Galerkin/Runge-Kutta Discretizations for Parabolic

Equations with Time Dependent Coefficients
Stephen L. Keeling”

Abstract. A new class of fully discrete Galerkin/Runge-Kutta methods is constructed and analyzed for
linear parabolic initial boundary value problems with time dependent coefficients. Unlike any classical
counterpart, this class offers arbitrarily high order convergence while significantly avoiding what has been
called order reduction. In support of this claim, error estimates are proved, and computational results are
presented. Additionally, since the time stepping equations involve coefficient matrices changing at each
time step, a preconditioned iterative technique is used to solve the linear systems only approximately.
Nevertheless, the resulting algorithm is shown to preserve the original convergence rate while using
only the order of work required by the base scheme applied to a linear parabolic problem with time
independent coefficients. Furthermore, it is noted that special Runge-Kutta methods allow computations
to be performed in parallel so that the final execution time can be reduced to that of a low order method.
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1. Introduction. In this paper, linear parabolic initial boundary value problems with
time dependent coefficients are considered. Specifically, the goal is to construct and analyze
fully discrete approximations to the unique solution u(x,t) of:

—L(t)u in Q x[0,t*]
u = 0 on 0 x [0,t*] (1.1)
u(x,0) = u'(x) in Q,

&
=
I

where:

N
L(t)u=— Z Or; (L1 (%, )0z, u) + Lo(x, t)u.
ij=1
Here, (2 is a bounded domain in R with 0 sufficiently smooth. Also, ¢;;(x,t) and £y(x,t) are
assumed to be smooth. Further, on Q x [0, ¢*], the matrix {/;; }Z]-Yj:l is symmetric and uniformly
positive definite and ¢ is nonegative. Also, the initial data u is assumed to be both sufficiently
smooth and compatible, and precise hypotheses on the required smoothness of the solution u
are made as needed.

Now, for 1 < p < oo and integers s > 0, let WP = W5P(Q) represent the well-known
Sobolev spaces consisting of functions with (distributional) derivatives of order < s in L, =
L,(Q). Also, let | - |lws» denote the usual norm. Then, in particular, take H® = W*2 and
denote its norm by || - ||s. In addition, let H} be the subspace of H' consisting of functions
vanishing on 9 in the sense of trace. Further, let the inner product on L be denoted by (-, ),
and the associated norm by |[|-||. Next, given Hilbert spaces H, Hy, and Ho, B(H1, Hs) represents
the Hilbert space of bounded linear operators from H; into Ho, and B(H) = B(H, H). Also,
for to > t1, C!([t1,ts], H) denotes the Banach space of operators, continuously differentiable to
order | > 0, from [t,t2] into H. See Adams [1] for more details.

Now for each t € [0,t*], let L(t) be extended to be Lg-selfadjoint with domain H? N H{.
Also, assume that for [ > 0 and m > 0 sufficiently large, L(t) € C'([0,t*], B(H™2 N H}, H™))
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so that:
LD )0l < el m)|[0]lms2 Vo € H™? M Hy (1.2)

where L()(t) = D!L(t). Note that here and throughout this work, ¢ (sometimes with a subscript)
is used to denote a general positive constant, not necessarily the same in any two places.
Moreover, if in a given (in)equality, there is a crucial element upon which ¢ is meant to depend,
such dependence is indicated explicitly as in (1.2). Next, introducing the Ly-selfadjoint solution
operator T(t) for which T(t)L(t) =1 on H>N H} and L(t)T(t) = I on Ly, assume
that for > 0 and m > 0 sufficiently large, T'(t) € C'([0,¢*], B(H™, H™*2 0 H})) so that:

7O (@)0llmsz < el m)[ollm vue H™ (1.3)

where T (t) = D!T'(t). Finally, assume that for sufficiently large I > 0 and m > 0, the solution
w and the data u® satisfy:

sup [[0ju(t)]lm < e(m, D’ [lmrar (1.4)
0<t<t*

For details connected with (1.2)-(1.4), see Sammon [17].

A rough description of the results now follows. For this, let h and k denote spatial and
temporal discretization parameters respectively, and suppose that U;' is a fully discrete approx-
imation to u(nk) obtained according to the base scheme (1.32) described below. Now, in section
3, the error committed by (1.32) is shown to satisfy:

max ||Up —u"|| <e(h” +kH + hkH3 + RZEH1) |40 o (1.5)
0<n<n*

where o = max(r + 1,2u 4 2), p = min(v,q + 1), ¢ is the number of Runge-Kutta stages, and
r and v represent respectively, optimal exponents, characteristic of the Galerkin method and
the Runge-Kutta method upon which the fully discrete scheme is based. Note that under the
mild condition that either » < 2u or h? < ck, the above error is O(h" + k). Further, it is
explained below that the methods which are most easily implemented have the property that
v < g+ 1 which makes the estimate optimal. It is also worth mentioning that inverse properties
(associated with the use of a quasi-uniform triangulation of Q) are never explicitly assumed,
and as explained after Proposition 3.3, the constructions of section 2 are required for this.

Next, section 4 deals with (1.39), a variant of the base scheme which incorporates a pre-
conditioned iterative method (PIM) for the time stepping equations (1.34). Specifically, these
equations are solved only approximately at the nth time level with say, [,, outer iterations (4.3),
and j, inner (PIM) iterations (4.8), and it is shown that the above convergence rate can be
preserved while keeping ZZ*:_Ol lnjn/n* bounded independently of h and k. Hence, the order
of work is asymptotically as that for a linear parabolic problem with time independent coeffi-
cients. Additionally, in [15], semilinear and quasilinear problems are considered, and the latter
are treated with methods such as those reported here to obtain comparable results.

It should also be mentioned that the discovery of the methods described below was fortu-
itous. Note that there are extrapolation options other than (1.28) which are apparently more
natural. For example, D! could be replaced by T! in (1.28) since the latter is consistent with
(1.33). This idea is considered together with (1.33) in a computational section. However, under
rather general conditions, (1.5) is proved and demonstrated computationally only for (1.32) and
(1.39). In fact, it has been reported by many authors ([7], [13], [8]) that unless the solution
to the differential equation satisfies very restrictive conditions, a classical fully discrete scheme
fashioned after (1.16) cannot be expected to offer optimal order convergence. Furthermore,
with regard to efficiency, (1.33) requires the formation of ¢ new stiffness matrices at every time
step. On the other hand, (1.32) and (1.39) require only the formation of a single such matrix
per time step and, at the expense of at most 100¢~'% more storage, the recall of ;1 — 1 of its
counterparts formed at previous time steps.



In [7], Crouzeix analyzes (1.33), and with Butcher’s conditions C(p — 1) and B(v), [5] he

establishes the Lo estimate:

max ||Uf —u”|| = O(h" + ki@,
0<n<n*

Since O(h" + k¥) has not generally been observed experimentally, this suboptimal phenomenon
has been called order reduction. Note further that this Lo estimate depends upon the assump-
tion that the stages are computed exactly. On the other hand, in [13], Karakashian considers
approximating the stages with a PIM, and proves that the above estimate holds while the order
of work is kept optimal. Also, he constructs collocation type implicit Runge-Kutta methods
(IRKM’s) for which p = v = ¢+ 1. Nevertheless, such methods have limited stability for ¢ > 3.
In fact, there is a general trade-off among IRKM’s in the sense that the more stable methods
suffer more from order reduction while those which do not suffer so, are not as stable. However,
when (1.33) is modified as in (1.32), it is possible to achieve high order even for very stable
methods. For example, in section 4, an algebraically stable IRKM is used for a problem of the
form (1.1), and optimal order convergence is obtained with (1.39) but not with a counterpart
based on (1.33).

