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1 Introduction

It is well known that the ring of integers of an algebraic number field may fail
to have unique factorization. In the development of algebraic number theory in
the 19th century, this failure led to Dedekind’s ideal theory and to Kronecker’s
divisor theory. Only in the late 20th century, starting with L. Carlitz’ result
concerning class number 2, W. Narkiewicz began a systematic combinatorial
and analytic investigation of phenomena of non-unique factorizations in rings
of integers of algebraic number fields (see Chapter 9 of [24] for a survey of the
early history of the subject). In the sequel several authors started to inves-
tigate factorization properties of more general integral domains in the spirit
of R. Gilmer’s book [18] (see for example the series of papers [2], [3], [4] and
the survey article [19] by R. Gilmer). It soon turned out that the investiga-
tion of factorization problems can successfully be carried out in the setting of
commutative cancellative monoids, and this point of view opened the door to
further applications of the theory. Among them the most prominent ones are
the arithmetic of congruence monoids, the theory of zero-sum sequences over
abelian groups and the investigation of Krull monoids describing the deviation
from the Krull-Remak-Schmidt Theorem in certain categories of modules.

The proceedings [1] and [6] of two Conferences on Factorization Theory
(held 1996 in Iowa City and 2003 in Chapel Hill) and the articles contained
in [7] give a good survey on the development of the theory of non-unique
factorizations over the past decade. Only recently the authors completed the
monograph [16] which contains a thorough presentation of the algebraic, com-
binatorial and analytic aspects of the theory of non-unique factorizations,
together with self-contained introductions to additive group theory, to the
theory of v-ideals and to abstract analytic number theory.

The purpose of this survey article is to point out some highlights of the
theory of non-unique factorizations (Theorem 5.6.B. and Theorem 7.4) with
an emphasis on the presentation of the concepts which describe the various
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phenomena of non-uniqueness in structures of arithmetical relevance. We con-
centrate on the presentation of the main results and, if at all, we only give
the main ideas of the proofs. For more details we refer the reader to the
monograph [16] and to the original papers in the volumes cited above.

2 Notations and Preliminaries

Let N denote the set of positive integers and let N0 = N ∪ {0}. For any set P
let |P | ∈ N0 ∪ {∞} denote the number of elements in P . For integers a, b ∈ Z
we define [a, b] = {x ∈ Z | a ≤ x ≤ b}.

By a semigroup we mean a commutative semigroup with a unit element,
and by a monoid we mean a semigroup satisfying the cancellation law. Unless
stated otherwise, we use multiplicative notation and denote the unit element
by 1. (Semigroup) homomorphisms are always assumed to respect the unit
element. For a monoid H, we denote by H× the set of invertible elements of
H and by Hred = {aH× | a ∈ H} the associated reduced monoid of H. We
say that H is reduced if H× = {1}. We denote by q(H) a quotient group of
H. Let S ⊂ H be a submonoid. We tacitly assume that q(S) ⊂ q(H), and
for a ∈ q(H) we denote by [a] = [a]H/S = a q(S) ∈ q(H)/q(S) the class
containing a. We set H/S = {[a] | a ∈ H} ⊂ q(H)/q(S), and if aH ∩ S 6= ∅
for all a ∈ H, then H/S = q(H)/q(S) (this condition is fulfilled throughout
the present article).

For a, b ∈ H, we write as usual a | b (in H) if b ∈ aH, and a ' b
if a | b and b | a (equivalently, aH× = bH×). A submonoid S ⊂ H is called
divisor-closed if a ∈ S, b ∈ H and b | a implies that b ∈ S.

An element x ∈ q(H) is called almost integral over H if there exists some
c ∈ H such that cxn ∈ H for all n ∈ N. The set Ĥ of all elements of q(H)
which are almost integral over H is a monoid, called the complete integral
closure of H. The monoid H is called completely integrally closed if Ĥ = H.
This definition coincides with the corresponding concept in commutative ring
theory (note that the stronger concept of integral elements has no purely
multiplicative analog).

For two semigroups H1, H2, we denote by H1×H2 their direct product, and
we view H1 and H2 as subsemigroups of H1×H2. Thus every a ∈ H1×H2 has
a uniquely determined decomposition a = a1a2 with a1 ∈ H1 and a2 ∈ H2.

A monoid F is called free (with basis P ⊂ F ) if every a ∈ F has a unique
representation in the form

a =
∏
p∈P

pvp(a) with vp(a) ∈ N0 and vp(a) = 0 for almost all p ∈ P . (∗)

In this case F is (up to canonical isomorphism) uniquely determined by P
(and conversely P is uniquely determined by F ). We set F = F(P ), and if a
is as in (∗), then we call
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|a| =
∑
p∈P

vp(a) the length of a .

For every map ϕ0 : P → S into a semigroup S there is a unique homomor-
phism ϕ : F(P ) → S such that ϕ |P = ϕ0.

For a monoid H, we consider the v-operation and the theory of v-ideals as
explained in [16, Chapter 2] or in [21, Section 11]. A monoid H is v-noetherian
if it satisfies the ascending chain condition on v-ideals.

Integral domains are in the center of our interest. IfR is an integral domain,
then R• = R\{0} is a multiplicative monoid, and a subset a ⊂ R• is a v-ideal
of R• if and only if a ∪ {0} is a divisorial ideal of R. In particular, R• is
v-noetherian if and only if R is a Mori domain.

We study the (multiplicative) arithmetic of an integral domain R by means
of the monoid R•, and we attribute a factorization property or an invariant
connected with factorizations to R if and only if it holds for R•.

Throughout this paper, let H be a monoid.

An element a ∈ H is called

• an atom (or an irreducible element) if a /∈ H× and, for all b, c ∈ H,
a = bc implies b ∈ H× or c ∈ H×. We denote by A(H) the set of all
atoms of H.

• a prime (or a prime element) if a /∈ H× and, for all b, c ∈ H, a | bc
implies a | b or a | c.

