
Home Page

Title Page

Contents

JJ II

J I

Page 1 of 38

Go Back

Full Screen

Close

Quit

Tone rows and tropes

Harald Fripertinger
Karl-Franzens-Universität Graz

International Congress on Music and Mathematics
Puerto Vallarta, Mexico, November 26–29, 2014

Joint work with Peter Lackner,
University of Music and Performing Arts Graz.

http://www.uni-graz.at
http://www.uni-graz.at/~fripert/


Home Page

Title Page

Contents

JJ II

J I

Page 1 of 38

Go Back

Full Screen

Close

Quit

Tone rows and tropes

Harald Fripertinger
Karl-Franzens-Universität Graz

International Congress on Music and Mathematics
Puerto Vallarta, Mexico, November 26–29, 2014

Joint work with Peter Lackner,
University of Music and Performing Arts Graz.

http://www.uni-graz.at
http://www.uni-graz.at/~fripert/


Home Page

Title Page

Contents

JJ II

J I

Page 2 of 38

Go Back

Full Screen

Close

Quit

What is a tone-row?
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What is a tone-row?

O. Messiaen: Le Merle Noir: A piece for flute and piano composed in
1951. The tone row appears in the coda of the piano part.
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What is a tone-row?

O. Messiaen: Le Merle Noir: A piece for flute and piano composed in
1951. The tone row appears in the coda of the piano part.

The rhythm is not important for the analysis.
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What is a tone-row?

O. Messiaen: Le Merle Noir: A piece for flute and piano composed in
1951. The tone row appears in the coda of the piano part.

The rhythm is not important for the analysis.

Replacing the tones by representatives of octave equivalence.
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The chromatic scale

Here is a short part of the chromatic scale together with the labelling of
the tones in Z and pitch classes in Z12.
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Tone rows

In Music: a sequence of 12 tones so that different tones are not octave
equivalent.
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Tone rows

In Music: a sequence of 12 tones so that different tones are not octave
equivalent.

In Mathematics:

f :{1, . . . ,12}→ Z, f (i) 6= f ( j), i 6= j.
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Tone rows

In Music: a sequence of 12 tones so that different tones are not octave
equivalent.

In Mathematics:

f :{1, . . . ,12}→ Z, f (i) 6= f ( j), i 6= j.

Simple model:
f :{1, . . . ,12}→ Z12, bijective.
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Tone rows

In Music: a sequence of 12 tones so that different tones are not octave
equivalent.

In Mathematics:

f :{1, . . . ,12}→ Z, f (i) 6= f ( j), i 6= j.

Simple model:
f :{1, . . . ,12}→ Z12, bijective.

• Each pitch class occurs at most once as f ( j), j ∈ {1, . . . ,12}.
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Tone rows

In Music: a sequence of 12 tones so that different tones are not octave
equivalent.

In Mathematics:

f :{1, . . . ,12}→ Z, f (i) 6= f ( j), i 6= j.

Simple model:
f :{1, . . . ,12}→ Z12, bijective.

• Each pitch class occurs at most once as f ( j), j ∈ {1, . . . ,12}.

• Each pitch class occurs at least once as f ( j), j ∈ {1, . . . ,12}.
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Tone rows

In Music: a sequence of 12 tones so that different tones are not octave
equivalent.

In Mathematics:

f :{1, . . . ,12}→ Z, f (i) 6= f ( j), i 6= j.

Simple model:
f :{1, . . . ,12}→ Z12, bijective.

• Each pitch class occurs at most once as f ( j), j ∈ {1, . . . ,12}.

• Each pitch class occurs at least once as f ( j), j ∈ {1, . . . ,12}.

Each pitch class occurs exactly once as f ( j), j ∈ {1, . . . ,12}.
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How many tone rows exist?
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How many tone rows exist?

1. step: Choose a pitch class from 12 possible classes.
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How many tone rows exist?

1. step: Choose a pitch class from 12 possible classes.
2. step: Choose a pitch class from 11 possible classes.

http://www.uni-graz.at
http://www.uni-graz.at/~fripert/


Home Page

Title Page

Contents

JJ II

J I

Page 5 of 38

Go Back

Full Screen

Close

Quit

How many tone rows exist?

1. step: Choose a pitch class from 12 possible classes.
2. step: Choose a pitch class from 11 possible classes.
3. step: Choose a pitch class from 10 possible classes.
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How many tone rows exist?

1. step: Choose a pitch class from 12 possible classes.
2. step: Choose a pitch class from 11 possible classes.
3. step: Choose a pitch class from 10 possible classes.
...
11. step: Choose a pitch class from 2 possible classes.
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How many tone rows exist?

1. step: Choose a pitch class from 12 possible classes.
2. step: Choose a pitch class from 11 possible classes.
3. step: Choose a pitch class from 10 possible classes.
...
11. step: Choose a pitch class from 2 possible classes.
12. step: Choose a pitch class from 1 possible class.

(Actually the last pitch class is already determined.)
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How many tone rows exist?

1. step: Choose a pitch class from 12 possible classes.
2. step: Choose a pitch class from 11 possible classes.
3. step: Choose a pitch class from 10 possible classes.
...
11. step: Choose a pitch class from 2 possible classes.
12. step: Choose a pitch class from 1 possible class.

(Actually the last pitch class is already determined.)

This leads to a total of

12 ·11 · · ·2 ·1 = 479001600 = 12!

tone rows.
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O. Messiaen: Le Merle Noir

Reduction to pitch classes (9,2,8,3,10,6,4,0,1,11,5,7).
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Circular representation of a tone row

f := ( f (1), . . . , f (12)) = (9,2,8,3,10,6,4,0,1,11,5,7)
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Circular representation of a tone row

f := ( f (1), . . . , f (12)) = (9,2,8,3,10,6,4,0,1,11,5,7)
we draw the 12 pitch classes as a regular 12-gon,
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Circular representation of a tone row

f := ( f (1), . . . , f (12)) = (9,2,8,3,10,6,4,0,1,11,5,7)
we draw the 12 pitch classes as a regular 12-gon,
we label them,

