Active Control of Propeller Induced Noise Fields'
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Abstract. The active suppression of cabin noise due to an advanced turbo-prop design is considered
within the framework of optimal control theory. A sinusoidal pressure field due to offending noise
sources is assumed to be known throughout the cabin interior. Then the pressure field due to controlling
sources within the cabin is assumed to be governed by a nonhomogeneous wave equation in the interior
and by a special boundary condition designed to conform with the experimentally observed frequency
dependent reflection properties of the cabin boundary. The form of the controlling sources is determined
by considering the steady state behavior of the system, and the control strategy is asymptotically optimal.
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1 Introduction.

This work is concerned with an acoustic problem which has arisen in connection with an
advanced turbo-prop aircraft design offering very high fuel efficiency [12], [14]. Unfortunately,
the propulsion mechanism creates such a noise that it cannot be tolerated by passengers within
the cabin. Also, if the mass of the fuselage were increased to damp the offending noise, this
would offset the fuel efficiency. Therefore, the active noise suppression problem consists in the
determination of interior sound sources required to generate a secondary pressure wave which
destructively interferes with the offending pressure wave in an optimal way.

First, suppose that p; is a pressure field in the cabin Q C R?, due to exterior noise sources
in the absence of control sources. Specifically, p; has the form:

M
P&t = > Prm(x)e™
m=—M

but for simplicity, it is assumed for now to be:
wt

p1(x,t) = p1(x)e

Then let ps represent the pressure field due to control sources in the absence of the offending
noise. With «, 3, v > 0, it is assumed to be governed by the following;:

02py = Y*Aps+ F in Q x[0,00)
0 = apa+ Bops+ Oupa on 0N x [0,00) (1.1)
pQ(O) =0 in Q '
E?tpg(O) = 0 in Q

where F' represents (approximately monopolar) control sources. Specifically, for fixed ¢, F' €
F = [{F}L,], the span of simple functions {F;}{_, defined by:

B = 1 xe B
'=1 0 otherwise
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where the balls {Bl}f:1 are fixed in 2. While questions concerning the optimal positioning of
these control sources are natural at this point, the study of such questions has been postponed
for a later time. Next, note that the boundary condition in (1.1) has been carefully selected so
that certain crucial conditions are satisfied. For example, it is shown below that this boundary
condition conforms with the experimentally observed frequency dependent reflection properties
of the cabin boundary.

It may now seem appropriate to attempt to compute the control F' as the limit of say controls
F"™ which are optimal in the sense that each minimizes a functional involving |p; + p2| on an
interval [0,t,], where t,, — oco. In fact, it was learned late in this investigation that one of the
approaches mentioned below actually leads to such a globally optimal control strategy, even
though it is only developed to be asymptotically optimal [3], [4]. Specifically, from a theoretical
as well as intuitive point of view, it seemed most reasonable to proceed as follows. First, it is
anticipated that after the control mechanism is activated at t = 0, po will approach a steady
periodic state p3, in a stable fashion. With 7 = 27 /w, the steady state ps is expected to be
governed by:

02p3s = YAps+ F in Qx]0,7]
0 = aps + ﬁatp3 + anp3 on 0N x [07 T] (1 2)
p3(0) = ps(7) in Q '
Oip3(0) = Oyps(7) in €

Then with # > 0, the control F' is selected so that it minimizes the following over an appropriate
class of functions:

1#) = [ {IHEr+ P + 01|} (13)
subject to (1.2). Here, H is defined by:
_fp xeQ
Hp= { 0 otherwise (14)

where ) C Q represents the subset of the cabin where minimal pressure is required. Finally,
the control strategy used for py in (1.1) is inspired by the form of the solution F* to this
minimization problem.

In the approach considered in section 4, J(F') is minimized over sinusoidal controls of the
form F(x,t) = F(x)e™! with F'(x) € F. Then, in the approach of section 5, J(F) is minimized
over Lo([0, 7], F). However, it is shown in section 5 that the latter approach leads also to a
sinusoidal optimal control. Nevertheless, in both sections the respective control strategies are
found to be stable in the sense that when they are applied in (1.1) and (1.2), and p3 is extended
for all time by periodicity, then [ps — p3] — 0 as t — oco. In other words, even though the
control is only designed to be asymptotically optimal, when it is applied at some finite time,
the resulting state settles into an optimal steady state in a stable fashion.

The difference between the two approaches lies in the following. First, approach 2 involves
feedback while approach 1 does not. Also, the first approach is less expensive to implement but
is only asymptotically optimal. On the other hand, the second is globally optimal in the sense
suggested above. However, only a casual explanation is offered in section 5 in support of this
claim. For additional details, see [3] and [4].

Now, in the next two sections, some basic features of the model are elucidated and some
important preliminary results are established.

2 Preliminary Results.

The first objective in this section is to support the above claim that the boundary condition
in (1.1) leads to frequency dependent reflection at 9Q2. For this, consider scrutinizing an in-
finitesimal portion of J€) so that in very rough terms, {2 becomes the right half space. Assuming



such a geometry, the following lemma deals with the relation between a monotone incident wave
and its reflection.

Lemma 2.1 Suppose that in (1.1), Q = {(z,y,2) € R*: 2 > 0}, and F = 0. Then for every w
and ¢, the following solves (1.1):

P = exp {z’w {t + vz cos(¢) —y sin(qﬁ))} } + Rexp {z'w {t — v Haxcos(¢) + ysin((ﬁ))} }
provided:
(vt cos(¢) — B)iw — a
(v~ cos(¢) + Biw + a

Proof. Clearly, p satisfies the differential equation. For the boundary condition, set p = A + B
so that on 02, B = RA. Then observing that 0,p = —0,p gives:

R =

0 = a(A+B)+iwB(A+ B) —iwy ! cos(¢)(A — B)
= a(l+ R)+iwB(1 + R) —iwy~ ! cos(¢)(1 — R)

= {a—[ytcos(¢) — Bliw} + R{a+ [y Lcos(¢) + Bliw}

and the indicated expression for R follows. ]
Note that the first term in p represents an incident wave impinging on the boundary at an
angle m — ¢, while the second term represents the reflected wave with reflection coefficient R.
Also z,, given by:
Zp cos(@) — w
R = w, 2 = ,
Zn, cos(p) + a+ fiw
is referred to as the normal specific impedance of the material beyond €.
Next, to become aligned with well-established results in control theory, (1.1) is written in
the following first order form:

D2 . 0 I D2 0 .
8t(8tp2> = (VQA 0><8tp2>+(F> in Qx]0,00)

0 = apz+ B2 + Oup2 on 0N x [0,00) (2.1)

p2(0) _ .
(@pz(@)) =0 in Q.