Douglas, Dupont and Ewing [10] have analyzed Galerkin/Crank-Nicholson fully discrete
approximations for a class of quasilinear parabolic problems, proving an optimal Lo estimate
for a method which is second order in time. Also, this rate was shown to be preserved by an
algorithm in which the time stepping equations are solved only approximately with an optimal
order of work. Then studying (1.1), Bramble and Sammon [3] have obtained similar results
for some Galerkin/Obrechkoff fully discrete approximations, proving optimal Lo estimates for
methods up to fourth order in time. Finally, note that in [9], Dougalis and Karakashian analyze
Galerkin /Runge-Kutta fully discrete approximations for the Korteweg-De Vries equation. In
fact, they prove optimal Lo estimates for some modified IRKM’s which are up to fourth order.
Hence, the spirit of their work is similar to that of the present study.

In the remainder of this section, there is a presentation of material relevant to the spatial
and temporal discretizations considered here, which concludes with a precise definition of the
schemes for which the above claims are made.

1.1 Spatial Discretizations. To make the following machinery more definite, consider the
Ordinary Galerkin Method for the spatial approximation of the solution to (1.1). Let D(¢)(-,)
be a bilinear form defined by:

N
D(t)(v,w) = Z (€ij (1) 0z, v, O, w) + (Lo(t)v, w) v,w e Hy.
ij=1
Next, let Sj, represent a finite-dimensional function space consisting of continuous, piecewise

polynomials of degree < r — 1, vanishing on 92. Then, take T}(t): Ly — S, to be an approxi-
mation to the solution operator T'(¢) defined by:

D()(Th(t)w, x) = (w,x) Vw € Ly, VX € S

For more examples of Galerkin methods satisfying the assumptions enumerated below, see
Bramble, Schatz, Thomée, and Wahlbin [4], and Sammon [17], [18].

Depending on the Galerkin method used, let Hg be a linear space equipped with a norm
| - ||z and satisfying the following properties. Suppose H2 N H} C Hg and that:

lvl1 < cellv|lp Vv € Hg, and lvlle < cl|v||2 Vo € H?.

For example, for the method described above, take Hg = H. Now let {S)}o<n<1 be a family
of finite-dimensional subspaces of Hg satisfying the following for some integer r > 2:

inf {[lv = x|[ +hllv = xl[g} < ch®||v]ls Voe H NHy, 2<s<r
XESh

Then suppose that for each ¢ € [0,t*], a family of operators {T}(t)}o<n<1 is given satisfying:



i. Tp(t) : Ly — Sy, is selfadjoint, positive semidefinite on Lo, and positive definite on Sy,
ii. For 0 < h <1, Ty(t) € CH([0,t*], B(Ls, Sp)) for I > 0 sufficiently large,
(l (l) 0y _ W s 5—2
iii. (LT 7“‘, 61@%% Lb‘ |,| [g;ld (lté 01;95 fa%%”@s %eqllluﬂeéﬂ in%the seqliaque H (1.6)

Hence, the restrlction of Tj,(t) to Sy is invertible and its inverse is henceforth denoted by Ly ().

Since Ly (t) is also positive definite and selfadjoint on Sy, both Ly (t) and Tj(t) have square

roots but it is also assumed that:

1 1 1 1

T2 (x| < el Ty Oxlle < lIxll < [Ixlle < el Ly (OxI < el L (E)x]le VX € Sh.
(1.7)

Also Ly(t) € CH([0,t*],B(Sy)) for I > 0 sufficiently large and in fact, Bales [2] has proved that

for 0 <s,t <t*,and [ > O:

el

ILEOTO LX) + ITEOLCGTE O < el YxeSn  (18)

Then using the selfadjointness of these operators, the following are straightforward consequences
of (1.8). For 0 < s,t < t*:

1T ()22 (x| + ILE T2 Oxll < clxll ¥x € S, (1.9)
(LD ()%, )] < e)(Ln(E)x, x) VX € Sp. (1.10)

In addition to (1.10), assume that for 0 < ¢ < t* and [ > 0:

(LY ()x, )| < e xlsll6] X, 6 € Sh.

Next, defining the elliptic projection operator as Pg(t) = Ty(t)L(t), it follows from (1.6) and
(1.2) that for 0 <t < t*:

I — Pe(t)]v]| + hl|[I — Pe(t)]vlls < ch®||vs Yoe HSNHL, 2<s<r  (L11)

In fact, with w(t) = Pr(t)u(t) and n(t) = u(t) — w(t), (1.2), (1.4), and (1.6) can be used [3] to
show that:

0212*{H77(”(t)\| +hln® @) e} < P |[u o2 2<s<r (1.12)

Finally, it can be shown that Py = Ly (t)Tx(t) is for every ¢ € [0,t*], the orthogonal projection
of Ly onto Sp, and that T, (t) = Tj(t)Py. Then, since I — Py is majorized by I — Pg in Lo, it
follows from (1.11) that:

(I — Py)v|| < ch®||v]|s Voe HSNH), 2<s<r (1.13)

Now, (1.1) has the following semidiscrete formulation. Find wuy, : [0,t*] — S} satisfying:

Owup, = —Lp(t)up
{Uh(o) o (1.14)

where ug € S, is a suitable approximation to u°. In [18], Sammon analyzes approximations
of the form (1.14), and with assumptions comparable to those described above, he proves an
optimal Lo estimate:
sup.[u(t) — un(®)]| < ch” ]
0<t<t+

In the present paper, semidiscrete approximations are not analyzed. Instead, (1.14) serves
only as a source of inspiration for fully discrete approximations, and wj; does not appear in
forthcoming proofs.



1.2 Temporal Discretizations. For the temporal approximation of the solution to (1.14),
Implicit Runge-Kutta Methods (IRKM’s) are now introduced. Given an integer ¢ > 1, a ¢-stage
IRKM is characterized by a set of constants {a;;} ;_;, {b;}j=;, and {r;}{_;, and it is convenient
to make the following definitions:

A = {aijhi<ij<qs b= (b1,bs,....by)", B =diag{b;},

1<i<q
M = BA+ ATB — b7, T = diag {7;}, e=(1,1,...,1)T.
1<i<gq

For the IRKM formulation used in this work, choose arbitrarily, ¢, € R, yo € R™, F: R™+1 —
R™ sufficiently smooth, and k& > 0 sufficiently small, so that for tg < t < tg 4+ k, smooth
functions y,y : R — R™ are well-defined by:

{Dty(t) = F(t,y(?)) (1.15)

y(to) = Yo,
Y'(t) = yo+(t—t0)> aiF(to+7(t—to),y'(t), 1<j<gq

izt (1.16)
y(t) = yo+ (t—t0)Y biF(to+7i(t —to), y'(t)).

i=1

The method is described as explicit if a;; = 0, @ < j and implicit if for any 4, a;; # 0. Also,
it is said to have order v if for every y and y defined as above, Dly(to) = Dly(ts), 0 <1 < v.
Butcher [5] has developed simple conditions for the above parameters which guarantee a given
order; however, only the following is explicitly required in this work:

NprA=te =1 1<i<w. (1.17)

To see the roots of condition (1.17), let (1.15) have m =1, to = 0, yo = 1, and F(y) = —v, so
that y(t) = e~'. Then, from (1.16), §(t) = r(t) where r(z) is a rational approximation to the
exponential e~% given by:

r(z) =1 — 20" (I +zA) e, (1.18)

Expanding this expression shows that r(z) is a vth order approximation to the exponential if
and only if (1.17) holds. Next, with regard to stability, an IRKM is said to be Ag-stable if:

lr(z)] <1 Vz >0, (1.19)
and strongly Aog-stable if:
sup |r(z)] < 1 Vzo > 0. (1.20)
z>2z0

