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n-associativity

F(x1,x2,...,%,) € Cllx1,x2,...,%,]], n >3,

F(0,0,...,0) =0, so F can be substituted into any formal power series

il—l—...—l—inZI
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n-associativity

F(x1,x2,...,%,) € Cllx1,x2,...,%,]], n >3,

F(0,0,...,0) =0, so F can be substituted into any formal power series

F(Xl,XQ...,Xn) — Z Clilj.__,inxlll XZQ
(i1,---+in) ENG
il—l—...—l—inZI
F(F(xl,xz,...,xn),xn+1,...,x2n_1) (1
F(Xl,F(xZ,...,xn+1),xn_|_2,...,.in_1> (2)

F(-x17°"7xn—17F(xn7-xn—|—17'"7x2n—1)) (n)
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n-associativity

F(x1,x2,...,%,) € Cllx1,x2,...,%,]], n >3,

F(0,0,...,0) =0, so F can be substituted into any formal power series

F(Xl,XQ...,Xn) = Z Clil _____ ,-nxill---x;”

| (i1,---+in) ENG
il—l—...—l—inZl

|
| F(F(xl,xz,...,xn),xn+1,...,x2n_1) (1)
| F(Xl,F(.Xz,...,xn+1),xn_|_2,...,in_1> (2)
| F(-x17°"7xn—17F(xn7-xn—|—17'“7x2n—1)) (n)
|

F is n-associative if (1) = (2) = ... = (n). This is a system of (})

| equations in C [[xl,xz, ‘e ,XQn_l]].
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Let QD,'()C,‘) = F(O, ..,0,x;,0,... ,O), 1 € {1, . 7I’l}, where x; Is in the i-th
Ut position.

| F(xl,...,xn) :F(x17°"7xn) _Z?zl (Pi(xi)
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Let QD,'()C,') = F(O, .. ,O,xi,O,...,O), 1 € {1,...,]1}, where x; Is in the i-th
position.

F(x,...,x,) =F(x,...,%) — X 0i(x)

Then:

¢0;(0)=0,ie{l,...,n}.

F(x1,0...,0) = F(0,%,,0...,0) = ... = £(0,...,0,x,) = 0.
F(xi,...,x,) =Y 0i(x;) +F(xq,...,x,)
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Let QD,'(.X,') = F(O, ...,0,x;,0,... ,O), 1 € {1, e 7I’l}, where x; Is in the i-th
position.

F(x,...,x,) =F(x,...,%) — X 0i(x)

Then:

¢;(0)=0,ie{l,...,n}.

F(x1,0...,0) = F(0,x,,0...,0) = ... = F(0,...,0,x,) =0.
F(x1y %) = 0y @) + F (31, x0)

Using this form of F in (1) = ... = (n) we prove:

Lemma 1. If F is n-associativ, then:
1. @1(x), @a(x) € {0,x}.
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Let QD,'(.X,') = F(O, ...,0,x;,0,... ,O), 1 € {1, e 7I’l}, where x; Is in the i-th
position.

F(x,...,x,) =F(x,...,%) — X 0i(x)

Then:

¢;(0)=0,ie{l,...,n}.

F(x1,0...,0) = F(0,x,,0...,0) = ... = F(0,...,0,x,) =0.
F(x1y %) = 0y @) + F (31, x0)

Using this form of F in (1) = ... = (n) we prove:

Lemma 1. If F is n-associativ, then:

1. ¢1(x), @a(x) € {0,x}.
2. 1f @1(x) = @,(x) = x, then ¢! (x) = x (iterative power),

(P3 — (p%S (P4 — (P235 ey (Pn—l — (Pg_z
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Let QD,'(.X,') = F(O, ...,0,x;,0,... ,O), 1 € {1, e 7I’l}, where x; Is in the i-th
position.

F(x,...,x,) =F(x,...,%) — X 0i(x)

Then:

¢;(0)=0,ie{l,...,n}.

F(x1,0...,0) = F(0,x,,0...,0) = ... = F(0,...,0,x,) =0.
F(x1y %) = 0y @) + F (31, x0)

Using this form of F in (1) = ... = (n) we prove:

Lemma 1. If F is n-associativ, then:
1. @1(x), @u(x) € {0,x}.
2. 1f @1(x) = @,(x) = x, then ¢! (x) = x (iterative power),

(P3 — (p%S (P4 — (P235 ey (Pn—l — (Pg_z
3. If 1(x) =xand ¢,(x) =0,then p,=... = @, | =0.
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Let QD,'(.X,') = F(O, ...,0,x;,0,... ,O), 1 € {1, e 7I’l}, where x; Is in the i-th
position.

