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n-associativity

F(x1,x2, . . . ,xn) ∈ C [[x1,x2, . . . ,xn]], n≥ 3,

F(0,0, . . . ,0) = 0, so F can be substituted into any formal power series

F(x1,x2 . . . ,xn) = ∑
(i1,...,in)∈Nn

0
i1+...+in≥1

ai1,...,inx
i1
1 · · ·x

in
n
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n-associativity

F(x1,x2, . . . ,xn) ∈ C [[x1,x2, . . . ,xn]], n≥ 3,

F(0,0, . . . ,0) = 0, so F can be substituted into any formal power series

F(x1,x2 . . . ,xn) = ∑
(i1,...,in)∈Nn

0
i1+...+in≥1

ai1,...,inx
i1
1 · · ·x

in
n

F(F(x1,x2, . . . ,xn),xn+1, . . . ,x2n−1) (1)

F(x1,F(x2, . . . ,xn+1),xn+2, . . . ,x2n−1) (2)

. . .

F(x1, . . . ,xn−1,F(xn,xn+1, . . . ,x2n−1)) (n)
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n-associativity

F(x1,x2, . . . ,xn) ∈ C [[x1,x2, . . . ,xn]], n≥ 3,

F(0,0, . . . ,0) = 0, so F can be substituted into any formal power series

F(x1,x2 . . . ,xn) = ∑
(i1,...,in)∈Nn

0
i1+...+in≥1

ai1,...,inx
i1
1 · · ·x

in
n

F(F(x1,x2, . . . ,xn),xn+1, . . . ,x2n−1) (1)

F(x1,F(x2, . . . ,xn+1),xn+2, . . . ,x2n−1) (2)

. . .

F(x1, . . . ,xn−1,F(xn,xn+1, . . . ,x2n−1)) (n)

F is n-associative if (1) = (2) = . . .= (n). This is a system of
(n

2

)
equations in C [[x1,x2, . . . ,x2n−1]].
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Let ϕi(xi) = F(0, . . . ,0,xi,0, . . . ,0), i ∈ {1, . . . ,n}, where xi is in the i-th
position.

F̃(x1, . . . ,xn) = F(x1, . . . ,xn)−∑
n
i=1 ϕi(xi)
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Let ϕi(xi) = F(0, . . . ,0,xi,0, . . . ,0), i ∈ {1, . . . ,n}, where xi is in the i-th
position.

F̃(x1, . . . ,xn) = F(x1, . . . ,xn)−∑
n
i=1 ϕi(xi)

Then:
ϕi(0) = 0, i ∈ {1, . . . ,n}.
F̃(x1,0 . . . ,0) = F̃(0,x2,0 . . . ,0) = . . .= F̃(0, . . . ,0,xn) = 0.
F(x1, . . . ,xn) = ∑

n
i=1 ϕi(xi)+ F̃(x1, . . . ,xn)
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Let ϕi(xi) = F(0, . . . ,0,xi,0, . . . ,0), i ∈ {1, . . . ,n}, where xi is in the i-th
position.

F̃(x1, . . . ,xn) = F(x1, . . . ,xn)−∑
n
i=1 ϕi(xi)

Then:
ϕi(0) = 0, i ∈ {1, . . . ,n}.
F̃(x1,0 . . . ,0) = F̃(0,x2,0 . . . ,0) = . . .= F̃(0, . . . ,0,xn) = 0.
F(x1, . . . ,xn) = ∑

n
i=1 ϕi(xi)+ F̃(x1, . . . ,xn)

Using this form of F in (1) = . . .= (n) we prove:

Lemma 1. If F is n-associativ, then:
1. ϕ1(x),ϕn(x) ∈ {0,x}.
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Let ϕi(xi) = F(0, . . . ,0,xi,0, . . . ,0), i ∈ {1, . . . ,n}, where xi is in the i-th
position.