The monoid H is called

• atomic if every a ∈ H \H× is a product of atoms.
• factorial if it satisfies one of the following equivalent conditions:

1. Every a ∈ H \H× is a product of primes.
2. H is atomic, and every atom is a prime.
3. Every a ∈ H \ H× is a product of atoms, and this factorization is

unique up to associates and the order of the factors.
4. Hred is free (in that case Hred is free with basis {pH× | p ∈ P} where
P denotes the set of primes of H).

5. H = H××F(P ) for some subset P ⊂ H (in that case P is a maximal
set of pairwise non-associated primes of H).

Every prime is an atom, and every factorial monoid is atomic. An element
a ∈ H is an atom [a prime] of H if and only if aH× is an atom [a prime]
of Hred. Thus Hred is atomic [factorial] if and only if H has this property.
In a factorial monoid, every non-empty subset has a greatest common divisor
which is uniquely determined up to associates.
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By our convention, an integral domain R is atomic [factorial] if and only
if R• has this property, and these definitions coincide with the usual ones in
commutative ring theory.

In the theory of non-unique factorizations we describe the deviation of a
monoid from being factorial. For this, we have to formalize the notion of a fac-
torization into irreducibles (see Definition 3.1 below). Having a precise notion
of the set of all factorizations, we are able to investigate its structure. Since
invertible elements play no role in the theory of factorizations, the reduced
monoid Hred and not the monoid H itself is the basis for our definitions.

3 Arithmetic of monoids

In this section we present the concepts by which we describe the phenomena
of non-unique factorizations.

Sets of Factorizations. The free monoid Z(H) = F
(
A(Hred)

)
is called the

factorization monoid of H, and the unique homomorphism

π : Z(H) → Hred satisfying π(u) = u for all u ∈ A(Hred)

is called the factorization homomorphism of H. For a ∈ H, the set

Z(a) = π−1(aH×) ⊂ Z(H) is the set of factorizations of a.

Note that an element of Z(a) represents a naive factorization of a into
atoms, where the order of the factors and the choice of the factors among as-
sociates is disregarded. An element a ∈ H is said to have unique factorization
if |Z(a)| = 1. By definition, we have Z(a) = {1} for all a ∈ H×. The monoid
H is atomic if and only if Z(a) 6= ∅ for all a ∈ H, and H is factorial if and
only if |Z(a)| = 1 for all a ∈ H.

Sets of Lengths and distances. For a ∈ H, we call

L(a) =
{
|z|

∣∣ z ∈ Z(a)
}
⊂ N0 the set of lengths of a .

We denote by ∆
(
L(a)

)
the set of all d ∈ N for which there exists some

m ∈ L(a) with [m,m+ d]∩ L(a) = {m, m+ d} (that is, ∆
(
L(a)

)
is the set of

all successive distances in sets of lengths of factorizations of a).
The system of sets of lengths and the set of distances of H are defined by

L(H) =
{
L(a)

∣∣ a ∈ H}
and ∆(H) =

⋃
a∈H

∆
(
L(a)

)
.

We denote by ∆∗(H) the set of all d = min∆(S) for some divisor-closed
submonoid S ⊂ H for which ∆(S) 6= ∅. The set ∆∗(H) is a subset of ∆(H)
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which (among others) is of importance for the Structure Theorem for Sets of
Lengths cited below.

The monoid H is called half-factorial if |L(a)| = 1 for all a ∈ H, and it
is called a BF-monoid if L(a) is finite and non-empty for all a ∈ H.

By definition, H is atomic if and only if L(a) 6= ∅ for all a ∈ H, and H is
half-factorial if and only if H is atomic and ∆(H) = ∅. Every factorial monoid
is half-factorial, every half-factorial monoid is a BF-monoid, and every BF-
monoid is atomic. Every v-noetherian monoid is a BF-monoid (this requires
some ideal-theoretic effort). In particular, every Mori domain is a BF-domain.

Distance of factorizations. Let z, z′ ∈ Z(H), say

z = u1 · . . . · ulv1 · . . . · vm and z′ = u1 · . . . · ulw1 · . . . · wn ,

where l, m, n ∈ N0, u1, . . . , ul, v1, . . . , vm, w1, . . . , wn ∈ A(Hred) and

{v1, . . . , vm} ∩ {w1, . . . , wn} = ∅ .

Then we call d(z, z′) = max{m, n} ∈ N0 the distance of z and z′.
It is easily checked that the distance function d : Z(H)×Z(H) → N0 is a

metric satisfying d(xz, xz′) = d(z, z′) for all x, z, z′ ∈ Z(H).

If H fails to be factorial (resp. half-factorial), then there exist elements
with arbitrary many distinct factorizations (resp. lengths) as the following
lemma shows.

Lemma 3.1 Let H be atomic.

1. If H is not factorial, then for every k ∈ N there exists some a ∈ H such
that |Z(a)| ≥ k + 1, and there exist factorizations z, z′ ∈ Z(a) such that
d(z, z′) ≥ 2k.

2. If H is not half-factorial, then for every k ∈ N there exists some a ∈ H
such that |L(a)| ≥ k + 1.

Proof. We may suppose that H is reduced, and we present a proof of the first
assertion (the second one follows by similar simple arguments).

If H is not factorial, then there exists some c ∈ H such that |Z(c)| > 1. If
z, z′ ∈ Z(c) are distinct and k ∈ N, then Z(ck) ⊃ {zk−iz′i | i ∈ [0, k]}. Hence
|Z(ck)| ≥ k + 1 and d(zk, z′k) = kd(z, z′) ≥ 2k. ut

Sets of lengths are the best understood invariants of non-unique factor-
izations. Under suitable finiteness conditions (which are satisfied for orders
in algebraic number fields, see Example 5.9) they are almost arithmetical
multiprogressions with bounded parameters. We are going to describe this
structure.
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Almost Arithmetical Multiprogressions. LetM ∈ N, d ∈ N and {0, d} ⊂
D ⊂ [0, d]. A finite non-empty subset L ⊂ Z is called an almost arithmetical
multiprogression (AAMP for short) with difference d, period D and bound
M if there exists some y ∈ Z such that

L = y + (L′ ∪ L∗ ∪ L′′) ⊂ y +D + dZ

with L∗ = (D+dZ)∩ [0,maxL∗], L′ ⊂ [−M,−1] and L′′ ⊂ maxL∗+[1,M ].
We call y the shift parameter, L∗ the central part, L′ the initial part and L′′

the end part of the AAMP L.