Also, a method is called algebraically stable if M and B are positive semidefinite. However, if
an algebraically stable method is irreducible (not equivalent to a fewer stage method) then:

B is positive definite, and M is positive semidefinite. (1.21)
One other notion of stability which is useful here is that of dissipativity:
—1<-1+6<r(z)<1 Vz > 0. (1.22)

Ap-stability is required of all IRKM’s considered in this work. However, in order for the
approximations to decay with respect to the time step, strong Ag-stability must hold. In fact,
to guarantee decay, both (1.20) and (1.21) are assumed. Then in section 4, the iterative scheme
(1.39) described below requires at least (1.22) in addition to:

r(z)<l-c Vz > 0. (1.23)

(1+2)?
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This growth condition is extremely mild and this author is unaware of any popular IRKM which
fails to satisfy it. Also, requiring (1.22) and (1.23) improves on a related result of Karakashian
[13] in which (1.20) is used. Next, note that the spectrum of A, o(A) is related to the poles of
r(z) and in addition to the above, it is assumed throughout this paper that:

o(A) C{x e R:xz >0} (1.24)

Returning to the temporal discretization of (1.14), let a g-stage IRKM of order v > 1 be
given. Assume also that there exists a ¢ X ¢ matrix D satisfying:

Dle; Ae;. .. A7 e] = [Ae; 24%; ... 5 gA]. (1.25)

Again, this author is unaware of any well-known IRKM for which such a D fails to exist. In fact,
the so-called collocation type methods are those for which D = T. Now with g = min(v, g+ 1),
it follows from (1.25) and (1.17) that:

IAD'"le = Dle 1<1<pu—1, (1.26)

w'Dle =1 1<1<p. (1.27)

Next, for 0 <n < n* -1, n*k = t*, let the real values {07 }/" ) be chosen distinctly, so that
the ¢ x ¢ matrices {I', }/"_, are well-defined by:

e
> T (o)t =D 0<I<pu—1 (1.28)

as the computation of their components involves the inversion of the u x u Vandermonde matrix
{(6n)! }m /—o- In addition, assume that these parameters are bounded independently of n:
< .
ocmax {[0m] + max |(I)i]} < c. (1.29)
Actually, it is clear below that the natural and computationally advantageous choice for (1.28)
is:
oy =

m

_ <n <y —
{m n, 0<n<pu—2 (1'30)

—m, u—1<n<n*-—1.

In any case, define t" = nk and 7}, = t" + 0k, and for 0 < n < n* -1, 0 <t < t*, and
0 < s <k, let the following be defined on S;, = [Sp]%:

pn—1
Ly(t) = %13§{Lh(t)}, n=Ln(t"), Lp(s) = Y Ty Lu(t" + 67s), Ly = Lrk).
m=0
Now with:
UY = I+ kLY ' Py[I + kL’ (1.31)

suppose that for 0 < n < n* — 1, the approximation U}’ € S}, is given, where U]’ =~ u" and
u" = u(x,t"). Then, let U ZL‘H ~ u"t! be given by what is henceforth called the base scheme:

UPtt = (1T AT e)Up + 0T AT (1.32)

{ up = eUp — KALPUp
where U' € S;, is well-defined provided [I + kAL}] is invertible. Here, AL} for example, is
understood in the sense of composition of operators defined on S;,. Note that if the temporal
discretization of (1.14) were accomplished as prescribed by (1.15) and (1.16), the following
would result:

{ Ur = eUr — kALYUD

U”+1 — (I =T A e)UP 5T AT where L} Eldgl?ggq{Lh(t +kri)}. (1.33)



However, as discussed in the beginning of the Introduction, (1.32) is designed to improve upon
(1.33) with the indicated modification.

Now, with regard to iterative approximations, note that an efficient method is needed for
solving the time stepping equations:

[I + kALRUR = eUp. (1.34)
According to (1.24), A can be transformed as follows:

SAS™! = A = diag {)\;} + subdiag {6;}, AN>0, 1<i<gq, 6;=00rl, 2<i<gq.
1<i<q 2<i<q

Then V;" ~ U} can be obtained by the (outer) iterations:

[I + kALY (SV) = {SeU}y + kSA(LY — LHV]" 1} = R} 1<i<], (1.35)
where:
n—1
N n—m— pn + 1 rrm * (70 —
0= Z; (—1) 1<n_m>Uh 1<n<n" -1, VY = ely,
m=n—1—pun
(1.36)
M, n=>0 O, n=20
h=< p+l—m, 1<n<pu pn=4 n—1, 1<n<y
1, u+l<n<n*—1, i, p+l1<n<n*—1,
) ) (1.37)
and (1.35) is started with VJ* = Vg provided {U"}"1 | 4, are computed as indicated below.

Now consider the simple but important observation that if:
)\17&)\]7 17&] and 0,20, 2§z§q, (138)

then the block system above decouples into the following equations which can be solved in
parallel:

L+ RNLE(SV™) = (R 1<i<aq
Then, to avoid having to factor new coeflicient matrices at every time step, a preconditioned
iterative method is used to approximate V;" with (inner) iterates, say {VEZ'}OSijn' Further, it

is shown that there exist integers { jn}z*:f)l such that ZZ;_OI lnjn/n* < ¢ while the convergence
order (1.5) is preserved for what is henceforth called the iterative scheme:

U;LL = z"j
nydn - 1.39
{ U,’j*l = (I-bv'A-te)Ur + 0T AU (1.39)

Finally, let the initial approximation for this scheme be given by (1.31) also.

2. The Product Space Operators. In this section, the machinery elaborated between
(1.2) and (1.13) is generalized to analogous operators defined on products of spaces on which
their precursors are defined. Also, certain technical lemmas are established for later use. Now,
in addition to Sy, define the product spaces Ly = [Lo]9, HY = [H}]Y, Hg = [Hg]?, and
H™ = [H™]?. Also, on these spaces define:

q 1 4q 1 g 1
1@le = loillzrz, 1@l =D ldilln}z, (2,%)=> (40,¢), [®[ =(®,®)z.
i=1 i=1 i=1
Then, for 0 <n <n*—1,0 <t <t* and 0 < s < k, let the following be defined on H2N Hé:
L(t) = diag{L(t)}, Lr = L(t"), Lr(s)= Y TpL(t" +ds), Lr = L"(k).
m=0

axq
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The first step is to construct, for 0 <n <n*—1and 0 < s < k, operators 7"(s) (T" = T"(k))
satisfying:

{E_n(s)’j'”(s) = 1 on Loy (2.1)

T(s)L™(s) = 1 on H? N HJ.
Note that with 7(¢) = diag{T'(t)} and 7" = 7 (t") defined on Ly for 0 <t < t* and 0 < n <
_ axq
n* — 1, 7"(s) cannot be taken as a combination of such operators.

