UNIONS OF SETS OF LENGTHS

MICHAEL FREEZE AND ALFRED GEROLDINGER

ABSTRACT. Let H be a Krull monoid such that every class contains a prime (this includes the mul-
tiplicative monoids of rings of integers of algebraic number fields). For k£ € N let Vi(H) de-
note the set of all m € N  with the following property: There exist atoms (irreducible elements)
Ulyoooy Uy Vlyenny Uy € H with wy«...-up =01 -...0y. We show that the sets Vi (H) are intervals
for all k € N. This solves Problem 37 in [4].

Dedicated to Professor W. Narkiewicz on the occasion of his seventieth birthday

1. INTRODUCTION

The theory of non-unique factorizations has its origin in the theory of algebraic numbers, and it was
W. Narkiewicz, starting in the 1960s, who did pioneering work. The main objective of factorization
theory is to describe and classify the various phenomena of non-unique factorizations in (non-factorial)
domains and monoids by arithmetical invariants. The reader may want to consult recent survey articles
[11, 15, 18] or the monographs [17, Chapter 9], [12].

Let H be a monoid. If an element a € H has a factorization of the form a = wuy - ... - ug, where
k € N and uy,...,ur € H are atoms, then k is called the length of the factorization, and the set L(a)
of all possible lengths is called the set of lengths of a. Sets of lengths (and all invariants derived from
them, as the elasticity or the set of distances) are among the most investigated invariants in factorization
theory. Suppose that H is v-noetherian. Then all sets of lengths are finite, and it is easy to observe
that either all sets of lengths are singletons or that for every N € N there is an element a € H such that
|L(a)| > N. The Structure Theorem for Sets of Lengths states that all sets of lengths in a given monoid
are almost arithmetical multiprogressions with universal bounds for all parameters (roughly speaking,
these are finite unions of arithmetical progressions having the same difference). This Structure Theorem
holds true for a great variety of monoids satisfying suitable finiteness conditions (which, among others,
are satisfied for orders in algebraic number fields, see [12, Section 4.7] for an overview).

Suppose that H is a Krull monoid with finite class group G such that every class contains a prime.
It is easy to see that if |G| > 3 then there are sets of lengths which are not arithmetical progressions.
Moreover, W.A. Schmid recently proved a realization theorem showing that the Structure Theorem is
sharp for Krull monoids with finite class group (see [19]).

In 1990 S.T. Chapman and W.W. Smith ([5]) introduced, for every k € N, the unions Vi(H) of
all sets of lengths containing k (see Definition 3.1), and these unions were further investigated, among
others in [6, 7, 3, 2]. Clearly, unions of sets of lengths should have a simpler structure than sets of lengths
themselves, and in [4, Problem 37] it was asked whether the sets Vi, (H), for Krull monoids H as above,
are all intervals. Theorem 4.2 gives a positive answer to this question. In Section 3 we study unions of
sets of lengths in atomic monoids with finite accepted elasticity. We derive a condition implying that all
unions of sets of lengths are arithmetical progressions and give a formula for their asymptotic behavior.
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2. PRELIMINARIES

Our notation and terminology is consistent with [12]. We briefly gather some key notions. Let N denote
the set of positive integers, and put Ny = NU{0}. For integers a,b € Z we set [a,b] = {z € Z | a < z < b}.
Let A, B C Z be non-empty subsets. Then A+ B={a+b|a € A, b€ B} is their sumset. We denote
by A(A) the set of (successive) distances of A, that is the set of all d € N for which there exists [ € A
such that AN[l,I +d] = {l,1 + d}. Clearly, A(A) C {d} if and only if A is an arithmetical progression
with difference d. The set A is called an interval if it is an arithmetical progression with difference 1.
If ACN, we call
sup A
min A

p(A4) = sup{% ‘ m,n € L} =

the elasticity of A, and we set p({0}) = 1.

By a monoid we mean a commutative cancellative semigroup with unit element which satisfies the
cancellation laws. Let H be a monoid. We denote by A(H) the set of atoms (irreducible elements) of H,
by H* the group of invertible elements and by Hyeq = {aH* | a € H} the associated reduced monoid of
H. We say that H is reduced if H* = {1}. We denote by q(H) a quotient group of H, and for a prime
element p € H let v,: q(H) — Z be the p-adic valuation.

