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A DG Space–Time Domain
Decomposition Method

Martin Neumüller and Olaf Steinbach

Abstract In this paper we present a hybrid domain decomposition ap-
proach for the parallel solution of linear systems arising from a discontin-
uous Galerkin (DG) finite element approximation of initial boundary value
problems. This approach allows a general decomposition of the space–time
cylinder into finite elements, and is therefore applicable for adaptive refine-
ments in space and time.

1 A Space–Time DG Finite Element Method

As a model problem we consider the transient heat equation

∂tu(x, t)−∆u(x, t) = f(x, t) for (x, t) ∈ Q := Ω × (0, T ), (1)

u(x, t) = 0 for (x, t) ∈ Σ := ∂Ω × (0, T ), (2)

u(x, 0) = u0(x) for (x, t) ∈ Ω × {0} (3)

where Ω ⊂ R
n, n = 1, 2, 3, is a bounded Lipschitz domain, and T > 0. Let

TN be a decomposition of the space–time cylinder Q = Ω × (0, T ) ⊂ R
n+1

into simplices τk of mesh size h. For simplicity we assume that the space time
cylinder Q has a polygonal (n = 1), a polyhedral (n = 2), or a polychoral
(n = 3) boundary ∂Q. With IN we denote the set of all interfaces (interior
elements) e between two neighbouring elements τk and τℓ. For an admissible
decomposition the interior elements are edges (n = 1), triangles (n = 2), or
tetrahedrons (n = 3).

With respect to an interior element e ∈ IN we define for a function v the
jump
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2 Martin Neumüller and Olaf Steinbach

[v]e(x, t) := v|τk(x, t) − v|τℓ(x, t) for all (x, t) ∈ e,

the average

〈v〉e(x, t) :=
1

2

[

v|τk(x, t) + v|τℓ(x, t)
]

for all (x, t) ∈ e,

and the upwind in time direction by

{v}upe (x, t) :=

{

v|τk(x, t) for nt ≥ 0,

v|τℓ(x, t) for nt < 0
for all (x, t) ∈ e,

where n = (nx, nt) is the normal vector of the interior element e.
For a decomposition TN of the space–time cylinder Q we introduce the

discrete function space of piecewise polynomials of order p

Sp
h,0(TN ) :=

{

v : v|τk ∈ Pp(τk) for all τk ∈ TN and v|Σ = 0
}

.

The proposed space–time approach is based on the use of an interior penalty
Galerkin approximation of the Laplace operator and an upwind scheme for
the approximation of the time derivative, see, e.g., [3, 5]. Hence we have to
find uh ∈ Sp

h,0(TN ) such that

aDG(uh, vh) := −
N
∑

k=1

∫

τk

uh ∂tvh dxdt+

∫

ΣT

uh vh dx

+
∑

e∈IN

∫

e

nt {uh}
up
e [vh]e ds(x,t) +

N
∑

k=1

∫

τk

∇xuh · ∇xvh dxdt

−
∑

e∈IN

∫

e

[〈nx · ∇xuh〉e [vh]e − ε [uh]e〈nx · ∇xvh〉e] ds(x,t)

+
σ

h

∑

e∈IN

∫

e

|nx|
2
[uh]e [vh]e ds(x,t)

=

∫

Q

f vh dxdt+

∫

Σ0

u0 vh dx =: F (vh)

(4)

is satisfied for all vh ∈ Sp
h,0(TN ). The parameters σ and ε have to be chosen

appropiately. For vh ∈ Sp
h,0(TN ) and σ > 0 the related energy norm is given

by
‖vh‖

2
DG := ‖vh‖

2
A + ‖vh‖

2
B,

where
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‖vh‖
2
A :=

N
∑

k=1

‖∇xvh‖
2
τk

+
σ

h

∑

e∈IN

‖ |nx| [vh]e‖
2
L2(e)

,

‖vh‖
2
B := h

N
∑

k=1

‖∂tvh‖
2
τk +

1

2
‖vh‖

2
L2(Σ0∪ΣT ) +

1

2

∑

e∈IN

‖
√

|nt| [vh]e‖
2
L2(e)

.