F̃(x1, . . . ,xn) = F(x1, . . . ,xn)−∑
n
i=1 ϕi(xi)

Then:
ϕi(0) = 0, i ∈ {1, . . . ,n}.
F̃(x1,0 . . . ,0) = F̃(0,x2,0 . . . ,0) = . . .= F̃(0, . . . ,0,xn) = 0.
F(x1, . . . ,xn) = ∑

n
i=1 ϕi(xi)+ F̃(x1, . . . ,xn)

Using this form of F in (1) = . . .= (n) we prove:

Lemma 1. If F is n-associativ, then:
1. ϕ1(x),ϕn(x) ∈ {0,x}.
2. If ϕ1(x) = ϕn(x) = x, then ϕ

n−1
2 (x) = x (iterative power),

ϕ3 = ϕ2
2 , ϕ4 = ϕ3

2 , . . . , ϕn−1 = ϕ
n−2
2 .
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Let ϕi(xi) = F(0, . . . ,0,xi,0, . . . ,0), i ∈ {1, . . . ,n}, where xi is in the i-th
position.

F̃(x1, . . . ,xn) = F(x1, . . . ,xn)−∑
n
i=1 ϕi(xi)

Then:
ϕi(0) = 0, i ∈ {1, . . . ,n}.
F̃(x1,0 . . . ,0) = F̃(0,x2,0 . . . ,0) = . . .= F̃(0, . . . ,0,xn) = 0.
F(x1, . . . ,xn) = ∑

n
i=1 ϕi(xi)+ F̃(x1, . . . ,xn)

Using this form of F in (1) = . . .= (n) we prove:

Lemma 1. If F is n-associativ, then:
1. ϕ1(x),ϕn(x) ∈ {0,x}.
2. If ϕ1(x) = ϕn(x) = x, then ϕ

n−1
2 (x) = x (iterative power),

ϕ3 = ϕ2
2 , ϕ4 = ϕ3

2 , . . . , ϕn−1 = ϕ
n−2
2 .

3. If ϕ1(x) = x and ϕn(x) = 0, then ϕ2 = . . .= ϕn−1 = 0.
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Let ϕi(xi) = F(0, . . . ,0,xi,0, . . . ,0), i ∈ {1, . . . ,n}, where xi is in the i-th
position.

F̃(x1, . . . ,xn) = F(x1, . . . ,xn)−∑
n
i=1 ϕi(xi)

Then:
ϕi(0) = 0, i ∈ {1, . . . ,n}.
F̃(x1,0 . . . ,0) = F̃(0,x2,0 . . . ,0) = . . .= F̃(0, . . . ,0,xn) = 0.
F(x1, . . . ,xn) = ∑

n
i=1 ϕi(xi)+ F̃(x1, . . . ,xn)

Using this form of F in (1) = . . .= (n) we prove:

Lemma 1. If F is n-associativ, then:
1. ϕ1(x),ϕn(x) ∈ {0,x}.
2. If ϕ1(x) = ϕn(x) = x, then ϕ

n−1
2 (x) = x (iterative power),

ϕ3 = ϕ2
2 , ϕ4 = ϕ3

2 , . . . , ϕn−1 = ϕ
n−2
2 .

3. If ϕ1(x) = x and ϕn(x) = 0, then ϕ2 = . . .= ϕn−1 = 0.
4. If ϕ1(x) = 0 and ϕn(x) = x, then ϕ2 = . . .= ϕn−1 = 0.
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Let ϕi(xi) = F(0, . . . ,0,xi,0, . . . ,0), i ∈ {1, . . . ,n}, where xi is in the i-th
position.

F̃(x1, . . . ,xn) = F(x1, . . . ,xn)−∑
n
i=1 ϕi(xi)

Then:
ϕi(0) = 0, i ∈ {1, . . . ,n}.
F̃(x1,0 . . . ,0) = F̃(0,x2,0 . . . ,0) = . . .= F̃(0, . . . ,0,xn) = 0.
F(x1, . . . ,xn) = ∑

n
i=1 ϕi(xi)+ F̃(x1, . . . ,xn)

Using this form of F in (1) = . . .= (n) we prove:

Lemma 1. If F is n-associativ, then:
1. ϕ1(x),ϕn(x) ∈ {0,x}.
2. If ϕ1(x) = ϕn(x) = x, then ϕ

n−1
2 (x) = x (iterative power),

ϕ3 = ϕ2
2 , ϕ4 = ϕ3

2 , . . . , ϕn−1 = ϕ
n−2
2 .

