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Abstract

We study properties of solutions to second order Total Generalized Variation (TGV?) regularized L!-fitting problems in di-
mension one. Special attention is paid to the analysis of the structure of the solutions, their regularity and the effect of the
regularization parameters.

31 March 2011 / Updated: 14 September 2012

Keywords: Total generalized variation, robust data fitting, regularization techniques

1. The L'-TGV? functional
In this work we study the variational problem

min||u — fll + TGVZ(u), (1.1)

where f is the input data, u denotes a possible solution, and @ = (f,a) > 0 componentwise stands for a vector-
valued regularization parameter. The precise definition of TGVi7 will be given below. For the moment it suffices to
know that it is a flexible regularization functional which adapts to first and second order smoothness of the data.
The TGVé—functional is a special case of the TGV’;?—functional, where k > 2, which was introduced in [1]. In [1]
basic analytical properties of TGV(’; and numerical results with an L2 data-fitting term for the cases k =2 and k =3
are provided. One way of interpreting TGV(’; consists in realizing that it regularizes independently on different
regularity scales of the function that it is applied to. Compared to the TV-functional [2] we recall that constant
functions are in the kernel of TV, while polynomials of degree strictly less than k constitute the kernel of TGV’DE(,
see [1].

Since its introduction, TGV§ functionals have proved to be effective in diverse mathematical imaging prob-
lems, including denoising [1], reconstruction of magnetic resonance images from highly undersampled data [3],
deconvolution [4] and fusion of stereographical data [5]. This success motivates, besides inherent mathematical
interest, to further investigate analytical properties of these functionals. Within the present paper we focus on the
case k =2 in spatial dimension one and aim at getting detailed insight on structural properties of the solution of
(1.1). These include regularity properties, higher degree staircasing effects, and features of the solution that are
inherited from the data f. We expect that generalizations to k > 3 are possible.

The advantages and differences of the L' data-fitting term over the L?-performance criterion are well reported
in the literature. From the point of view of robust statistics L' should be preferred over an L? fidelity term, since
the latter magnifies errors introduced by outliers. Geometric features and scale separation properties of the L!
criterion are reported in e.g. [6, 7, 8, 9]. All these papers address the L!-TV, as opposed to the TGV case, which
is in the focus of the present paper. The numerical realization of the L!-TV problem is typically considered in
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the discrete formulation with L! replaced by ¢!. Among the techniques that were analyzed we mention linear
programming, generalized reweighted least-squares, and splitting techniques, see e.g. [10, 11], and semi-smooth
Newton methods [12].

We point out two other papers whose focus is, at least in part, the investigation of the effect of higher-order
regularization in one dimension. In [13], using Fenchel duality, explicit solutions for TV-based higher-order pe-
nalization are derived. In [14], the authors provide a detailed analysis of a non-convex second-order functional
and, in particular, it is proved that staircasing does not occur. The L!-TGV? model considered in the current paper
also provides solutions without zero-order staircasing.

The subsequent sections are structured as follows. Section 2 contains notation that will be used throughout
the paper as well as a summary of useful facts on functions of bounded variation with special attention paid to the
one-dimensional case. The precise problem formulation involving the TGV2-functional is contained in Section
3. Introducing a set-valued generalization of the sign operation that is applicable to Radon measures allows an
elegant description of necessary and sufficient optimality conditions. In Section 4 monotonicity and staircasing
properties of the solution to (1.1), as well as its jump set, are analyzed. It is shown that zero degree staircasing,
well-known for the solutions of BV-regularized problems, cannot occur. Instead, it is replaced by staircasing of
degree one for solutions to (1.1) which is less detectable by the human eye. The optimality conditions allow to
argue that certain regularity properties of the data f, like absolute and Lipschitz continuity, as well as piecewise
affinity are inherited by the solution to (1.1). This is treated in Section 5. Section 6 focuses on the effect of the
regularization parameter on the solution. The asymptotic behavior of the solution and monotonicity properties
of the performance and complexity summand in the cost functional are proved. Further threshold bounds on the
solution in terms of the regularization parameters are obtained. The paper concludes with examples illustrating
these bounds.

2. Notation and preliminaries

2.1. Measures and functions

For a function u : 2 — R, we denote by |u| the pointwise absolute value: |u|(x) :=|u(x)).

A function u : (a,b) — R is said to be piecewise affine, if there are finitely many disjoint (open) intervals
I,...,Iy such that(a,b)= Uj\il 1;, and u is affine on each I;. Here I; denotes the relative closure of I; in (a, b).

Let 2 C R be a Borel set and let . (2, R") denote the space of (vector-valued) Radon measures on 2. The total
variation measure of u € /() is denoted |u|, and we define the norm ||u||_z ) := [ul(£2), see e.g. [15].

For each u € (9, R") there exists a polar decomposition y = sgn(u)|u| with sgn(u) € L®(€, |u|) and ||sgn(u)|leo <
1. The notation u < v denotes the fact that the measure u is absolutely continuous with respect to the measure v.

We denote by .2 the Lebesgue measure on R™, while 2#* denotes the k-dimensional Hausdorff measure on
a suitable ambient space. The Dirac measure concentrated at x is denoted 0. The restriction of a Radon measure
u to a Borel set A is denoted uLA, where (uLA)(B) := u(AN B).

Finally, we like to recall the definition of the Radon norm for distributions. A distribution z on € is a Radon
measure (in the sense that there is a u € .#(Q2) such that fQ v du={(u, v) forall v € 6€>°(Q?)) if and only if

llull.e =sup {(u, v) | v € E2(Q), vllo <1} .1)

is finite. In particular, if finite, the supremum coincides with the norm in . ().
Therefore, we have, for distributions « and w, the identities

IDwll.x =sup {{w, v')

veE(), llvlleo <1} (2.2)
and

IDu —wll.g =sup {(w, ©) +(u, )

we6(Q), [wllo <1} 2.3)

where the value oo is possibly attained.
If u can be identified with an element in the dual space ‘6’0’“ (€)%, then by density the set of test functions 6°($2)
can be replaced by 6(9).
2
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2.2. Functions of bounded variation

Following, e.g., [16], a function u € L'(2) on a non-empty open set Q C R is said to be of bounded variation,
denoted u € BV(Q), if the distributional derivative Du is a (vector-valued) Radon measure. In other words

J u'ep dx:—J ¢ dDu, forall ¢ € E€X°().
Q Q

In BV(Q2) we define the norm ||u||; +[|Du||., and the BV-seminorm by TV(u) = ||Du|| . A sequence {u'} in
BV(f2) converges strongly to u € BV(Q) if both ||u’ — u||1q) — 0 and ||[Du’ — Du|| 4@ — 0. Weak convergence is
defined as u‘ — u strongly in L'(2) and Du’ — Du weakly* in ./ (Q,R™).