For a set P we denote by F(P) the free (abelian) monoid with basis P. Then every a € F(P) has a
unique representation in the form

S QZl U {OO}

a= H p*@  with v,(a) € Ny and vy(a) =0 for almost all p € P,
pEP
and we call
la| = Z vp(a) the length of a.
peP
The free monoid Z(H) = F(A(Hrea)) is called the factorization monoid of H, and the unique
homomorphism
m: Z(H) = Hyeq satisfying 7(u) =u for all u € A(Hyeq)
is called the factorization homomorphism of H. For a € H, the set
Z(a) =7 "(aH*) C Z(H) isthe set of factorizations of a, and
L(a) ={|z| | z€ Z(a)} C Ny the set of lengths of a.
By definition, we have Z(a) = {1} for all « € H*. The monoid H is atomic if and only if Z(a) # 0

for all a € H, and H is half-factorial if and only if |L(a)|=1 for alla € H.
The system of sets of lengths and the set of distances of H are defined by

L(H)={L(a) | a€ H} and A(H)= ] A(L(a)) CN.
acH
By definition, H is half-factorial if and only if A(H) = (), and |A(H)| =1 if and only if all sets of
lengths are arithmetical progressions with the same difference. Moreover, we have min A(H) = gcd A(H)

(see [12, Proposition 1.4.5]).
For a € H, p(a) = p(L(a)) is called the elasticity of a, and

p(H) = sup{p(a) | a € H} = sup{p(L) | L € L(H)} € R>1 U {oc}
the elasticity of H. We say that H has accepted elasticity if p(H) = p(a) for some a € H.

We recall the definition of the block monoid over an abelian group which was introduced by W.
Narkiewicz in [16]. The block monoid establishes the relationship between arithmetical problems in a
Krull monoid and combinatorial problems on zero-sum sequences over its class group. In modern language
this was the first application of a transfer principle (for more information on transfer principles the reader



UNIONS OF SETS OF LENGTHS 3

is referred to [12, Section 3.2]). It connects the theory of non-unique factorizations with additive group
theory and combinatorial number theory.

Let G be an additive abelian group, Go C G a subset and F(Gg) the free monoid with basis Gj.
According to the tradition of combinatorial number theory, the elements of F(Gy) are called sequences

over Go. If S € F(Gy), then
S=gi-..cq= ][] 9,

g€Go
where v, (S) is the g-adic value of S (also called the multiplicity of g in S), and v,(S) =0 for all
g € Go\{91,---,91}. Then |S| =1 is the length of S, and we set —S = (—g1) ...  (—g1). We call

supp(S) ={¢g1,...,91} the support and o(S) =g1+ ...+ g the sum of S. The monoid
B(Go) = {5 € F(Go) | o(S) = 0} = B(G) N F(Go)

is called the block monoid over Gg. It is a Krull monoid, its elements are called zero-sum sequences
over (g, and its atoms are the minimal zero-sum sequences (that is, zero-sum sequences without a proper
zero-sum subsequence).

For every arithmetical invariant *(H) defined for a monoid H, we write *(Gg) instead of x(B(Gy)).
In particular, we set A(Go) = A(B(Go)), p(Go) = p(B(Gy)) and A(Gy) = A(B(Gp)). We define the
Davenport constant of Gg by

D(Go) = sup{|U| | U € A(Go)} € No U {o0},

which is a central invariant in zero-sum theory (see [9]). If G is finite, then A(Gy) is finite, and hence
D(Gy) < oo. We shall tacitly use that for a non-trivial group G we have p(G) = D(G)/2 (see [12,
Theorem 3.4.11]).

3. THE Vi (H) SETS IN MONOIDS WITH ACCEPTED ELASTICITY

The main result in this section is Theorem 3.7. It provides a sufficient condition which forces unions
of sets of lengths to be arithmetical progressions, and it gives a formula for their asymptotic behavior.
Under much milder finiteness assumptions unions of sets of lengths are almost arithmetical progressions
([8, Theorem 4.2]), and in Example 3.8 we discuss a simple monoid, which fails the condition in 3.7, and
whose Vi (H) sets are not arithmetical progressions.

Definition 3.1. Let H be an atomic monoid and £ € N.
1. Let Vi(H) denote the set of all m € N for which there exist wui,...,u,v1,...,0, € A(H)
with g -...-up = vy - ... - U
2. If H=H*,weset pp(H)=A;(H) =k, and if H # H*, then we define

pr(H) =sup Vi (H) € NU{oc} and N(H)=minVy(H) € [1,k].

