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Dynamic Contrast Enhanced MR Imaging

DCE-MRI

Contrast Agent Injection

Convolution Formulation of the Problem

Compartments

Contrast Agent Path:

[Arry | [t} | e |- Vo] —{ven]

Exchange Unit among the Tissue Capillaries:

Carr = Arterial Input Function (estimated, delay)

Ct = Tissue Concentration (measured)
Cyor = Venous Output Function (not measurable)
dCr F

ey [Carr — Cyor)

Cvor = h* Carp = Ct = K * Carp

e Quantify fluid flow rate (perfusion).

e Quantify blood tissue exchange (membrane permeability).

Can these be determined from K7

Existing Convolution Models

Model Comparison

Contrast among individual Kernels R(#)=K(#)/K(0):

ts]

%iarlarl(

CT:K*CAIF

Flow Rate per unit Volume = Fr = K(0)

Volume Fraction = Vp = [ K(t)dt
Mean Transit Time = Tp = [;° K(t)/K(0)dt
ks
c, Cr Ch
K, [—
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Existing Distributed Parameter Models

C.+AC.=BC..+PC

Bassingthwaighte, Chan, Wang [1992)]
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Koh, Cheong, Hou, Soh [2003]
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Proposed Distributed Parameter Model

8,C +V - (FvC) = V- (D(v)VO)

D(v) = P7[I — vv'] + Dvo?

' = mean velocity

v = bulk flow field, vTv =1

D = streamline oriented diffusivity
Pt = streamline orthogonal diffusivity
P = membrane permeability

7 = membrane thickness

Least Squares Estimation of Coefficients?
Banks, Kareiva [1983].

vol(Q)Cr(t) = [, C(t)dx = [+ _, Flv™n|dz [) Car(s)ds

— -0 Flv'n|dx /Ot Cyvor(s)ds
Diffusive flux at 9€2 must vanish. With
Cr(t) = K(t) Catr(t) = 0(t) Cyor(t) = h(t)

perfusion quantities can be derived:

= Fr = K(0)
= Vr = [T K(t)dt
= Ty = ;" K(1)/K(0)dt

Toward Kinetic Exchange
0,C +V - (FvC) = V- (D(v)VC)

D(v) = Pr[l —vvl] + Dvv'
Discretization:

Cl+ ki(Ci — Ciq) = ; kij(C; — C).
VE

e k, k. k. km
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Cvor— |Cy] T —|Cy k: [S/pumury

C' = AC + bChr,

C(t) = eMC(0) + [, e bCOAp(s)ds

VTeAb /vol(Q) — K(t)
Representative solutions:
A=Ap, K(t) = (Erlang) step for plug flow

A= Ap, K(t) = sum of exponentials
A= Ap, K(t) = recirculation

Nonidentifiability

[dentical Kernels:
k, k,
Carr—— —Cvyor
CAIF{ }C\/OF lel
[ o5

Purely Convective Coefficient Matrix:

_Al _ _ _)\1
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Purely Convective Kernel:

Keone(t) = Ve /vol(Q), V>0, b>0

Theorem For a given p € [1,00), any non-negative, non-
increasing K (t) € L]0, 00) can be approximated arbitrarily
well in £7]0, c0) by a purely convective kernel.

Conclusion: Kinetic exchange parameters cannot in general
be identified from the convolution model.
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Ill-posedness with Typical Data

Impulsive injection, bolus travels through n compartments:

Assume exact: Ct = K, * Curr.

Discontinuous dependence upon data Cr:
Cr(t) + No(t) = [ Caielt — 8)[Ke(s) + Ex(s)]ds

noise —>() error—0Q

with noise:

N.(t) = eR " 3 (")(_1)7”6.

mOm

and kernel estimation error:

E.(t) = "R [mzzo ( ) (—1)"(cv + im)"e"™/ ] =0(™")

n
m

Conclusion:

Popularized Regularization Techniques

[Ostergaard et al, 1996]
K = DFT "YW - DFT{Cr}/DFT{Car}}

o . [Dstergaard et al, 1996]
CAIF*KICT E— Mk =c

k= {K(t)}, M=USVT
k* = Vi_lUTC, i_l = diag{((fz' > ,Uo-max)/o-z'}

o . [Calamante et al, 2003]
k* = argmin{||Mk — c||* + 1/*| DE|*}, Dk =~ K’

o . [Dstergaard et al, 1996]

k™ = argmin{[| Mk — ¢|* + p*|| Dk}

Dk = {[ki — ki-1] - [k < (14 &*)kia]}
o . [Griebel et al, 2001]
k* = argmin{|| Mk — c||* : kiz1 < k;}
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Proposed Solution Framework
Data {ar = Cap(tr)} und {¢; = Cy(t;)} represented by

L
Carlt) = = asf’(t)  Cv(t) = X ast (1)

Kernel computed by
min |Cr— K *Carell 20y subject to:  K'<0, K >0

over a suitable basis B.

Theorem. For piecewise linear, continuous data which van-
ish initially with positive slope, the solution K to the necessary
optimality conditions is bounded in terms of the data values
and hence has

Conclusion: FExpect a staircasing effect.

Choose a basis B with:
e approximation properties for increasing dimension,
e realistic representation for small (regularizing) dimension

)

e casy implementation of constraints.
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Deconvolution with a Spline Basis

Given m, {CE] = 0 : {ui},

K(t) = z kst (t)

Theoretical properties, Schumaker [1981]:

o . Even {sl(o)} total in L?]0, 00).
°

ky > ki1 >0, [=1,...,L—1
From experimentation:
e Nodes {z;}}1;!

e Multiplicities of knots {y;} selected for desired smoothness.

among data points {¢;} YL,

e Number of nodes M determined from
LogIC_~K*C, I
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The Staircasing Effect
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Reconstruction of Blocky Data

Nodes situated at
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Node Optimization? No...
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Uniform Nodes are Regularizing

wrt 6 nodes:

Constrained
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Comparison of Constraints Application to Measured Data Deconvolution with an Exponential Basis Altematively, Deconvolution with an Exponential Basis
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