In the following, let @ = (a, b) and u € BV(Q2). Recall that x € Q is called a Lebesgue point if there exists a i (x)
such that

x+p

1
lim — ux)—u dy =0.
imop ) 1H- ke

The set of points where this limit does not exist is called the approximate discontinuity set, denoted by S,,. In the
one-dimensional case, the approximate left and right limits, u~(x) and u*(x) exist for every x € Q and are defined
by satisfying

X

1 xX+p 1
lim — ut(x)—u(y)dy =0 and lim —
i L lu™(x)—u(y)ldy pl\,opj

u (x)—u dy =0,
lim > - uldy

xX—

respectively. The set of points x where u~(x) # u*(x), which is called the jump set ], of u, is known to be at most
countable and to coincide with S,,.

We can decompose the distributional derivative of a u € BV(Q) as Du = D*u+ DJu+ D®u, where D%u = u’ ¢!
is the absolutely continuous part, with u’ the approximate differential, D/ u represents the jump part which can
be represented as

Diu=wtr—u)s#"J,,

and D¢u is the Cantor part which vanishes on any Borel set o -finite with respect to 579, i.e., at most countable
sets. The singular parts of D are denoted by D* = DJ + D¢. For u € 6*(f) the approximate differential coincides
with the common notion of a derivative.

For u € BV(Q2) we will be mostly working with good representatives as defined in [16, Theorem 3.28]. These are
functions # : © — R which are continuous outside J,, and satisfy for some unique ¢, €R that

cu+Du((a,t))<i(t)<cy,+Du((a,t]) forall te(a,b).

They are uniquely determined on Q\J,, and indeed representatives of the equivalence class u. In particular, u~
and u* are good representatives which are moreover left and right continuous, respectively.

3. Problem formulation and optimality conditions
Assumption 3.1. Throughout this paper, unless otherwise stated, we assume that Q= (a,b) C R.

We write problem (1.1) as

; I f_ 2
ugé%/%)F(u)’ where F(u):=|f - ullpo+TGV;(u) (P)

for @ = (B, a) > 0 componentwise and

TGV%(u):=sup {f

wv' dx |0 € 62@), Il <P, IVl < ) (TGVeP)
Q

3
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also called the predual or supremum definition of TGV(u).
Here we prefer to work with the minimum characterization of TGVé(u), expressed as

TGVZ™™(u):= min (al|Du — wl|_sq + Bl Dw . TGV™in
B (1) weBV(Q)( Il .o+ BlIDWI. 4 (@) ( )

Observe that the minimization problem in (TGV™") is just L!-TV for u’, as the singular part DS u cannot be ap-
proximated by w keeping ||Dw||_, bounded. In [1] it was shown that for u € €>(£2), we have

TGVZ™" (1) =TGV2(u).

In the following, we will prove this equivalence for general u € L!(Q2) along with showing the equivalence of ||- ||sv)
to the norm

lI-llsgvz = Il 1@ + TGV
This allows us to reformulate (P) as a minimization problem in BV(2)?:

min ||f —ullpo +allDu — w4+ BlIIDw 4. (P2)
(u,w)eBV(Q)?
The existence of solutions to (P?) and, consequently, to (P) follows from the fact that a minimizing sequence
{(u™, w™)} has to be bounded in BV(2)> and converges, by compactness, subsequentially to some element (u*, w*)
in L1(©2)> which is a minimizer by lower semi-continuity of the objective functional.

Proposition 3.2. For u € L(Q) the supremum definition (TGV**?) and the minimum characterization (TGV™™)

coincide, that is

in al|Du— Dwlly =T6VAuw)=sup { | uv"d
ernt(lmall u—wll.x+pllDwll .« #(u)=sup Lul’ x

v € G2, [Vl < B, 1Vl < ).

Proof. The verification of this claim will be based on Fenchel-Rockafellar duality. As (TGV™™) possesses a struc-
ture which is similar to an infimal convolution, it comes as no surprise that an equivalent characterization involves
multiple constraints associated with the closed predual balls with respect to ||-||.#(. In order to employ duality,
first observe that the supremum in (TGV*"P) can also be written as the negative infimum

v €62, Il < B, 1Vl < a}. @3.1)

TGVé(u)z—inf{—f uv” dx
Q

Moreover, by density of ‘53((2) in ‘602(Q) with respect to the ¢?-norm, %S(Q) in (3.1) can be replaced by <€02(Q).
We therefore introduce X = 6Z(), Y = %, () and the operator A : v — v’, for which A € £ (X,Y). Defining
furthermore

F:X—(-00,00], F(v)=Iy..<(V)
E:Y—(—00,), B(w)=I|.<a(w) —J uw' dx,
Q
the infimum in (3.1) can be expressed as
32;; R(v)+ B(Av).
According to [17], the Fenchel-Rockafellar duality formula is valid if

Y= J A(dom(F) - Adom(R)),

A>0
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where dom(F ) and dom(F,) denote the effective domains of F; and F, respectively, i.e., the set where F, (resp. F)
admits finite values.

Since each w € Y can be written as w = A(A~1w) with A > 0 such that ||[A 7 w|| < @ and 0 € dom(F), this is
immediately clear. Consequently, we know that

min F(—-A*w)+ Ef(w)=—inf F(v)+ B(Av)=TGV3(u).
wey* veX
In particular, the infimum on the left is attained. Computing F(—A*w) gives
Fi(=Aw)=sup {(w, —v") | v € 64(Q), vl < B}=BlIDwIl.4
according to (2.2) and noting that —A*w can be interpreted as an element of ‘602(9)*. Likewise, (2.3) gives

Fj(w)=sup {(w, w) +(u, o)

w €6y (Q), lwllow < a}=allDu—wll.4.
These considerations yield the desired identity. O
Lemma 3.3. There exist constants 0 < ¢ < C < oo such that for u € L'(Q2), we have
¢ (1l ey + TV(w)) < el ey + TGVE(w) < C(llull ) +TV(w)).
Proof. The inequality
N2l 1y + TGV (1) < max(1, @) (||l 11y + V(1))

is trivial: By Proposition 3.2, we can employ the minimum characterization (TGV™") and take w = 0.
In order to complete the proof we have to show

¢ (Ilull ey +TV(w)) < llulloo +TGV(u) 3.2)

for some ¢ > 0. We may assume that ||Du||_4 ) < 0o, since otherwise the claim is trivial, both sides of the inequality
being infinite. We begin by showing that, for some constant C; = C;(2) > 0,

IDull_g@ < Ci(IIDu — wl|lgy+lullpy), forall weR. 3.3

Indeed, let us take v(x) := wx + h for some h € R such that f QV = fn u. By the continuity of the differential
operator D : v — v’ on affine functions, there exists a constant C, = C,(2) such that [|[Dv||q) < Collvlpg). It
follows that