The sets Vi (H) were first studied in [5]. The invariants pg(H) were introduced in [14], and, for
Krull monoids with finite class group, the state of knowledge is presented in [12, Section 6.3]. It was
proved only recently that a v-noetherian monoid with pi(H) < oo for all k£ € N is locally tame (see [13,
Corollary 4.3]). Apart from the case of Krull monoids with cyclic class group (see Corollary 4.3), little
is known about the invariants A\;(H), and only in very special cases have the sets Vi (H) been written
down explicitly. In [1, Theorem 2.6] this is done for numerical monoids generated by an arithmetical
progression. In [12, Section 7.3], the systems of sets of lengths £(G) are explicitly determined for some
small groups G, from which it is easy to obtain the Vi (G) sets.

The following lemma gathers some straightforward properties of the Vi(H) sets which will be used
throughout the paper without further mentioning.
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Lemma 3.2. Let H be an atomic monoid with H # H* and k,l € N.
1. Vi(H) ={1}, k € Vi(H) and

Vi(H) = U =

keL,LEL(H)
2. Vi(H)+V,(H) C Vyy(H) and
Nert (H) < M(H) +N(H) <k +1< pp(H) + pi(H) < pr(H)
3. We have 1 € Vi (H) if and only if k€ Vi(H).
Proof. Obvious. O

Lemma 3.3. Let H be an atomic monoid with H # H* and finite accepted elasticity.

1. We have pp(H) < kp(H) for all ke N.
2. We have

p(H) = sup{@ ‘ ke N} = klirn

and there is some N € N such that

_ pen(H)
p(H) = N for all ke N.

Proof. See [12, Proposition 1.4.2]. O

Lemma 3.4. Let H be an atomic monoid with H # H* and finite accepted elasticity. Suppose that
N € N has the property of Lemma 3.3.2.

1. Let j € [0, N — 1] and k € N. Then
0 < prn4;(H) —kNp(H) < (N —1)p(H).
2. Let j € [0,N — 1] and m € N with
P+ (H) = mNp(H) = max{pyn+;(H) — ENp(H) | k € N}.
Then pimtiN+;(H) = pmnij(H) +iNp(H) for all i € Ny.
Proof. 1. By Lemma 3.3.1 we have
o (H) < (BN + )p(H) < kNp(H) + (N = )p(H)
2. If i € Ng, then
Pm+iyN+j(H) = (m +i)Np(H) < pmn+;(H) —mNp(H)
= pmn+j(H) + pin (H) — (m + i) Np(H)
< Pmyiyn+j(H) = (m +i)Np(H). O

Lemma 3.5. Let H be an atomic monoid with H # H* and finite accepted elasticity. Suppose that
N € N has the property of Lemma 3.3.2.

1. For all k € N we have \,(H) > p(H)™'k, and if k is a multiple of Np(H), then equality holds.
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2. Let j € [0,Np(H) — 1] and k € N. Then
0 < Mewp(any+j(H) —kN < Np(H) —1.

Moreover, we have

lim MH) L
3. Let j € [0, Np(H)—1] and m € N with Ay, np(rr)+;(H) —mN = min{ X\ n a1 (H) —EN | k € N}.

Then
NomtiyNp()+j (H) = A np(iny+j (H) +iN - for all i € Ny.
Proof. 1. Let k € N. There is some L € L(H) with k, \;,(H) € L, and hence it follows that
k<maxL < p(H)min L = p(H)A\x(H) .

Leti € Nand k = iNp(H). Since there is some L € L(H) with {iN, p;n(H)} C L and p;n(H) = iNp(H),
it follows that
iNp(H)

p(H)
2. By 1. we have A\gnp(m)+;(H) > kN. Since V;(H) + Vin o) (H) C Vin o)+ (H), it follows that
AkNp(e)+i (H) < Nj(H) + Aoy (H) < j+ kN < Np(H) =1+ kN .

