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1. Introduction.

Among the basic tasks of mathematical image processing is the image registration problem: 01) Let us assume
that two greyscale images are given, which will be described through functions I0(s), I1(s) : Ω→ [ 0 , 1 ] on
a rectangular domain Ω ⊂ R2. 02) Considering I0 as reference image, one wants to determine a vector field
x(s) : Ω→ R2 in order to satisfy the condition I1(s−x(s)) ≈ I0(s), thus bringing I1 in correspondence with
I0 in a best possible way. By comparison of I0(s) and I1(s − x(s)), one tries to understand, for instance,
whether certain objects pictured in I0 and I1 are identical or if they have been subjected to intermittent
alterations.
Depending on the a priori available information about the shape of the pictured objects and their motion
behaviour, very different approaches for the determination of the transformation x have been proposed in
the literature. Assuming, for example, that only pixels with the same intensity should be mapped one to
another, what may be described by the equations

I1(s− x(s)) = I0(s) ∀ s ∈ Ω or (1.1)

∂I1(s)/∂s1 · x1(s) + ∂I1(s)/∂s2 · x2(s) +
(
I1(s)− I0(s)

)
= 0 ∀ s ∈ Ω , (1.2)

one arrives at the concept of the optical displacement or the optical flow, respectively (in (1.2), I1 and
I0 will be considered as consecutive frames within an image sequence at t = 0 and t = 1). 03) Under
different viewpoints, x has been determined as a flow governed by a Navier-Stokes equation (viscous fluid
registration), 04) as a solution of a Monge-Kantorovič transportation problem, 05) as a rigid transformation
in a higher-dimensional space 06) or by means of level-set methods. 07)

In many situations, it may be assumed with good reason that the changes in I1 with respect to the reference
image I0 may be attributed to an elastic deformation of the pictured objects. This is particularly the case in
the broad field of medical imaging since the behaviour of human tissue is governed by hyperelastic material
laws. 08) For this reason, a large part of the literature is concerned with variational methods where x is

01) A detailed introduction may be found in [ Modersitzki 04 ] . Cf. also [ Hintermüller/Keeling 09 ] .
02) In the literature, the registration problem has been considered for image data on a domain Ω ⊂ R3 as well (see,

e. g. [ Barbieri/Welk/Weickert 09 ] and [ Pöschl/Modersitzki/Scherzer 09 ] ). In the present paper, we

confine ourselves to the two-dimensional case.
03) [ Alvarez/Weickert/Sánchez 00 ] , [ Keeling/Ring 05 ] . Basic information about the concept of the optical flow

may be found in [ Aubert/Kornprobst 06 ] , pp. 250 ff.
04) [ Christensen/Rabbitt/Miller 96 ] .
05) [ Haker/Zhu/Tannenbaum/Angenent 04 ] and [ Museyko/Stiglmayr/Klamroth/Leugering 09 ] ; cf. also

[ Kaijser 98 ] .
06) [ Breitenreicher/Schnörr 09 ] .
07) [ Vemuri/Ye/Chen/Leonard 00 ] .
08) See e. g. [ Ogden 03 ] . Examples for polyconvex stored-energy functions applicable in this context may be found in

[ Balzani/Neff/Schröder/Holzapfel 06 ] .
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sought as a linear-elastic 09) or hyperelastic deformation, respectively. 10) Moreover, a number of authors is
performing the registration simultaneously with further tasks, e. g. segmentation. 11)

In the literature, the elastic registration problem has often been formulated as a multidimensional variational
problem within Sobolev spaces. In these problems, the objective consists of a data fidelity term for minimiza-
tion of the grey value difference

(
I1(s− x(s))− I0(s)

)2 and a regularization term, 12) which will be chosen
in such a way that the Euler-Lagrange equations of the problem describe a linear-elastic or hyperelastic
deformation, respectively. The numerical solution of the problems is effected with indirect methods. 13)

In the present paper, this approach will be extended by incorporation of state constraints as well as restric-
tions for the partial derivatives of x into the variational problems. 14) On the one hand, such restrictions
originate from additional information about the pictured objects (e. g. subregions, which remain unchanged
or move in a rigid way); on the other hand, the validity of the underlying elasticity models is already
bound by restrictions for the maximal shear stress generated by the deformation x. 15) Thus the given varia-
tional problems will be transformed into state-constrained multidimensional control problems of so-called
Dieudonné-Rashevsky type. 16) The numerical solution of these problems will be obtained by an efficient
direct method . In contrast to the indirect methods from the Calculus of Variations, the incorporation of
additional state and control constraints produces no further difficulties within this direct approach. 17)

All approaches as yet mentioned are based on the assumption that there is an overall correlation between
the greyscale intensity distributions as well as the geometrical properties of the template and reference
image (unimodal registration). If a correspondence between the greyscale intensities of I0 and I1 cannot
be expected from the outset, e. g. in presence of data generated by different imaging devices or at different
wavelenghts, one arrives at the problem of multimodal registration, which must exclusively be based on the
geometrical information contained in the images. 18) In the present paper, however, we confine ourselves to
unimodal registration; the application of optimal control methods to the multimodal registration problem
will be reserved for a future publication.
The plan of the investigation is the following: In Section 2 , we explain the variational as well as the optimal
control formulation of the elastic/hyperelastic image registration problem in more detail, addressing the
relevance of additional state constraints and control restrictions. In order to justify the application of direct
methods, we will then prove existence theorems for the multidimensional control problems. Section 3 is
devoted to the discretization of the problems and the methods for their numerical solution. In Section
4 , we document the test images used in the experiments and describe how the results will be visualized

09) [ Fischer/Modersitzki 03 ] , [ Haber/Modersitzki 04 ] , [ Henn/Witsch 00 ] , [ Henn/Witsch 01 ] , [ Moder-

sitzki 04 ] , pp. 77 ff.
10) [ Droske/Rumpf 04 ] , [ Droske/Rumpf 07 ] , [ Le Guyader/Vese 09 ] .
11) Cf. [ Droske/Rumpf 07 ] , [ Le Guyader/Vese 09 ] as well as [ Yezzi/Zollei/Kapur 01 ] .
12) For regularization methods in image processing, cf. [ Scherzer/Grasmair/Grossauer/Haltmeier/Lenzen 09 ] ,

particularly pp. 53 ff., Sect. 3 and 4.
13) See e. g. [ Modersitzki 04 ] , pp. 101 ff.
14) Following the example of [ Brune/Maurer/Wagner 09 ] , [ Franek/Franek/Maurer/Wagner 08 ] , [ Wagner

