
Karl–Franzens Universität Graz

Technische Universität Graz

Medizinische Universität Graz

SpezialForschungsBereich F32

Semismooth Newton Methods

for Optimal Control of the Wave

Equation with Control

Constraints
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SEMISMOOTH NEWTON METHODS FOR OPTIMAL CONTROL OF
THE WAVE EQUATION WITH CONTROL CONSTRAINTS

AXEL KRÖNER† , KARL KUNISCH‡ , AND BORIS VEXLER§

Abstract. In this paper optimal control problems governed by the wave equation with control
constraints are analyzed. Three types of control action are considered: distributed control, Neumann
boundary control and Dirichlet control, and proper functional analytic settings for them are discussed.
For treating inequality constraints semismooth Newton methods are discussed and their convergence
properties are investigated. In case of distributed and Neumann control superlinear convergence is
shown. For Dirichlet boundary control superlinear convergence is proved for a strongly damped wave
equation. For numerical realization a space-time finite element discretization is discussed. Numerical
examples illustrate the results.
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1. Introduction. In this paper we consider optimal control problems governed
by the wave equation and subject to pointwise inequality control constraints. We
discuss three different control actions: distributed control, Neumann boundary control
and Dirichlet boundary control.

The optimal control problem under consideration is formulated as follows:

(1.1) Minimize J(y, u) = G(y) +
α

2
‖u‖2U , subject to y = S(u), y ∈ Y, u ∈ Uad,

for the control u and the state y from appropriate functional spaces U and Y to be
specified later. The set of admissible controls Uad is given by bilateral box constraints

(1.2) Uad = { u ∈ U | ua ≤ u ≤ ub } with ua, ub ∈ U.

The control-to-state operator S : U → Y is the solution operator of the wave equation
with control u entering either the right-hand side, or the Neumann-boundary condi-
tions, or the Dirichlet boundary conditions. The functional G : Y → R will be defined
in more detail in the next section.

Let Ω ⊂ Rn, n ≥ 1, be a bounded domain which has either a C2-boundary or is
polygonal and convex. For T > 0 we denote I = (0, T ), Q = I × Ω and Σ = I × ∂Ω.
In the case of distributed control the state equation defining the operator S is given
as

(1.3)
ytt −∆y = u in Q,

y(0) = y0, yt(0) = y1 in Ω, y = 0 on Σ,
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in the case of the Neumann boundary control we have

(1.4)
ytt −∆y = f in Q,

y(0) = y0, yt(0) = y1 in Ω, ∂ny = u on Σ,

and in the case of the Dirichlet boundary control

(1.5)
ytt −∆y = f in Q,

y(0) = y0, yt(0) = y1 in Ω, y = u on Σ.

For this class of optimal control problems we will discuss a proper functional an-
alytic setting, which is suitable for application of the semismooth Newton methods.
These methods have proven their efficiency for a large class of optimization problems
with partial differential equations, see, e. g. [12, 14, 33, 34, 17], where super-linear con-
vergence was shown in several situations. It is well-known, see [12], that semismooth
Newton methods are equivalent to primal dual active set strategies (PDAS), which ex-
ploit pointwise information from Lagrange multipliers for updating active sets. Here
it is essential, that the Lagrange multipliers are L2-functions rather than measures,
which can be achieved by setting U = L2(Q) for distributed control and U = L2(Σ)
for both Neumann and Dirichlet boundary control problems, cf. the discussion in [17].

Our goal here is to analyze semismooth Newton methods for optimal control
problems governed by the wave equation with respect to super-linear convergence.
An important ingredient in proving super-linear convergence is a smoothing property
of the operator mapping the control variable u to the adjoint state p or to a trace of
p. For distributed and Neumann boundary control we will establish this smoothing
property and prove super-linear convergence. For the case of Dirichlet boundary
control problem we will provide an example illustrating the fact that such a property
can not hold in general. In addition we will consider a Dirichlet boundary control
problem governed by the strongly damped wave equation given as

(1.6)
ytt −∆y − ρ∆yt = f in Q,

y(0) = y0, yt(0) = y1 in Ω, y = u on Σ,

with a positive damping parameter ρ > 0. This equation appears often in models with
loss of energy. The corresponding optimal control problem (with small ρ) can also
be regarded as regularization of the Dirichlet boundary control problem for the wave
equation. For the resulting optimal control problem we will establish the required
smoothing property and prove super-linear convergence of the semismooth Newton
method.

For numerical realization the infinite dimensional problems have to be discretized.
Following [5, 27, 17] we use space-time finite element methods for discretization. This
approach guarantees that the algorithm is invariant with respect to the ordering of
discretization of the problem and derivative computations. This means, that the
approaches “optimize-then-discretize” and “discretize-then-optimize” coincide.

There is a rich literature on the controllability and the stabilization of the wave
equation. Optimal control problems governed by the wave equation are considered
in [22, 23, 28, 29, 18, 19, 10, 20]. Finite difference approximations in the context of
control of the wave equation are discussed in [36]. To our best knowledge this is the
first paper analyzing convergence of semismooth Newton methods in this context and
providing details on the corresponding numerical realization.
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The paper is organized as follows. In the next section we discuss the semismooth
Newton method for an abstract optimal control problem with control constraints and
formulate a set of assumptions for its super-linear convergence. Section 3 is devoted to
relevant existence, uniqueness and regularity results for the wave equation and for the
strongly damped wave equation. In Section 4 we discuss functional analytic settings
for distributed and boundary (Dirichlet and Neumann) control problems for the wave
equation and check the assumptions for super-linear convergence of the semismooth
Newton method. In Section 5 we describe the space-time finite element discretization
for optimal control problem under consideration and in Section 6 we present numerical
examples illustrating our results.

2. Semismooth Newton methods and the primal-dual active set strat-
egy. In this section we summerize known results for semismooth Newton methods,
which are relevant for the analysis in this paper. Moreover, we provide a set of as-
sumptions for super-linear convergence of an abstract optimal control problem with
control constraints. Later on, in section 4 we will check these assumptions for the
considered situation of distributed, Neumann boundary, and Dirichlet boundary con-
trol of the wave equation, as well as for Dirichlet boundary control of the strongly
damped wave equation.

Let X and Z be Banach spaces and let F : D ⊂ X → Z be a nonlinear mapping
with open domain D. Moreover, let L(X,Z) be the set of continuous, linear mappings
from X to Z.

Definition 2.1. The mapping F : D ⊂ X → Z is called Newton-differentiable
in the open subset U ⊂ D if there exists a family of generalized derivatives G : U →
L(X,Z) such that

lim
h→0

1
‖h‖X

‖F (x+ h)− F (x)−G(x+ h)h‖Z = 0,(A)

for every x ∈ U .
The following theorem provides a generic result on super-linear convergence for

semismooth Newton methods, see [12].
Theorem 2.2. Suppose that x∗ ∈ D is a solution to F (x) = 0 and that F is

Newton–differentiable in an open neighborhood U containing x∗ and that

{ ‖G(x)−1‖X | x ∈ U }

is bounded. Then for x0 ∈ D the Newton–iteration

xk+1 = xk −G(xk)−1F (xk), k = 0, 1, 2, . . . ,

converges superlinearly to x∗ provided that ‖x0 − x∗‖X is sufficiently small.
We shall require Newton-differentiability of the max-operator. For this purpose

let X denote a function space of real-valued functions on ω ⊂ Rn and let max(0, v)
denote the pointwise max-operation. We introduce candidates for the generalized
derivative in the form

Gm,δ(v)(x) =


1 if v(x) > 0,
0 if v(x) < 0,
δ if v(x) = 0,

(2.1)

where v ∈ X, and δ ∈ R is arbitrary.
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Proposition 2.3. The mapping max(0, ·) : Lq(ω)→ Lp(ω) with 1 ≤ p < q <∞
is Newton differentiable on Lq(ω) and Gm,δ is a generalized derivative.

For the proof we refer to [12]. We also have the following chain rule [14].
Lemma 2.4 (Chain rule). Let H : D ⊂ Lp(ω) → Lq(ω), 1 ≤ p < q < ∞, be

continuously Fréchet differentiable at y∗ ∈ D and let φ : Lq(ω) → Lp(ω) be Newton–
differentiable at H(y∗) with a generalized derivative G. Then F = φ(H) : D ⊂
Lp(ω) → Lp(ω) is Newton–differentiable at y∗ with a generalized derivative given
by G(H)H ′ ∈ L(Lp(ω), Lp(ω)).

We consider a general (linear-quadratic) optimal control problem (1.1), (1.2) with
α > 0, with the control space U = L2(ω) and ω being a subset of Rn, which will be
later on either ω = Q or ω = Σ. The solution operator S : U → Y is assumed to be
affine-linear with

S(u) = Tu+ ȳ,

where T ∈ L(U, Y ) and ȳ ∈ Y . For the state space we set Y = L2(Q) and the func-
tional G : L2(Q)→ R is assumed to be quadratic with G′ being an affine operator from
L2(Q) to itself, and G′′ is assumed to be non-negative. From standard subsequential
limit arguments, see, e. g., [22], follows:

Proposition 2.5. Under the above assumptions there exists a unique global
solution of the optimal control problem (1.1), (1.2).

We define the reduced cost functional

j : U → R, j(u) = G(S(u)) +
α

2
‖u‖2U

and reformulate the optimal control problem under consideration as

Minimize j(u), u ∈ Uad.

