
Galerkin/Runge-Kutta Discretizations for Parabolic

Equations with Time Dependent Coefficients
Stephen L. Keeling*

Abstract. A new class of fully discrete Galerkin/Runge-Kutta methods is constructed and analyzed for

linear parabolic initial boundary value problems with time dependent coefficients. Unlike any classical

counterpart, this class offers arbitrarily high order convergence while significantly avoiding what has been

called order reduction. In support of this claim, error estimates are proved, and computational results are

presented. Additionally, since the time stepping equations involve coefficient matrices changing at each

time step, a preconditioned iterative technique is used to solve the linear systems only approximately.

Nevertheless, the resulting algorithm is shown to preserve the original convergence rate while using

only the order of work required by the base scheme applied to a linear parabolic problem with time

independent coefficients. Furthermore, it is noted that special Runge-Kutta methods allow computations

to be performed in parallel so that the final execution time can be reduced to that of a low order method.
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1. Introduction. In this paper, linear parabolic initial boundary value problems with
time dependent coefficients are considered. Specifically, the goal is to construct and analyze
fully discrete approximations to the unique solution u(x, t) of:











∂tu = −L(t)u in Ω × [0, t⋆]
u = 0 on ∂Ω × [0, t⋆]

u(x, 0) = u0(x) in Ω,
(1.1)

where:

L(t)u ≡ −
N
∑

i,j=1

∂xi
(ℓij(x, t)∂xj

u) + ℓ0(x, t)u.

Here, Ω is a bounded domain in RN with ∂Ω sufficiently smooth. Also, ℓij(x, t) and ℓ0(x, t) are
assumed to be smooth. Further, on Ω̄× [0, t⋆], the matrix {ℓij}N

i,j=1 is symmetric and uniformly
positive definite and ℓ0 is nonegative. Also, the initial data u0 is assumed to be both sufficiently
smooth and compatible, and precise hypotheses on the required smoothness of the solution u
are made as needed.

Now, for 1 ≤ p ≤ ∞ and integers s ≥ 0, let W s,p ≡ W s,p(Ω) represent the well-known
Sobolev spaces consisting of functions with (distributional) derivatives of order ≤ s in Lp ≡
Lp(Ω). Also, let ‖ · ‖W s,p denote the usual norm. Then, in particular, take Hs ≡ W s,2 and
denote its norm by ‖ · ‖s. In addition, let H1

0 be the subspace of H1 consisting of functions
vanishing on ∂Ω in the sense of trace. Further, let the inner product on L2 be denoted by (·, ·),
and the associated norm by ‖·‖. Next, given Hilbert spacesH, H1, andH2, B(H1,H2) represents
the Hilbert space of bounded linear operators from H1 into H2, and B(H) ≡ B(H,H). Also,
for t2 > t1, Cl([t1, t2],H) denotes the Banach space of operators, continuously differentiable to
order l ≥ 0, from [t1, t2] into H. See Adams [1] for more details.

Now for each t ∈ [0, t⋆], let L(t) be extended to be L2-selfadjoint with domain H2 ∩ H1
0 .

Also, assume that for l ≥ 0 and m ≥ 0 sufficiently large, L(t) ∈ Cl([0, t⋆],B(Hm+2 ∩H1
0 ,H

m))
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so that:
‖L(l)(t)v‖m ≤ c(l,m)‖v‖m+2 ∀v ∈ Hm+2 ∩H1

0 (1.2)

where L(l)(t) ≡ Dl
tL(t). Note that here and throughout this work, c (sometimes with a subscript)

is used to denote a general positive constant, not necessarily the same in any two places.
Moreover, if in a given (in)equality, there is a crucial element upon which c is meant to depend,
such dependence is indicated explicitly as in (1.2). Next, introducing the L2-selfadjoint solution
operator T (t) for which T (t)L(t) = I on H2 ∩ H1

0 and L(t)T (t) = I on L2, assume
that for l ≥ 0 and m ≥ 0 sufficiently large, T (t) ∈ Cl([0, t⋆],B(Hm,Hm+2 ∩H1

0 )) so that:

‖T (l)(t)v‖m+2 ≤ c(l,m)‖v‖m ∀v ∈ Hm (1.3)

where T (l)(t) ≡ Dl
tT (t). Finally, assume that for sufficiently large l ≥ 0 and m ≥ 0, the solution

u and the data u0 satisfy:

sup
0≤t≤t⋆

‖∂l
tu(t)‖m ≤ c(m, l)‖u0‖m+2l. (1.4)

For details connected with (1.2)-(1.4), see Sammon [17].
A rough description of the results now follows. For this, let h and k denote spatial and

temporal discretization parameters respectively, and suppose that Un
h is a fully discrete approx-

imation to u(nk) obtained according to the base scheme (1.32) described below. Now, in section
3, the error committed by (1.32) is shown to satisfy:

max
0≤n≤n⋆

‖Un
h − un‖ ≤ c(hr + kµ + hkµ− 1

2 + h2kµ−1)‖u0‖α (1.5)

where α ≡ max(r + 1, 2µ + 2), µ ≡ min(ν, q + 1), q is the number of Runge-Kutta stages, and
r and ν represent respectively, optimal exponents, characteristic of the Galerkin method and
the Runge-Kutta method upon which the fully discrete scheme is based. Note that under the
mild condition that either r ≤ 2µ or h2 ≤ ck, the above error is O(hr + kµ). Further, it is
explained below that the methods which are most easily implemented have the property that
ν ≤ q+1 which makes the estimate optimal. It is also worth mentioning that inverse properties
(associated with the use of a quasi-uniform triangulation of Ω) are never explicitly assumed,
and as explained after Proposition 3.3, the constructions of section 2 are required for this.

Next, section 4 deals with (1.39), a variant of the base scheme which incorporates a pre-
conditioned iterative method (PIM) for the time stepping equations (1.34). Specifically, these
equations are solved only approximately at the nth time level with say, ln outer iterations (4.3),
and jn inner (PIM) iterations (4.8), and it is shown that the above convergence rate can be
preserved while keeping

∑n⋆−1
n=0 lnjn/n

⋆ bounded independently of h and k. Hence, the order
of work is asymptotically as that for a linear parabolic problem with time independent coeffi-
cients. Additionally, in [15], semilinear and quasilinear problems are considered, and the latter
are treated with methods such as those reported here to obtain comparable results.

It should also be mentioned that the discovery of the methods described below was fortu-
itous. Note that there are extrapolation options other than (1.28) which are apparently more
natural. For example, Dl could be replaced by Tl in (1.28) since the latter is consistent with
(1.33). This idea is considered together with (1.33) in a computational section. However, under
rather general conditions, (1.5) is proved and demonstrated computationally only for (1.32) and
(1.39). In fact, it has been reported by many authors ([7], [13], [8]) that unless the solution
to the differential equation satisfies very restrictive conditions, a classical fully discrete scheme
fashioned after (1.16) cannot be expected to offer optimal order convergence. Furthermore,
with regard to efficiency, (1.33) requires the formation of q new stiffness matrices at every time
step. On the other hand, (1.32) and (1.39) require only the formation of a single such matrix
per time step and, at the expense of at most 100q−1% more storage, the recall of µ − 1 of its
counterparts formed at previous time steps.
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In [7], Crouzeix analyzes (1.33), and with Butcher’s conditions C(p − 1) and B(ν), [5] he
establishes the L2 estimate:

max
0≤n≤n⋆

‖Un
h − un‖ = O(hr + kmin(p,ν)).

Since O(hr + kν) has not generally been observed experimentally, this suboptimal phenomenon
has been called order reduction. Note further that this L2 estimate depends upon the assump-
tion that the stages are computed exactly. On the other hand, in [13], Karakashian considers
approximating the stages with a PIM, and proves that the above estimate holds while the order
of work is kept optimal. Also, he constructs collocation type implicit Runge-Kutta methods
(IRKM’s) for which p = ν = q+ 1. Nevertheless, such methods have limited stability for q ≥ 3.
In fact, there is a general trade-off among IRKM’s in the sense that the more stable methods
suffer more from order reduction while those which do not suffer so, are not as stable. However,
when (1.33) is modified as in (1.32), it is possible to achieve high order even for very stable
methods. For example, in section 4, an algebraically stable IRKM is used for a problem of the
form (1.1), and optimal order convergence is obtained with (1.39) but not with a counterpart
based on (1.33).

Douglas, Dupont and Ewing [10] have analyzed Galerkin/Crank-Nicholson fully discrete
approximations for a class of quasilinear parabolic problems, proving an optimal L2 estimate
for a method which is second order in time. Also, this rate was shown to be preserved by an
algorithm in which the time stepping equations are solved only approximately with an optimal
order of work. Then studying (1.1), Bramble and Sammon [3] have obtained similar results
for some Galerkin/Obrechkoff fully discrete approximations, proving optimal L2 estimates for
methods up to fourth order in time. Finally, note that in [9], Dougalis and Karakashian analyze
Galerkin/Runge-Kutta fully discrete approximations for the Korteweg-De Vries equation. In
fact, they prove optimal L2 estimates for some modified IRKM’s which are up to fourth order.
Hence, the spirit of their work is similar to that of the present study.

In the remainder of this section, there is a presentation of material relevant to the spatial
and temporal discretizations considered here, which concludes with a precise definition of the
schemes for which the above claims are made.

1.1 Spatial Discretizations. To make the following machinery more definite, consider the
Ordinary Galerkin Method for the spatial approximation of the solution to (1.1). Let D(t)(·, ·)
be a bilinear form defined by:

D(t)(v,w) ≡
N
∑

i,j=1

(ℓij(t)∂xi
v, ∂xj

w) + (ℓ0(t)v,w) v,w ∈ H1
0 .

Next, let Sh represent a finite-dimensional function space consisting of continuous, piecewise
polynomials of degree ≤ r − 1, vanishing on ∂Ω. Then, take Th(t): L2 → Sh to be an approxi-
mation to the solution operator T (t) defined by:

D(t)(Th(t)w,χ) ≡ (w,χ) ∀w ∈ L2, ∀χ ∈ Sh.

