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This work is concerned with a class of minimum effort problems for partial
differential equations, where the control cost is of L>-type. Since this problem is
non-differentiable, a regularized functional is introduced that can be minimized
by a superlinearly convergent semi-smooth Newton method. Uniqueness and
convergence for the solutions to the regularized problem are addressed, and a
continuation strategy based on a model function is proposed. Numerical ex-
amples for a convection-diffusion equation illustrate the behavior of minimum
effort controls.

1 INTRODUCTION

We investigate the optimal control problem

.1 x 2
1) min S|y —2lfiz + 5 [[ulli-
st Ay=u in Q.

where o« > 0, Q is a bounded domain in R™, A is a linear second order elliptic partial
differential operator of convection-diffusion type carrying appropriate boundary conditions,
and z € L?(Q). Problem (1.1) expresses the fact that we wish to determine the best possible
control u which steers the state y as close as possible to z, with minimum effort. We consider
(1.1) as a simple reference problem. The techniques to be presented here can certainly be
generalized in many aspects. In particular, the results are applicable if the controls act on
subdomains w strictly contained in Q0. We shall frequently consider an equivalent formulation



given by

min Ly — 2 + X2
ceR,uel> 2 Y~ 2 2
(1.2) st.Ay=u in Q,

Iufls < e

where the nondifferentiability that appears in the cost of (1.1) is moved to the constraint set
of (1.2). This problem resembles a bilaterally constrained optimal control problem, but it is
different in that the bound on the control is itself a variable that is subject to minimization.
Below, we shall consider yet another reformulation involving a scaling of the control according
to u — cu. This will have the advantage that the constraint is not parameter dependent but
fixed, at the expense of a bilinear structure occurring in the transformed state-equation
constraint.

Minimum effort problems, despite their obvious practical relevance, have received rather
little attention in the mathematical literature so far. This may be related to the obvious
difficulty arising from the nondifferentiability appearing in the problem formulation. We
shall demonstrate that semi-smooth Newton methods in a function space setting are an
efficient method to overcome this difficulty. Published investigations of minimum effort
problems focus on the case of — mostly linear — control systems in the context of ordinary
differential equations. We particularly mention [8], where sufficient conditions for the optimal
controls to be bang-bang are given. In [1], numerical approaches to solve minimum effort
problems are discussed and applications to spacecraft maneuvers are given. The application
of semi-smooth Newton methods to minimum effort problems is presented in [6]. It is likely
that the present paper is the first to consider minimum effort problems in the context of
distributed parameter systems. In passing we also point to a related but different class of
problems, where instead of a bound on the controls, bounds on the state are minimized. This
type of constraints can be interpreted as minimal invasion problems and was considered in
[9, 5] and [2].

In Section 2 we discuss existence and uniqueness of a solution to (1.1), and present the first
order optimality condition. Section 3 contains a regularization procedure that is the basis for
the numerical treatment by a semi-smooth Newton method together with a continuation
strategy based on a model function approach, all of which are investigated on Section 4.
Numerical examples are presented in Section 5.

2 EXISTENCE, UNIQUENESS, AND OPTIMALITY SYSTEM

We first address well-posedness of the state equation. We consider the operator

n n

Ay=— Y dlapx)dy+ d;j(x)y) + Y bi(x)d;y + d(x)y,

k=1 j=1



where the coefficients satisfy aj, € C*®(Q) for some 8 € (0,1) and bj, d € L*(Q), and the
corresponding Dirichlet problem

Ay =g, inQ,
y=0, onadQ,

where the domain Q is open, bounded with Lipschitz boundary 0Q, and g € L?(Q) is given.
If 0 is not an eigenvalue of A, this problem has a unique solution in H}(Q). A sufficient
assumption for this is the existence of constants A, A, v > 0 such that

NES < ajc&iéx forall & € R™, Z laj kl? < A?

jy k=1

n
A2Y (1P +152) +A"d < v, d—9;d; =0, foralll <j<n,
j=1

(cf., e.g., [4, Th. 8.3]) In particular, this implies the existence of a unique solutiony € H}(Q)
of the state equation Ay = u for any control u € L>(Q).