The first (directional) derivative of j is given as

j′(u)(δu) = (αu− q(u), δu)ω,

where the operator q : U → U is given by

(2.2) q(u) = −T ∗G′(S(u))

and (·, ·)ω denotes the inner product in U = L2(ω).
Proposition 2.6. Let the above assumptions be fulfilled. Then the necessary

and sufficient optimality conditions for (1.1), (1.2) can be expressed as the variational
inequality

(2.3) (αu− q(u), δu− u)ω ≥ 0 for all δu ∈ Uad.

This can alternatively be expressed as an optimality system for the control u ∈ U and
the Lagrange multiplier λ ∈ U as

(2.4)

{
αu+ λ = q(u)
λ = max(0, λ+ c(u− ub)) + min(0, λ+ c(u− ua))

with an arbitrary c > 0.
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To set up a semismooth Newton method for the optimal control problem under
consideration, we set c = α, eliminate the Lagrange multiplier λ from the optimality
system (2.4) and obtain the equivalent formulation

(2.5) F(u) = 0,

with the operator F : L2(ω)→ L2(ω) defined by

F(u) = α(u− ub) + max(0, αub − q(u)) + min(0, q(u)− αua).

We will use the generalized derivatives of max- and min-operators, see (2.1),
chosen as

(Gmax(v)φ)(x) =

{
φ(x) if v(x) ≥ 0,
0 if v(x) < 0

and (Gmin(v)φ)(x) =

{
φ(x) if v(x) ≤ 0,
0 if v(x) > 0.

The following assumption will insure the super-linear convergence of the semismooth
Newton method applied to (2.5).

Assumption 2.7. We assume, that the operator q defined in (2.2) is a continuous
affine-linear operator q : L2(ω)→ Lr(ω) for some r > 2.

In the following sections we will check this assumption for the optimal control
problems under consideration.

Lemma 2.8. Let Assumption 2.7 be fulfilled and ua, ub ∈ Lr(ω) for some r >
2. Then the operator F : L2(ω) → L2(ω) is Newton-differentiable and a generalized
derivative GF (u) ∈ L(L2(ω), L2(ω)) is given as

GF (u)h = αh+Gmax(αub− q(u))T ∗G′′(S(u))Th−Gmin(q(u)−αua)T ∗G′′(S(u))Th.

The statement of this lemma follows from the chain rule in Lemma 2.4, the Newton
differentiability of max- and min-operators and from Assumption 2.7.

For the operators GF (u) we have the following lemma.

Lemma 2.9. There exists a constant CG, such that

(2.6) ‖GF (u)−1(w)‖L2(ω) ≤ CG ‖w‖L2(ω) for all w ∈ L2(ω)

and for each u ∈ L2(ω).
Proof. Let χI denote the characteristic function of the set

I = {x ∈ ω : αua(x) ≤ q(u)(x) ≤ αub(x)},

and analogously χA is the characteristic function of A = ω − I. Let h ∈ L2(ω) and
set

(2.7) w = GF (u)(h).

On A there holds

GF (u)(h) = αh

and on I

GF (u)(h) = αh+ T ∗G′′(S(u))Th.
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Hence, we deduce

(2.8) ‖hχA‖L2(ω) ≤
1
α
‖wχA‖L2(ω)

and taking the inner product of (2.7) with hχI we find

α ‖hχI‖2L2(ω) + (G′′(S(u))Th, ThχI) = (w, hχI).

This implies that

α ‖hχI‖2L2(ω) + (G′′(S(u))ThχI , ThχI) = (w, hχI)− (G′′(S(u))ThχA, ThχI).

Thus, since G′′ is non-negative and G quadratic we deduce further

α ‖hχI‖2L2(ω) ≤ ‖wχI‖L2(ω) ‖hχI‖L2(ω) +K‖hχA‖L2(ω) ‖hχI‖L2(ω),

for a constant K independent of h and u. Consequently,

(2.9) α ‖hχI‖L2(ω) ≤ ‖wχI‖L2(ω) +K‖hχA‖L2(ω) ≤ ‖wχI‖L2(ω) +
K

α
‖wχA‖L2(ω).

Combining (2.8) and (2.9) the desired result follows.
After these considerations we can formulate the following theorem.
Theorem 2.10. Let Assumption 2.7 be fulfilled and suppose that u∗ ∈ L2(ω) is

a solution to the optimal control problem under consideration. Then for u0 ∈ L2(ω)
with ‖u0 − u∗‖L2(ω) sufficiently small the semismooth Newton method

GF (uk)(uk+1 − uk) + F(uk) = 0, k = 0, 1, 2, . . . ,(2.10)

converges superlinearly.
Proof. This follows from Theorem 2.2, and the Lemmas 2.8 and 2.9.
This semismooth Newton method is known to be equivalent [12, 14] to a primal-

dual active set method (PDAS), which is defined as follows:

Algorithm 2.11 (Primal-dual active set method).

1: Choose u0 and set λ0 = q(u0)− αu0.
2: Given (uk, λk) determine

Abk+1 = { x ∈ ω | λk(x) + α(uk − ub)(x) > 0 } ,
Aak+1 = { x ∈ ω | λk(x) + α(uk − ua)(x) < 0 } ,
Ik+1 = ω\(Abk+1 ∪ Aak+1).

3: Determine uk+1 as the solution to{
Minimize j(uk+1), uk+1 ∈ U,

subject to uk+1 = ub on Abk+1, uk+1 = ua on Aak+1.

4: Update λk+1 according to

λk+1 = q(uk+1)− αuk+1.

5: Update k = k + 1.
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The equivalence of the two methods follows immediately, see, e.g., [14], since the
Newton iteration (2.10) and the PDAS method can equivalently be expressed as

α(uk+1 − ub)−Gmax(αub − q(uk))(q(uk+1)− q(uk))
+Gmin(q(u)− αua)(q(uk+1)− q(uk))
+ max(0, αub − q(uk)) + min(0, q(uk)− αua) = 0.

Remark 2.12. If the algorithm finds two successive active sets, for which Ak =
Ak+1, then uk is the solution of the problem. We apply this condition as a stopping
criteria.

3. On the state equation. In this section we formulate existence and regular-
ity results for the wave equation in the case of distributed control, Neumann boundary
and Dirichlet boundary control. We denote V to be either H1(Ω) or H1

0 (Ω) depending
on the prescribed type of boundary conditions (homogeneous Neumann or homoge-
neous Dirichlet). Together withH = L2(Ω), the Hilbert spaces V and its dual V ∗ build
a Gelfand triple V ↪→ H ↪→ V ∗. Here and in what follows, we employ the usual notion
of Lebesgue and Sobolev spaces. For any Banach space Y , we use the abbreviations
L2(Y ) = L2(0, T ;Y ), Hs(Y ) = Hs(0, T ;Y ), s ∈ [0,∞), and C(Y ) = C([0, T ];Y ),
C1(Y ) = C1([0, T ];Y ). Moreover we use (·, ·) for the L2(Ω)-inner product, ‖·‖ for the
corresponding norm, 〈·, ·〉 for the L2(∂Ω)-inner product, (·, ·)I for the inner product
in L2(L2(Ω)) and 〈·, ·〉I for the inner product in L2(L2(Σ)).

Theorem 3.1. Suppose that f ∈ L2(H), y0 ∈ V, y1 ∈ H. Then

(3.1)

{
ytt −∆y = f in Q,

y(0) = y0, yt(0) = y1 on Ω

with either homogeneous Neumann or homogeneous Dirichlet boundary conditions ad-
mits a unique solution y ∈ C(V ) with yt ∈ C(H) such that (f, y0, y1) 7→ (y, yt) is
continuous from L2(H)× V ×H to C(V )× C(H).
For the proof we refer to [24, pp. 275].

It is well-known that equation (3.1) can be equivalently formulated as a first-order
system as follows:

(3.2)



y2
t −∆y1 = f in Q,

y1
t = y2 in Q,

y1(0) = y0 in Ω,

y2(0) = y1 in Ω,

y1|Σ = 0 on Σ.

This formulation is a basis for our discretizations of the control problems under con-
sideration, see Section 5.

For the inhomogeneous Neumann problem

(3.3)


ytt −∆y = f in Q,

y(0) = y0, yt(0) = y1 in Ω,

∂ny = u on Σ

we have the following result with V = H1(Ω) and H = L2(Ω).
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Theorem 3.2. For every (f, y0, y1, u) ∈ L1((H1(Ω))∗) × L2(Ω) × (H1(Ω))∗ ×
L2(Σ) there exists a unique very weak solution y ∈ L2(Q) to (3.3) depending contin-
uously on the data. It satisfies

(3.4) (y, ζtt −∆ζ)I = (f, ζ)I − (y0, ζt(0)) + 〈y1, ζ(0)〉(H1(Ω))∗,H1(Ω) + 〈u, ζ〉I ,

where ζ is the solution to

(3.5)


ζtt −∆ζ = g in Q,

ζ(T ) = ζt(T ) = 0 in Ω,

∂nζ = 0 on Σ

for any g ∈ L2(L2(Ω)).
If we assume that (f, y0, y1, u) ∈ L1(L2(Ω)) × H1(Ω) × L2(Ω) × L2(Σ), then

(y, yt) ∈ C(H
1
2 (Ω))× C((H

1
2 (Ω))∗) holds.

Proof. From Theorem 3.1 we deduce that (ζ, ζt) ∈ C(H1(Ω)) × C(L2(Ω)) and
hence, the mapping

g → F = (f, ζ)I − (y0, ζt(0)) + 〈y1, ζ(0)〉(H1(Ω))∗,H1(Ω) + 〈u, ζ〉I

defines a continuous linear form on L2(L2(Ω)), i.e. there exists y ∈ L2(L2(Ω)) such
that

(y, g)I = F(g).

