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1 Introduction.

The Chimera scheme is a domain decomposition method-
ology developed for the solution of systems of partial differ-
ential equations [1]. In particular, the scheme has been used
extensively to numerically solve the conservation laws of fluid
dynamics [2], [3], [4]. The advantages of domain decomposi-
tion methods include the following. First, a very large com-
putational problem is partitioned into a set of smaller prob-
lems in such a way that none of the smaller problems exhausts
available computer memory. Also, the partitioning provides a
natural coarse grain structure for parallel computing. Finally,
mesh generation is easier since the field around a complex ge-
ometry is divided into simply shaped regions. Unlike other
approaches [5], the Chimera method simplifies mesh genera-
tion greatly since it permits decompositions with overlapping
subdomains.

A domain decomposition method is defined not only by the
geometric criteria by which the global domain is partitioned,
but also by the manner of information transfer among sub-
domains. Specifically, in place of the global boundary value
problem, separate boundary value problems must be posed on
each subdomain. On a given subdomain, values imposed on
a new or artificial boundary are obtained from a contiguous
or overlapping subdomain. In this way the separate bound-
ary value problems are coupled. A numerical solution to the
coupled system is usually obtained iteratively by applying the
Schwarz Alternating Procedure [6]. The important point to em-
phasize is that the success of a domain decomposition method
depends heavily on the way values are transferred to artificial
boundaries.

For example, Benek et al., applied the Chimera approach to
solving the Euler equations numerically for the transonic flow
over an airfoil [2]. They obtained flow fields that differed sig-
nificantly, depending upon whether a single domain or multiple
overlapping subdomains were used. It was later realized that
anomalies in the Chimera flow field were related to a drop in the
order of dissipation near artificial boundaries. Rai speculated

∗Engineering Specialist.
†Analysis Engineer.
‡Director, Integrated Testing and Evaluation Operations.

This paper is declared a work of the U. S. Government and is not

subject to copyright protection in the United States.

that the discrepancy resulted from the non-conservative nature
of the interpolation scheme used to compute artificial boundary
data [7]. He developed an alternate interpolation method for
the fluxes at the boundaries of contiguous disjoint subdomains.
Subsequently, several authors extended this approach [8], [9] or
developed alternate approaches [10], [11], [12] for non-disjoint
subdomains. None of these approaches has been completely
successful in avoiding errors introduced by the transfer of val-
ues at artificial boundaries. Also, in the absence of a clearly
articulated mathematical framework, the controversy and spec-
ulation about the nature of these errors continues.

The primary purpose of this paper is to introduce a new
mathematical framework within which Chimera schemes can
be properly analyzed. Previous analyses have fallen short of
this goal because single domain concepts and perspectives have
been imposed upon an inherently more general class of prob-
lems. In particular, distinctions are made here between the sys-
tem of partial differential equations posed for a single domain
and the system posed for multiple overlapping domains. As a
result, the boundary operator required for the proper transfer
of values at artificial boundaries is identified. Then, an appro-
priate numerical approximation to this operator is proposed. In
this framework, it becomes clear that discrete conservation in
a piecewise sense can be sufficient for Chimera approximations
to converge properly with respect to mesh refinement.

The secondary purpose of this paper is to clarify the nature
of the numerical errors observed with the Chimera scheme. On
the one hand, a poor approximation to the boundary opera-
tor, mentioned above, corrupts the solution in a way that is
necessarily linked with the domain decomposition technique.
On the other hand, certain numerical phenomena have been
mistakenly attributed to some non-conservative aspect of the
Chimera scheme. Such phenomena are readily identified if they
can be shown to be as much an issue in a single domain context
as they are in the context of multiple overlapping subdomains.

2 Generalized Solutions.

The purpose of this section is to clarify what is meant by
a solution to a system of partial differential equations both in
a single domain context and in the context of multiple over-
lapping subdomains. Particular focus is placed on systems of
conservations laws of interest in fluid dynamics.
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Because of the nonlinear nature of the Euler and compress-
ible Navier-Stokes equations, smooth solutions are generally
limited to small time strips near smooth initial data. For
larger values of time, the solutions tend to form discontinuities.
Thus, the notion of solution must be generalized to a distribu-
tional setting. These non-classical solutions are, in general, not
unique. On the other hand, Lax and Wendroff have shown that,
for scalar conservation laws, uniqueness can be established in
a restricted class of entropy-satisfying distributional solutions
[13]. Related results have been obtained for more complex but
incomplete models of fluid flow [14], [15], [16]. However, there
is evidence that even entropy-satisfying solutions of the Euler
equations are not unique [17]. Unfortunately, the proper set-
ting to establish well-posedness for systems such as the Euler
equations or the compressible Navier-Stokes equations remains
elusive. Therefore, new definitions are given below to accom-
modate the most general cases.