Consider now the minimum effort problem (1.2). Observe that (1.2) contains the implicit
constraint ¢ > 0. Except in the case ¢* = 0, problem (1.2) can equivalently be expressed by
rescaling the control u:

. 1 x
min{w,0) = 5lly— 2l + e}

ceRy,uel>

@) st. Ay=cu inQ,

<1  inQ.

By standard arguments, we obtain existence of a minimizer (y*,u*,c*) € H}(Q) x L*(Q) x
R, of (P). For c* = 0, any control u with ||u|;~ < 1is a minimizer. The degenerate case
c¢* = 0 can be excluded if and only if J(y*, c*) < 1||z||Z with Ay* = c*u* and [[u*||;. < 1,
which will henceforth be assumed.

Forc* # 0, this solution is unique. In fact,if (c1, uy ) and (c2, u, ) are two (possibly different)
solutions to (P) with ¢c; # 0and c, # 0, then they are also solutions to (1.1), where the cost can
be expressed as F(u) = L|A "u—z||2,+ & ||u[7.. Since A~ isinjective, u — L|A~Tu—z||2,
is strictly convex. Furthermore, u — & /|7, is convex. Consequently, u — F(u) is strictly
convex on L*(Q)) and hence u; = u, and consequently c¢; = c, holds.

Using standard subdifterential calculus (cf., e.g., [3]), we obtain the existence of a Lagrange
multiplier p* € H} (Q) satisfying the necessary optimality conditions

(=p-,u—u*), >0 foralluwith |Jul. <1,
xc” — <u*’p*>L2 =0,
Yy —z+A'p =0,
Ay —c'u* =

(OS)



By pointwise inspection of the first relation of (OS) we deduce that

1 ifp(x) >0,
u(x) =< —1 ifp(x) <0,
te[-1,1] ifp(x) =0

holds, which can be equivalently expressed as u = sign(p). Inserting this into the second

relation of (OS) and eliminating y and u from the last two relations, we obtain the reduced

optimality system

AA*p + csign(p) = Az,

(09) p gn(p) = Az
e — [lplly, = 0.

3 REGULARIZED PROBLEM

From (OS’), it is clear that the optimality system is not differentiable even in a generalized
sense. We therefore introduce the following regularization in Problem (%), where we again
only consider ¢ > 0:

i 1 e 04
e {Jﬁ(y’u’c) = EHU - ZH%Z + 7”11”%2 + ECZ}

ceR,uel®

(Ps) st Ay=cu inQ,

luflp < T

As before, existence of a minimizer (yg,ug,cg) € HJ(Q) x L*(Q) x R, follows from
standard arguments. The case cg = 0 is excluded by the assumption that J(y*,c*) < 1|2,
where (y*, u*, c*) is the solution to (). In fact, if the cg-component of the solution to (Pp)
is zero, then

! 1 BCB [0
slzllEs = 5 lyp = 2l1E + 5P luplE + 5 cf
] * —BC* * s * * * ]
< EHU —z|f + > w2 + E(C )2 =J(y*c) < EHZHfh

which gives a contradiction.
Due to the bilinear structure of the equality constraint in (P), uniqueness of the solution
is not obvious. The (technical) proof of the following statement is given in Appendix A.

Proposition 3.1. If o« > 0 is sufficiently large, then the solution (yg,ug,cg) to (Pg) is unique
for every 3 > 0. For any o« > 0 and given cp, the corresponding components ug,yp are unique,
and conversely cg and hence yg is uniquely determined by ug.



For ¢ > 0, we obtain the existence of a pp € H}(Q) satisfying the necessary optimality
conditions for (Pp):

(Bug —pp,u—ug);2 =0 foralluwith [jufj. <T,

B
(0Sp) acp + 5 [[uplliz — (up, Pp)rz =0,

Yyp —z+A'pp =0,
Ayﬁ —CplUpg = 0.

