every u € L*(I; L*(w))
IDF (@)~ ey < 1.

Proof. Let p = p(u) denote the solution to the adjoint equation as in ([P])
with u, replaced by u and let p’ = p’(h) denote the linearization of u — p(u)
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at u in direction h € L*(I; L*(w)), i.e. p’ satisfies (ER) with du = h.
We set
A={tel:|p(W)ll2w >ev}, T={tel:|p2t)llrzw <ev},

and we define
pa(t)

q(t) = T——~r—
[P2(t)| 2(w)
We have the orthogonal decomposition

h=hy+hy = (h,q) 25,24 + (h = (", @) 12(1,02(0))Q) -
According to Proposition B3 we find

XwXA-

TXeXA p2(p2>p/2)L2(w))
HPQHLZ(W) ? HP2H2L2(W)

Y

1
DF(u)h = h + EXDJXZp/Z +

I P2 (PZ 7p/2)L2 (w)

where dependence on t is suppressed. We note that (p), Paleey hi) 2y =

0. Consequently we have
(6.14) (DF(Wh, h)rar,r2w)y) = |hlz2n2(w) + é(Plz(h)a h) L2102 (w))-
We find
7(Py(h), h)2(1.r2wy) = (P(h), Oy’ — TAY')
= (P'(h)(1),y'(1)) + (0P (h),¥") = 2(p'(h)(1),¥'(1))
= Z(YA ey + IWADI-s) 2 0
Together with (EI4) this implies the claim. O

We are now prepared to verify local convergence of the semi-smooth New-
ton iteration (B32).

Theorem 6.6. Assume that ||ug — ur||L2(r;02(w) @5 sufficiently small.

Then the semi-smooth Newton iteration (B2) converges superlinearly to u,
in L*(I; L*(w)).

Proof. The mapping F is continuous and by Proposition 63 is also Newton
differentiable at every u € L*(I; L?(w)). By Proposition B3 the inverses of
DF(u) are uniformly bounded. The conclusion therefore follows from well-
known results on semi-smooth Newton methods, cf. [A, page 238].

[]
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7 A semi-smooth Newton algorithm

In this section a Newton-type algorithm for solving (B) proposed. Minimiza-
tion with respect to (7,y,u,p) is carried out in two nested loops, an outer
7- and an inner (y,u,p)-loop. Key ingredients of the method are provided
by Theorem stating that the gradient of V is given by the transversality
condition and, secondly, that for each given 7, the optimal control problem
(P1) can be solved efficiently by a semi-smooth Newton method. Selected
examples illustrate the feasibility of the approach.

While we present this approach here for optimal control of the wave equa-
tion, this is a procedure that could be of much wider relevance even in the
context of time optimal control of ordinary differential equations. As for the
latter, while we do not intend to give a survey of the literature here, let us
very briefly point out some of the common techniques that are employed.
These include the indirect methods based on Pontryagin’s minimal principle,
and subsequent realization of the two point boundary problems by multiple
shooting techniques, see e.g. [@A]. The literature indicates that if good initial
conditions can be supplied then this approach is fast and accurate. A second
popular approach are direct methods that transform the control problem to
nonlinear programming problems, see e.g. [[¥] and the references given there.
In this case the unknowns are, transferred to be switching times [I8, 7], or
arc-time optimization [[I]. Also in these cases, a-priori information, for ex-
ample on the switching structure, or availability of a feasible solution are
required.

7.1 Description of the algorithm

Let us explain some details of the algorithm. The basic building block is
a Newton algorithm for the minimization of the real function V), defined in
(6) by

€ 1
V() =7 (L4 Sl ) + 5290 (1) = Oczllo,

where (y,,u,) is the unique solution of the parametric optimization problem
(P1). The first and second derivatives of V are computed on the basis of
Theorems b2 and B=3. The resulting Newton algorithm is embedded in an
outer loop that drives the parameter € to zero. The overall solution procedure
is depicted in Algorithm 0.