The Structure Theorem for Sets of Lengths. We say that the Structure
Theorem for Sets of Lengths holds for H if H is atomic and there exists
some M∗ ∈ N such that every L ∈ L(H) is an AAMP with some difference
d ∈ ∆∗(H) and bound M∗.

For half-factorial monoids, the Structure Theorem for Sets of Lengths holds
in a trivial way. If H is not half-factorial and the Structure Theorem for Sets
of Lengths holds for H, then H is a BF-monoid and has arbitrarily large sets
of lengths (by Lemma 3.1), but all these sets of lengths have bounded initial
and end parts, and thus they have arbitrarily large central part.

Catenary degree. Let z, z′ ∈ Z(H) and N ∈ N0 ∪ {∞}. We say that z and
z′ can be concatenated by an N -chain if there exists a finite sequence of
factorizations z = z0, z1, . . . , zk = z′ in Z(a) such that d(zi−1, zi) ≤ N for
all i ∈ [1, k].

For an element a ∈ H, we define its catenary degree c(a) to be the smallest
N ∈ N0 ∪{∞} such that any two factorizations of a can be concatenated by
an N -chain, and we call

c(H) = sup{c(a) | a ∈ H} ∈ N0 ∪ {∞} the catenary degree of H.

The catenary degree c(a) measures how complex the set of factorizations
of a is. Note that by definition we have either c(a) = 0 or c(a) ≥ 2. In
the following Lemma 3.2 (whose proof is straightforward) we list the basic
properties of the catenary degree.

Lemma 3.2 Let H be atomic and a ∈ H.

1. a has unique factorization if and only if c(a) = 0. In particular, H is
factorial if and only if c(H) = 0.

2. If c(a) ≤ 2, then |L(a)| = 1. In particular, if c(H) ≤ 2, then H is
half-factorial.

3. If |L(a)| ≥ 2, then 2 + sup∆
(
L(a)

)
≤ c(a). In particular, if c(H) <∞,

then ∆(H) is finite.
4. If c(a) ≤ 3, then ∆

(
L(a)

)
⊂ {1}, whence L(a) = [y, y + k] for some

y, k ∈ N0.
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Tame degree and local tameness. For a factorization x ∈ Z(H) and a ∈ H
we define the tame degree t(a, x) to be the smallest N ∈ N0 ∪{∞} with the
following property:

If Z(a) ∩ xZ(H) 6= ∅ and z ∈ Z(a), then there exists some factorization
z′ ∈ Z(a) ∩ xZ(H) such that d(z, z′) ≤ N .

We define t(H,x) = sup{t(a, x) | a ∈ H}, and for a subset X ⊂ Z(H) we
define t(a,X) = sup{t(a, x) | x ∈ X}.

The monoid H is called locally tame if t(H,u) <∞ for all u ∈ A(Hred).
Local tameness is a basic finiteness property in factorization theory. In

most settings, where the finiteness of some arithmetical invariant is derived,
local tameness has to be proved first. In particular, local tameness is an es-
sential tool in the proof of the Structure Theorem for Sets of Lengths.

4 Zero-sum sequences over abelian groups

Let G be an additive abelian group, G0 ⊂ G and F(G0) the free (abelian,
multiplicative) monoid with basis G0. According to the tradition of combina-
torial number theory, the elements of F(G0) are called sequences over G0.
If S ∈ F(G0), then

S = g1 · . . . · gl =
∏
g∈G0

gvg(S) ,

where vg(S) is the g-adic value of S (also called the multiplicity of g in S),
and vg(S) = 0 for all g ∈ G0 \ {g1, . . . , gl}. Then |S| = l is the length of S.
We call supp(S) = {g1, . . . , gl} the support and σ(S) = g1 + . . .+ gl the
sum of S. The monoid

B(G0) = {S ∈ F(G0) | σ(S) = 0} = B(G) ∩ F(G0)

is called the block monoid over G0. It is a divisor-closed submonoid of
B(G). The elements of B(G0) are called zero-sum sequences over G0. The
monoid B(G0) is a BF-monoid, and the atoms of B(G0) are the minimal
zero-sum sequences (that is, zero-sum sequences without a proper zero-sum
subsequence). If G0 is finite, then the Structure Theorem for Sets of Lengths
holds for B(G0) (see Theorem 5.6.B.).

For every arithmetical invariant ∗(D) defined for a monoid D, we write
∗(G0) instead of ∗(B(G0)). Hence A(G0) = A(B(G0)), L(G0) = L(B(G0)),
∆(G0) = ∆

(
B(G0)

)
, c(G0) = c(B(G0)) and so on.

A sequence is called zero-sumfree if it contains no non-empty zero-sum
subsequence. Clearly, a sequence S is zero-sumfree if and only if the sequence
(−σ(S))S is a minimal zero-sum sequence. The investigation of the structure
and length of zero-sum sequences and of zero-sumfree sequences with extremal
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properties is a main topic in additive group theory. In this area there is a
wealth of classical and still wide open questions (see [12] for a recent survey).

We recall the definition of two central invariants of finite abelian groups
and discuss their arithmetical significance (Theorem 4.2). If G is a finite
abelian group, then A(G) is finite and thus B(G) is a finitely generated
monoid.

Definition 4.1 Let G be a finite abelian group. Then

D(G) = max
{
|S|

∣∣ S ∈ A(G)
}

is called the Davenport constant of G. It is the smallest integer l ∈ N such
that every sequence S ∈ F(G) of length |S| ≥ l has a non-empty zero-sum
subsequence. For a sequence S ∈ F(G), we define its cross number by

k(S) =
l∑
i=1

1
ord(gi)

, and k(G) = max{k(S) | S ∈ F(G) is zero-sumfree}

is called the (little) cross number of G.