We have again by pointwise inspection of the first relation that

1 ifp(x) > B,
u(x) = signg (p)(x) == —1 ifp(x) < —B,
TPl flp(x) < B

holds. Inserting this into the second relation of (OSg) and eliminating y and u, we obtain

(051) { AA™p + csigng (p) = Az,
B

ac — [[plly =0,
where we have defined
p(x)— & ifp(x) > B,
WhpZLWM%dm POl = 4 —p(x) = B ifp(x) < —B,
ssp(x)? iflp(x) < B.

Remark 3.2. The chosen regularization is motivated by the following consideration: We can
write (1.2) in the form

. N T 2 X 2
min <mdn §||A u—zl: + I{”u”ngc}) + EC ,

Formally applying Fenchel duality for the inner minimization problem (where we consider
¢ > 0 fixed), we obtain by noting that the Fenchel dual of the indicator function of the L*°-ball
is the scaled L' norm

) 1 [
() min (sup — 314 + 2l —c bl ) + 3¢
c P 2 2

Our regularization now amounts to replacing the non-differentiable L' -norm by the quadratic
approximation HpHL}j , which has second (Newton-)derivatives and can be considered as
a Huber-type smoothing of the L'-norm. The optimality system for the regularized dual

problem (after replacing p by —p) is then given by (OS; ). In Appendix B, we compare different
regularization strategies, which will turn out to be less convenient.



Remark 3.3. The proposed approach can also be applied when the control acts on a proper
subdomain w C Q. Introducing the extension operator E, from w to Q, we consider the
regularized problem

. 1 2 Bc 2 x
min —||ly—=z — |lu —C
ceR. el (w) ZHy ||L2 + 2 H HLZ(w) + 2

st. Ay =cE,u  in Q)
Wy < T,

with the necessary optimality conditions

c(Pu—ELp, T — U2y =0 forallitwith [~ <T,

p

xc + E ”u”iz(w) - <u)p>L2(w] = O lfC > O,
y—z+A'p=0,
Ay — cE,u =0,

where E, denotes the restriction operator to w. By case discrimination and pointwise inspec-
tion we can again obtain the reduced optimality system

AA™p + csigng (XwP) = Az,
ac — [IxaPpllyy =0,

where x, = EwE}, is the characteristic function of w. The solution to this system can be
computed using the semi-smooth Newton method described in Section 4.1 after changing
the definition of the active and inactive sets to A, N w, A_ N w and I N w, respectively.

We next address the convergence of solutions to (P ) as 3 — 0. First, we show monotonicity
properties of the solutions with respect to 3.

Lemma 3.4. For 3 > 0 let (yp,ug,cp) denote any solution to (Pg) and let (y*,u*,c*) denote
the solution to (P). Then for any 3 < B’ we have that

(3.1) cprllup it < cpluplits
(3.2) J(yp,cp) < Jlypr,cpr),

BC * * BC* *
(3.3) I(yﬁ»CB)+Tﬁ|\UB||fz <Jly™ e+ 3 ("B

Proof. For 0 < f < 3’ (where ¢y = c* etc.) we have that

Bc Bcp
J(yp,cp) + TﬁHuﬁHfz <J(ygcpr) + TBHUB'Hfz
which implies

(B"—B)

Cp/ B,C ’
5 lupl1E < J(yenep) + 75"

2

Bc
(3.4)  Jlyp,cp)+ TBHUBHfZ + Jug It

B'c
<J(yﬁ>crs)+TBHur5HfZ-



From the outer inequalities we deduce that
(B —B") (cprllupllZ: —cpllupllz) <O,

which implies relation (3.1).
From the first inequality of (3.4), we obtain

J(yp,ce) —J(yprcp) < B (cpllupli —cprllupllfz) <O,

and relation (3.2) follows.
Finally, relation (3.3) is a consequence of the second inequality of (3.4) by setting 3 = 0
and B’ = B. [

We can now show strong subsequential convergence of minimizers of (Pg).

Proposition 3.5. Any selection of solutions {(yp, g, cp)lp=0 of (Pg) is bounded in H}(Q) x
L>(Q) x Ry. For 3 — 0, it converges weak-* to the solution to (P), and the convergence is
strong in HY(Q) x L9(Q) x Ry forany q € [1,00).