F(x,...,x,) =F(x,...,%) — X 0i(x)

Then:

¢;(0)=0,ie{l,...,n}.

F(x1,0...,0) = F(0,x,,0...,0) = ... = F(0,...,0,x,) =0.
F(x1y %) = 0y @) + F (31, x0)

Using this form of F in (1) = ... = (n) we prove:

Lemma 1. If F is n-associativ, then:
1. @1(x), @u(x) € {0,x}.
2. 1f @1(x) = @,(x) = x, then ¢! (x) = x (iterative power),

(P3 — (p%S (P4 — (P235 ey (Pn—l — (Pg_z
3. If 1(x) =xand ¢,(x) =0,then p,=... = @, | =0.

4. If @;(x) =0and @,(x) =x,then @, =... =@, ; =0.
|
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Let QD,'(.X,') = F(O, ...,0,x;,0,... ,O), 1 € {1, e 7I’l}, where x; Is in the i-th
position.

F(x,...,x,) =F(x,...,%) — X 0i(x)

Then:

¢;(0)=0,ie{l,...,n}.

F(x1,0...,0) = F(0,x,,0...,0) = ... = F(0,...,0,x,) =0.
F(x1y %) = 0y @) + F (31, x0)

Using this form of F in (1) = ... = (n) we prove:

Lemma 1. If F is n-associativ, then:

1. 01(x), @.(x) € {0,x}.

2. 1f @1(x) = @,(x) = x, then ¢! (x) = x (iterative power),
O3= Q2 Qs =Q3, ..., Q1 = QL °.

3. If ;(x) =xand @,(x) =0,then g, =... =@, ; =0.

f o1(x) =0and ¢,(x) =x,thenp, =... =@, =0.

5. If o =¢,=0,then @, =... =@, ; =0.

N
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Trivial n-associative series

Theorem 1. Let F' be an n-associative formal power series.
1. If ¢;(x) =x and @,(x) =0, then F(xq,...,x,) = x;.

2. If @1(x) =0and @,(x) =x, then F(x1,...,x,) = X,
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The situation ¢; = ¢, =0

Lemma 2. Let F be an n-associative formal power series with
0= Q, = 0, then xy - - - x,, divides F(Xl, ‘e ,Xn).
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The situation ¢; = ¢, =0

Lemma 2. Let F' be an n-associative formal power series with
@ = @, =0, then x; - - -x,, divides F (x1,...,x,).

Lemma 3. Let ' # 0 be an n-associative formal power series, then

| ordy, F(x1,...,X,),0rdy F(x1,...,x,) € {0,1}.
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The situation ¢; = ¢, =0

Lemma 2. Let F be an n-associative formal power series with
0= Q, = 0, then xy - - - x,, divides F(Xl, ‘e ,Xn).

Lemma 3. Let ' # 0 be an n-associative formal power series, then
ord,, F(xi,...,x,),ord, F(xi,...,x,) € {0,1}.

Lemma 4. Let F(xy,...,x,) = x1---x,F1(x1,...,x,) be an n-associative
formal power series where Fi(0,...,0) =a; =0, then F =0.
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The situation ¢; = ¢, =0

Lemma 2. Let F be an n-associative formal power series with
0= Q, = 0, then xy - - - x,, divides F(Xl, ‘e ,Xn).

Lemma 3. Let ' # 0 be an n-associative formal power series, then
ord,, F(xi,...,x,),ord, F(xi,...,x,) € {0,1}.

Lemma 4. Let F(xy,...,x,) = x1---x,F1(x1,...,x,) be an n-associative
formal power series where Fi(0,...,0) =a; =0, then F =0.

Outline of the proof: If F' +~ 0, then there must be coefficients
A1.iy,...in 7& 0.

Case 1: There exists some u # v € {2,...,n} such that i, = 1 and
iy > 1. This situation is impossible.

Case 2: i, > 1 forall v e {2,...,n}. This is also impossible.

Is there a more elegant proof possible?
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Lemma 5. Let F(xy,...,x,) = x;---x,Fi(x1,...,x,) be an n-associative
v formal power series where Fi(0,...,0) =a;__; 7é 0, then
Fi(x1,...,x,) € Clxy,...,x,]]* and

.....