2.1 Single Domain.

Systems of conservation laws of interest in fluid dynamics
can be written in a classical differential form as,



















∂tQ = −∇ · F (Q), Ω × [0, T ]

Q = QB , ∂Ω × [0, T ]

Q = Q0, Ω × {0}.

(1)

Here, Ω is a bounded domain in RN with a well-behaved
boundary, ∂Ω, and ∇ = (∂x1 , . . . , ∂xN

). The vector of con-
served quantities is denoted by Q. Also, F is a collection of
flux vectors, (F 1, . . . , F N ), which are assumed to be smooth,
nonlinear functions of Q. The initial values of Q are denoted
by Q0 and the boundary values on ∂Ω by QB . The boundary
values, QB , are only relevant when the local characteristics al-
low information on the boundary to propagate into the interior
of the domain.

Because the solutions of interest possess discontinuities, an
integral form of the conservation laws will be considered in
place of the differential form. The integral form is derived by
integrating Eq. (1) over a cylindrical space-time region, C =
D × [t1, t2], and applying the divergence theorem to obtain,

∫

D

[Q(t2) − Q(t1)] +

∫

∂D×[t1,t2]

F (Q) · n̂ = 0.(2)

Here, D is any domain in Ω with well-behaved boundary, ∂D,
and n̂ is a unit normal vector which is outwardly directed with
respect to D. Also, [t1, t2] is any interval in [0, T ]. Even though
differentiability is not imposed on Q in this equation, more
subtle properties are implicitly imposed on Q by the integral
form. For example, since Q can be discontinuous across the
boundary of the space-time region, C, its boundary values are
ambiguous in the above integration. A natural approach to
resolving this ambiguity is to understand Q over ∂C as a kind of
one-sided limit from inside C. This limit can be made rigorous
to give what is known as the trace of Q on ∂C with respect
to C. (For details, see, e.g., Ref. [18].) The existence of trace
values requires that Q be sufficiently well-behaved near ∂C. A
natural class of functions having these properties is the space
of functions with bounded variation in Ω× [0, T ]. The notion of
trace values will become especially important in the discussion
of multiple overlapping subdomains.

A generalization of the classical solution can now be defined
as follows. A function Q with bounded variation in Ω× [0, T ] is
said to be a weak solution to Eq. (1) if for every domain D ⊂ Ω
with a well-behaved boundary, ∂D, and for every [t1, t2] ⊂
[0, T ],

∫

D

[T Q(t2) − T Q(t1)] +

∫

∂D×[t1,t2]

F (T Q) · n̂ = 0(3)

where T Q denotes the trace of Q with respect to D×[t1, t2]. As
a consequence of the smoothness of F , F (T Q) = T F (Q). If
the boundary of D× [t1, t2] partially coincides with the bound-
ary of the global domain, then in accordance with Eq. (1), the
following are used in place of T Q in Eq. (3),

T Q =

{

QB , ∂Ω × [0, T ]
Q0, Ω × {0}.

(4)

It can be shown that a distributional solution with bounded
variation is a weak solution in the above sense and vice versa
[19], [20].

2.2 Multiple Overlapping Domains.

Now let the system of conservation laws be posed as fol-
lows in a differential form on multiple overlapping subdomains,
{Ω(i)}I

i=1, such that Ω = ∪I
i=1Ω

(i),


















































∂tQ
(i) = −∇ · F (Q(i)), Ω(i) × [0, T ]

Q(i) = Q(j), γ
j
i × [0, T ]

Q(i) = QB , [∂Ω(i) ∩ ∂Ω] × [0, T ]

Q(i) = Q0, Ω(i) × {0}

i = 1, . . . , I.

(5)

Here, γ
j
i is the subset of ∂Ω(i) ∩ Ω(j) where boundary values

are supplied from Ω(j). For a given point in ∂Ω(i), there may
be many choices for the index, j. Thus, γ

j
i need not coincide

with ∂Ω(i) ∩ Ω(j). It should be emphasized that the coupling
among subdomains through the selection of the sets, {γj

i }, is
an ingredient of the problem statement in Eq. (5). Again, the
values imposed on these artificial boundaries are only relevant
when the characteristics allow information to propagate into
the interior of the subdomain. The authors are unaware of any
general studies of the existence of solutions to Eq. (5).