3. If ϕ1(x) = x and ϕn(x) = 0, then ϕ2 = . . .= ϕn−1 = 0.
4. If ϕ1(x) = 0 and ϕn(x) = x, then ϕ2 = . . .= ϕn−1 = 0.
5. If ϕ1 = ϕn = 0, then ϕ2 = . . .= ϕn−1 = 0.
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Trivial n-associative series

Theorem 1. Let F be an n-associative formal power series.

1. If ϕ1(x) = x and ϕn(x) = 0, then F(x1, . . . ,xn) = x1.

2. If ϕ1(x) = 0 and ϕn(x) = x, then F(x1, . . . ,xn) = xn.
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The situation ϕ1 = ϕn = 0

Lemma 2. Let F be an n-associative formal power series with
ϕ1 = ϕn = 0, then x1 · · ·xn divides F(x1, . . . ,xn).
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The situation ϕ1 = ϕn = 0

Lemma 2. Let F be an n-associative formal power series with
ϕ1 = ϕn = 0, then x1 · · ·xn divides F(x1, . . . ,xn).

Lemma 3. Let F 6= 0 be an n-associative formal power series, then
ordx1 F(x1, . . . ,xn),ordxn F(x1, . . . ,xn) ∈ {0,1}.
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The situation ϕ1 = ϕn = 0

Lemma 2. Let F be an n-associative formal power series with
ϕ1 = ϕn = 0, then x1 · · ·xn divides F(x1, . . . ,xn).

Lemma 3. Let F 6= 0 be an n-associative formal power series, then
ordx1 F(x1, . . . ,xn),ordxn F(x1, . . . ,xn) ∈ {0,1}.

Lemma 4. Let F(x1, . . . ,xn) = x1 · · ·xnF1(x1, . . . ,xn) be an n-associative
formal power series where F1(0, . . . ,0) = a1,...,1 = 0, then F = 0.
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The situation ϕ1 = ϕn = 0

Lemma 2. Let F be an n-associative formal power series with
ϕ1 = ϕn = 0, then x1 · · ·xn divides F(x1, . . . ,xn).

Lemma 3. Let F 6= 0 be an n-associative formal power series, then
ordx1 F(x1, . . . ,xn),ordxn F(x1, . . . ,xn) ∈ {0,1}.

Lemma 4. Let F(x1, . . . ,xn) = x1 · · ·xnF1(x1, . . . ,xn) be an n-associative
formal power series where F1(0, . . . ,0) = a1,...,1 = 0, then F = 0.

Outline of the proof: If F 6= 0, then there must be coefficients
a1,i2,...,in 6= 0.
Case 1: There exists some µ 6= ν ∈ {2, . . . ,n} such that iν = 1 and
iµ > 1. This situation is impossible.
Case 2: iν > 1 for all ν ∈ {2, . . . ,n}. This is also impossible.
Is there a more elegant proof possible?

http://www.uni-graz.at
http://www.uni-graz.at/~fripert/


Home Page

Title Page

Contents

JJ II

J I

Page 7 of 18

Go Back

Full Screen

Close

Quit

Lemma 5. Let F(x1, . . . ,xn) = x1 · · ·xnF1(x1, . . . ,xn) be an n-associative
formal power series where F1(0, . . . ,0) = a1,...,1 6= 0, then
F1(x1, . . . ,xn) ∈ C [[x1, . . . ,xn]]

∗ and

F1(x1, . . . ,xn) =
F1(xn,0, . . . ,0)F1(x1, . . . ,xn−1,0)

F1(F(x1, . . . ,xn),0, . . . ,0)
.
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Theorem 2. Let F(x1, . . . ,xn) = x1 · · ·xnF1(x1, . . . ,xn) be an n-associative
formal power series where F1(x1, . . . ,xn) ∈ C [[x1, . . . ,xn]]