06 ] , pp. 108 ff., [ Wagner 08 ] , pp. 26 ff., Sect. 4, and [ Wagner 09 ] , pp. 558 ff., Sect. 4 and 5.
15) See, e. g. [ Chmelka/Melan 76 ] , pp. 38 – 45 (material sciences, linear-elastic model) as well as [ Gasser/Holz-

apfel 02 ] , p. 340 f., and the literature cited there (human tissue, different hyperelastic models).
16) Cf. the introduction in [ Wagner 09 ] , pp. 543− 545.
17) The difficulties with the treating of restrictions within indirect methods become apparent e. g. in [ Haber/Moder-

sitzki 04 ] and [ Haber/Modersitzki 07a ] .
18) [ Droske/Rumpf 04 ] , [ Faugeras/Hermosillo 04 ] , [ Gallardo/Meju 03 ] , [ Haber/Modersitzki 07b] , [ Her-

mosillo/Chefd’hotel/Faugeras 02 ] , [ Liao/Yu/Bergsneider/Vese/Huang 03 ] .
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and evaluated. Finally, in Section 5 , selected results of our numerical experiments will be presented and
discussed.

Notations.

Let Ω ⊂ Rm be the closure of a bounded Lipschitz domain (in strong sense). Then C
k(Ω,Rr) denotes

the space of r-dimensional vector functions f : Ω → Rr, whose components are continuous (k = 0) or k-
times continuously differentiable (k = 1, ... , ∞), respectively; Lp(Ω,Rr) denotes the space of r-dimensional
vector functions f : Ω → Rr, whose components are integrable in the pth power ( 1 6 p < ∞) or are
measurable and esentially bounded (p =∞). W 1,p

0 (Ω,Rr) denotes the Sobolev space of r-dimensional vector
functions f : Ω→ Rr with compactly supported components, possessing first-order weak partial derivatives
and belonging together with them to the space Lp(Ω,R) ( 1 6 p < ∞). W 1,∞

0 (Ω,Rr) is understood as the
Sobolev space of all r-vector functions f : Ω → Rr with Lipschitz continuous components and boundary
values zero. 19) Jx denotes the Jacobi matrix of the vector function x ∈W 1,p

0 (Ω,Rr). The symbol o denotes,
depending on the context, the zero element or the zero function of the underlying space. Finally, the
abbreviation “(∀) s ∈ A” has to be read as “for almost all s ∈ A” or “for all s ∈ A except a Lebesgue null
set”.

2. Elastic/hyperelastic image registration as a multidimensional control problem.

a) Variational formulation of the problems.

With reference to Hooke’s law, the elastic image registration problem within Sobolev space may be stated
as follows: 20)

(V)1 : F (x) =
∫

Ω

(
I1( s− x(s) )− I0(s)

)2

ds + µ ·
∫

Ω

2∑
i,j=1

( ∂xi(s)
∂sj

+
∂xj(s)
∂si

)2

ds −→ inf ! ; (2.1)

x ∈W 1,p
0 (Ω,R2) (2.2)

with sufficiently regular, if necessary presmoothed image data I0(s), I1(s) : Ω→ [ 0 , 1 ] , 21) 2 6 p <∞ and
a regularization parameter µ > 0. If the deformations of the imaged objects, instead, are supposed to obey
a hyperelastic material law, one arrives at the problem 22)

(V)2 : F (x) =
∫

Ω

(
I1( s− x(s) )− I0(s)

)2

ds + µ ·
∫

Ω

(
c1
∥∥E2 − Jx(s)

∥∥ p
+ c2

(
Det (E2 − Jx(s) )

)2 )
ds −→ inf ! ; (2.3)

x ∈W 1,p
0 (Ω,R2) (2.4)

with image data I0, I1 as above, 2 6 p <∞, µ > 0 and positive weights c1, c2 > 0. E2 denotes the (2, 2)-unit
matrix. As matrix norm, we use ‖M ‖ = trace (MTM ). While the linear-elastic image registration leads
to a convex problem, the objective within the hyperelastic image registration problem involves a polyconvex
regularization term. 23)

19) Cf. [ Evans/Gariepy 92 ] , p. 131, Theorem 5.
20) We refer to [ Henn/Witsch 01 ], p. 1079 f.
21) Note that the integral functionals (2.1) and (2.3) are well-defined for s − x(s) ∈ Ω (∀) s ∈ Ω only. This condition,

however, can be eliminated if the image data I0 and I1 are embedded into a sufficiently wide black frame, i. e. they

will be extended by zero to R2 \Ω; cf. [ Henn/Witsch 01 ] , p. 1078.
22) [ Droske/Rumpf 04 ] , p. 673 f.
23) Cf. [ Ball 77 ] and [ Dacorogna 08 ] , pp. 156 ff.
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b) Approximation of the fidelity term.

In the practical dealing with the problems (V)1 and (V)2, the direct evaluation of the composite function
I1( s − x(s) ) effects a substantial difficulty. For this reason, assuming that the given image data I1 are
sufficiently smooth (or accordingly presmoothed), we use the second-order Taylor expansion 24)

I1( s− x(s) ) = I1(s) − ∇ I1(s)T x(s) + 1
2 x(s)T∇2I1(s)x(s) + R(x(s), y(s) ) (2.5)

with the third-order remainder term R(x(s), y(s) ) = 1
6 y(s) · ‖x(s) ‖3. After insertion of functions I1 ∈

C
3(Ω,R) and — motivated by the addition of uniform gradient constraints to (V)1 and (V)2 below —

x ∈ W
1,∞
0 (Ω,R2) into (2.5), we obtain y( · ) as a continuous function. The character of x as an elastic

deformation will be preserved as long as y remains sufficiently small, which will be ensured by an additional
state constraint | y(s) | 6 ηmax.

c) Incorporation of constraints.

1) Validity of the underlying elasticity model. The linear-elastic as well as the hyperelastic material law are
valid only as long as the modulus of the shear stress generated by the deformation x, which is proportional
to ‖ Jx(s) ‖, remains below a material-dependent bound (see Footnote 15 above). Consequently, the validity
of both elasticity models must be ensured by the introduction of a convex gradient constraint

Jx(s) ∈ K ⊂ R2×2 (∀) s ∈ Ω (2.6)

where K ⊂ R2×2 is a convex norm body with o ∈ int (K).