Proof. Since (y,u,c) = (0,0,0) is feasible for the constraints in (P), we have
lyp — zllt2 + Bepllup it + acg < [zlf

and hence {cg}p~o is bounded. The family {ug}s-o is bounded by 1 in L*(Q) and conse-
quently {yp}p~o is bounded in H(Q) for any q € [1, 00).

Hence there exists (7, T, c) € H)(Q) x L*(Q) x R, such that, on a subsequence denoted
by the same symbols, (yp,up,cp) —* (U, T, €) holds in Hi (Q) x L*(Q) x R. Passing to the
limit in the variational formulation of Ay = cgup, we find that Ay = cti. By the weak lower
semicontinuity of the L*-norm we have that |||, . < 1. Weak lower semicontinuity of ]
from L?(Q) x L?(Q) x R, — R implies that (7,1, €) is a solution to (). Since the solution
to (P) is unique, (y, U, ¢) coincides with (y*, u*, c*) and the whole family {(yg,upg,cp)lp=0
converges.

To show strong convergence, we insert the weak limit (u*, ¢*) in the inequality (3.1) (setting
B = 0) to deduce from the lower semicontinuity of the norm that

cpllug [ < el <liminf cg g3

holds. From this, we deduce

limsup [[ug |2 < [[w[|Z < liminf |ug |2
B0 B—0

and hence strong convergence in L?(Q) - and thus in L9(Q) for every q € [, c0) as well -
of the subsequence ug to u*. This also implies the strong convergence of yg = A~ (cpup)
in H)(Q). N



Inserting (y*,u*, c*) into (3.3) (setting 3 = 0) yields

0<J(yp,cp) —Jy" ") < B (™ urfliz —cplupliz)
From the strong convergence of ug, we therefore obtain the following convergence rate result.

Corollary 3.6. As 3 — 0, it holds that

J(yﬁvc[.’)) —](U*,C*) = O(B)

4 SOLUTION OF OPTIMALITY SYSTEM

In this section, we discuss the computation of approximate minimizers of (P). The first
subsection is concerned with the solution for fixed 3 > 0 of the regularized optimality system
(OSg). We then propose a continuation strategy in 3 where the stopping criterion is based
on a model function.

4.1 SEMI-SMOOTH NEWTON METHOD

For the numerical solution of the regularized problem (Pg), we consider the reduced opti-
mality system (OS}) as an operator equation T(p, c) = (0,0) for

AA*p + csi —A
T:H3 xR, - H?(Q) xR, (p,C)»—)( P+ csigny (p) Z)

e — [pl,

Obviously, T is differentiable with respect to c. We next argue Newton differentiability of T
with respect to p. First observe that

signg (v) = %(v — max(0,v— ) —min(0,v+ 3))
and recall (e.g., from [7, Th. 8.5]) that for any B € R, the function z — max(0,z — ) is
Newton differentiable from LP (Q) to L9(Q) for any p > q > 1 with its Newton derivative in
direction h given pointwise by

h(x), ifv(x) > B,

(Dn max(0,v — B)h)(x) = {0) ifv(x) < B.

An analogous statement holds for the min function. The function sign; is thus Newton
differentiable from LP(Q) to L9(Q)) as well, where the Newton derivative of sign; is given by

| o, if [p(x)| > B,
(D signg (p)h) (x) = {%h(x), if Ip(x)| < B.

Since the mapping  : R — R, t  [t|, is differentiable with globally Lipschitz continuous
derivative t — signg (1), ¥ defines a differentiable Nemytskii operator from LP (Q) to L?(Q)



for every p > 4 (see, e.g., [11, Chap. 4.3] and the references therein). This yields the Newton
differentiability of ||- HLE from LP(Q), p > 4, to R, with Newton derivative

DN(HpHLé)h = <SignB(P)»h>L2~

The Newton differentiability of T thus follows from the smoothing properties of AA*.
Defining the active and inactive sets by

Ar={xeQ:p*x) > B},
A-={xeQ:p*x) < —B},
A=A, UA, T=0\A

with indicator functions x 4., ..., X7, a semi-smooth Newton step consists in finding op, dc
for given p*, c* such that

o) AA*EP + c5Xa0p + signg (p¥)8c = —(AA™p® + csign, (p*) — Az),
4.1 .
ade — (signg (p*), 8p) = —(ae — [[p¥|y)

holds.
We now show that the Newton system (4.1) is uniformly invertible for fixed 3 > 0.