Lemma 2.1 For 0 <n <n*—1, £L"(s) € CY([0, k], B(H™2 N H{,H™)) where I,m > 0 are as
in (1.2). Also the following hold Vv € H™2 N H(l), 0<s<k,and0<n<n*—1:

105L™(5)V [l < el m) ||V ]lme2 (2.2)

1L (s) = LV]lm < c(m)k[|V]me2. (2.3)

Proof: The crucial observation is that by (1.28) with [ = 0:

B pn—1 pn—1 4o
£r(s) — L7 = SO TUL(E" + 67s) — L] = 3 I / £O (1)t
i=0 i=0 "
and (2.3) follows with (1.29) and (1.2). Also, (2.2) follows using (1.29) and (1.2). [

Theorem 2.1 Let m,l > 0 be as in (1.3). Then for k small enough, and 0 < n < n*—1, there
exist operators T"(s) € C'([0, k], B(H™, H™2 N H})) satisfying (2.1) and:

10T (8)V |lm+2 < e(lom)||V]m Vv e H™. (2.4)

Proof: The details appear in [14]. However, the key idea is to use (2.3) to show that with
v € H™, Fu = T"{v + [L" — L"(s)]u} is a global contraction on H™*? N H}, provided k
is small enough. Then the unique fixed point is taken to be 7"(s)v, and (2.4) is established
inductively. ]

The next step is to construct for 0 < n < n* —1 and 0 < s < k, operators ’]2"(3) (7h" =
7,7 (k)) satisfying:

Ty (s)Lh(s) = I on Sy, (2.5)

where Py = diag{Py}. Note that with 7;,(t) = diag{T},(t)} and 7, = 7(t") defined on Ly for
axq gxq

0<t<trand0<n<n*—1, ’Z_;L”(s) cannot be taken as a combination of such operators.
Now let {Dy(t)(+,-) fo<t<t+ be a family of bilinear forms defined on Hp x Hp so that:

Dy (t)(x, ¢) = (Ln(t)x, }) VX, ¢ € Sh.

More specifically, with D}(f) (t)(-,-) = DLDy (-, ), assume that for 0 <¢ <#*,1 >0, and 2 < m <
7

{cg(s)f,y(s) = P on Ly

l m—
1DV (8) (v, w) — (LY (t)v, w)| < Q™ o]lm|w — ul| g,
Vo€ H"NH), VYwe H*NHY+ Sy, Yue H*NH,
1D (8) (w, v)| < e(O)[|w]|z]v] = Vw,v € Hp,
cllxIE < Da(t)(x, X) Vx € Sh.

For example, these assumptions are readily verified for the Ordinary Galerkin Method mentioned
in the Introduction. For additional examples, see Sammon [17], [18]. Next, for 0 < t < t*,
0<n<n*—1and0 < s <k, let the following be defined on Hg x Hg:

q p—1
Dy (t)(w,v) = ZDh(t)(wi,vi), Dy (s)(w,v) = ZDh(t" +9,,s) (T, w,v).
i=1 m=0

Discrete counterparts to Lemma 2.1 and Theorem 2.1 appear next.



Lemma 2.2 For 0 <n <n*—1, L}(s) € C}([0,k], B(Sy)) where I >0 is as in (1.8). Also, the
following hold Vf € Lo, 0 <t t1,to <t*,0<s <k, 0<n<n"—1:

172 (1023 () T2 (DE ] < eI (2.6)
172 (8)[La(ts) — La(tOITE (B)F] < clta — ta][£] (2.7)
172 (4)[£3(s) — LT3 (DF| < chllE]|- (2.8)

Proof. The manipulations required are similar to those needed for Lemma 2.1, except that (1.8)
is used instead of (1.2). n

Theorem 2.2 Let | > 0 be as in (1.8). Then for k small enough, and 0 < n < n* — 1, there
exist operators T;(s) € CL([0, k], B(Lg,Sy)) defined by:

D (s)(T(s)f, X) = (£, X) VfeLy, VXeS, 0<s<k (2.9)

and satisfying (2.5) in addition to the following Vf € Ly, VX € Sy, 61,60 = 0, %, 0<t<t™,
0<s<k,0<n<n*—1: )
18T, (5)E | < c()|I£] (2.10)

I£R AT (3)£32 0X] < eDIX]. (211)
Proof: The details appear in [14]. However, that 7,"(s) is well-defined by (2.9) follows once
D (s) is shown to satisfy the hypotheses of the Lax-Milgram Lemma [6]. Then, (2.10) and

(2.11) are established inductively using (1.7), (1.9), (1.28), (1.29), (2.6), and (2.8). [
Finally, a generalization of (1.6) is required for the proof of Lemma 3.5.

Theorem 2.3 For k > 0 small enough, the following holds for 0 <n <n*—1,0 < s <k,
[>20,and2<m<r:

1T (s) = T (s)Ivll + R OLT™(s) = T (s)Vl|E < c(DR™|V]Im-2  ¥v € H™ 2

Proof: See [14]. [

3. The Base Scheme. In this section, the base scheme (1.32) is analyzed for the ap-
proximation of the solution to (1.1), and (1.5) is established. That the stages are well-defined
depends on the next lemma.

Lemma 3.3 Provided (1.24) is satisfied, [I + kAL}] is invertible, and for k small enough,
[I + kALD] is as well. Also the following hold VX € Sp, 0 < 0 <1, 61,05 =0, %, 0 = —0y = j:%,
0<n<n*—1:

(kLRI + RALR)TIX| < e X, (3.1)

(kLR I + KALR]) ™ (RL)*X]| < cl|X]|. (3.2)

Proof: The invertibility of [I + kAL}] and the estimate (3.1) involve a spectral argument after
A is transformed to Jordan form, and the details are provided by Karakashian [13]. Now set:

Ey = [T+ kALY ' RA(LY — LT) and By = kALY — LY + kALY !

so that:
(Lp)Z I+ KALRN(TM)? = [I + KAL) — (L})2 By (T3],
(T3 + kALY (L]) 3

By (3.1) and (2.8):

= [I — (T2 E2(L}) 7] + kALY,

N

1(C)2 BT X+ [[(T)2 Eo (L) 2 X < ck||X| VX € Sp.



Hence, for k small enough, [I + kAL?] is invertible. Next, for 65 = 0, il:

(RL)R [T + RALR ™M (R))® = (1 — (L3)2 Br(T) )7 (L) 2 [ + kALR) ™
and (3.2) follows for 1 = 1. For 6; =0, +1:

(KL I + RALR) TN (RL7)? = (KL 3 (1 + KAL) [ = (T2 Ea(L7)2] !
and (3.2) follows for Ay = % Now, for the case 6; = 05 = 0, with X € Sj, chosen arbitrarily:

IXI* < Sl + RALRIX|? + 5|1 X1° + K| (ALE X, X)).
Then with ¥ = (EZ)%X, by (2.8):
(ALEX, X)| < |(A®, )| + (T2 [ — LT3 @, AT®)| < o1+ k)(LEX, X)),
Also by (3.2) with §; = 1, 6, = 0:
L rn
[(kLR)2X]| < cf|[I + FALRIX]|

and the remaining case for (3.2) follows after combining the last three inequalities. |
Now, for the sequel, let the following be defined:

S"EU[LL—w", N =u" —wh,
=1- k‘bTE"[I + k:AEZ]_le, Ry =1—kbI LY+ kALY !
ZDleaé n? ik (0<s<k) a" = u"(k),
" (s) = T (s ( )L (s)u(s), (0<s<k) w" = w" (k).

After some straightforward calculations, the following error equation is established:

pn—1

L =RpE™ + kVTLPI + RALY) T Hom — ew™ — kA T ediw(Th)}
p—1 "=
kbT AT + RALY] TP AP Y T L(ri)[a™ — eu(r)s)]
ut™
— kbTATUI + KALYTPAY T ed{[Pe(mh) — Polu(th)} (3.3)
p—1 m=o
{wrtl —om — kbT Z I edww(T))}
4 m=0
= RUE+D Y = RpE4Q" 0<n<n*—1

=1

Now, since it is required in section 4, stability and consistency are established in the following
norms, which according to (1.7) are well-defined for 0 < n < n*:

1
Xl = {06 x) + k(Lix, x)}2 X € Sh.
Also, from (1.10) with [ = 0, it follows that these norms are equivalent:

cillixlly, < Mxlll, < e2llixlll, VX € Sp, 0 <m,n<n". (3-4)

q
As in section 2, for X € Sy, take [|X]||,, = {Z|||Xz|||i}%
i=1
In the next two propositions, two classes of IRKM’s are considered in order to obtain the
following stability inequality for (3.3):

e 7 < (L @)NEM + ek llw™I1 0<n<n"—1 (3.5)

10



Proposition 3.1 Suppose "1 = RIE™ + ™ and let (1.19) be satisfied. Then, there is a
constant ¢ such that (3.5) holds. In fact, ¢ < 0 if (1.20) holds and c(1) of (1.8) is small enough.