2) Subregions remaining nearly undeformed. The situation where the deformation x leaves a subregion Θ ⊂ Ω
nearly undeformed will be described by a state constraint

‖x(s) ‖ 6 ε ∀ s ∈ Θ (2.7)

with sufficiently small ε > 0 (if ε = 0 then Θ will be not affected at all).

3) Subregions subjected to a nearly rigid deformation. The (nearly) rigid deformation of a subregion Θ ⊂ Ω
will be enforced by the additional convex control restriction

‖ Jx(s) ‖ 6 ε (∀) s ∈ Θ (2.8)

with sufficiently small ε > 0.

4) Subregions subjected to a locally incompressible deformation. If a subregion Θ ⊂ Ω shall be (nearly) locally
incompressibly deformed then the polyconvex control restriction

1− ε 6 Det (E2 − Jx(s) ) 6 1 + ε (∀) s ∈ Θ (2.9)

⇐⇒ E2 − Jx(s) ∈ P =
{
v ∈ R2×2

∣∣ 1− ε 6 Det (v) 6 1 + ε
}

(∀) s ∈ Θ (2.10)

⇐⇒ Jx(s)− E2 ∈ P (∀) s ∈ Θ ⇐⇒ Jx(s) ∈ P + E2 (∀) s ∈ Θ (2.11)

must be added. Note that P and P + E2 ⊂ R2×2 are polyconvex, 25) compact, arcwise connected sets 26)

with nonempty interior.

24) A first-order Taylor expansion leads back to the determination of the optical flow (1.2).
25) For the definition and properties of polyconvex sets, cf. [ Dacorogna 08 ] , pp. 315 ff.
26) This follows from [ Berger 04 ] , p. 165, Corollary 8.4.3.
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d) Reformulation of the problems within the framework of multidimensional control.

To (V)1 and (V)2, we add the convex gradient restriction (2.6) thus converting both problems into multi-
dimensional control problems of Dieudonné-Rashevsky type. Further, we replace the term I1(s−x(s)) within
the objectives by its Taylor approximation (2.5). According to the discussion in Subsect. b), y will be specified
as a continuous function with boundary values zero. As result, we obtain the following state-constrained
optimal control problems:

(P)1 : F (x, y) =
∫

Ω

(
I1(s) − ∇ I1(s)T x(s) + 1

2 x(s)T∇2I1(s)x(s) + 1
6 y(s) ‖x(s) ‖3 − I0(s)

)2

ds

+ µ ·
∫

Ω

2∑
i,j=1

( ∂xi(s)
∂sj

+
∂xj(s)
∂si

)2

ds −→ inf ! ; (2.12)

(x, y) ∈W 1,p
0 (Ω,R2) × C

0
0(Ω,R) ; (2.13)

| y(s) | 6 ηmax ∀ s ∈ Ω ; (2.14)

Jx(s) ∈ K (∀) s ∈ Ω (2.15)

(linear-elastic image registration) and

(P)2 : F (x, y) =
∫

Ω

(
I1(s) − ∇ I1(s)T x(s) + 1

2 x(s)T∇2I1(s)x(s) + 1
6 y(s) ‖x(s) ‖3 − I0(s)

)2

ds

+ µ ·
∫

Ω

(
c1
∥∥E2 − Jx(s)

∥∥ p + c2
(

Det (E2 − Jx(s) )
)2 )

ds −→ inf ! ; (2.16)

(x, y) ∈W 1,p
0 (Ω,R2) × C

0
0(Ω,R) ; (2.17)

| y(s) | 6 ηmax ∀ s ∈ Ω ; (2.18)

Jx(s) ∈ K (∀) s ∈ Ω (2.19)

(hyperelastic image registration) with sufficiently smooth image data I0, I1 as above, 2 6 p < ∞, a regu-
larization parameter µ > 0, positive weights c1, c2 > 0 and the bound ηmax > 0 for the fitting variable
in the remainder of the Taylor expansion. K ⊂ R2×2 is a convex body with o ∈ int (K). Further state
constraints and control restrictions of the shape (2.7)− (2.9) may be easily included. In consequence of
the control restrictions (2.15) and (2.19), all feasible pairs (x, y) in (P)1 and (P)2 belong to the space
W

1,∞
0 (Ω,R2)× C

0
0(Ω,R).

e) Existence of global minimizers.

We refer to the existence theorems from [ Pickenhain/Wagner 00 ] and [ Wagner 08 ] , whose proofs,
however, must be slightly modified due to the presence of the additional variable y.

Theorem 2.1. (Existence theorem for (P)1 ) 27) Let the problem (P)1 be given with all assumptions
about the data mentioned above.

1) Let us further assume that I0 ∈ L∞(Ω,R) and I1 ∈ C2
0(Ω,R) ∩ C

3(Ω,R). Then (P)1 admits a global
minimizer (x̂, ŷ) ∈W 1,∞

0 (Ω,R2) × C
0
0(Ω,R).

2) Assertion 1) remains true if (P)1 is augmented with additional control constraints of the shape (2.8) where
Θ ⊂ Ω, int (Θ) 6= Ø, is a compact subset of Ω.

27) Cf. [ Pickenhain/Wagner 00 ] , p. 223, Theorem 2.2., and [ Wagner 08 ] , p. 27, Theorem 4.1., 1).
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3) If (P)1 is augmented with state constraints of the shape (2.7) then Assertion 1) remains true if the new
problem possesses feasible solutions at all.

Proof. 1) Since F (x, y) > 0, the problem (P)1 admits a minimizing sequence { (xN , yN ) } . It follows from
(2.14) and (2.15) that ‖xN ‖W 1,∞

0 (Ω,Rn) as well as ‖ yN ‖C0(Ω,R) remain bounded. Consequently, we may
assume (if necessary after a passage to appropriate subsequences) that the minimizing sequence possesses a
limit element (x̂, ŷ) ∈W 1,∞

0 (Ω, Rn)× C0(Ω,R) with

xN →C0(Ω,Rn) x̂ , JxN
∗−⇀ L∞(Ω,Rnm)Jx̂ and yN −⇀C0(Ω,R) ŷ . (2.20)

In the space of continuous functions defined on the compact domain Ω, weak convergence is equivalent to
everywhere pointwise convergence, 28) consequently, ŷ obeys the zero boundary condition as well. Under the
weak∗-convergence of { JxN } , the convex control restriction (2.6) will be conserved as well, and (x̂, ŷ) is
feasible in (P)1. The integrand within the objective may be represented as a polynomial of degree 2 with
respect to η in the following way:

f(s, ξ, η, v) =
(
f0(s, ξ) + µ ·

2∑
i,j=1

(
vij + vji

)2 + %K(v)
)