A generalized notion of solution which admits discontinuities
will now be developed for the above coupled system of equa-
tions. For fixed i and given Q(j), a function Q(i) with bounded
variation in Ω(i) × [0, T ] is a weak solution to the ith portion
of the system in Eq. (5) if for every regular domain D ⊂ Ω(i)

and every interval [t1, t2] ⊂ [0, T ],
∫

D

[T Q
(i)(t2) − T Q

(i)(t1)] +

∫

∂D×[t1,t2]

F (T Q
(i)) · n̂ = 0(6)

where T Q(i) denotes the trace of Q(i) with respect to D ×
[t1, t2]. If the boundary of D × [t1, t2] partially coincides with
artificial or global domain boundaries, then in accordance with
Eq. (5), the following are used in place of T Q(i) in Eq. (6),

T Q
(i) =







T Q(j), γ
j
i × [0, T ]

QB , [∂Ω(i) ∩ ∂Ω] × [0, T ]

Q0, Ω(i) × {0}.

(7)
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Because weak solutions of Eq. (1) may not be unique, Q(i) can-
not be expected to be equal to Q(j) in regions where Ω(i) and
Ω(j) overlap. Thus, the collection of functions, {Q(i)}I

i=1, will
be called a multi-valued weak solution to the complete coupled
system in Eq. (5).

As a result of the substitution in Eq. (7), the generalized
boundary condition for Q(i) in terms of Q(j) is that,

TiQ
(i) = TiQ

(j), γ
j
i × [0, T ](8)

where Ti denotes the trace operator with respect to Ω(i) ×
[0, T ]. It is important to emphasize that the trace operator
is directional and, in general, the trace values of Q(j) from
opposite sides of γ

j
i are not equal. The boundary condition

for Q(i) is written in terms of trace values of Q(j) from only
one side of γ

j
i and not some average of trace values from both

sides. The important consequences of this formulation will be
seen below.

A weak solution, Q, to Eq. (1) also solves Eq. (5) in a weak
sense with Q(i) = Q, i = 1, . . . , I . On the other hand, care
must be taken to construct a single-valued weak solution to
Eq. (1) from a multi-valued weak solution to Eq. (5). This
point is illustrated in the following example.

Let I = 3 so that Ω = Ω(1) ∪ Ω(2) ∪ Ω(3) as shown in Fig.
1. As explained earlier, there are many ways to establish the

Ω1

γ1
2

Ω2

γ2
1

Ω3

γ1
3

γ3
1 = γ3

2

Figure 1: Overlapping subdomains.

connectivity among subdomains through the specification of
the artificial boundaries, {γj

i }. Here, suppose the Q(1) bound-
ary values are given by T1Q

(2) and T1Q
(3) along γ2

1 and γ3
1 ,

respectively. Also, let the Q(2) boundary values be specified
by T2Q

(1) and T2Q
(3) along γ1

2 and γ3
2 , respectively. Finally,

assume the Q(3) boundary values are given by T3Q
(1) along

γ1
3 . Then, as illustrated in Fig. 2, a global solution, Q, can be

constructed as follows,

Q =







Q(1), Ω(1)

Q(2), Ω(2) − Ω(1)

Q(3), Ω(3) − Ω(2) − Ω(1).

(9)

This Q is found to be a weak solution to Eq. (1) as follows. Let
D be an arbitrary regular domain in Ω and [t1, t2] an arbitrary
interval in [0, T ]. Clearly, if D does not overlap ∂Ω(i) for any
i, then Eq. (3) follows from Eqs. (6) and (9). On the other
hand, suppose that D overlaps a boundary as shown in Fig. 2.
Then Eq. (3) is established by dividing D into a left portion,
Dl = D ∩ Ω(1), and a right portion, Dr = D ∩ Ω(2). Take n̂l

Ω1

trace direction
-

6

Ω2

Ω3

D

Figure 2: Single-valued solution.

and n̂r to represent unit normal vectors which are outwardly
directed with respect to Dl and Dr, respectively. Let the subset
of γ2