Proof: Triangulating with r7¢™:

el R = rilelll + lirae™ l, + ™ €™+, , )
sl + s lE™ Il (1 + ek) + e(ek) = {INRE — rRle™ I, + Ml

By some straightforward calculations:

<
<

Ry — ot = BT ATN T+ KAL) ()T A(TY)3 (L], — LR)(T) 2 (RLR)R T + RALE)

so that with (2.8), (3.1), and (3.2), it follows that for 6y, 6 = 0, +1:
(kL) (R — ril(kL7) x|l < cklx| VX € Sh. (3.6)
So, there is a ¢; > 0 such that:
(L= eR)IE I < HrR€™ I + < erklle™ I + ek~ gl
Since (3.6) depends on (2.8) and hence (1.8), the smallness of ¢; is determined by that of ¢(1)
n (1.8). Now by (2.7), with x"+! = (LP)3¢n+1:
L 1 n n n
€™ M7a = ME™THIE + k(T ZILEH = LRI 2™ X < (L + k)€

where again co is smaller with ¢(1) of (1.8). Hence, according to the above, there is a ¢3 > 0
such that:

(1= csk) €™M I 0 < MRl + e~ ek €717 + ek~ Il 17 (3.7)
Now, since v > 1, r(0) = 1 = —r'(0). So let 21,6 > 0 be chosen so that |r(z)] < 1 — 0z,
0<2z<2z. By (1.7), o(kL}) C [0~ ok, o0) for some ¢ > 0. Thus, using a spectral argument,
it follows that for k& small enough, there is a ¢ € [—c¢g, 0] such that:

Irexll < (14 ek)llxll VX € Sh (3.8)

and & < 0 if (1.20) holds. Finally, (3.5) follows with (3.7) and (3.8), and ¢ > ¢+ c3+¢c tc;. m
The conditions of the following proposition guarantee that ¢ < 0 in (3.5), and hence the
approximations decay.

Proposition 3.2 Suppose " = RPE™ +4™ and let (1.20) and (1.21) be satisfied. Then there
is a constant ¢ < 0 such that (3.5) holds.

Proof. Suppose it has been established that for some ¢; > 0 and ¢ < 0:
IRRE™? + (1 + ) [(RLET) I REE® < (1+ k)€1 (3.9)
By (1.7) and (3.4):

(£n+l,£n+1)—|—(1—|—€1)(k’LZ+1£n+l gn—i—l)
= (Rpe, ™)+ (1 +al><<kL"+1>2R &, (kLythyzgnty
F((RLEHY " 39n, (RLEHY)2 26 (14 a)((kL"“)lw" (kLpthyzenth)
< 2{\\7% €2+ (L +e1)(k L"“)m €72} 4+ LI + (14 en) || (RLpHY) zEn 2}
ey Y[ |Z + Ser||(REpHY) T2

and (3.5) follows after combining the above inequalities. Now for (3.9), the following are re-
quired:
n n n 15
IRRE™ * < ll€™N1* — ell (kLh)2 "I (3.10)
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IRRE™|? + cal| (KL ERE™? < (1712 + a|| (KL} 272 (3.11)
(KL TREE™? < (1 + csk) || (kLY ™| (3.12)

where " = [I +kALY] te€™ and ¢a > ¢; > 0. For (3.10), note that R7E™ = €™ — kbT L7E™ | and
hence:
IRREM> = |€"1* — 2k(e€™, BLRE™) + k> (0T LRE™ 0T LRE™)
€72 — 24([1 1 KALLIE", BEREY) + K2(00! L1E", £1E")
1677 — 2k(BE™, L7€™) — k2(Mﬁ ", Lpe™).
The last term can be ignored since by (1.21), M is positive semidefinite. Also, for X € S, and
= (£7)2X, by (1.21) and (2.8):

_ 1 1. 1 1
(BX, LjX) = | B2 |* + (B, (T;")2 [L}, — LRI(T)2®) = o(L - k)||(L7)2 X%

Hence, (3.10) is established. Next, for (3.11), write RP¢E™ = (I — bT A~ Le)¢™ 4+ bT A~ and
note that by (1.18) and (1.20), r(co) =1 — b7 A te € (—1,1). So, using (3.10):

I(L7)ER RE"I = r(oe J(L}) R} ¢ (L mzEn) + ((LZ) Rem ot AT ( L£p)zén)
< Hr(oo) IR EREE™ 2 + 1 (LR)2€" 2} + eall (L) ERE™ |2 + casy k{1171 — 1R€"I%}

and (3.11) follows if &5 > 0 is chosen so that: ¢y = (1 —e2 — %|r(00)|)e2cy ' > 3|r(00)|eacy ' = 1.
Finally, (3.12) follows after using (3.6) and (1.19) in:

(KL TREEM| < [(KL)Z (R — ) (RLE) ) (RLE)ZE™ | + ||rt (kLY 2E7.

Next, (3.11) and (3.12) are used to obtain (3.9). Suppose that 5 is small enough that ¢y < 1.
Then, assume that kg > 0 is small enough that if 6 = (1 —¢1)/(1+ csko), then co +6 > 1. Next,
multiply (3.12) by 0 and add the result to (3.11). With cs =co+60 —1 >0, and 0 < k < k:

IREE™2 + (1 + es) || (L7 ZREE™I < [I€"I12.
By (1.7), there is a ¢g > 0 such that:
cek|RpE™|? < Lesl|(kLy)ZRyE™ 2.
Also, by (2.7), with x" (kL")zR &
1 n n
IRL)EREE P = "I + ()2 (L — LRI X" x™) < (1+ erk) | (kLR) 2 RRE™ .
From the last three inequalities, it follows that:
(1+ k) [ REE™|? + (1 + Ses) (1 + erk) THI(RLET) 2 REE™ 2 < [ll€”]]2-

So assume that ko above, is also small enough that (1 + 565)(1 + cgko) 711+ erko) T > 14 £,
for some £; > 0. Then (3.9) follows for some ¢ € (—cg,0). n
The next two lemmas are useful in subsequent consistency estimates.

Lemma 3.4 Fiz integers l,m > 0, and let ty, t1, ty € [0,t*] with |ty — t1]| < ck. Then:

sup || Lj, (to)dew (t)|| < e()[u’ 211 0=0,3. (3.13)
0<t<t*

Also, with E = ftz (ta — t)™Okw(t)dt, there exist By and Ey such that E = Ey + Eo while:
1 1, )
Ik La(t0))Z Er|| < e(DhE™ 2 |44 i=0,1 (3.14)

IkLn(to) B2l < (K™ [ullaa+4) i=0,1. (3.15)

Furthermore, for 0 < n < n*:

I, < e(@)(E™ + k™2 + h2E™) 1 . (3.16)
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Proof: See [14]. [
Lemma 3.5 The following holds for 0 < s <k, and 0 <t < t*:
1
|04 (s)|| + PIILE (DD (s)] < ch®[[u”|ay- (3.17)

Proof: See [14]. [
The order of consistency is established as follows.