For more examples of Galerkin methods satisfying the assumptions enumerated below, see
Bramble, Schatz, Thomée, and Wahlbin [4], and Sammon [17], [18].

Depending on the Galerkin method used, let HE be a linear space equipped with a norm
‖ · ‖E and satisfying the following properties. Suppose H2 ∩H1

0 ⊂ HE and that:

‖v‖1 ≤ c‖v‖E ∀v ∈ HE , and ‖v‖E ≤ c‖v‖2 ∀v ∈ H2.

For example, for the method described above, take HE = H1
0 . Now let {Sh}0<h<1 be a family

of finite-dimensional subspaces of HE satisfying the following for some integer r ≥ 2:

inf
χ∈Sh

{‖v − χ‖ + h‖v − χ‖E} ≤ chs‖v‖s ∀v ∈ Hs ∩H1
0 , 2 ≤ s ≤ r.

Then suppose that for each t ∈ [0, t⋆], a family of operators {Th(t)}0<h<1 is given satisfying:
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i. Th(t) : L2 → Sh is selfadjoint, positive semidefinite on L2, and positive definite on Sh,

ii. For 0 < h < 1, Th(t) ∈ Cl([0, t⋆],B(L2, Sh)) for l ≥ 0 sufficiently large,

iii. For 2 ≤ s ≤ r, 0 ≤ t ≤ t⋆, and l ≥ 0 as large as required in the sequel:
‖[T (l)(t) − T

(l)
h (t)]v‖ + h‖[T (l)(t) − T

(l)
h (t)]v‖E ≤ chs‖v‖s−2 ∀v ∈ Hs−2. (1.6)

Hence, the restriction of Th(t) to Sh is invertible and its inverse is henceforth denoted by Lh(t).
Since Lh(t) is also positive definite and selfadjoint on Sh, both Lh(t) and Th(t) have square
roots but it is also assumed that:

c‖T
1
2

h (t)χ‖ ≤ c‖T
1
2

h (t)χ‖E ≤ ‖χ‖ ≤ ‖χ‖E ≤ c‖L
1
2

h (t)χ‖ ≤ c‖L
1
2

h (t)χ‖E ∀χ ∈ Sh.
(1.7)

Also Lh(t) ∈ Cl([0, t⋆],B(Sh)) for l ≥ 0 sufficiently large and in fact, Bales [2] has proved that
for 0 ≤ s, t ≤ t⋆, and l ≥ 0:

‖L
1
2

h (t)T
(l)
h (s)L

1
2

h (t)χ‖ + ‖T
1
2

h (t)L
(l)
h (s)T

1
2

h (t)χ‖ ≤ c(l)‖χ‖ ∀χ ∈ Sh. (1.8)

Then using the selfadjointness of these operators, the following are straightforward consequences
of (1.8). For 0 ≤ s, t ≤ t⋆:

‖T
1
2

h (s)L
1
2

h (t)χ‖ + ‖L
1
2

h (s)T
1
2

h (t)χ‖ ≤ c‖χ‖ ∀χ ∈ Sh, (1.9)

|(L(l)
h (s)χ, χ)| ≤ c(l)(Lh(t)χ, χ) ∀χ ∈ Sh. (1.10)

In addition to (1.10), assume that for 0 ≤ t ≤ t⋆ and l ≥ 0:

|(L(l)
h (t)χ, φ)| ≤ c(l)‖χ‖E‖φ‖E ∀χ, φ ∈ Sh.

Next, defining the elliptic projection operator as PE(t) ≡ Th(t)L(t), it follows from (1.6) and
(1.2) that for 0 ≤ t ≤ t⋆:

‖[I − PE(t)]v‖ + h‖[I − PE(t)]v‖E ≤ chs‖v‖s ∀v ∈ Hs ∩H1
0 , 2 ≤ s ≤ r. (1.11)

In fact, with ω(t) ≡ PE(t)u(t) and η(t) ≡ u(t) − ω(t), (1.2), (1.4), and (1.6) can be used [3] to
show that:

sup
0≤t≤t⋆

{‖η(l)(t)‖ + h‖η(l)(t)‖E} ≤ c(l)hs‖u0‖s+2l 2 ≤ s ≤ r. (1.12)

Finally, it can be shown that P0 ≡ Lh(t)Th(t) is for every t ∈ [0, t⋆], the orthogonal projection
of L2 onto Sh and that Th(t) = Th(t)P0. Then, since I − P0 is majorized by I − PE in L2, it
follows from (1.11) that:

‖(I − P0)v‖ ≤ chs‖v‖s ∀v ∈ Hs ∩H1
0 , 2 ≤ s ≤ r. (1.13)

Now, (1.1) has the following semidiscrete formulation. Find uh : [0, t⋆] → Sh satisfying:

{

∂tuh = −Lh(t)uh

uh(0) = u0
h.

(1.14)

where u0
h ∈ Sh is a suitable approximation to u0. In [18], Sammon analyzes approximations

of the form (1.14), and with assumptions comparable to those described above, he proves an
optimal L2 estimate:

sup
0≤t≤t⋆

‖u(t) − uh(t)‖ ≤ chr‖u0‖r.

In the present paper, semidiscrete approximations are not analyzed. Instead, (1.14) serves
only as a source of inspiration for fully discrete approximations, and uh does not appear in
forthcoming proofs.
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1.2 Temporal Discretizations. For the temporal approximation of the solution to (1.14),
Implicit Runge-Kutta Methods (IRKM’s) are now introduced. Given an integer q ≥ 1, a q-stage
IRKM is characterized by a set of constants {aij}q

i,j=1, {bj}
q
j=1, and {τi}q

i=1, and it is convenient
to make the following definitions:

A ≡ {aij}1≤i,j≤q, b ≡ 〈b1, b2, . . . , bq〉T , B ≡ diag
1≤i≤q

{bi},
M ≡ BA+ATB − bbT , T ≡ diag

1≤i≤q
{τi}, e ≡ 〈1, 1, . . . , 1〉T .

For the IRKM formulation used in this work, choose arbitrarily, t0 ∈ R, y0 ∈ Rm, F : Rm+1 →
Rm sufficiently smooth, and k > 0 sufficiently small, so that for t0 ≤ t ≤ t0 + k, smooth
functions y, ŷ : R → Rm are well-defined by:

{

Dty(t) = F(t,y(t))
y(t0) = y0,

(1.15)























yi(t) = y0 + (t− t0)
q
∑

j=1

aijF(t0 + τj(t− t0),y
j(t)), 1 ≤ j ≤ q

ŷ(t) = y0 + (t− t0)
q
∑

i=1

biF(t0 + τi(t− t0),y
i(t)).

(1.16)

The method is described as explicit if aij = 0, i ≤ j and implicit if for any i, aii 6= 0. Also,
it is said to have order ν if for every y and ŷ defined as above, Dl

ty(t0) = Dl
tŷ(t0), 0 ≤ l ≤ ν.

Butcher [5] has developed simple conditions for the above parameters which guarantee a given
order; however, only the following is explicitly required in this work:

l ! bTAl−1e = 1 1 ≤ l ≤ ν. (1.17)

To see the roots of condition (1.17), let (1.15) have m = 1, t0 = 0, y0 = 1, and F (y) = −y, so
that y(t) = e−t. Then, from (1.16), ŷ(t) = r(t) where r(z) is a rational approximation to the
exponential e−z given by:

r(z) ≡ 1 − zbT (I + zA)−1e. (1.18)

Expanding this expression shows that r(z) is a νth order approximation to the exponential if
and only if (1.17) holds. Next, with regard to stability, an IRKM is said to be A0-stable if:

|r(z)| ≤ 1 ∀z ≥ 0, (1.19)

and strongly A0-stable if:
sup
z≥z0

|r(z)| < 1 ∀z0 > 0. (1.20)

Also, a method is called algebraically stable if M and B are positive semidefinite. However, if
an algebraically stable method is irreducible (not equivalent to a fewer stage method) then:

B is positive definite, and M is positive semidefinite. (1.21)

One other notion of stability which is useful here is that of dissipativity:

−1 < −1 + δ ≤ r(z) ≤ 1 ∀z ≥ 0. (1.22)

A0-stability is required of all IRKM’s considered in this work. However, in order for the
approximations to decay with respect to the time step, strong A0-stability must hold. In fact,
to guarantee decay, both (1.20) and (1.21) are assumed. Then in section 4, the iterative scheme
(1.39) described below requires at least (1.22) in addition to:

r(z) ≤ 1 − c
z

(1 + z)3
∀z ≥ 0. (1.23)

5



This growth condition is extremely mild and this author is unaware of any popular IRKM which
fails to satisfy it. Also, requiring (1.22) and (1.23) improves on a related result of Karakashian
[13] in which (1.20) is used. Next, note that the spectrum of A, σ(A) is related to the poles of
r(z) and in addition to the above, it is assumed throughout this paper that:

σ(A) ⊂ {x ∈ R : x > 0}. (1.24)

Returning to the temporal discretization of (1.14), let a q-stage IRKM of order ν ≥ 1 be
given. Assume also that there exists a q × q matrix D satisfying:

D[e;Ae; . . . ;Aq−1e] = [Ae; 2A2e; . . . ; qAqe]. (1.25)

Again, this author is unaware of any well-known IRKM for which such a D fails to exist. In fact,
the so-called collocation type methods are those for which D = T. Now with µ ≡ min(ν, q+ 1),
it follows from (1.25) and (1.17) that:

lADl−1e = Dle 1 ≤ l ≤ µ− 1, (1.26)

lbTDl−1e = 1 1 ≤ l ≤ µ. (1.27)

Next, for 0 ≤ n ≤ n⋆ − 1, n⋆k ≡ t⋆, let the real values {δn
m}µ−1

m=0 be chosen distinctly, so that
the q × q matrices {Γn

m}µ−1
m=0 are well-defined by:

µ−1
∑

m=0

Γn
m(δn

m)l = Dl 0 ≤ l ≤ µ− 1 (1.28)

as the computation of their components involves the inversion of the µ×µ Vandermonde matrix
{(δn

m)l}µ−1
m,l=0. In addition, assume that these parameters are bounded independently of n:

max
0≤m≤µ−1

{|δn
m| + max

1≤i,j≤q
|(Γn

m)ij |} ≤ c. (1.29)

Actually, it is clear below that the natural and computationally advantageous choice for (1.28)
is:

δn
m =

{

m− n, 0 ≤ n ≤ µ− 2
−m, µ− 1 ≤ n ≤ n⋆ − 1.