1 separating Dl and Dr be designated as γ. Also, let the
trace operators for Dl × [t1, t2] and Dr × [t1, t2] be denoted by
Tl and Tr, respectively. Then

∫

D

[T Q(t2) − T Q(t1)] +

∫

∂D×[t1,t2]

F (T Q) · n̂

=

∫

Dl

[TlQ
(1)(t2)−TlQ

(1)(t1)] +

∫

∂Dl×[t1,t2]

F (TlQ
(1)) · n̂l

+

∫

Dr

[TrQ
(2)(t2)−TrQ

(2)(t1)] +

∫

∂Dr×[t1,t2]

F (TrQ
(2)) · n̂r

−

∫

γ×[t1,t2]

F (TlQ
(1)) · n̂l −

∫

γ×[t1,t2]

F (TrQ
(2)) · n̂r

= −

∫

γ×[t1,t2]

F (TlQ
(2)) · n̂l −

∫

γ×[t1,t2]

F (TrQ
(2)) · n̂r.

Observe that integrations along γ are added in the second and
third lines and later subtracted in the fourth. Then, Eq. (6)
is used to eliminate terms on the second and third lines. Also,
note the use of the fact that TlQ

(1) = TlQ
(2) on γ. This follows

since, according to Eq. (8), T1Q
(1) = T1Q

(2) on γ2
1 . (The

importance of this boundary condition formulation can now be
seen as advertised following Eq. (8).) Finally, the right side
above is seen to be zero as follows. If the above calculation is
performed starting with Q(2) instead of Q, the first line is zero
according to Eq. (6). Also, the same bottom line is reached with
the repeated use of Eq. (6). Thus, Eq. (3) is obtained. A similar
calculation can be performed with respect to γ3

1 . Therefore, Q

is a weak solution to Eq. (1).

Note that it is possible to construct other single-valued func-
tions from Q(1), Q(2), and Q(3), which are not global weak
solutions. Furthermore, it is possible to specify the sets {γj

i }
so that no manipulations of a multi-valued weak solution can
be performed to create a global weak solution. Nevertheless, a
specification of connectivities, {γj

i }, can always be found which
permits the construction of a global solution. Specifically, this
fact is demonstrated by following the pattern of the above ex-
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ample. Suppose the sets, {γj
i }, are prescribed to satisfy,

∂

[

j−1
⋃

k=1

Ω(k)

]

∩ ∂Ω(i) ∩ Ω(j) ⊂ γ
j
i , 1 ≤ i < j ≤ I.

Then the following is a global solution,

Q = Q
(i) in Ω(i) −

i−1
⋃

j=1

Ω(j)
, i = 1, . . . , I.

3 Numerical Approximations.

The purpose of this section is to formulate general discretiza-
tions of the systems of the previous section and to clarify
numerical issues surrounding the discrete formulations. Par-
ticular focus is placed on discrete conservation in a two-fold
manner. First, it is recognized that the trace operator is the
boundary operator to approximate for the proper transfer of
values at artificial boundaries. An appropriate numerical ap-
proximation to this operator is proposed as an alternative to
error-prone data transfer schemes used previously. Second, it is
explained that certain numerical phenomena have been mistak-
enly attributed to some non-conservative aspect of the Chimera
scheme. Such phenomena are readily identified if they can be
shown to be as much an issue in a single domain context as
they are in the context of multiple overlapping subdomains.

3.1 Single Domain.

Using the finite volume technique, the following discrete form
of Eq. (1) is obtained,















































































Vj[q
n+1
j − q

n
j ] = −∆t

∑

|k|=1

f
n+ 1

2

j+ 1
2
k
· n̂j+ 1

2
k,

Dj ∈ Ω, t
n+1 ∈ [0, T ]

f
n+ 1

2

j+ 1
2
k

= F (QB(xj+ 1
2
k, t

n+ 1
2 )),

xj+ 1
2
k ∈ ∂Ω, t

n+ 1
2 ∈ [0, T ]

q0
j = Q0(xj, 0),

xj ∈ Ω, t = 0.