[1Dull @ <ID(v = V)|l.a + 1DV 1
<|ID(u = v)ll.wey+ Callviipe
<IID(u = v)ll.u@ + Collu — vl 1)+ Collul 1q)-

Applying the Poincaré inequality [16, p. 152] to the middle term in the last expression, where we observe that
f(u — v) =0 by construction of v, we obtain for a constant C, independent of u

IDull g < Ci(IID(w — V)|l + lull 1) -

Since Dv = w, we may deduce (3.3).
Next we take w € BV(Q) and let w :=(b —a)~! fQ w(x) dx. Then another application of the Poincaré inequality
shows that there is a constant C3 = C3(£2, @) such that

1Dy — w4 < 1Du —wll_g@+ 1w —wl|l @

(3.4)
< Cs(allDu — w4+ BlIIDW . 4©@)-

Combining (3.3) and (3.4) and taking the infimum over w € BV(Q2) now yields (3.2) by Proposition 3.2, concluding
the proof. O
5
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For stating optimality conditions based on subdifferential calculus, let us study the subdifferential of the L!-
norm and the norm in ./ (£2). For this purpose we need the following generalization of the sign function.

Definition 3.4. Let u € (). Then, sgn(u) denotes the unique element in L>(f2,|u|) for which u = sgn(u)|ul.
Moreover, the set-valued sign is defined as

Sgn(u) ={v € L°(Q)N L*(Q, |ul) ) 1]l < 1, [I¥lloou < 1, v =sgn(u), |ul-almost everywhere},

with [|v]|«, denoting the |ul-essential supremum of |v|.
For u € L'(£2), we moreover define Sgn(u) = Sgn(u.£").

It is obvious that if u € L1(Q), then v € L*(Q) belongs to Sgn(u) if and only if v(¢) = u(t)/|u(t)| almost every-
where in {u # 0} and v(¢) € [-1,1] almost everywhere in {u = 0}. Hence, the set-valued sign of u € .#(2) can be
regarded as the generalization of the sign to Radon measures.

Having this notion, the subgradient of the norm in L(£2) and ./ (Q2) can be characterized, for the latter at least
for predual elements.

Lemma 3.5. The following identities hold:
(@) Ifu e L'(Q), then d||-||1(u)=Sgn(u).
(ii) Ifue A(Q), then d||-|. (1) N 6,($2) = Sgn(u) N 6, ().
Proof. For the first part, note that from subdifferential calculus, w € L*(Q2) is in 2||-||;(«) if and only if

lwllo <1 and f

wu dxzj |u| dx.
Q Q

u
u#0} ( lu|
and hence the equivalence holds as stated.

For the second part, recall that for a given u € . (£2), v € 6,(2) implies v € L>() N L>(Q, |u]) with ||V, <
[[Vleo. Now, v € 6,(Q2) satisfies

The latter expression is equivalent to f ‘ w) |u| dx = 0. Consequently w = ﬁ almost everywhere in {u # 0},

VeIl llLaw)N6,(€) ifandonlyif [[v]le<1 and (u, v)=|lulls.

By the decomposition y = sgn(u)|u| and ||u|l.» = fﬂ 1 d|u|, the latter is equivalent to

IVle<1 and f (sgn(u)—v) dlul=0
Q

and this, in turn, to v = sgn(u), |u|-almost everywhere. Therefore, the characterization holds as stated. O

Proposition 3.6. An element u € BV(Q2) is a minimizer for (P) and a w € BV(QY) minimizes (TGV™in) forthis u ifand
only if there exists a v € H3(Q) such that

v” eSgn(f—u), (Oy)
—v' € aSgn(Du — w), (O4)
v e B Sgn(Dw). (Op)

Proof. We will show that the maximization problem

max {Lfv” dx

can be regarded as the predual problem for (P?) and derive the optimality conditions from Fenchel-Rockafellar
duality. First, note that (P’) has a solution v* € Hg(Q) since the functional to maximize is weakly continuous and
6
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the constraints correspond to a non-empty, convex, closed and bounded subset of H2(2). Hence, writing the
maximum in (P’) is justified.

For the purpose of establishing Fenchel-Rockafellar duality, we introduce
X=H(Q) x Hy(%), Y =Hy(Q) x L*(%),
and the linear and continuous mapping A : X — Y according to A(v, w) =(w + v/, ’). Furthermore, let

F:X—(-00,00], F(v,0)= I .<s(0)+ [ |u<a(0),
E:Y—(-00,00], E(¢,y)= 1{0}(¢)+J fy dx + Iy < (¥).
Q

It is easy to see that (P’) is equivalent to

max (P') = ~ M B (@) + B (A, w).

To employ Fenchel-Rockafellar duality in this situation, we again establish the sufficient condition

¥ = J A(dom(F) - Adom(F)). (3.5)
A>0

Let (¢,) € Y be given. In order to obtain the desired representation of this part, we have to “split off” a suitable
affine part from v. Therefore, we choose o = ho + h;x with hg, h; € R such that

f Yo(x)dx :J Y(x) dx, J xYPo(x)dx :J xYP(x)+¢(x)dx
Q Q Q

Q

is satisfied (this linear system of equations for (i, /1) can easily seen to be uniquely solvable). Furthermore, we
construct

(x) :J Wo—y)¥)dy,  vx)=- f (¢ +w)y) dy.
Note that w € Hé (Q): Indeed, —w’ =Y — 1) € L?(2), w(a) =0 by construction and
b
w(b)= f (Yo—1y)(x)dx=0.

Likewise we find v € H3(9). In fact, —v’ = w + ¢ € Hy(), v(a) =0, and by Fubini’s theorem it follows that
b b px
v(b)= —J w(x)+¢(x) dx =J J (Y —yo)(y) dy — ¢(x) dx
ba b ‘e b
:f J Ldx (Y —ypo)(y) dy —f ¢(x)dx
a Jy a

b
= f (b —x)(yp —1Po)(x)— p(x) dx

b

b
= f XYo(x) dx — f xYP(x)+¢(x)dx=0.

a

Therefore, (v, w) € X with

(9,9)=(0,¢0) — (w+ V', &) =(0,10) — A(v, w).
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By choosing A > 0 appropriately, we can now achieve that
I ol <1, 70l <a, A0l < B,
and since A~'A(v, w) = A(A71v, A~1w), the representation
(@, )=A((0, A" o) —A (A1, 17 w)).
N—— N————
edom(Fk) edom(F)

Since (¢, ) € Y was arbitrary, (3.5) is established.
Therefore, we have

((J,Elui)gX E(v,0)+E(Av, a)))) + ((wnbggy E (=N (w,w)) + E(w, u)) =0,

in particular the minimum is attained at some (w*, u*) € Y*. Interpreting (¢,1) € H3(Q2)* x H,(Q2)* = X* as distri-
butions of order 1 and 0, respectively, the functional dual to F; can be expressed as

E(¢,y)=  sup (¢, )+, w)=allll.a+BlPlla

(v,w)EX,
2]l =B, llwllw=<a

by virtue of (2.1). Noting that —A*(w, u) = (Dw, Du — w) in the distributional sense, it follows
E (—N(w,u)) =allDu —w||.. + BlIDw||.«.
Likewise, we deduce
E((w,u))= sup (¢, w) +J (u—fydx=|If—ulh
Q

(p)ey,
=0, [Ylloo=1

leading to max (P’) = min (P) as claimed. Moreover, the optimality conditions can be expressed in terms of sub-
gradients: A primal-dual pair ((w, u),(v, w)) € Y* x X is optimal if and only if

(v, w) € O F (—A*(w, u)) and  A(v,w)€dE((w,u)).