Fi(x,,0,....0)F(x1,...,%,_1,0
| Fl(xl,...,xn): 1(X )1(X1 ] )

Fl(F(xl,...,xn),O,...,())
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Theorem 2. Let F'(xy,...,x,) = x1---x,F1(x1,...,x,) be an n-associative
formal power series where Fi(xi,...,x,) € C[[xi,...,x,]]*. Consider
some ¢ € C where 6"~' =af >, = F{(0,...,0)"* and define a formal
series

fs(x) = o 'xFi(x,0,...,0),

| then f €1, i.e. f is invertible with respect to substitution, and

F(xt,...,%) = fo (fo(x1) - fo(xn))-
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Theorem 2. Let F'(xy,...,x,) = x1---x,F1(x1,...,x,) be an n-associative
formal power series where Fi(xi,...,x,) € C[[xi,...,x,]]*. Consider
some ¢ € C where 6"~' =af >, = F{(0,...,0)"* and define a formal
series

fs(x) = o 'xFi(x,0,...,0),

then f €1, i.e. f is invertible with respect to substitution, and

F(xt,...,%) = fo (fo(x1) - fo(xn))-

Conversely, for each f(x) =cx+... € Cllx], ¢ # 0, the series
F(x1,...,x,) = fY(f(x1)--- f(x,)) is n-associative.
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The situation ¢;(x) = ¢,(x) =x

This is a generalization of the formal group laws of dimension one.

By Lemma 1 we have ¢/ '(x) =xand ¢, = @] ', j € {3,...,n}.
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The situation ¢;(x) = ¢,(x) =x

This is a generalization of the formal group laws of dimension one.
|

By Lemma 1 we have ¢/ '(x) =xand ;= @] ', j € {3,...,n}.
|

| lterative roots of unity are of the form T—!(pT (x)) for some p € C with

p"1=1land T(x)=x+... €.

' Thus @;(x) = T~ (p/'T(x)), j € {2,...,n—2}, for some p € C,

p"l=1,and T(x) =x+...€T.
|
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The situation ¢;(x) = ¢,(x) =x

This is a generalization of the formal group laws of dimension one.
By Lemma 1 we have @) '(x) = x and ¢; = ol ' je{3,...,n}

lterative roots of unity are of the form T—!(pT (x)) for some p € C with
p"1=1land T(x)=x+... €.

Thus @;(x) =T '(p/~'T(x)), j € {2,...,n—2}, for some p € C,
prl=1,and T(x) =x+...€T.

If F is an n-associativ series with ¢;(x) = @,(x) = x, then

aip,.o0=4ado..o01=1,

ayo..0o=43do. . ov=0,v>2 and

2 _

_ _ _
ap.1,0...0 =P, 40010.0=P ..., Ao 010=pP" "~
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Multiplicative powers of F.

UNI . .
mi  Lemma 6. Let F(x;,x,...,x,) = Y . - -x; be aformal
| (il,...,in)€N8
i+ tin>1

power series of order 1. For v € N we have

| F(Xl,XQ...,Xn)v: Z A( ) 11...xin

115-- ln
(i1,--rin) GN
| | 11+— %ﬁn2>v

| | where

\% \%
10 18 | 117 Z I I ll S8
(i1,-- =

| where we are summing over all matrlces (ir.5)1<r<n With entries in Ny, so
1<s<v
- that

YV i =i, forallre{l,...,n}, and

| Z;l:lirjs>0f0r all s € {17--'7‘/}'
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Let F' be an n-associative formal power series: Comparison of
coefficients of x/' - - - x/nx,. with ji+...+j, >0in (1) =... = (n) we
obtain a formula to express the coefficients a; of F' as polynomials in
other coefficients a; of F where the indices j are strictly smaller than i
with respect to the colexicographical order.

(41,...,4,) is smaller than (iy,...,i,) if there exists some r € {1,...,n}
sothat/, <i,and ¢, =i forall r <s <n.
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11 .18

Let F' be an n-associative formal power series: Comparison of
coefficients of x/' - - - x/nx,. with ji+...+j, >0in (1) =... = (n) we
obtain a formula to express the coefficients a; of F' as polynomials in
other coefficients a; of F where the indices j are strictly smaller than i
with respect to the colexicographical order.

(41,...,4,) is smaller than (iy,...,i,) if there exists some r € {1,...,n}
sothat/, <i,and ¢, =i forall r <s <n.