In general, the precise values of D(G) and k(G) (in terms of the group
invariants of G) are unknown. Among others, both D(G) and k(G) are known
for p-groups, and D(G) is also known for cyclic groups and for groups of
rank 2. For every finite abelian group G we have D(G) ≤ |G|, and equality
holds if and only if G is cyclic. A straightforward argument shows that

D(G) = 2 max
{maxL

minL

∣∣∣ L ∈ L(G)
}

= max{maxL | L ∈ L(G) , 2 ∈ L} .

In order to investigate sets of lengths L ∈ L(G) with {2,D(G)} ⊂ L it is
necessary to know the structure of minimal zero-sum sequences S ∈ A(G) of
maximal length |S| = D(G).

It is conjectured that (apart from some explicitly known exceptions) a fi-
nite abelian group G is uniquely determined by the system of sets of lengths
L(G). Up to now, this conjecture could only be verified for special classes of
groups (including cyclic groups). Again, any progress concerning this prob-
lem heavily depends on the knowledge of the Davenport constant and of the
structure of minimal zero-sum sequences of maximal length. It is worth men-
tioning that, in contrast to this conjecture, for any infinite abelian group G
the system L(G) contains all finite non-empty subsets of N≥2 regardless of
the structure of G (see [22]).

A subset G0 of an abelian group G is called half-factorial if the monoid
B(G0) is half-factorial. Half-factorial subsets (and minimal non-half-factorial
subsets as their counterparts) play a crucial role in the investigations of ∆∗(G)
(see Theorem 4.2.3) and in some problems of the analytic theory of non-unique
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factorizations (see Theorem 7.4). A recent survey of results concerning the
structure and cardinality of half-factorial subsets was given by W.A. Schmid
[26].

A classical criterion (due to A. Zaks and L. Skula) states that a subset
G0 of a finite abelian group G is half-factorial if and only if k(S) = 1 for all
S ∈ A(G0).

Theorem 4.2 Let G be a finite abelian group with |G| ≥ 3, say

G = Cn1 ⊕ . . .⊕ Cnr
, where 1 < n1 | . . . |nr = n , and k =

r∑
i=1

⌊ni
2

⌋
.

1. We have
[
1, max{n − 2, k − 1}

]
⊂ ∆(G) ⊂

[
1, c(G) − 2

]
. In particular,

min∆(G) = 1, and both ∆(G) and c(G) grow with the exponent and
with the rank of G.

2. c(G) ≤ D(G), and equality holds if and only if G is cyclic or an elemen-
tary 2-group.

3. max∆∗(G) ≤ max{n− 2, 2k(G)− 1} , and if |G| ≤ max{en/2, n2}, then
max∆∗(G) = n− 2.

For the proof of Theorem 4.2 we refer to [13], [25] and to [16]. Recall
that c(G) measures how complex the set of factorizations of a zero-sum
sequence S ∈ B(G) may be. Thus Theorem 4.2 asserts that this set of factor-
izations may become the more complex the larger G is. In contrast to that,
the following Theorem 4.3 shows that (in a precise sense) “almost all” zero-
sum sequences over a finite abelian group have catenary degree c(S) ≤ 3.
A similar quantitative result holds for factorizations of algebraic integers (see
Theorem 7.4).

Theorem 4.3 Let G be a finite abelian group.

1. Every sequence S ∈ B(G) for which supp(S)∪{0} ⊂ G is a subgroup has
catenary degree c(S) ≤ 3.

2. For every A ∈ B(G) with supp(A) = G we have∣∣{S ∈ AB(G)
∣∣ |S| ≤ N

}∣∣∣∣{S ∈ B(G)
∣∣ |S| ≤ N

}∣∣ = 1 +O
( 1
N

)
for all N ∈ N .

In particular,∣∣{S ∈ B(G)
∣∣ c(S) ≤ 3 , |S| ≤ N

}∣∣∣∣{S ∈ B(G)
∣∣ |S| ≤ N

}∣∣ = 1 +O
( 1
N

)
for all N ∈ N .

While the proof of the second assertion in Theorem 4.3 is carried out by a
simple counting argument, the proof of the first one needs deep methods from
additive group theory and occupies about 30 pages in [16].
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5 Krull monoids and C-monoids

Let D be a factorial monoid and H ⊂ D a submonoid. If H is “not too
far” from D, then we can investigate the arithmetic of H by means of the
unique factorization in D. The distance between H and D is measured by
the notions of class groups and class semigroups (note that this in accordance
with the philosophy that “the class group measures the deviation from being
factorial”). Krull monoids and C-monoids are the most important classes of
monoids which are investigated in this way.

Definition 5.1 (Krull monoids)

1. Let D be a monoid and H ⊂ D a submonoid. Then H ⊂ D is called
saturated if q(H)∩D = H (that is, if a, b ∈ H and a divides b in D,
then a divides b in H).

2. H is called a Krull monoid if Hred is a saturated submonoid of a free
monoid.

3. Let H be a Krull monoid and suppose that Hred ⊂ D = F(P ) is a
saturated submonoid of a free monoid such that every p ∈ P is the
greatest common divisor of finitely many elements of Hred. Then we call
D a monoid of divisors and P a set of prime divisors of H.
Every Krull monoid possesses a monoid of divisors, and if D and D′ are
monoids of divisors of H, then there is a unique isomorphism Φ : D → D′

with Φ |Hred = id. Hence the class group

C(H) = D/Hred and the subset {[p] ∈ C(H) | p ∈ P}

of all classes containing primes are uniquely determined by H (up to
canonical isomorphism).

The arithmetic of a Krull monoid is uniquely determined by its class group
and the distribution of primes in the classes (for a precise statement see The-
orem 6.6). In particular, a monoid is factorial if and only if it a Krull monoid
with trivial class group. By definition, H is a Krull monoid if and only if Hred

is a Krull monoid, and C(H) = C(Hred).
In the following proposition we present (without proofs) several ideal-

theoretic characterizations of Krull monoids (some of them are in accordance
with the well-known characterizations of Krull domains). Full proofs can be
found in [21] or [16].