(1.30)

In any case, define tn ≡ nk and τn
m ≡ tn + δn

mk, and for 0 ≤ n ≤ n⋆ − 1, 0 ≤ t ≤ t⋆, and
0 ≤ s ≤ k, let the following be defined on Sh ≡ [Sh]q:

Lh(t) ≡ diag
q×q

{Lh(t)}, Ln
h ≡ Lh(tn), L̄n

h(s) ≡
µ−1
∑

m=0

Γn
mLh(tn + δn

ms), L̄n
h ≡ L̄n

h(k).

Now with:
U0

h = [I + kL0
h]−1P0[I + kL0]u0 (1.31)

suppose that for 0 ≤ n ≤ n⋆ − 1, the approximation Un
h ∈ Sh is given, where Un

h ≈ un and
un ≡ u(x, tn). Then, let Un+1

h ≈ un+1 be given by what is henceforth called the base scheme:

{

Ūn
h = eUn

h − kAL̄n
hŪ

n
h

Un+1
h = (I − bTA−1e)Un

h + bTA−1Ūn
h

(1.32)

where Ūn
h ∈ Sh is well-defined provided [I + kAL̄n

h] is invertible. Here, AL̄n
h for example, is

understood in the sense of composition of operators defined on Sh. Note that if the temporal
discretization of (1.14) were accomplished as prescribed by (1.15) and (1.16), the following
would result:
{

Ūn
h = eUn

h − kAL̃n
hŪ

n
h

Un+1
h = (I − bTA−1e)Un

h + bTA−1Ūn
h

where L̃n
h ≡ diag

1≤i≤q
{Lh(tn + kτi)}. (1.33)
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However, as discussed in the beginning of the Introduction, (1.32) is designed to improve upon
(1.33) with the indicated modification.

Now, with regard to iterative approximations, note that an efficient method is needed for
solving the time stepping equations:

[I + kAL̄n
h]Ūn

h = eUn
h . (1.34)

According to (1.24), A can be transformed as follows:

SAS−1 = Λ ≡ diag
1≤i≤q

{λi} + subdiag
2≤i≤q

{θi}, λi > 0, 1 ≤ i ≤ q, θi = 0 or 1, 2 ≤ i ≤ q.

Then V̄ n
ln

≈ Ūn
h can be obtained by the (outer) iterations:

[I + kΛLn
h](SV̄ n

l ) = {SeUn
h + kSA(Ln

h − L̄n
h)V̄ n

l−1} ≡ Rn
l 1 ≤ l ≤ ln (1.35)

where:

Ṽ n
0 ≡

n−1
∑

m=n−1−µn

(−1)n−m−1

(

µn + 1
n−m

)

Ũm
h 1 ≤ n ≤ n⋆ − 1, Ṽ 0

0 ≡ eU0
h ,

(1.36)

ln ≡











µ, n = 0
µ+ 1 − n, 1 ≤ n ≤ µ
1, µ+ 1 ≤ n ≤ n⋆ − 1,

µn ≡











0, n = 0
n− 1, 1 ≤ n ≤ µ
µ, µ+ 1 ≤ n ≤ n⋆ − 1,

(1.37)
and (1.35) is started with V̄ n

0 ≡ Ṽ n
0 provided {Ũm

h }n−1
m=n−1−µn

are computed as indicated below.
Now consider the simple but important observation that if:

λi 6= λj , i 6= j and θi = 0, 2 ≤ i ≤ q, (1.38)

then the block system above decouples into the following equations which can be solved in
parallel:

[I + kλiL
n
h](SV̄ n

l )i = (Rn
l )i 1 ≤ i ≤ q.

Then, to avoid having to factor new coefficient matrices at every time step, a preconditioned
iterative method is used to approximate V̄ n

l with (inner) iterates, say {Ṽ n
l,j}0≤j≤jn . Further, it

is shown that there exist integers {jn}n⋆−1
n=0 such that

∑n⋆−1
n=0 lnjn/n

⋆ ≤ c while the convergence
order (1.5) is preserved for what is henceforth called the iterative scheme:

{

Ũn
h = Ṽ n

ln,jn

Un+1
h = (I − bTA−1e)Un

h + bTA−1Ũn
h .

(1.39)

Finally, let the initial approximation for this scheme be given by (1.31) also.
2. The Product Space Operators. In this section, the machinery elaborated between

(1.2) and (1.13) is generalized to analogous operators defined on products of spaces on which
their precursors are defined. Also, certain technical lemmas are established for later use. Now,
in addition to Sh, define the product spaces L2 ≡ [L2]

q, H1
0 ≡ [H1

0 ]q, HE ≡ [HE]q, and
Hm ≡ [Hm]q. Also, on these spaces define:

‖Φ‖E ≡ {
q
∑

i=1

‖φi‖2
E}

1
2 , ‖Φ‖m ≡ {

q
∑

i=1

‖φi‖2
m} 1

2 , (Φ,Ψ) ≡
q
∑

i=1

(φi, ψi), ‖Φ‖ ≡ (Φ,Φ)
1
2 .

Then, for 0 ≤ n ≤ n⋆ − 1, 0 ≤ t ≤ t⋆ and 0 ≤ s ≤ k, let the following be defined on H2 ∩ H1
0:

L(t) ≡ diag
q×q

{L(t)}, Ln ≡ L(tn), L̄n(s) ≡
µ−1
∑

m=0

Γn
mL(tn + δn

ms), L̄n ≡ L̄n(k).
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The first step is to construct, for 0 ≤ n ≤ n⋆ − 1 and 0 ≤ s ≤ k, operators T̄ n(s) (T̄ n ≡ T̄ n(k))
satisfying:

{

L̄n(s)T̄ n(s) = I on L2

T̄ n(s)L̄n(s) = I on H2 ∩ H1
0.

(2.1)

Note that with T (t) ≡ diag
q×q

{T (t)} and T n ≡ T (tn) defined on L2 for 0 ≤ t ≤ t⋆ and 0 ≤ n ≤
n⋆ − 1, T̄ n(s) cannot be taken as a combination of such operators.

Lemma 2.1 For 0 ≤ n ≤ n⋆ − 1, L̄n(s) ∈ Cl([0, k],B(Hm+2 ∩ H1
0,H

m)) where l,m ≥ 0 are as
in (1.2). Also the following hold ∀v ∈ Hm+2 ∩ H1

0, 0 ≤ s ≤ k, and 0 ≤ n ≤ n⋆ − 1:

‖∂l
sL̄n(s)v‖m ≤ c(l,m)‖v‖m+2 (2.2)

‖[L̄n(s) − Ln]v‖m ≤ c(m)k‖v‖m+2 . (2.3)

Proof: The crucial observation is that by (1.28) with l = 0:

L̄n(s) − Ln =
µ−1
∑

i=0

Γn
i [L(tn + δn

i s) − Ln] =
µ−1
∑

i=0

Γn
i

∫ tn+δn
i

s

tn
L(1)(t)dt

and (2.3) follows with (1.29) and (1.2). Also, (2.2) follows using (1.29) and (1.2).

Theorem 2.1 Let m, l ≥ 0 be as in (1.3). Then for k small enough, and 0 ≤ n ≤ n⋆ − 1, there
exist operators T̄ n(s) ∈ Cl([0, k],B(Hm,Hm+2 ∩H1

0)) satisfying (2.1) and:

‖∂l
sT̄ n(s)v‖m+2 ≤ c(l,m)‖v‖m ∀v ∈ Hm. (2.4)

Proof: The details appear in [14]. However, the key idea is to use (2.3) to show that with
v ∈ Hm, Fu ≡ T n{v + [Ln − L̄n(s)]u} is a global contraction on Hm+2 ∩ H1

0, provided k
is small enough. Then the unique fixed point is taken to be T̄ n(s)v, and (2.4) is established
inductively.

The next step is to construct for 0 ≤ n ≤ n⋆ − 1 and 0 ≤ s ≤ k, operators T̄ n
h (s) (T̄ n

h ≡
T̄ n

h (k)) satisfying:
{

L̄n
h(s)T̄ n

h (s) = P0 on L2

T̄ n
h (s)L̄n

h(s) = I on Sh
(2.5)

where P0 ≡ diag
q×q

{P0}. Note that with Th(t) ≡ diag
q×q

{Th(t)} and T n
h ≡ Th(tn) defined on L2 for

0 ≤ t ≤ t⋆ and 0 ≤ n ≤ n⋆ − 1, T̄ n
h (s) cannot be taken as a combination of such operators.

Now let {Dh(t)(·, ·)}0≤t≤t⋆ be a family of bilinear forms defined on HE ×HE so that:

Dh(t)(χ, φ) = (Lh(t)χ, φ) ∀χ, φ ∈ Sh.

More specifically, with D
(l)
h (t)(·, ·) ≡ Dl

tDh(·, ·), assume that for 0 ≤ t ≤ t⋆, l ≥ 0, and 2 ≤ m ≤
r:

|D(l)
h (t)(v,w) − (L(l)(t)v,w)| ≤ c(l)hm−1‖v‖m‖w − u‖E ,

∀v ∈ Hm ∩H1
0 , ∀w ∈ H2 ∩H1

0 + Sh, ∀u ∈ H2 ∩H1
0 ,

|D(l)
h (t)(w, v)| ≤ c(l)‖w‖E‖v‖E ∀w, v ∈ HE,

c‖χ‖2
E ≤ Dh(t)(χ, χ) ∀χ ∈ Sh.