(10)

Here, j and k are multi-indices. Specifically, j = (j1, . . . , jN )
and k = (k1, . . . , kN ) for integers {ji}

N
i=1 and {ki}

N
i=1. Also, |k|

is defined as
∑N

i=1
|ki|. Thus, the condition, |k| = 1, constrains

the components of k to be ±1. For example, k = (−1, 0, . . . , 0)
satisfies |k| = 1 and j + 1

2
k = (j1 − 1

2
, j2, . . . , jN ). The cell,

Dj has volume, Vj, and faces with outward pointing normal
vectors, n̂j+ 1

2
k, |k| = 1. These normal vectors have magnitudes

equal to the areas of the respective faces. The center of the
cell, Dj, is located at xj and the centers of the cell faces at
xj+ 1

2
k, |k| = 1. Finally, tn is the time at the nth time level,

tn+ 1
2 = 1

2
(tn + tn+1), and ∆t = tn+1 − tn.

The dependent variables, qn
j , approximate the average of Q

over Dj at time tn. The numerical flux, f
n+ 1

2

j+ 1
2
k
, approximates

the average of F (Q) over the time interval [tn, tn+1] and over

the face of Dj at xj+ 1
2
k. For this approximation, f

n+ 1
2

j+ 1
2
k

may

depend upon several values of q in a neighborhood of xj+ 1
2
k.

Thus, the condition involving QB in Eq. (10) may involve inte-
rior q values in addition to QB values on the boundary. Specific
numerical models are distinguished by the choice of numerical
flux function. Also, Eq. (10) does not represent the most gen-
eral method of temporal differencing.

For systems of conservation laws, there are presently no gen-
eral theorems that guarantee the convergence of discretizations
with respect to space-time mesh refinement. Existing conver-
gence theorems for scalar conservation laws require conditions
such as consistency, stability, total variation stability, mono-
tonicity, etc. (See, e.g., Refs. [16], [19], and [20].) In addition,
entropy conditions are imposed to achieve convergence to a
physically appropriate solution. A condition often rigidly im-
posed in these theorems is that the numerical scheme have none
other than the structure shown in Eq. (10) so that a kind of
discrete conservation results. Specifically, if the terms in Eq.
(10) are summed over cells, Dj, in a region, D ⊂ Ω, fluxes for
opposite sides of interior cells cancel in a telescoping fashion
and only the fluxes on ∂D remain,

∑

Dj∈D

Vjq
n+1
j =

∑

Dj∈D

Vjq
n
j − ∆t

∑

xj+ 1
2
k∈∂D

f
n+ 1

2

j+ 1
2
k
· n̂j+ 1

2
k.(11)

This form of discrete conservation is not a necessary condition
for convergence to a weak solution of Eq. (1) [9]. Instead, a
properly convergent scheme need only satisfy Eq. (11) approx-
imately, provided the discrepancy vanishes with mesh refine-
ment. Otherwise, q can converge to a solution of a conservation
law with a fictitious source term [21]. In the next subsection, a
particular departure from the discrete conservation property is
explored to give a natural numerical dimension to the frame-
work initiated in Subsection (2.2).

3.2 Multiple Overlapping Domains.

Using the Chimera technique, the following discrete form of
Eq. (5) is obtained,



































































































































Vj[q
(i),n+1

j
− q

(i),n

j
] = −∆t

∑

|k|=1

f
(i),n+ 1

2

j+ 1
2
k

· n̂j+ 1
2
k,

Dj ∈ Ω(i)
, t

n+1 ∈ [0, T ]

q
(i),n+ 1

2

j
=

(

τiq
(j)

)n+ 1
2

j
,

∂Dj ∩ γ
j
i 6= ∅, t

n+ 1
2 ∈ [0, T ]

f
(i),n+ 1

2

j+ 1
2
k

= F (QB(xj+ 1
2
k, t

n+ 1
2 )),

xj+ 1
2
k ∈ [∂Ω(i) ∩ ∂Ω], t

n+ 1
2 ∈ [0, T ]

q
(i),0

j
= Q0(xj, 0),

xj ∈ Ω(i)
, t = 0

i = 1, . . . , I.

(12)
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Here, τi is a data transfer operator, usually involving some

form of interpolation. Since f
(i),n+ 1

2

j+ 1
2
k

may depend upon several

values of q(i) in a neighborhood of xj+ 1
2
k, q(j) values may be

transferred to q(i) throughout a fringe region, F(i), in Ω(i) near
γ

j
i instead of just at γ

j
i . As a result, numerical fluxes can be

evaluated near artificial boundaries in the same way as in the
interior. Note that a discrete conservation property holds on
each subdomain, i.e., for all D ⊂ [Ω(i) − F(i)],

∑

Dj∈D

Vjq
(i),n+1

j
=

∑

Dj∈D

Vjq
(i),n

j
−∆t

∑

xj+ 1
2
k∈∂D

f
(i),n+ 1

2

j+ 1
2
k

·n̂j+ 1
2
k.(13)

In this sense, the scheme is said to be piecewise conservative.
The system shown in Eq. (12) is solved iteratively by using

the Schwarz Alternating Procedure [6]. Specifically, for a given
time step, and a given subdomain, the discrete equations are
solved using fixed values from other subdomains. This step is
performed for all subdomains. A subiteration can be used to
enhance the quality of values for the current time step. Finally,
the process is repeated for a sequence of time steps until time
T is reached.

