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Abstract

This paper presents a numerical approach for the fast evaluation of convolu-
tion operations which occur in the problem of inversion and segmentation of
X-ray tomography data via the minimization of a Mumford-Shah functional.
This approach is based on ideas of the fast multipole method. The prob-
lem which we want to solve is the problem of inversion and segmentation
of X-ray tomography data, using a piecewise smooth Mumford-Shah model.
The numerical framework that we use is a recently developed finite difference
approximation for the determination of a piecewise smooth density function
as the solution of a variational problem on a variable domain. This approach
achieves simultaneously the reconstruction and segmentation directly from
the raw tomography data. This work focuses on the application of ideas
from the fast multipole technique. The numerical analysis predicts and the
numerical experiments which are presented confirm a significant speed-up of
the computational time.
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1. Introduction

An important task in medical imaging is to obtain information from
within the human body by taking indirect measurements outside the body. In
computerized tomography (CT) a measured data-set is the result of screen-
ing X-rays travelling through the body under different angles and offsets.
CT is a medical imaging method which produces an image of the structures
within a thin section of an object (a density function f) from a large set of
one-dimensional X-ray images taken around a single axis of rotation. The
mathematical relation between parameter and data is described by the Radon
transform, which collects integrals of f over straight lines,

gd(s, ω) ≈ Rf :=

∫
R

f(sω + tω⊥) dt ,

(s, ω) ∈ R× S1 (see [16]).
Furthermore, the planning of surgery might require the determination of

the boundaries of inner organs or the separation of cancerous and healthy
tissue, i.e., a segmentation of the reconstructed image is desired. Therefore
as a common practice the output of the inversion method (the reconstructed
density f) is used as input data for an image segmentation method to extract
some specific parts within the image. In this approach, the segmentation
relies only on the reconstruction and is not connected directly to the data,

tomography data → reconstruction of the density→ image post-processing
→ segmentation .

Such approaches with the different interpretation of the contours and with
the various minimized energy functionals have been presented for the last two
decades by different authors in [15, 2, 6, 10, 22, 14, 13, 4, 5, 9, 27, 21, 25].

We introduced an approach where we do not (as it is traditionally done)
first invert the Radon transform and then segment the obtained image but we
use the raw tomography data directly for both reconstruction and segmen-
tation. Our approach, comprehensively presented in [12] and [11], achieves
a simultaneous reconstruction and segmentation directly from the X-ray to-
mography data. The general idea was originally proposed in [23] for piecewise
constant densities. In [12] we modified and improved the algorithm from [23]
to allow for density functions to be not necessary piecewise constant but
piecewise smooth, which gives us the possibility to treat more complicated
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cases in practical applications. In our approach the optimality system is
found as the necessary optimality condition for a Mumford-Shah like func-
tional over the space of piecewise smooth densities, which may be discontinu-
ous across the segmenting contour. Then the functional variable is eliminated
by solving the optimality system for a fixed geometry. The solution is then
inserted in the Mumford-Shah cost functional leading to a geometrical opti-
mization problem for the singularity set. The resulting shape optimization
problem is solved using shape sensitivity calculus and propagation of shape
variables in the level-set form.

2. Mumford-Shah like functional

For a given noisy data gd : R × S1 → R, which are inaccurate measure-
ments of ideal data g = Rf , the Mumford-Shah like model is designed to
extract simultaneously functional and geometric information for inaccessible
parameters from indirect measurements:

J(f,Γ) = ‖Rf − gd‖2
L2(R×S1) + α

∫
Ω\Γ

|∇f |2dx + β|Γ|, (2.1)

where Γ is a geometric variable and represents the set of points on or across
which the density distribution f has certain singularities. We assume that f
is smooth on different parts of the body which is reasonable since in medicine,
for example, the tissues of organs, muscles or bones have smooth densities.
In Figure 1:

• Ωi are sets with rectifiable boundaries

• Γ is the boundary of the individual domains

• Γ =
n⋃
i=1

∂Ωi = Ω \
n⋃
i=1

Ωi.