For example, these assumptions are readily verified for the Ordinary Galerkin Method mentioned
in the Introduction. For additional examples, see Sammon [17], [18]. Next, for 0 ≤ t ≤ t⋆,
0 ≤ n ≤ n⋆ − 1 and 0 ≤ s ≤ k, let the following be defined on HE × HE:

Dh(t)(w,v) ≡
q
∑

i=1

Dh(t)(wi, vi), D̄n
h(s)(w,v) ≡

µ−1
∑

m=0

Dh(tn + δn
ms)(Γ

n
mw,v).

Discrete counterparts to Lemma 2.1 and Theorem 2.1 appear next.
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Lemma 2.2 For 0 ≤ n ≤ n⋆ − 1, L̄n
h(s) ∈ Cl([0, k],B(Sh)) where l ≥ 0 is as in (1.8). Also, the

following hold ∀f ∈ L2, 0 ≤ t, t1, t2 ≤ t⋆, 0 ≤ s ≤ k, 0 ≤ n ≤ n⋆ − 1:

‖T
1
2

h (t)∂l
sL̄n

h(s)T
1
2

h (t)f‖ ≤ c(l)‖f‖ (2.6)

‖T
1
2

h (t)[Lh(t2) − Lh(t1)]T
1
2

h (t)f‖ ≤ c|t2 − t1|‖f‖ (2.7)

‖T
1
2

h (t)[L̄n
h(s) − Ln

h]T
1
2

h (t)f‖ ≤ ck‖f‖. (2.8)

Proof: The manipulations required are similar to those needed for Lemma 2.1, except that (1.8)
is used instead of (1.2).

Theorem 2.2 Let l ≥ 0 be as in (1.8). Then for k small enough, and 0 ≤ n ≤ n⋆ − 1, there
exist operators T̄ n

h (s) ∈ Cl([0, k],B(L2,Sh)) defined by:

D̄n
h(s)(T̄ n

h (s)f ,X) = (f ,X) ∀f ∈ L2, ∀X ∈ Sh, 0 ≤ s ≤ k (2.9)

and satisfying (2.5) in addition to the following ∀f ∈ L2, ∀X ∈ Sh, θ1, θ2 = 0, 1
2 , 0 ≤ t ≤ t⋆,

0 ≤ s ≤ k, 0 ≤ n ≤ n⋆ − 1:
‖∂l

sT̄ n
h (s)f‖E ≤ c(l)‖f‖ (2.10)

‖Lθ1

h (t)∂l
sT̄ n

h (s)Lθ2

h (t)X‖ ≤ c(l)‖X‖. (2.11)

Proof: The details appear in [14]. However, that T̄ n
h (s) is well-defined by (2.9) follows once

D̄n
h(s) is shown to satisfy the hypotheses of the Lax-Milgram Lemma [6]. Then, (2.10) and

(2.11) are established inductively using (1.7), (1.9), (1.28), (1.29), (2.6), and (2.8).
Finally, a generalization of (1.6) is required for the proof of Lemma 3.5.

Theorem 2.3 For k > 0 small enough, the following holds for 0 ≤ n ≤ n⋆ − 1, 0 ≤ s ≤ k,
l ≥ 0, and 2 ≤ m ≤ r:

‖∂l
s[T̄ n(s) − T̄ n

h (s)]v‖ + h‖∂l
s[T̄ n(s) − T̄ n

h (s)]v‖E ≤ c(l)hm‖v‖m−2 ∀v ∈ Hm−2.

Proof: See [14].
3. The Base Scheme. In this section, the base scheme (1.32) is analyzed for the ap-

proximation of the solution to (1.1), and (1.5) is established. That the stages are well-defined
depends on the next lemma.

Lemma 3.3 Provided (1.24) is satisfied, [I + kALn
h] is invertible, and for k small enough,

[I + kAL̄n
h] is as well. Also the following hold ∀X ∈ Sh, 0 ≤ θ ≤ 1, θ1, θ2 = 0, 1

2 , θ1 = −θ2 = ±1
2 ,

0 ≤ n ≤ n⋆ − 1:
‖(kLn

h)θ[I + kALn
h]−1X‖ ≤ c‖X‖, (3.1)

‖(kLn
h)θ1 [I + kAL̄n

h]−1(kLn
h)θ2X‖ ≤ c‖X‖. (3.2)

Proof: The invertibility of [I + kALn
h] and the estimate (3.1) involve a spectral argument after

A is transformed to Jordan form, and the details are provided by Karakashian [13]. Now set:

E1 ≡ [I + kALn
h]−1kA(Ln

h − L̄n
h) and E2 ≡ kA(Ln

h − L̄n
h)[I + kALn

h]−1

so that:
(Ln

h)
1
2 [I + kAL̄n

h](T n
h )

1
2 = [I + kALn

h][I − (Ln
h)

1
2E1(T n

h )
1
2 ],

(T n
h )

1
2 [I + kAL̄n

h](Ln
h)

1
2 = [I − (T n

h )
1
2E2(Ln

h)
1
2 ][I + kALn

h].

By (3.1) and (2.8):

‖(Ln
h)

1
2E1(T n

h )
1
2 X‖ + ‖(T n

h )
1
2E2(Ln

h)
1
2 X‖ ≤ ck‖X‖ ∀X ∈ Sh.
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Hence, for k small enough, [I + kAL̄n
h] is invertible. Next, for θ2 = 0, ±1

2 :

(kLn
h)

1
2 [I + kAL̄n

h]−1(kLn
h)θ2 = [I − (Ln

h)
1
2E1(T n

h )
1
2 ]−1(kLn

h)θ2+ 1
2 [I + kALn

h]−1

and (3.2) follows for θ1 = 1
2 . For θ1 = 0, ±1

2 :

(kLn
h)θ1 [I + kAL̄n

h]−1(kLn
h)

1
2 = (kLn

h)θ1+ 1
2 [I + kALn

h]−1[I − (T n
h )

1
2E2(Ln

h)
1
2 ]−1

and (3.2) follows for θ2 = 1
2 . Now, for the case θ1 = θ2 = 0, with X ∈ Sh chosen arbitrarily:

‖X‖2 ≤ 1
2‖[I + kAL̄n

h]X‖2 + 1
2‖X‖2 + k|(AL̄n

hX,X)|.

Then with Ψ ≡ (Ln
h)

1
2 X, by (2.8):

|(AL̄n
hX,X)| ≤ |(AΨ,Ψ)| + |((T n

h )
1
2 [L̄n

h − Ln
h](T n

h )
1
2 Ψ, AT Ψ)| ≤ c(1 + k)(Ln

hX,X).

Also by (3.2) with θ1 = 1
2 , θ2 = 0:

‖(kLn
h)

1
2 X‖ ≤ c‖[I + kAL̄n

h]X‖

and the remaining case for (3.2) follows after combining the last three inequalities.
Now, for the sequel, let the following be defined:

ξn ≡ Un
h − ωn, ηn ≡ un − ωn,

rn
h ≡ I − kbTLn

h[I + kALn
h]−1e, Rn

h ≡ I − kbT L̄n
h[I + kAL̄n

h]−1e,

ūn(s) ≡
µ−1
∑

m=0

Dle∂l
tu

n s
l

l!
, (0 ≤ s ≤ k) ūn ≡ ūn(k),

ω̄n(s) ≡ T̄ n
h (s)L̄n(s)ūn(s), (0 ≤ s ≤ k) ω̄n ≡ ω̄n(k).

After some straightforward calculations, the following error equation is established:

ξn+1 = Rn
hξ

n + kbT L̄n
h[I + kAL̄n

h]−1{ω̄n − eωn − kA
µ−1
∑

m=0

Γn
me∂tω(τn

m)}

− kbTA−1[I + kAL̄n
h]−1AP0

µ−1
∑

m=0

Γn
mL(τn

m)[ūn − eu(τn
m)]

− kbTA−1[I + kAL̄n
h]−1A

µ−1
∑

m=0

Γn
me∂t{[PE(τn

m) − P0]u(τ
n
m)}

− {ωn+1 − ωn − kbT
µ−1
∑

m=0

Γn
me∂tω(τn

m)}

≡ Rn
hξ

n +
4
∑

l=1

ψn
l ≡ Rn

hξ
n + ψn 0 ≤ n ≤ n⋆ − 1.

(3.3)

Now, since it is required in section 4, stability and consistency are established in the following
norms, which according to (1.7) are well-defined for 0 ≤ n ≤ n⋆:

|||χ|||n ≡ {(χ, χ) + k(Ln
hχ, χ)} 1

2 χ ∈ Sh.

Also, from (1.10) with l = 0, it follows that these norms are equivalent:

c1|||χ|||m ≤ |||χ|||n ≤ c2|||χ|||m ∀χ ∈ Sh, 0 ≤ m,n ≤ n⋆. (3.4)

As in section 2, for X ∈ Sh, take |||X|||n ≡ {
q
∑

i=1

|||χi|||2n}
1
2 .

In the next two propositions, two classes of IRKM’s are considered in order to obtain the
following stability inequality for (3.3):

|||ξn+1|||2n+1 ≤ (1 + c̃k)|||ξn|||2n + ck−1|||ψn|||2n 0 ≤ n ≤ n⋆ − 1. (3.5)
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Proposition 3.1 Suppose ξn+1 = Rn
hξ

n + ψn and let (1.19) be satisfied. Then, there is a
constant c̃ such that (3.5) holds. In fact, c̃ < 0 if (1.20) holds and c(1) of (1.8) is small enough.

Proof: Triangulating with rn
hξ

n:

|||ξn+1|||2n ≤ {|||[Rn
h − rn

h ]ξn|||n + |||rn
hξ

n|||n + |||ψn|||n}|||ξn+1|||n
≤ 1

2 |||rn
hξ

n|||2n + 1
2 |||ξn+1|||2n(1 + εk) + c(εk)−1{|||[Rn

h − rn
h ]ξn|||2n + |||ψn|||2n}.