Proposition 4.1. Assume that A* is positive definite. Then, for each (p,c) € H}(Q) x R, the
mapping M : H)(Q) x R - H 1(Q) x R,

AA*d 148 i b
M(5p, 5¢) = ( P+cgXs p + signg (p) c)

acdc — (sign, (p), 6p)
is invertible, and there exists a constant C > 0 independent of (p, c) such that there holds
M~ < C.

Proof. 1t suffices to observe that
. c
<(6p) 60)) M(ép,éc)) = HA 5]3”%2 + EHépXJHiZ + ade? >0

for (&p, d¢) # 0, independent of p and ¢ > 0. O

Thus, system (4.1) is semi-smooth, and from standard results (e.g., [7, Th. 8.5]) we deduce
the following convergence result for the semi-smooth Newton method.

Theorem 4.2. If A* is positive definite, then for every «, 3 > 0, the Newton iteration (4.1)
converges superlinearly to the solution (pg,cg) of (OSy), provided that (p°, c°) is sufficiently
close to (pg,cp).

The following finite termination property (e.g., [7, Rem. 7.1.1]) will be useful in formulating
a continuation scheme in f3:

Proposition 4.3. If AX"" = A% and AT = A* holds, then T(p*',c*1) =0.



4.2 CONTINUATION STRATEGY FOR f3

While Theorem 4.2 guarantees locally superlinear convergence for every 3 > 0, in practice
the region of convergence for the semi-smooth Newton method shrinks with decreasing 3.
In order to compute a good approximation of the original minimum effort problem (%), we
make use of a continuation approach: Starting with large 3,,, we compute the minimizer
(pg.,Cp,)> decrease 3, by a given factor ., and compute the corresponding minimizers
(Pp.1sCpny,) starting from the initial guess (p°, c®) = (pp,., cp.,.). If the Newton iteration
did not converge after a fixed number of iterations (as determined by the change in active
sets), we increase the reduction factor by setting q,1 = (qm)" for a fixed t < 1 and restart
the iteration with new f3,, = qm+1Pn_1-

Let us address the optimal stopping of the decrease of the regularization parameter. For
very small values of B there is little change in the value of ¢ and cg|jug ||Z,. This observation
from numerical tests can be used to develop a stopping rule based on a model function. From
Lemma 3.4 it is known that 3 +— cg||ug |7, is monotonically decreasing. Let 1 > 0 denote the
desired efficiency level of the regularization term. Then the stopping parameter p is chosen
such that

cplluglis > me™|uf..

Since ¢* and u* are unknown, we propose to introduce a model function m(f3) which ap-
proximates 3 — cp|lug||7,. The specific choice we make is

K;

(4.2) m(B) = Kt pr

Since c*||u*||7, is finite, we can expect that 0 < K; < oo and 0 < K; < co. The constants
K1, K3 can be determined by interpolation from evaluations with two successive solutions to
(Pg). The continuation is then stopped if

cp, llup, I > umy(0)

is satisfied, where m,, is constructed from the interpolation conditions at 3,, and 3.
The choice (4.2) for m is based partly on numerical experience and partly on the following
heuristic considerations. The necessary optimality condition implies that

0=cA 'u—z+pAu,

where we ignore the inequality constraint on u. Considering A as a scalar variable, rather
than as an operator, and denoting it by a henceforth, we have

(4.3) (ca?+pu—a'z=0.