+ η · f1(s, ξ) + η2 · f2(s, ξ) with (2.21)

f0(s, ξ) =
(
I1(s)−∇I1(s)T ξ + 1

2 ξ
T∇2I1(s) ξ − I0(s)

)2 ; (2.22)

f1(s, ξ) = 1
3 | ξ |

3
(
I1(s)−∇I1(s)T ξ + 1

2 ξ
T∇2I1(s) ξ − I0(s)

)
; (2.23)

f2(s, ξ) = 1
36 | ξ |

6 . (2.24)

Since I0(s), I1(s) ∈ [ 0 , 1 ] , the first member in (2.21) obeys the following growth condition: 29)

∣∣ f0(s, ξ) + µ ·
2∑

i,j=1

(
vij + vji

)2 + %K(v)
∣∣ 6 ( ∣∣ I1(s)− I0(s)

∣∣ +
∣∣∇I1(s)

∣∣ · ∣∣ ξ ∣∣+ 1
2

∥∥∇2I1(s)
∥∥ · ∣∣ ξ ∣∣2 )2

+µ ·
2∑

i,j=1

(
vij + vji

)2 (2.25)

6
(

2 + C1

∣∣ ξ ∣∣+ 1
2 C2

∣∣ ξ ∣∣2 )2

+ µ ·
2∑

i,j=1

(
vij + vji

)2 (∀) s ∈ Ω ∀ (ξ, v) ∈ R2×K . (2.26)

Consequently, we may apply [ Wagner 08 ] , p. 4, Theorem 1.4., to the first member, and its convexity with
respect to v implies the lower semicontinuity relation∫

Ω

(
f0(s, x̂(s)) + µ ·

2∑
i,j=1

( ∂x̂i
∂sj

(s) +
∂x̂j
∂si

(s)
)2 )

ds

6 lim inf
N→∞

∫
Ω

(
f0(s, xN (s)) + µ ·

2∑
i,j=1

( ∂xNi
∂sj

(s) +
∂xNj
∂si

(s)
)2 )

ds . (2.27)

Observing the pointwise convergence yN (s) → ŷ(s) ∀ s ∈ Ω, from yN −⇀ ŷ we may deduce (yN )2 −⇀ ŷ2.
Since f1(s, ξ) as well as f2(s, ξ) are continuous with respect to ξ, the uniform convergence of {xN } implies
further the pointwise convergence of the products yN · f1( · , xN ) and (yN )2 · f2( · , xN ). It follows that

yN · f1( · , xN ) −⇀C0(Ω,R) ŷ · f1( · , x̂)
(yN )2 · f2( · , xN ) −⇀C0(Ω,R) ŷ2 · f2( · , x̂)

}
=⇒ lim

N→∞

∫
Ω

(
yN (s) f1(s, xN (s)) + yN (s)2 f2(s, xN (s))

)
ds

28) [ Dunford/Schwartz 88 ] , p. 265, Corollary 4.
29) Compare with [ Wagner 08 ] , p. 27, (4.10)− (4.11).



7

= lim
N→∞

〈 yN f1( · , xN ) , λ2 〉 + lim
N→∞

〈 (yN )2 f2( · , xN ) , λ2 〉 (2.28)

= 〈 ŷ f1( · , x̂) , λ2 〉 + 〈 ŷ2 f2( · , x̂) , λ2 〉 =
∫

Ω

(
ŷ(s) · f1(s, x̂(s)) + ŷ(s)2 · f2(s, x̂(s))

)
ds (2.29)

where λ2 ∈
(
C

0(Ω,R)
)∗ is the two-dimensional Lebesgue measure on Ω. Denoting the minimal value of

(P)1 by m, we obtain from (2.27) and (2.29):

m 6 F (x̂, ŷ) 6 lim inf
N→∞

∫
Ω

(
f0(s, xN (s)) + µ ·

2∑
i,j=1

( ∂xNi
∂sj

(s) +
∂xNj
∂si

(s)
)2 )

ds (2.30)

+ lim
N→∞

∫
Ω

(
yN (s) f1(s, xN (s)) + yN (s)2 f2(s, xN (s))

)
ds 6 lim inf

N→∞
F (xN , yN ) = lim

N→∞
F (xN , yN ) = m,

and (x̂, ŷ) is a global minimizer of (P)1.

2) The addition of further control restrictions of the shape (2.8) to (P)1 leaves the weak∗-lower semicontinuity
of the objective unchanged; the feasible domain of the new problem is still convex and contains the zero
solution. Then the existence of a global minimizer can be confirmed analogously to [ Pickenhain/Wagner

00 ] , p. 224 f., Remark.

3) We assumed that even after the addition of the state constraints (2.7), the new problem possesses feasible
solutions. Since every minimizing sequence {xN } admits an uniformly convergent subsequence, the new
problem admits a global minimizer as well.

Theorem 2.2. (Existence theorem for (P)2 ) 30) Let the problem (P)2 be given with all assumptions
about the data mentioned above.

1) Let us further assume that I0 ∈ L∞(Ω,R) and I1 ∈ C2
0(Ω,R) ∩ C

3(Ω,R). Then (P)2 admits a global
minimizer (x̂, ŷ) ∈W 1,∞

0 (Ω,R2) × C
0
0(Ω,R) as well.

2) If (P)2 is augmented with state constraints of the shape (2.7) then Assertion 1) remains true if the new
problem possesses feasible solutions at all.