0 1
2

3

4
567

8

9

10
11

http://www.uni-graz.at
http://www.uni-graz.at/~fripert/


Home Page

Title Page

Contents

JJ II

J I

Page 7 of 38

Go Back

Full Screen

Close

Quit

Circular representation of a tone row

f := ( f (1), . . . , f (12)) = (9,2,8,3,10,6,4,0,1,11,5,7)
we draw the 12 pitch classes as a regular 12-gon,
we label them,
we indicate the first tone,

0 1
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Circular representation of a tone row

f := ( f (1), . . . , f (12)) = (9,2,8,3,10,6,4,0,1,11,5,7)
we draw the 12 pitch classes as a regular 12-gon,
we label them,
we indicate the first tone,
and we connect pitch classes which occur in consecutive positions in
the tone row.
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Circular representation of a tone row

f := ( f (1), . . . , f (12)) = (9,2,8,3,10,6,4,0,1,11,5,7)
we draw the 12 pitch classes as a regular 12-gon,
we label them,
we indicate the first tone,
and we connect pitch classes which occur in consecutive positions in
the tone row.
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Circular representation of a tone row

f := ( f (1), . . . , f (12)) = (9,2,8,3,10,6,4,0,1,11,5,7)
we draw the 12 pitch classes as a regular 12-gon,
we label them,
we indicate the first tone,
and we connect pitch classes which occur in consecutive positions in
the tone row.

0 1
2

3

4
567

8

9

10
11

http://www.uni-graz.at
http://www.uni-graz.at/~fripert/


Home Page

Title Page

Contents

JJ II

J I

Page 7 of 38

Go Back

Full Screen

Close

Quit

Circular representation of a tone row

f := ( f (1), . . . , f (12)) = (9,2,8,3,10,6,4,0,1,11,5,7)
we draw the 12 pitch classes as a regular 12-gon,
we label them,
we indicate the first tone,
and we connect pitch classes which occur in consecutive positions in
the tone row.
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Classification of discrete structures

Discrete structures: subsets, unions, products of finite sets, mappings
between finite sets, bijections or linear orders on finite sets, equivalence
classes on finite sets, etc.
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Classification of discrete structures

Discrete structures: subsets, unions, products of finite sets, mappings
between finite sets, bijections or linear orders on finite sets, equivalence
classes on finite sets, etc.

Examples: graphs, necklaces, designs, codes, matroids, switching
functions, molecules in chemistry, spin-configurations in physics, or
objects of local music theory.
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Classification of discrete structures

Discrete structures: subsets, unions, products of finite sets, mappings
between finite sets, bijections or linear orders on finite sets, equivalence
classes on finite sets, etc.

Examples: graphs, necklaces, designs, codes, matroids, switching
functions, molecules in chemistry, spin-configurations in physics, or
objects of local music theory.

Equivalence classes: collect all elements which are similar, or not
essentially different.
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Classification of discrete structures

Discrete structures: subsets, unions, products of finite sets, mappings
between finite sets, bijections or linear orders on finite sets, equivalence
classes on finite sets, etc.

Examples: graphs, necklaces, designs, codes, matroids, switching
functions, molecules in chemistry, spin-configurations in physics, or
objects of local music theory.

Equivalence classes: collect all elements which are similar, or not
essentially different.

Classification: more detailed information.
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Classification of discrete structures

Discrete structures: subsets, unions, products of finite sets, mappings
between finite sets, bijections or linear orders on finite sets, equivalence
classes on finite sets, etc.

Examples: graphs, necklaces, designs, codes, matroids, switching
functions, molecules in chemistry, spin-configurations in physics, or
objects of local music theory.

Equivalence classes: collect all elements which are similar, or not
essentially different.

Classification: more detailed information.

step 1: Determine the number of different objects.
step 2: Determine the number of objects with certain properties.
step 3: Determine a complete list of the elements of a discrete structure.
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Equivalence classes of tone rows

Looking for a suitable equivalence relation:
– properly motivated
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Equivalence classes of tone rows

Looking for a suitable equivalence relation:
– properly motivated
– interesting properties of the equivalence classes
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Equivalence classes of tone rows

Looking for a suitable equivalence relation:
– properly motivated
– interesting properties of the equivalence classes
– equivalence classes should not be too large
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Equivalence classes of tone rows

Looking for a suitable equivalence relation:
– properly motivated
– interesting properties of the equivalence classes
– equivalence classes should not be too large
– equivalence classes should not be too small.
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Equivalence classes of tone rows

Looking for a suitable equivalence relation:
– properly motivated
– interesting properties of the equivalence classes
– equivalence classes should not be too large
– equivalence classes should not be too small.

Reduction of the number of tone rows to the number of different
similarity classes of tone rows.
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Equivalence classes of tone rows

Looking for a suitable equivalence relation:
– properly motivated
– interesting properties of the equivalence classes
– equivalence classes should not be too large
– equivalence classes should not be too small.

Reduction of the number of tone rows to the number of different
similarity classes of tone rows.

Ilomäki, Tuukka. 2008. On the Similarity of Twelve-Tone Rows.
Vol. 30 of Studia Musica. Helsinki: Sibelius Academy.

Equivalence by Schönberg: Tone rows as equivalent whenever they
can be constructed by transposing, inversion and/or retrograde from a
single tone row.
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Transposing

of the 12-scale: Z → Z, k 7→ k +1, or k 7→ k + r, r ∈ Z.
of pitch classes: T :Z12 → Z12, i 7→ i+1, or T r:Z12 → Z12, i 7→ i+ r.
of tone rows: f 7→ T r ◦ f .
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Transposing

of the 12-scale: Z → Z, k 7→ k +1, or k 7→ k + r, r ∈ Z.
of pitch classes: T :Z12 → Z12, i 7→ i+1, or T r:Z12 → Z12, i 7→ i+ r.
of tone rows: f 7→ T r ◦ f .
E.g. the transposed of f = (9,2,8,3,10,6,4,0,1,11,5,7)

is T ◦ f = (10,3,9,4,11,7,5,1,2,0,6,8)
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Transposing

of the 12-scale: Z → Z, k 7→ k +1, or k 7→ k + r, r ∈ Z.
of pitch classes: T :Z12 → Z12, i 7→ i+1, or T r:Z12 → Z12, i 7→ i+ r.
of tone rows: f 7→ T r ◦ f .
E.g. the transposed of f = (9,2,8,3,10,6,4,0,1,11,5,7)

is T ◦ f = (10,3,9,4,11,7,5,1,2,0,6,8)