=

AiNp(ry(H) <

Since, for every m € N,

< AmNp(Hv)Jr](I—[) _ mN < Np(H) -1
mNp(H)+j  mNp(H)+j =~ mNp(H) +j’

we infer that
/\mNp(H)H(H) 1

im - ,
m—oo mNp(H) +j  p(H)

and hence the assertion follows.
3. Let ¢ € N(). Since VmNp(H)+j(H) + vap(H) (H) C V(m+i)Np(H)+j (H), it follows that

M) Np(i)+5 (H) < Aunp(ny 45 (H) + Ainp(ery (H) -
Thus by definition of m, we infer that
Am+iyNp(i)+5 (H) = (m + )N > X+ (H) — mN
= AnNp(i) 45 (H) + Ainpy (H) = (m + )N
> Nmti)Np()+5(H) = (m+4)N. O

Lemma 3.6. Let H be an atomic monoid with A(H)# (0 and d = min A(H).
1. A(Vy(H)) C dN, and there exists k* € N such that min A(Vy(H)) =d for all k > k*.
2. sup A(Ve(H)) < supA(H) for all k € N.

3. Ifk € N and V,,(H)NN>,, is an arithmetical progression with difference d for all m € [A\y(H), k],
then Vi (H) N[0, k] is an arithmetical progression with difference d.

4. The following statements are equivalent:
(a) Vie(H) NN>y is an arithmetical progression with difference d for all k € N.
(b) Vi(H) is an arithmetical progression with difference d for all k € N.
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Proof. 1. Since d = gecd A(H) (see [13, Proposition 1.4.5]), it follows that

Ve(H) = U L ck+dz,
keL,LeL(H)
whence A(Vy(H)) C dN. Let k* € N and uy,...,up,v1,...,054q € A(H) such that ug - ... up =
V1 ... Ug=4q, and let k € N with k£ > k*. Since u’f_k*ul U = u’f‘k*vl ...t Ug*4q, it follows that

d € A(Vi(H)), and thus d = min A(V(H)).

2. If A(H) is infinite, then the assertion is obvious. Suppose that A(H) is finite. Let k¥ € N and
d € A(Vy(H)) be given. Then there are I,m € N such that d = m — [ and [[,m] N Vx(H) = {l,m}. By
Lemma 3.2 there are a,b € H with k,l € L(a) and k,m € L(b). We distinguish two cases.

CASE 1: minL(b) < m.

Then there is m' € L(b) with m' < m and [m/,m]NL(b) = {m',m}. Since L(b) C Vx(H), we get m' <1
and hence d =m — 1 <m —m' € A(L(b)) C A(H).

CASE 2: min L(b) = m.

Then we have | < m < k. Since I,k € L(a), there is some I’ € L(a) with I <" and [I,I'|NL(a) = {I,1'}.
Since L(a) C Vi(H), we get m <1’ and henced=m — 1 <I' =l € A(L(a)) C A(H).

3. Let kK € N and | = Ay (H). We have to show that Vi (H) N [l, k] is an arithmetical progression with
difference d. Let m € [I,k] such that £ — m is a multiple of d. In order to show that m € V,(H), we
verify that k € V,,(H). We have m < k < pi(H) < pp(H). Since k € m + dNy with k < p,,,(H) and
Vim(H) N N>, is an arithmetical progression with difference d, it follows that k € V,,,(H).

4. This follows immediately from 3. O

Theorem 3.7. Let H be an atomic monoid with finite non-empty set of distances A(H) and d =
min A(H). Suppose that there is some a* € H with p(a*) = p(H) < 0o and L(a*) is an arithmetical
progression with difference d.

1. There exists k* € N such that Vi(H) is an arithmetical progression with difference d for all k > k*.

2. We have

k—o0 k o d
and there is some N € N such that

V, H)|-1
| Nﬁﬁ;((H); = é(p(H) — ﬁ) for all sufficiently large r € N.

Proof. Since p(H) < oo, Lemma 3.3.1 implies that pg(H) < oo for all k¥ € N, and all sets of lengths are
finite. We proceed in four steps.

i) Let N = minl(a*), ¥k € N and Ly = L(a*) + ... + L(a*) the k-fold sumset. Then min L;, = kN,
max Ly, = kmaxL(a*) and Ly, is an arithmetical progression with difference d. Then L; C L(a*"),

*k *
pin(H) > max L(a*") > mé‘Lka > k max L(a*) o) = p(H) > pin(H) 7
kN kN min Ly, kN kN
and hence p(H) > p(a**) > p(Li) = p(H) and Lj, = L(a**). Moreover, N has the property of Lemma
3.3.2.