This implies (3.4). From (3.4)-(3.5) we deduce further, that there exists a constant
C independent of (f, y0, y1, u) ∈ L1((H1(Ω))∗)×L2(Ω)×(H1(Ω))∗×L2(Σ) such that

‖y‖L2(L2(Ω)) ≤ C‖(f, y0, y1, u)‖L1((H1(Ω))∗)×L2(Ω)×(H1(Ω))∗×L2(Σ).

Uniqueness of the weak solution and continuous dependence on the data follows from
this estimate.

The additional regularity has been proved in [29].

For the inhomogeneous Dirichlet problem we consider

(3.6)


ytt −∆y = f in Q,

y(0) = y0, yt(0) = y1 in Ω,

y = u on Σ.

Theorem 3.3. For every (f, y0, y1, u) ∈ L1(H1
0 (Ω)∗)×L2(Ω)×H1

0 (Ω)∗×L2(Σ)
there exists a unique very weak solution (y, yt) ∈ C(L2(Ω)) × C(H−1(Ω)) depending
continuously on the data. It satisfies

(y, ζtt −∆ζ)I = (f, ζ)I − (y0, ζt(0)) + 〈y1, ζ(0)〉(H1(Ω))∗,H1(Ω) − 〈u, ∂nζ〉I

where ζ is the solution to 
ζtt −∆ζ = g in Q,

ζ(T ) = ζt(T ) = 0 in Ω,

ζ = 0 on Σ
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for any g ∈ L1(L2(Ω)).
For the proof we refer to [23, pp. 240] and [28]. It depends on the hidden regularity

result which states that if (f, y0, y1) ∈ L1(L2(Ω)) ×H1
0 (Ω) × L2(Ω) and u = 0, then

the solution to (3.6) satisfies ∂ny ∈ L2(Σ), e.g. [23, pp. 233].
As announced in the introduction we also consider the strongly damped wave

equation with a damping parameter ρ, 0 < ρ < ρ0, ρ0 ∈ R+, i.e.

(3.7)


ytt −∆y − ρ∆yt = f in Q,

y(0) = y0 in Ω,
yt(0) = y1 in Ω,

y = u on Σ

for u ∈ L2(Σ).
To prove a regularity result we consider the damped wave equation with homo-

geneous Dirichlet data first:

(3.8)


ytt −∆y − ρ∆yt = f in Q,

y(0) = y0 in Ω,
yt(0) = y1 in Ω,

y = 0 on Σ.

The following theorem can be obtained.
Theorem 3.4. For f ∈ L2(L2(Ω)), y0 ∈ H1

0 (Ω)∩H2(Ω), and y1 ∈ H1
0 (Ω), there

exists a unique weak solution of (3.8)

y ∈ H2(L2(Ω)) ∩ C1(H1
0 (Ω)) ∩H1(H2(Ω))(3.9)

defined by the conditions: y(0) = y0, yt(0) = y1 and
(3.10)

(ytt(s), φ) + (∇y(s),∇φ) + ρ(∇yt(s),∇φ) = (f(s), φ) ∀φ ∈ H1
0 (Ω) a.e. in (0, T ).

Moreover, the a priori estimate
(3.11)
‖y‖H2(L2(Ω))∩C1(H1

0 (Ω))∩H1(H2(Ω)) ≤ C
(
‖f‖L2(L2(Ω)) + ‖∇y0‖+ ‖∆y0‖+ ‖∇y1‖

)
,

holds, where the constant C = C(ρ) tends to infinity as ρ tends to zero.
To prove this theorem we proceed as follows: We assume the existence of a solution

with the desired regularity and prove the above estimate. Then the existence of a
solution in H2(L2(Ω))∩W 1,∞(H1

0 (Ω))∩H1(H2(Ω)) can be ensured using a Galerkin
procedure. From standard arguments we derive that if v ∈ H2(L2(Ω)) ↪→ C1(L2(Ω))
and v ∈W 1,∞(H1

0 (Ω)) then there holds v ∈ C1(H1
0 (Ω)). Thus we obtain the asserted

regularity in (3.9).
The estimate (3.11) is shown in four steps in the following four lemmas.
Lemma 3.5. Let the conditions of Theorem 3.4 be fulfilled. Then the following

estimate holds for almost every t ∈ (0, T ):

‖yt(t)‖2 + ‖∇y(t)‖2 + ρ

∫ t

0

‖∇yt(s)‖2ds ≤ C
(
‖∇y0‖2 + ‖y1‖2 + ‖f‖2L2(L2(Ω))

)
.
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Proof. We set φ = yt in (3.10) and obtain:

(ytt(s), yt(s)) + (∇y(s),∇yt(s)) + ρ‖∇yt(s)‖2 = (f(s), yt(s)).

Hence,

1
2
d

dt
‖yt‖2 +

1
2
d

dt
‖∇y‖2 + ρ‖∇yt(s)‖2 = (f(s), yt(s)).

Integrating in time from 0 to t we find:

‖yt(t)‖2 + ‖∇y(t)‖2 + 2ρ
∫ t

0

‖∇yt(s)‖2 ds

≤ ‖f‖2L2(L2(Ω)) + ‖y1‖2 + ‖∇y0‖2 +
∫ t

0

‖yt(s)‖2 ds.

Using Gronwall’s lemma we obtain:

‖yt(t)‖2 ≤ C
(
‖∇y0‖2 + ‖y1‖2 + ‖f‖2L2(L2(Ω))

)
.

This gives the desired result.
Lemma 3.6. Let the conditions of Theorem 3.4 be fulfilled. Then the following

estimate holds for almost every t ∈ (0, T ):∫ t

0

‖∆y(s)‖2ds+ ρ‖∆y(t)‖2 ≤ C

ρ

(
‖∇y0‖2 + ‖∆y0‖2 + ‖y1‖2 + ‖f‖2L2(L2(Ω))

)
.

Proof. We use φ = −∆y as a test function in (3.10) and obtain:

−(ytt(s),∆y(s)) + ‖∆y(s)‖2 + ρ(∆yt(s),∆y(s)) = −(f(s),∆y(s))

or equivalently

−(ytt(s),∆y(s)) + ‖∆y(s)‖2 +
ρ

2
d

dt
‖∆y(s)‖2 = −(f(s),∆y(s)).

Integrating in time from 0 to t implies that:

−
∫ t

0

(ytt(s),∆y(s)) ds+
∫ t

0

‖∆y(s)‖2 ds+
ρ

2
‖∆y(t)‖2

≤ 1
2
‖f‖2L2(L2(Ω)) +

1
2

∫ t

0

‖∆y(s)‖2 ds+
ρ

2
‖∆y0‖2.

For the first term on the left-hand side we get for almost every t ∈ (0, T )

−
∫ t

0

(ytt(s),∆y(s)) ds =
∫ t

0

(yt(s),∆yt(s)) ds− (yt(t),∆y(t)) + (yt(0),∆y(0))

= −
∫ t

0

‖∇yt(s)‖2 ds+ (∇yt(t),∇y(t))− (∇yt(0),∇y(0))

= −
∫ t

0

‖∇yt(s)‖2 ds− (yt(t),∆y(t)) + (y1,∆y0).
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Here, we have used the fact that ytt = yt = 0 on Σ and y1 = 0 on ∂Ω. This yields∫ t

0

‖∆y(s)‖2 ds+
ρ

2
‖∆y(t)‖2

≤ 1
2
‖f‖2L2(L2(Ω)) +

1
2

∫ t

0

‖∆y(s)‖2 ds+
ρ

2
‖∆y0‖2

+
∫ t

0

‖∇yt(s)‖2 ds+
1
ρ
‖yt(t)‖2 +

ρ

4
‖∆y(t)‖2 +

1
2
‖y1‖2 +

1
2
‖∆y0‖2.

Absorbing terms we obtain:

1
2

∫ t

0

‖∆y(s)‖2 ds+
ρ

4
‖∆y(t)‖2

≤ 1
2
‖f‖2L2(L2(Ω)) +

ρ+ 1
2
‖∆y0‖2 +

∫ t

0

‖∇yt(s)‖2 ds+
1
ρ
‖yt(t)‖2 +

1
2
‖y1‖2.

Using the result from the previous lemma we obtain the desired estimate.
Lemma 3.7. Let the conditions of Theorem 3.4 be fulfilled. Then the following

estimate holds for almost every t ∈ (0, T ):

‖∇yt(t)‖2 + ‖∆y(t)‖2 + ρ

∫ t

0

‖∆yt(s)‖2 ds ≤
1
ρ
‖f‖2L2(L2(Ω)) + ‖∇y1‖2 + ‖∆y0‖2.

Proof. We proceed as in the proofs of the previous lemmas and choose φ = −∆yt.
This yields:

−(ytt(s),∆yt(s)) + (∆y(s),∆yt(s)) + ρ‖∆yt(s)‖2 = −(f(s),∆yt(s))

We integrate by parts in the first term and obtain for almost every s:

1
2
d

dt
‖∇yt(s)‖2 +

1
2
d

dt
‖∆y(s)‖2 + ρ‖∆yt(s)‖2 = −(f(s),∆yt(s)).

Integrating in time from 0 to t we obtain:

1
2
‖∇yt(t)‖2 +

1
2
‖∆y(t)‖2 + ρ

∫ t

0

‖∆yt(s)‖2 ds

≤ 1
2ρ
‖f‖2L2(L2(Ω)) +

ρ

2

∫ t

0

‖∆yt(s)‖2 ds+
1
2
‖∇y1‖2 +

1
2
‖∆y0‖2.