Rotation of the circular representation.
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Inversion

of the 12-scale: Z → Z, k 7→ 2t0− k, or k 7→ 2t0 +1− k, t0 ∈ Z.
of pitch classes: I:Z12 → Z12, i 7→ −i, or T r ◦ I:Z12 → Z12 i 7→ −i+ r.
of tone rows: f 7→ (T r ◦ I)◦ f .
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Inversion

of the 12-scale: Z → Z, k 7→ 2t0− k, or k 7→ 2t0 +1− k, t0 ∈ Z.
of pitch classes: I:Z12 → Z12, i 7→ −i, or T r ◦ I:Z12 → Z12 i 7→ −i+ r.
of tone rows: f 7→ (T r ◦ I)◦ f .
E.g. the inversion of f = (9,2,8,3,10,6,4,0,1,11,5,7)

is I ◦ f = (3,10,4,9,2,6,8,0,11,1,7,5)
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Inversion

of the 12-scale: Z → Z, k 7→ 2t0− k, or k 7→ 2t0 +1− k, t0 ∈ Z.
of pitch classes: I:Z12 → Z12, i 7→ −i, or T r ◦ I:Z12 → Z12 i 7→ −i+ r.
of tone rows: f 7→ (T r ◦ I)◦ f .
E.g. the inversion of f = (9,2,8,3,10,6,4,0,1,11,5,7)

is I ◦ f = (3,10,4,9,2,6,8,0,11,1,7,5)

Mirror image of the circular representation.
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Retrograde and cyclic shift of a tone row

Two permutations of {1,2, . . . ,12}:
R = (1,12)(2,11) · · ·(6,7)
S = (1,2,3, . . . ,12).

Retrograde of f : f ◦R
Cyclic shift of f : f ◦S, or f ◦Sr.
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Retrograde and cyclic shift of a tone row

Two permutations of {1,2, . . . ,12}:
R = (1,12)(2,11) · · ·(6,7)
S = (1,2,3, . . . ,12).

Retrograde of f : f ◦R
Cyclic shift of f : f ◦S, or f ◦Sr.

f = (9,2,8,3,10,6,4,0,1,11,5,7),
f ◦R = (7,5,11,1,0,4,6,10,3,8,2,9), and
f ◦S = (2,8,3,10,6,4,0,1,11,5,7,9).
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Further operations

Quart-circle or multiplication Q:Z12 → Z12, i 7→ 5i.
Five-step: Similar operation on {1, . . . ,12}.

Quart-circle of f : Q◦ f .
Quint-circle of f : (I ◦Q)◦ f .
Five-step of f : f ◦F .
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Further operations

Quart-circle or multiplication Q:Z12 → Z12, i 7→ 5i.
Five-step: Similar operation on {1, . . . ,12}.

Quart-circle of f : Q◦ f .
Quint-circle of f : (I ◦Q)◦ f .
Five-step of f : f ◦F .

Parameter exchange: Consider f as a bijection between {1, . . . ,12}
and {1, . . . ,12}, i.e. f ∈ S12, then f−1 is also a tone row.

Parameter exchange of f : P( f ) = f−1.

M f =
1
3
5
7
9

11

1 3 5 7 9 11
�
�

�

�
�
�

�
�

�

�
�
�

M f−1 =
1
3
5
7
9

11

1 3 5 7 9 11
�
�

�
�

�

�
�
�

�
�
�

�
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Permutation groups

〈T 〉 and 〈S〉 are cyclic groups of order 12 isomorphic to C12.
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Permutation groups

〈T 〉 and 〈S〉 are cyclic groups of order 12 isomorphic to C12.

〈T, I〉 and 〈S,R〉 are permutation groups, both isomorphic to the
dihedral group D12 consisting of 24 elements.
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Permutation groups

〈T 〉 and 〈S〉 are cyclic groups of order 12 isomorphic to C12.

〈T, I〉 and 〈S,R〉 are permutation groups, both isomorphic to the
dihedral group D12 consisting of 24 elements.

Theorem. Let π be a permutation of Z12, then π(i+1) = π(i)+1 for all
i ∈ Z12, or π(i+1) = π(i)−1 for all i ∈ Z12, if and only if π ∈ D12.
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Permutation groups

〈T 〉 and 〈S〉 are cyclic groups of order 12 isomorphic to C12.

〈T, I〉 and 〈S,R〉 are permutation groups, both isomorphic to the
dihedral group D12 consisting of 24 elements.

Theorem. Let π be a permutation of Z12, then π(i+1) = π(i)+1 for all
i ∈ Z12, or π(i+1) = π(i)−1 for all i ∈ Z12, if and only if π ∈ D12.

〈T, I,Q〉 and 〈S,R,F〉 are isomorphic to the group of all affine
mappings on Z12 abbreviated by Aff1(Z12). It is the set of all mappings
f (i) = ai+b, where a,b ∈ Z, gcd(a,12) = 1. Thus a ∈ {1,5,7,11} and
b ∈ {0, . . . ,11}.
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Equivalent tone rows

Standard setting: f ′ is equivalent to f if f ′ can be constructed from f
by any combination of transposing, inversion, cyclic shift and retrograde.

http://www.uni-graz.at
http://www.uni-graz.at/~fripert/


Home Page

Title Page

Contents

JJ II

J I

Page 15 of 38

Go Back

Full Screen

Close

Quit

Equivalent tone rows

Standard setting: f ′ is equivalent to f if f ′ can be constructed from f
by any combination of transposing, inversion, cyclic shift and retrograde.

Let R be the set of all tone rows, i.e. bijective mappings from
{1, . . . ,12} to Z12. We consider the following mapping

(〈T, I〉×〈S,R〉)×R → R

((ϕ,π), f ) 7→ ϕ ◦ f ◦π
−1.

This mapping defines a group action.
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Equivalent tone rows

Standard setting: f ′ is equivalent to f if f ′ can be constructed from f
by any combination of transposing, inversion, cyclic shift and retrograde.

Let R be the set of all tone rows, i.e. bijective mappings from
{1, . . . ,12} to Z12. We consider the following mapping

(〈T, I〉×〈S,R〉)×R → R

((ϕ,π), f ) 7→ ϕ ◦ f ◦π
−1.