By some straightforward calculations:

Rn
h − rn

h = bTA−1[I + kAL̄n
h]−1(kLn

h)
1
2A(T n

h )
1
2 (Ln

h − L̄n
h)(T n

h )
1
2 (kLn

h)
1
2 [I + kALn

h]−1e

so that with (2.8), (3.1), and (3.2), it follows that for θ1, θ2 = 0,±1
2 :

‖(kLn
h)θ1 [Rn

h − rn
h ](kLn

h)θ2χ‖ ≤ ck‖χ‖ ∀χ ∈ Sh. (3.6)

So, there is a c1 > 0 such that:

(1 − εk)|||ξn+1|||2n ≤ |||rn
hξ

n|||2n + ε−1c1k‖ξn‖2 + ck−1|||ψn|||2n.

Since (3.6) depends on (2.8) and hence (1.8), the smallness of c1 is determined by that of c(1)

in (1.8). Now by (2.7), with χn+1 ≡ (Ln
h)

1
2 ξn+1:

|||ξn+1|||2n+1 = |||ξn+1|||2n + k((T n
h )

1
2 [Ln+1

h − Ln
h](T n

h )
1
2χn+1, χn+1) ≤ (1 + c2k)|||ξn+1|||2n

where again c2 is smaller with c(1) of (1.8). Hence, according to the above, there is a c3 > 0
such that:

(1 − c3k)|||ξn+1|||2n+1 ≤ |||rn
hξ

n|||2n + ε−1c1k‖ξn‖2 + ck−1|||ψn|||2n. (3.7)

Now, since ν ≥ 1, r(0) = 1 = −r′(0). So let z1, θ > 0 be chosen so that |r(z)| ≤ 1 − θz,
0 ≤ z ≤ z1. By (1.7), σ(kLn

h) ⊂ [θ−1c0k,∞) for some c0 > 0. Thus, using a spectral argument,
it follows that for k small enough, there is a ĉ ∈ [−c0, 0] such that:

‖rn
hχ‖ ≤ (1 + ĉk)‖χ‖ ∀χ ∈ Sh (3.8)

and ĉ < 0 if (1.20) holds. Finally, (3.5) follows with (3.7) and (3.8), and c̃ > ĉ+ c3 + ε−1c1.
The conditions of the following proposition guarantee that c̃ < 0 in (3.5), and hence the

approximations decay.

Proposition 3.2 Suppose ξn+1 = Rn
hξ

n +ψn and let (1.20) and (1.21) be satisfied. Then there
is a constant c̃ < 0 such that (3.5) holds.

Proof: Suppose it has been established that for some ε1 > 0 and c̃ < 0:

‖Rn
hξ

n‖2 + (1 + ε1)‖(kLn+1
h )

1
2Rn

hξ
n‖2 ≤ (1 + c̃k)|||ξn|||2n. (3.9)

By (1.7) and (3.4):

(ξn+1, ξn+1) + (1 + ε1)(kL
n+1
h ξn+1, ξn+1)

= (Rn
hξ

n, ξn+1) + (1 + ε1)((kL
n+1
h )

1
2Rn

hξ
n, (kLn+1

h )
1
2 ξn+1)

+((kLn+1
h )−

1
2ψn, (kLn+1

h )
1
2 ξn+1) + (1 + ε1)((kL

n+1
h )

1
2ψn, (kLn+1

h )
1
2 ξn+1)

≤ 1
2{‖Rn

hξ
n‖2 + (1 + ε1)‖(kLn+1

h )
1
2Rn

hξ
n‖2} + 1

2{‖ξn+1‖2 + (1 + ε1)‖(kLn+1
h )

1
2 ξn+1‖2}

+cε−1
1 k−1|||ψn|||2n + 1

2ε1‖(kL
n+1
h )

1
2 ξn+1‖2

and (3.5) follows after combining the above inequalities. Now for (3.9), the following are re-
quired:

‖Rn
hξ

n‖2 ≤ ‖ξn‖2 − c‖(kLn
h)

1
2 ξ̄n‖2 (3.10)
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‖Rn
hξ

n‖2 + c2‖(kLn
h)

1
2Rn

hξ
n‖2 ≤ ‖ξn‖2 + c1‖(kLn

h)
1
2 ξn‖2 (3.11)

‖(kLn
h)

1
2Rn

hξ
n‖2 ≤ (1 + c3k)‖(kLn

h)
1
2 ξn‖2 (3.12)

where ξ̄n ≡ [I + kAL̄n
h]−1eξn and c2 > c1 > 0. For (3.10), note that Rn

hξ
n = ξn − kbT L̄n

hξ̄
n, and

hence:
‖Rn

hξ
n‖2 = ‖ξn‖2 − 2k(eξn, BL̄n

h ξ̄
n) + k2(bT L̄n

h ξ̄
n, bT L̄n

hξ̄
n)

= ‖ξn‖2 − 2k([I + kAL̄n
h]ξ̄n, BL̄n

hξ̄
n) + k2(bbT L̄n

h ξ̄
n, L̄n

h ξ̄
n)

= ‖ξn‖2 − 2k(Bξ̄n, L̄n
h ξ̄

n) − k2(M L̄n
h ξ̄

n, L̄n
h ξ̄

n).

The last term can be ignored since by (1.21), M is positive semidefinite. Also, for X ∈ Sh and

Ψ ≡ (Ln
h)

1
2X, by (1.21) and (2.8):

(BX, L̄n
hX) = ‖B 1

2 Ψ‖2 + (BΨ, (T n
h )

1
2 [L̄n

h − Ln
h](T n

h )
1
2 Ψ) ≥ c(1 − k)‖(Ln

h)
1
2 X‖2.

Hence, (3.10) is established. Next, for (3.11), write Rn
hξ

n = (I − bTA−1e)ξn + bTA−1ξ̄n and
note that by (1.18) and (1.20), r(∞) ≡ 1 − bTA−1e ∈ (−1, 1). So, using (3.10):

‖(Ln
h)

1
2Rn

hξ
n‖2 = r(∞)((Ln

h)
1
2Rn

hξ
n, (Ln

h)
1
2 ξn) + ((Ln

h)
1
2Rn

hξ
n, bTA−1(Ln

h)
1
2 ξ̄n)

≤ 1
2 |r(∞)|{‖(Ln

h)
1
2Rn

hξ
n‖2 + ‖(Ln

h)
1
2 ξn‖2} + ε2‖(Ln

h)
1
2Rn

hξ
n‖2 + c4ε

−1
2 k−1{‖ξn‖2 − ‖Rn

hξ
n‖2}

and (3.11) follows if ε2 > 0 is chosen so that: c2 ≡ (1−ε2− 1
2 |r(∞)|)ε2c−1

4 > 1
2 |r(∞)|ε2c−1

4 ≡ c1.
Finally, (3.12) follows after using (3.6) and (1.19) in:

‖(kLn
h)

1
2Rn

hξ
n‖ ≤ ‖[(kLn

h)
1
2 (Rn

h − rn
h)(kLn

h)−
1
2 ](kLn

h)
1
2 ξn‖ + ‖rn

h(kLn
h)

1
2 ξn‖.

Next, (3.11) and (3.12) are used to obtain (3.9). Suppose that ε2 is small enough that c2 < 1.
Then, assume that k0 > 0 is small enough that if θ ≡ (1− c1)/(1+ c3k0), then c2 + θ > 1. Next,
multiply (3.12) by θ and add the result to (3.11). With c5 ≡ c2 + θ − 1 > 0, and 0 < k ≤ k0:

‖Rn
hξ

n‖2 + (1 + c5)‖(kLn
h)

1
2Rn

hξ
n‖2 ≤ |||ξn|||2n.

By (1.7), there is a c6 > 0 such that:

c6k‖Rn
hξ

n‖2 ≤ 1
2c5‖(kL

n
h)

1
2Rn

hξ
n‖2.

Also, by (2.7), with χn ≡ (kLn
h)

1
2Rn

hξ
n:

‖(kLn+1
h )

1
2Rn

hξ
n‖2 = ‖χn‖2 + ((T n

h )
1
2 [Ln+1

h − Ln
h](T n

h )
1
2χn, χn) ≤ (1 + c7k)‖(kLn

h)
1
2Rn

hξ
n‖2.

From the last three inequalities, it follows that:

(1 + c6k)‖Rn
hξ

n‖2 + (1 + 1
2c5)(1 + c7k)

−1‖(kLn+1
h )

1
2Rn

hξ
n‖2 ≤ |||ξn|||2n.

So assume that k0 above, is also small enough that (1 + 1
2c5)(1 + c6k0)

−1(1 + c7k0)
−1 ≥ 1 + ε1,

for some ε1 > 0. Then (3.9) follows for some c̃ ∈ (−c6, 0).
The next two lemmas are useful in subsequent consistency estimates.

Lemma 3.4 Fix integers l,m ≥ 0, and let t0, t1, t2 ∈ [0, t⋆] with |t2 − t1| ≤ ck. Then:

sup
0≤t≤t⋆

‖Lθ
h(t0)∂

l
sω(t)‖ ≤ c(l)‖u0‖2(l+1) θ = 0, 1

2 . (3.13)

Also, with E ≡
∫ t2
t1

(t2 − t)m∂l
tω(t)dt, there exist E1 and E2 such that E = E1 + E2 while:

‖[kLh(t0)]
1
2E1‖ ≤ c(l)hkm+ 1

2
+i‖u0‖2(l+i) i = 0, 1 (3.14)

‖kLh(t0)E2‖ ≤ c(l)km+1+i‖u0‖2(l+i) i = 0, 1. (3.15)

Furthermore, for 0 ≤ n ≤ n⋆:

|||E|||n ≤ c(l)(km+1 + hkm+ 1
2 + h2km)‖u0‖2l. (3.16)

12



Proof: See [14].

Lemma 3.5 The following holds for 0 ≤ s ≤ k, and 0 ≤ t ≤ t⋆:

‖∂µ
s ω̄

n(s)‖ + h‖L
1
2

h (t)∂µ
s ω̄

n(s)‖ ≤ ch2‖u0‖2µ. (3.17)

Proof: See [14].
The order of consistency is established as follows.