This implies the desired estimate.
Lemma 3.8. Let the conditions of Theorem 3.4 be fulfilled. Then the following

estimate holds:∫ t

0

‖ytt(s)‖2ds ≤
C

ρ

(
‖f‖2L2(L2(Ω)) + ‖∇y0‖2 + ‖∆y0‖2 + ‖∇y1‖2

)
.

Proof. We proceed as in the proof of Lemma 3.6 and choose φ = ytt. This yields:

‖ytt(s)‖2 − (∆y(s), ytt(s))− ρ(∆yt, ytt) = (f(s), ytt(s)).
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Hence,∫ t

0

‖ytt(s)‖2 ds+
∫ t

0

(∆yt(s), yt(s)) ds− (∆y(t), yt(t)) + (∆y(0), yt(0))

=
∫ t

0

(f, ytt)ds+ ρ

∫ t

0

(∆yt(s), ytt(s))

and thus, we obtain∫ t

0

‖ytt(s)‖2 ds ≤ ‖f‖2L2(L2(Ω)) +
1
4

∫ t

0

‖ytt(s)‖2ds+
ρ2

2

∫ t

0

‖∆yt(s)‖2ds

+
1
2

∫ t

0

‖ytt(s)‖2ds+
∫ t

0

‖∇yt(s)‖2ds+
1
2
‖∇y(t)‖2

+
1
2
‖∇yt‖2 +

1
2
‖∆y0‖2 +

1
2
‖y1‖2.

Absorbing terms and using Lemma 3.5 and Lemma 3.7 we obtain the desired estimate.

Now, we consider the strongly damped wave equation with inhomogeneous Dirich-
let boundary conditions (3.7). In order to define a suitable weak formulation we pro-
ceed as follows: For given v ∈ L2(L2(Ω)) let ζ be the solution of the adjoint equation:

(3.12)


ζtt −∆ζ + ρ∆ζt = v in Q,

ζ(T ) = 0 in Ω,
ζt(T ) = 0 in Ω,

ζ = 0 on Σ.

Using the transformation t 7→ T − t this equation can be written in the form as (3.8).
Therefore, Theorem 3.4 can be applied leading to ζ ∈ H2(L2(Ω)) ∩W 1,∞(H1

0 (Ω)) ∩
H1(H2(Ω)). If a solution of (3.7) exists, then there holds (by testing with ζ and
integrating in time):

(ζtt −∆ζ + ρ∆ζt, y)I + (y0, ζt(0))− (y1, ζ(0)) + 〈y, ∂nζ〉I
− ρ〈y, ∂nζt〉I + ρ(y0,∆ζ(0))− ρ〈y0, ∂nζ(0)〉 = (f, ζ)I

This suggests the following definition: A function y ∈ L2(L2(Ω)) is called a very weak
solution of (3.7) if the following variational equation holds for all v ∈ L2(L2(Ω)):

(3.13) (v, y)I = −(y0, ζt(0)) + (y1, ζ(0))− 〈u, ∂nζ〉I
+ ρ〈u, ∂nζt〉I − ρ(y0,∆ζ(0)) + ρ〈y0, ∂nζ(0)〉+ (f, ζ)I ,

where ζ is the solution to (3.12). This leads to the following theorem:
Theorem 3.9. For u ∈ L2(Σ), f ∈ L2(L2(Ω)), y0 ∈ H1(Ω), and y1 ∈ L2(Ω),

equation (3.7) possess a unique very weak solution defined by (3.13) and there the
following estimate

‖y‖L2(L2(Ω)) ≤ C
(
‖u‖L2(Σ) + ‖f‖L2(L2(Ω)) + ‖y0‖H1(Ω) + ‖y1‖

)
holds.
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Proof. The right hand side of (3.13) defines a linear functional G(v) on L2(L2(Ω)).
This functional is bounded. In fact as a consequence of Theorem 3.4 we have

‖ζt(0)‖+ ‖ζ(0)‖+ ‖∆ζ(0)‖+ ‖∂nζ(0)‖L2(∂Ω)

+ ‖∂nζ‖L2(Σ) + ‖∂nζt‖L2(Σ) + ‖ζ‖L2(L2(Ω)) ≤ C‖v‖L2(L2(Ω)).

The representative of this functional in L2(L2(Ω)) is y. This implies the desired result.

4. Optimal control problems. In this section we discuss the functional an-
alytic settings for distributed, Neumann boundary and Dirichlet boundary control
of the wave equation. We provide the corresponding optimality systems and verify
the assumptions for superlinear convergence of the semismooth Newton method for-
mulated in Section 2. Especially we will check Assumption 2.7. Furthermore, we
formulate some regularity results for the optimal control and the optimal state.

4.1. Distributed control. In this section we analyze the optimal control prob-
lem with distributed control, i.e.

(4.1)


min J(y, u) = G(y) + α

2 ‖u‖
2
L2(Q), y ∈ L2(Q), u ∈ L2(Q)

subject to ytt −∆y = u in Q,
y(0) = y0, yt(0) = y1 in Ω,
y = 0 on Σ,
ua ≤ u ≤ ub a.e. in Q,

where y0 ∈ H1
0 (Ω), y1 ∈ L2(Ω) and the state equation is understood in the sense

of Theorem 3.1. Further we assume that ua, ub are in Lr(Q) for some r > 2. The
optimality system can be derived by standard techniques [22, pp. 296] and [12] and
is found to be

(4.2)



ytt −∆y = u,
y(0) = y0, yt(0) = y1, y|Σ = 0,

ptt −∆p = −G′(y),
p(T ) = 0, pt(T ) = 0, p|Σ = 0,

αu+ λ = p,
λ = max(0, λ+ c(u− ub)) + min(0, λ+ c(u− ua))

for any c > 0, λ ∈ L2(Q) and p ∈ C(H1(Ω)) ∩ C1(L2(Ω)).
We verify Assumption 2.7 in the next theorem.
Theorem 4.1. In the case of distributed control there holds for the operator q

defined in (2.2)

q : L2(Q)→ Lr(Q)

with some r > 2.
Proof. A direct comparison between the general optimality system (2.4) and (4.2)

shows, that in this case for a given control u ∈ L2(Q) we have q(u) = p, where p is
the solution of the corresponding dual equation. From Theorem 3.1 we deduce that
p ∈ C(H1(Ω)) and hence, for n = 2 we have p ∈ Lr(Q) for all 1 ≤ r < ∞ and for
n ≥ 3 we have p ∈ L

2n
n−2 (Q).
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From this result superlinear convergence of the semismooth Newton method fol-
lows by Theorem 2.10 for the distributed control case.

As a further consequence of Theorem 4.1 we obtain the following regularity results
for the optimal control and the optimal state.

Corollary 4.2. Let ua, ub ∈ H1(L2(Ω))∩L2(H1(Ω)). Then, there holds for the
optimal control u:

u ∈ H1(L2(Ω)) ∩ L2(H1(Ω)).

Proof. In Section 2 the optimality condition is equivalent to

α(u− ub) + max(0, αub − q(u)) + min(0, q(u)− αua) = 0

with q(u) = p. From [17, Lemma 3.3] we deduce that the regularity of q(u) is trans-
ferred to max(0, αub − q(u)) and min(0, q(u)− αua) and therefore also to u.

As a consequence, we can formulate some improved regularity result for the op-
timal state.

Corollary 4.3. Assume that y0 ∈ H2(Ω) ∩ H1
0 (Ω), y1 ∈ H1

0 (Ω) and ua, ub ∈
H1(L2(Ω)). Then, for the optimal state there holds

y ∈ L∞(H2(Ω)), yt ∈ L∞(H1
0 (Ω)),

ytt ∈ L∞(L2(Ω)), yttt ∈ L2(H−1(Ω)).

Proof. With a similar argumentation as in Corollary 4.2 we obtain u ∈ H1(L2(Ω))
and thus, the assertion follows with [7, pp. 389].

Thus, under the assumptions of Corollary 4.3 the optimal state y satisfies the
state equation in the following weak sense:

(ytt, ζ)I + (∇y,∇ζ)I − (y(0)− y0, ζt(0)) + (yt(0)− y1, ζ(0)) = (u, ζ)I(4.3)

for all ζ ∈ H2(L2(Ω)) ∩ L2(H1
0 (Ω)).

This variational formulation—rewritten as a first-order system—is a basis of our
numerical realizations, see Section 5.

4.2. Neumann boundary control. We consider the optimal control problem
with Neumann boundary control, i.e.

(4.4)


min J(y, u) = G(y) + α

2 ‖u‖
2
L2(Σ), y ∈ L2(Q), u ∈ L2(Σ),

subject to ytt −∆y = f in Q,
y(0) = y0, yt(0) = y1 in Ω,
∂ny = u on Σ,
ua ≤ u ≤ ub a.e. in Σ,

where y0 ∈ L2(Ω), y1 ∈ (H1(Ω))∗, f ∈ L1((H1(Ω))∗), ua, ub ∈ Lr(Σ) with some r > 2
and the state equation is understood in the sense of Theorem 3.2. The optimality
system can be derived by standard techniques, see, e.g., [25] and is found to be

(4.5)



ytt −∆y = f,
y(0) = y0, yt(0) = y1, ∂ny|Σ = u,

ptt −∆p = −G′(y),
p(T ) = 0, pt(T ) = 0, ∂np|Σ = 0,

αu+ λ = p|Σ,
λ = max(0, λ+ c(u− ub)) + min(0, λ+ c(u− ua))
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for any c > 0, λ ∈ L2(Σ) and p ∈ C(H1(Ω)) ∩ C1(L2(Ω)).
In the next theorem we verify Assumption 2.7 for the Neumann boundary control

problem.
Theorem 4.4. In the case of Neumann boundary control there holds for the

operator q defined in (2.2)

q : L2(Σ)→ Lr(Σ)

with some r > 2.
Proof. A direct comparison between the general optimality system (2.4) and (4.5)

shows, that in this case for a given control u ∈ L2(Σ) we have q(u) = p|Σ, where p is
the solution of the corresponding dual equation. From Theorem 3.1 we deduce that
p ∈ L2(H1(Ω)) ∩H1(L2(Ω)) and hence by [25, pp. 9],

p ∈ L2(H
1
2 (∂Ω)) ∩H 1

2 (L2(∂Ω)).