3. Minimization – General Idea

The functional (2.1) contains two variables - geometric Γ and functional
f . They are not completely independent since the geometry Γ is an essential
part of the definition of the density function f . Therefore in the process of
the minimization the functional (2.1) it is very difficult to update both those
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Figure 1: Domain Ω.

variables independently. As a way out we first fix Γ and solve the variational
problem for the fixed Γ

min
f
J(f,Γ). (3.1)

And then we insert the solution f(Γ) into the Mumford-Shah like functional
(2.1) and solve the shape optimization problem

Ĵ(Γ) = min
Γ
J(f(Γ),Γ). (3.2)

Similar approaches which use the idea of eliminating the functional variable
are described in [3, 28, 9]. After solving (3.2) we find a descent direction
with respect to the geometric variable Γ using shape sensitivity analysis
techniques. And then, on condition that we interpret the propagation of an
interface Γ(t) = {x : φ(t,x) = 0} as a propagation law for a corresponding
time-dependent level set function φ(t,x), we move Γ in the chosen descent
direction using a level-set methodology.

4. Solution of the optimality system for the fix geometry

The optimality system is found as the necessary optimality condition for
a Mumford-Shah like functional (2.1) over the space of piecewise smooth
densities. The necessary optimality conditions for the minimum f of J for
fixed Γ is given as

∂fJ(f(Γ),Γ)φ = 〈Rf − gd, Rφ〉L2(R×S1) + α

∫
Ω\Γ

〈∇f,∇φ〉 dx = 0

for all test functions φ ∈ H1(Ω \ Γ), where ∂fJ denotes the derivative of J
with respect to the first variable. Then the strong form of the optimality
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system is given as {
R∗Rf − α∆f = R∗gd in Ω \ Γ
∂f
∂n

= 0 on Γ.
(4.1)

Since the optimality system for the fixed geometry (4.1) has the form of a
coupled system of integro-differential equations on variable and irregular do-
mains to find the solution of (4.1) becomes a non-trivial task. Also motivated
by the structure of certain terms occurring in the shape derivative of the cost
functional, we would like to introduce as additional unknowns, along with
values of f at grid points of the finite-difference grid, also the values of f
at points on the interface Γ together with the first derivatives of f at these
interface points. For all those reasons in order to find the solution of the
optimality system (4.1) we develop a new finite difference method based ap-
proach. We construct a consistent and numerically stable (indicating second
order accuracy) scheme, where a standard five-point stencil is used on regular
points of an underlying uniform grid and modifications of the standard stencil
are made at points close to the boundary. These modifications concern only
the construction of an approximation of the Laplace operator at boundary
points and the discretization of the Neumann boundary conditions. We call
points where the interface Γ crosses horizontal or vertical grid lines intersec-
tion points.We use a 9-points stencil approximation with a local numbering
of grid points and intersection points occurring in the stencil. k = 0 always
denotes the central grid point in the stencil. fk denotes the value of f at a
grid point with local index k. Since assembling the whole discretization ma-
trix for the part R∗R is much too expensive in order to find an approximate
solution by any iterative methods we have to apply the operators R∗ and R
to the previous approximation in each step of the iterative procedure. This
can be achieved in reasonable time using fast rotation and interpolation. The
optimality system is solved iteratively using the preconditioned Bi-CGSTAB
- BiConjugate Gradient Stabilized Method. See [12] for details.

5. Shape sensitivity analysis

In our work we use techniques from shape sensitivity calculus described
e.g. in [26, 7, 1, 9]. To find a descent direction for Ĵ in (3.2), we differentiate
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the reduced functional Ĵ with respect to the geometry Γ to obtain:

dĴ(Γ;F ) = 4
∑
k

∫
x∈Γk

∑
p∈d(k)

spfp(x)
∑
j

∫
y∈Ωj

fj(y)

|x− y|
dy F (x) dS(x)− (5.1)

−2
∑
k

∫
x∈Γk

∑
p∈d(k)

spfp(x)R∗gd(x) F (x) dS(x)+

+α
∑
k

∫
x∈Γk

∑
p∈d(k)

|∇fp(x)|2 F (x) dS(x) + β
∑
k

∫
x∈Γk

κ(x)F (x) dS(x),

where s(i) = sign(φ(x)), d(k) = {i(k), j(k)} is the set of the indices of two
components Ωi and Ωj separated by Γk and κ(x) is the mean curvature of
Γk.