38



Algorithm 1 Outline of the solution algorithm

Initial guess: €q, 7.
Parameters: 6 € (0,1), 7y > 0.
Initialization: k := 0,7 =0, ry := +00.
repeat {Solve (B) - e-loop}
Solve ([P]), solution (y,, Ur,, Pr,)-
repeat {Solve ([F]) - T-loop}
Solve sensitivity system ()
Compute sp, := %V(Tk) and hy = %V(Tk)
Set 0 =2
repeat {Line-search in 7}
Set 0 :=0/2.
Set T, == 11, — ah,jlsk.
Solve ([F]), solution (yz,,uz,, Ps,)-
until V(Tk> - V(%k) Z 90"8“2
Set (Tk+17 Yriq1 Wrpgrs ka+1) = (%ka Y7, Usys pf'k)'

Set k:=k+ 1.
until [-LV(7)] <.
Compute 7ty = [|yr, (1) — O,,2]yo.

if w < 0.1 then {Global search necessary}
forzj =1,2,... do
if V(77) < V(7;,) or L£V(77) <0 then {Accept step}
Set 7, .= 7/
continue
end if
if [LV(7) — 1] < V0.6 | £V(771) — 1| then
{Asymptotic regime reached}
break
end if
end for
{Mesh refinement necessary}
Do uniform spatial and temporal mesh refinement.
continue
end if
Set 11 = Ty
Set g;41 1= €;/2.
Set i =i+ 1.
until r; < ry
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Some remarks are in order. As already mentioned, the inner paramet-
ric optimization problem ([P]) is solved by a standard semi-smooth Newton
method combined with an Armijo-type linesearch. The semi-smooth Newton
method is stopped as soon as the residual at the current iterate uZTk satisfies

; 10_6) ;
see (B3) for the definition of F.
To apply Newton’s method to the minimization of V', we need to describe
how the second derivative of V is computed. For given 7 let (y, %, p) denote
the solution of the sensitivity system

iV(Tk_l)

| F (uZTk) | L2(1;02(w)) < max (10_2 o

p

0,y = T(Ay + Bit) + Ay. + Bu,, §(0) — (;l) ,

T ap=rAD - Apn ()= <<—A>5y<1y(21<>1> - 22>> |

1

et+ DPy,, (—EB*pT> B*p = 0.
\
It can be shown with similar arguments as in Section B that () is uniquely
solvable. In fact, this system can be written as an equation DF(u,)i =
v(7,07) for some right-hand side v(7,07). We observed that the computa-
tional effort to solve () was comparable to the effort of computing one
Newton step for ([P]). Once the solution of () is available, the second
derivative of V is obtained from

d2

ﬁV(T) = e(Ur, U)r2(1:22(w)) + (AY + B, Pr) 21,2 (0))

+ (Ay; +Bu,, p)r2gaz@) + (Y2, P2(0)) r20) — (22, P2(1)) 20

As stopping criteria for the solution of the regularized problem ([P]) we
chose |4V ()| < &;. That is, the precision in which the inner problem is
solved is directly coupled to the regularization parameter. This prevents the
algorithm to spend too much time to solve problems with large regularization
parameter.

We observed that the resulting algorithm sometimes gets trapped in local
minima of V. These local minima did not vanish for ¢ — 0. Hence a glob-
alization step is needed. It is based on monitoring the development of the

40



residual at the terminal time. As can be seen from Corollary B33, we expect
the residual 711 = ||y~ (1) — ©,.2|yo to be of order o(/€). Since in each
outer iteration the regularization parameter ¢ is reduced by a factor of 1/2,
the accepted residual 7; should decrease by a factor of 1/4/2. If only a small
or even no reduction in the residual is achieved, we assume that the iterates
T are trapped in a local minimum of V. That is, we start a global search if
i — Tit1
T

p(le,ﬁ') = < 0.1.