This mapping defines a group action.

f ′ is equivalent to f if and only if f ′ = ϕ ◦ f ◦π−1 for some (ϕ,π) in
〈T, I〉×〈S,R〉.
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Circular representation of all equivalent rows:
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Circular representation of all equivalent rows:

We start with f .

0 1
2

3

4
567

8

9

10
11

http://www.uni-graz.at
http://www.uni-graz.at/~fripert/


Home Page

Title Page

Contents

JJ II

J I

Page 16 of 38

Go Back

Full Screen

Close

Quit

Circular representation of all equivalent rows:

We start with f .
Because of transposing we delete the labels.
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Circular representation of all equivalent rows:

We start with f .
Because of transposing we delete the labels.
Inversion of f is the mirror of the given graph.
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Circular representation of all equivalent rows:

We start with f .
Because of transposing we delete the labels.
Inversion of f is the mirror of the given graph.
Because of retrograde we don’t show the first tone.
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Circular representation of all equivalent rows:

We start with f .
Because of transposing we delete the labels.
Inversion of f is the mirror of the given graph.
Because of retrograde we don’t show the first tone.
Because of cyclic shifts we insert the missing edge.
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General setting:

G a permutation group on {1,2 . . . ,12},
H a permutation group on Z12.

(H ×G)×R → R

((ϕ,π), f ) 7→ ϕ ◦ f ◦π
−1. (∗)

f ′ is equivalent to f if and only if f ′ = ϕ ◦ f ◦π−1 for some (ϕ,π) in
H ×G.
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General setting:

G a permutation group on {1,2 . . . ,12},
H a permutation group on Z12.

(H ×G)×R → R

((ϕ,π), f ) 7→ ϕ ◦ f ◦π
−1. (∗)

f ′ is equivalent to f if and only if f ′ = ϕ ◦ f ◦π−1 for some (ϕ,π) in
H ×G.

Even more general: R = S12, G a group acting on S12.

G×R → R

(g, f ) 7→ g∗ f .

f ′ is equivalent to f if and only if f ′ is obtained from f by application of
some g ∈ G.
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Group Actions

A multiplicative group G with neutral element 1 acts on a set X if there
exists a mapping

∗:G×X → X , ∗(g,x) 7→ g∗ x(= gx),
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Group Actions

A multiplicative group G with neutral element 1 acts on a set X if there
exists a mapping

∗:G×X → X , ∗(g,x) 7→ g∗ x(= gx),

such that

(g1g2)∗ x = g1 ∗ (g2 ∗ x), g1,g2 ∈ G, x ∈ X ,
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Group Actions

A multiplicative group G with neutral element 1 acts on a set X if there
exists a mapping

∗:G×X → X , ∗(g,x) 7→ g∗ x(= gx),

such that

(g1g2)∗ x = g1 ∗ (g2 ∗ x), g1,g2 ∈ G, x ∈ X ,

and
1∗ x = x, x ∈ X .
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Group Actions

A multiplicative group G with neutral element 1 acts on a set X if there
exists a mapping

∗:G×X → X , ∗(g,x) 7→ g∗ x(= gx),

such that

(g1g2)∗ x = g1 ∗ (g2 ∗ x), g1,g2 ∈ G, x ∈ X ,

and
1∗ x = x, x ∈ X .

Notation: We usually write gx instead of g∗ x.
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Orbit of x ∈ X : G(x) = {gx | g ∈ G}.
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Orbit of x ∈ X : G(x) = {gx | g ∈ G}.

Set of orbits: G\\X = {G(x) | x ∈ X}.
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Orbit of x ∈ X : G(x) = {gx | g ∈ G}.

Set of orbits: G\\X = {G(x) | x ∈ X}.

Stabilizer of x ∈ X : Gx = {g ∈ G | gx = x} .

http://www.uni-graz.at
http://www.uni-graz.at/~fripert/


Home Page

Title Page

Contents

JJ II

J I

Page 19 of 38

Go Back

Full Screen

Close

Quit

Orbit of x ∈ X : G(x) = {gx | g ∈ G}.

Set of orbits: G\\X = {G(x) | x ∈ X}.

Stabilizer of x ∈ X : Gx = {g ∈ G | gx = x} .

Lagrange Theorem. If GX is a finite group action then the size of the
orbit of x ∈ X equals

|G(x)| = |G|
|Gx|

.
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Orbit of x ∈ X : G(x) = {gx | g ∈ G}.

Set of orbits: G\\X = {G(x) | x ∈ X}.

Stabilizer of x ∈ X : Gx = {g ∈ G | gx = x} .

Lagrange Theorem. If GX is a finite group action then the size of the
orbit of x ∈ X equals

|G(x)| = |G|
|Gx|

.

Set of all fixed points of g: Xg = {x ∈ X | gx = x}.
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Orbit of x ∈ X : G(x) = {gx | g ∈ G}.

Set of orbits: G\\X = {G(x) | x ∈ X}.

Stabilizer of x ∈ X : Gx = {g ∈ G | gx = x} .

Lagrange Theorem. If GX is a finite group action then the size of the
orbit of x ∈ X equals

|G(x)| = |G|
|Gx|

.

Set of all fixed points of g: Xg = {x ∈ X | gx = x}.

Lemma of Cauchy–Frobenius. The number of orbits under a finite
group action GX is the average number of fixed points.
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Orbit of x ∈ X : G(x) = {gx | g ∈ G}.

Set of orbits: G\\X = {G(x) | x ∈ X}.

Stabilizer of x ∈ X : Gx = {g ∈ G | gx = x} .

Lagrange Theorem. If GX is a finite group action then the size of the
orbit of x ∈ X equals

|G(x)| = |G|
|Gx|

.

Set of all fixed points of g: Xg = {x ∈ X | gx = x}.