By [1, pp. 218] we have H
1
2 (L2(∂Ω)) ↪→ W

1
r ,r(L2(∂Ω)) ↪→ Lr(L2(∂Ω)) for all 2 ≤

r <∞. Consequently, we deduce

p ∈ L2(H
1
2 (∂Ω)) ∩ Lr(L2(∂Ω)) for all 2 ≤ r <∞

and hence interpolation, see, e.g., [32, Chapter 1] implies that

p ∈ Lrs([H
1
2 (∂Ω), L2(∂Ω)]s), where

1
rs

=
(1− s)

2
+
s

r
, s ∈ [0, 1].

For n ≥ 3 we use H
1
2 (∂Ω) ↪→ L

2n−2
n−2 (∂Ω) and get

[H
1
2 (∂Ω), L2(∂Ω)]s ↪→ Lqs(∂Ω), where

1
qs

=
(1− s)(n− 2)

2n− 2
+
s

2
, s ∈ [0, 1].

We choose s in such a way, that rs = qs. This implies

s =
r

2 + nr − 2n
, r ≥ 2

and hence

qs =
8n− 4n2 − 4 + 2n2r − 2nr

6n− 4− 2n2 + n2r − 2nr + r
.

qs is monotonic increasing in r and hence we deduce p ∈ L
2n

n−1−ε(Σ) for all ε > 0.
For n = 2 we have H

1
2 (∂Ω) ↪→ Lq(∂Ω) for all q <∞. Using similar arguments as

before we obtain p ∈ L4−ε(Σ) for all ε > 0.
As for the distributed case we obtain additional regularity results for the optimal

control and the optimal state.
Corollary 4.5. Let ua, ub ∈ L2(H

1
2 (∂Ω)) ∩ H 1

2 (L2(∂Ω)). Then, the optimal
control satisfies u ∈ L2(H

1
2 (∂Ω)) ∩H 1

2 (L2(∂Ω)).
Corollary 4.6. For f ∈ L2(L2(Ω)), y0 ∈ H1(Ω), y1 ∈ L2(Ω) and under the

assumptions of Corollary 4.5 the optimal state satisfies y ∈ C(H1(Ω)) ∩C1(L2(Ω)).
Proof. We consider the equation

ytt −∆y = 0, y(0) = 0, yt(0) = 0 ∂ny|Σ = g
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with g ∈ L2(H
1
2 (∂Ω)). This equation admits a solution y ∈ C(H1(Ω)) ∩ C1(L2(Ω)),

see [21]. From Corollary 4.5 with g = u ∈ L2(H
1
2 (∂Ω)) and by Theorem 3.1 we obtain

for the optimal state y of (4.4)

y ∈ C(H1(Ω)) ∩ C1(L2(Ω)).

As a direct consequence we deduce that under the assumptions of Corollary 4.6
the very weak solution y of the state equation which corresponds to the optimal
control u is in fact a variational solution in the sense that y ∈ C(H1(Ω))∩C1(L2(Ω))
and

−(yt, ζt)I + (∇y,∇ζ)I − 〈u, ζ〉I − (y(0)− y0, ζt(0))− (y1, ζ(0)) = (f, ζ)I

for all ζ ∈ C(H1(Ω)) ∩ C1(L2(Ω)). This is important for numerical realizations, see
the corresponding discussion in [17].

4.3. Dirichlet control. Here we consider the optimal control problem with
Dirichlet boundary control:

(4.6)


min J(y, u) = G(y) + α

2 ‖u‖
2
L2(Σ), y ∈ L2(Q), u ∈ L2(Σ)

subject to ytt −∆y = f in Q,
y(0) = y0, yt(0) = y1 in Ω,
y = u on Σ,
ua ≤ u ≤ ub a.e. on Σ,

where y0 ∈ L2(Ω), y1 ∈ (H1
0 (Ω))∗, f ∈ L1((H1

0 (Ω))∗) and the state equation is
understood in the sense of Theorem 3.3. We have the following optimality system

(4.7)



ytt −∆y = f,
y(0) = y0, yt(0) = y1, y|Σ = u,

ptt −∆p = −G′(y),
p(T ) = 0, pt(T ) = 0, p|Σ = 0,

αu+ λ = −∂np|Σ,
λ = max(0, λ+ c(u− ub)) + min(0, λ+ c(u− ua))

for c > 0, λ ∈ L2(Σ) and p ∈ C(H1(Ω)) ∩ C1(L2(Ω)).
In the case of Dirichlet boundary control the operator q defined in (2.2) turns

out to be given by q(u) = −∂np, where p is the solution of the corresponding adjoint
equation in (4.7). From the hidden regularity result, see, e.g., [23, pp. 233], we
obtain that ∂np ∈ L2(Σ) and the operator q is a continuous affine-linear operator
q : L2(Σ) → L2(Σ). In the following we provide a one-dimensional example showing
that in general the operator q does not map any control u ∈ L2(Σ) to Lr(Σ) with
r > 2. Therefore, Assumption 2.7 is not fulfilled in the case of Dirichlet boundary
control.

We consider the one dimensional wave equation with Dirichlet boundary control:

ytt − yxx = 0 in (0, 1)× (0, 1),
y(t, 0) = u(t), y(t, 1) = 0,
y(0, x) = 0, yt(0, x) = 0
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with u ∈ L2(0, 1). We denote

ξ = t+ x, ξ ∈ [0, 2], η = t− x, η ∈ [−1, 1]

and obtain

y(ξ, η) =

{
0, η < 0,
u(η), η ≥ 0.

Considering the adjoint equation

ptt − pxx = y in (0, 1)× (0, 1),
p(t, 0) = 0, p(t, 1) = 0,
p(1, x) = 0, pt(1, x) = 0

we obtain for the solution

p(ξ, η) =
1
4


U(η)ξ − (2− η)U(η)− Û(η) + (2− 2ξ)U(ξ) + Û(ξ), η ≥ 0, ξ < 1,
U(η)ξ − (2− η)U(η)− Û(η) + Û(2− ξ), η ≥ 0, ξ ≥ 1,
U(η)ξ − U(η)(η + 2)− Û(−η) + Û(2− ξ), η < 0, ξ ≥ 1,
U(η)ξ − U(η)(η + 2)− Û(−η) + (2− 2ξ)U(ξ) + Û(ξ), η < 0, ξ < 1,

where

U ′(t) = u(t) and Û ′(t) = U(t).

It follows that

(4.8) px(t, 0) = 16u(t)(1− t),

and thus for a general control u ∈ L2(0, 1) the image

q(u)(t) = −∂np(t) = −px(t, 0) = −16u(t)(1− t)

does not have an improved regularity q(u) ∈ Lr(0, 1) with some r > 2.
Remark 4.7. This lack of additional regularity is due to the nature of the wave

equation. In the elliptic as well as in the parabolic cases, the corresponding operator
q possess the required regularity for Dirichlet boundary control, see [17].

4.4. Dirichlet control for the strongly damped wave equation. In this
section we consider Dirichlet boundary control for the strongly damped wave equation
and we will show that in this case the assumptions from Section 2 for superlinear
convergence of the semismooth Newton method are satisfied.

The problem under consideration is given as follows:

(4.9)


min J(y, u) = G(y) + α

2 ‖u‖
2
L2(Σ), y ∈ L2(Q), u ∈ L2(Σ),

subject to ytt −∆y − ρ∆yt = f in Q,
y(0) = y0, yt(0) = y1 in Ω,
y = u on Σ,
ua ≤ u ≤ ub a.e. on Σ,
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where ρ > 0, f ∈ L2(L2(Ω)), y0, y1 ∈ L2(Ω), ua, ub ∈ Lr(Σ) with some r > 2 and the
state equation is understood in the sense of Theorem 3.9.

The optimality system derived with standard arguments is given by:

(4.10)



ytt −∆y − ρ∆yt = f,
y(0) = y0, yt(0) = y1, y|Σ = u,

ptt −∆p+ ρ∆pt = −G′(y),
p(T ) = 0, pt(T ) = 0, p|Σ = 0,

αu+ λ = −∂np|Σ,
λ = max(0, λ+ c(u− ub)) + min(0, λ+ c(u− ua))

for c > 0, λ ∈ L2(Σ) and p ∈ H2(L2(Ω)) ∩W 1,∞(H1
0 (Ω)) ∩H1(H2(Ω)).

In the next theorem we verify Assumption 2.7 in this case.
Theorem 4.8. In the case of Dirichlet boundary control problem (4.9) with ρ > 0,

the operator q defined in (2.2) satisfies

q : L2(Σ)→ Lr(Σ)

with some r > 2.
Proof. By a direct comparison of the optimality systems (2.4) and (4.10) we

obtain q(u) = −∂np. From Theorem 3.4 we obtain that p in particular fulfills

p ∈ L2(H2(Ω)) ∩H1(L2(Ω)).