In order to establish some useful machinery for this problem, define the state space H
H' () x Lo(), which is clearly a Hilbert space when equipped with:

U U _ i
(( vi ) : ( 2 >>H = a(ur,u2)o00 + (Vur, Vug) + v *(vi,v2)  and |-y = (-, )3
as shown in Lemma 2.2 below. Note that here and in the sequel, (-,-) is used to denote the
standard inner product on Ly(2), or a Cartesian product of the latter, depending upon the
context. Similarly, ||-|| denotes the associated norm. Further, (-,-),, and || - ||,, denote the usual
inner product and norm on the Sobolev space H™(2). Also, deviations from these cases will be



represented explicitly with appropriate subscripts. For example, || - ||s,p denotes the norm on
the (possibly fractional order) Sobolev space H*(D).
Next, let the operator A be defined with domain D(A) as follows:

_ 0 I | (ww)eH: uwe HYQ), ve HY(Q)
AZ(*}/QA 0)’ D(A):{ 0=au+ Bv+ dhu }

Further, B € B(F,H) and its adjoint are given by:

_( 0 wf w)
BF:(F)’ B(’L)):P}-U

where Pr is the orthogonal projection of Ly(2) onto F:
([Pr—=1I)f,F)=0 Vfe L), VFeF. (2.2)

Now, taking Py = (p2,0;p2)’, (2.1) can be written as:

Py

P»(0)

Before proceeding, the following standard lemma [6] shows that the state space is a Hilbert
space as claimed above.

AP, + BF t>0

N (2.3)

Lemma 2.2 For a > 0:
1
cillvlly < {allvll§ a0 + IVol?}2 < ol (2.4)

and the norms | - |5 and || - ||« are equivalent. Hence H is a Hilbert space when equipped with
<.7 '>'H-

The next two lemmas work together with the Lumer-Phillips Theorem [13] to show that A
generates a contraction semigroup S(t) € C([0,00), H).

Lemma 2.3 If H is equipped with (-,-)y, A is H-Dissipative on D(A).

Proof: If (u,v) € D(A), then:

§R<A< sz ) ’ ( Z >>H - §R<< 72UAU ) ’ ( Z >>H = R{a(v,u)o00 + (Vv, Vu) + (Au,v)}
= R{a(v,u)o a0 — (cu+ Bv,v)oaa} = —B(v,v)pa0 < 0.

Lemma 2.4 VYA >0, [\ — A]~! € B(H).

Proof: With:
feHY(Q), ge L)

chosen arbitrarily, it will be shown that there exists:

< z ) € D(A) such that (A — 4] < Z ) = < ?]C ) (2.5)

lull2 < e(llFllL + llgll) and [olly < ellfll + llgl)- (2.6)

while:



By [11], there exists a unique u € H?(f2) such that:

—VAu+XNu = g+ Af in Q
(a+BNu+0hu = [f on 0N

and:
[ull2 < ellg + AfIl+ell £z oa < cllgll + el £l

where the last inequality follows from the trace estimate [1],

16, 300 <clélon Vo HYQ). (27)

Then setting v = Au — f gives (2.5) and (2.6). [
Returning to the analysis of (1.1), the theorem below requires the following definitions.
Given X € H and V € Ly([0,t*],H), the abstract Cauchy problem:

(2.8)

U'(t) = AU®)+ V() 0<t<tr
U@ = U°

is said to have a weak solution U(t), if U(t) € C([0,t*], H), and:

/t*<X, U)pdt + /t*<Y, Vyndt + (Y (0), U0>7-( =0
0 0

VX eC([0,t*], H), and  Y(t) = —/t*S*(s —t)X(s)ds

where A is assumed to generate a semigroup S(t) € C([0,t*], H). Also, it is well-known [7] that
under the stated assumptions, the unique weak solution to (2.8) is given by the so-called mild
solution:

Ut) = S)U° + /0 " S(t— 5)V(s)ds.

Theorem 2.1 A generates a semigroup S(t) € C([0,00),H), and |S(t)|n < 1, while ||S(t)||n <
My, My > 1. Furthermore, for every F(t) € Lao([0,t*], L2(S2)), the unique weak solution to (2.3)
on [0,t*] is given by:

Py(t) = /0 'St — 5)BF(s)ds.

Proof. From Lemmas 2.3 and 2.4, and the Lumer-Phillips Theorem, A generates a semigroup
S(t) € C([0,00), H), with [S(t)|x < 1. That ||S(t)||x < Mo, My > 1, follows from Lemma 2.2.
The rest of the theorem follows as discussed above [7]. [

The next lemma shows that A has only discrete eigenvalues in its spectrum, as this conforms
with physical intuition. It is also a first step toward showing that A is a spectral operator.
Unfortunately though, the eigenfunctions of A do not form an orthogonal basis for H as an
explicit computation shows.

Lemma 2.5 A has a compact resolvent.

Proof: Assume that:

and with A > 0 set:



First, by Lemma 2.4, ([A — A]71)* = [\ — A*]7}, and [\ — A*]7! € B(L2(R)), while:

Uf u* _ Tk g1 u* k—oo I opx—1 u*
(<’Uk>7<’l)*>)H = ((gk‘),[)\ A] (’U*>)H (<gg>7[)‘ A] (U*>)H
() () en
Vo v v

k—00 k—o00
up = ug, and v — 0.
HY(Q) L2(Q)

Hence:

Now, using (2.6):
lugllz < c{ligrll + I felli} < C # C(k)

and:

loells < e{llgell + 1 fulli} < C # C (k).
Since the embeddings H'(Q2) < Lo(Q) and H?(Q) — H'(Q) are compact [1], it follows that:

k—o00 k—o0

vy — g and up ——  Ug.
L2 () HY(Q)
Finally, by Lemma 2.2, | - |y and || - || are equivalent. Therefore, the result follows. [

To complete this section, (1.2) is analyzed using the first order form:

(2.9)

P, = AP+ BF 0<t<r
P3(0) = P3(7)

where Py = (p3,0;p3)T. As above, given X € H and V € Ly([0,t*], H), the abstract problem:

{U’(t) = AU(t)+V(t) 0<t<tr (2.10)

U©) = U

is said to have a weak solution U(t), if U(t) € C([0,t*], H), and:

VX € C([0,t*],H), and

Y(t) = —S*(t* — t)[I — S*(t*)]! Ot*S*(S)X(S)dS - t*S*(S —t)X(s)ds

where A is assumed to generate a semigroup S(t) € C([0,t*],H), and 1 € p[S*(t*)]. Also, as
alluded in [8], under the stated assumptions the unique weak solution to (2.10) is given by the
so-called mild solution:

Ut) = S — St Ot*S(t* — §)V(s)ds + Ot* S(t — s)V(s)ds

provided 1 € p[S(¢*)]. Hence, the following is obtained.

Theorem 2.2 The unique weak solution to (2.9) is given by the mild solution:

Ps(t) = S(t)[I — S(T)]_l/OTS(T — $)BF(s)ds + /OtS(t — $)BF(s)ds.