ii) Suppose that

iy DL Ly Ly,

*
a :Ul'...'UN:’Ul'..."UNp(H)

with atoms w1, ..., un,v1,...,Un,m)- Let r € N such that

(%) rp(H) €N and rN(p(H)> —=1)>d ' maxA(H).
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Then
G/*r = (Ul .. 'U,N)T = (’U1 .. 'UNp(H))T
and
(a*)rp(H) =(up-... .uN)rp(H) =(vy-... .UNP(H))TP(H) )
These two equations and i) imply that V,.n,r)(H) is an arithmetical progression with difference d,
min V, ) (H) = N and max V, ) (H) = rNp(H)?. In particular, it follows that
|Ver(H)(H)| -1 _ lmaxerp(H)(H) - minerp(H)(H) _ ETNP(H)z -rN _ 1( ( ) _ 1 )
rNp(H) d N p(H) ~d rNpH) ad\ p(H)
iii) Let » € N minimal such that (x) holds, and let k* € N be minimal such that every k > k* has the
following two properties :
o If k—rNp(H)=mN + j with j € [0, N — 1], then m has the property described in Lemma 3.4.2.
o If k—rNp(H) = mNp(H) + j with j € [0, Np(H) — 1], then m has the property described in
Lemma 3.5.3.
Let k> k*. We set V =V, n,r)(H) and have
V+ Vk_er(H)(H) C Vk(H) .

Since by ii), V is an arithmetical progression with difference d, maxV — minV > d=!max A(H) and
since, by Lemma 3.6, maxA(Vk_TNp(H) (H)) < max A(H), it follows that the sumset V + Vi_, ) (H)
is an arithmetical progression with difference d. We show that the minima and maxima of this sumset
and of Vj(H) coincide. Then obviously Vi (H) is an arithmetical progression with difference d.

Since k£ > k*, Lemma 3.4.2 implies that

max Vi, (H) = pr(H) = pg—rnpr)(H) + rNp(H)? = max(Vy—,npe) (H) + V).
Similarly, Lemma 3.5.3 implies that
min Vi (H) = Me(H) = Ag—rnp(eny (H) + 7N = min(Vi—pnpm) (H) + V) -

iv) Let k > k*. Since Vi (H) is an arithmetical progression with difference d, we get
Ve (H)| _ E(Pk(H) — A\e(H) + d)
k d k '
Now the assertion follows from Lemmas 3.3.2 and 3.5.2. d

The asymptotic formula in Theorem 3.7.2 was first proved for Dedekind domains with finite class
group such that every class contains a prime ideal (see [6, Theorem 6]), and then for atomic monoids
with |A(H)| =1 (see [2, Corollary 7]).

If H,eq is a finitely generated monoid or a Krull monoid with finite class group, then there exists
some a* € H such that p(a*) = p(H) < oo (see [12, Theorems 3.1.4, 3.4.2 and 3.4.10]). Let p be an odd
prime, G a cyclic group of order p, H = B(G) and

a= J[ ¢ € B@G).
9€G\{0}

Then obviously p(a*) = p/2 = p(H), and by Example on page 517 in [10], L(a*) is an arithmetical
progression with difference 1. Next we provide an example of a finitely generated monoid for which the
statement of Theorem 3.7 fails (this shows that the additional assumption of Theorem 3.7, that L(a*) is
an arithmetical progression with difference d, is crucial). However, in monoids of the above type unions
of sets of lengths are almost arithmetical progressions (see [8, Theorem 4.2]).
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Example 3.8. Let d,ds € N and d = ged(d;,dy) such that 2d < dy — dy. For ¢ € {1,2} let H; be a
reduced atomic monoid with min A(H;) = d;, p(H;) = 1+ d;/2 and a; € H; with L(a;) = {2,2 + d;}.
Then H = H; x H» is an atomic monoid with d = min A(H).

Note, ifi € {1,2}, n; =2+d; and G; = {1+ n;Z,—1+n;Z} C Z/n;Z, then H; = B(G;) has the above
properties, and H is a finitely generated Krull monoid.

Let ¢ = ¢ico € H where ¢; € H; and ¢3 € Hs. Then

max L(c max L(c
ple) = min LECS Imin L((czz)) < maxtpler), p(e2)} < plH:).
This shows that p(H) = p(Ha).