Consider some k € {2,...,n} and assume j;.1 = ... = j, =0, then
pk—z Jite Ak o 4
Ajiojr—1,dx+1,0,...,0 = 1 Z aj;.1,0,...,0 Z HajLs,...,jk’S,O...,O

=1 (J1se++5Jk50,...,0) s=1

Jk .
. n_
- Z aj17"'7jk—l7ik707“'70 lk p ajk_ik—l_l:LOr")O
=1
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Theorem 3. Let F' be an n-associative formal power series with
wa  01(x) = ¢,(x) =x. Foreach (ji,...,J,) € Njwith Y7, j; > 0 there
exists a universal polynomial P, 4;,(20,215---,Zj,+..+j,) Over Q, so
| that

Aji v ="Piit. +i(A010..0:01.10. 05 1Qji+. +jn10...0)-
|

12 .18 |
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Theorem 3. Let F' be an n-associative formal power series with
¢1(x) = @,(x) = x. For each (ji,...,j,) € Njwith Y7, j; > 0 there
exists a universal polynomial P, 4;,(20,215---,Zj,+..+j,) Over Q, so
that

Aji v ="Piit. +i(A010..0:01.10. 05 1Qji+. +jn10...0)-

Corollary. Let I' be an n-associative formal power series with
¢1(x) = @,(x) = x. Then all the coefficients of F are uniquely
determined by the sequence (ay 1.0...0)v>o0-
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Lemma 7. Consider a sequence (&, ),>o of complex numbers where
Ol = P is an n — 1-th root of unity. Define a formal power series
f(x) =x+ Yisn fixk €T, fi = 1, recursively by

1 k—1

= — Vo k> 2.
fk kﬁ\; fv k—V -

Then F(xi,....x,) = f Y (f(x1) +pf(x2) +p%f(x3) +...+ f(x,)) is an
n-associative formal power series and its coefficients satisfy
ay1,0,..0 = Oy, V > 0.
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Theorem 4. Let F' be an n-associative formal power series with
@1(x) = @,(x) =x. Then p = ag 1 0... 0 is an n— 1-th root of unity.
Determine a formal power series f(x) =x+ Y =, fix* €T, f1 =1,
recursively by

1 k—1
Je=-—= Z vaak—v,l,O...,Oa k> 2.
kp v=1

Then F(x1,...,%,) = f~'(f(x1) + pf(x2) +p2f (x3) + ...+ f(x0)).
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Theorem 4. Let F' be an n-associative formal power series with
@1(x) = @,(x) =x. Then p = ag 1 0... 0 is an n— 1-th root of unity.
Determine a formal power series f(x) =x+ Y =, fix* €T, f1 =1,
recursively by

1 k—1
Jfo=—— Z vaak—v,l,O...,Oa k> 2.
kp v=1

Then F(x1,...,%,) = f~'(f(x1) + pf(x2) +p2f (x3) + ...+ f(x0)).

Conversely, each formal power series f(x) =x-+... € I and each root
p of unity of order n — 1, determines an n-associative series

F(x1,...%) = 1 (f(x1) +pf(x2) +p°f(x3) 4 ... 4 f(x4)), where p is
the coefficient of x, in F.
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Commutative or symmetric n-associative series

The series F(x,...,x,) is symmetric, if

F(x1,...,%,)

F(Xz(1),- - Xz(n)) for all 7 in the symmetric group S,.
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Commutative or symmetric n-associative series

The series F(x,...,x,) is symmetric, if

| F(x1,...,X0) = F(Xz(1),- - -, Xz(n)) for all in the symmetric group S,..

Let F(x1,...,x,) =Y, @i(x;) + F(x1,...,x,) be an n-associative series.

| From Theorems 1, 2 and 4 we deduce:

| If @1 (x) =x and ¢,(x) = 0, then F is not symmetric.
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Commutative or symmetric n-associative series

The series F(x,...,x,) is symmetric, if
F(x1,...,%,) = F(Xz(1), -, Xz(n)) for all in the symmetric group S,..

Let F(x1,...,x,) =Y, @i(x;) + F(x1,...,x,) be an n-associative series.
From Theorems 1, 2 and 4 we deduce:

If ;(x) =xand ¢,(x) =0, then F is not symmetric.

If ;(x) =0 and ¢,(x) = x, then F is not symmetric.
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Commutative or symmetric n-associative series

The series F(x,...,x,) is symmetric, if
F(x1,...,%,) = F(Xz(1), -, Xz(n)) for all in the symmetric group S,..

Let F(x1,...,x,) =Y, @i(x;) + F(x1,...,x,) be an n-associative series.
From Theorems 1, 2 and 4 we deduce:

If ;(x) =xand ¢,(x) =0, then F is not symmetric.
If ¢;(x) =0 and @,(x) = x, then F is not symmetric.

If o = @, =0, then F is symmetric.
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Commutative or symmetric n-associative series

The series F(x,...,x,) is symmetric, if
F(x1,...,%,) = F(Xz(1), -, Xz(n)) for all in the symmetric group S,..