Proof: Tt is first shown that the resolvent sets p[S*(7)] and p[S(7)] contain unity. This can be
seen from the fact shown in the next section, that S(t) satisfies an exponential decay estimate.
Hence, there exists an n € N for which 1 € p[S(n7)]. So for every W € H, the equation:

[I—S(n)U=W
can be solved with:

n—1
U=1[-Snr)]! Z S(mr)W.
m=0

A similar argument places 1 € p[S*(7)]. Now the rest of the proof is similar to that of Theorem
2.1 [7]. [

3 The Decay Estimate.

In this section, the techniques of Lagnese [9] are adapted to show that there exists an My > 0
and a pg > 0 such that:

SOl < Moe " 3.1)
Then according to Lemma 2.2, it will follow that there is an My > 0 such that:
15(8)]l# < Moe™ . (3.2)
For this, let (p1, p2)7 € D(A) be chosen arbitrarily, and suppose p satisfies:
0?p = ~2Ap in x[0,00)
0 = ap+0B0p+0yp on 9N x[0,00) (3.3)
p(0) = p in Q :
ap(0) = p1 in Q

Now with Py = (p1,p2)” and P = (p,d;p)” define:
E(p.t) =[St Pols = [P(t)l5 = allpll§ oq + IVPI* + 70>

Using the semigroup property in addition to the contraction property guaranteed by Theorem
2.1, it follows that:

E(p,t) = |S(R)S(t — h)Po|3, < |S(t — h)Py|3, = E(p,t — h) VE>h>0.  (34)

Thus, E(p,t) is a nonincreasing function of t. Further, for (3.1), the strategy is to show that:

/0 T Ep, t)dt < ¢E(p,0) (3.5)

for a constant ¢ > 0 which is independent of p. The first step is to estimate the time derivative
of the functional:

Q(t) = §tE(p,t) +2y72(L- Vp,0p) + 7 (V- £ = 1)p, dyp).
For this, the following technical lemma is required.

Lemma 3.1 Given a smooth, real vector field ¢, and p satisfying (3.3), the following identity
holds in Q:

O{ (VD> +7710hI%) + 297 R - Vp)Op*} +72(V - £ = R{pOp"} } =

V- {26R{0pVp"} + 7l + 2R{(C- Vo) V) — (VB + (V£ — DRV} |
+2R{Vp: (I — DC) : Vp*} —=V(V-{) - R{pVp*}.
Also, on 082:
saDy {tlpl’} = ja(1 — 20057 |pl* — af ™ tR{p0"}. (3.7)



Proof: Using (3.3):
O {tIVPP + 77210 P) + 2> R{(C - VP)Aw"} +772(V - £ = R{pOw"} |

= (|Vp|? +~7720:p|?) + 2tR{Vp - VOup* + v 20:p0}p*}
+2y72R{(€ - VOp)Op*} + (£ - Vp)IZp*
+y2(V - £ = 1)(|0ep|* + R{pdZp*})

= |[VpP +2R{V - (8ipVp*)} + 772V - (¢|0rp?)
+2R{(¢ - Vp)Ap*} + (V - £ — 1)R{pAp*}.

The last few terms can written as follows:

2(¢ - Vp)Ap* 2V - [(¢-Vp)Vp*| =2V (£ - Vp) - Vp*
= 2V - [(¢-Vp)Vp*] —2Vp: DL : Vp* —V - ({|Vp|?) + (V- 0)|Vp|?

(V-OpAp* = V-[(V-OpVp] = V[V O)p] Vp*
= V-[(V-0OpVp]=V(V-0)- (pVp*) — (V- 0)|Vp?
—pAp* = —V-(pVp*) + |Vp%.
Combining the above:

O{t(r 210 + |VP) + 292 R{(L- VP)Aip™} + 772V - £ = DR{pOp"} }

= |Vp|> + 2tR{V - (O:pVp*)} + v 2V - ({|Osp]?)
F2R{V - [(¢ - Vp)Vp*]} — 2R{Vp : DL : Vp*} — V - (£|Vp|?)
+R{V - (V- OpVp*]} = V(V - £) - R{pVp*} = R{V - (pVp*)} + [Vp|?

= V- {2R{0pVp 1+ 20+ 2R{ (- Vp)Vp'} (VDI +(V - OR{pVP'} - R{pVp"} |
+2R{Vp: (I — DO)Vp*} = V(V - L) - R{pVp*}
Hence, (3.6) is established. Finally, using the boundary condition in (3.3):
SaD{tlpP} = Ja{lpP+2R{pap}} = Lo{lpl® + 2R{pA~ (—ap® — 0up")}}
= ja(l —2taf™)|p* — B tR{pd,p*}
which gives (3.7). [
Proposition 3.1 Suppose that £ and p are as indicated in Lemma 3.1. Also, assume that

21 — [Dl+ DIT] is uniformly negative definite throughout Q and that £-n > £y > 0 on 0. Then
there exists a tog > 0 such that for t > ty:

R{D:Q(t)} < —1E(p,t) + collp|? (3.8)
and:
rR{Q®)} > 0. (3.9)
Proof: First, according to (3.6) and then (3.7):

R{DiQ(1)} = a1 — 2taf =) Ipl§ o — @B~ R{(p, Onp)oon}t — 3 De[t([Vpl* +~72]|0ep]|*)]
+D[t(IVDIP + 72100 ]1) + 29 *R{(€ - Vi, 0pp) } + v *R{U(V - £ = 1)p, Oup)}]

= 5a(l = 2taf)|pl§ oo — B~ tR{(p, Op)o,o0}
—5 Vol = 37 2l0pl* — tR{(Vp, Vip) + v 2(0ep, 07p) }
+2t§}%{(atp7 anp)(],aﬂ} + 7_2((6 . n)@tp, 8tp)0’ag
+2R{(€ - Vp,0up)os0} — (£ - n)Vp,VD)oaa + R{((V - £ — 1)p,0np)o.sat
+2((I — DO)Vp, Vp) = R{(pV(V - £), Vp)}.

8



Using (3.3):

R{DQ(1)} = Sallplly oo — 287 IplI3 5o — B~ tR{(p, Dnp)o,o0}
—31IVpl? = 3720wl - t%{(atp, Onp)o,o0}
+2tR{ (Dep, Onp)o,00} + B2y 2((L - n)(ap + 8np), (ap + Inp))o,00
+2R{(€ - Vp,0np)ooa}t — (£ - n)Vp,Vp)oaa + R{((V - £ — 1)17, Onp)o,00}
+((2I — [DE+ DIT)Vp, Vp) = R{(pV(V - £),Vp)}

= —3{allplly oo + IVDI? + v 210el1?} + ellplf o0
—a?B7plg o — B~ HR{(p, Bup)o.on}t — B R{(ap + Onp, Onp)o.an}
+5_27_2((€ : n)(ap + 8np)7 (ap + anp))o,aﬁ
+2R{(£ - Vp, Onp)o,oa} — ((€-n)Vp,Vp)oaa + R{((V - £ —1)p, 0np)o,on}
+((21 = [D€ + DET))Vp,Vp) = R{(pV(V - £),Vp)}

= —3{alpll§ o0 + VPRI + 2 [0ep]1?}
—B7 tllap + 0nplI§ o — (€ - n)VD, VD)oo
+aHp”0 0N + ﬂ 2 _2((€ ' n)(ap + anp)v (ap + anp))o,aﬁ
+2R{(£ - Vp, Onp)osat + R{((V - £ = 1)p,0nplo.oa}t
+((2I — [De + DET))Vp, Vp) — R{(pV(V - £),Vp)}.