A comparison of Eqs. (5) and (8) with Eq. (12) indicates
that τi should be designed so that τiq

(j) approximates TiQ
(j)

on γ
j
i × [0, T ]. Also, comparing Eqs. (6) and (7) with Eq. (13)

shows that f
(i),n+ 1

2

j+ 1
2
k

should approximate F (TiQ
(j)) on artificial

boundaries. However, this follows from the consistency and
continuity of the numerical flux function if τiq

(j) converges to
TiQ

(j). As discussed following Eq. (8), τiq
(j) should not involve

an average of q(j) values from opposite sides of a shock situated
at ∂Ω(i). The proposed choice is for τiq

(j) to be constructed
using an essentially non-oscillatory (ENO) interpolation [22] of
q(j) values. Specifically, in the presence of a discontinuity at
the boundary, the ENO interpolant is formed from values on
only one side of the jump; otherwise, the ENO interpolant is
formed in a standard way for a smooth function.

A detailed proof of convergence for the Chimera scheme will
not be given here. Nevertheless, a Lax-Wendroff type conver-
gence argument can be outlined as follows. First, let P (i) be
some kind of projection operator onto the functions that are
constant on each element Dj ∈ Ω(i). Then assume that artifi-
cial boundary conditions are set according to:

q
(i)|∂Ω(i) = P

(i)
q

(j)|∂Ω(i) .(14)

Now for some norm, ‖ · ‖Ω, which measures functions on Ω,
assume that for all j,

‖Q(i) − P
(j)

q
(i)‖Ω(i)∩Ω(j) −→ 0 as h → 0(15)

where h is a standard measure of spatial discretization. In
other words, q(i) converges to Q(i) not only on the Ω(i) mesh
but on all other overlapping meshes too. Next, let ‖ · ‖∂Ω be a
norm for functions on ∂Ω for which a standard trace estimate
holds [18]:

‖TiQ‖∂Ω(i) ≤ K‖Q‖Ω(i) .(16)

It must now be shown that {Q(i)} satisfy their respective inte-
gral equations, and that

TiQ
(i)|∂Ω(i)∩Ω(j) = TiQ

(j)|∂Ω(i)∩Ω(j) .(17)

Here it is assumed that the norm, ‖·‖Ω, is sufficient so that Eq.
(15) can be used to show, in a standard way, that the {Q(i)}

satisfy their respective integral equations. On the other hand,
to establish Eq. (17), the difference between the two sides is
estimated on γ = ∂Ω(i) ∩Ω(j) as follows. First, by the triangle
inequality and Eq. (14),

‖TiQ
i − TiQ

j‖γ ≤ ‖TiQ
i − P

(i)
q

(i)‖γ + ‖P (i)
q

(j) − TiQ
j‖γ

= ‖Ti[Q
i − P

(i)
q

(i)]‖γ + ‖Ti[P
(i)

q
(j) − Q

j ]‖γ .

Here, the last equality follows since a piecewise constant func-
tion on ω = Ω(i) ∩Ω(j) is equal to its trace value on γ. Finally,
according to Eq. (15), the last two terms can be estimated as
follows:

‖TiQ
i− TiQ

j‖γ ≤K‖Q(i)− P
(i)

q
(i)‖ω+K‖P (i)

q
(j)− Q

(j)‖ω

−→ 0 as h → 0.

Thus, Eq. (17) follows. As a result, {Q(i)} provide a multi-
valued weak solution on Ω. Provided the connectivities {γj

i }
are appropriately specified, the multi-valued solution {Q(i)}
can be used to construct a global weak solution Q on Ω.