Proposition 3.3 ψn of (3.3) satisfies:

|||ψn|||n ≤ ck(hr + kµ + hkµ− 1
2 + h2kµ−1)‖u0‖2(µ+1). (3.18)

Proof: First, consider ψn
1 . By differentiating L̄n

h(s)ω̄n(s) = P0L̄n(s)ūn(s), and using (1.28), it
can be shown inductively that ∂l

sω̄
n(0) = Dle∂l

tω
n, 0 ≤ l ≤ µ− 1. Therefore:

ω̄n − eωn =
µ−1
∑

l=1

Dle∂l
tω

nk
l

l!
+ E, E ≡ 1

(µ− 1)!

∫ k

0
(k − s)µ−1∂µ

s ω̄
n(s)ds.

Next, by (1.28) and (1.26):

kA
µ−1
∑

m=0

Γn
me∂tω(τn

m) =
µ−1
∑

l=1

Dle∂l
tω

nk
l

l!
+ F, F ≡ k

(µ− 2)!

µ−1
∑

m=0

AΓn
me

∫ τn
m

tn
(τn

m − t)µ−2∂µ
t ω(t)dt.

Now ψn
1 = Ẽ − F̃ , with:

Ẽ ≡ k
1
2 bTA−1[I + kAL̄n

h]−1(kLn
h)

1
2A(T n

h )
1
2 L̄n

h(T n
h )

1
2 [(Ln

h)
1
2E]

F̃ ≡ bTA−1[I + kAL̄n
h]−1(kLn

h)
1
2A(T n

h )
1
2 [L̄n

h −Ln
h](T n

h )
1
2 [(kLn

h)
1
2F ]

+bTA−1[I + kAL̄n
h]−1(kLn

h)
1
2A[(kLn

h)
1
2F1] + bTA−1[I + kAL̄n

h]−1A[kLn
hF2]

where F = F1 + F2 is the splitting guaranteed by Lemma 3.4. The estimate required for ψn
1

then follows using (3.2), (2.6), (3.17), (1.29), (2.8), and inequalities of the form (3.14) - (3.16).
Now consider ψn

2 . After differentiating v̄(s) ≡ L̄n(s)ūn(s), with (1.28) and (1.1) it can be shown
that ∂l

sv̄(0) = −Dle∂l+1
t un, 0 ≤ l ≤ µ− 1. Hence:

L̄nūn = −
µ−1
∑

l=0

Dle∂l+1
t unk

l

l!
+

1

(µ− 1)!

∫ k

0
(k − s)µ−1∂µ

s v̄(s)ds.

Then, by (1.1) and (1.28):

−
µ−1
∑

m=0

Γn
mL(τn

m)eu(τn
m) =

µ−1
∑

l=0

Dle∂l+1
t unk

l

l!
+

1

(µ− 1)!

µ−1
∑

m=0

Γn
me

∫ τn
m

tn
(τn

m − t)µ−1∂µ+1
t u(t)dt.

So the required estimate for ψn
2 follows with (3.2), (2.2), (1.4), and (1.29). Next, the estimate

required for ψn
3 follows with (3.2), (1.29), (1.12), (1.13), and (1.4). Finally, consider ψn

4 . First:

ωn+1 − ωn =
µ
∑

l=1

∂l
tω

nk
l

l!
+G, G ≡ 1

µ!

∫ tn+1

tn
(tn+1 − t)µ∂µ+1

t ω(t)dt.

By (1.28) and (1.27):

kbT
µ−1
∑

m=0

Γn
me∂tω(τn

m) =
µ
∑

l=1

∂l
tω

nk
l

l!
+H, H ≡ k

(µ− 1)!

µ−1
∑

m=0

bT Γn
me

∫ τn
m

tn
(τn

m − t)µ−1∂µ+1
t ω(t)dt.
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Hence ψn
4 = −G+H and the estimate required for ψn

4 follows after applying Lemma 3.4 to G
and H, and using (1.29) to obtain inequalities of the form (3.16).

With the consistency complete, it is now appropriate to discuss the development of the
techniques used. First, it is possible to construct an error equation alternative to (3.3) which
circumvents the constructions of section 2. However, this requires inverse properties. For
example, one option involves the following replacements:

ω̄n →
µ−1
∑

l=0

Dle∂l
tω

nk
l

l!
, ψn

2 → kbTA−1[I + kAL̄n
h]−1A

µ−1
∑

m=0

Γn
mLh(τn

m)[ω̄n − eω(τn
m)].

Then in the above proof, v̄(s) is changed to L̄n
h(s)ω̄n(s), and bounding derivatives of the latter

involves bounding products of the form L
(i)
h (s)T

(j)
h (t). This can be accomplished using inverse

assumptions as demonstrated by Bales [2].
Also, the original idea for overcoming the suboptimal convergence rates mentioned in con-

nection with (1.33), was to find q × q matrices {Dl}ν−1
l=0 with which the following would lead to

optimal convergence estimates:

ν−1
∑

m=0

Γn
m(δn

m)l ≡ Dl, 0 ≤ l ≤ ν − 1, L̄n
h ≡

ν−1
∑

m=0

Γn
mLh(tn + δn

mk) ≈
ν−1
∑

l=0

DlL(l)
h (tn)

kl

l!
.

However, attempts to prove an optimal order of consistency have repeatedly led to the following
conditions for the matrices {Dl}ν−1

l=0 :

D0e = e, DiDje = Di+je, 0 ≤ i, j, i + j ≤ ν − 1, lADl−1e = Dle, 1 ≤ l ≤ ν − 1.

To see this, consider for example, adapting the estimate for ψn
1 . Unfortunately, even though

the number of unknowns matches the number of constraints in the equations above, it is shown
in [15] that they can be solved only if ν ≤ q + 1.

Now, (1.5) is established in the following for (1.32).

Theorem 3.4 Under the conditions of Lemma 3.3 and either Proposition 3.1 or 3.2, {Un
h }n⋆

n=0

are well-defined by (1.31) and (1.32), and the following holds:

max
0≤n≤n⋆

‖Un
h − un‖ ≤ c⋆(hr + kµ + hkµ− 1

2 + h2kµ−1)‖u0‖α. (3.19)

Also, unless c̃ < 0 in (3.5), c⋆ depends exponentially on t⋆.

Proof: Set E ≡ [(hr +kµ +hkµ− 1
2 +h2kµ−1)‖u0‖α]2. Then, combining (3.5) and (3.18) for (3.3):

|||ξn+1|||2n+1 ≤ (1 + c̃k)|||ξn|||2n + c1kE 0 ≤ n ≤ n⋆ − 1.

After dividing this by (1 + c̃k)n+1 and summing, the result is:

|||ξn|||2n ≤ (1 + c̃k)n|||ξ0|||20 + c1|c̃|−1|1 − (1 + c̃k)n|E 0 ≤ n ≤ n⋆.

Now, according to (1.31), [I + kL0
h]ξ0 = [P0 − P 0

E ]u0. So with (1.13), (1.11), and a spectral
argument, it follows that:

|||ξ0|||20 ≤ c‖[P0 − P 0
E ]u0‖‖[I + kLh]−1[P0 − P 0

E ]u0‖ ≤ chr‖u0‖r. (3.20)

Then, (3.19) follows with (1.12) and the last two inequalities.
4. Iterative Approximations. In this section, the iterative scheme (1.39) is analyzed

for the approximation of the solution to (1.1), and (1.5) is established. First, a brief discussion
of Preconditioned Iterative Methods (PIM’s) is given. See Hageman and Young [11] for more
information.
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Let H be any finite-dimensional Hilbert space equipped with an inner product (·, ·)H and
an associated norm ‖ · ‖H . Also, let Q: H → H be H-selfadjoint and positive definite, and
suppose that an approximation is required for the solution x∗ to Qx∗ = b. Then, suppose
that Q0: H → H is H-selfadjoint and positive definite, and that solving Q0x̃ = b is relatively
inexpensive. Furthermore, assume that Q and Q0 are equivalent in the sense that:

ρ1(Q0x, x)H ≤ (Qx, x)H ≤ ρ2(Q0x, x)H ∀x ∈ H. (4.1)

The operator Q0 is called the preconditioner and the PIM’s of interest in this work are those
with the following properties:

i. If {xj}J
j=0 are given approximations to x∗, the solution of Qx∗ = b, then calculating xJ+1

only involves computing Qx, Q0x, (Qx, x)H , and (Q0x, x)H for certain x ∈ H, and solving
equations of the form Q0x̃ = b.

ii. There is a smooth decreasing function σ: (0, 1) → (0, 1) such that σ(1) = 0 and if (4.1)
holds, then: ‖Q

1
2

0 [x∗ − xj]‖H ≤ c[σ(ρ1/ρ2)]
j‖Q

1
2

0 [x∗ − x0]‖H . (4.2)

For example, the Preconditioned Conjugate Gradient Method satisfies the above properties,
and it is popular for having σ(s) = (1−√

s)/(1 +
√
s) as opposed to say (1− s)/(1 + s), which

is offered by various other PIM’s.
Now, the rough discussion prior to (1.39) is expanded with more details. First, suppose that

for 0 ≤ n ≤ n⋆ − 1, {Um
h }n

m=0 and {Ũm
h }n−1

m=0 have been computed using methods described
below, and recall that an efficient procedure is needed for computing Ūn

h defined by (1.34).
Next, let Ṽ n

0 denote an initial approximation to Ūn
h given as indicated in (1.36). Now, instead

of actually computing {V̄ n
l }0≤l≤ln as suggested by (1.35), proceed as follows. Let a sequence of

positive integers {jn}n⋆−1
n=0 be specified. Then, suppose in an inductive fashion, that for l ≥ 1,

Ṽ n
l−1,jn

has been computed from jn PIM iterations as prescribed below, and let Ṽ n
l be defined

by the outer iteration:

[I + kΛLn
h](SṼ n

l ) = {SeUn
h + kSA(Ln

h − L̄n
h)Ṽ n

l−1,jn
} 1 ≤ l ≤ ln (4.3)

with the understanding that Ṽ n
0,jn

≡ Ṽ n
0 . Letting n and l be fixed, (4.3) can be written in the

form:
[I + kλiL

n
h]ψi = φi − kθiL

n
hψi−1 1 ≤ i ≤ q (4.4)

where ψ0 ≡ 0, ψi ≡ (SṼ n
l )i, 1 ≤ i ≤ q, and according to (1.28) with l = 0:

φi ≡ [SeUn
h + kΛS

µ−1
∑

m=1

Γn
m(Ln

h − Lh(τn
m))Ṽ n

l−1,jn
]i. (4.5)

The natural preconditioning for (4.4) involves [I + kL0
h] which, according to (1.10) and (1.24),

is equivalent to the operators of (4.4), i.e., for 1 ≤ i ≤ q and 0 ≤ n ≤ n⋆:

ρ1([I + kL0
h]χ, χ) ≤ ([I + λiL

n
h]χ, χ) ≤ ρ2([I + kL0

h]χ, χ) ∀χ ∈ Sh. (4.6)

Now, to cover the case that A is not diagonalizable, define ψ̃i with:

[I + kλiL
n
h]ψ̃i = φi − kθiL

n
hψ̃

jn

i−1 1 ≤ i ≤ q (4.7)

where ψ̃jn

0 ≡ 0. Also, to obtain ψ̃jn

i for 1 ≤ i ≤ q, set ψ̃0
i ≡ (SṼ n

l−1,jn
)i and let iterates

{ψ̃j
i }0≤j≤jn be given by a PIM with preconditioner [I + kL0

h]. Then as (4.2) follows from (4.1),
from (4.6) it follows that:

|||ψ̃i − ψ̃j
i |||0 ≤ c[σ(ρ1/ρ2)]

j |||ψ̃i − ψ̃0
i |||0.
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Finally, take Ψ ≡ 〈ψ1, ψ2, . . . , ψq〉T and Ψ̃j ≡ 〈ψ̃j
1, ψ̃

j
2, . . . , ψ̃

j
q〉T so that Ṽ n

l = S−1Ψ and inner
iterates for (4.3) are defined by:

Ṽ n
l,0 = Ṽ n

l−1,jn
Ṽ n

l,j ≡ S−1Ψ̃j, 1 ≤ j ≤ jn. (4.8)

It is shown in [14] that:

|||Ūn
h − Ṽ n

l,jn
|||0 ≤ (ck + c[σ(ρ1/ρ2)]

jn)|||Ūn
h − Ṽ n

l−1,jn
|||0 l ≥ 1.

So, given some ε0 > 0, jn is chosen so that:

|||Ūn
h − Ṽ n

l,jn
|||0 ≤ βn|||Ūn

h − Ṽ n
l−1,jn

|||0 1 ≤ l ≤ ln (4.9)

where:

β2
n ≤

{

ck2, 0 ≤ n ≤ µ
ε0t

n+1, 0 ≤ n ≤ n⋆ − 1.
(4.10)

Finally, Ũn
h and Un+1

h are given by (1.39). From the last three inequalities, it follows that the

integers {jn}n⋆−1
n=0 may be chosen so that

∑n⋆−1
n=0 lnjn/n

⋆ ≤ c as claimed in the Introduction.
The next objective is to show that the convergence rate (1.5) can be preserved even when

{jn}n⋆−1
n=0 are chosen so that (4.9) and (4.10) hold. So additional stability and consistency

results follow. First, define ζn ≡ Un
h −ωn and ψn ≡ Rn

hω
n −ωn+1 where ψn is as in (3.3). Now,

according to (1.39) and (1.32), Un+1
h −Rn

hU
n
h = −bTA−1(Ūn

h − Ũn
h ). Thus:

ζn+1 = Rn
hζ

n + ψn − bTA−1(Ūn
h − Ũn

h ). (4.11)

By (4.9) and (1.39), (Ūn
h − Ũn

h ) can be estimated in terms of (Ūn
h − Ṽ n

0 ). So, the error equation
(4.11) is supplemented with the following one, which is obtained from (1.34) and (1.36) after
some straightforward calculations:

Ūn
h − Ṽ n

0 =
n−1
∑

m=n−1−µn

(−1)n−m

(

µn + 1
n−m

)

[I + kAL̄n
h]−1kA(L̄n

h − L̄m
h )[I + kAL̄m

h ]−1eζm

+ [I + kAL̄n
h]−1

n−1
∑

m=n−1−µn

(−1)n−m−1

(

µn

n−m− 1

)

[ζm+1 − ζm]

−
n−1
∑

m=n−1−µn

(−1)n−m

(

µn + 1
n−m

)

(Ūm
h − Ũm

h )

(4.12)

−
n−1
∑

m=n−1−µn

(−1)n−m

(

µn + 1
n−m

)

[I + kAL̄n
h]−1kA(L̄n

h − L̄m
h )[I + kAL̄m

h ]−1

×{ω̄m − eωm − kA
µ−1
∑

i=0

Γm
i e∂tω(τm

i )}

− k
n
∑

m=n−1−µn

(−1)n−m

(

µn + 1
n−m

)

[I + kAL̄m
h ]−1AP0

µ−1
∑

i=0

Γm
i L(τm

i )[ūm − eu(τm
i )]

− k
n
∑

m=n−1−µn

(−1)n−m

(

µn + 1
n−m

)

[I + kAL̄m
h ]−1AP0

µ−1
∑

i=0

Γm
i ∂t{[PE(τm

i ) − P0]u(τ
m
i )}

+
n
∑

m=n−1−µn

(−1)n−m

(

µn + 1
n−m

)

ω̄m

− [I + kAL̄n
h]−1

n
∑

m=n−1−µn

(−1)n−m

(

µn + 1
n−m

)

{ω̄m − eωm − kA
µ−1
∑

i=0

Γm
i e∂tω(τm

i )}.
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Before analyzing these error equations, a few adjustments must be made in Propositions 3.1
and 3.2 for the following stronger stability inequality:

|||ζn+1|||2n+1 ≤ (1 + c̃k)|||ζn|||2n − c0|||[I − rn
h ]

1
2 ζn|||2n + ck−1|||Ūn

h − Ũn
h |||2n

+ck[(hr + kµ + hkµ− 1
2 + h2kµ−1)‖u0‖α]2 0 ≤ n ≤ n⋆ − 1.

(4.13)

Proposition 4.4 Let (1.22) be satisfied. Then there are constants c0 > 0 and c̃, such that
(4.13) holds. In fact, c̃ < 0 if (1.20) holds and c(1) of (1.8) is small enough.

Proof: See [14].
As with Proposition 3.2, c̃ < 0 is guaranteed for (4.13) by the following.

Proposition 4.5 Let (1.20) and (1.21) be satisfied. Then, there are constants c0 > 0 and c̃ < 0
such that (4.13) holds.

Proof: See [14].
Now, the terms of (4.12) are estimated as follows.

Proposition 4.6 The terms of (4.12) satisfy:

|||Ūn
h − Ṽ n

0 |||n ≤
n−1
∑

m=n−1−µn

{|||Ūm
h − Ũm

h |||m + |||ζm+1 − ζm|||m} + ck
n−1
∑

m=n−1−µn

|||ζm|||m

+ck(hr + kµn + hkµ− 1
2 + h2kµ−1)‖u0‖α 1 ≤ n ≤ n⋆ − 1.

(4.14)

Proof: The techniques required are similar to those used for Proposition 3.3. See [14].
Next, (4.14) is combined with (4.9) for the estimation of the term k−1|||Ūn

h −Ũn
h |||

2
n, in (4.13).

Proposition 4.7 With Ūn
h defined by (1.34) and Ũn

h by (1.39), the following hold:

k−1|||Ūn
h − Ũn

h |||2n ≤ ck−1β2
n

n−1
∑

m=n−1−µn

{|||Ūm
h − Ũm

h |||2m + |||ζm+1 − ζm|||2m}

+ckβ2
n

n−1
∑

m=n−1−µn

|||ζm|||2m + ck[(hr + kµ + hkµ− 1
2 + h2kµ−1)‖u0‖α]2 1 ≤ n ≤ n⋆ − 1,

(4.15)

|||Ū0
h − Ũ0

h |||0 ≤ ckµ‖u0‖α. (4.16)

Proof: By (1.39), (4.9) and (3.4):

|||Ūn
h − Ũn

h |||n ≤ cβln
n |||Ūn

h − Ṽ n
0 |||n 0 ≤ n ≤ n⋆ − 1.

From (4.10) and (1.37), it follows that:

βln
n k

µn ≤ ckµ 0 ≤ n ≤ n⋆ − 1.

Finally, (4.15) follows after combining the last two inequalities with (4.14). Also, by (3.2),
(3.20), and (3.13):

|||Ū0
h − Ṽ 0

0 |||0 ≤ c|||U0
h |||0 ≤ c|||ζ0|||0 + c|||ω0|||0 ≤ c‖u0‖α

and (4.16) follows after combining this with the two estimates above.
Now, (4.15) demands an estimation of the differences |||ζn+1 − ζn|||n and this is the content

of the following.
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Proposition 4.8 If (1.22) and (1.23) are satisfied, then the following holds:

c1|||ζn+1 − ζn|||2n + |||[I − rn+1
h ]

1
2 ζn+1|||2n+1 ≤ c2k

2|||ζn|||2n + c|||Ūn
h − Ũn

h |||2n
+(1 + c3k)|||[I − rn

h ]
1
2 ζn|||2n + ck2[(hr + kµ + hkµ− 1

2 + h2kµ−1)‖u0‖α]2 0 ≤ n ≤ n⋆ − 1.
(4.17)

Proof: See [14].
Finally, the convergence result (1.5) is established for (1.39) as follows.

Theorem 4.5 Let the conditions of either Proposition 4.4 or 4.5, in addition to those of Lemma
3.3 and Proposition 4.8 be satisfied. Then, {jn}n⋆−1

n=0 can be chosen so that (4.9) and (4.10) hold
and provided ε0 > 0 is small enough, the approximations {Un

h }n⋆

n=0 obtained by (1.31) and (1.39)
satisfy:

max
0≤n≤n⋆

‖Un
h − un‖ ≤ c⋆(hr + kµ + hkµ− 1

2 + h2kµ−1)‖u0‖α. (4.18)

Also, unless c̃ < 0 in (4.13), c⋆ depends exponentially on t⋆.