Let s € N and k = s(2 4+ d2). Then both 2s and k are in L(a§) whence k € Vo (H). Assume to the
contrary that Vaz(H) is an arithmetical progression with difference d. Then k — d € Vo4(H), and hence
there are ¢; € Hy, c2 € Hy such that for ¢ = ¢;c2 we have 2s,k —d € L(c). Since k —2s —d = sdy — d, it
follows that |L(c1)| # 1 and |L(ez)| # 1. If minL(c) < 2s, then minL(c) < 2s — d and

o) = ST > 3 35 = U8 =D,

a contradiction. Thus minL(c) = 2s and
k—d 2s+sds—d
> =
ple) 2 2s 2s
If i € N such that minL(e3) = 2s — 4, then minL(¢;) = ¢ and
ple) < (2s — z)p(;z) +ip(cy) < (2s —i)(1+ d2é2) +i(1+di/2)
s s

/22 /D) g fgypo - ayos),

=1+ds/2—df(2s).

=1+ds/2 -

a contradiction.

4. THE Vi (H) SETS IN KRULL MONOIDS

In this section we study Krull monoids with class group G such that every class contains a prime. The
class of these Krull monoids includes the multiplicative monoids of rings of integers of algebraic number
fields and of holomorphy rings in algebraic function fields over finite fields (see [12, Theorems 2.10.14 and
8.9.5] and [12, Examples 7.4.2] for further examples).

We start with a lemma. Its first item was already observed in [6] (in the setting of Dedekind domains).
For convenience we provide a short proof. Recall that according to our conventions we set Vi (G) =
Vi (B(G)) for an abelian group G.

Lemma 4.1. Let G be a finite abelian group with |G| > 3 and k € N.
1. Vo (G) N [2k, kD(G)] is an interval.
2. Vx(G) N[0, k] is an interval.
3. Vk(G) N N>y, is an interval.

Proof. 1. We first show that V»(G) = [2, D(G)].

Let j € 2,D(G)] and U = g1 -...- g € A(G) with [U| =1 = D(G). If h; = g; + ...+ g;, then
Ui =g1 ... gj—1hj € A(G) and {2,5} C L((-U;)U;) C V2(G). Thus [2,D(G)] C V»(G), and since
p(G) = D(G)/2, equality follows.

Now suppose that k£ > 2. Then

2k € Vo(G) + Vai—1)(G) C Var(G) .
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Since V5(G) = [2,D(G)] and, by Lemma 3.6.2, max A (Va(,_1)(G)) < maxA(G) < D(G) — 2, it follows
that V2(G) + Vak—1)(G) is an interval. Since the maxima of V3 (@) + Va(r—1)(G) and of Vo (G) coincide,
it follows that Var (G) N [2k, kD(G)] is an interval.

2. We set | = A\(G) and have to show that V,(G) N [I, k] is an interval. Pick m € [I,k]. In order to
show that m € Vi (G), we verify that k € V,,,(G).

CASE 1: m is even.

Since I <m < k < pi(G) < pm(G), we get that k € [m, pp,(G)], and thus 1. implies that k € V,,,(G).
CASE 2: m is odd.

If m = [, then there is nothing to show. Suppose that | + 1 < m. Since | <m—-1<k—-1< p(G) <
pm—1(G), it follows that k —1 € [m — 1, py,—1(G)]. Since m — 1 is even, 1. implies that k —1 € V,,_1(G)
and hence k € V,,,(G).

3. For | € [k, pr(Q)] let

my(G) = min{|B| | B € B(G) with k,l € L(B)}.
We assert that every | € [k + 1, px(G)] lies in Vi (G) and that
ml(G) < Mmy4q (G) <. .. < My, (G) (G) .
We proceed by induction on I. For I = pi(G) the assertion is clear. Suppose that I < pp(G) and that the
assertions hold for all s € [I, p,(G)].

Let B € B(G) such that k,I € L(B) and |B| = my(G). Then there are Uy, ..., U, Vi,...,V; € A(G)

such that

B=U-.... U=V -...- V..
After renumbering if necessary there is some i € [0,k — 1] such that Uy = Vi,...,U; = V; and
{Uit1,-. -, Up} N {Vig1,...,Vi} = 0. Since |B| = my(G), it follows that |U;| = ... = |U;] = 1 and
that |Up| > 2 and |V > 2 forall r € [i + 1,k] and all s € [i + 1,1].