These terms can be estimated as follows:

B72y72((¢ - n)(ap + np), (ap + 0up))ooe < cllap + 9upll§ oq
2[(€- Vp,0nploonl < %EOHVPHg,aQ + c[|8npll§ 50
< 5((6-n)Vp, Vp)oaa + callap + 9upl[§ sq
+C3HPH3,89
((pV(V-0),Vp)| < alpl® + IVl
(V£ =1)p,0nplosal < cllpll§ an + cll@npll§ o0
< &llpllg aq + csllap + 9npll§ o0
(a+ez+a)lpllfon < CHPH%,Q < clplllplh
< erllpll® + §lIVpll?

where in the last estimate, the trace inequality (2.7) and the interpolation inequality [1]:
19113 ¢, < cliglllolh Vo € H'(Q) (3.10)

were used. Now combining the above estimates and the negative definiteness of 21 — [Df + D¢
gives:

RIDQW)}Y < —3{allpllf a0 + IV +72(10:p]*}
+(e1+co+ e — B71)lap + Oupll§ 9o — 3((€- n) VD, VD)o 00
+1 VI + (ea + er)lpll*.

Also, by (2.4):

R{Q()} > §tE(p, ) — c[lpl? + 19912 + 0] > (3t — B, 1).

So with ¢y = ¢4 + ¢7, the result follows for ¢y > 0 sufficiently large. [

Now in order to establish (3.5), (3.8) will be integrated over [0, 00). However, [;° ||p||>dt must
then be estimated in terms of [ E(p,t)dt and E(p,0), and it is this task which is undertaken
next.



Let T > 0 be fixed and define the cut-off function ¢ € C*®(R) by ¢(t) = exp{T 2 —t"(2T —
t)~1} for ¢t € (0,7, and extended by zero to the left and by one to the right. Then let u = ¢p,
so that u satisfies:

RZu = YAu+g in Q x[0,00)
h = au+ B0+ 0yu on 98 x [0,00) (3.11)
u(@0) = 0 in Q '
at’LL(O) =0 in Q
where g = 2¢/0;p + ¢"'p and h = S¢'p. Since g =h =0 for t > T, by (2.4) and (3.4):
e T 2 2 T
| gl < e [ (ol + IplPht < e [ B0t < cB.0), (312)
[e'¢) 9 T 9 T
| Wbl sadt < ¢ [ Ipl andt < ¢ [ B, t)de < cB(p.0) (313)

Now let w € C with w, = R{w} and w; = S{w}. Then for w; < 0, define:

o T . T
a(x,w) E/ e “hu(x, t)dt, §(x,w) E/ e Wlg(x, t)dt, h(x,w) E/ e h(x, t)dt
0 0 0

so that the following holds:

28 — A2AD LA :
W=l v Au‘—l— i ) ) in Q (3.14)
h = (a+iwp)i+ 0, on 0N
in the sense that:
b (11, v) — W (@, v) = (§,v) + 72 (h, v)0.00 Vo e HY() (3.15)

where:
by (w,v) = yz(Vw, Vo) + 72(61 + iwf)(w, v)o,00-

Steps are now taken to prove an estimate of @(w) in terms of §(w) and h(w), which holds for all
w in a certain neighborhood of the real axis.

Lemma 3.2 Ifw € R, and:
bo(0,v) = W (0,v) Yo e HY(Q) (3.16)
then v = 0.
Proof: First note that for w € R:
R{bo(v,0) = (v,0)} = V[V = w?[Jo]]* + 2 2allv]§ a0 (3.17)

and:
{bw(v,v) — w?(v,v)} = wB|[[G s0- (3.18)

Hence, if w = 0, by (3.17), (3.16) and (2.4), © = 0. On the other hand, if w € R\{0}, it follows
from (3.18) and (3.16) that © € H}(2). So extend & by zero to the whole of R? to obtain
o € HY(R3) which according to (3.16), satisfies:

(5,7°A¢ + w?¢) =0 Vo € C3°(R?).

It then follows that ¥ satisfies 72A% + w?d = 0 throughout R? and is therefore entire [5]. So
since o = 0 in R3\2, ¥ = 0, and thus © = 0. ]
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Lemma 3.3 For |w;| < $a87! the following hold:
allvlf < R{by(v,v)} Yo € H(Q) (3.19)
|6, (v, w)| < ca(1 4 |w|)||v]|1]|w||1 Yo, w € H(Q). (3.20)
Further, there exists a unique B, € B(H'(Q)) with B;' € B(H'(Q)) such that:
by (v, w) = (B,v,w)y Yo, w € H(Q) (3.21)

while:
IBJ i <t and  ||Bull < c2(1 4 |w)). (3.22)

Proof: First, note that:
R{bu(v,0)} = 7*(Vo, Vo) +~*(a = Bwi) (v, v)0,00

so (3.19) follows with (2.4). Then, (3.20) follows readily from the trace property (2.7). The
remaining claims follow in a straightforward way with the Lax-Milgram lemma [6]. ]
Now, let the natural embedding of H'(2) into Ly(£2) be denoted by N so that:

(w,v) = (w, Nv) = (N*w, v); Yw e Ly(Q), Yve HY(Q).

It is readily shown that:

INIat@)a =1  and  [[N*[|,),m11@0) = 1- (3.23)
Thus, for |w;| < %aﬂ_l, define:

G, = B,IN* € B(Ly(Q), H'(Q)) and G, = NG, € B(L2(Q)),
so that from (3.22) and (3.23), it follows that:
I1Gulla@ iy St and  [|Goll < et (3.24)
Moreover the following holds.
Lemma 3.4 Given wy > 0, there exists a 6(wp) € (0, 3371 such that with:
Ry, ={w € C: |wy| < wp, |wi| < d(wo)}

and w € Ry, (I —w?G,)~" € B(Lx(Q)).

Proof: First note that according to the continuity of N* and B!, and the compactness of N [1],
G, is compact. Next it is shown that if w=2 € R, then w=2 ¢ o(G,,). From this it follows with
the Fredholm Alternative for compact operators, that (w2 — G,,)~' € B(L2(Q)). So suppose
that 0 € Ly(Q) satisfies G, 0 = w20, Then set v = w2G, o € H'(Q) so that Nv = w?G,0 = ¥
and v = w?G,Nv. Hence:

0 = (I -w?GuN]v,Bfw); = (Byv—w?N*Nv,w);
= (Byv,w); —w?(Nv, Nw) Yw € H'(Q).

Therefore by (3.21):
b (v, w) = w? (v, w) Yw e HY(Q).

From Lemma 3.2, it follows that v = 0 and hence that ¥ = 0. So the following is finite:

C1(wo) = max{||(I —w?G,)"Y|:w e Ry, NR}

11



The next step is to show that with w € R,,, that Cy(wp)||w?G. —w2G., || can be made less than

unity provided & (wp) is sufficiently small. From this it follows with a Neumann Series argument
that (I —w?G,)~! € B(L2(Q)). First note that by (3.22) and (3.24), the following are finite:

Cy(wp) = max{||BJY1 :w € Ry} Cs(wp) = maX{HGWH tw € Ry}
Thus with (3.23), it follows that:
”W2éw - Wgéwr” = ”(Wz - W?)Gw + WENBJI[BUJT - Bw]BJTIN*H
< diam[RwO]Cg(wo)é(wo) + w%C%(wO)HBw — Bwr-”l-

Hence the result will follow if ||B,, — B, ||1 can be estimated in terms of §(wp). For this note
that by (3.21) and (2.7):

B,—B b - b
BBl — sy MBemBuluonl () b, (o)
woertiey ol woebiey uliloll:

2( —
— sup ’67 (w WT’)(U7 0)0,89‘ — c[w _ WT" < C(;(o.)()).

wweHY(Q) [ull[ollx

Hence, for §(wp) sufficiently small and w € Ry, (I — w?G,,)~" € B(L2(12)). n
Now the following establishes a relation among 4(w), §(w), h(w), and wp which holds Yw €
Ry,.