∗. Consider
some σ ∈ C where σ n−1 = an−2

1,...,1 = F1(0, . . . ,0)n−2 and define a formal
series

fσ(x) = σ
−1xF1(x,0, . . . ,0),

then f ∈ Γ, i.e. f is invertible with respect to substitution, and

F(x1, . . . ,xn) = f−1
σ ( fσ(x1) · · · fσ(xn)).
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Theorem 2. Let F(x1, . . . ,xn) = x1 · · ·xnF1(x1, . . . ,xn) be an n-associative
formal power series where F1(x1, . . . ,xn) ∈ C [[x1, . . . ,xn]]

∗. Consider
some σ ∈ C where σ n−1 = an−2

1,...,1 = F1(0, . . . ,0)n−2 and define a formal
series

fσ(x) = σ
−1xF1(x,0, . . . ,0),

then f ∈ Γ, i.e. f is invertible with respect to substitution, and

F(x1, . . . ,xn) = f−1
σ ( fσ(x1) · · · fσ(xn)).

Conversely, for each f (x) = cx+ . . . ∈ C[[x]], c 6= 0, the series
F(x1, . . . ,xn) = f−1( f (x1) · · · f (xn)) is n-associative.
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The situation ϕ1(x) = ϕn(x) = x

This is a generalization of the formal group laws of dimension one.

By Lemma 1 we have ϕ
n−1
2 (x) = x and ϕ j = ϕ

j−1
2 , j ∈ {3, . . . ,n}.
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The situation ϕ1(x) = ϕn(x) = x

This is a generalization of the formal group laws of dimension one.

By Lemma 1 we have ϕ
n−1
2 (x) = x and ϕ j = ϕ

j−1
2 , j ∈ {3, . . . ,n}.

Iterative roots of unity are of the form T−1(ρT (x)) for some ρ ∈ C with
ρn−1 = 1 and T (x) = x+ . . . ∈ Γ.

Thus ϕ j(x) = T−1(ρ j−1T (x)), j ∈ {2, . . . ,n−2}, for some ρ ∈ C,
ρn−1 = 1, and T (x) = x+ . . . ∈ Γ.
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The situation ϕ1(x) = ϕn(x) = x

This is a generalization of the formal group laws of dimension one.

By Lemma 1 we have ϕ
n−1
2 (x) = x and ϕ j = ϕ

j−1
2 , j ∈ {3, . . . ,n}.

Iterative roots of unity are of the form T−1(ρT (x)) for some ρ ∈ C with
ρn−1 = 1 and T (x) = x+ . . . ∈ Γ.

Thus ϕ j(x) = T−1(ρ j−1T (x)), j ∈ {2, . . . ,n−2}, for some ρ ∈ C,
ρn−1 = 1, and T (x) = x+ . . . ∈ Γ.

If F is an n-associativ series with ϕ1(x) = ϕn(x) = x, then
a1,0,...,0 = a0,...,0,1 = 1,
aν ,0,...,0 = a0,...,0,ν = 0, ν ≥ 2, and
a0,1,0...,0 = ρ , a0,0,1,0...,0 = ρ2, . . . , a0,...,0,1,0 = ρn−2.
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Multiplicative powers of F .

Lemma 6. Let F(x1,x2 . . . ,xn) = ∑
(i1,...,in)∈Nn

0
i1+...+in≥1

ai1,...,inx
i1
1 · · ·x

in
n be a formal

power series of order 1. For ν ∈ N we have

F(x1,x2 . . . ,xn)
ν = ∑

(i1,...,in)∈Nn
0

i1+...+in≥ν

A(ν)
i1,...,in

xi1
1 · · ·x

in
n

where

A(ν)
i1,...,in

=
ν

∑
(i1,...,in)

∗ ν

∏
s=1

ai1,s,...,in,s

where we are summing over all matrices (ir,s)1≤r≤n
1≤s≤ν

with entries in N0, so
that
∑

ν

s=1 ir,s = ir, for all r ∈ {1, . . . ,n}, and
∑

n
r=1 ir,s > 0 for all s ∈ {1, . . . ,ν}.
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Let F be an n-associative formal power series: Comparison of
coefficients of x j1

1 · · ·x jn
n xn+1 with j1+ . . .+ jn > 0 in (1) = . . .= (n) we

obtain a formula to express the coefficients ai of F as polynomials in
other coefficients aj of F where the indices j are strictly smaller than i
with respect to the colexicographical order.