Using that 0 = {0}, the results of Lemma 3.5 as well as the subdifferentiation rule 2| f — -||;(u) = =2||-|l.(f — u),
this means

v € BSgn(Dw), w+v'=0
w€aSgn(Du — w), w’ € —Sgn(f —u).

Using w = —v’ and, consequently o’ = —v”, the characterization (O)—(Og) follows. O

4. The structure of the solutions

4.1. First-degree ‘“staircasing” and monotonicity
In the L!-TV case, i.e., for the problem

min |lu — +a||Dul|_g ),
ueBV(Q)” fllip@ +allDull xq

the conditions (O7)—(Og) are replaced by the simpler conditions

v’ e Sgn(f — u), (4.1)
—veaSgn(Du). 4.2)
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These conditions imply the well-known “staircasing of degree zero” phenomenon: u is piecewise constant when
it does not equal f. In fact, arguing formally, if u(x) < f(x) then u# < f in a neighborhood I of x and by (4.1) we
have that v” =1 and hence v is affine on I. Therefore by (4.2), #’ = 0 and hence u is constant on I. For the case
of an [? data fitting term the staircasing effect associated to the TV-regularization term was already analyzed in
detail for dimension one in [18].

For L!-TGV? we get a similar staircasing phenomenon “of the first degree”, meaning that u” = 0 in a suitable
sense when u does not equal f.

Definition 4.1. Let u € BV(Q2) for Q C R. For x €, we define
u(x)=max{u"(x),u"(x)}, and u(x)=minfu"(x),u"(x)}
(equating ut*=u- =1 onQ\ J,).

Observe that u and u are “good representatives” of u which have the property to be upper and lower semi-
continuous, respectively. Indeed, if we have u(x) > ¢ for some x € Q and ¢ € R, then by right continuity, also
ut > %(ﬁ(x) + t) in some right neighborhood I = (x,x+6). If u~(y) < t for a y € I'*, then by left continuity
u- < %(ﬁ(x) + t) on some open subset of I*T which contradicts that u~ = u* a.e. in Q. Hence u > t on I™.
Analogously one gets u > ¢ in a left neighborhood I~ of x. This shows the upper semi-continuity. With the same
arguments, one obtains that u is lower semi-continuous.

In particular, these functions are continuous on 2\ J,,.

Proposition 4.2. Let f € BV(Q), and suppose that u € BV(S2) solves (P) with the minimum in (TGV™™) achieved by
w €BV(Q). Supposeu < f on an open interval I C ). Then we have

(i) (Du—w).I=0,ie,u’'=wonland|Du|(l)=0.
(ii)) w'=0onland0<—-Dw.I <K 0, for somex 1.
(iii) The function w = u’ is non-increasing on I.
If, on the other hand, u > ? on I, then in addition to (i), we have
(i) w'=0o0onlIand0<Dw.l <K 0, forsomex < I.
(iii’) The function w = u’ is non-decreasing on I.

Proof. We consider the case 7 < f, as the case u > f can be shown with identical arguments or, for instance, by

observing that —u is a solution of (P) with data — f and a minimum in (TGV™iny achieved by —w.
From (Oy) it first of all follows that v” =1 a.e. on I. In particular, v’ is strictly monotone. Next, it follows from
(Op) that

—v' € aSgn(Du — w).

Since v’ is strictly monotone and I is open, we must have v’ € (—a, @) on I. This forces Du — w.I = 0. Hence
u’=w on I and |D*u|.I =0. This concludes the proof of (i).
On the other hand, (Op) gives

v e BSgn(Dw)

The fact that v” = 1 implies that v is a quadratic function that reaches its minimum on I in at most one point
x € I. Elsewhere on the open set I we must have v € (—f, ). This forces —Dw.I < 6, on I (with x € I arbitrary if
v does not admit a minimum on I) as well as 0 > DS w. Therefore also w’ =0 on I. This concludes the proof of (ii).
Property (iii) is an immediate consequence of (ii). O

Remark 4.3. Using the arguments of the proof of Proposition 4.2 it is now simple to argue rigorously staircasing of
degree zero for the L!- TV case. Iteration of this reasoning implies “staircasing of degree k —1” for TGV*.
9
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Figure 1. The construction in the proof of Proposition 4.6.

Corollary 4.4. Let f € BV(Q), and suppose u € BV(Q) solves (P) with the minimum in (TGV™") achieved by w €
BV(Q). Let
Ay p={x Q| u(x) < flx)},

A, ri=A, rUAs,, where - _
AN {Af,u:{xemf(x)@(x)}.

Then w =u’ and w’ =0 on Ay, . Moreover, | DS u|(A,,f) =0, and the set A, s as well as A, ; and Ay, are open.

Proof. This is an immediate consequence of the semi-continuity of i, u, f and f as well as Proposition 4.2. O

4.2. Structure of the jump set

Proposition 4.2 already tells us that J, N A, ; =0, that is, u has no jumps on any open set where it does not
equal f in a suitable sense. Our next proposition strengthens this result, in particular showing the behavior on
J0Ay y. It shows that the jumps of u are contained in the jumps of f in the sense of graphs.

Definition 4.5. For f € BV(2), let us define the jump graph as
Gri=1{(x, )R R|x € Jy, t [f(x), T,
Proposition 4.6. Ler f € BV(Q), and suppose u € BV(Q) solves (P). Then G, C Gy, and, in particular, J, C Jy.

Proof. Again we use the particular properties of BV-functions in the one-dimensional case as outlined in Section
2.2, in particular the left and right limits f*(x) always exist and give left and right continuous functions, respec-
tively. Moreover, Sy = J;. We choose x € J,;, and consider only the case u~(x) < u™(x), the opposite case being
similar. To show that G,, C G, we have to show that f(x) < u~(x) and u*(x) < ?(x). Since the proofs of these two
properties are analogous, we study only the first one.