Here we may consider u as the value of u(x) at some x where the constraint is not yet
active. The range of interest for creating the model function covers small values of 3, where

10



Algorithm 1 Path-following semi-smooth Newton method

1: Choose B9, qo, t, ks, 1t
2: Set (Co,po) = (O>O)> n= O) q=do

3: repeat > continuation in 3
4 Setk =0,p° = pn,c® =cn

5 repeat > semi-smooth Newton method
6: Compute active sets A%, A*

7 Solve Newton system (4.1) for dp, dc and set

p =pF+8p, T =ck406c, ke k+1

8 until (A% =A% Tand A* = A ") ork >k,
o if (AX £ A T or A* £ A7) then

10: Setq < (q)% Bn =qPBn_1 > increase [3, restart Newton iteration
11 else

12: Set Brni1 =qPn > decrease 3
13: Setprni1 =pS cnpr =cnen+1 > accept computed step
14: Compute u,, = sign{Sn (Pn)

15: Determine my, (B) from (B, cn[unllf2), (Bn-1, cn1l[un—1ll72)

16: end if

172 until ¢ [[ug |7, > pmn (0)

numerical results show little dependence of cg on 3. Assuming therefore that c is a constant,
and differentiating (4.3) with respect to 3, we obtain

d
_2 .
(ca +B)—d6u+u—0.

The solution to this ordinary differential equation is given by u = Cl‘—z‘ﬂg This suggests using

a
m(B) as a model function for cgjug||Z,.
The full procedure for the numerical approximation of the solution to () is given as

Algorithm 1.

Remark 4.4. The convergence of the path-following method can be accelerated by starting
with a damped Newton iteration (cf. [10]), where we only take fractional Newton steps. In our
experiments, a sequence of step sizes T = t—i; showed good results. While this modification
is not necessary for the convergence of the method, it allows larger steps in the decrease of 3.
The benefit depends on «, from about 20% performance increase for « = 10~2 to about 80%
for o« = 107°. Since the focus of this work is not on optimal performance of the numerical

solution, the examples shown below do not make use of this damping strategy.

11



Figure 1: Target functions

5 NUMERICAL EXAMPLES

To illustrate the features of the optimal controls arising in the minimum effort problem, we
consider convective-diffusive transport, which is described by the operator Ay = —vAy +
b - Vy with v =0.1Tand b = (—1,0)" with homogeneous Dirichlet conditions on the unit
square [—1,1]2. We show results for two target functions

zi(x,y) = X{x24y2<1/2)X{x24y2>1/32}

1
z2(x,y) = X{(x—0.5)2+(y+0.2)2<1/32} T 7 X{(x+0.2)2+(y—0.3)2<1/16}

which are shown in Figure 1.

The parameters in Algorithm 1 were set to Bo = 1, qo = 107", t = 0.5, k, = 10, and
p = 0.99. The differential operators were discretized using finite differences on a uniform
grid with N = 256 nodes in each direction. A MATLAB function implementing Algorithm 1
can be downloaded from http://www.uni-graz.at/~clason/codes/mineffort.m.

We first compare the optimal (scaled) controls (cu), = c*u* for different values of . The
controls and corresponding states y are shown in Figure 2 for the target z; and in Figure 3
for the target z,. The bang-bang nature of the minimum effort control can be seen clearly. The
optimal L bounds c,, are given in Table 1. In all cases, the optimal control u,, is feasible, i.e.,
max(uy) = —min(uy) = 1. According to the model function, the continuation was stopped
around 2 - 1077 in all cases except for target z; with o« = 5 - 1073, where the iteration was
terminated at 2.4 - 107°,

We illustrate the convergence behavior with respect to 3 exemplarily for the target z, and
o« = 51073 in Figure 4. Figure 4a shows the iteration history of c, where every circle
represents a computed value. Figure 4b illustrates Corollary 3.6 by plotting the difference
between the current functional value J(3) = J(yg, cp) and the final computed value of J(f3,,).
We point out the asymptotic superlinear decay as 3 — 0.

12


http://www.uni-graz.at/~clason/codes/mineffort.m

(©) (cwW) g, =5-10"% (d)yYygx=5-10"%

. \\ R /(o// 05
N
y 44 .
(e) (cu)g, 0t =5-10"3 Yoo x=5-107>

Figure 2: Optimal controls (cu), and states y for the target z; and different c.
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(b) Yo x=5-10"3

(©) (cwW) g, =5-10"% (d)yYygx=5-10"%

(e) (cu)g, 0t =5-10"3 Yoo x=5-107>

Figure 3: Optimal controls (cu), and states y for the target z, and different «.