(`1, . . . , `n) is smaller than (i1, . . . , in) if there exists some r ∈ {1, . . . ,n}
so that `r < ir and `s = is for all r < s≤ n.

http://www.uni-graz.at
http://www.uni-graz.at/~fripert/


Home Page

Title Page

Contents

JJ II

J I

Page 11 of 18

Go Back

Full Screen

Close

Quit

Let F be an n-associative formal power series: Comparison of
coefficients of x j1

1 · · ·x jn
n xn+1 with j1+ . . .+ jn > 0 in (1) = . . .= (n) we

obtain a formula to express the coefficients ai of F as polynomials in
other coefficients aj of F where the indices j are strictly smaller than i
with respect to the colexicographical order.

(`1, . . . , `n) is smaller than (i1, . . . , in) if there exists some r ∈ {1, . . . ,n}
so that `r < ir and `s = is for all r < s≤ n.

Consider some k ∈ {2, . . . ,n} and assume jk+1 = . . .= jn = 0, then

a j1,..., jk−1, jk+1,0,...,0 =
ρk−2

jk +1

(
j1+...+ jk

∑
i1=1

ai1,1,0,...,0

i1

∑
( j1,..., jk,0,...,0)

∗
i1

∏
s=1

a j1,s,..., jk,s,0...,0

−
jk

∑
ik=1

a j1,..., jk−1,ik,0,...,0 ik ρ
n−k a jk−ik+1,1,0,...,0

)
.
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Theorem 3. Let F be an n-associative formal power series with
ϕ1(x) = ϕn(x) = x. For each ( j1, . . . , jn) ∈ Nn

0 with ∑
n
i=1 ji > 0 there

exists a universal polynomial Pj1+...+ jn(z0,z1, . . . ,z j1+...+ jn) over Q, so
that

a j1,..., jn = Pj1+...+ jn(a0,1,0,...,0,a1,1,0,...,0, . . . ,a j1+...+ jn,1,0,...,0).
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Theorem 3. Let F be an n-associative formal power series with
ϕ1(x) = ϕn(x) = x. For each ( j1, . . . , jn) ∈ Nn

0 with ∑
n
i=1 ji > 0 there

exists a universal polynomial Pj1+...+ jn(z0,z1, . . . ,z j1+...+ jn) over Q, so
that

a j1,..., jn = Pj1+...+ jn(a0,1,0,...,0,a1,1,0,...,0, . . . ,a j1+...+ jn,1,0,...,0).

Corollary. Let F be an n-associative formal power series with
ϕ1(x) = ϕn(x) = x. Then all the coefficients of F are uniquely
determined by the sequence (aν ,1,0,...,0)ν≥0.
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Lemma 7. Consider a sequence (αν)ν≥0 of complex numbers where
α0 = ρ̃ is an n−1-th root of unity. Define a formal power series
f (x) = x+∑k≥2 fkxk ∈ Γ, f1 = 1, recursively by

fk =
1

kρ̃

k−1

∑
ν=1

ν fναk−ν, k ≥ 2.

Then F(x1, . . . ,xn) = f−1( f (x1)+ ρ̃ f (x2)+ ρ̃2 f (x3)+ . . .+ f (xn)) is an
n-associative formal power series and its coefficients satisfy
aν ,1,0,...,0 = αν , ν ≥ 0.
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Theorem 4. Let F be an n-associative formal power series with
ϕ1(x) = ϕn(x) = x. Then ρ = a0,1,0,...,0 is an n−1-th root of unity.
Determine a formal power series f (x) = x+∑k≥2 fkxk ∈ Γ, f1 = 1,
recursively by

fk =
1

kρ

k−1

∑
ν=1

ν fνak−ν ,1,0...,0, k ≥ 2.

Then F(x1, . . . ,xn) = f−1( f (x1)+ρ f (x2)+ρ2 f (x3)+ . . .+ f (xn)).
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Theorem 4. Let F be an n-associative formal power series with
ϕ1(x) = ϕn(x) = x. Then ρ = a0,1,0,...,0 is an n−1-th root of unity.
Determine a formal power series f (x) = x+∑k≥2 fkxk ∈ Γ, f1 = 1,
recursively by

fk =
1

kρ

k−1

∑
ν=1

ν fνak−ν ,1,0...,0, k ≥ 2.