To reach a contradiction, we assume that f(x) > u~(x), which implies that f=(x) > u~(x). We denote the
difference by ¢ := f~(x)— u~(x)> 0 and choose y € (0,1/2] such that

cy <ut(x)—u (x). 4.3)

We consider the functions u, := u +cy ys, for B, :=[x — p, x]; see Figure 1 for a sketch of the construction. Then

f If(y)—up(y)l dy =J [f(y)—u@)ldy +J l[f(y)—uly)—crldy. (4.4)
Q N\B,

By

Due to the left continuity of f~ and u~ we can find a p > 0 such that f~(y)—u~(y) > ¢y for y € B,. Consequently,
as u~ and f~ are in the equivalence classes v and f,

|

0

If(y)—uly)—crldy =J fFy)—u (y)—crdy
BP

<f f‘(y)—u‘(y)dy=f [fy)—u(y)ldy. (4.5)
B, B

o

10
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Observe, finally, that by the definition of u,, we have
Duy,=Du+cy(6x—p —0x).

Therefore, by the choice (4.3), a part of the jump of u at x of mass ¢y < u*(x)— u~(x) is shifted to x — p. It follows
that

IDuy — wll s =1Du —wllp@+IID u+cy(6x—p — 0 )ll.aw
<|ID“u — wllpe) +||Dfu — (ut(x) - u’(x))ﬁvaﬂ(m +er+(ut(x)—u"(x)—cy)

=ID"u = wllp +||Du = (u(x) = u™(x))8x| 0+ (uFx) - u™(x))8,

H M) ‘ |J/{ (@)

=||D%u — wllpq)+ 1D’ ull s = 1Du — w4

Consequently ||[Du — w||_4 in (P), where w € BV(Q), does not grow when replacing u by u,. Minding (4.4)
and (4.5), this shows that F(u,) < F(u), so u cannot be optimal. Hence we have found the desired contradiction
and can conclude the proof. O

Remark 4.7. The same argument works in R! for general L!-TGV¥, (k > 1), so, in particular L!-TV. For the L2-TV
problem

i 2
min —-u +a||Dull_z ),
ueBV(Q)”f ”LZ(Q) I ||Aﬂ(n)

with f € BV(Q)NL*(Q) and Q CR", n > 1, the property J, C J, up to a set of 7 "1 measure zero, has already been
shown by a different technique in [19].

4.3. Summary
We summarize the findings of this section in the following theorem.

Theorem 4.8. Suppose u € BV(Q) solves (P) for f € BV(Q2). Then there exists an open set A, r, which is the union of
at most countably many disjoint open intervals I; = (a;, b;), (i =0,1,2,...), such that

@) u=fonQ\Ayy.
Moreover, for eachi=0,1,2,..., there exist points x; € I; such that the following hold.
(i) flai)<u*(a;) < fla), and f(b;) < u~(b;) < f(by), ifa; #a andb; #Db.
(iii) Both ul|(a;,x;) and u|(x;, b;) are affine. Moreover, u~(x;)= u*(x;), that is, u is continuous on I;.
(iv) Eitheru < ]_“ oru >? on I;. In the former case, (u’)~(x;) > (u’)*(x;). In the latter case, (u')~(x;) < (u')"(x;).

Proof. This is an immediate consequence of Propositions 4.2 & 4.6. O

5. Preserved properties

5.1. Continuity
Proposition 5.1. Suppose that f € BV(R2) is (absolutely) continuous and that u € BV(Q) solves (P). Then u is (abso-
lutely) continuous.

Proof. Inthe one-dimensional case under consideration, u has a continuous representative on 2\ J,,. The preser-
vation of continuity therefore follows from the fact that J,, € J; =@ which was established in Proposition 4.6.

Next we show the preservation of absolute continuity. We write A, r = Ufozl I;, where the intervals I; are open
and disjoint. We then write

flt)=c +J fl(s)ds, (teq.
¢ 11
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Such a representation holds thanks to the absolute continuity of f. Minding that, by Proposition 4.2, u is also
absolutely continuous on ULI I; C Ay r, we define

o |rw, rea\UL 1
g](t)'_{u’(t), reUl_, I

and
t
uj(t):=c; +f gj(s)ds
a

where ¢; =cifa & Uf::lfi and ¢; = u*(a) otherwise. Clearly u} = g;. The idea is that u; is formed from f by
replacing it by u on each of the intervals I; = (ci,d;), (i=1,...,)), where u(c;) = f(c;) and u(d;) = f(d;). Thus
uj=fonQ\J_, I

We finally let

— f/(t)! teQ\Au,fr
g(t)'_{u'(t), LEAuy,

If we then show that u; — u in L1(©2) and u; =g; — g in L1(9), it follows that u; — u in W'1(Q) and u is absolutely
continuous with u’ = g.
First, we indeed observe that

00
lim||g; — =1 —f 1=0,
lim [1g; = gl =1im > llu'= gy =0
i=j+1
thanks to ||u’ — f'|| 1, ;) <00 and XI(U?O:jH
Second, we observe analogously that

I;)—0asj—oo0.

o0
lim [l — wllpe =lim Y llu = fllog) =0.
I 7o

This concludes the proof. O

Theorem 5.2. Let f : Q2 — R be Lipschitz continuous with Lipschitz constant L, and suppose that u € BV(Q2) solves
(P). Then u is Lipschitz continuous with Lipschitz constant at most L.

Proof. By Proposition 5.1 the function u is absolutely continuous. Hence A, is open and |u’| < L pointwise
a.e.onQ\A, f, since u = f on this set. The theorem will be verified if we show that |u’| < La.e. in Ay r = Ay fUAf,,.

Let(c1,c2) C Au,f be a maximal interval. By Proposition 4.2 we have 0 < —Dw.(c}, ¢2) < 0, for some x €(cy, ¢2)
and hence

u'=win(c1,x) and u’ =w-in(x,cy)
with w; > w,. Suppose that w; > L. Then c¢; = a, since otherwise u(c;)= f(c;) which is a contradiction to

u(er)=u(x)+wi(cr —x) < f(x) = L(x — c1) < f(x) + f(e1) = f(x) = fc).

By (Oy) therefore v” =11in (a,c,) and, using v € HS(Q), we have v > 01in (a, ¢3).
Let c3 € [x, b] be chosen as the maximal real number such that w = w; in (a, ¢3). If c3 < b then v(c3) € {—B, B}
If this is not the case, then |v| < 8 in a neighborhood of c3 implying by (Og) that Dw = 0 and hence, w = w, in
a neighborhood of ¢; which contradicts the maximality of c¢;. In either of the cases v(c3) € {—f, 8}, v admits a
local maximum at some x* € (a, cs]. If ¢c; = b this is also true for some x* € (a, b), since v € H3($2). The following
argument will imply that ¢c3 =b.
12
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Since v’(x*) = 0 and v’ € ¢([a, b]) there exists € > 0 such that |[v/| < a¢in (x* — €, x*) = cQ. If {f =u}lona
non-null subset & of 7, then f' = u’ on . Using that u’ = w; in ' by (O,) we have w; = f’ < L on ., which
is a contradiction. Therefore f # u a.e. in . By (Oy) thisleads to [v”|=1a.e. in . If v” =1 a.e. in &, then
v(y) > v(x*) for y € &, where we use that v’(x*) = 0. Hence v(x*) is not a local maximum of v, which gives a
contradiction. Consequently v” = —1 on some non-null subset 2" C (. In particular f < u on Q” by (Oy).