Theorem 3.1 Let wg > 0. Then for every w € R,,, for every g(w) € La(QY), and for every
h(w) € La(0R), there exists a unique 4(w) € H*(Q) such that (3.15) holds together with:

@)l < ewo)(Ig(W)Il + 1(w)lo.00)- (3.25)

Proof: Tt is first shown that there exists a vy € H() such that:

~

b (v1,w) = ¥ (h,w)0.60 Yw € H'(Q). (3.26)

By (2.7):
(h,w)o,00 < c||h|o,oallw Vh € Ly(09), Yw € HY(Q)

so that by the Riesz Representation Theorem [1], there is a mapping E € B(Ly(9%2), HY(Q))
for which:
(h,w)o.00 = (Eh,w); Vh € Ly(09), Yw € H'().

From this and (3.21), it follows that v; = v2B; ' Eh solves (3.26). Further, by (3.22):

lo1lly < V?IBS I B 00,110 1 ll0,00 < collllo,o0- (3.27)
Next, according to Lemma 3.4, the following are well-defined:
v = (I — w2éw)_1éw(w2]\7v1 + g) € L2(Q) and vy = G (w?to + wW?Nuy + §) € HY(Q).

Now since Nvy = éw(wa)g + w?Nvy + §) = o it follows that:

bo(v2,w) = (Byva,w)1 = (B,Gulw?vs +w?Nuvy + g, w);
= (W + w?Nv + §,w) = (w?Nvg+w?Nvy + §,w) Vw € HY(Q).
Hence:
b (v2, w) — w?(ve, w) = w? (v, w) + (§,w) vw € H'(Q). (3.28)
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Next, note that by Lemma 3.4, the following is finite:
C1(wo) = max{||w?(I — w?G) 7 :w € Ry, }
as are the following according to (3.24):
Oo(wo) = max{[[Colpa(@y ey @ € Ruo}r  Cslecn) = max{ Gl : w € Ruy).
Therefore with (3.27):

ool < Ca(wo)[Cr(wo)Ca(wo) + 1](Jw[*[lur ]| + [13]])
A (3.29)
< Co(wo)[C1(wo)Cs(wo) + 1]([wd + 6(w)?]col|bllo.o0 + 19]])-

From the sum of (3.26) and (3.28), it is seen that @ = v + ve satisfies (3.15). Also, uniqueness
follows from Lemma 3.2. Finally, (3.25) follows from (3.27) and (3.29) with the indicated
dependence upon wy. [

Finally, the next lemma gives the last estimate required for the inequality advertised earlier
and proved in the proposition below.

Lemma 3.5 For every € > 0, there is a constant c. such that for every w; < 0:

o0 o
/ 2t |lu|Pdt < c.E(p,0) + ¢ / 21t |0y 2dt. (3.30)
0 0

Proof: Let € > 0 and suppose w; < —5(5_%). Then by (3.4):

00 o
/ 2t ||u||?dt < / P E(p, t)dt < E(p, 0)/|2wi].
0 0

So it suffices to establish (3.30) for —5(5_%) < w; < 0. With this constraint, and w = w, + iw;,
note that:

e“itu(x,t) = 1/ i (x, w)dw, e Opu(x,t) = 1/ e“r (iw) i (x, w)dw,

%_oo %_oo

1 [ . 1 o .
eviltg(x,t) = 2—/ e §(x, w)dw, e“ith(x,t) = 2—/ e"“rh(x,w)dw,.
7r

—00 mJ—00

By Parseval’s equality:

o0 2w;t 2 1 e ~ 112 e 2w;t 2 1 e ~ 112
/ 2t 2t = —/ ]| 2w, / 2t | S| 2t — —/ wa|[2dw,
0 21 ) —oo 0 21 J oo

r 2w;t 2 1 A 2 T 2w;t 2 1 s 2
| etglPat = o [ lalPdor [ et andt = 5 [ 14IE padr
0 21 ) —oo 0 27 ) —oo

For |w,| < e and lw;| < 5(5_%) it follows from Theorem 3.1 that:

15 R 1 o0 . o0 ~
[ NalPdsr < e8| [ lgiPdor + [ bl ader]

Also from the above:

[ lalde < [ P
|wr|>e™ 2 |wp|>e7 2

o0
o / 291t 9, u 2dt.
0

[N

A
IN

E/ | lwit]|?dw,
|wr|>e™ 2

IN
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Adding the last two inequalities gives:

0o 1 0o oo, 00
277/ e2it|lu|?dt < c(e72) [/ HgH2dwr +/ HhHg,anwr] + 2775/ e29it | Qyu | 2dt
0 o) —00 0

T T
< m[/g g+ [ e hlE pods

o0
+2me / 25t || 0yul2dt
0

The result now follows from (3.12) and (3.13). [

Proposition 3.2 Suppose that p satisfies (3.3). Then for every e > 0 there is a constant c.
such that for every w; < 0:

/0 ezwithszt§cEE(p,0)+E/O 21t | 9,p| 2dt. (3.31)

Proof: Recall that p = u for t > T'. Therefore with (2.4), (3.4) and (3.30):
0 T e
| et < e[ Bgatde+ [ et ulPar
0 0 0

< C.E(p,0) + e / €21 | Byu|dt.
0
Since dyu = pOyp + ¢'p and ¢ = 0 for t > T, by (2.4) and (3.4):

o T &
/ e29it|| Qpu2dt < c/ E(p,t)dt + 2/ e*1(|0yp|| 2t
0 0 0

o0
< cE(p,0) + 2/ et || 9| dt.
0
Now (3.31) follows after combining the above. [

Theorem 3.2 Assume there is a smooth, real vector field £ such that £-n > £y >0 on 9Q and
that 21 — [Df + DI is uniformly negative definite on Q. Then there exist positive constants
My and po such that (3.1) holds.

Proof. With w; < 0, it follows from Proposition 3.1 that for some ty > 0:
/ 2 R{DQ(1) i + 1 / 2 E(p, )t < ¢ / 241t |1p|2dt.
to to to
For the first term consider:
| et = Q)| 2w [ Qe
0

to to

By (3.4) and (2.4):
Q)| < ctE(p,t) + c[llp|* + |VpI* + [18:pl] < elt + D E(p,t) < e(t + 1) E(p,0)

so it follows that:
> Q(to)| < cE(p,0)

and:

lim e*Q(t) = 0.

t—o00

14



Combining the above now gives:

2] [ HURIQ} +4 [ B () < cB(p.0)+e [ e pl
to

to to

Further, by Proposition 3.1, R{Q(t)} > 0, for t > to. Hence by (3.4):

o0 oo
| e Bt < B0 +e [ e p)?

Then according to Proposition 3.2:

0o 0
/ e2withH2 < CgE(p,O) + 6/ e2witE(p,t) Ve > 0, Vwi < 0.
0 0

Finally, the latter two inequalities give (3.5), and with (3.4), it follows that V¢ > 0:
tB(p,t) < | B(p.5)ds < cB(p.0).
0

Since D(A) is dense in H [13]:

‘S(t)")—( — sup ‘S(t)X’H - su ‘S(t)PO‘H —  sup
xen | X|n pen(a)  1Foln PyeD(A)

E(p,t)
E(p,0)

} < ¢/t.
Hence, there is a t* > 0 and a pg > 0 such that:
IS(t*) |3 = et < 1.