Proposition 3.3 ¢" of (3.3) satisfies:

6™,y < ek(h” + kB + hk" 3 + B2~ ) |u0|ygup1). (3.18)

Proof: First, consider ¢7. By differentiating £7(s)@"(s) = PoL"(s)u"(s), and using (1.28), it
can be shown inductively that 9'@™(0) = D'ediw™, 0 <1 < pu — 1. Therefore:

. l 1 k i 18#

W — ew" D'e —+E, Ezi/ k— )t 0lw™(s)ds.
Z d ), =) (s)
Next, by (1.28) and (1.26):
o,
FAS T ed(r ZDl ~ + FoOF=roy Z AT / (7 — )= 2000 () dt.

m=0
Now Q,Z){‘:E'—F, with:

B = k3T AN+ KAL) (RLR)E AT L (T3 ((£]) 2 ]
F o= bTAVI 4+ kALY M (kLD A(TM)2 L — LY)(T) 2 [(kLR)2 F]
FOT AT + RALY - (KLY 2 A[(KLY)2 F ]+bTA I + kALY YA[RLD Fy)

where F' = F} + F5 is the splitting guaranteed by Lemma 3.4. The estimate required for 97
then follows using (3.2), (2.6), (3.17), (1.29), (2.8), and inequalities of the form (3.14) - (3.16).
Now consider ¥%. After differentiating v(s) = L™(s)u"(s), with (1.28) and (1.1) it can be shown
that 0L5(0) = —D'ed! ™ u", 0 <1 < p — 1. Hence:

- S e, ok 1 g 1
Ll'a" =—) D'edy" u"— + / k—s)t " 0kv(s)ds.
Then, by (1.1) and (1.28):
1l k 1 7
— > ThL(rh)eu ZDZ o > The / (o — Pt dt.
m=0 (’u' B 1)' m=0 tn

So the required estimate for ¥4 follows with (3.2), (2.2), (1.4), and (1.29). Next, the estimate
required for ¢§ follows with (3.2), (1.29), (1.12), (1.13), and (1.4). Finally, consider #}. First:

H k! 1ttt
Wt — = Z@éwnﬂ + G, G= M_/ (" — )rar T (1) dt.
=1 :
By (1.28) and (1.27):
-1 k pn—1 ™
kb” Zr" edyw (T Z w"— +H, H=_— ] > bTr:,ge/tn (77 — Lo () dt.
m=0 " m=0
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Hence ¢} = —G + H and the estimate required for ¢} follows after applying Lemma 3.4 to G
and H, and using (1.29) to obtain inequalities of the form (3.16). [

With the consistency complete, it is now appropriate to discuss the development of the
techniques used. First, it is possible to construct an error equation alternative to (3.3) which
circumvents the constructions of section 2. However, this requires inverse properties. For
example, one option involves the following replacements:

pn—1
" — Z D'ed l' , Yy — kb AT + kALY A z_:o Lo Ln(th) @™ — ew(T)].
Then in the above proof, o(s) is changed to L£}(s)@"(s), and bounding derivatives of the latter
j

involves bounding products of the form L;L)( )T( )(t) This can be accomplished using inverse
assumptions as demonstrated by Bales [2].

Also, the original idea for overcoming the suboptimal convergence rates mentioned in con-
nection with (1.33), was to find ¢ x ¢ matrices {D;}/— with which the following would lead to
optimal convergence estimates:

— — v—1 l
n — rno— n n l nk
Z (") = Dy, 0<I<v-—1, ﬁh:z_: n Lt 40Tk zZDl,qL)(t )F'

m=

However, attempts to prove an optimal order of consistency have repeatedly led to the following
conditions for the matrices {Dl};’:_(]l

Doe = e, DiDje = Di+j€, 0<2,73,14+75<v—1, IAD; 1e=Die, 1<I<v-—1.

To see this, consider for example, adapting the estimate for 7. Unfortunately, even though
the number of unknowns matches the number of constraints in the equations above, it is shown
in [15] that they can be solved only if v < ¢+ 1.

Now, (1.5) is established in the following for (1.32).

Theorem 3.4 Under the conditions of Lemma 3.3 and either Proposition 3.1 or 3.2, {U}'}n_,
are well-defined by (1.31) and (1.32), and the following holds:

o ax |UR —u™|| < (h" + k* + hkH=3 4 h2EH™ H11u°|a- (3.19)

Also, unless ¢ < 0 in (3.5), ¢* depends exponentially on t*.
Proof: Set E = [(hr+/<:“+hk“_% + h2kF=1)||u®||)%. Then, combining (3.5) and (3.18) for (3.3):
™17 < (L+ER)NEM, + ek E 0<n<n"—1
After dividing this by (1 + ¢k)"*! and summing, the result is:
€17 < (1 +2k)" €% + eulel ™M1 — (1 + k)" |E 0<n<n

Now, according to (1.31), [I + kLY]¢® = [Py — P2Ju®. So with (1.13), (1.11), and a spectral
argument, it follows that:

€5 < ell[Po — PRI + kLa] ™ [Py — PEJu"|| < ch"[|u]l,. (3.20)

Then, (3.19) follows with (1.12) and the last two inequalities. [

4. Iterative Approximations. In this section, the iterative scheme (1.39) is analyzed
for the approximation of the solution to (1.1), and (1.5) is established. First, a brief discussion
of Preconditioned Iterative Methods (PIM’s) is given. See Hageman and Young [11] for more
information.
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Let H be any finite-dimensional Hilbert space equipped with an inner product (-,-)y and
an associated norm || - ||g. Also, let Q: H — H be H-selfadjoint and positive definite, and
suppose that an approximation is required for the solution z* to Qx* = b. Then, suppose
that Qo: H — H is H-selfadjoint and positive definite, and that solving QQoZ = b is relatively
inexpensive. Furthermore, assume that (Q and (g are equivalent in the sense that:

P1(Qoz, ) < (Qz,z)n < p2(Qoz, z)H Vo € H. (4.1)

The operator ()g is called the preconditioner and the PIM’s of interest in this work are those
with the following properties:

i If {z; }3]:0 are given approximations to x*, the solution of Qx* = b, then calculating ;11
only involves computing Qx, Qozx, (Qx,z), and (Qozx, x) g for certain x € H, and solving
equations of the form Qox = b.

ii. There is a smooth decreasing function o: (0,1) — (0,1) such that o(1) = 0 and if §4.1g
holds, then: 1Q¢ [* — ]l z < clo(pr/p2)P Q4 [=" — moll - 4.2
For example, the Preconditioned Conjugate Gradient Method satisfies the above properties,
and it is popular for having o(s) = (1 —+/s)/(1 + /s) as opposed to say (1 —s)/(1 + s), which
is offered by various other PIM’s.