The secondary purpose of this paper can now be addressed.
The fact that the Chimera scheme does not satisfy a global dis-
crete conservation property has been labeled as the source of
anomalies observed in computational experiments. Specifically,
it has been claimed that the Chimera scheme fails to capture
shocks properly on multiple mesh systems [11], [12], [23]. How-
ever, proper experimental technique is often lacking in such
tests. Several sources of numerical error are brought together
simultaneously without isolating their respective contributions
to observed results.

For example, when a wave propagates from one mesh to an-
other with different resolution, spurious waves can emerge at
the interface. This observation is not linked in an essential
way to data transfer errors at artificial boundaries. Indeed,
the same phenomenon can be demonstrated on a single do-
main with a sudden change in the distribution of mesh points.
In [5], Thompson et al., show that sudden variations in mesh
point distributions affect the accuracy of numerical approxima-
tions. In [24], Trefethen shows that at mesh spacing disconti-
nuities, numerical errors emerge and do not vanish with mesh
refinement. Also, see the review paper by Vichnevetsky [25].

The emergence of spurious waves at artificial boundaries can
also be related to the choice of numerical flux approximation.
Unfortunately, this phenomenon too has been mistakenly as-
sociated with a failure of the Chimera scheme to satisfy the
discrete conservation property. Specifically, in [26], Roberts
reports on oscillations generated by flux-difference splitting
schemes when applied to systems of nonlinear, hyperbolic equa-
tions. He identifies the source of the numerical errors to be the
excitation of nonphysical intermediate states between opposite
sides of a slowly moving shock. Such intermediate states can
be introduced in the Chimera scheme with a poor interpola-
tion method. These errors can be avoided with a good approx-
imation to the trace operator, without enforcing the discrete
conservation property across artificial boundaries.

In addition, when a wave crosses an artificial boundary, an
explicit data transfer operation can cause the emergence of
the wave on the recipient subdomain to lag behind the prop-
agation on the donor subdomain. For steady-state problems,
the effect may be unimportant. However, if the steady state
contains a standing wave within an overlap region, the global
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convergence of the flow field can deteriorate significantly. To
avoid such temporal synchronization issues for steady state and
time-accurate flow fields, the ENO interpolation should be per-
formed in space-time.

Finally, as mentioned in the Introduction, anomalies re-
lated to insufficient dissipation near artificial boundaries have
been mistakenly attributed to the non-conservative nature of
a Chimera data transfer scheme. Specifically, such problems
were reported in [2] where the numerical dissipation was re-
duced from fourth order to second order at field points too
close to artificial boundaries to permit the larger stencil. It is
now recognized that a poor interpolation of the conserved vari-
ables near a shock can introduce nonphysical states that excite
modes along characteristics emerging from the shock. Without
sufficient dissipation, the emerging waves can corrupt the flow
field. Using the fringe region approach discussed above allows
a consistent use of fourth order dissipation at every field point.
In this way, agreement has been achieved between a flow field
computed on a single domain and one computed on multiple
overlapping subdomains [27]. It remains to apply the proposed
ENO transfer operator to such a problem. Note that anomalies
associated with switches in the difference scheme are not linked
in a necessary way to domain decomposition. Such problems
can be realized and treated on a single domain too.

All the above sources of error have been present simul-
taneously in well-known computational tests of the Chimera
scheme. Clearly, to understand the nature of reported anoma-
lies, it will be necessary to perform investigations designed to
isolate the sources of error. Such investigations have been suc-
cessfully initiated in Ref. [28].

4 Conclusion.

A new framework was developed here which now permits the
proper analysis of Chimera schemes. Distinctions were made
between the system of partial differential equations posed for
a single domain and the system posed for multiple overlapping
domains. As a result, a trace operator was identified as the
boundary operator required for the proper transfer of values at
artificial boundaries. Also, an ENO interpolation operator was
proposed as a numerical approximation to the trace operator.
It remains to develop a complete convergence theory built upon
the established framework. Nevertheless, the fact that Chimera
schemes do not generally satisfy the discrete conservation prop-
erty is not seen as an obstacle to the needed convergence theory.
In addition, this paper emphasizes the importance of clarify-
ing the nature of numerical errors observed with the Chimera
scheme. One class of errors is associated with a poor approx-
imation to the trace operator. Such problems are linked in a
necessary way to the domain decomposition technique. Other
errors may be mistakenly attributed to some non-conservative
aspect of the Chimera scheme. These phenomena are readily
identified when they can be shown to be as much an issue in
a single domain context as they are in the context of multiple
overlapping subdomains.
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