Lemma of Cauchy–Frobenius. The number of orbits under a finite
group action GX is the average number of fixed points.

|G\\X | = 1
|G| ∑

g∈G
|Xg|
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Classification of tone rows 1st step

How many non-equivalent tone rows?
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Classification of tone rows 1st step

How many non-equivalent tone rows? How many orbits are there?
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Classification of tone rows 1st step

How many non-equivalent tone rows? How many orbits are there?
acting group # of orbits

1. 〈T 〉×〈R〉 19 960 320
2. 〈T, I〉×〈R〉 9 985 920
3. 〈T 〉×〈S〉 3 326 788
4. 〈T, I〉×〈S〉 1 664 354
5. 〈T, I〉×〈S,R〉 836 017
6. 〈T, I,Q〉×〈S,R〉 419 413
7. 〈T, I〉×〈S,R,F〉 419 413
8. 〈T, I,Q〉×〈S,R,F〉 211 012
9. D12 420 948
10. A12 106 986

D12 generated by D12×D12 and P.
A12 generated by Aff1(Z12)×Aff1(Z12) and P.
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Arnold Schönberg considered 2.
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Arnold Schönberg considered 2.

5. is the standard settings for our classification.

Also used by:

Josef Matthias Hauer

Ronald C. Read. Combinatorial problems in the theory of music.
Discrete Mathematics, 167-168(1-3):543–551, 1997.

Solomon Wolf Golomb and Lloyd Richard Welch. On the
enumeration of polygons. American Mathematical Monthly, 87:349–353,
1960.

David J. Hunter and Paul T. von Hippel. How rare is symmetry in
musical 12-tone rows? American Mathematical Monthly,
110(2):124–132, 2003.
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The orbit of a tone row

In connection with the orbit of f we solve the following problems:
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The orbit of a tone row

In connection with the orbit of f we solve the following problems:

• Determine the set of all elements of the orbit G( f ).
|G( f )| ≤ |G|; at most |G| tone rows are equivalent to f
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The orbit of a tone row

In connection with the orbit of f we solve the following problems:

• Determine the set of all elements of the orbit G( f ).
|G( f )| ≤ |G|; at most |G| tone rows are equivalent to f

• Determine the standard representative or the normal form of the
orbit G( f ) as the smallest element in G( f ) with respect to the
lexicographical order
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The orbit of a tone row

In connection with the orbit of f we solve the following problems:

• Determine the set of all elements of the orbit G( f ).
|G( f )| ≤ |G|; at most |G| tone rows are equivalent to f

• Determine the standard representative or the normal form of the
orbit G( f ) as the smallest element in G( f ) with respect to the
lexicographical order

• Given two tone rows f1 and f2 belonging to the same orbit, determine
an element g ∈ G so that f2 = g f1.

Database: The equivalence class of (9,2,8,3,10,6,4,0,1,11,5,7)
Database: The normal form (9,2,8,3,10,6,4,0,1,11,5,7)
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Properties of tone rows

• Normalform
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Properties of tone rows

• Normalform

• Interval structure
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Properties of tone rows

• Normalform

• Interval structure

• Number of different intervals in the interval structure
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Properties of tone rows

• Normalform

• Interval structure

• Number of different intervals in the interval structure

• Diameter distance structure
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Properties of tone rows

• Normalform

• Interval structure

• Number of different intervals in the interval structure

• Diameter distance structure

• Number of different diameter distances
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Properties of tone rows

• Normalform

• Interval structure

• Number of different intervals in the interval structure

• Diameter distance structure

• Number of different diameter distances

• Trope structure
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Properties of tone rows

• Normalform

• Interval structure

• Number of different intervals in the interval structure

• Diameter distance structure

• Number of different diameter distances

• Trope structure

• Number of different tropes
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Properties of tone rows

• Normalform

• Interval structure

• Number of different intervals in the interval structure

• Diameter distance structure

• Number of different diameter distances

• Trope structure

• Number of different tropes

• Stabilizer type
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Properties of tone rows

• Normalform

• Interval structure

• Number of different intervals in the interval structure

• Diameter distance structure

• Number of different diameter distances

• Trope structure

• Number of different tropes

• Stabilizer type

• Chord diagrams (Franck Jedrzejewski)
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Properties of tone rows

• Normalform

• Interval structure

• Number of different intervals in the interval structure

• Diameter distance structure

• Number of different diameter distances

• Trope structure

• Number of different tropes

• Stabilizer type

• Chord diagrams (Franck Jedrzejewski)

• Invariance of the orbit under the quart-circle
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Properties of tone rows

• Normalform

• Interval structure

• Number of different intervals in the interval structure

• Diameter distance structure

• Number of different diameter distances

• Trope structure

• Number of different tropes

• Stabilizer type

• Chord diagrams (Franck Jedrzejewski)

• Invariance of the orbit under the quart-circle

• Invariance of the orbit under the five-step

http://www.uni-graz.at
http://www.uni-graz.at/~fripert/


Home Page

Title Page

Contents

JJ II

J I

Page 23 of 38

Go Back

Full Screen

Close

Quit

Properties of tone rows

• Normalform

• Interval structure

• Number of different intervals in the interval structure

• Diameter distance structure

• Number of different diameter distances

• Trope structure

• Number of different tropes

• Stabilizer type

• Chord diagrams (Franck Jedrzejewski)

• Invariance of the orbit under the quart-circle

• Invariance of the orbit under the five-step

• Invariance of the orbit under P
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Interval structure

Interval from a to b in Z12: the difference b−a ∈ Z12.
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Interval structure

Interval from a to b in Z12: the difference b−a ∈ Z12.
Sequence of twelve intervals:

g = ( f (2)− f (1), f (3)− f (2), . . . , f (12)− f (11), f (1)− f (12))

Its orbit under D12×D12 is the interval structure.

The interval structure of f = (9,2,8,3,10,6,4,0,1,11,5,7)

0 1
2

3

4
567

8

9

10
11

is the D12×D12-orbit of (5,6,7,7,8,10,8,1,10,6,2,2) represented by
(1,8,10,8,7,7,6,5,2,2,6,10).
Database: Search for tone rows of given interval structure
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The stabilizer type of a tone row

f a tone row, G a group describing the equivalence classes of tone
rows.

G f = {g ∈ G | g∗ f = f} the stabilizer.

G( f ) = {g∗ f | g ∈ G} the orbit. Its size is |G|/ |G f |.
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The stabilizer type of a tone row

f a tone row, G a group describing the equivalence classes of tone
rows.

G f = {g ∈ G | g∗ f = f} the stabilizer.

G( f ) = {g∗ f | g ∈ G} the orbit. Its size is |G|/ |G f |.