A direction F : Γ → R for which the directional derivative (5.1) is neg-
ative is called a descent direction of the functional (3.2). Without loss of
generality we normalize the descent direction to ‖F‖ = 1 since different scal-
ing of the descent direction can be always compensated by the step-length’s
choice of the optimization algorithm. A steepest descent direction is a solu-
tion to the constrained optimization problem

min
F
dĴ(Γ;F ) such that ‖F‖ = 1. (5.2)

It is evident from the shape sensitivity theory that the steepest descent di-
rection F 0

sd : Γ→ R with respect to the L2-metric on Γ has the form

F 0
sd(x) = −4

∑
p∈d(k)

spfp(x)

∑
j

∫
y∈Ωj

fj(y)

|x− y|
dy)


+ 2

∑
p∈d(k)

spfp(x)R∗gd(x)− α
∑
p∈d(k)

|∇fp(x)|2 − βκ(x)

(5.3)

for x ∈ Γ. (Here we omitted the normalizing factor which guarantees that
‖F 0

sd‖ = 1.) Note that using a second order accurate scheme as described in
Section 4 is essential at this point because we need an accurate evaluation of
the term |∇fp(x)| on Γk in (5.3).

The level set equation of the form φt + F |∇φ| = 0 propagates simultane-
ously φ and Γ in a direction of decreasing cost functional values if F is equal
to a descent direction obtained in (5.3) (this idea was proposed in [20]). The
level-set equation is solved using a WENO scheme.
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6. Fast Computation of the Volume Integrals by the Fast Multipole
Method

The calculation of the descent direction (5.3) is computationally expensive
since it involves domain integral evaluations for each single point x on the
segmenting contour, i.e., ∑

j

∫
y∈Ωj

fj(y)

|x− y|
dy.

In the case of a discrete approximation of the problem based on a Cartesian
grid and a quadrature rule to approximate the integral over a single square,
we have to compute

N∑
`=1

f̂`
|xi − y`|

(6.1)

for M evaluation points xi on the contour Γ and N integration points (which
will be called source points) in the domain Ω. In the case of a Cartesian
n× n grid, there holds N ∈ O(n2). For a simpler notation we use

f̂` = a(y`)fj(y`),

where a(y`) is the corresponding integration weight and j is the index such
that y` ∈ Ωj. This computation requires O(M N) arithmetical operations,
i.e, in case of the Cartesian grid O(n3). Therefore the evaluation of the
domain integrals is the most time consuming part of the computation of the
descent direction. Due to the iterative character of the overall scheme the
number of such computations is very large.

For speeding up the calculations of the domain integrals, we propose to
use the fast multipole method [24, 8, 17]. This method is widely used in,
e.g., particle simulation and boundary element methods. In our case the
computational effort is reduced from O(M N) to almost linear complexity
with respect to M +N .

The key ideas of the fast multipole method are the separation of the
variables in the kernel |x − y|−1 by a series expansion and the use of an
hierarchical partitioning of the points to compute the coefficients of the ex-
pansions efficiently. We will give a brief description of the main ideas of the
methods; for details please see, e.g., [24, 8, 19].
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First, a hierarchical cluster tree is built upon the union of the set of
evaluation points {xi}Mi=1 and the set of source points {y`}N`=1. A cluster
ωλj is a set of indices or alternatively of the corresponding points which are
merged due to geometrical criterions. The domain Ω and accordingly its
enclosing box contain all points and these points form a single cluster ω0

1 of
the coarsest level 0. All further clusters are created recursively by subdividing
the existing clusters. The box related to a cluster ωλj is subdivided into four
(in 3D eight) boxes and the members of this cluster are associated to the
child clusters ωλ+1

k due to their position in one of the refined boxes. This
recursive subdivision is applied up to a predefined tree depth L or until the
number of points in the cluster falls below a suitable chosen limit.