So with:
M, = etot” t
o = e max [S(t)]r,

let ¢ > 0 be chosen arbitrarily. Then set t = mt* + r with r < t* and m € N, to obtain:
S8l = |S™(#)S(r) |2 < [S(E)|F Moe ™" = Mye #olmHII < Moemro(m™+7) — e ho!

which gives (3.1). [

4 Control Constrained to be Sinusoidal.

In this section, the following problem is considered. Among the functions FerF , find P~
which minimizes:

J(F) = || H (1 + ps)|* + 0| F|)? (4.1)
subject to:
{ —w?p3 = Y2Aps+ a in Q (4.2)
0 = (a+iwfB)ps+ Opps on ON. '

This problem is motivated by considering the minimization of (1.3), subject to (1.2), over the
class of sinusoidal functions of the form F(x,t) = F(x)e™!. Note that with F in this form,
and ps satisfying (4.2), by Theorem 2.2, p3e™? is the unique solution to (1.2). Therefore, since
p1 = p1(x)e™?, the minimization of .J over sinusoidal controls is equivalent to the minimization
of J above.

According to Theorem 3.1, (4.2) is well-posed. In fact, from the proof of Theorem 3.1, it
can be seen that with:

Go = Go|w?(I — W2G) Gy + I = G (I — w?Gy) ™t and G, = NG,,.
P3 = Qwﬁ’ and J takes the form:
J(F) = | H(p1 + GuF)|* + 0] F||? FeF

Questions concerning the unconstrained minimization of this functional are settled as follows.
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Theorem 4.1 Provided 6 > 0, there ezists a unique F* € F such that:
J(F*) = inf J(F).
FeF
Furthermore, it is given explicitly by:
F* = —[0 + PrG HG,) " PrGL Hpr. (4.3)
Proof: First note that J(F) can be written in the form:

J(F) = {(HG,F,HG,F)+0(F,F)}+2R{(Hpy,HG,F)} + (Hp1, Hp)

= X(F,F)+Y(F)+2Z
where according to (3.24) and Lemma 3.4, X is a continuous, coercive sequilinear form:
X(U,U) > a|U|?* = 60|U|? YU € Ly(Q),
(XU V)| < e U[[IV]l VU,V € Ly(Q),
and Y is a continuous linear form:
Y(U)| <es||U]] VU € Ly(92).

Therefore, if {F 7150 | is a minimizing sequence:

lim J(F™) = inf J(F)

n—oo FeF
then it must be bounded according to:

al[EM? = 3| FM | + 2 < J(F™).

Now, since F is finite dimensional, this sequence (or a certain subsequence) can be assumed to
converge to some F* € F. Hence, by the continuity of J:

J(F*) = lim J(F™) = inf J(F).
n—oo FeF

Therefore, existence is established. For uniqueness, note that X (U, U) is strictly convex:
X((A=nU +nV, (L =n)U +nV)
=1-nXUU)+nX(V,V)—n(l—-—n)XU-V,U-YV)
< (1—-mX(UU)+nX(V,V) Vne (0,1) VYU #V e Ly(Q)

and hence J(F) is as well. So if it is assumed that U # V and:

then:
inf J(F) <JAU+3v) < i) +1J(V) = inf J(F)
FeF FeF
and the contradiction gives uniqueness. For (4.3), note that with some calculations:

A

JE* +eF) = J(EF*) + 2eR{(H[GEF™* + 1], G F)
+O(F*, F)} + (| HGL F||* + 0] F||}.
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So a necessary condition that F* minimize J(F) is that:
0 = giﬁ%Dej(F* tel) = 2R{(H[p1 + GuF*],GuF) + 0(F* F)}
= R{(PrG:iH[pr + G, F*| + 0F* F)}.
Letting F' = PrG* H[p) + G, EF™*] + 0F* shows that F™* is characterized by:
[0 + PrG:HG,|F* = —PrG*Hp,.
For (4.3), note that by (2.2):

(0 + PrGsHGU, V) = 0(U, V) + (G5HGLU,V)

= (U, V)+ (UG HG,V) = (U, 0+ PrG HG,V) VU,V € F
and: ~ ~
U, U) < 0(UU)+ (HGLU HG,U)
= ([0 + PG HG,U,U) YU € F.
Hence, [0 + PrG*HG,)] is selfadjoint and positive definite on F, and (4.3) follows. |

Now note that according to (4.3) the optimal state p3 satisfies:

Ops = ~2Aps— [0+ PrG:HG, ) 'PrG Hp, in Qx|[0,7]

0 = aps+ ﬁatp3 + anp3 on Of) x [07 T] (4‘4)
p3(0) = p3(7) in €
Op3(0) = Oyp3(7) in Q.

In fact, this inspires the following control strategy for ps.

py = ~2Apy— [0+ PrG HG,| ' PrGiHp, in Q x [0,00)
0 = apz+ B2+ Onp2 on 9N x [0,00) (4.5)
p2(0) = 0 in Q ’
Op2(0) = 0 in Q.

However, in order for this strategy to be at least asymptotically optimal, it must be shown that

[pa — p3] — 0 as t — oco. In other words, it must be shown that if P = (p,;p)” satisfies:
P = AP t>0
P0) = P

then regardless of the choice of Py € H, p — 0 ast — oo. Actually, according to (3.2), this decay
is guaranteed to occur at an exponential rate. Hence, the above control strategy is exponentially
stable, but in contrast to the approach of the next section, it is only asymptotically optimal.

5 Control Without Sinusoidal Constraint.

In this section, the following problem is considered. Among the functions F' € Lo([0, 7], F),
find F* which minimizes:

JE)= [{OIIP+ P [Py + Pa + 0P F) s (5.1
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subject to (2.9). Here, M is given by:
N*H 0 _ D1 _ D1 iwt P iwt
< 0 0), and Pl_((?tpl)_(iwﬁl)e = P e*™”.

(M( b ) s ( U1 ))H = (N*Hul,vl)l = (Hul,Nvl)

U2 V2

M =

Note that:

= (Nul,Hvl) = (ul,N*Hvl)l = (( b ) ,M( v ))H

Uz U2

(M < Z; ) ) ( Z; >)H = (N*Huy,u1)1 = (Huy, Nup) = || Hua ||,

Hence, M is selfadjoint and nonnegative.
The optimal control which solves this minimization problem will be shown to have the form:

F*(t) = —07'B*QPs(t) — 6~ ' B*R(t) (5.2)
where, in a sense made precise below, () satisfies the algebraic Ricatti equation:
QA+ A*Q+ M =6"'QBB*Q (5.3)
and R(x,t) = R(x)e™!, with R(x) satisfying:
R=—liw+ (A" —07'QBB*)] ' MP,. (5.4)

Furthermore, it will follow that the optimal state Ps satisfies:

P, = (A-07'BB*Q)P; -0 'BB*R 0<t<r (5.5)
P;(0) = Ps(7). '
In fact, this inspires the following control strategy for ps:
P, = (A-07'BB*Q)P, —97'BB*R t>0
(5.6)
P (0) = 0.