Proof. 1) We argue as in the proof of Theorem 2.1., 1), representing the integrand by (2.31)

f(s, ξ, η, v) =
(
f0(s, ξ) + µ ·

(
c1
∥∥E2 − v

∥∥p+ c2
(

Det (E2 − v)
)2 ) + %K(v)

)
+ η · f1(s, ξ) + η2 · f2(s, ξ)

with f0, f1 and f2 according to (2.22)− (2.24). The first member is polyconvex with respect to v ∈ R2×2

and satisfies the growth condition 31)∣∣∣ f0(s, ξ) + µ ·
(
c1
∥∥E2 − v

∥∥p + c2
(

Det (E2 − v)
)2 ) + %K(v)

∣∣∣ (2.32)

6
( ∣∣ I1(s)− I0(s)

∣∣ +
∣∣∇I1(s)

∣∣ · ∣∣ ξ ∣∣+ 1
2

∥∥∇2I1(s)
∥∥ · ∣∣ ξ ∣∣2 )2

+ µ ·
(
c1
∥∥E2 − v

∥∥p + c2
(

Det (E2 − v)
)2 )

6
(

2 + C1

∣∣ ξ ∣∣+ 1
2 C2

∣∣ ξ ∣∣2 )2

+ µ ·
(
c1
∥∥E2 − v

∥∥p + c2
(

Det (E2 − v)
)2 ) (∀) s ∈ Ω ∀ , (ξ, v) ∈ R2×K ;

consequently, from [ Wagner 08 ] , p. 4, Theorem 1.4., we obtain the lower semicontinuity relation∫
Ω

(
f0(s, x̂(s)) + µ ·

(
c1
∥∥E2 − Jx̂(s)

∥∥p + c2
(

Det (E2 − Jx̂(s) )
)2 ))

ds

6 lim inf
N→∞

∫
Ω

(
f0(s, xN (s)) + µ ·

(
c1
∥∥E2 − JxN (s)

∥∥p + c2
(

Det (E2 − JxN (s) )
)2 ))

ds . (2.33)

30) Cf. [ Wagner 08 ] , p. 29, Theorem 4.2., 1).
31) Compare with [ Wagner 08 ] , p. 29, (4.17)− (4.18).
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Now the existence of a global minimizer can be assured as in Theorem 2.1, 1).

2) Analogous to the proof of Theorem 2.1., 3).

Remark. For multidimensional control problems (P)1 and (P)2 with polyconvex control restrictions (2.9),
no existence theorem is known at this time (not even in the case if the integrand within the objective is
convex with respect to v). As yet, an existence proof for problems with polyconvex integrands and non-
uniform control restrictions Jx(s) ∈ K(s) (∀) s ∈ Ω, K(s) 6≡ const., is missing as well. Nevertheless, when
presenting numerical experiments with such types of constraints, we are aware that, in these situations, the
direct solution method has been applied without justification by existence and convergence theorems. 32)

3. Numerical solution by direct methods.

For the numerical solution of the multidimensional control problems (P)1 and (P)2, we adopt the prin-
ciple “first discretize, then optimize”. Within the square domain Ω = [ 0 , 128 ]2, we generate a regular
triangulation, 33) introducing first a grid of squares Qk,l with edge lengths 1 and then splitting every square
along the principal diagonal into triangles ∆′k,l = ∆(sk−1,l−1, sk,l−1, sk,l ) and ∆′′k,l = ∆(sk−1,l−1, sk,l , sk−1,l).
With K = L = 2N = 128 and f(s, ξ, η, v) as abbreviation for the integrand within the objective, the dis-
cretized problem may be stated as follows: 34)

(D)N : F̃
(
ξ

(1)
0,0 , ... , ξ

(2)
K,L, η0,0, ... , ηK,L, v

(1,1)
1,1 , ... , v

(2,4)
K,L

)
=

1
2
·
K−2∑
k=3

L−2∑
l=3

(
f
(
sk−1,l−1,

(
ξ

(1)
k−1,l−1

ξ
(2)
k−1,l−1

)
,

ηk−1,l−1 ,

(
v

(1,1)
k,l v

(1,2)
k,l

v
(2,1)
2,l v

(2,2)
k,l

))
+ f

(
sk,l,

(
ξ

(1)
k,l

ξ
(2)
k,l

)
, ηk,l ,

(
v

(1,3)
k,l v

(1,4)
k,l

v
(2,3)
k,l v

(2,4)
k,l

)))
−→ inf ! ; (3.1)

(
ξ

(1)
0,0 , ... , ξ

(2)
K,L, η0,0, ... , ηK,L, v

(1,1)
1,1 , ... , v

(2,4)
K,L

)
∈ R3(K+1)(L+1)×R8KL ; (3.2)

ξ
(i)
0,l = ξ

(i)
K,l = 0 , i = 1, 2 , 0 6 l 6 L ; (3.3)

ξ
(i)
k,0 = ξ

(i)
k,L = 0 , i = 1, 2 , 0 6 k 6 K ; (3.4)

η0,l = ηK,l = 0 , 0 6 l 6 L ; (3.5)

ηk,0 = ηk,L = 0 , 0 6 k 6 K ; (3.6)(
v

(i,1)
k,l v

(i,2)
k,l

v
(i,3)
k,l v

(i,4)
k,l

)
=

(
ξ

(i)
k,l−1 − ξ

(i)
k−1,l−1 ξ

(i)
k,l − ξ

(i)
k,l−1

ξ
(i)
k,l − ξ

(i)
k−1,l ξ

(i)
k−1,l − ξ

(i)
k−1,l−1

)
, 1 6 k 6 K , 1 6 l 6 L , i = 1, 2 ; (3.7)

∣∣ ηk,l ∣∣ 6 ηmax , 0 6 k 6 K , 0 6 l 6 L ; (3.8)∣∣ v(i,1)
k,l

∣∣ 6 R ,
∣∣ v(i,2)
k,l

∣∣ 6 R , i = 1, 2 , 1 6 k 6 K , 1 6 l 6 L ; (3.9)∣∣ v(i,3)
k,l

∣∣ 6 R ,
∣∣ v(i,4)
k,l

∣∣ 6 R , i = 1, 2 , 1 6 k 6 K , 1 6 l 6 L . (3.10)

32) Strictly speaking, this remark concerns Experiments 5.10. and 5.13. only.

33) Cf. [ Goering/Roos/Tobiska 93 ] , pp. 28 and 40, (Z1)− (Z4), and p. 138, (Z5).