By a trace theorem, see, e. g., [11], we get

∂np ∈ L2(H
1
2 (∂Ω)) ∩H 1

4 (L2(∂Ω)).

By interpolation estimates we obtain as in [17, Theorem 3.2]

∂np ∈ L
2(n+1)

n (Σ) for n ≥ 3

and

∂np ∈ L3−ε(Σ) with ε > 0 for n = 2.

This completes the proof.

5. Discretization. In this section we discuss discretization of the optimal con-
trol problems under consideration. To this end we employ appropriate finite element
schemes for both the temporal and the spatial discretizations. Applying this concept
the approaches, optimize-then-discretize and discretize-then-optimize, which are dif-
ferent, in general, coincide, see, e.g., [26, 5]. Finite element discretizations of the wave
equations are analyzed, e.g., in [2, 3, 4, 8, 13, 15, 16].

For the temporal discretization of the state equation we use a Petrov-Galerkin
scheme with continuous piecewise linear ansatz functions and discontinuous (in time)
piecewise constant test functions. For the spatial discretization we use usual con-
forming (bi)linear finite elements. This type of discretization is often referred as a
cG(1)cG(1) discretization. For a precise definition of our discretization we consider a
partition of the time interval Ī = [0, T ] as

Ī = {0} ∪ I1 ∪ · · · ∪ IM
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with subintervals Im = (tm−1, tm] of size km and time points

0 = t0 < t1 < · · · < tM−1 < tM = T.

We define the time discretization parameter k as a piecewise constant function by
setting k|Im = km for m = 1, . . . ,M .

For spatial discretization we will consider two- or three-dimensional shape regular
meshes, see, e.g., [6]. A mesh consists of quadrilateral or hexahedral cells K, which
constitute a nonoverlapping cover of the computational domain Ω. The corresponding
mesh is denoted by Th = {K}, where we define the discretization parameter h as a
cellwise function by setting h|K = hK with the diameter hK of the cell K.

Let V = H1(Ω) and V 0 = H1
0 (Ω). On the mesh Th we construct conforming finite

element spaces Vh ⊂ V and V 0
h ⊂ V 0 in a standard way:

Vh =
{
v ∈ V

∣∣ v|K ∈ Q1(K) for K ∈ Th
}
,

V 0
h =

{
v ∈ V 0

∣∣ v|K ∈ Q1(K) for K ∈ Th
}
.

Here, Q1(K) consists of shape functions obtained by bi- or trilinear transformations
of polynomials in Q̂1(K̂) defined on the reference cell K̂ = (0, 1)n, where

Q̂1(K̂) = span


n∏
j=1

x
kj

j : kj ∈ N0, kj ≤ 1

 .

Remark 5.1. The definition of Vh and V 0
h can be extended to the case of trian-

gular meshes and/or to spaces of higher order in the obvious way.
We define the following space-time finite element spaces:

Xkh =
{
vkh ∈ C(Ī , Vh)

∣∣ vkh|Im ∈ P1(Im, Vh)
}
,

X0
kh =

{
vkh ∈ C(Ī , V 0

h )
∣∣ vkh|Im

∈ P1(Im, V 0
h )
}
,

X̃kh =
{
vkh ∈ L2(I, Vh)

∣∣ vkh|Im
∈ P0(Im, Vh) and vkh(0) ∈ Vh

}
,

X̃0
kh =

{
vkh ∈ L2(I, V 0

h )
∣∣ vkh|Im

∈ P0(Im, V 0
h ) and vkh(0) ∈ Vh

}
,

where Pr(Im, Vh) denotes the space of polynomials up to degree r on Im with values
in Vh. Thus, the spaces Xkh and X0

kh consist of piecewise linear and continuous
functions in time with values in the usual spatial finite element space, whereas the
functions in X̃kh and X̃0

kh are piecewise constant in time and therefore discontinuous.
Remark 5.2. In the above definitions we used the same spatial mesh and the

same finite element space for all time intervals. However, in many situations the
use of different meshes T mh , m = 1, . . . ,M, is desirable. The consideration of such
dynamically changing meshes can be included in the definition of the discontinuous
spaces X̃kh and X̃0

kh in a natural way. The corresponding definitions of the spaces
Xkh and X0

kh are more involved due to the continuity requirement. For details on
such dynamic meshes we refer to [31].

For the definition of the discrete control space in the case of boundary control,
we introduce the space of traces of function in Vh:

Wh =
{
wh ∈ H

1
2 (∂Ω)

∣∣∣ wh = γ(vh), vh ∈ Vh
}
,

where γ : H1(Ω)→ H
1
2 (∂Ω) denotes the trace operator.
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Based on the equivalent formulation of the state equations as first-order systems
(cf. (3.2)) we introduce the Galerkin finite element formulation of the state equations.
We introduce a bilinear form aρ : Xkh ×Xkh × X̃kh × X̃kh → R by

aρ(y, ξ) = aρ(y1, y2, ξ1, ξ2) = (∂ty2, ξ1)I + (∇y1,∇ξ1)I + ρ(∇y2,∇ξ1)I
+ (∂ty1, ξ2)I − (y2, ξ2)I + (y2(0), ξ1(0))− (y1(0), ξ2(0))

with y = (y1, y2) and ξ = (ξ1, ξ2) and with a real parameter ρ ≥ 0.

5.1. Distributed Control. For the distributed control problem we choose the
discrete control space UDh = Xkh. The discretized optimization problem is then
formulated as follows:

Minimize J(y1
kh, ukh)

for ukh ∈ UDh ∩ Uad and ykh ∈ X0
kh ×Xkh subject to

a0(ykh, ξkh) = (ukh, ξ1
kh)I + (y1, ξ

1
kh(0))− (y0, ξ

2
kh(0)) for all ξkh ∈ X̃0

kh × X̃kh.

(5.1)

5.2. Neumann Control. For the Neumann boundary control problem we
choose the discrete control space as

UBh =
{
vkh ∈ C(Ī ,Wh)

∣∣ vkh|Im
∈ P1(Im,Wh)

}
.

The corresponding discrete optimization problem is formulated as follows:

Minimize J(y1
kh, ukh)

for ukh ∈ UBh ∩ Uad and ykh ∈ Xkh ×Xkh subject to

(5.2) a0(ykh, ξkh) = 〈ukh, ξ1
kh〉I + (f, ξ1

kh)I + (y1, ξ
1
kh(0))− (y0, ξ

2
kh(0))

for all ξkh ∈ X̃kh × X̃kh.

5.3. Dirichlet Control. For the Dirichlet boundary control problem we choose
the discrete control space as in the Neumann case. For a function ukh ∈ UBkh we define
an extension ûkh ∈ Xkh such that

γ(ûkh(t, ·)) = ukh(t, ·) and ûkh(t, xi) = 0(5.3)

on all interior nodes xi of Th and for all t ∈ Ī.
The discrete optimization problem is formulated as follows:

Minimize J(y1
kh, ukh)

for ukh ∈ UB
kh ∩ Uad and ykh ∈ (ûkh +X0

kh)×Xkh subject to

(5.4) aρ(ykh, ξkh) = (f, ξ1
kh)I + (y1, ξ

1
kh(0))− (y0, ξ

2
kh(0)) for all ξkh ∈ X̃0

kh × X̃kh.

Remark 5.3. The employed cG(1)cG(1) discretization scheme is known to be
energy conserving. For ρ = 0, f = 0 and u = 0 one can directly show, that

1
2
‖y2
kh(tm)‖2L2(Ω) +

1
2
‖∇y1

kh(tm)‖2L2(Ω) =
1
2
‖y2
kh(tm−1)‖2L2(Ω) +

1
2
‖∇y1

kh(tm−1)‖2L2(Ω)

holds for all m = 1, 2 . . . ,M . This reflects the corresponding property of the wave
equation on the continuous level.
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5.4. Optimization algorithm on the discrete level. As on the continuous
level each of the discrete state equations (5.1), (5.2) and (5.4) defines the correspond-
ing discrete solution operator Skh mapping a given control ukh to the first component
of the state y1

kh. We introduce the discrete reduced cost functional

(5.5) jkh(ukh) = J(Skh(ukh), ukh)

and reformulate the discrete optimization problem as

(5.6) Minimize jkh(ukh) for ukh ∈ Ukh ∩ Uad,

where the discrete control space is Ukh = UDkh for distributed control and Ukh =
UBkh for boundary control. This optimization problem is solved using the PDAS-
algorithm (semismooth Newton method) as described in Section 2 for the continuous
problem. For the realization of this method on the discrete level we should discuss
the structure of the operator qkh corresponding to the operator q in (2.2) on the
continuous level and the solution of the equality constrained optimization problem in
step (iii) of the PDAS-algorithm, see Section 2. The later problem is solved using
Newton-method utilizing the derivatives j′kh(ukh)(δukh) and j′′kh(ukh)(δukh, τukh) in
directions δukh, τukh ∈ Ukh.

Remark 5.4. For quadratic functional G(y) the Newton method for the equality
constrained optimization problem in step (iii) of the PDAS-algorithm converges in one
iteration.

In the case of distributed and Neumann control the required derivatives of jkh
can be represented as on the continuous level using adjoint and linearized (tangent)
discrete equations, see [5, 26] for details. Since the case of Dirichlet boundary condi-
tions is more involved, we discuss it in the sequel. In all three cases the operator qkh
is defined in such a way that the derivative of the discrete reduced cost functional can
be expressed by

j′kh(ukh)(δukh) = (αukh − qkh(ukh), δukh)ω.