The unique solvability of the variational formulation (4) is based on the
following stability result.

Lemma 1. Let ε ∈ {−1, 0, 1} and σ > 0. For ε ∈ {−1, 0} let σ be sufficient

large. Then the stability estimate

sup
06=vh∈Sp

h,0
(TN )

aDG(uh, vh)

‖vh‖DG
≥ cA1 ‖uh‖DG for all uh ∈ Sp

h,0(TN )

is satisfied.

Proof. The proof follows as in [5], by using the technique as in [2]; see also
[3]. ⊓⊔

By using standard arguments we can then conclude the energy error estimate

‖u− uh‖DG ≤ chmin{s,p+1}−1|u|Hs(Q)

when assuming u ∈ Hs(Q) for some s ≤ p+ 1, and, by applying the Aubin–
Nitsche trick, for ε = −1,

||u− uh||L2(Ω) ≤ chmin{s,p+1} |u|Hs(Q) . (5)

To illustrate the propsed DG finite element method in space and time as well
as the given error estimates we consider a first numerical example for the
initial boundary value problem (1)–(3) for n = 1 and Ω = (0, 1), T = 1.
This implies Q = (0, 1)2. The given data f and u0 are chosen such that the
solution is given as

u(x, t) = sin(πx)(1 − t)3/4 ∈ H1.25−ε̄(Q) with ε̄ > 0.

Starting from a triangulation of Q = (0, 1)2 into four triangles we consider
a sequence of several uniform refinement steps to analyze the convergence
behaviour of the presented method. Using piecewise linear basis functions,
i.e. p = 1, ε = −1 and σ = 10, the numerical results are given in Table 1
which confirm the convergence rate of 1.25 as predicted by the error estimate
(5).



4 Martin Neumüller and Olaf Steinbach

level elements dof ||u− uh||L2(Q) eoc

0 4 8 2.2679− 1 −
1 16 40 5.1354− 2 2.14
2 64 176 1.3107− 2 1.97
3 256 736 3.4813− 3 1.91
4 1024 3008 9.7383− 4 1.84
5 4096 12160 3.0406− 4 1.68
6 16384 48896 1.0923− 4 1.48
7 65536 196096 4.3315− 5 1.33
8 262144 785408 1.7935− 5 1.27
9 1048576 3143680 7.5278− 6 1.25
10 4194304 12578816 3.1694− 6 1.25
11 16777216 50323456 1.3345− 6 1.25

Table 1 Numerical results for p = 1, ε = −1 and σ = 10.

2 A Hybrid Space-Time Domain Decomposition Method

The presented space–time method (4) results in a large linear system of al-
gebraic equation. For its iterative solution we introduce a hybrid formulation
as in [1, 2]. Therefore we subdivide the space–time domain Q into P non–
overlapping subdomains Qi, i = 1, . . . , P ,

Q =

P
⋃

i=1

Qi, Qi ∩Qj = ∅ for i 6= j.

By

Γ :=

P
⋃

i=1

Γi with Γi := ∂Qi \ ∂Q

we denote the interface of the space–time domain decomposition, see Fig. 1.

Γ

Fig. 1 Space–time decomposition of Q and the interface Γ .

With respect to the interface Γ we introduce the discrete function space of
piecewise polynomials of order p,



A DG Space–Time Domain Decomposition Method 5

Sp
h(Γ ) :=

{

v ∈ L2(Γ ) : v|e ∈ Pp(e) for all e ∈ IN with e ⊆ Γ
}

.