34) Cf. [ Franek/Franek/Maurer/Wagner 08 ] , p. 3 f., (2.7)− (2.14).
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The partial derivatives of I1 have been approximated in Qk,l as follows:

∂I1
∂s1

(s) ≈ 1
6

(
I1(sk+1,l+1)− I1(sk−1,l+1) + I1(sk+1,l)− I1(sk−1,l) + I1(sk+1,l−1)− I1(sk−1,l−1)

)
; (3.11)

∂I1
∂s2

(s) ≈ 1
6

(
I1(sk+1,l+1)− I1(sk+1,l−1) + I1(sk,l+1)− I1(sk,l−1) + I1(sk−1,l+1)− I1(sk−1,l−1)

)
; (3.12)

∂2I1
(∂s1)2

(s) ≈ 1
3

( (
I1(sk+1,l+1)− 2 I1(sk,l+1) + I1(sk−1,l+1)

)
+
(
I1(sk+1,l)− 2 I1(sk,l) + I1(sk−1,l)

)
+
(
I1(sk+1,l−1)− 2 I1(sk,l−1) + I1(sk−1,l−1)

) )
; (3.13)

∂2I1
∂s1 ∂s2

(s) ≈ 1
4

(
I1(sk+1,l+1)− I1(sk−1,l+1)− I1(sk+1,l−1)− I1(sk−1,l−1)

)
; (3.14)

∂2I1
(∂s2)2

(s) ≈ 1
3

( (
I1(sk+1,l+1)− 2 I1(sk+1,l) + I1(sk+1,l−1)

)
+
(
I1(sk,l+1)− 2 I1(sk,l) + I1(sk,l−1)

)
+
(
I1(sk−1,l+1)− 2 I1(sk−1,l) + I1(sk−1,l−1)

) )
. (3.15)

The evaluation of the necessary optimality conditions (Karush-Kuhn-Tucker conditions) for (D)N results in
large systems of nonlinear equations, which may be solved with high precision and efficiency by interior-point
methods. 35) We used MATLAB as the input/output platform for the image data; the discretized problem has
been formulated with the help of the modelling language AMPL 36) and then transferred to the interior-point
solver IPOPT. 37) The results have been represented and evaluated with MATLAB again.
The convergence of the discretization method with respect to the x-component of the solutions can be
ensured in analogy to [ Franek/Franek/Maurer/Wagner 08 ] , p. 5, Theorem 2.3., 2), assuming that
I1 ∈ C2

0(Ω,R) ∩ C
3(Ω,R) as in Theorems 2.1., 1) and 2.2, 1) above. Then, in particular, the assumptions

[ Franek/Franek/Maurer/Wagner 08 ] , p. 5, (2.19) and (2.20), will be satisfied since the convergence
of the finite-difference approximations of the first and second partial derivatives of the C3-function I1 can
be estimated by the mesh size. We dispensed, however, in the present paper with assumptions allowing the
proof of an analogous error estimate for ‖ y − ŷ ‖C0(Ω,R).

38)

4. Visualization and evaluation of the solutions.

For our numerical experiments, three pairs of test images have been chosen. In the first, synthetically
generated image pair (Figs. 1 and 3), two pairs of rubber bands in the upper half of the images will be
moved in opposite directions by linear-elastic stretching while a third pair down left is subjected to a
volume-preserving deformation. A fourth band down right is deformed against a constant background in a
linear-elastic way by drag forces, which are directed approximately perpendicular to the diagonal grid lines.
The second image pair (Figs. 14 and 16) has been generated in analogy to [ Henn/Witsch 01 ] , p. 1086,
Figs. 3.1. and 3.2., by rotating the square in the center by an angle of 5 degree. 39) The third pair (Figs. 27

35) See, for example, [ Jansen 97 ] .
36) [ Fourer/Gay/Kernighan 03 ] .
37) [ Laird/Wächter 09 ] , [ Wächter/Biegler 06 ] . The experiments have been performed with version 3.6.1.,

compiled with the MA27 routine.
38) In order to make the convergence theorem from [ Franek/Franek/Maurer/Wagner 08 ] applicable to the y-

component of the solutions as well, one had to assume e. g. y ∈ W 1,∞
0 (Ω,R) together with an additional gradient

constraint ‖∇y ‖ 6 R̃.
39) Thus the underlying deformation — as in [ Henn/Witsch 01 ] , p. 1086, Figs. 3.1. and 3.2. — is not elastical at all

but instead a rigid one.
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and 28) originates from medical imaging and shows a coronal section through the left kidney; moreover, in
the left half of the images, a part of the spine is visible. 40) The images have been consecutively generated
via MR tomography with an interval of 2.4 seconds. All images have the dimension of 128 × 128 pixels,
containing a border of 4 pixels width dyed in black.
In the first image pair, the effectiveness of the proposed method can be tested in a configuration with sharply
segregated parts of different behaviour (undeformed, nearly linear-elastically or hyperelastically deformed
subregions, respectively). In the second image pair, we will investigate different possibilities of registration
involving elastic as well as rigid deformations. The experiments with the third image pair document a
successful application of our method within the practical context of medical imaging. In two further series of
experiments with the third image pair, a quantitative study of the regularizing effect of the control restriction
will be performed.
In the literature, the results of an elastic image registration will be habitually visualized by a deformed grid
showing the effect of the solution x when applied to a reference configuration. In our view, however, in many
cases a better visualization of x is given by a colorful orientation plot (particularly for small deformations). 41)

Here the direction of the deformation vector is coded by the color of a pixel, while its intensity increases with
the magnitude of the vector. The correspondence between orientation and color can be read from the colored
border as a legend (see e. g. Fig. 4). The visualization has been realized using a HSI color model 42) where
every color is represented by the three coordinates hue, saturation and intensity. Since we need only two
coordinates for the visualization of the deformation field x, the saturation has been left constant. Besides of
x, we document the grey value differences | Irek − I0 | since, by (2.5), the approximation

Irek(s) = I1(s) − ∇ I1(s)T x̂(s) + 1
2 x̂(s)T∇2I1(s) x̂(s) + 1

6 ŷ(s) · ‖ x̂(s) ‖3 (4.1)

of I1( s − x(s) ) involves not only the deformation x̂ but the fitting variable ŷ from the remainder term as
well. The grey value differences of the original image pairs will be depicted in Figs. 2, 15 and 28. In these
visualizations, a frame of 4 pixels width has been dyed in grey.
In order to perform a quantitative evaluation of the results, we will measure the relative reconstruction error

Q(x̂, ŷ) =


∫

Ω \ΩR

(
Irek(s)− I0(s)

)2

ds∫
Ω \ΩR

(
I1(s) − I0(s)

)2

ds


1/2

. (4.2)

For the calculation of Q, the frame ΩR dyed in black has beeen excluded. An additional visual evaluation
of the results is reasonable, in particular in the first series of experiments.

40) Images courtesy of Prof. R. Stollberger (TU Graz, Institute of Medical Engineering) and Dr. M. Aschauer

(Medical University of Graz, Division of Vascular and Interventional Radiology). From a contrast-modulated sequence

comprising 150 frames in total, the frames #50 and #51 (with nearly identical modality) have been selected.
41) Cf. [ Brune/Maurer/Wagner 09 ] , p. 1197 f.
42) [ Plataniotis/Venetsanopoulos 00 ] , pp. 25 ff.
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5. Numerical results.

a) First series: “Rubber band pairs”.