In the global search, we compute new trial values 77 := 7, + 0.1 - 27. We
accept 7 if V(77) < V(7)) or £V(77) < 0. Then the Newton method is
restarted at 7/. The global search algorithm is stopped if

d < V0.6

-
as we expect due to Theorem B4
AV -1 1
VE -1 VR
for j — co. That is, we stop the global search if -£V(77) asymptotically
reaches +1, since in this case there will be no local minima 7 of V with 7 > 77.
If the global search is stopped then we assume that the discretization error
dominates the residual and that with the current discretization no further
reduction of the residual will be possible. Hence the discretization is refined,

and the Newton method for V is restarted on the finer grid at the old iterate
Tk-

V() -1 iV(%j—l) —1
dr

)

Turning to the discretization scheme, the state-, adjoint-, and control
variables were discretized by finite elements. The amplitude components y;
and p. are discretized by Pl-elements, while PO- elements are used for the
velocity unknowns y, and p1, and for the controls.

For time discretization, we used a cg(1)dG(0)-scheme as described in [[3],
which corresponds to a Crank-Nicolson time-stepping procedure.

7.2 Numerical experiments

Let us report on the outcome of our computational experiments. We modified
the cost functional of the penalized problem ([F]) to

€ 1
Jerw) = 7 (14 Slulfaay ) + 5= 1Y () = Ozl
2 2ey
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with
g, =0.1"¢.

That is, the violation of the terminal constraint is penalized with larger
weight.

We chose Q = (0,1)? for our computations. The control bound was set
to 7 = 3. The target state was z; = 2o = 0. The initial state was given as
y1(z1,x2) = 122(1 — 1) (1 — x9).

The spatial domain was discretized using a uniform triangulation, and
the time interval was split into equidistant subintervals. We will report on
the results for the following hierarchy of discretizations: (N, M) = (50, 10),
(200, 20), (800, 40), and (3200, 80), where N is the numbers of triangles and
M the numbers of time intervals. The resulting mesh size h is h = 2/v/N,
the resulting length of the temporal subintervals At = 1/M.

The parameters for the algorithm as described in the previous section
were chosen as

g0=0.1 71,=19 6=10"3

The algorithm was stopped as soon as the terminal residual satisfies ||y.(1) —
0,z||yo < 1073, which corresponds to the choice 7, = 1073.

Example 1

Here the initial velocity was y, = 0. That is, the control objective was to
steer the system from a given deflection into zero. The control domain was
chosen to be w := Q.

We repost on the convergence for ¢ — 0. In Figure @ we show the conver-
gence of 7. for different discretizations. Moreover, we depict the evolution of
|7. — 7*| for the finest discretization, where we use as value for 7% the optimal
time for the smallest ¢;, i.e. 7% = 7.,. In Table M we report on the conver-
gence of 7. and ||y.(1) — ©,z||yo for the finest discretization. We observe the
convergence rate

7. — 77| = O(e).
As argued in Remark B9 this implies that

ly=(1) = ©-2z([yo = O(¢),

which can be seen in the table as well. This convergence rate implies that
{p:(1)} is bounded in P!, where p. are the solutions of the undiscretized
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€ Te |7 — 77| ly=(1) — ©..2|yo
1.0000 - 1071 3.68-1071 1.52-1072 2.49.1072
5.0000 - 1072 3.77-107! 7.03-1073 1.03-1072
2.5000 - 1072 3.80-107! 3.56 - 1073 4.48-1073
1.2500 - 1072 3.82-107! 1.82-1073 2.12-1073
6.2500 - 1073 3.83-107¢ 6.67-107* 1.02-1073
3.1250 - 1073 3.84-1071 5.10-10~*

problem. In Figure B, we plotted the evolution of ||p. ,(1)||p: for the solutions
of the discrete problems for the 4 different discretizations, and we observe
that the P'-norms of p. (1) are bounded uniformly with respect to & and
with respect to the discretization. This suggests that the strong requirements
of Theorem B2 are satisfied for this example, and that (E=8) holds in the limit

e — 0.