For the solution of the local partial differential equations in all subdomains Qi

we apply the space–time method as described by the variational formulation

(4). For this we denote by a
(i)
DG(·, ·) the restriction of the bilinear form aDG(·, ·)

on the subdomain Qi, i = 1, . . . , P , i.e.

a
(i)
DG(uh, vh) := −

N
∑

k=1

∫

τk∩Qi

uh ∂tvh dxdt +

∫

ΣT∩∂Qi

uh vh dx

+
∑

e∈IN

∫

e∩Qi

nt {uh}
up
e [vh]e ds(x,t) +

N
∑

k=1

∫

τk∩Qi

∇xuh · ∇xvh dxdt

−
∑

e∈IN

∫

e∩Qi

[〈nx · ∇xuh〉e [vh]e − ε [uh]e 〈nx · ∇xvh〉e] ds(x,t)

+
σ

h

∑

e∈IN

∫

e∩Qi

|nx|
2
[uh]e[vh]eds(x,t).

Accordingly, the restriction of the linear form F (·) on a subdomain Qi is
given by

F (i)(vh) :=

∫

Qi

f vh dxdt+

∫

Σ0∩∂Qi

u0 vh dx.

For the coupling of the local fields we first introduce a new unknown on the
interface,

λ := 〈u〉e =
1

2

[

u|τk + u|τℓ

]

on Γ ∩ e.

With this we can rewrite the jump of a function as

[u]e = u|τk − u|τℓ = 2
(

u|τk − λ
)

= 2
(

λ− u|τℓ

)

on Γ ∩ e.

Therefore we obtain for the coupling terms related to the Laplace operator

∑

e∈IN

∫

e∩Γ

〈nx · ∇xu〉e [v]e ds(x,t) =
N
∑

k=1

∫

∂τk∩Γ

nk,x · ∇xu (v − µ) ds(x,t),

∑

e∈IN

∫

e∩Γ

[u]e 〈nx · ∇xv〉e ds(x,t) =
N
∑

k=1

∫

∂τk∩Γ

(u− λ)nk,x · ∇xv ds(x,t),

∑

e∈IN

∫

e∩Γ

|nx|
2 [u]e [v]e ds(x,t) = 2

N
∑

k=1

∫

∂τk∩Γ

|nk,x|
2 (u− λ)(v − µ) ds(x,t).

For the classical solution u of the transient heat equation (1)–(3) there obvi-
ously holds for an interior element e ∈ IN
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λ = 〈u〉e =
1

2

[

u|τk + u|τℓ

]

= u|τk = u|τℓ on e.

Therefore the upwind in time can be written as

{u}upe =

{

u|τk for nt ≥ 0,

u|τℓ for nt < 0
=

{

u|τk for nk,t ≥ 0,

λ for nk,t < 0
=: {u/λ}up∂τk on Γ ∩ e.

The coupling containing the upwind part can now be expressed by

∑

e∈IN

∫

e∩Γ

nt {u}
up
e [v]e ds(x,t) =

N
∑

k=1

∫

∂τk∩Γ

nk,t {u/λ}
up
∂τk

(v − µ) ds(x,t).

With respect to each subdomain Qi we therefore can define the quadlinear
form

c(i)(uh, λh; vh, µh) :=

N
∑

k=1

τk⊆Qi

∫

∂τk∩Γ

nk,t {uh/λh}
up
∂τk

(vh − µh) ds(x,t)

−
N
∑

k=1

τk⊆Qi

∫

∂τk∩Γ

[nk,x · ∇xuh (vh − µh)− ε(uh − λh)nk,x · ∇xvh] ds(x,t)

+
2σ

h

N
∑

k=1

τk⊆Qi

∫

∂τk∩Γ

|nk,x|
2 (uh − λh)(vh − µh) ds(x,t).

Hence we can write the discrete hybrid space–time variational formulation to
find uh ∈ Sp

h,0(TN ) and λh ∈ Sp
h(Γ ) satisfying

P
∑

i=1

[

a
(i)
DG(uh, vh) + c(i)(uh, λh; vh, µh)

]

=
P
∑

i=1

F (i)(vh) (6)

for all vh ∈ Sp
h,0(TN ) and µh ∈ Sp

h(Γ ). As in [2] we can prove unique solvability
of the hybrid scheme (6). Moreover, related error estimates as derived for the
DG scheme remain valid.