Then F(x1, . . . ,xn) = f−1( f (x1)+ρ f (x2)+ρ2 f (x3)+ . . .+ f (xn)).

Conversely, each formal power series f (x) = x+ . . . ∈ Γ and each root
ρ of unity of order n−1, determines an n-associative series
F(x1, . . . ,xn) = f−1( f (x1)+ρ f (x2)+ρ2 f (x3)+ . . .+ f (xn)), where ρ is
the coefficient of x2 in F .
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Commutative or symmetric n-associative series

The series F(x1, . . . ,xn) is symmetric, if
F(x1, . . . ,xn) = F(xπ(1), . . . ,xπ(n)) for all π in the symmetric group Sn.
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Commutative or symmetric n-associative series

The series F(x1, . . . ,xn) is symmetric, if
F(x1, . . . ,xn) = F(xπ(1), . . . ,xπ(n)) for all π in the symmetric group Sn.

Let F(x1, . . . ,xn) = ∑
n
i=1 ϕi(xi)+ F̃(x1, . . . ,xn) be an n-associative series.

From Theorems 1, 2 and 4 we deduce:

If ϕ1(x) = x and ϕn(x) = 0, then F is not symmetric.
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Commutative or symmetric n-associative series

The series F(x1, . . . ,xn) is symmetric, if
F(x1, . . . ,xn) = F(xπ(1), . . . ,xπ(n)) for all π in the symmetric group Sn.

Let F(x1, . . . ,xn) = ∑
n
i=1 ϕi(xi)+ F̃(x1, . . . ,xn) be an n-associative series.

From Theorems 1, 2 and 4 we deduce:

If ϕ1(x) = x and ϕn(x) = 0, then F is not symmetric.

If ϕ1(x) = 0 and ϕn(x) = x, then F is not symmetric.
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Commutative or symmetric n-associative series

The series F(x1, . . . ,xn) is symmetric, if
F(x1, . . . ,xn) = F(xπ(1), . . . ,xπ(n)) for all π in the symmetric group Sn.

Let F(x1, . . . ,xn) = ∑
n
i=1 ϕi(xi)+ F̃(x1, . . . ,xn) be an n-associative series.

From Theorems 1, 2 and 4 we deduce:

If ϕ1(x) = x and ϕn(x) = 0, then F is not symmetric.

If ϕ1(x) = 0 and ϕn(x) = x, then F is not symmetric.

If ϕ1 = ϕn = 0, then F is symmetric.
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Commutative or symmetric n-associative series

The series F(x1, . . . ,xn) is symmetric, if
F(x1, . . . ,xn) = F(xπ(1), . . . ,xπ(n)) for all π in the symmetric group Sn.

Let F(x1, . . . ,xn) = ∑
n
i=1 ϕi(xi)+ F̃(x1, . . . ,xn) be an n-associative series.

From Theorems 1, 2 and 4 we deduce:

If ϕ1(x) = x and ϕn(x) = 0, then F is not symmetric.

If ϕ1(x) = 0 and ϕn(x) = x, then F is not symmetric.

If ϕ1 = ϕn = 0, then F is symmetric.

If ϕ1(x) = ϕn(x) = x, and ρ = a0,1,0,...,0 = 1, then F is symmetric.
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Commutative or symmetric n-associative series

The series F(x1, . . . ,xn) is symmetric, if
F(x1, . . . ,xn) = F(xπ(1), . . . ,xπ(n)) for all π in the symmetric group Sn.

Let F(x1, . . . ,xn) = ∑
n
i=1 ϕi(xi)+ F̃(x1, . . . ,xn) be an n-associative series.

From Theorems 1, 2 and 4 we deduce:

If ϕ1(x) = x and ϕn(x) = 0, then F is not symmetric.

If ϕ1(x) = 0 and ϕn(x) = x, then F is not symmetric.

If ϕ1 = ϕn = 0, then F is symmetric.

If ϕ1(x) = ϕn(x) = x, and ρ = a0,1,0,...,0 = 1, then F is symmetric.