By the last argument there exists a nontrivial open interval (¢4, ¢5), with ¢4 < x* and ¢5 < ¢3 < b in which f < u
and u’ = w,, and ¢s is chosen to be maximal. The case c5 < b cannot occur, since for any x € I we have

u(es)=u(x)+wi(cs —x) > f(x)+ Lcs — x) = f(x)+ f(cs) = f(x) = f(cs),

which contradicts u(cs) = f(cs). Hence c3 =b, u > f on(c4, b), and v” = —1 on (¢4, b). Consequently v is quadratic
on (cs, b). Since x* € (¢4, b) and v’(x*) =0 this contradicts v € H(Q2). Therefore w, < w; < Land u’ < Lon (¢i, ¢2).
Since (¢, ¢2) was an arbitrary maximal interval in A~u, swehave u’ < Lin Au, -

Likewise one can prove that —L > w, leads to a contradiction by changing in the above arguments the left and
right sides of Q2. The case (¢, ¢2) C A fu With u > fin(cy, ¢2) and w; < w, can be treated analogously by swapping
signs and considering minima instead of maxima. This concludes the proof. O

5.2. Piecewise affinity
Theorem 5.3. Let f : Q2 — R be piecewise affine, and suppose that u € BV(Q2) solves (P). Then u is piecewise affine.

Proof. By Proposition 4.2, u is piecewise affine on any open interval in A, ;. Clearly u is also piecewise affine on
any open interval in Q\ A, ¢, since it is equal to f there. Therefore it suffices to show that A, r is the union of at
most finitely many open intervals.

Let f be affine on the segments (a;, a;+1) with discontinuities at a; and choose I =(c, d) as a maximal interval
of A, r that lies strictly inside Q. Then by Proposition 4.2, u is piecewise affine on I with at most one point of
discontinuity of w = u’. Moreover u(c) = f(c) and u(d) = f(d), and without loss of generality we may assume
that u < fin I. Let j be chosen such that ¢ € [a},a;41). Since u(c) = f(c) and u < f on I yield (u")*(c) < (f)*(c),
and since by Proposition 4.2, w is non-increasing, so that u’ < f” = (f)*(c) on (a;, a;;), it is impossible that
d € laj,a;;,]). Hence the extremities of I must lie in different segments of (a;,a;11), and it follows that there is
only a finite number of such intervals. O

Remark 5.4. The proof also shows that u does not oscillate away from f in the middle of an interval I on which f
is affine.

6. The effect of the regularization parameters

6.1. Convergence

In this subsection, we consider problem (P) with the regularization term weighted for simplicity with a single
parameter A > 0, that is we consider

min) E(w), FE(u):=|f—ullpgo+ATGV3(w). ()

ueBV(Q
Proposition 6.1. Assume that f € BV(Q). For a, B > 0 fixed, let u, be a solution of (P,) with A > 0. Then
(i) uy; — f strongly in L'(Q2) as A\, 0.

(it) Every sequence A; /* oo has a subsequence {1, };?‘;O, such that u A = f* weakly inBV(Q) as j — oo, where f* is
a solution to the L' -regression problem

min || f — ullpo)- (6.1)
u affine

(iii) The function A — || f — u; |11« is non-decreasing, while the function A — TGVé(u 1) 1S non-increasing.
13
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Proof. The proof of (i) is elementary: Suppose that u /4 f in L}(2). Then there exist & > 0 and a sequence A; \ 0,
(i=0,1,2,...), such that

0 <|lux, — fllnw < B, (ux) < B, (f).

But F,(f) — 0 as i — oo, which gives a contradiction to the above inequality.
The proof of (ii) is somewhat more involved. First of all, we observe that TGV?(u) = 0 for affine functions u.
Since u; solves (P;), we find that

min ||(f —ux)—vline=IIf — uillo@,
v affine
and consequently
w,eX={ucl(Q)00e2(f—u), 6.2)

where Z(f) is the solution set of (6.1). Note that X is closed with respect to strong convergence in L!(2). In fact,
let {u;} denote a sequence in X with limit u. For arbitrary € > 0 we have ||u — u?||;1q) < €/2 for i large enough.
Then for such i

If = ull < If—u'lloe+llu’ = ullo

= min ||(f — u") = viip@+llu’ — ullpg
v affine

< min ||(f — u)—vllp@ +2llu’ — ullpe
v affine

< min [[(f—u)-vllp@+e.
v affine
Let w = w; be such that the minimum in (TGV™") is achieved for = u,. Further, denote the mean
iy =L} J u, det,
Q

and similarly let w; be the mean of w; on 2. We define u§(¢) := £, + cx, where ¢, € R is chosen such that
ity = it. The Poincaré inequality [16, Theorem 3.44], applied twice, then gives for a constant C dependent on {2
alone, and a constant C’ dependent on @ and C, that

llzea — ufll ey < CllDus — Duf |l 4@

=ClIDu; — wll.«w

< ClIDuy — wall.a+ Cllws — wall o (6.3)
< C||IDu; — wyll. 40 + C*IDwyl s
< C'TGVE(u3).

Observe then that {F,(u))} >0 is bounded, because
E(u) < B(f)=If = g < oo.
Thus TGV%(u)— 0, for 2/ 00, and hence by (6.3)
llaer — ufll ey —0, forA oo. (6.4)

Observe now that {u;,}, is bounded in L!(Q) since {F,(u,)},>0 being bounded. Hence {uj{i}?‘;o is bounded
by (6.4). Since the functions uji, (i =0,1,2,...), are affine, we may therefore find an unrelabeled subsequence
Ai /" 00, such that uj, — u® strongly in L'(®2) for some affine function u“. Consequently also u, — u* strongly in
L(£2). Since u,, € X and since X is closed it follows that 0 € Z(f — u%), which by u¢ being affine implies that u“
solves (6.1). This establishes that u,, converges strongly in L'({) to a solution of (6.1).