Proposition 5.2 Then the following statements are equivalent :

1. H is a Krull monoid.
2. Hred is a Krull monoid, and H = H××H0 for some submonoid H0 of H

with H0
∼= Hred.
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3. H is v-noetherian and completely integrally closed.
4. H is v-noetherian and every non-empty v-ideal of H is v-invertible.

From the v-ideal theory of a Krull monoid H a monoid of divisors is
obtained as follows. The monoid I∗v (H) of all non-empty v-ideals, equipped
with the v-multiplication, is a free monoid, and the set X(H) of all v-maximal
v-ideals is a basis of I∗v (H). If we identify Hred with the set of all principal
ideals of H in the natural way, then Hred ⊂ I∗v (H), the monoid I∗v (H) is a
monoid of divisors of H, and X(H) is a set of prime divisors of H.

Examples 5.3 (Examples of Krull monoids)
1. Block monoids. Let G be an abelian group and G0 ⊂ G a subset. Then

the block monoid B(G0) is a saturated submonoid of F(G0), and thus it is
a Krull monoid. It can even be proved that every reduced Krull monoid is
isomorphic to a block monoid over a suitable subset of some abelian group.

If |G| ≤ 2, then the block monoid B(G) is factorial, and if |G| ≥ 3, then
F(G) is a monoid of divisors of B(G), C

(
B(G)

) ∼= G, and every class contains
precisely one prime.

2. Multiplicative monoids of domains. The multiplicative monoid R• of a
domain R is a Krull monoid if and only if R is a Krull domain, and in this
case C(R•) is (canonically isomorphic to) the divisor class group C(R) of R.

3. Regular congruence monoids in Krull domains. Let R be a Krull domain,
{0} 6= f / R an ideal and Γ ⊂ (R/f)× a subgroup. Then the monoid

HΓ = {a ∈ R• | a+ f ∈ Γ}

is a Krull monoid, called the (regular) congruence monoid defined in R
modulo f by Γ (see also Theorem 5.7 and Remarks 5.8).

4. Regular Hilbert monoids. Let f ∈ N≥2 and Γ ⊂ (Z/fZ)× a subgroup.
Then the monoid HΓ = {a ∈ N | a + fZ ∈ Γ} is a Krull monoid with class
group C(HΓ ) ∼= (Z/fZ)×/Γ , and (by the Dirichlet Prime Number Theorem)
every class contains infinitely many primes (see also Theorem 5.7, Remarks
5.8 and Example 5.9).

5. Analytic theory. If [D,H, | · |] is a quasi-formation, then H is a Krull
monoid with finite class group and infinitely many primes in every class.

6. Module theory. Let R be a ring and C a class of (right) R-modules,
closed under finite direct sums, direct summands and isomorphisms such that
C has a set V (C) of representatives (that is, every A ∈ C is isomorphic to
a unique [A] ∈ V (C)). Then V (C) becomes a commutative semigroup with
multiplication [A]·[B] = [A⊕B]. If every A ∈ C has a semilocal endomorphism
ring, then V (C) is a Krull monoid (see [8]). Among many other cases, this
condition is fulfilled if either R is semilocal (not necessarily commutative)
and C is the class of all finitely generated projective R-modules (see [10]), or
if R is commutative local noetherian and C is the class of all finitely generated
R-modules (see [27] and [9]).
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Definition 5.4

1. Let D be a monoid and H ⊂ D a submonoid. Two elements y, y′ ∈ D are
called H-equivalent if y−1H ∩D = y′

−1
H ∩D (that is, for all a ∈ D

we have ya ∈ H if and only if y′a ∈ H). H-equivalence is a congruence
relation on D, and for y ∈ D we denote by [y]DH the congruence class of
y. We define the class semigroup

C(H,D) = {[y]DH | y ∈ D}, and C∗(H,D) = {[y]DH | y ∈ (D\D×)∪{1}}

and is called the reduced class semigroup.
2. H is called a C-monoid if H is a submonoid of a factorial monoid F

such that F× ∩H = H× and C∗(H,F ) is finite. In this case we say that
H is a C-monoid defined in F .

If H is a C-monoid defined in a factorial monoid F , then F is far from
being unique. However, there is a canonical choice for F which is given by
the assertion A.3 of Theorem 5.6 below. The most important examples of
C-monoids will be presented in Theorem 5.7.

For a saturated submonoid H ⊂ D, the distance between H and D is
satisfactory codified in the class group q(D)/q(H), but in the general case
the more subtle concept of a class semigroup is needed. In Proposition 5.5
below we compare these two concepts and establish the connection between
Krull monoids and C-monoids. For full proofs of all assertions concerning
C-monoids we refer to [20], [14] and [16].

Proposition 5.5 Let D be a monoid and H ⊂ D a submonoid.

1. C(H,D) is finite if and only if both C∗(H,D) and D×/H× are finite.
2. If aD ∩H 6= ∅ for all a ∈ D, then there are natural epimorphisms

θ : C(H,D) → D/H and θ∗ : C∗(H,D) → D/D×H ,

and θ is an isomorphism if and only if H ⊂ D is saturated.
3. Every Krull monoid with finite class group is a C-monoid. In particular,

the block monoid over a finite abelian group is a C-monoid.
4. Let H be a C-monoid defined in a factorial monoid F such that C∗(H,F )

is a group. Then H is a Krull monoid.

Theorem 5.6 (Main Theorem on C-monoids) Let H be a C-monoid.
A. Algebraic Properties.

1. H is v-noetherian.
2. Ĥ is a Krull monoid with finite class group, and there exists some a ∈ H

such that aĤ ⊂ H.
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3. Suppose that Ĥ = Ĥ××D with D ∼= Ĥred, let F0 be a monoid of divisors
of D and F = Ĥ××F0. Then H is a C-monoid defined in F , and there
is an epimorphism C∗(H,F ) → C(Ĥ).

B. Arithmetical Properties. H is locally tame, c(H) < ∞, and the
Structure Theorem for Sets of Lengths holds for H.

Structure of the proof of B.
1. (Reduction step) By means of a transfer principle (see Proposition 6.4

and Theorem 6.5) we may assume that H is defined in a finitely generated
factorial monoid F . Thus let F = F××[p1, . . . , ps] with pairwise non-associated
prime elements p1, . . . , ps.