Since Uy 1 Vj for any j € [i + 1,1] and |Ui| > 2 there are g1,¢9» € G such that g, g |Uy and, after
renumbering V;y1,...,V; if necessary, g1 | Vi—1 and g2 | V;. We set

Up = (91 +92)(9192) " 'Ux and  Viy = (g1 + g2)(9192) " Vi Vi
Then Uy, € A(G), Vi1 € B(G) and
Ul'...'kalUNkzvl ‘/172‘7;,/1

Suppose that V;_; is a product of ¢ atoms. Then ¢ € [1, px(G) — (I — 2)].
Assume to the contrary that ¢ > 2. Then

mi(GQ) = |B| > Uy - ...  Up—1Ug| > my_spt(G) > my(Q)

a contradiction. .
Thus it follows that ¢t =1, V1 € A(G), -1 € V4(G) and

ml_l(G)§|U1~...-Uk_1ﬁk|<|U1-...-Uk|:ml(G). O

Theorem 4.2. Let H be a Krull monoid with class group G such that every class contains a prime.
Then for every k € N the set Vy(H) is an interval.

Proof. By [12, Theorem 3.4.10], we have Vi (H) = Vi(G) and hence A\, (H) = \;,(G) and pi(H) = pr(G)
for all £ € N. Thus it suffices to prove the assertion for the block monoid B(G).

Suppose that G is infinite. By Kainrath’s Theorem every set L C N>, is a set of lengths (see [12,
Theorem 7.4.1]). This implies that Vy(H) = N>, for all £ > 2.

If |G| <2, then B(G) is half-factorial whence the sets Vi (G) are singletons for all k € N. If
3 < |G| < oo, then the assertion follows from Lemma 4.1. O
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Corollary 4.3. Let H be a Krull monoid with cyclic class group G of order n > 2 such that every
class contains a prime. Then for every k € N we have Vi(H) = [\p(H), pr(H)] and

2%+j  for je[0,1]

d (H) =kn +j i€ 0,1].
%k+2  for je2n-1 Pkt (H) = kn+j for j€0.1]

Proof. As in the proof of Theorem 4.2 it suffices to consider the block monoid B(G). If n = 2, then
B(G) is half-factorial whence for all £ € N we have \;(G) = k = px(G). Suppose that n > 3, and let
k € N. By Theorem 4.2 we obtain that Vi (H) = [M(G), pr(G)]. The assertion on payy;(G) follows from
[8, Theorem 5.3], and it remains to verify the assertion concerning Ag,+;(G). For every j € [0,n — 1],
Lemma 3.5.1 implies that

Akt (G) > p(G) " (kn + j) =

If j € {0,1}, then pog4;(G) = kn + j, hence A\gpt;(G) < 2k + j and thus Mgy (G) = 2k + j. Let
Jj € [2,n —1]. By [12, Proposition 6.6.1] there is some L € L£(G) with {2,j} C L. Thus 2k +2 €
Vin(G) + V;(G) C Vint;(G) and thus Agpy; < 2k + 2. Since pog1(G) = kn + 1, it follows that
Ao (G) = 2k + 2. O

S|

.
(kn+j):2k+#.

As already pointed out, Theorem 4.2 includes the multiplicative monoids of rings of integers of algebraic
number fields. The question arises whether the same result is true for a non-principal order R of an
algebraic number field. Since the Structure Theorem for Sets of Lengths holds for R and since every
class of the Picard group Pic(R) contains a prime ideal (see [12, Corollary 2.11.16]), it is tempting to
speculate that the Vi (R) sets are intervals too. But no work has been done yet into this direction. We
end with a simple example showing that unions of sets of lengths in Z[\/—7] are intervals.

Example 4.4. Let K be an algebraic number field, R C K a non-principal order of K, R* = R\ {0}
its multiplicative monoid and R the integral closure of R in K. Then p(R) < oo if and only if for
every non-zero prime ideal p C R, there is precisely one prime ideal p C R such that pN\ R = p (see [12,
Corollary 3.7.2]).

Suppose that R = Z[\/=T], k € N> and B = (NxNU{(0,0)},+) C (N3, +). By [12, Example 3.7.3,
Special case 1], there is a monoid B(R) such that £L(R*) = L(B(R)) and hence Vi (R®) = Vi(B(R)).
Furthermore, there is an isomorphism ®: Ng x B — B(R). Since every non-zero element of B has a
factorization of length 2 (see [12, Example 3.1.8]), it follows that V;(B) = N>, and thus Vj(R®) = N>».
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