However, in order for this strategy to be at least asymptotically optimal, it must be shown that

[pa — p3] — 0 as t — oo. In other words, it must be shown that if P = (p,d;p)” satisfies:
P = (A-60"'BB*Q)P t>0 (5.7)
PO) = P :

then regardless of the choice of Py € H, p — 0 as t — oo. This is obtained from Lemma 5.1
below.

Proposition 5.1 There ezists a unique selfadjoint, nonnegative Q € B(H) such that:
(AU, QV)y + (QU, AV )3 + (MU, V) = 0= H(QBB*QU, V)
(5.8)
YU,V € D(A).

Also:

Q=T (r—)QT(r—1) + /t " (s — )M+ 0" QBB QIT(s — #)ds Wt € [0,7]. (5.9)
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Proof. By generalizing the techniques of [7] to the complex field,! the first part of the theorem

can be established if operators K; and K5 can be found such that A* — M%Kl and A — BK,
generate continuous semigroups which satisfy an exponential decay estimate. However with
(3.2), this follows with K7 = Ky = 0. For the last part, note that according to (5.8), for every
U,V € D(A):

([A - 67 'BB*QIU,QV )y + (QU,[A — 7' BB*Q|V)x + ([M + 6~ 'QBB*Q|U,V)x = 0.

With Uy, Vo € D(A) and 0 <t < s <7,set U="T(s—t)Uyand V =T(s —t)Vp to obtain [13]:

(T(r — )0, QT (r — )Vi )t — (Un, QVo ) + [([M + 07 QBB QIT(s — )Up, T(s — )Vo) = 0

or:
(U0, T*(r = QT (7 ~ Vo — QVo+ [ T*(s ~ )M + 6 QBE*QIT(s — )Vids) = 0
t
YU, Vo € D(A).
Then since D(A) is dense in H [13], extending by continuity gives (5.9). [

In addition to showing that [ps — p3] decays exponentially, the following lemma also helps
to solve (5.4).

Lemma 5.1 A — 0~'BB*Q generates a semigroup T(t) € C([0,00),H) for which there exist
constants My > 0 and py > 0 such that:

| T ()|l < Mye Ht vt > 0. (5.10)

Moreover, the unique solution to:

P, = (A—6"'BB*Q)P; + BF 0<t<r (5.11)
P3(0) = Ps(7) '
s given by the mild solution:
A t ~
Py(t) = T(1) By + / T(t — )BF(s)ds (5.12)
0
where: .
Py=[1—T(r)" / T(r — s)BE(s)ds. (5.13)
0

Proof. By generalizing the techniques of [7] to the complex field,* the first part of lemma can be

established if operators K7 and K5 can be found such that A* — M 3K 1 and A — BK5 generate
continuous semigroups which satisfy an exponential decay estimate. However with (3.2), this

follows with K1 = K9 = 0. The rest of the lemma is obtained as with the proof of Theorem
2.2. [

Proposition 5.2 There ezists a unique R € H such that:
liw + (A* —07'QBB*)|R = —MP;. (5.14)

Also:
R(t) = T*(r — )R+ / " T*(s — ) MPy(s)ds vt € [0, 7]. (5.15)

tThis amounts to understanding each (in)equality to hold in the sense of real parts only.
#This amounts to understanding each (in)equality to hold in the sense of real parts only.
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Proof. Since T*(t) is generated by A* —0~1QBB* [13], with (5.10) it follows that T*(t) satisfies
an exponential decay estimate. Hence, there exists an n € N for which 1 € p[T*(n7)]. So for
every W € 'H, the equation:

[I—-T*(1)U =W

can be solved with: -
U=[—-Tn7)" > T*(mr)W.
m=0
Hence, p[T™*(7)] contains unity. Also, according to a well-known result [13]:
exp{To[A* —07'QBB*]} C o[T*(7))].
Therefore, —iw € p[A* — 0~ 'QBB*] and (5.14) is obtained. For (5.15), note that by (5.14):
R+ (A*—07'QBB" )R = -MP,
or:
(R'(s5),U)y + (R(s),[A — 7' BB*Q|U)y + (MPy(s),U)y =0 YU € D(A).
With Uy € D(A) and 0 <t < s < 7,set U="T(s—t)Uy to obtain:
(R(). (7 — U0 — (RO Ul + [ (ML), T(s = Un)ds = 0

or:

(T (r — )R(r) — R(t) + /t "% (s — )MPy(s), Up)p = 0 WUy € D(A).

Then since D(A) is dense in H [13], (5.15) follows. [
Next, (5.2) requires the following two lemmas.

Lemma 5.2 With P given by (5.12) the following holds:
D1 = [ (Po(s). MPs(s) s 2 " R{P(s), QBF(5)}ds = 0 (5.16)

where M = M + 6~1QBB*Q.

Proof: Substituting (5.12) and (5.9) gives:

- 2 ; R{(T(s)Ps, T*(1 — $)QT (1 — s)BE(s))x }ds
= 2 [RUTE)PLT (0~ 9NIT (o~ ) BF(s) i) dpds
= 2 R = BF0). T (r = )QT(r — ) BF(s))ri}nds

- 2/0T /o /:WT@ — n)BF(n), T*(p — s)MT(p — 5)BF(s))y }dpdnds.
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The fifth term can be rewritten as follows:

9 / / R{(T(p)Ps, MT(p — ) BE () Ypds —

—2 / / R{(T(p)Ps, MT(p — s)BF(s))x }dsdp.

So, it cancels the second term. Next, with:

Ii(n,s) = R{(T(r —n)BF(n),QT(r — s)BF(s))n} = Ii(s,n)

note that the sixth term can be rewritten as:

—2/()T/(]811(77,3)d77ds = / /Il 7,8 dnds—/OT/T 1(n, s)dsdn

= / /Il 7,8 dnds—/ /Il s,m)dnds = —/ /Il(n,s)dnds.
0o Jo

Hence, recalling (5.13), the fourth and sixth terms become:
—2R{(T(7)P3, QU — T(T)|P3)2} — ([ = T(7))P3, QI — T(7)] P3)n

= —(Ps5,QPs)y + (T(7)P3, QT (7) P3)n

which, according to (5.9), cancels the first term. Finally, with:

I»(n,p,s) = R{(T(s — n)BE(n), MT (s — p)BF (p))1} = I2(p,n, 5)

the last term can be rewritten as:

T p T
_2/ / /fz(n,p,s)dsdndp
0 0 o
T S P
B _2/ / /[an’ s)dndsdp = _2/ / /[2(777P,S)d77dpds
0 0 JoO
T S P - s n
= [ [ ["r0rp.5)indpds ~ [ [ ["Bp.n, )dpinds
0 70 70 o Jo Jo
T S P - s s
= [ [ ["op.5)ndpds ~ [ [ ["Bpn.s)indpds
o Jo Jo o Jo J,
- _///12(777P73)d?7d,0d3.
0 0 JO

Then since the third term is real, it is cancelled by the last term, and (5.16) is established. m

Lemma 5.3 With Ps given by (5.12) the following holds:

Dy = /0 "(Py(s), M Py (s))ds — /0 "(BE(s), R(s))pds = 0.
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Proof: Substituting (5.12) and (5.15) gives:

Dy = /OT(T(S)JSg,MPl(S))Hds + /OT /OS(T(S — n)BE(n), MPy(s))xdnds
_ /OT(T(T—S)BF Rynds — / / 0 — $)BE(s), MPy(n))ndnds
= (P3,R(0) — T*(1)R)n — (I — T(7)| Ps, R)n + /OT /OS(T(S — n)BE(n), MPy(s))ndnds
/ / — 5)BF(s), MPi(n))ndsdn = 0.