Now, the rough discussion prior to (1.39) is expanded with more details. First, suppose that
for 0 <n < n*—1, {U}— and {ﬁ}f” "m_:lo have been computed using methods described
below, and recall that an efficient procedure is needed for computing U[LL defined by (1.34).
Next, let f/O" denote an initial approximation to U}* given as indicated in (1.36). Now, instead
of actually computing {V;"}o<i<, as suggested by (1.35), proceed as follows. Let a sequence of
positive integers {jn}z*:f)l be specified. Then, suppose in an inductive fashion, that for [ > 1,
Wild” has been computed from j, PIM iterations as prescribed below, and let f/l" be defined
by the outer iteration:

[T+ kALY (SV") = {SeUf + kSA(LY — LYV 5.} 1<i<l, (4.3)
with the understanding that ‘70’73" = V. Letting n and [ be fixed, (4.3) can be written in the

form:
[I + kXN LY = ¢y — kO; Liap;—q 1<i<gq (4.4)
where 1y =0, 1; = (S‘z”)i, 1 <i < q, and according to (1.28) with [ = 0:
p—1 ~
¢i = [SeUp + kAS > T (Ly — Ln(Ti)Vi" 15, Ji- (4.5)

m=1

The natural preconditioning for (4.4) involves [I 4+ kL9] which, according to (1.10) and (1.24),
is equivalent to the operators of (4.4), i.e., for 1 <i < qgand 0 <n < n*:

pr([1+ELx x) < ([T + MIRxGx) < p2((T + RLY]x x) Vx € Sh. (4.6)
Now, to cover the case that A is not diagonalizable, define ¥; with:
[T+ kXL = i — kb LRI 1<i<gq (4.7)

where zﬂon = 0. Also, to obtain zﬂf” for 1 < i < q, set 1520 = (S\N/l’il’jn)i and let iterates
{TZJZJ}OS]'S]'” be given by a PIM with preconditioner [I + kL9]. Then as (4.2) follows from (4.1),
from (4.6) it follows that:

llsbs =&l < clo(pr/p2)V i = 47 -
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Finally, take W = (31,19, ...,%,)T and 0 = <~{,1/~J%,...,1;Z>T so that ‘72” = S~'¥ and inner
iterates for (4.3) are defined by:

Vi = Vi1, V=871, 1< < g, (4.8)
It is shown in [14] that:
05 = V% lllo < (ck =+ clo(pr/p2) P INTE = V%45l [>1
So, given some &g > 0, j, is chosen so that:
NTE = V% Mo < Bull TR = Vi1 5. Ml 1<i<liy, (4.9)

where:
2 Ckza 0 <n< 1%

n S { €0tn+1, 0 S n S n* —1. (410)

Finally, U »and U ,:‘H are given by (1.39). From the last three inequalities, it follows that the
integers { jn}z;f)l may be chosen so that ZZ*:_()l lnjn/n* < c as claimed in the Introduction.

The next objective is to show that the convergence rate (1.5) can be preserved even when
{jn}"5! are chosen so that (4.9) and (4.10) hold. So additional stability and consistency
results follow. First, define (" = U}’ —w™ and ¢" = Rjw™ — w1 where 9™ is as in (3.3). Now,
according to (1.39) and (1.32), U™ — RRUP = —bT A=Y (U} — U}). Thus:

¢ = R 4" — BT AT O - U). (4.11)

By (4.9) and (1.39), (U} — U}) can be estimated in terms of (U — V). So, the error equation
(4.11) is supplemented with the following one, which is obtained from (1.34) and (1.36) after
some straightforward calculations:

Op -~V =
n—1 - Mn+1 N B 3 —
> (= o | I+ EALG T RA(LE — L[ + kALY e¢™

m=n—1—pn

n—1
+ [[+ kAEm—lm:;_u (_1)n—m—1 < . _/:;LL_ ) ) Km—i—l _ Cm] (4.12)

pn + 1

D ( o ] ) @ - Op)
m=n—1—pn

- Y (e < Zn—ti ) [+ KALP] " KAL) — Ly + KAL)
m=n—1—pun 1
x{@™ —ew™ —kAY TTedw(T™)}
L 1=0
o _1\n—m :un+1 rml—1 = m m\[-m __ m
koY (-1 o T+ RALT AP Y TP L(r) @™ — eu(r]™)]
m=n—1—pn =0
n o+ 1 B p—1
— kY (e ( ot ) 1+ KAL) APy YT 0 {[Pr(ri™) — PoJu(ri™))
m=n—1—pn =0
= n—m Hn + 1 —m

m=n—1

n p—1
— [T +EKALY! Z (=1n—m ( pn + 1 ) {@™ — ew™ — kAZFg”eatw(TZm)}.
—tin

n—m
=0
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Before analyzing these error equations, a few adjustments must be made in Propositions 3.1
and 3.2 for the following stronger stability inequality:

~ n n 1 n — rrn rTn
MR < @IS, — collll = rp)z¢™lIn + ek~ 105 = TRl

4.13
ek|(BT + kP + kP72 + W2 1) |00 o2 0<n<n*—1 (4.13)

Proposition 4.4 Let (1.22) be satisfied. Then there are constants co > 0 and ¢, such that
(4.13) holds. In fact, ¢ < 0 if (1.20) holds and c(1) of (1.8) is small enough.

Proof: See [14]. [
As with Proposition 3.2, ¢ < 0 is guaranteed for (4.13) by the following.

Proposition 4.5 Let (1.20) and (1.21) be satisfied. Then, there are constants co > 0 and ¢ < 0
such that (4.13) holds.

Proof: See [14]. [
Now, the terms of (4.12) are estimated as follows.

Proposition 4.6 The terms of (4.12) satisfy:

n—1 n—1
NoE =V, < > AN = Ul + ™ = ¢l d +ck > NS,
m=n—1—pn m=n—1—pn
1
+ck(h™ + kv + hEF2 4 R2EF 1) |[ul]] 1<n<n*—1
(4.14)
Proof. The techniques required are similar to those used for Proposition 3.3. See [14]. [

Next, (4.14) is combined with (4.9) for the estimation of the term k|| U] _ﬁ}?mi’ in (4.13).
Proposition 4.7 With U} defined by (1.34) and ﬁ;} by (1.89), the following hold:
Z )2 = z rmy) 2 2
KUIOE = Ol < k=830 > {07 = O, + 1™ = ¢l

1 e (4.15)
kB2 3 ICMIE + k(AT + B REFTT 4 B2 W02 T <n<nt -1,

m=n—1—pn
T3 = TRllg < ck¥|lu’ . (4.16)
Proof: By (1.39), (4.9) and (3.4):
03 =Tl < B0 =Vell,  0<n<n*—1.
From (4.10) and (1.37), it follows that:
Blnfhn < ekt 0<n<n*—1

Finally, (4.15) follows after combining the last two inequalities with (4.14). Also, by (3.2),
(3.20), and (3.13):

N0 = Vllo < llUilly < elli®llly + ellw’lllg < cllu’lla

and (4.16) follows after combining this with the two estimates above. [
Now, (4.15) demands an estimation of the differences [|[¢""! — ¢"|||,, and this is the content
of the following.
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Proposition 4.8 If (1.22) and (1.23) are satisfied, then the following holds:

n+111 -n n n T
x| = ¢l I = i1 < kIS, + ellTF = OFIL,
(1 + esk) I = 12715 + kP[0 + K+ k2 + PR [uf]o]? 0<n <t — 1
(4.17)
Proof: See [14]. [
Finally, the convergence result (1.5) is established for (1.39) as follows.

Theorem 4.5 Let the conditions of either Proposition 4.4 or 4.5, in addition to those of Lemma
3.3 and Proposition 4.8 be satisfied. Then, {jn}z*:f)l can be chosen so that (4.9) and (4.10) hold
and provided £y > 0 is small enough, the approzimations {UP}"_, obtained by (1.31) and (1.39)
satisfy:

Jmax [|UF —u"| < (A + K+ hEP™2 + R2EE L)1 o (4.18)

Also, unless ¢ < 0 in (4.13), ¢* depends exponentially on t*.

Proof: Add ¢||T? — UP||? to both sides of (4.17) and multiply the resulting inequality by
ek~1t"*1. When this is added to (4.13), the result is:

— ~ n l "
NCP Y2, + crek™tenti{|¢ntt — C"Illi_+ g — Up(I2} + ek~ ten |1 - rptEe |12,
< (1 + k + coekt™ |12 + k™| T2 — T2 + ck[(h” + k* 4 hk"~2 + W2k 1)|[u0]| o)

Hek M (14 esk) — ol 11— rp1 2" l<n<n* -1
Now, for the compression of this inequality and others below, let the following be defined:

z" = I¢" I ) Dt = (¢t - C"|||i1+ IT% = Txll,
s = I - rp12¢ s E=[(h" + k" 4+ hkP=2 4+ 2k a0 o]2.