Stabilizer type of the orbit G( f ) is the conjugacy class
G̃ f = {gG f g−1 | g ∈ G}.

In our standard situation we have 17 different stabilizer types.
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name generators |U | |Ũ | |Ũi\\\R|
Ũ1 identity 1 1 827 282
Ũ2 (T I,S6) 2 6 912
Ũ3 (T 6,R) 2 6 912
Ũ4 (T 6,S6) 2 1 130
Ũ5 (I,SR) 2 36 942
Ũ6 (T I,R) 2 36 5 649
Ũ7 (T 4,S4) 3 2 11
Ũ8 (T 3,S3) 4 2 2
Ũ9 (T I,S6),(T 6,R) 4 36 96

Ũ10 (I,SR),(T 6,S6) 4 18 12
Ũ11 (T I,R),(T 6,S6) 4 18 42
Ũ12 (I,SR),(T 4,S4) 6 24 2
Ũ13 (T I,R),(T 4,S4) 6 24 15
Ũ14 (I,SR),(T 3,S3) 8 36 6
Ũ15 (T I,R),(T 2,S2) 12 12 2
Ũ16 (I,SR),(T,S) 24 12 1
Ũ17 (I,SR),(T,S5) 24 12 1

http://www.uni-graz.at
http://www.uni-graz.at/~fripert/


Home Page

Title Page

Contents

JJ II

J I

Page 27 of 38

Go Back

Full Screen

Close

Quit

Examples:

• Consider f = (0,1,10,8,9,11,5,3,2,4,7,6),
then T 6 f = (6,7,4,2,3,5,11,9,8,10,1,0)
and f R = (6,7,4,2,3,5,11,9,8,10,1,0),
thus (T 6,R)∗ f = f .

http://www.uni-graz.at
http://www.uni-graz.at/~fripert/
http://127.0.0.1/music/stabilizer.html
http://127.0.0.1/music/tone-row-search.html


Home Page

Title Page

Contents

JJ II

J I

Page 27 of 38

Go Back

Full Screen

Close

Quit

Examples:

• Consider f = (0,1,10,8,9,11,5,3,2,4,7,6),
then T 6 f = (6,7,4,2,3,5,11,9,8,10,1,0)
and f R = (6,7,4,2,3,5,11,9,8,10,1,0),
thus (T 6,R)∗ f = f .

• Consider f = (5,4,0,7,3,2,8,9,1,6,10,11),
then T I f = (8,9,1,6,10,11,5,4,0,7,3,2) = f S6

and T 6 f = (11,10,6,1,9,8,2,3,7,0,4,5) = f R.
The stabilizer of f is {id,(T I,S6),(T 6,R),(T 7I,S6R)}.
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Examples:

• Consider f = (0,1,10,8,9,11,5,3,2,4,7,6),
then T 6 f = (6,7,4,2,3,5,11,9,8,10,1,0)
and f R = (6,7,4,2,3,5,11,9,8,10,1,0),
thus (T 6,R)∗ f = f .

• Consider f = (5,4,0,7,3,2,8,9,1,6,10,11),
then T I f = (8,9,1,6,10,11,5,4,0,7,3,2) = f S6

and T 6 f = (11,10,6,1,9,8,2,3,7,0,4,5) = f R.
The stabilizer of f is {id,(T I,S6),(T 6,R),(T 7I,S6R)}.

• The chromatic scale has a stabilizer of order 24.

Database: The stabilizer of the chromatic scale
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Examples:

• Consider f = (0,1,10,8,9,11,5,3,2,4,7,6),
then T 6 f = (6,7,4,2,3,5,11,9,8,10,1,0)
and f R = (6,7,4,2,3,5,11,9,8,10,1,0),
thus (T 6,R)∗ f = f .

• Consider f = (5,4,0,7,3,2,8,9,1,6,10,11),
then T I f = (8,9,1,6,10,11,5,4,0,7,3,2) = f S6

and T 6 f = (11,10,6,1,9,8,2,3,7,0,4,5) = f R.
The stabilizer of f is {id,(T I,S6),(T 6,R),(T 7I,S6R)}.

• The chromatic scale has a stabilizer of order 24.

Database: The stabilizer of the chromatic scale

• 99.93% of all orbits of tone rows have the trivial stabilizer type.

Database: Search for tone rows of given stabilizer type
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Hexachords and tropes

Hexachord: a 6-subset of Z12.

Trope: a 2-set {A,Z12 \A}, A a hexachord.

If a group G acts on Z12, then it also acts on the set of all hexachords
H , and on the set of all tropes T .

G |G\\H |
〈1〉 924
C12 80
D12 50

Aff1(Z12) 34

G |G\\T |
〈1〉 462
C12 44
D12 35

Aff1(Z12) 26

Database: List all k-chords List all tropes
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List of all 35 orbits of tropes

[000000111111]

1

[000001011111]

2

[000001101111]

3

[000001110111]

4

[000010101111]

5

[000010110111]

6

[000010111011]

7

[000010111101]

8

[000011001111]

9

[000011010111]

10

[000011011011]

11

[000011100111]

12

[000100110111]

13

[000100111011]

14

[000101010111]

15

[000101011011]

16

[000101011101]

17

[000101100111]

18

[000101101011]

19

[000101101101]

20
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[000101110011]

21

[000110011011]

22

[000110100111]

23

[000110101011]

24

[000111000111]

25

[001001011011]

26

[001001101011]

27

[001010101011]

28

[001010101101]

29

[001010110011]

30

[001010110101]

31

[001011001011]

32

[001011001101]

33

[001100110011]

34

[010101010101]

35
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Trope structure of a tone row

Consider a tone row f . We obtain in a natural way six 2-sets of
hexachords defined by f :

τ1 :=
{
{ f (1), f (2), f (3), f (4), f (5), f (6)},{ f (7), f (8), f (9), f (10), f (11), f (12)}

}
τ2 :=

{
{ f (2), f (3), f (4), f (5), f (6), f (7)} ,{ f (8), f (9), f (10), f (11), f (12), f (1)}

}
τ3 :=

{
{ f (3), f (4), f (5), f (6), f (7), f (8)} ,{ f (9), f (10), f (11), f (12), f (1), f (2)}