Finally, (5.2) is established as follows.

Theorem 5.1 The unique optimal control F* € Ly([0, 7], F) which minimizes (5.1) subject to
(2.9) is given by (5.2).

Proof: According to Theorem 2.2, with € € B(L2([0, 7], F), L2([0, 7], H)) defined by:
EF)(t) = ST — S(r / S(r — $)BF(s ds+/ S(t — s)BF(s)ds
J(F) can be written in the form:
J(F) = /0 " {(EF, MEF )y + 0(F, F)} dt + 2 /0 "R{(Py, MEF ) )dt + /0 (P, M Py )t

= X(FF)+Y(F)+Z
where X is a continuous, coercive sequilinear form:
|U|” < et|U|* < X(U,U) VU € Ly([0, 7], L2(92)),

(X (U, V)| < el U][IV]] VU,V € Ly([0, 7], L2(2)),

which is strictly convex:
X(A=nU+nV,(L=n)U +nV) =
(1 =n)XUU) +nX(V,V) =01l - XU -V, U -V)
< (1—-mX(UU)+nX(V,V) Vn e (0,1) YU #V € Lo([0, 7], L2(S2))
and Y is a continuous linear form:
Y (U)| < esl|U] VU € L([0,7], L2(€2)).
Therefore, if {F™}5°, is a minimizing sequence:

Jim_ J(F") = FeLzl(I[lof,ﬂ,f) J(F)

then it must be bounded according to:

cLl|FM P = esl|F™|| + Z < J(F™).
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Hence, this sequence (or a certain subsequence) can be assumed to converge weakly to some
F* € Ly([0,7],F). Then since J(F) is strictly convex, it is weakly lower semicontinuous [2]
and:
inf J(F)= lim J(F") > J(F*) > inf J(F).
FeLx([0,7],5F) n—oo FeLx([0,7],F)

Therefore, existence is established. Next, suppose that U # V and:

JWU) = inf J(F)=J(V).
( ) FELQI(I[lo,T],]:) ( ) ( )
Then by the strict convexity of J(F):
inf  J(F)<JEU+3V)<iJU)+3J(V)=  inf  J(F)

FeLy([0,7],F) FeLy([0,7],F)

and the contradiction gives uniqueness. For (5.2), it will be shown that:

J(F —07'B*(QP; + R)) = J(—0'B*(QP; + R)) + H/THFIPdt
0 (5.18)

VE € Ly([0,7], L2(Q)).

According to Lemma 5.1, if F in (2.9) is replaced by F —0~!B*QP;, then Pj is given by (5.12).
So, combining (5.16) and (5.17) gives:

0 = Di+2R{Dy}

_ /0 "(Py(s), [M + 0-'QBB*Q| Py(s))nds — 2 /0 "R{(Py(s), QBE(s))}ds
+2 [ RUPs(s), MPL(5)e} =2 [ RABF(3), Bls)e)
0 0
-/ "([Ps(s) + Pi(s)], MPy(s) + Po(s)])rds — / "(Py(s), MPy (5))eds

+ [ 0107 B QPy(s), 107 B QPy(s)) s

0
49 / "R{(—0-1B*QPy(s), 0F (s))}ds + 2 / "R{(BF(s),—0-B*R(s))}ds.
0 0
Further, with F = F — §~'B*R:
0 = /0 "([Pu(s) + Py()], MPy(s) + Py(s)] Jseds — /0 "(Pu(s), MPy(s))ds
+ [P =071 B (QPy () + R I = 071 B*(QPy(s) + R&))) = [ (0 (5), F(s)ds

+ /0 (61— B*R(s)), [-6~"B*R(s)))ds.
Hence:

J(F(s) — 0-LB*(QPs(s) + R(s))) = /O "(Pu(s), MPy(s))peds + /0 "(0F(s), F(s))ds
_ /0 "(R(s), 0~ BB* R(s) )sds
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and (5.18) follows. Finally, according to (5.18):
J(F(s) = 07'B*(QPs(s) + R(s))) = J(~07'B*(QPs(s) + R(s))) VE € Ly([0, 7], 7).

Therefore, the unique optimal control is F'* = —0~1B*(QPs(s) + R(s)). ]
Finally, that the optimal control (5.2) is actually sinusoidal is established as follows.

Lemma 5.4 There exists an F* € H such that the optimal control given in (5.2) is actually
F* = Freiwt

Proof: As in the proof of Proposition 5.2, it can be shown that iw € p[A—60~1BB*Q)]. So define:

Py =liw—(A—07'BB*Q) "0~ 'BB*R

and note that P; = Pse™! satisfies (5.5). Furthermore, according to Lemma 5.1, this is the
unique solution to (5.5). Therefore, with:

F*=_—0"'B*QP; — 0" 'B*R

the result follows. ]
Now, a brief discussion is offered in support of the claim that the control strategy seen in

(5.6) is actually globally, as opposed to only asymptotically optimal. For a rigorous treatment,

see [3] and [4]. It turns out that F* = —0~'B*(QP, + R) actually minimizes the functional:

J(F)= lim Ju(F),  Ju(F)= 0”{([131+P2],M[P1+P21>H+9<F,F>}dt.

t*—o0
subject to (2.3). First note that with ¢, — oo, Jy, (F') can be shown to be minimized by:
Fo(t) = —071B*[Qn(t)Pa(t) + R, ()] (5.19)

where:

Quls) = T )QuOTalt,) + [ T,V + 07 Qun) BB Qun)ITa(n, )
’ 0<s<t<t,

Qn(tn) = 0
t (5.20)
{ R.(s) = T;{(t,s)Rn(tH/sT;:(n,s)MPl(n)dn O<s<t<tn (5.21)
Ru(t,) = 0

and T}, (t, s) is the evolution operator corresponding to the perturbation of A by —0~'BB*Q,(t).
In other words, T,,(t, s)Us solves:

U't) = [A-60"1BB*Q,()]U(t) s<t<t,
U(s) = Us.

(See [7] for additional details.) Then using (5.20), it can be shown that Q,(t) — @ which
satisfies (5.9), and by formal differentiation, this operator satisfies (5.8). Also, the convergence
T,(t,s) — T(t — s) is obtained. Next, it can be shown that:

R,(s) — R(s) = / T*(n — s)M Pye™"dn.
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By changing variables appropriately, it can be shown that R(s+ 7) = R(s) and in fact, R(s) =
Re™* where R = R(0). Then (5.15) is obtained with (5.21). Also, some formal calculations
lead to (5.14) as follows:

o+ (A" ~07QBBNR = [(4° ~07QBBY) +iw] [ T (n)MPretndy

- /OmDn[T*(n)Mﬁle“"}dn = —MPy.

Finally, the convergence Fy — F™* is obtained, but it remains to show that F™* actually minimizes
J. For the details, see [3] and [4].
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