14
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cp
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T

0.45 1078
0.4
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0.35 10 E
0.3 1010 |
0.25 E
0.2 vl vl vl el vl il 1l 1071] o vl vl 0l il
107 107 1075 107% 1073 102 107 100 10=7 10°¢ 107° 10* 103 1072 107 100
B B
(a) optimal L*° bound cg (b) difference J(yp, cpg) — J(UB > CBmin )

Figure 4: Illustration of the convergence behavior with respect to 3. Every circle corresponds
to a computed step in the continuation method.

We indicate the superlinear convergence of the semi-smooth Newton method by fixing
B =5-10"% and computing pg, cp from the starting guess (po, co) = (0, 0) (again, for target
z; and & = 5-1073). Table 2 shows the norm of the residual || T(p¥, c¢*)|| 2 in the semi-smooth
Newton method, verifying the locally superlinear convergence shown in Theorem 4.2.

Finally, we consider the effect of the geometry of the control domain on the optimal control
and state. For this, we choose the target z3(x,y) = 1, set b = (0, 0) and compare subdomains
of equal area on which the control is allowed to act (cf. Remark 3.3): The control domain
Wy, consists of 1,4 or 9 uniformly distributed squares whose areas each sum to 1 (see Figure
5). The penalty parameter was fixed at o« = 1073, and to allow quantitative comparison, the
continuation in 3 was terminated in each case when B < 1077 was satisfied. The resulting
controls and states are shown in Figure 5, and the corresponding optimal L*-bound c* are
4.1039, 4.3707 and 4.6298, respectively.

6 CONCLUSION

A semi-smooth Newton technique based on an appropriate regularization was analyzed and
investigated numerically for a class of minimum effort optimal control problems for elliptic

Table 1: Optimal L>°-bounds c for targets z; (left) and z, (right) and different «.

«x 5-1073% 5.107*% 5.10°3 « 5-103 5.107*% 5.10°3
co 19622 44236 9.8518 co 08788 2.6066 6.8161
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Y oo X y oo x

(e) optimal control (cu) for control domain w3 (f) optimal state y for control domain w3

Figure 5: Optimal controls (cu) and states y for the target z; = 1 and different control
domains (x = 1073).
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Table 2: Convergence of semi-smooth Newton method. Shown is the norm of the residual of
(4.1) for the iterates (p*, c*).

K 0 1 2 3 4 5 6 7 8
TP, cM)l= 174 675 193 0584 0.197 0.0224 236-1074 1.62-1077 1.12-1071°

equations. The numerical results show that while the unregularized minimum effort controls
can be expected to be of bang-bang type, the regularized controls mostly assume values on the
boundary of the admissible control set and are zero on open subsets of the control domain.
This sparsity property could be of practical interest in itself, and can certainly be the focus of
further investigations.
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A PROOF OF PROPOSITION 3.1

It will be convenient to introduce the reduced cost

Flu,e) = 2IA (o) — 2l + B Jul + e,

with the corresponding optimality conditions

cp (Bug —A"z+cgA A Tug,u—ug), 20 forall [Jufl. <1,

(A1) B
xcp + EHuﬁHfz — (up, A" 2) o +cpl|A ugllf = 0.

To apply a Taylor expansion of F, we compute the partial derivatives of F at (ug, cg):

Fuuw = cgA A~ + Begl,
Fee = HAJU'BHL2 + o,
Fuc = ZCﬁA**Atu — A7z + Bug,
Fuue = 2cgA A" + B,
Feew = 2A A Ty,
Fuvee =2A AT

with Fece, Fuuws the remaining fourth-order and all higher-order derivatives being zero.
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Now let (u, c) be any admissible pair and set

Applying Taylor expansion of F(u, ¢) at (ug, cg) and making use of (A.1), we find that

2
Cc
F(‘LL, C) - F(uﬁa C[S) =Cp <[3uB —A7z+ CﬁA_*A_luﬁ)ﬁ>L2 + 7[5H’A_11/j"|1242

BCB 1 — A
+ Bz, 1 DjA gl + ae?
+ <[3LL3 —A "z + cﬁA_*A_luB, ﬁ>Lz [
+ Cp <A’*A’1u[5,0>LZ c+ Cp HAi]ﬁHfz/C\
N A\, ] — 1N A\,
(AT, A0, @ 4 AT R
(A.2)