14
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We still need to bound {||Duy,||_xo}%2, to get weak convergence in BV(Q2). Towards this end, we observe from

(6.3) and the discussion following it that ||[Duj, — Duj’_ .z — 0. But {IIDufl_ l.z}i, is bounded since {uj’_ 20

is bounded in L}(€2) and the functions u Zi are affine. Therefore {||Du,ll.#«)}5, is also bounded. This completes
the proof of claim (ii).
Claim (iii) follows by a generic argument. Let u > A. We then have

If = uallo@+ATGVE(u) S NI f — upll@ + ATGVA(uy,),  and
If = upllo@ +uTGVE(uy) < If — walle) + L TGV ().
Therefore, summing, we find that
(u—2)TGVE(uy) < (u—A)TGVE(uy),
so that TGV4(u,) < TGVZ(uy), if > A. This shows that A — TGVZ(u;) is non-increasing. Next, we deduce that
IIf — wallo@ + ATGVE(1) S NIf — upll ey + A TGV (uy)
<IIf = ullp@+ATGVE(u),
which shows that
If = uall < f — upll ey,
concluding the proof of the claim and the lemma. O

Remark 6.2. With reference to (ii) above, note that as TGVé(u) =0 forces Dw = 0 and thus u’ to be a constant, we
find that f* is a solution of the constrained problem

min ||f—u subject to TGVZ(u)=0.
uer(me Iz subj =(u)

Remark 6.3. In the following we will see that, actually, u;- = f* for sufficiently large A*. The convergence proof
above remains valid with minor modifications also for A — oo replaced by A ,/ A*. In fact, from this case utiliz-
ing Proposition 6.1 (iii) we have lim; »- TGVé(u 2) = 0. Hence we obtain (6.4) with A — oo replaced by A ~ A*
using (6.3).

6.2. Thresholding
We next derive bounds on @ ensuring that either u = f* or u = f solve (P). We begin with the L!-regression
case.

Proposition 6.4. There exists a*, B* € (0,00), such that whenever f € BV(Q), a > a*, and 3 > B*, then (P) is solved by
an L'-regression f* of f.

Proof. The proofis based on the Poincaré inequality argument found in the proof of Proposition 6.1. Let u € BV(f2)
be arbitrary. Then for any w € BV(Q2) let u%(t):=t w + ¢ where c is chosen such that it = ii. Then

If = o= min [If = vip@
v affine
< min (If — ullpoy+llu —vlinw)
v affine
<If—ullp@+llue—u®llp@.
According to (6.3) we have
llu — u®ll ) < ClIDU — wll_siy+ C*IIDWI| 4

where C is the constant for the Poincaré inequality in . Now, choosing w such that it achieves the minimum in
(TGV™™) for the chosen u it follows that

If =@ <IIf— u||L1(Q)+TGVé(u) for all u € BV(Q),

provided that @ > C and § > C?. Thus a* = C and f* = C? satisfy the claims of the proposition independently of

f. O
15
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We next derive bounds on @ ensuring that u = f for the solution of (P), at least for reasonably simple f. Similar
results for L!-TV can be found in [6, 7].

Notation. Let f : Q2 — R be piecewise affine with I,..., Iy, the maximal disjoint ordered (open) intervals on each
of which f is affine. We denote

Proposition 6.5. Let f: Q2 — R be piecewise affine with Jy =0 and

2B/a+a, ifasm,
0f>
"“\2y2B ez V2B

Then u = f whenever u is a solution of (P).

(6.5)

Proof. We study when the optimality conditions (O7)-(Og) hold with u = f and w = f”. For this purpose we need
to find v € H3(9), satisfying

v” € Sgn(0),
—v’ €aSgn(0), and
v e BSgn(D/ f).

LetIy,..., In, be the intervals of affinity of f, with I; =(a;, b;), with a, = a, be =b,a;11=b;,i=2,...,Ny—1. Also
let d; € {—1,+1} denote the direction of the jump of f” ata;, (i =2,..., Ny). Then the optimality conditions reduce
into

v'(t)el-1,1], (te), (6.6)
vit)el-a,a], (t€Q), (6.7)
v(t)e[-B,B], (t€9), and (6.8)
v(a1)=0, v(byn,)=0, v(a;)=pd;. (6.9)

Let us set 0. :=2f/a+ a and suppose 0. > 2a. Then (a, 6. — @) is a nonempty open interval and we can set

t2/2, t€(0,a],
)= —a?/2+at, te(a,b,—al,

@24 ab— (62— t2)2, te(Ba—a,dl,

2p, t €(8+,00).

We can check that r € €1([0,00))N leoc((O,oo)). Continuity at 0. requires that r(0.) = 28: the condition for the

latter is just —a? + a6, = 28, which suggested the definition
0.=2B/a+a.

Moreover we note that r(0) = 0. If a < 4/2f, which corresponds to the first case of (6.5), this implies the require-
ment that ., > 2a. The derivatives of r satisfy 1’ € [—a, a], r” € [—1, 1] almost everywhere in (0, 00). We now define
the dual variable by assigning its values on each of the interval I;, i =1,..., Ny, according to

V(f)Z/J’di—i-C,-r(t—a,-), fortel;,
where d; =0 and
dy/2 fori=1,
ci={(dix1—d;)/2 fori=2,...,Ny—1,

—dn,-1/2 fori =Ny
16
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with the jump directions d; at the jump points defined in (6.9). Note that ¢; € {-1,0,1} fori =2,...,N; —1 and
c1,¢n, €1-1/2,1/2}. Since, by assumption, 6 > 6., we have r(b; —a;) = 23, and therefore v € %(£1). Moreover
r’(0) = r/(b; — a;) = 0 and this implies that v € €!(€). Finally we chose v(a,) = v(bn,) =0 and hence v € H(9).
Since c¢; € {—1,0, 1} it follows that v’ € [-a, a], v” € [-1,1]. By construction we can also see that v(t) € [, B].
Thus we find that v satisfies (6.6)—(6.9).

To cover the second case of (6.5), suppose that @ > /2. Setting § := 2,/2f, observe that § < 2a and § < 5.

(with equality at a = 4/23). We now define

t2/2, 1€(0,6/2),
F(t):=1462/4—(6—1)?/2, te(6/2,6),
2B, t €(8,00).

Then 7(0) =0 and r(5) = 28 by the choice of . Clearly again 7 € €([0, oo))ﬂleoc((O, 00))with #(0)=0and #(T)=0
forany T > 0, aswell as () € [-1,1] for a.e. £ €(0,00) and r/(¢) € [-a, ] for all ¢ € [0,00). Defining v as above
with 7 in place of r, similar reasoning shows that (6.6)—(6.9) hold. O

Remark 6.6. Observe that as the intervals on which f is affine get smaller, # also has to become smaller to guar-
antee “locking” u = f by Proposition 6.5. An example illustrating this point is provided by Example 6.12 below.

In the following proposition we consider the case of piecewise affine functions allowing for jumps in the func-
tion values as well as in the derivative.

Proposition 6.7. Let f: Q— R be piecewise affine with Jy N Jp =0 and

a<y/2B and 2a+4B/a<é;. (6.10)
Then u = f whenever u is a solution of (P).