Let F(x1,...,x,) =Y, @i(x;) + F(x1,...,x,) be an n-associative series.
From Theorems 1, 2 and 4 we deduce:

If ;(x) =xand ¢,(x) =0, then F is not symmetric.
If ¢;(x) =0 and @,(x) = x, then F is not symmetric.
If o = @, =0, then F is symmetric.

If @1(x) = @,(x) =x,and p =ap1p..0=1, then F is symmetric.
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Commutative or symmetric n-associative series

The series F(x,...,x,) is symmetric, if
F(x1,...,%,) = F(Xz(1), -, Xz(n)) for all in the symmetric group S,..

Let F(x1,...,x,) =Y, @i(x;) + F(x1,...,x,) be an n-associative series.
From Theorems 1, 2 and 4 we deduce:

If ;(x) =xand ¢,(x) =0, then F is not symmetric.

If ¢;(x) =0 and @,(x) = x, then F is not symmetric.

If o = @, =0, then F is symmetric.

If @1(x) = @,(x) =x,and p =ap1p..0=1, then F is symmetric.

If @;(x) = @,(x) =x,and p =ap1..0F 1, then F is not symmetric.
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n-associativity implies k(n — 1) + 1-associativity

Lemma 8. If F(xy,...,x,) is n-associative, then
F(F(x1,...,%0),Xn11,---,%,_1) IS (2n — 1)-associative.
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n-associativity implies k(n — 1) + 1-associativity

Lemma 8. If F(xy,...,x,) is n-associative, then

L F(F(x1,...,%0),Xns1,---,Xm—1) is (2n — 1)-associative.
|

From an n-associative power series F' it Is possible to construct a
. k(n— 1)+ 1-associative series for all k € N.
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Let F(xq,...,xy) = Y0, @i(x;) + F(x1,...,xy), N >3, be an

UNI N-associative series. From Theorems 1, 2 and 4 we deduce:
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Let F(xq,...,xy) = Y0, @i(x;) + F(x1,...,xy), N >3, be an

UNI N-associative series. From Theorems 1, 2 and 4 we deduce:

- If @ =0 or gy = 0, then each N-associative series can be constructed

from a suitabel 2-associative series, or from a suitable n-associative

| series where n — 1 is a divisor of N — 1.
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Let F(xq,...,xy) = Y0, @i(x;) + F(x1,...,xy), N >3, be an
N-associative series. From Theorems 1, 2 and 4 we deduce:

If ¢ =0 or @ = 0, then each N-associative series can be constructed
from a suitabel 2-associative series, or from a suitable n-associative
series where n — 1 is a divisor of N — 1.

f 1 (x) = @n(x) = x:
If p =ao10..0=1, then F can be constructed from a suitabel
2-associative series, or from a suitable n-associative series where n — 1

IS a divisor of N — 1.
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Let F(Xl, ‘e ,XN) — 25\7:1 (p,-(xl-) —|—F(X1, . e ,XN), N > 3, be an
N-associative series. From Theorems 1, 2 and 4 we deduce:

If ¢ =0 or @ = 0, then each N-associative series can be constructed
from a suitabel 2-associative series, or from a suitable n-associative
series where n — 1 is a divisor of N — 1.

f 1 (x) = @n(x) = x:
If p =ao10..0=1, then F can be constructed from a suitabel
2-associative series, or from a suitable n-associative series where n — 1

IS a divisor of N — 1.

If p is a primitive root of order d (where d is a divisor of N — 1), then F
can be constructed from a suitable ¢d + 1-associative series, ¢ € N,
where /d is a divisor of N — 1.
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Let F(Xl, ‘e ,XN) — 25\7:1 (p,-(xl-) —|—F(X1, . e ,XN), N > 3, be an
N-associative series. From Theorems 1, 2 and 4 we deduce:

If ¢ =0 or @ = 0, then each N-associative series can be constructed
from a suitabel 2-associative series, or from a suitable n-associative
series where n — 1 is a divisor of N — 1.

f 1 (x) = @n(x) = x:
If p =ao10..0=1, then F can be constructed from a suitabel
2-associative series, or from a suitable n-associative series where n — 1

IS a divisor of N — 1.

If p is a primitive root of order d (where d is a divisor of N — 1), then F
can be constructed from a suitable ¢d + 1-associative series, ¢ € N,
where /d is a divisor of N — 1.

If p is a primitive root of order N — 1, then F' cannot be constructed from
an n-associative series with n < N.
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