2
c 1A l?) A 1A ] — A
> BIATYR + S ep + ORI + 5 (A Tupl + ) &

— — 1A A, 1 — A A\,
+ (A Tug, A7), 2 4 5 lIA e
2
c 1 DA B A
>3 (1= 1) 1A+ Sren el
1

2
+ 5 (Oﬁ—nHAqUBHfZ) %

where we have used that
_ N _ M aia L T
(A g, A7), = (VA Tug, (V) TAT) L luBH%Z_EHA Rt

for everyn > 0.
Let K = sup {||A~"u||Z : |Jull;» < 1}. Then the factors in front of [|A~"{l[|Z, and €2 are
nonnegative if 1 = 1 and « > K? holds. Under this condition, we have that

(A3)  Flu,c)—Flup,cp) > %(cﬁ + A + (o= K)e? + cp AT 2.

Now for fixed > 0, let (up,cp) and (up,cp) be two solutions to (Pg). Without loss of
generality, we may assume that ¢ > cp. Taking (u, c) = (ug, cg), we deduce from (A.3) that
(up,cp) = (up,cp). Moreover, if for two possibly different solutions we have cg = cj, then
from (A.2) with anyn > T we find ug = uy. Conversely, if ug =1 holds, then by choosing
0 <m < ¥ we obtain cg = cg.

B COMPARISON OF REGULARIZATIONS

In this section we compare the chosen regularization strategy, where the penalty term is
scaled linearly with ¢, with two alternatives where the penalty term is constant or quadratic
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in c. We restrict the discussion to the case ¢ > 0. First, we consider the regularization

= 2 By, %2
EIRIPU.ELOO Hy ZHLZ + 2 HuHLZ + ZC

sttAy=cu inQ,

ufls < T

The corresponding optimality system is

0 € Pu—cp+ 0l o<ih

O:O(C—<LL,]D>,
0=y—z+A"p,
0=Ay—cu

Again, we can rewrite the first two relations by pointwise inspection as
1 ifep(x) > B,
u(x) = signg(cp)(x) = ¢ =1 ifep(x) < —B,
lep iflep(x) < B

)
)

and

1 C
ac = —[lcpllg ::J |p(x)|dx+—J Ip(x)]* dx
c {lepl>B} B Jicpi<p)

to obtain the reduced system
AA*p +c sign (cp) = Az,
1
ac = < [lepllg =0,

Observe that now we have the product of ¢ and p in the smoothed terms. If we formally
compute the semi-smooth Newton step by fixing one variable and differentiating case by case,
we obtain (setting A, = {x € Q: cp(x) > 3} and so on) the system

2 .k k

AA*Sp + czlxgép + (X4, —Xa_+ 2 ckpk)é = —(AA*p* + csigng (p*) — Az),
ade — ((xa, —Xxa_ + §¢“P"),8p) — gllp"xall2be = —(ae — [p"[|ry ).

To show that this defines a positive definite operator, we would now need to argue that the
term (o — Hp Xs£2) is positive.
On the other hand, we can regularize with the scaled control cu, which leads to

! 2 E 2, X2
ceR,, u€L°° Hy Z’HLZ+ zHC‘l’LHLz_F ZC
sttAy=cu inQ,

[l <1
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The corresponding optimality system is

0€pBc’u—cp+ Ol ju) <1}y
0= ac + pelulz — (u,p),
0=y—z+A'p,
0=Ay—cu.

Pointwise inspection then allows expressing the first two relations as

1 ifp(x) > Be,
u(x) =signg (p)(x) =< 1 ifp(x) < —Pc,
Lp(x) iflp(x)| < Be

)
)

and
ae=| iiplxl - pe) dx.
{lp|>pc}

The reduced optimality system is thus
AA™p + csigng (p) = Az,

occ—J (p(x) — Be) dx =0,
{lpl>pBc}

Here, we have c appearing in the definition of the smoothed functions.
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