In the case of Dirichlet control the derivative j′(u)(δu) on the continuous level is
given as

j′(u)(δu) = (αu+ ∂np, δu)Σ,

where p is the solution of the adjoint equation, cf. the optimality system (4.7). A
direct discretization of the term ∂np does not lead in general to the derivative of the
discrete cost functional jkh. Therefore, we employ another representation using a
residual of the adjoint equation, cf. discussions in [35, 17].

Proposition 5.5. Let the discrete reduced cost functional jkh be defined as in
(5.5) with the solution operator Skh : UDkh → Xkh for the discrete state equation (5.4)
in the Dirichlet case. Then the following representations hold:

1. The first directional derivative in direction δukh ∈ UB
kh can be expressed as

(5.7)
j′kh(ukh)(δukh) = (G′(y1

kh), δ̂ukh)I + (∂tδ̂ukh, p1
kh)I + (∇δ̂ukh,∇p1

kh)I
+ α〈ukh, δukh〉I ,

where y1
kh = Skh(ukh), δ̂ukh is the extension of δukh defined as in (5.3), and

pkh = (p1
kh, p

2
kh) ∈ X̃0

kh × X̃kh is the solution to the discrete adjoint equation

a(η, pkh) = −J ′y(y1
kh, ukh)(η1) for all η ∈ X0

kh ×Xkh.(5.8)
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2. The second derivative of jkh in directions δukh, τukh ∈ UB
kh can be expressed

as

j′′kh(ukh)(δukh, τukh) = G′′(y1
kh)(δy1

kh, τ̂ukh) + (∂tτ̂ukh, δp1
kh)I + (∇τ̂ukh,∇δp1

kh)I
+ α〈δukh, τukh〉I ,

where δykh = (δy1
kh, δy

2
kh) ∈ (δ̂ukh+X0

kh)×Xkh is the solution of the discrete
tangent equation

(5.9) a(δykh, ξ) = 0 for all ξ ∈ X̃0
kh × X̃kh

and δpkh ∈ X̃0
kh × X̃kh is given by

a(η, δpkh) = −J ′′yy(y1
kh, ukh)(δy1

kh, η
1) for all η ∈ X0

kh ×Xkh.(5.10)

Proof. Using the solution δykh of the discretized tangent equation (5.9), we obtain

j′kh(ukh)(δukh) = J ′y(y1
kh, ukh)(δy1

kh) + J ′u(y1
kh, ukh)(δukh),

rewriting the first term using (5.8) and (5.9) we get:

Jy(y1
kh, ukh)(δykh) = J ′y(y1

kh, ukh)(δy1
kh − δ̂ukh) + J ′y(y1

kh, ukh)(δ̂ukh)

= −(∂t(δy1
kh − δ̂ukh), p1

kh)I − (∇(δy1
kh − δ̂ukh),∇p1

kh)I

+ (G′(y1
kh), δ̂ukh)I

= (∂tδ̂ukh, p1
kh)I + (∇δ̂ukh,∇p1

kh)I + (G′(y1
kh), δ̂ukh)I .

This gives the desired representation (5.7). The representation of the second derivative
is obtained in a similar way.

Remark 5.6. We note, that for both the state equation (5.4) and the tan-
gent equation (5.9) the ansatz space consists of continuous piecewise linear in time
function and the test space consists of discontinuous piecewise constant (in time)
functions. For both adjoint equations (5.8) and (5.10) the ansatz and the test spaces
are exchanged. The ansatz functions are discontinuous and piecewise constant (in
time) and test functions are continuous piecewise linear in time. This allows for a
consistent formulation, cf. discussions in [5, 26].

5.5. Time stepping formulations. Although the discrete state equation (5.4)
as well as the discrete tangent (5.9) and adjoint (5.8), (5.10) equations are formulated
globally in time, they result in time stepping schemes. This is due to the fact, that
for all these equations either the ansatz or the test functions are discontinuous in
time. Applying the trapezoidal rule piecewise for approximation of time integrals, the
considered time discretization results in a Crank-Nicolson scheme, see, e.g., [26, 5]. In
what follows we describe the corresponding time stepping schemes for equations (5.4),
(5.9), (5.8) and (5.10) explicitly. Thereby, we assume that the functional G can be
represented as

G(y) =
∫ T

0

g(y(t)) dt

with a functional g ∈ C2(L2(Ω),R).
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We define for m = 0, . . . ,M

Um = ukh(tm), Y 1
m = y1

kh(tm), Y 2
m = y2

kh(tm),

for m = 1, . . . ,M

P 1
m = p1

kh|Im , P
2
m = p2

kh|Im ,

and

P 1
0 = p1

kh(0), P 2
0 = p2

kh(0).

The discrete state equation for Y 1
0 , Y

2
0 ∈ Vh and Y 1

m ∈ Ûm + V 0
h , Y

2
m ∈ Vh for

m = 1, . . . ,M is given as follows:

m = 0:

(Y 1
0 , ϕ

1) + (Y 2
0 , ϕ

2) = (y0, ϕ
1) + (y1, ϕ

2) for all ϕ1, ϕ2 ∈ Vh,

m = 1, . . . , M :

(Y 2
m, ϕ

1) + (Y 1
m, ϕ

2) +
km
2

(∇Y 1
m,∇ϕ1) + ρ

km
2

(∇Y 2
m,∇ϕ1)− km

2
(Y 2
m, ϕ

2)

= (Y 2
m−1, ϕ

1) + (Y 1
m−1, ϕ

2)− km
2

(∇Y 1
m−1,∇ϕ1)− ρkm

2
(∇Y 2

m−1,∇ϕ1)

+
km
2

(Y 2
m−1, ϕ

2) +
km
2

(f(tm−1), ϕ1) +
km
2

(f(tm), ϕ1)

for all ϕ1 ∈ V 0
h , ϕ2 ∈ Vh.

The discrete adjoint equation for P 1
0 , P

2
0 ∈ Vh and P 1

m ∈ V 0
h , P

2
m ∈ Vh for

m = 1, . . . ,M is given as follows:

m = M :

(η2, P 1
M ) + (η1, P 2

M ) +
kM
2

(∇η1,∇P 1
M )− ρkM

2
(∇η2,∇P 1

M )− kM
2

(η2, P 2
M )

= −kM
2
g′(Y 1

M )(η1) for all η1 ∈ V 0
h , η

2 ∈ Vh,

m = M − 1, . . . , 1:

(η2, P 1
m) + (η1, P 2

m) +
km
2

(∇η1,∇P 1
m)− ρkm

2
(∇η2,∇P 1

m)− km
2

(η2, P 2
m)

= (η2, P 1
m+1) + (η1, P 2

m+1)− km+1

2
(∇η1,∇P 1

m+1) + ρ
km+1

2
(∇η2,∇P 1

m+1)

+
km+1

2
(η2, P 2

m+1)− km + km+1

2
g′(Y 1

m)(η1) for all η1 ∈ V 0
h , η

2 ∈ Vh,

m = 0:

(η1, P 1
0 ) + (η2, P 2

0 ) = (η1, P 1
1 ) + (η2, P 2

1 )− k1

2
(∇η1,∇P 1

1 ) +ρ
k1

2
(∇η2,∇P 1

1 )

+
k1

2
(η2, P 2

1 )− k1

2
g′(Y 1

0 )(η1) for all η1, η2 ∈ Vh.
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Next we describe the equations (5.9) and (5.10). Therefore, we define for i =
0, . . . ,M :

δUm = δukh(tm), δY 1
m = δy1

kh(tm), δY 2
m = δy2

kh(tm),

for i = 1, . . . ,m

δP 1
m = δp1

kh|Im
, δP 2

m = δp2
kh|Im

.

and

δP 1
0 = δp1

kh(0), δP 2
0 = δp2

kh(0).

The discrete tangent equation for δY 1
0 , δY

2
0 ∈ Vh and δY 1

m ∈ δ̂Um+V 0
h , δY

2
m ∈ Vh for

m = 1, . . . ,M is given as follows:

m = 0:

δY 1
0 = δY 2

0 = 0,

m = 1, . . . , M :

(δY 2
m, ϕ

1)+(δY 1
m, ϕ

2)+
km
2

(∇δY 1
m,∇ϕ1)+ρ

km
2

(∇δY 2
m,∇ϕ1)−km

2
(δY 2

m, ϕ
2)

= (δY 2
m−1, ϕ

1) + (δY 1
m−1, ϕ

2)− km
2

(∇δY 1
m−1,∇ϕ1)− ρkm

2
(∇δY 2

m,∇ϕ1)

+
km
2

(δY 2
m−1, ϕ

2) for all ϕ1 ∈ V 0
h , ϕ

2 ∈ Vh.