Proof. We shall adapt the proof of Proposition 6.5. With (6.10) holding, the first case of (6.5) holds as well and we
can use the function r of the proof of Proposition 6.5.
The optimality conditions with u = f and w = D f are satisfied if we find v € H2(Q) satisfying

v” € Sgn(0),
—v' €aSgn(D’f), and
v e BSgn(D/D*f),

or equivalently if (6.6) — (6.8) hold and (6.9) is replaced by

v(a1)=0, v(bn,)=0,v(a;)=pd; ifa; €]y,
(6.11)
v'(ai)=ad;ifa; € Jy, fori=2,...,Ny,

where, as above, d; € {—1,1} if a; € Jp U Jf, with the sign depending on whether the jump of f’ and f in a;,
respectively, is negative or positive.

The function r needs to be modified to guarantee that the last requirement in (6.11) holds. Note at first that
1'(04/2) = a. This follows from the fact that a < % < 6, — a, which is implied by a? < 2. The idea is now to
refine the partition I3,..., [ Ny such that the construction of Proposition 6.5 can be applied. For I,..., 1 Np» with
I;=(a;,b;)and b; — a; > 6, denoting the intervals on which f is affine, we consider intervals

L=\ JI*, (i=1..,Np),
X€Jf

and

I :=(x—06./2,x4+0/2), (x€]Jf).
17
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Recall here that JU Jy = {az,...,aNf}. The condition 6 > % + 2 guarantees that 6, = % +a< % and hence
£'(1;)> 6. and £(I*)= 6., for each x € J. The intervals I; and I*, x € Jf, form a new partition I; =(d;, @;+1) of
(a,b), withi=1,...,M, for some M, and @, = a, dy,, = b. Each jump point of f is the midpoint of some interval
I*, each jump point of f” is a boundary point of some I;. If @; coincides with some a; € J, then v(d;) = v(a;)
is already defined there. Otherwise, is d; is an endpoint of some I*, say the left endpoint. For d; € J; we set d;
according to the direction of the jump of f’, while for I* = (d;, d;41), we set di=1, d~i+1 =—1, ifthe jump of f in x
is positive, and di=—1,di1 =1, ifitis negative. Now v on (a, b) can be defined as in the proof of Proposition 6.5,
with a; replaced by d;, d; replaced by d;, and Ny = M. For d; = a;, with a; € J;, we have v(d;) = v(a;) = Bd;,
and for @; = a;, with a; € Jr we have that a; is the midpoint of the interval I; and hence v'(d;) = v'(a;)=ad;.
Thus this v is our desired dual variable. O

Remark 6.8. The “locking” of u to the data f, as studied in Proposition 6.7, does not necessarily hold for any
values of @ and 8 when Jy N J- # 0. This point will be demonstrated in Example 6.11 below. Moreover, Example
6.12 below demonstrates that locking may not be achieved for functions that are not (finitely) piecewise affine,
even when the function is continuous.

Generally, we have the following “partial locking” result.

Proposition 6.9. Suppose u is a solution of (P) with the minimum in (TGV™™) achieved by w € BV(Q). Then we
have the following.

@ Ifu<f or u> f an open interval I, then £'(I) < 2a.
(i) Ifu’eBV(Q)andw < u’ orw > u’ a.e.onan open interval I, such that f’ € BV(I), then £'(I1) <28 /a.

Proof. We first show point (i), considering only the case < f, as the case u > f is analogous. We choose arbitrary
x,x’ € I with x < x’. By the necessary optimality condition (O,), we have v’(x), v’(x’) € [-a, a]. while, since v =1
on I by (Oy), we get

V(X)) -1 (x)= J AV’ AL =£(x' —x).

We therefore deduce that |x’ — x| < 2a and £ (1) < 2a.

To show point (ii), we simply employ in the above proof, the condition (Og) in place of (O), to get v(x), v(x') €
[—8, B]. Then we use the condition (O) in place of (Oy) to get v(x")—v(x)= f KoV ALY =Fa(x’ — x). Thus we
deduce a|x’ — x| <28. O

Propositions 6.5 and 6.9 imply the following corollary.

Corollary 6.10. Let f : Q2 — R be piecewise affine with J; =0 and suppose that 6y > 2f3/a and (6.5) hold. Then the
optimal solution satisfies u = f and w = f".

Proof. By Proposition 6.5 condition (6.5) implies that u = f. Since 6 ; > 2f/a, Proposition 6.9 shows that £(I) <
o0y for any open interval I such that w < f’ or w > f’. It follows that w(x;) = f’(x;) at some x; € I; for each
i=1,...,Ny, and, consequently || Dw||_, > |[Df’||«. It is hence optimal to pick w = f”. O

6.3. Examples

We next study some counter-examples regarding the thresholds on @ which guarantee that u = f solves (P).
The next example demonstrates that for general piecewise affine f, (P) may not be solved by u = f for arbitrary
choice of o, 8 > 0.

Example 6.11. Let us take the domain Q2 :=(—1,1) and consider on 2 the function

0, for t <0,
t):=
U {l—t, for t > 0.

18
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Figure 2. Function f of Example 6.12.

We study again the optimality conditions (O)—(Og). The conditions (O,),(Op) state that for some v € Hg(Q)

—v'€aSgn(Du —w), and
v e B Sgn(Dw). (6.12)

These conditions are compatible with v and v’ having zero traces on 91, i.e. v € Hg(Q), only if there exists 6 > 0
suchthat w=u’and w’ =0on(-1,-1+4+06)uU(1-20,1).
Suppose then that u = f solves (P). Consider w € BV(2) that minimizes

allw = Dfll_xo+ BIDw. 4@ = a+allw + youllug+ BlIDw.4q)-

From the reasoning above, we have that for some 6 >0, w =0on(—1,—-1+6), and w =—1 on (1 —§, 1). But then
necessarily || Dw||_z«) = 1, which gives w = — y(,1) as the optimal choice.

We next show that u = f and w = — y(o,;) cannot solve (P). The optimality conditions (O,),(Op) for this choice
would state that

—v' €aSgn(éy), and
ve ﬁ Sgn(_50)r

so that v’(0) = —a, and v(0) = —f3. But, minding that v € Hg(Q), the function v is differentiable with v’ (Lipschitz)
continuous. Since v > —f by (6.12), clearly we cannot then have v(0) = —f with v’(0) = —a < 0. Thus u = f cannot
solve (P).

Our final example concerns functions with countably many affine parts, but no jumps.

Example 6.12. Let us consider 2= (0, 1) and the sawtooth function

fe)= J Z(Z(ZZ*”,S-Z*”)(S) — X321 a2-(S)) ds
0

i=2

depicted in Figure 2. The function f is absolutely continuous with countably many affine parts, but Df’ =
237 (8221 — 835-1), so that f” has infinite variation on (0, 5) for any & > 0.

Suppose u and w solve (P) for f. As in Example 6.11 above, there must exist 6 > 0 such that w = u’ and
w’ =00n(0,0). If u = f, this would imply that w has infinite variation on (0, 0), and so clearly cannot minimize
a|l|Df —wll_«+ BlIDw||_x@. We conclude that u = f cannot solve (P).
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