Image data for Experiments 5.1. – 5.5. Left: Template I1. Center: Grey value difference | I1 − I0 | .
Right: Reference image I0.

Fig. 1 Fig. 2 Fig. 3

Experiment 5.1. Problem (P)1 (linear-elastic regularization); no further constraints

µ = 0.02; ηmax = 0.04;
R = 4.00;

Q(x̂, ŷ) = 39.9864

Fig. 4 Fig. 5

Experiment 5.2. Problem (P)1 (linear-elastic regularization); state constraints and non-uniform control
restriction (see Figs. 40 and 41 below)

µ = 0.001; ηmax = 0.04;
R = 8.00 on Ω1 ∪ Ω2 ∪ Ω3;
R = 0.15 on Ω4;

Q(x̂, ŷ) = 32.5736

Fig. 6 Fig. 7
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Experiment 5.3. Problem (P)2 (hyperelastic regularization); no further constraints

µ = 0.02; ηmax = 0.04;
R = 1.00;
p = 1.6; c1 = 0.05; c2 = 0.25;

Q(x̂, ŷ) = 34.3563

Fig. 8 Fig. 9

Experiment 5.4. Problem (P)2 (hyperelastic regularization); state constraints and non-uniform control
restriction (see Figs. 40 and 41 below)

µ = 0.001; ηmax = 0.04;
p = 1.6; c1 = 0.50; c2 = 0.05;
R = 8.00 on Ω1 ∪ Ω2 ∪ Ω3;
R = 0.20 on Ω4;

Q(x̂, ŷ) = 30.4981

Fig. 10 Fig. 11

Experiment 5.5. Problem (P)2 (hyperelastic regularization); state constraints and non-uniform control
restriction (see Figs. 40 and 41 below), variation in c1 and c2

µ = 0.001; ηmax = 0.04;
p = 1.6; c1 = 0.05; c2 = 0.25;
R = 8.00 on Ω1 ∪ Ω2 ∪ Ω3;
R = 0.20 on Ω4;

Q(x̂, ŷ) = 30.4689

Fig. 12 Fig. 13
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b) Second series: Rotated square.

Image data for Experiments 5.6. – 5.10. Left: Template I1. Center: Grey value difference | I1 − I0 | .
Right: Reference image I0.

Fig. 14 Fig. 15 Fig. 16

Experiment 5.6. Problem (P)1 (linear-elastic regularization); no further constraints

µ = 0.05; ηmax = 0.02;
R = 0.30;

Q(x̂, ŷ) = 50.1147

Fig. 17 Fig. 18

Experiment 5.7. Problem (P)1 (linear-elastic regularization); rigid deformation of the subregion Θ =
[ 33 , 96 ]2 (this is precisely the square in Fig. 14) with ‖ Jx(s) ‖∞ 6 0.03

µ = 0.001; ηmax = 0.03;
R = 8.00;

Q(x̂, ŷ) = 57.5126

Fig. 19 Fig. 20
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Experiment 5.8. Problem (P)1 (linear-elastic regularization); no further constraints

µ = 0.001; ηmax = 0.03;
R = 8.00;

Q(x̂, ŷ) = 25.5860

Fig. 21 Fig. 22

Experiment 5.9. Problem (P)2 (hyperelastic regularization); no further constraints

µ = 0.001; ηmax = 0.03;
R = 8.00;
p = 1.2; c1 = 0.05; c2 = 0.25;

Q(x̂, ŷ) = 25.1229

Fig. 23 Fig. 24

Experiment 5.10. Problem (P)2 (hyperelastic regularization); rigid deformation of the subregion Θ =
[ 33 , 96 ]2 (this is precisely the square in Fig. 14) with ‖ Jx(s) ‖∞ 6 0.03

µ = 0.001; ηmax = 0.03;
R = 8.00;
p = 1.2; c1 = 0.05; c2 = 0.25;

Q(x̂, ŷ) = 57.4647

Fig. 25 Fig. 26
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c) Third series: MR tomography of the kidney region.

Image data for Experiments 5.11. – 5.15. Left: Template I1. Center: Grey value difference | I1 − I0 | .
Right: Reference image I0.

Fig. 27 Fig. 28 Fig. 29

Experiment 5.11. Problem (P)1 (linear-elastic regularization); no further constraints

µ = 0.001; ηmax = 0.02;
R = 1.005;

Q(x̂, ŷ) = 32.8318

Fig. 30 Fig. 31

Experiment 5.12. Problem (P)2 (hyperelastic regularization); no further constraints

µ = 0.005; ηmax = 0.02;
R = 1.00;
p = 2.0; c1 = 0.05; c2 = 0.25;

Q(x̂, ŷ) = 29.9923

Fig. 32 Fig. 33
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Experiment 5.13. Problem (P)2 (hyperelastic regularization); volumetric constraint 1−ε 6 Det
(
Jx(s)

)
6

1 + ε with ε = 0.025 on the subregion Θ = [ 2 , 64 ]2 (see Fig. 42 below)

µ = 0.005; ηmax = 0.02;
R = 1.00;
p = 2.0; c1 = 0.05; c2 = 0.25;

Q(x̂, ŷ) = 31.0196

Fig. 34 Fig. 35

Experiment 5.14. Problem (P)2 (hyperelastic regularization); no further constraints

µ = 0.001; ηmax = 0.02;
R = 2.00;
p = 1.6; c1 = 0.05; c2 = 0.25;

Q(x̂, ŷ) = 23.7102

Fig. 36 Fig. 37

Experiment 5.15. Problem (P)2 (hyperelastic regularization); no further constraints, variation in p

µ = 0.001; ηmax = 0.02;
R = 2.00;
p = 1.2; c1 = 0.05; c2 = 0.25;

Q(x̂, ŷ) = 23.2458

Fig. 38 Fig. 39

The grey value differences in Figs. 28, 31, 33, 35, 37 and 39 have been amplified each by the factor 1/3.
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d) Documentation of the additional state constraints and control restrictions in Subsections
a) and c).