The additional adjoint equation for δP 1
0 , δP

2
0 ∈ Vh and δP 1

m ∈ V 0
h , δP

2
m ∈ Vh for

m = 1, . . . ,M is given as follows:
m = M :

(η2, δP 1
M ) + (η1, δP 2

M ) +
kM
2

(∇η1,∇δP 1
M )− ρkM

2
(∇η2,∇δP 1

M )

− kM
2

(η2, δP 2
M ) = −kM

2
g′′(YM )(δYM , η1)

for all η1 ∈ V 0
h , η

2 ∈ Vh.

m = M − 1, . . . , 1:

(η2, δP 1
m)+(η1, δP 2

m)+
km
2

(∇η1,∇δP 1
m)−ρkm

2
(∇η2,∇δP 1

M )− km
2

(η2, δP 2
m)

= (η2, δP 1
m+1) + (η1, δP 2

m+1)− km+1

2
(∇η1,∇δP 1

m+1) + ρ
km+1

2
(∇η2,∇δP 1

M )

+
km+1

2
(η2, δP 2

m+1)− km + km+1

2
g′′(Ym)(δYm, η1)

for all η1 ∈ V 0
h , η

2 ∈ Vh,

m = 0:

(η2, δP 1
0 ) + (η1, δP 2

0 ) = (η2, δP 1
1 ) + (η1, δP 2

1 )− k1

2
(∇η1,∇δP 1

1 )

+
k1

2
(∇η2,∇δP 1

1 ) +
k1

2
(η2, δP 2

1 )− k1

2
g′′(Y0)(δY0, η

1)

for all η1 ∈ V 0
h , η

2 ∈ Vh.
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6. Numerical Examples. In this section we discuss numerical examples illus-
trating our theoretical results for the optimal control problems under considerations.
We present a comparison of the numbers of PDAS iterations for different discretization
levels as well as some results illustrating the error behavior on a fixed mesh. On the
discrete level (for fixed temporal and spatial meshes) the PDAS-method typically con-
verges in a finite number of steps (cf. the stopping criterion in Remark 2.12), which is
better than superlinear convergence. The examples indicate superlinear convergence
also before the PDAS method stopps finding the optimal discrete solution.

All computations are done using the optimization library RoDoBo [30] and the
finite element toolkit Gascoigne [9].

In the following we consider distributed, Neumann boundary and Dirichlet bound-
ary control with and without damping on the unit square Ω = (0, 1)2 ⊂ R2. Here,
we specify the functional G in the following way: For a given function yd ∈ L2(Q) we
define

G(y) =
1
2
‖y − yd‖2L2(Q).

6.1. Example 1: Distributed Control. We compute the distributed optimal
control problem (4.1) with the following data:

α = 0.01, ua = −0.6, ub = 2, T = 1,

yd(t, x) =

{
10x2, if x1 < 0.5,
1, else,

y0(x) = sin(πx1) sin(πx2), y1(x) = 0

for t ∈ [0, T ] and x = (x1, x2) ∈ Ω.

Table 6.1
PDAS method on the sequence of uniformly refined meshes for distributed control problem

Level N M PDAS steps

1 16 2 5
2 64 4 4
3 256 8 5
4 1024 16 4
5 4096 32 4
6 16384 64 5

This optimal control problem is discretized by space-time finite elements as de-
scribed above. The resulting finite-dimensional problem is solved by the PDAS
method. In Table 6.1 the numbers of iterations is shown for a sequence of uniformly
refined discretizations. Here, N denotes the number of cells in the spatial mesh Th
and M denotes the number of time intervals. The results indicate a mesh-independent
behavior of the PDAS-algorithm.

To analyze the convergence behavior of the PDAS method we define the PDAS
iteration error

ei = ‖u(i)
kh − ukh‖L2(ω),

where u(i)
kh denotes the ith iterate and ukh the optimal discrete solution. For a fixed

discretization with N = 16384 cells and M = 64 time steps Table 6.2 depicts the rate
of convergence of the PDAS-iteration. The results presented demonstrate superlinear
convergence.
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Table 6.2
superlinear convergence of the PDAS-method for distributed control

i 1 2 3 4

ei 3.6 · 10−2 9.7 · 10−4 2.1 · 10−5 0
ei+1/ei 2.7 · 10−2 2.2 · 10−2 0 -

6.2. Example 2: Neumann Control. We consider the Neumann boundary
control problem (4.4) with the following data:

f(t, x) =

{
1, if x1 > 0.25,
−1, else

, α = 0.01, ua = −0.8, ub = 1, T = 1,

yd(t, x) =

{
−x1, if x1 > 0.05,
2, else,

y0(x) = sin(πx1) sin(πx2), y1(x) = 0

for t ∈ [0, T ] and x = (x1, x2) ∈ Ω.
As in the previous example we see in Table 6.3, that the number of PDAS itera-

tions is mesh-independent under uniformly refinement of the discretizations.
For a fixed discretization with N = 16384 cells and M = 64 time steps Table 6.4

shows the rate of convergence of the PDAS-iteration illustrating superlinear conver-
gence.

Table 6.3
PDAS method on the sequence of uniformly refined meshes for Neumann boundary control

Level N M PDAS steps

1 16 2 5
2 64 4 5
3 256 8 3
4 1024 16 4
5 4096 32 4
6 16384 64 5

Table 6.4
superlinear convergence of the PDAS-method for Neumann boundary control

i 1 2 3 4

ei 3.0 · 10−2 9.7 · 10−4 2.8 · 10−5 0
ei+1/ei 3.2 · 10−2 2.9 · 10−2 0 -

6.3. Example 3: Dirichlet Control. This is a Dirichlet optimal control prob-
lems (4.6) and (4.9) with the following data:

f(t, x) =

{
1, x1 > 0.5,
x1, else

, ua = −0.18, ub = 0.2, T = 1,

yd(t, x) =

{
x1 x1 > 0.5
−x1 else

, y0(x) = sin(πx1) sin(πx2), y1(x) = 0
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for t ∈ [0, T ] and x = (x1, x2) ∈ Ω.

Table 6.5
Numbers of PDAS-iterations on the sequence of uniformly refined meshes for different param-

eters α and ρ

α = 10−4 α = 10−2

Level N M ρ = 0 ρ = 0.1 ρ = 0.7 ρ = 0 ρ = 0.1 ρ = 0.7

1 16 2 4 3 5 4 4 5
2 64 4 5 4 3 4 4 3
3 256 8 5 5 4 5 4 4
4 1024 16 6 6 6 5 7 5
5 4096 32 11 7 7 9 6 5
6 16384 64 13 9 7 10 8 5

α = 1

Level N M ρ = 0 ρ = 0.1 ρ = 0.7

1 16 2 3 3 2
2 64 4 3 3 1
3 256 8 4 3 1
4 1024 16 4 2 1
5 4096 32 3 3 1
6 16384 64 3 4 1

Table 6.5 illustrates the effect of damping introduced by the term −ρ∆yt on the
number of PDAS steps. For α = 0.01 and ρ = 0 we observe a mesh-dependence of
the algorithm. Moreover, the number of PDAS steps declines for increasing value of
ρ and stays mesh independent for ρ > 0. Furthermore, we consider the effect of α on
the number of PDAS steps. As expected the number of iterations declines also for
increasing α.

In Table 6.6 and in Table 6.7 we consider the PDAS-iteration error for the dis-
cretization with N = 16384 cells and M = 64 time steps, where we choose ρ = 0
and ρ = 0.1, respectively, and α = 0.01. These tables indicate that we only have
superlinear convergence for ρ > 0.

Table 6.6
Equation without damping, ρ = 0 - PDAS-iteration error

i 1 2 3 4 5 6 7

ei 2.3 · 10−2 2.2 · 10−2 4.5 · 10−3 1.9 · 10−3 7.2 · 10−4 3.8 · 10−4 1.2 · 10−4

ei+1/ei 9.5 · 10−1 2.0 · 10−1 4.2 · 10−1 3.8 · 10−1 5.2 · 10−1 3.1 · 10−1 4.1 · 10−1

i 7 8 9

ei 4.8 · 10−5 1.4 · 10−5 0
ei+1/ei 3.0 · 10−1 0 -
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28 Axel Kröner, Karl Kunisch, and Boris Vexler

Table 6.7
Equation with damping ρ = 0.1 - PDAS-iteration error

i 1 2 3 4 5 6 7

ei 3.8 · 10−1 5.2 · 10−2 1.0 · 10−2 1.5 · 10−3 1.8 · 10−4 1.7 · 10−5 0
ei+1/ei 1.3 · 10−1 1.9 · 10−1 1.6 · 10−1 1.2 · 10−1 9.3 · 10−2 0 -

[1] R. A. Adams. Sobolev Spaces. Academic Press, New York, 1975.
[2] L. Bales and I. Lasiecka. Continuous finite elements in space and time for the nonhomogeneous

wave equation. Computers Math. Applic., 27(3):91–102, 1994.
[3] L. Bales and I. Lasiecka. Negative norm estimates for fully discrete finite element approxi-

mations to the wave equation with nonhomogeneous L2 Dirichlet boundary data. Math.
Comp., 64(209):89–115, 1995.

[4] W. Bangerth and R. Rannacher. Adaptive finite element techniques for the acoustic wave
equation. J. Comput. Acoustics, 9(2):575–591, 2001.

[5] R. Becker, D. Meidner, and B. Vexler. Efficient numerical solution of parabolic optimization
problems by finite element methods. Optim. Methods Softw., 22(5):813–833, 2007.

[6] D. Braess. Finite Elements: Theory, Fast Solvers and Applications in Solid Mechanics. Cam-
bridge University Press, Cambridge, 2007.

[7] L. C. Evans. Partial Differential Equations, volume 19 of Graduate Studies in Mathematics.
American Mathematical Society, 1998.

[8] D. A. French and T. E. Peterson. Continuous space-time finite elements method for the wave
equation. Math. Comp., 65(214):491–506, 1996.

[9] Gascoigne: The finite element toolkit. http://www.gascoigne.uni-hd.de.
[10] M. Gerdts, G. Greif, and H. J. Pesch. Numerical optimal control of the wave equation: optimal

boundary control of a string to rest in finite time. Math. Comput. Simulation, 79(4):1020–
1032, 2008.
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