2. (Local tameness) The finiteness of C∗(H,F ) turns out to be equivalent
with the following property by means of which local tameness can be verified
by explicit calculations:

There exist some α ∈ N and a subgroup V ⊂ F× such that (F× :V ) |α,
V (H \H×) ⊂ H, and for all j ∈ [1, s] and a ∈ pαj F we have a ∈ H if and
only if pαj a ∈ H.

3. (Catenary degree) H is a v-noetherian G-monoid and thus it is finitary.
Every locally tame finitary monoid has finite catenary degree (of course, this
argument uses the definitions and simple properties of finitary monoids and
G-monoids, see [17]).

4. (Structure Theorem for Sets of Lengths) The proof splits into an ab-
stract additive part and an ideal-theoretic part. Both steps rest on the con-
cepts of pattern ideals and of tamely generated ideals which are defined as
follows.

For a finite non-empty set A ⊂ Z the pattern ideal Φ(A) is the set of all
a ∈ H for which there is some y ∈ Z such that y +A ⊂ L(a).

A subset a ⊂ H is called tamely generated if there exist a subset E ⊂ a
and a bound N ∈ N with the following property:

For every a ∈ a there exists some e ∈ E such that e | a, sup L(e) ≤ N and
t(a,Z(e)) ≤ N .

In the additive part one proves that the Structure Theorem for Sets of
Lengths holds for every BF-monoidH with finite set∆(H) in which all pattern
ideals are tamely generated. This is done in the spirit of additive number
theory. To apply this additive result to a BF-monoid H, it must be proved
that ∆(H) is finite and that all pattern ideals are tamely generated. For a
finitely generated monoid, this is comparatively simple. For a C-monoid, the
finiteness of ∆(H) follows from the finiteness of the catenary degree, while the
tame generation of pattern ideals needs deep ideal-theoretic considerations.
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Theorem 5.7 (C-monoids in ring theory)
A. Let R be a Krull domain and f an ideal of R such that C(R) and

R/f are both finite. Let ∅ 6= Γ ⊂ R/f be a multiplicatively closed subset and
HΓ = {a ∈ R• | a + f ∈ Γ} ∪ {1}. Suppose that either f is divisorial or R is
noetherian. Then HΓ is a C-monoid.

B. Let f ∈ N≥2 and ∅ 6= Γ ⊂ Z/fZ a multiplicatively closed subset. Then
HΓ = {a ∈ N | a+ fZ ∈ Γ} ∪ {1} is a C-monoid.

C. Let A be a Mori domain, R = Â and f = {a ∈ R | aR ⊂ A} 6= {0}.
Then R is a Krull domain. If C(R) and R/f are both finite, then A• is a
C-monoid.

Remarks 5.8 The monoid HΓ considered in A. is called the congruence
monoid defined in R modulo f by Γ and that considered in B. is called the
Hilbert monoid defined modulo f by Γ (named after D. Hilbert who used
such monoids to demonstrate the necessity of a proof for the uniqueness of
prime factorizations in the integers).

Regular congruence monoids and Hilbert monoids were already considered
in Examples 5.3 (3. and 4.). Using a more general concept of congruence
monoids (including sign conditions, see [15] or [16]) it is possible to treat A.
and B. in a uniform way.

Let A be a Mori domain as in C. (see [5] for a recent survey on Mori
domains). Then f is the largest ideal of Â lying in A (called the conductor of
A), and A = {a ∈ Â | a+ f ∈ A/f}, whence in particular A is the congruence
monoid defined in Â modulo f by A/f.

We sketch the proof of A. (by the above remarks, that of B. and C. is
essentially the same). Let R• = R××R0 with a reduced Krull monoid R0, let
F0 be a monoid of divisors of R0 and F = R××F0. Then HΓ is a C-monoid
defined in F (the main task is to deduce the finiteness of C∗(HΓ , F ) from
that of R/f and C(R)).

Example 5.9 (Orders in Dedekind domains and algebraic number fields)
Let R be a Dedekind domain, {0} 6= f / R and Γ ⊂ (R/f)× a subgroup.

Then the regular congruence monoid HΓ = {a ∈ R• | a + f ∈ Γ} is a
Krull monoid (see Example 5.3.3). We denote by If(R) the (multiplicative)
monoid of all non-zero ideals a / R with a + f = R, by Hf(R) its submonoid
of principal ideals and by Xf(R) the set of all prime ideals in If(R). Then

HΓ = {aR | a ∈ HΓ } ⊂ Hf(R)

is a submonoid (called a generalized Hilbert monoid ), If(R) is a monoid of
divisors and Xf(R) is a set of prime divisors of HΓ . There is a canonical
isomorphism (HΓ )red ∼= HΓ , and consequently C(HΓ ) = C(HΓ ). The monoid
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Sf(R) = {aR | a ∈ 1 + f} ⊂ HΓ is called the principal ray and the group
If(R)/Sf(R) is called the ray class group modulo f. There is a natural exact
sequence

0 → HΓ /Sf(R) → If(R)/Sf(R) → C(HΓ ) → 0

which shows that every class C ∈ C(HΓ ) is the union of |HΓ /Sf(R)| ray
classes modulo f.

Let now A ⊂ R be an order (that is, A is a subring of R such A and
R have the same field of quotients, and R is a finitely generated A-module).
Then A is a one-dimensional noetherian domain with integral closure Â = R
and conductor f = {a ∈ A | aR ⊂ A}. Since A = {a ∈ R | a + f ∈ A/f},
the monoid A• is the congruence monoid defined in R modulo f by A/f, and
if both R/f and C(R) are finite, then A• is a C-monoid (see Theorem 5.7 and
the consecutive remarks). The monoid

A∗ = {a ∈ R• | a+ f ∈ (A/f)×} = {a ∈ A• | aA+ f = A}

is a regular congruence monoid inR and thus it is a Krull monoid (see Example
5.3.3). By the above, If(R) is a monoid of divisors and Xf(R) is a set of prime
divisors of A∗, and every class C ∈ C(A∗) is a union of ray classes modulo f.