The discrete variational formulation (6) is equivalent to the solution of the
linear equations

















A
(1)
II A

(1)
IΓ

A
(2)
II A

(2)
IΓ

. . .
...

A
(P )
II A

(P )
IΓ

A
(1)
ΓI A

(2)
ΓI · · · A

(P )
ΓI AΓΓ

































u
(1)
I

u
(2)
I
...

u
(P )
I

λΓ

















=

















f
(1)
I

f
(2)
I
...

f
(P )
I

fΓ

















(7)
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where the local block matrices A
(i)
II correspond to the local bilinear forms

a
(i)
DG(·, ·) and c(i)(·, 0; ·, 0), while the remaing block matrices describe the cou-

pling across the interface. For an appropriate choice of the DG parameters,

see Lemma 1, the local matrices A
(i)
II are invertible. Hence we obtain the

Schur complement system

[

AΓΓ −
P
∑

i=1

A
(i)
ΓI

(

A
(i)
II

)−1

A
(i)
IΓ

]

λΓ = fΓ −
P
∑

i=1

A
(i)
ΓI

(

A
(i)
II

)−1

f
(i)
I , (8)

with

u
(i)
I =

(

A
(i)
II

)−1 [

f
(i)
I −A

(i)
IΓλΓ

]

for i = 1, . . . , P.

The inversion of the local matrices A
(i)
II can be done in parallel either by

using some appropriate direct approach, or suitable iterative schemes. For the
solution of the global Schur complement system (8) we can use, for example
the GMRES method.

To illustrate the hybrid domain decomposition approach we consider for
n = 1 the spatial domain Ω = (0, 1) and T = 1, i.e. Q = (0, 1)2. For P = 4
we consider a subdivision of Q = (0, 1)2 into 4 subsquares, with an initial
triangulation of two finite elements within each subdomain, see Fig. 1. As
exact solution of the transient heat equation (1) we now consider

u(x, t) = sin(πx)(1 − t2).

For the iterative solution of the Schur complement system (8) we use the
GMRES method without preconditioning with a relative error reduction of
εGMRES = 10−8. In Table 2 we present the iteration numbers of the GMRES
method for different levels of a uniform refinement of the space–time mesh.
We observe that the number of required iterations grows slightly indicating
the need of using an appropriate preconditioner. The results in Table 2 also
show the optimal convergence rates for the error in the L2(Q) norm when
using quadratic basis functions, i.e. p = 2.

level elements dof u
(i)
I

dof λΓ iter. ||u− uh||L2(Q) eoc

0 8 36 12 8 1.610− 02 −
1 32 168 24 14 2.534− 03 2.67
2 128 720 48 24 3.678− 04 2.78
3 512 2976 96 36 5.080− 05 2.86
4 2048 12096 192 50 6.779− 06 2.91
5 8192 48768 384 68 8.820− 07 2.94
6 32768 195840 768 87 1.130− 07 2.96
7 131072 784896 1536 108 1.441− 08 2.97
8 524288 3142656 3072 127 1.810− 09 2.99

Table 2 Numerical results for 4 subdomains for p = 2, ε = −1, and σ = 5.
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3 Conclusions

In this paper we have presented a hybrid DG domain decomposition approach
for the parallel solution of initial boundary value problems. Numerical exam-
ples for one–dimensional spatial domains indicate the accuracy and appli-
cability of the proposed method. Note that this approach can be extended
also to two– or three–dimensional spatial domains, see, e.g., [3, 4]. However,
the numerical results in Table 2 also indicate the need to use an appropriate
global preconditioner for the Schur complement system. Moreover, when us-
ing iterative schemes for the solution of the local subproblems, suitable local
preconditioners are mandatory as well. Instead of the Schur complement sys-
tem (8) one may also consider solution algorithms for an iterative solution of
the block system (7). Although we have only considered uniform refinements
in this paper, the proposed approach is also applicable to non–uniform and
adaptive refinements, see, for example, [4]. For this we need to use suitable
a posteriori error estimators, and the solution algorithms need to be robust
with respect to adaptive refinements.
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