If ϕ1(x) = ϕn(x) = x, and ρ = a0,1,0,...,0 6= 1, then F is not symmetric.
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n-associativity implies k(n−1)+1-associativity

Lemma 8. If F(x1, . . . ,xn) is n-associative, then
F(F(x1, . . . ,xn),xn+1, . . . ,x2n−1) is (2n−1)-associative.
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n-associativity implies k(n−1)+1-associativity

Lemma 8. If F(x1, . . . ,xn) is n-associative, then
F(F(x1, . . . ,xn),xn+1, . . . ,x2n−1) is (2n−1)-associative.

From an n-associative power series F it is possible to construct a
k(n−1)+1-associative series for all k ∈ N.

http://www.uni-graz.at
http://www.uni-graz.at/~fripert/


Home Page

Title Page

Contents

JJ II

J I

Page 17 of 18

Go Back

Full Screen

Close

Quit

Let F(x1, . . . ,xN) = ∑
N
i=1 ϕi(xi)+ F̃(x1, . . . ,xN), N ≥ 3, be an

N-associative series. From Theorems 1, 2 and 4 we deduce:

http://www.uni-graz.at
http://www.uni-graz.at/~fripert/


Home Page

Title Page

Contents

JJ II

J I

Page 17 of 18

Go Back

Full Screen

Close

Quit

Let F(x1, . . . ,xN) = ∑
N
i=1 ϕi(xi)+ F̃(x1, . . . ,xN), N ≥ 3, be an

N-associative series. From Theorems 1, 2 and 4 we deduce:

If ϕ1 = 0 or ϕN = 0, then each N-associative series can be constructed
from a suitabel 2-associative series, or from a suitable n-associative
series where n−1 is a divisor of N−1.
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Let F(x1, . . . ,xN) = ∑
N
i=1 ϕi(xi)+ F̃(x1, . . . ,xN), N ≥ 3, be an

N-associative series. From Theorems 1, 2 and 4 we deduce:

If ϕ1 = 0 or ϕN = 0, then each N-associative series can be constructed
from a suitabel 2-associative series, or from a suitable n-associative
series where n−1 is a divisor of N−1.

If ϕ1(x) = ϕN(x) = x:
If ρ = a0,1,0,...,0 = 1, then F can be constructed from a suitabel
2-associative series, or from a suitable n-associative series where n−1
is a divisor of N−1.
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Let F(x1, . . . ,xN) = ∑
N
i=1 ϕi(xi)+ F̃(x1, . . . ,xN), N ≥ 3, be an

N-associative series. From Theorems 1, 2 and 4 we deduce:

If ϕ1 = 0 or ϕN = 0, then each N-associative series can be constructed
from a suitabel 2-associative series, or from a suitable n-associative
series where n−1 is a divisor of N−1.

If ϕ1(x) = ϕN(x) = x:
If ρ = a0,1,0,...,0 = 1, then F can be constructed from a suitabel
2-associative series, or from a suitable n-associative series where n−1
is a divisor of N−1.

If ρ is a primitive root of order d (where d is a divisor of N−1), then F
can be constructed from a suitable `d +1-associative series, ` ∈ N,
where `d is a divisor of N−1.
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Let F(x1, . . . ,xN) = ∑
N
i=1 ϕi(xi)+ F̃(x1, . . . ,xN), N ≥ 3, be an

N-associative series. From Theorems 1, 2 and 4 we deduce:

If ϕ1 = 0 or ϕN = 0, then each N-associative series can be constructed
from a suitabel 2-associative series, or from a suitable n-associative
series where n−1 is a divisor of N−1.

If ϕ1(x) = ϕN(x) = x:
If ρ = a0,1,0,...,0 = 1, then F can be constructed from a suitabel
2-associative series, or from a suitable n-associative series where n−1
is a divisor of N−1.

If ρ is a primitive root of order d (where d is a divisor of N−1), then F
can be constructed from a suitable `d +1-associative series, ` ∈ N,
where `d is a divisor of N−1.

If ρ is a primitive root of order N−1, then F cannot be constructed from
an n-associative series with n < N.
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