Ω2 Ω3

Ω1 Ω4 Θ

Fig. 40 Fig. 41 Fig. 42

Experiments 5.2., 5.4. and 5.5.: The subregions Ω1, ... , Ω4 in I1 are depicted in Fig. 40; in the pixels dyed in
blue, zero values x1(s) = x2(s) = y(s) = 0 have been inserted. Fig. 41 shows I1 with the subregions where
state constraints have been imposed: x2(s) > 0.33 in the region with red border, x2(s) 6 −0.33 in the region
with green border and x1(s) = x2(s) = 0 in both regions with crimson border.
Experiment 5.13.: The volumetric control restriction has been imposed in the subregion Θ ⊂ I1 with yellow
border.

e) Fourth and fifth series: The control restriction acting as regularization parameter.

Already in [ Brune/Maurer/Wagner 09 ] , it has been mentioned that the introduction of a gradient
constraint has a regularizing effect by itself. In the present paper, this statement will be supported by
quantitative results. In the following series of experiments, we use again the image data from Subsection c)
and vary R exclusively while all other parameters have been kept constant.

R Q(x̂, ŷ) Remarks

0.25 45.8533
0.50 43.5434
0.70 41.3597
0.84 41.1760 a)
0.90 41.2025
1.00 41.1914
1.25 44.5889
2.00 44.5889
2.39 42.7331 b)
2.78 43.1253
2.81 45.2491
3.07 45.6209
5.00 45.5607 c)

10.00 45.5607
100.00 45.5607

1000.00 45.5607

R Q(x̂, ŷ) Remarks

0.30 32.7233
0.70 31.0774
1.00 30.9581
1.50 30.6016
1.70 30.6142
1.80 30.6024
1.90 30.5867 d)
2.10 30.6153
2.50 30.7854
3.00 30.7300
4.00 30.7197 e)
5.00 30.7200

10.00 30.7505
50.00 30.7705 f)

100.00 30.7705
1000.00 30.7705

Table 1 (Fourth series) Table 2 (Fifth series)
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Table 1 (Fourth series): Problem (P)1 (linear-elastic regularization); no further constraints; µ = 0.01;
ηmax = 0.02. Remarks: a) best registration within this series; b) another local minimum of Q(x̂, ŷ); c) by
further increase of R, neither the optimal solution of (P)1 nor Q(x̂, ŷ) will be changed.
Table 2 (Fifth series): Problem (P)2 (hyperelastic regularization); no further constraints; µ = 0.01; ηmax =
0.02; p = 1.2, c1 = 0.05; c2 = 0.25. Remarks: d) best registration within this series; e) another local
minimum of Q(x̂, ŷ); f) by further increase of R, neither the optimal solution of (P)2 nor Q(x̂, ŷ) will be
changed.

f) Discussion of the results.

Within the first three series of experiments, the relative error has been reduced even for moderate values of
the regularization parameter µ by 50% at least; with an appropriate choice of µ, registrations with relative
errors of 30% and below can be obtained (the best value amounts to Q = 23.24%). It is noticeable that, for
identical values of µ and R, the hyperelastic regularization produces the better results in all three series.
In the mutual comparison between the first three series of experiments, the greatest relative errors appear (as
expected) in Subsection b) (due to the elastic registration of a non-elastically deformed template), moderate
errors in Subsection a) (partially elastically deformed template) and the smallest errors within the medical
imaging application in Subsection c). In the experiments in Subsections a) and b), the method tends to
compensate the non-elastic deformations of image subregions by shears. 43)

The incorporation of hard constraints allows to replicate within x different motions known in advance (in
Experiments 5.2., 5.4. and 5.5., the move of the band pair top left has been modelled by state constraints,
the one of the band down right by an additional control restriction) as well as for the fixation of identical
parts within template and reference image (e. g. the central blocks within the band pair top right in the same
experiments). It is even possible, in spite of the presence of elastic regularization terms, to enforce a rigid
motion of certain subregions within the image (Experiments 5.6. and 5.9.). Experiment 5.13. documents the
possibility to introduce volumetric constraints (2.9) into the numerical experiments regardless of the as yet
missing analytical grounds. At this point, let us remark that, in Experiments 5.4. and 5.5., the application
of the existence theorem 2.2. is still justified due to the introduction of zero boundary conditions on all
subregions Ω1, ... , Ω4 (cf. Fig. 40).
Variable control restrictions, state constraints and restrictions of the shape (2.7)− (2.9) gain particularly
in importance in situations where the visual evaluation of a registration plays a role as well. For example,
the result of Experiment 5.3. is visually unsatisfying in spite of its acceptable reconstruction quality of
Q = 34.35% (the band down right has been radially crushed rather than tangentially stretched) while in
Experiments 5.4. and 5.5. with their additional constraints, the move of the same band has been correctly
reproduced.
Finally, the results of both series of experiments from Subsection e) demonstrate that indeed, in comparison
with the (unconstrained) variational problems, the registration quality may be improved under the presence
of a control restriction (note that, for sufficiently large R, the global minimizers of the control problems (P)1

and (P)2 are the same as for the variational problems (V)1 and (V)2). In the situation considered here, R
behaves like an additional regularization parameter. In the linear-elastic model, the improvement of Q(x̂, ŷ)
is more significant than in the hyperelastic one where, however, the general variation of Q(x̂, ŷ) is much
smaller as well. The fact that, in both cases, several local minima of Q(x̂, ŷ) can be observed, is possibly
related to the absence of a regularization with respect to y.

43) Thereby, the results of our Experiments 5.6., 5.8. and 5.9. are basically different from the solution in [ Henn/Witsch

01 ] , p. 1086, Fig. 3.6.
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g) Conclusion and outlook.

With the present work, we demonstrated that the elastic/hyperelastic image registration problem can be
successfully treated as a multidimensional control problem. Within this framework, even an improvement
of the registration quality could be observed in comparison with the respective variational problems. In our
experiments, the relative error between template and reference image could be reduced in the course of the
registration by up to 75%. In accordance with the requirements of the registration and the information a
priori available, the problems can be augmented with additional state and control restrictions, to the point
of the modelling of the rigid motion of selected subregions.
Surely the present approach may be further developed and improved according to different viewpoints. This
remark concerns the general modelling (e. g. different approximations for the fidelity term, a symmetri-
cal modelling with respect to the roles of I1 and I0, or an additional regularization with respect to y),
the discretization strategy (generation of an adaptive triangulation instead of an uniform one, particularly
in experiments with volumetric constraints) as well as the implementation (optimization of the runtime
behaviour).
Finally, the results of the present paper open the prospect of an optimal control access to the multimodal
image registration problem. The generalization of the numerical approach presented here and its combina-
tion with the achievements from [ Franek/Franek/Maurer/Wagner 08 ] will be reserved for a future
publication.
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