0.385

0375

0.365

035
10

Figure 1: (Example 1) 7. vs. € for different discretizations; |7. — 7*| vs. € for
finest discretization

Table 1: Convergence history for Example 1

<O x +

9999
209
Qeag
IS

Example 2

In our second example we chose the initial velocity to be ya(xy, 19) = 23 + 2.
All other data are the same as in the previous example. The convergence
history can be found in Table B. We observed the same convergence rates

10

10°
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Figure 2: (Example 1) ||p-(1)||p: vs. € for different discretizations

as in the previous example, i.e. ||y.(1) — ©,z||yo = O(e). Moreover, {p-(1)}
is bounded in P!, which indicates that strict transversality holds for the

original problem.

7. — 77|

Hys(l) - 0.2z

[yo

£ Te
1.0000 - 1071 4.00- 107t 3.15-1072 2.87-1072
5.0000 - 102 4.18-1071 1.45-1072 1.21-1072
2.5000 - 1072 4.24 1071 7.81-1073 5.68-1073
1.2500 - 1072 4.28 1071 3.72-1073 2.71-1073
6.2500 - 1073 4.31-1071 1.34-1073 1.33-1073
3.1250 - 1073 4.32-1071 7.00-1074

Table 2: Convergence history for Example 2
Example 3

Here again the initial velocity was yo, = 0, however, the control domain w
was chosen to be a proper subset of Q: w = Q\ [0,0.5]2. For this control
domain, we have controllability for times 7" > 1.

Here the convergence rates are worse than in example 1.

observe |7. — 7*| = O(y/2).

Another interesting observation is that on the finest discretization a smaller
value of € and thus more iterations to reach the prescribed accuracy for the
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£ Te |[7e — 7 [ye(1) — O-.2[[yo
1.0000 - 10+ 3.98-107* 2.25-1071 3.97-1072
5.0000 - 102 4.45-1071 1.77-1071 2.41-1072
2.5000 - 102 4.86- 1071 1.37-107! 1.50 - 1072
1.2500 - 1072 5.21-107! 1.02- 1071 9.25-1073
6.2500 - 107° 5.47-107" 7.64-1072 5.81-1073
3.1250-107? 5.67- 1071 5.58 - 1072 3.74-1073
1.5625 - 1073 5.84-107* 3.95-1072 252-1073
7.8125-1074 5.98 - 1071 2.50 - 1072 1.73-1073
3.9063 - 10~* 6.12-107! 1.15-1072 1.21-1073
1.9531- 1074 6.23- 107" 9.02-107*

terminal residual are needed, see Figure B.
Moreover, the norms ||p. ,(1)|/p: are not bounded uniformly with respect

to the discretization, see Figure B. However
with respect to € and discretization, and we therefore expect that the con-

Table 3: Convergence history for Example 3

[P lp1
7 lpe(Dl[po

is bounded uniformly

clusion (E9) of Theorem B is true for the limit ¢ — 0.

b3
x

10°

10°

107
10

107

Figure 3: (Example 3) 7. vs. € for different discretizations; |7. — 7*| vs. € for
finest discretization
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Figure 4: (Example 3) ||p:(1)|/p: and Tocee

tions

8 Concluding remarks

Clearly many interesting questions can be addressed as extensions of the
present research. Here we used an L?(w)-norm constraint on the controls spa-
tially. Pointwise controls are equally important and require, in part, different
treatment. Boundary control problems, as well, are a natural subsequent
problem to be addressed. Here we used a Newton type methods to deter-
mine 7 and (y, u, p) separately in a nested approach. The question arises of
treating the combined problem in the variables (7,y,u, p) by a Newton-type
algorithm. Discretization issues should also be further investigated.
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