Now, the computation of (6.1) is considered for pairs of clusters ωλk and
ωλj instead of the pairs of all inclosed points to reduce the computational
times. Such a pair of clusters is admissible –with respect to a low rank
approximation of the corresponding part of the sum (6.1)– if

dist{Cλ
k , C

λ
j } > (d+ 1) max{rλk , rλj } (6.2)

with the near-field parameter d > 1, the cluster centres Cλ
j and the cluster

radii rλj = supx∈ωλj
|x− Cλ

j |.
The second main idea of the fast multipole method is the separation

of variables, e.g., by a Taylor series expansion. For x,y ∈ R3, the kernel
|x− y|−1 is approximated by the truncated series expansion

k(x,y) =
1

|x− y|
≈ kp(x,y) =

p∑
n=0

n∑
m=−n

Smn (y)Rm
n (x) (6.3)

of reformulated spherical harmonics,

R±mn (x) =
1

(n+m)!

dm

dum
Pn(u)|u=bx3(x̂1 ± ix̂2)m|x|n,

S±mn (y) = (n−m)!
dm

dum
Pn(u)|u=by3(ŷ1 ± iŷ2)m

1

|y|n+1
,

where m ≥ 0, and x̂i are the components of x̂ = x/|x|. Note that x3 = 0
and y3 = 0 hold for our problem. As we reuse an existing 3D code, we do
not take advantage of this fact. In what follows, we implicitly set x3 = 0 and
y3 = 0.
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The approximation (6.3) is applied in the case that xi and y` are admissi-
ble, i.e., there exist two admissible clusters ωλj and ωλk such that xi ∈ ωλj and
y` ∈ ωλk . For a evaluation point xi we define the far-field and the near-field
by

FF(i) := {` ∈ {1, . . . , N} : xi ∈ ωλk ,y` ∈ ωλj , and (6.2) holds}
NF(i) := {1, . . . , N} \ FF(i).

Using the truncated series expansion (6.3), we approximate (6.1) by

∑
`∈NF(i)

f̂`
|xi − y`|

+
∑

`∈FF(i)

f̂`

p∑
n=0

n∑
m=−n

Smn (y`)R
m
n (xi).

After interchanging the sums we get∑
`∈NF(i)

f̂`
|xi − y`|

+
∑

`∈FF(i)

Rm
n (xi)L̃

m
n (FF(`)), (6.4)

where
L̃mn (FF(`)) =

∑
`∈FF (i)

f̂`Smn (y`). (6.5)

If the coefficients L̃mn are known, an approximation of the domain integrals
can be computed by (6.4) with O(M p2) operations. Note that the number
of source points in the near-field of an evaluation point can be bounded by
a constant or by O(p2) using a suitable cluster tree.

The coefficients L̃mn of (6.5) depend on the far-field FF(`). In general,
these far-fields do not coincide for different evaluation points. The fast mul-
tipole method provides a sophisticated algorithm based on the cluster tree
to compute these coefficients with almost linear complexity. The idea is to
compute these coefficients for pairs of admissible clusters instead of for each
pair of a source point and an evaluation point. For pairs of clusters on a
coarser level of the tree, the reduction of the computational effort is even
larger. The algorithm combines the coefficients of pairs of admissible clus-
ters in such a way that finally the coefficients L̃mn for all different far-fields
FF(`) are computed. The description of the complete algorithm is beyond
the focus of this paper; please see, e.g., [8, 19] for details.

In the case of the considered volume integrals, the overall computational
effort is of O((M + N)p2), where the expansion degree p controls the error
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of the approximation of the volume potentials defined by the fast multipole
method, see e.g. [18]. A choice of p ∼ logN is sufficient to preserve the order
of convergence of the full method.

7. Numerical Results

The necessary tomography test data gd(s, ω) was created synthetically
using a piecewise smooth density distribution f as input. The image for the
density has a size of 201× 201 pixels and contains three regions (see Figure
2 left). The measurements were simulated over the full circle for 319 angles
and 320 offsets.
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Figure 2: Density distribution f (left) and reconstructed (exact) density distribution
(right).