Proof: Add c1|||Ūn
h − Ũn

h |||
2
n to both sides of (4.17) and multiply the resulting inequality by

εk−1tn+1. When this is added to (4.13), the result is:

|||ζn+1|||2n+1 + c1εk
−1tn+1{|||ζn+1 − ζn|||2n + |||Ūn

h − Ũn
h |||2n} + εk−1tn+1|||[I − rn+1

h ]
1
2 ζn+1|||2n+1

≤ (1 + c̃k + c2εkt
n+1)|||ζn|||2n + ck−1|||Ūn

h − Ũn
h |||2n + ck[(hr + kµ + hkµ− 1

2 + h2kµ−1)‖u0‖α]2

+[εk−1tn+1(1 + c3k) − c0]|||[I − rn
h ]

1
2 ζn|||2n 1 ≤ n ≤ n⋆ − 1.

Now, for the compression of this inequality and others below, let the following be defined:

Zn ≡ |||ζn|||2n, Dn+1 ≡ |||ζn+1 − ζn|||2n + |||Ūn
h − Ũn

h |||
2
n,

Sn ≡ |||[I − rn
h ]

1
2 ζn|||2n, E ≡ [(hr + kµ + hkµ− 1

2 + h2kµ−1)‖u0‖α]2.

With this notation, the following results after estimating ck−1|||Ūn
h − Ũn

h |||
2
n with (4.15):

Z l+1 + c1k
−1εtl+1Dl+1 + εk−1tl+1Sl+1 ≤ (1 + c̃k + c2εkt

⋆)Z l

+c4β
2
l

l−1
∑

m=l−1−µl

[k−1Dm+1 + kZm] + ckE + [εk−1tl + ε(1 + c3t
⋆) − c0]S

l 1 ≤ l ≤ n⋆ − 1.

Now, assume that ε > 0 is chosen small enough that ε(1 + c3t
⋆) ≤ c0. In fact, if c̃ < 0, suppose

that 1+ c̃k+ c2εkt
⋆ ≤ 1+ ĉk for some ĉ ≤ 0. Otherwise, take ĉ > 0 in the following. Now, after

summing the last inequality over 1 ≤ l ≤ n ≤ n⋆ − 1, the result is:

(Zn+1 − Z1) + εk−1(tn+1Sn+1 − t1S1) + c1εk
−1

n
∑

l=1

tl+1Dl+1 ≤ ĉk
n
∑

l=1

Z l

+c4

n
∑

l=1

β2
l

l−1
∑

m=l−1−µl

[kZm + k−1Dm+1] + ct⋆E 1 ≤ n ≤ n⋆ − 1.

By (4.10) and (3.20), for 1 ≤ n ≤ n⋆ − 1:

ĉk
n
∑

l=1

Z l + c4k
n
∑

l=1

β2
l

l−1
∑

m=l−1−µl

Zm ≤ (ĉ+ c4ε0(µ+ 1)t⋆)k
n
∑

l=1

Z l + ckZ0 ≤ c̄k
n
∑

l=1

Z l + ckE

where c̄ ≤ 0 if ĉ < 0 and ε0 > 0 is small enough. Otherwise, take c̄ > 0 in the following. Next,
since (l + 1)/(m + 1) ≤ µ + 2 if 0 ≤ l − 1 − µl ≤ m ≤ l − 1, it follows using (4.10) that for
1 ≤ n ≤ n⋆ − 1:

c4k
−1

n
∑

l=1

β2
l

l−1
∑

m=l−1−µl

Dm+1 ≤ c4k
−1ε0

n
∑

l=1

l−1
∑

m=l−1−µl

l + 1

m+ 1
tm+1Dm+1 ≤ c5ε0k

−1
n
∑

l=1

tl+1Dl+1+cD1.
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Combining the last three inequalities, for 1 ≤ n ≤ n⋆ − 1:

Zn+1 + εk−1tn+1Sn+1 + (c1ε− c5ε0)k
−1

n
∑

l=1

tl+1Dl+1 ≤ (Z1 + εS1 + cD1) + ct⋆E + c̄k
n
∑

l=1

Z l.

By (3.4), (4.17), (4.16), (1.19) and (3.20), Z1 + S1 + D1 ≤ cE. Now, assume that ε0 > 0 is
chosen small enough so that:

|||ζn+1|||2n+1 ≤ ct⋆[(hr + kµ + hkµ− 1
2 + h2kµ−1)‖u0‖α]2 + c̄k

n
∑

l=0

|||ζ l|||2l 0 ≤ n ≤ n⋆ − 1.

If c̄ ≤ 0, ignore the last sum and (4.18) follows after (1.12). If c̄ > 0, then (4.18) follows with
the discrete Gronwall Lemma and (3.20), but with c⋆ depending exponentially on t⋆.

5. Examples. The principal aim of this section is to present some computational results
showing the strength of methods analyzed in this work. However, it is appropriate to first
indicate that the set of IRKM’s which satisfy the many conditions imposed in foregoing proofs,
is by no means vacuous. For example, in [16], it is explained that there exist q-stage methods
of order q + 1 and satisfying (1.20), (1.21), (1.24), (1.25), and (1.38), provided q = 1, 2, 3, or 5.
Furthermore, [16] gives explicit constructions of families of such methods for q = 2 and 3. On
the other hand, it is shown in [16], that for every positive integer q, there exists a collocation
type IRKM satisfying (1.20), (1.24), (1.25), and (1.38).

As mentioned in the Introduction and more carefully in [16], the preferred methods in a
parallel environment are those for which the eigenvalues of A are distinct. These have been
referred to as multiply implicit (MIRK) methods. Further, they are called real if σ(A) ⊂ R,
and otherwise complex. While the latter case has not been studied here, it is discussed in [16].
By considering that discussion together with the results of Bramble and Sammon [3], it can be
seen that complex MIRK’s can be analyzed using quadratic preconditioning and hence inverse
assumptions.

In contrast to MIRK’s, there are the well-known methods for which the eigenvalues of A are
identical and real. [12] As seen in (4.7), these so-called singly implicit (SIRK) methods offer a
computational advantage on serial machines since at each time step, they require the formation
of only a single new matrix with the dimension of Sh. A selection from this set of methods was
made for the example considered below.

The following problem is of the class defined in the Introduction:










∂tu = −L(t)u in (−1, 1) × [0, .1]
u = 0 on {−1, 1} × [0, .1]

u(x, 0) = 1 − x2 in (−1, 1)

where:
L(t)u ≡ −∂x(ℓ1(x, t)∂xu) + ℓ0(x, t)u,

ℓ1(x, t) ≡
1
18 log(2)(3 − x2)

(2 + x2) + t(1 − x2)
(2 + x2)t+1, ℓ0(x, t) ≡ log(2 + x2) − 1

3 log(2)(2 + x2)t.

The solution is given by:

u(x, t) =
1 − x2

(2 + x2)t
.

For the spatial discretization, the Ordinary Galerkin Method was used and Sh was constructed
of smooth cubic splines defined on a uniform mesh. For the temporal discretization, the well-
known three-stage diagonally implicit (DIRK) method was used as it satisfies (1.20), (1.21),
(1.24), and (1.25). ([8], [15])

Now let (1.39) be identified as the modified method, and an analogue based on (1.33) as
the classical method. In addition, let a hybrid method be given by (1.39), but with Dl re-
placed by Tl in (1.28). These three methods were tested on the ICASE SUN 3/180 with
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k, h CPU Time (sec) L2 Error (×109) Order

1/50 22 1.19

1/60 30 .525 4.49

1/70 38 .266 4.42

1/80 48 .148 4.37

1/90 59 .0889 4.33

1/100 72 .0565 4.30

Table 1: Modified method

k, h CPU Time (sec) L2 Error (×109) Order

1/50 22 28.5

1/60 31 16.0 3.16

1/70 41 9.80 3.19

1/80 52 6.36 3.23

1/90 65 4.35 3.24

1/100 77 3.09 3.24

Table 2: Classical method

FPA. Defining E(h, k) ≡ ‖Un⋆

h − un⋆‖, the L2 errors E(k) ≡ E(k, k) are reported in Tables
1 - 3, together with estimates of the convergence order obtained according to the formula:
log(E(k2)/E(k1))/ log(k2/k1).

With regard to time consumption, recall that the computational burden for the classical
method is in forming q new stiffness matrices at each time step. On the other hand, with
the constants {δn

m}0≤n≤n⋆−1
0≤m≤µ−1 given by (1.30), the burden for the modified method is in forming

the terms φi of (4.5), for the right side of (4.7). Also, the initial step is relatively expensive,
but the effect of this diminishes as the number of time steps increases. Note that among the
three methods tested, numbers for the modified method were obtained with greater speed and
accuracy, as well as with fourth order convergence. On the other hand, the others suffer from
suboptimal convergence as explained in the Introduction. However, no rigorous explanation can
be offered for the identical accuracy obtained by the classical and hybrid methods. Further, this
author is unaware of any proof of the better than second order convergence seen in Tables 2 and
3. In this connection, note that the above solution has no time derivatives which are even in the
domain of L(t)2, a condition considered necessary to escape order reduction in a general way.
Nevertheless, only second order convergence is demonstrated for example, in Experiment 7.5.1
of Dekker and Verwer [8], where a stiff ordinary differential equation is considered. Further, the
modified method has been applied to this problem to give not only fourth order convergence,
but accuracy exceeding that reported for any method discussed in the Experiment.

k, h CPU Time (sec) L2 Error (×109) Order

1/50 23 28.3

1/60 30 15.8 3.21

1/70 38 9.61 3.21

1/80 49 6.25 3.22

1/90 59 4.28 3.22

1/100 71 3.04 3.23

Table 3: Hybrid method
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