}
τ4 :=

{
{ f (4), f (5), f (6), f (7), f (8), f (9)} ,{ f (10), f (11), f (12), f (1), f (2), f (3)}

}
τ5 :=

{
{ f (5), f (6), f (7), f (8), f (9), f (10)} ,{ f (11), f (12), f (1), f (2), f (3), f (4)}

}
τ6 :=

{
{ f (6), f (7), f (8), f (9), f (10), f (11)} ,{ f (12), f (1), f (2), f (3), f (4), f (5)}

}
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Trope structure of a tone row

Consider a tone row f . We obtain in a natural way six 2-sets of
hexachords defined by f :

τ1 :=
{
{ f (1), f (2), f (3), f (4), f (5), f (6)},{ f (7), f (8), f (9), f (10), f (11), f (12)}

}
τ2 :=

{
{ f (2), f (3), f (4), f (5), f (6), f (7)} ,{ f (8), f (9), f (10), f (11), f (12), f (1)}

}
τ3 :=

{
{ f (3), f (4), f (5), f (6), f (7), f (8)} ,{ f (9), f (10), f (11), f (12), f (1), f (2)}

}
τ4 :=

{
{ f (4), f (5), f (6), f (7), f (8), f (9)} ,{ f (10), f (11), f (12), f (1), f (2), f (3)}

}
τ5 :=

{
{ f (5), f (6), f (7), f (8), f (9), f (10)} ,{ f (11), f (12), f (1), f (2), f (3), f (4)}

}
τ6 :=

{
{ f (6), f (7), f (8), f (9), f (10), f (11)} ,{ f (12), f (1), f (2), f (3), f (4), f (5)}

}

From τi to τi+1 exactly 2 pitch classes are changing their hexachord.
They form the moving pair { f (i), f (i+6)}. The two tropes τi and τi+1

are called connectable.
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Trope structure of a tone row

Consider a tone row f . We obtain in a natural way six 2-sets of
hexachords defined by f :

τ1 :=
{
{ f (1), f (2), f (3), f (4), f (5), f (6)},{ f (7), f (8), f (9), f (10), f (11), f (12)}

}
τ2 :=

{
{ f (2), f (3), f (4), f (5), f (6), f (7)} ,{ f (8), f (9), f (10), f (11), f (12), f (1)}

}
τ3 :=

{
{ f (3), f (4), f (5), f (6), f (7), f (8)} ,{ f (9), f (10), f (11), f (12), f (1), f (2)}

}
τ4 :=

{
{ f (4), f (5), f (6), f (7), f (8), f (9)} ,{ f (10), f (11), f (12), f (1), f (2), f (3)}

}
τ5 :=

{
{ f (5), f (6), f (7), f (8), f (9), f (10)} ,{ f (11), f (12), f (1), f (2), f (3), f (4)}

}
τ6 :=

{
{ f (6), f (7), f (8), f (9), f (10), f (11)} ,{ f (12), f (1), f (2), f (3), f (4), f (5)}

}

From τi to τi+1 exactly 2 pitch classes are changing their hexachord.
They form the moving pair { f (i), f (i+6)}. The two tropes τi and τi+1

are called connectable.
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Trope structure of a tone row

Consider a tone row f . We obtain in a natural way six 2-sets of
hexachords defined by f :

τ1 :=
{
{ f (1), f (2), f (3), f (4), f (5), f (6)},{ f (7), f (8), f (9), f (10), f (11), f (12)}

}
τ2 :=

{
{ f (2), f (3), f (4), f (5), f (6), f (7)} ,{ f (8), f (9), f (10), f (11), f (12), f (1)}

}
τ3 :=

{
{ f (3), f (4), f (5), f (6), f (7), f (8)} ,{ f (9), f (10), f (11), f (12), f (1), f (2)}

}
τ4 :=

{
{ f (4), f (5), f (6), f (7), f (8), f (9)} ,{ f (10), f (11), f (12), f (1), f (2), f (3)}

}
τ5 :=

{
{ f (5), f (6), f (7), f (8), f (9), f (10)} ,{ f (11), f (12), f (1), f (2), f (3), f (4)}

}
τ6 :=

{
{ f (6), f (7), f (8), f (9), f (10), f (11)} ,{ f (12), f (1), f (2), f (3), f (4), f (5)}

}

From τi to τi+1 exactly 2 pitch classes are changing their hexachord.
They form the moving pair { f (i), f (i+6)}. The two tropes τi and τi+1

are called connectable.
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Trope structure of a tone row

Consider a tone row f . We obtain in a natural way six 2-sets of
hexachords defined by f :

τ1 :=
{
{ f (1), f (2), f (3), f (4), f (5), f (6)},{ f (7), f (8), f (9), f (10), f (11), f (12)}

}
τ2 :=

{
{ f (2), f (3), f (4), f (5), f (6), f (7)} ,{ f (8), f (9), f (10), f (11), f (12), f (1)}

}
τ3 :=

{
{ f (3), f (4), f (5), f (6), f (7), f (8)} ,{ f (9), f (10), f (11), f (12), f (1), f (2)}

}
τ4 :=

{
{ f (4), f (5), f (6), f (7), f (8), f (9)} ,{ f (10), f (11), f (12), f (1), f (2), f (3)}

}
τ5 :=

{
{ f (5), f (6), f (7), f (8), f (9), f (10)} ,{ f (11), f (12), f (1), f (2), f (3), f (4)}

}
τ6 :=

{
{ f (6), f (7), f (8), f (9), f (10), f (11)} ,{ f (12), f (1), f (2), f (3), f (4), f (5)}

}

From τi to τi+1 exactly 2 pitch classes are changing their hexachord.
They form the moving pair { f (i), f (i+6)}. The two tropes τi and τi+1

are called connectable.
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Trope structure of a tone row

Consider a tone row f . We obtain in a natural way six 2-sets of
hexachords defined by f :

τ1 :=
{
{ f (1), f (2), f (3), f (4), f (5), f (6)},{ f (7), f (8), f (9), f (10), f (11), f (12)}

}
τ2 :=

{
{ f (2), f (3), f (4), f (5), f (6), f (7)} ,{ f (8), f (9), f (10), f (11), f (12), f (1)}

}
τ3 :=

{
{ f (3), f (4), f (5), f (6), f (7), f (8)} ,{ f (9), f (10), f (11), f (12), f (1), f (2)}