With this notation, the following results after estimating ck||U7 — UP[||? with (4.15):

ZH ek tet! I DL 4 o= LG < (1 4 8k + coekt*) 2
-1
e Y KTIDMT 4 k2™ + ckE + [ekTH + e(1 + est®) — co] S 1<i<n*—1.
m=l—1—p,

Now, assume that € > 0 is chosen small enough that (1 + c¢3t*) < ¢p. In fact, if ¢ < 0, suppose
that 1+ ¢k + cockt* < 1+ ¢k for some ¢ < 0. Otherwise, take ¢ > 0 in the following. Now, after
summing the last inequality over 1 <1 < n < n* — 1, the result is:

(Z7 — ZY) 4 ek~ (St — 4181y 4 clak_lztlHDlH < ékZZl

=1 =1
n -1

+ad B Y [kZP 4+ kTIDY 4 ot E 1<n<n*—1.
=1 m=l-1—

By (4.10) and (3.20), for 1 <n <n* —1:

n n -1 n n
kY Z' kD B DY Z™ < (64 caco(p+ DR Z+ ckZ° < ek> 7'+ ckE
=1 =1 m=l-1—y =1 =1

where ¢ < 0 if ¢ < 0 and gg > 0 is small enough. Otherwise, take ¢ > 0 in the following. Next,
since (I+1)/(m+1) <p+2if0<1—1—pu <m <1—1,it follows using (4.10) that for
1<n<n*-1:

n -1 n -1

l+1 &
C4k7_12ﬁl2 Z Dm—l—l < C4k‘_1€02 Z + tm+1Dm+1 < C5€0k_lztl+1Dl+1 —|—CD1.

=1 m=l—1—p Simei 1o, M1 =1
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Combining the last three inequalities, for 1 < n < n* — 1:

n n
ZM ek TS 4 (ere — eseq) kT Y HTIDP < (Z' 428! + ¢DY) + ot*E + kY 7
=1 =1

By (3.4), (4.17), (4.16), (1.19) and (3.20), Z' + S* + D! < cE. Now, assume that g¢ > 0 is
chosen small enough so that:

G2 4y < et (R + b+ 15+ B2 [0+ ek IICE 0 n<at -1,
=0

If ¢ <0, ignore the last sum and (4.18) follows after (1.12). If ¢ > 0, then (4.18) follows with
the discrete Gronwall Lemma and (3.20), but with ¢* depending exponentially on ¢*. [

5. Examples. The principal aim of this section is to present some computational results
showing the strength of methods analyzed in this work. However, it is appropriate to first
indicate that the set of IRKM’s which satisfy the many conditions imposed in foregoing proofs,
is by no means vacuous. For example, in [16], it is explained that there exist g-stage methods
of order g + 1 and satisfying (1.20), (1.21), (1.24), (1.25), and (1.38), provided ¢ = 1, 2,3, or 5.
Furthermore, [16] gives explicit constructions of families of such methods for ¢ = 2 and 3. On
the other hand, it is shown in [16], that for every positive integer ¢, there exists a collocation
type IRKM satisfying (1.20), (1.24), (1.25), and (1.38).

As mentioned in the Introduction and more carefully in [16], the preferred methods in a
parallel environment are those for which the eigenvalues of A are distinct. These have been
referred to as multiply implicit (MIRK) methods. Further, they are called real if o0(A) C R,
and otherwise complex. While the latter case has not been studied here, it is discussed in [16].
By considering that discussion together with the results of Bramble and Sammon [3], it can be
seen that complex MIRK’s can be analyzed using quadratic preconditioning and hence inverse
assumptions.

In contrast to MIRK’s, there are the well-known methods for which the eigenvalues of A are
identical and real. [12] As seen in (4.7), these so-called singly implicit (SIRK) methods offer a
computational advantage on serial machines since at each time step, they require the formation
of only a single new matrix with the dimension of Sy. A selection from this set of methods was
made for the example considered below.

The following problem is of the class defined in the Introduction:

Ou = —Lt)u in (=1,1) x[0,.1]
u = 0 on {—1,1} x[0,.1]
u(z,0) = 1—-22 in (=1,1)
where:
L(t)u = —0,(¢1(x,t)0pu) + Lo(x, t)u,
L 10g(2)(3 — 2?)
_ _18 2yt+1 — 2y _ 1 24t
l(z,t) = G122 +i( _w2)(2+x ) bo(z,t) =log(2 +27) — 51og(2)(2 +27)".
The solution is given by:
(z,t) = 1_7332
u(z,t) = o)

For the spatial discretization, the Ordinary Galerkin Method was used and S}, was constructed
of smooth cubic splines defined on a uniform mesh. For the temporal discretization, the well-
known three-stage diagonally implicit (DIRK) method was used as it satisfies (1.20), (1.21),
(1.24), and (1.25). ([8], [15])

Now let (1.39) be identified as the modified method, and an analogue based on (1.33) as
the classical method. In addition, let a hybrid method be given by (1.39), but with D! re-
placed by T! in (1.28). These three methods were tested on the ICASE SUN 3/180 with
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| k,h | CPU Time (sec) | Ly Error (x107) | Order |

1/50 22 1.19

1/60 30 525 4.49
1/70 38 266 142
1/80 48 148 137
1/90 59 10889 133
1/100 72 10565 4.30

Table 1: Modified method

| k,h | CPU Time (sec) | Ly Error (x107) | Order |

1/50 22 28.5

1/60 31 16.0 3.16
1/70 A1 9.80 3.19
1/80 52 6.36 3.23
1/90 65 435 3.24
1/100 7 3.09 3.24

Table 2: Classical method

FPA. Defining E(h,k) = ||[UY — u™'||, the Ly errors E(k) = FE(k,k) are reported in Tables
1 - 3, together with estimates of the convergence order obtained according to the formula:
log(E(k2)/E(k1))/ log(k2/k1).

With regard to time consumption, recall that the computational burden for the classical
method is in forming ¢ new stiffness matrices at each time step. On the other hand, with
the constants {d;}, }8;%%;:__11 given by (1.30), the burden for the modified method is in forming
the terms ¢; of (4.5), for the right side of (4.7). Also, the initial step is relatively expensive,
but the effect of this diminishes as the number of time steps increases. Note that among the
three methods tested, numbers for the modified method were obtained with greater speed and
accuracy, as well as with fourth order convergence. On the other hand, the others suffer from
suboptimal convergence as explained in the Introduction. However, no rigorous explanation can
be offered for the identical accuracy obtained by the classical and hybrid methods. Further, this
author is unaware of any proof of the better than second order convergence seen in Tables 2 and
3. In this connection, note that the above solution has no time derivatives which are even in the
domain of L(t)?, a condition considered necessary to escape order reduction in a general way.
Nevertheless, only second order convergence is demonstrated for example, in Experiment 7.5.1
of Dekker and Verwer [8], where a stiff ordinary differential equation is considered. Further, the
modified method has been applied to this problem to give not only fourth order convergence,
but accuracy exceeding that reported for any method discussed in the Experiment.

| k,h | CPU Time (sec) | Ly Error (x107) | Order |

1/50 23 28.3

1/60 30 15.8 3.21
1/70 38 9.61 3.21
1/80 49 6.25 3.22
1/90 59 1.28 3.22
1/100 71 3.04 3.23

Table 3: Hybrid method
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