The reconstruction of the density distribution from (numerically) exact
data using the technique proposed in this work are shown in Figure 2 (right).
One can see no difference the reconstructed density with the original one. In
Figure 3 (left-hand side) the initial guess (red contour), the propagating con-
tour (blue contour) and the exact geometry (black contour) are shown. The
algorithm is quite stable with respect to the correct detection of all objects
in the image and does not produce persistent false contours. We needed
392 iterations to arrive at the final result. The corresponding reconstructed
density is shown on the right-hand side.

In Figure 4 (right-hand side) reconstructed contours are presented where
the exact data are contaminated with 20% of Gaussian noise (100 iterations).
One can hardly notice the difference with the noise-free reconstruction for
the contours (left-hand side) (51 iterations). But the corresponding density
reconstruction in Figure 5 is slightly worse which is reasonable taking into
account 20% of noise.
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iteration no.: 392
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Figure 3: Reconstruction of Γ without precondition α = 0.08, β = 0.3 (left) (red contour
is the initial guess, blue is the propagating contour, black contour is the exact geometry)
and corresponding reconstructed density (right).

iteration no.: 151
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iteration no.: 100
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Figure 4: Reconstruction of Γ α = 0.1, β = 0.1 from the noise-free data (left) and from
the noisy data (20%) (right) α = 0.3, β = 0.3.

Our experiments showed that the algorithm is quiet flexible with respect
to topological changes especially if the initial topology is sufficiently complex.
It is also reliable with respect to the contrast between the different partitions
of the underlying domain. Our approach achieves very good quality of the
reconstruction and segmentation directly from X-ray data.

Of course, as a natural expectation in practical applications, the com-
putational time and memory requirement play an important role. Our ex-
periments show a significant speed-up of the computations of the volume
integrals using the fast miltipole technique. In Table 6 the computational
times of the straightforward implementation are compared to those of the
fast multipole method for a single evaluation of the volume integral in (5.3).
Data size is the number of nodes of the Cartesian grid. We already observe
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Figure 5: Reconstructed density α = 0.1, β = 0.1 from the noise-free data (left) and from
the noisy data (20%) (right).

a speed-up for the smallest example. For larger examples the speed-up gets
significant due to the better asymptotic behaviour of fast multipole method.

data size without FMM(sec) with FMM(sec) speed-up

101× 101 0.21 0.06 ≈ 3.5

201× 201 1.5 0.17 ≈ 8.82

401× 401 11.89 0.46 ≈ 25.85

667× 667 54.96 1.18 ≈ 46.58

1001× 1001 185.46 3.11 ≈ 59.63

Figure 6: Comparison of the time spent for the Fast Multipole Method (FMM) and straight
forward calculations.

Interestingly the evolution of the cost function values over the iteration
steps of the algorithm is much better for the fast multipole implementation
than for the standard implementation. In Figure 7 a comparison of the cost
function values is shown. The cost functional values decrease much faster
for the fast multipole implementation. The final values of the cost functional
where the quality of the reconstruction is not improved any more are approx-
imately of the same magnitude. We attribute the faster convergence of the
fast multipole implementation to a regularizing effect which comes from the
dimensional reduction that is inherent in the fast multipole approximation.
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Figure 7: Cost function values over the iteration for the fast multipole implementation
(blue) and the standard implementation (red).

8. Conclusion

In this work we introduced a fast multipole method based approach for the
fast evaluation of convolution operations and other integral representations
of expressions which (inevitably) occur in the shape gradient of a Mumford-
Shah model for X-ray tomography. Using the ideas of the fast multipole
method in our algorithm is an another new way of looking at the problem
of domain integral evaluation in context of the tomography problems. An
implementation of the fast multipole technique in our algorithm seems to
be extremely promising in reducing the computational time and memory
requirement. Moreover this approach can be used for - more importantly in
medical applications - SPECT reconstruction. Also for 3-D reconstruction
an acceleration of the computational time is essential for the success of the
reconstruction process and comply with the goal of this work.
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