}
τ4 :=

{
{ f (4), f (5), f (6), f (7), f (8), f (9)} ,{ f (10), f (11), f (12), f (1), f (2), f (3)}

}
τ5 :=

{
{ f (5), f (6), f (7), f (8), f (9), f (10)} ,{ f (11), f (12), f (1), f (2), f (3), f (4)}

}
τ6 :=

{
{ f (6), f (7), f (8), f (9), f (10), f (11)} ,{ f (12), f (1), f (2), f (3), f (4), f (5)}

}

From τi to τi+1 exactly 2 pitch classes are changing their hexachord.
They form the moving pair { f (i), f (i+6)}. The two tropes τi and τi+1

are called connectable.
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Trope structure of a tone row

Consider a tone row f . We obtain in a natural way six 2-sets of
hexachords defined by f :

τ1 :=
{
{ f (1), f (2), f (3), f (4), f (5), f (6)},{ f (7), f (8), f (9), f (10), f (11), f (12)}

}
τ2 :=

{
{ f (2), f (3), f (4), f (5), f (6), f (7)} ,{ f (8), f (9), f (10), f (11), f (12), f (1)}

}
τ3 :=

{
{ f (3), f (4), f (5), f (6), f (7), f (8)} ,{ f (9), f (10), f (11), f (12), f (1), f (2)}

}
τ4 :=

{
{ f (4), f (5), f (6), f (7), f (8), f (9)} ,{ f (10), f (11), f (12), f (1), f (2), f (3)}

}
τ5 :=

{
{ f (5), f (6), f (7), f (8), f (9), f (10)} ,{ f (11), f (12), f (1), f (2), f (3), f (4)}

}
τ6 :=

{
{ f (6), f (7), f (8), f (9), f (10), f (11)} ,{ f (12), f (1), f (2), f (3), f (4), f (5)}

}

From τi to τi+1 exactly 2 pitch classes are changing their hexachord.
They form the moving pair { f (i), f (i+6)}. The two tropes τi and τi+1

are called connectable.
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Trope structure of a tone row

Consider a tone row f . We obtain in a natural way six 2-sets of
hexachords defined by f :

τ1 :=
{
{ f (1), f (2), f (3), f (4), f (5), f (6)},{ f (7), f (8), f (9), f (10), f (11), f (12)}

}
τ2 :=

{
{ f (2), f (3), f (4), f (5), f (6), f (7)} ,{ f (8), f (9), f (10), f (11), f (12), f (1)}

}
τ3 :=

{
{ f (3), f (4), f (5), f (6), f (7), f (8)} ,{ f (9), f (10), f (11), f (12), f (1), f (2)}

}
τ4 :=

{
{ f (4), f (5), f (6), f (7), f (8), f (9)} ,{ f (10), f (11), f (12), f (1), f (2), f (3)}

}
τ5 :=

{
{ f (5), f (6), f (7), f (8), f (9), f (10)} ,{ f (11), f (12), f (1), f (2), f (3), f (4)}

}
τ6 :=

{
{ f (6), f (7), f (8), f (9), f (10), f (11)} ,{ f (12), f (1), f (2), f (3), f (4), f (5)}

}

From τi to τi+1 exactly 2 pitch classes are changing their hexachord.
They form the moving pair { f (i), f (i+6)}. The two tropes τi and τi+1

are called connectable.

http://www.uni-graz.at
http://www.uni-graz.at/~fripert/


Home Page

Title Page

Contents

JJ II

J I

Page 32 of 38

Go Back

Full Screen

Close

Quit

Let f be a tone row.

Trope sequence: (τ1,τ2, . . . ,τ6)
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Let f be a tone row.

Trope sequence: (τ1,τ2, . . . ,τ6)

Trope number sequence: Replace the tropes by the numbers of their
D12-orbits
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Let f be a tone row.

Trope sequence: (τ1,τ2, . . . ,τ6)

Trope number sequence: Replace the tropes by the numbers of their
D12-orbits

Trope structure: D12-orbit of the trope number sequence
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Let f be a tone row.

Trope sequence: (τ1,τ2, . . . ,τ6)

Trope number sequence: Replace the tropes by the numbers of their
D12-orbits

Trope structure: D12-orbit of the trope number sequence

Database: 538 139 different trope structures
(1,1,1,1,1,1): exactly one tone row
(10,18,22,14,22,18) and (10,18,22,14,22,27): 48 different orbits of tone
rows

Database: Compute the trope structure or Search for the trope structure

Which sequences of trope numbers are the trope number sequence of a
tone row?
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Further results

Close connection between the stabilizer type of a tone row and its trope
structure.
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Further results

Close connection between the stabilizer type of a tone row and its trope
structure.
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Classification of bigger orbits. Which D12×D12-orbits are combined to
form the bigger orbits.
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Classification of bigger orbits. Which D12×D12-orbits are combined to
form the bigger orbits.

Classification of the Schönberg-situation: Each D12×D12-orbit
decomposes into at most 12 classes with respect to Schönberg.
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Tone rows and tropes by H.F. and Peter Lackner will appear in a
special volume of the Journal of Mathematics and Music in 2015.

http://www.uni-graz.at
http://www.uni-graz.at/~fripert/


Home Page

Title Page

Contents

JJ II

J I

Page 34 of 38

Go Back

Full Screen

Close

Quit

The database

Available from http://www.uni-graz.at/˜fripert/db/

Data were computed with SYMMETRICA [2] and GAP [1].

Search routines using perl. Graphics uses javascript.

Musical information on tone rows appearing in works of various
composers. Hence it is also possible to search for musical information
on a given tone row. This opens the door for new research: Since we
have normal forms of tone rows, it is easy to check, whether similar tone
rows appeared in different compositions. Or knowing certain properties
of tone rows it is interesting to study whether we can deduce from the
composition that the composer was aware of these properties.
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As a matter of fact, at the moment we have more than 1200 entries of
musical information in our database. Of course this is not enough for
doing some statistical analysis or to suggest trends in the usage of
certain types of tone rows. Therefore, we try to collect further tone rows
and data.

There are more than 500 entries with tone rows by J. M. Hauer. All tone
rows from the Second Viennese School and a selection of compositions
until today are input.
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