We compare the class group C(A∗) with the Picard group

Pic(A) =
{invertible fractional ideals of A }
{fractional principal ideals of A }

of A .

It is not difficult to prove that every non-zero ideal a / A with a + f = A
is invertible, and that every class C ∈ Pic(A) contains such an ideal. Hence
there is an epimorphism If(R) → Pic(A), which maps an ideal a ∈ If(R)
onto the class [a ∩ A] ∈ Pic(A). This epimorphism induces an isomorphism
C(A∗) ∼→ Pic(A).

Let finally R be the ring of integers of an algebraic number field and A ⊂ R
an order with conductor f. The ray class group If(R)/Sf(R) is finite and
every ray class contains infinitely many prime ideals (see [24, Theorem 3.7 and
Corollary 7 to Proposition 7.16]). Consequently every class of C(A∗) contains
infinitely many primes, and every class of Pic(A) contains infinitely many
prime ideals.

6 Transfer principles

Transfer principles are a central tool in the theory of non-unique factorizations.
By means of them it is possible to establish factorization properties in simple
auxiliary monoids and then to apply the result to various cases of arithmetical
interest. This section is rather technical, and we give no proofs (most of them
are simple, see [14] or [16] for details).
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Definition 6.1 A monoid homomorphism θ : H → B is called a transfer
homomorphism if it has the following properties :

(T 1) B = θ(H)B× and θ−1(B×) = H×.
(T 2) If u ∈ H, b, c ∈ B and θ(u) = bc, then there exist v, w ∈ H such

that u = vw, θ(v) ' b and θ(w) ' c.

Proposition 6.2 Let θ : H → B be a transfer homomorphism.

1. If u ∈ H, then u ∈ A(H) if and only if θ(u) ∈ A(B).
2. There is a unique homomorphism θ : Z(H) → Z(B) (referred to as the

extension of θ to the factorization monoids) satisfying

θ(uH×) = θ(u)B× for all u ∈ A(H) .

It is surjective and has the following properties :

a) If z, z′ ∈ Z(H), then |θ(z)| = |z| and d
(
θ(z), θ(z′)

)
≤ d(z, z′).

b) If u ∈ H, then θ(ZH(u)) = ZB(θ(u)) and LH(u) = LB(θ(u)). In
particular, L(H) = L(B).

Definition 6.3 Let θ : H → B be a transfer homomorphism of atomic
monoids and θ : Z(H) → Z(B) its extension to the factorization monoids.

1. (Catenary degree in the fibres) For a ∈ H, we denote by c(a, θ) the
smallest N ∈ N0 ∪ {∞} with the following property:

If z, z′ ∈ Z(a) and θ(z) = θ(z′), then there exists a finite sequence of
factorizations z = z0, . . . , zk = z′ ∈ Z(a) such that θ(zi) = θ(z) and
d(zi−1, zi) ≤ N for all i ∈ [1, k].

We call c(H, θ) = sup{c(a, θ) | a ∈ H} ∈ N0 ∪ {∞} the catenary degree
in the fibres of θ.

2. (Tame degree in the fibres) For a ∈ H and x ∈ Z(H), we denote by
t(a, x, θ) the smallest N ∈ N0 ∪ {∞} with the following property:

If Z(a)∩xZ(H) 6= ∅, z ∈ Z(a) and θ(z) ∈ θ(x)Z(B), then there exists
some z′ ∈ Z(a) ∩ xZ(H) such that θ(z′) = θ(z) and d(z, z′) ≤ N .

We call t(H,x, θ) = sup{t(a, x, θ) | a ∈ H} ∈ N0 ∪ {∞} the tame degree
of x in the fibres of θ.

Proposition 6.4 Let θ : H → B be a transfer homomorphism of atomic
monoids.

1. If a ∈ H, then c
(
θ(a)

)
≤ c(a) ≤ max

{
c
(
θ(a)

)
, c(a, θ)

}
. In particular,

c(B) ≤ c(H) ≤ max{c(B), c(H, θ)} .
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2. If θ : Z(H) → Z(B) is the extension of θ to the factorization monoids
and x ∈ Z(H), then t

(
B, θ(x)

)
≤ t(H,x) ≤ t

(
B, θ(x)

)
+ t(H,x, θ) . In

particular, if t(H,u, θ) <∞ for all u ∈ A(Hred) and B is locally tame,
then H is also locally tame.

We apply the Propositions 6.2 and 6.4 to C-monoids and to Krull monoids.
The application to C-monoids has already been mentioned and successfully
used when we sketched the proof of Theorem 5.6.B. The transfer result for
Krull monoids (Theorem 6.6) goes back to ideas of W. Narkiewicz (see [23]). It
provides the link between factorization theory and additive group theory (see
Section 4) and shows that (most) arithmetical invariants of a Krull monoid
are in fact combinatorial invariants of the class group.

Theorem 6.5 (A transfer result for C-monoids) Let H be a C-monoid. Then
there is a transfer homomorphism θ : H → B having the following properties :

1. B is C-monoid defined in a factorial monoid D with only finitely many
non-associated primes such that D× is finite.

2. c(H, θ) ≤ 2.
3. If H is defined in a factorial monoid F and u ∈ A(H) is a product of

m primes in F , then t(H,uH×, θ) ≤ m + d where d ∈ N depends only
on C∗(H,F ).

Theorem 6.6 (A transfer result for Krull monoids) Let H be a Krull
monoid, D = F(P ) a monoid of divisors of H, G = C(H) its class group
and G0 ⊂ G the set of all classes containing primes. Let β̃ : D → F(G0) be
the unique homomorphism satisfying β̃(p) = [p] for all p ∈ P .

Then β̃−1(B(G)) = Hred, and the homomorphism β : H → B(G0), defined
by β(a) = β̃(aH×), is a transfer homomorphism satisfying c(H,β) ≤ 2 and
t(H,u,β) ≤ D(G) + 1 for all u ∈ A(Hred).

Let now H be a Krull monoid with finite class group G = C(H), and
suppose that every class contains primes. This holds true for every Krull
monoid fitting into a quasi-formation (see Definition 7.1 and Examples 7.2).

Then Theorem 6.6 together with the Propositions 6.2 and 6.4 implies that
L(H) = L(G), ∆(H) = ∆(G), ∆∗(H) = ∆∗(G), and if |G| ≥ 3, then also
c(H) = c(G). Hence all these quantities can be described with the methods of
Section 4. In particular, we rediscover Carlitz’ result that H is half-factorial
if and only if |G| ≤ 2. Taking into account that the catenary degree c(H)
measures how complex sets of factorizations of elements of H may be and
that c(H) = c(G) grows with the size of G (see Theorem 4.2.1) we approve
the philosophy of classical algebraic number theory that the class group is a
measure for the non-uniqueness of factorizations.
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7 Analytic theory

The concept of quasi-formations stems from abstract analytic number the-
ory (as presented in [16]) and allows us to formulate the analytic theory of
algebraic numbers and algebraic functions in a uniform way.

Definition 7.1 A quasi-formation [D,H, | · |] consists of

• a free monoid D = F(P ),
• a homomorphism | · | : D → (N, ·) such that |a| = 1 if and only if a = 1,

and the Dirichlet series∑
p∈P

|p|−s converges for <(s) > 1 ,

• a saturated submonoid H ⊂ D such that G = D/H is finite, and for every
g ∈ G the function ψg, defined by

ψg(s) =
∑

p∈P∩g
|p|−s − 1

|G|
log

1
s− 1

for <(s) > 1 ,

has a holomorphic extension to s = 1.

If [D,H, | · |] is a quasi-formation, then H is a Krull monoid, D is a monoid
of divisors of H, G = C(H), and every class contains a denumerable set of
primes. We say that the Krull monoid H fits into a quasi-formation.

Examples 7.2 (Examples of quasi-formations)
1. Let R be the ring of integers of an algebraic number field or a holomor-

phy ring in an algebraic function field over a finite field and H = H(R)
the (multiplicative) monoid of non-zero principal ideals of R (note that
H ∼= (R•)red). Let D be the (multiplicative) monoid of all non-zero ideals
of R, and for a ∈ D let |a| = (D :a). Then [D,H, ·] is a quasi-formation. This
can be verified using classical analytic number theory (see [24] for the number
field case and [11] for the function field case).

More generally, every generalized Hilbert monoid (see Example 5.9) de-
fined in R fits into a quasi-formation (we omit details).

2. Let f ∈ N≥2, Γ ⊂ (Z/fZ)× a subgroup and HΓ = {a ∈ N | a+fZ ∈ Γ}
a regular Hilbert monoid. If Nf denotes the monoid of all a ∈ N which are
relatively prime to f and |a| = a for all a ∈ Nf , then [Nf ,HΓ , | · |] is a
quasi-formation. Again this follows by classical analytic number theory.

The following Proposition 7.3 is based on the Tauberian Theorem of Ike-
hara and Delange. It is the key analytic tool for our arithmetical main result
given in the Theorem 7.4. There we show that the set of elements having more
than k distinct factorization lengths (provided that |G| ≥ 3) and the set of all
elements having catenary degree at most 3 both have density 1.
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Proposition 7.3 Let [D,H, |· |] be a quasi-formation, G = D/H, G0 ⊂ G,
y ∈ G, S ∈ F(G \ G0) and l ∈ N0. Let Ωy(G0, S, l) denote the set of all
sequences C ∈ F(G) with σ(C) = y, vg(C) = vg(S) for all g ∈ G \ G0 and
vg(C) ≥ l for all g ∈ G0, and suppose that Ωy(G0, S, 0) 6⊂ {1}. Let β̃ : D →
F(G) be the homomorphism defined in Theorem 6.6, and for x ∈ R≥1 let

Ωy(G0, S, l)(x) =
∣∣{a ∈ D | β̃(a) ∈ Ωy(G0, S, l) , |a| ≤ x }

∣∣ .
Then we have, for x→∞,

Ωy(G0, S, l)(x) � x (log x)η (log log x)δ ,

where

η = −1 +
|G0|
|G|

and δ =

{
|S| , if G0 6= ∅ ,

|S| − 1 , if G0 = ∅ .

Theorem 7.4 Let [D,H, | · |] be a quasi-formation and G = D/H.

1. If |G| ≥ 3 and k ∈ N, then we have (for x ≥ 3)∣∣{a ∈ H ∣∣ |L(a)| > k , |a| ≤ x
}∣∣∣∣{a ∈ H ∣∣ |a| ≤ x

}∣∣ = 1 +O

(
(log log x)ψk(G)

(log x)1−µ(G)/|G|

)
,

where µ(G) is the maximal cardinality of a half-factorial subset of G and
ψk(G) ∈ N0 is a combinatorial invariant depending only on G and k.

2. For x ≥ 2 we have∣∣{a ∈ H ∣∣ c(a) ≤ 3 , |a| ≤ x
}∣∣∣∣{a ∈ H ∣∣ |a| ≤ x

}∣∣ = 1 +O
(
(log x)−1/|G|) .

Idea of the proof. 1. We show that the set Gk(H) = {a ∈ H | |L(a)| ≤ k} is
a finite union of sets of the form Ω0(G0, S0, l0) for some half-factorial subsets
G0 ⊂ G and sequences S0 ∈ F(G \G0). Then we apply Proposition 7.3.

2. Let a ∈ H with c(a) > 3. Then (since β = β̃ |H : H → B(G) is
a transfer homomorphism with c(H,β) ≤ 2, see Theorem 6.6) it follows
that c(β(a)) > 3 (see Proposition 6.4), and thus Theorem 4.3.1 implies that
supp

(
β(a)

)
∪ {0} 6= G, whence β(a) ∈ Ω0(G \ {g}, 1, 0) for some g ∈ G. Thus∣∣{a ∈ H ∣∣ c(a) > 3, |a| ≤ x

}∣∣ � x(log x)−1/|G|

by Proposition 7.3, and so the assertion follows. ut
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